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RESUMO

Construimos uma dindmica simbdlica para fluxos com velocidade positiva em qualquer
dimensao: para cada y > 0, codificamos um conjunto que tem medida total para toda
medida de probabilidade invariante que é y-hiperbdlica. Em particular, o conjunto
codificado contém todas as orbitas periddicas hiperbélicas com expoentes de Lyapunov
fora de [—x, x]. Isto estende o trabalho recente de Buzzi, Crovisier e Lima para fluxos
tridimensionais com velocidade positiva [14]. Como aplicacdo, codificamos as classes
homoclinicas de medidas por suspensoes de cadeias de Markov irredutiveis enumeraveis e
provamos que cada classe tem no maximo uma medida de probabilidade que maximiza a

entropia.

Palavras-chave: fluxo nao-uniformemente hiperbdlico; dindmica simbdlica; fluxo topolé-

gico de Markov.



ABSTRACT

We construct symbolic dynamics for flows with positive speed in any dimension: for each
x > 0, we code a set that has full measure for every invariant probability measure which
is x—hyperbolic. In particular, the coded set contains all hyperbolic periodic orbits with
Lyapunov exponent outside of [—x,x]. This extends the recent work of Buzzi, Crovisier,
and Lima for three dimensional flows with positive speed [14]. As an application, we
code homoclinic classes of measures by suspensions of irreducible countable Markov shifts,

and prove that each such class has at most one probability measure that maximizes the

entropy.

Keywords: non-uniformly hyperbolic flow; symbolic dynamics; topological Markov flow.
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1 PRELIMINARIES
1.1 Manifolds, flows and vector fields

In an effort to make this work as self-contained as possible, we begin defining
some basic notions of Geometry and, later, of Dynamics.

A manifold is any set that locally looks like the Euclidean space. Let us define
it formally. A topological manifold is any topological space that is second countable (i.e,
has a countable basis), Hausdorff and locally Euclidean. For more on topological manifolds,
see [27].

A topological structure allows us to talk about continuous functions, but this
is not enough for our purposes. Thus, we need the notion of smooth manifolds, in which
we can talk about the notions of diffeomorphisms, flows and vector fields.

If M is a topological manifold, we say that two charts (U,¢) and (V%) are
smoothly compatible if either UNV = or if the composite map Yo¢™: H(UNV) —
Y(UNV) is a diffeomorphism. We define an atlas for M to be a collection of charts
covering M. We say an atlas is a smooth atlas if every two charts in it are smoothly
compatible. Finally, we say that an smooth atlas is mazimal if it is not contained in any
strictly bigger smooth atlas.

A smooth structure A on a topological manifold M is a maximal smooth atlas
on M. A smooth manifold is a pair (M, A) where M is a topological manifold and A is
maximal smooth atlas. From now on, we omit the atlas A and simply write that M is a
smooth manifold. We can now talk about tangent spaces and tangent bundles. For details,
see [28].

We now define exponential maps. We assume our smooth manifold M is
endowed with a riemannian metric, i.e., a smooth choice of inner product for every tangent
space. We also assume it is closed (compact without boundary).

A geodesic is a curve that, simply put, follows a straight line with constant
speed in a manifold. The details and more formal definitions can be found in [26]. For
every x € M, we can define exp, : T, M — M by putting v — 7, (1) where v, is the only
geodesic with initial speed v. It is possible to prove that exp, is a C°™ map for every x
and that d(exp,)o = Id.

A smooth flow in a manifold is a smooth left R action on M. That is, a smooth



map ¢ : R x M — M satisfying ¢(t,¢(s,2)) = ¢(t+s,z) and ¢(0,2) =z, for all x € M and
s,t € R.

From now on, we denote ¢(t,2) by ¢!(z). We continue with another related
notion.

A wector field is a smooth choice of a tangente vector for each x € M. An
integral line of a vector field V' is any curve in M that is tangent to V' at every point.

Every flow induces a vector field (by taking the derivative of the flow in time)
and every vector field induces a flow (!(x) is taken to be the flow ¢ units of time from =,
following the integral lines of the vector field).

More details on smooth manifolds, flows and vector fields can be found at [28].

1.2 Lyapunov exponents

If we have a diffeomorphism f: M — M on a manifold M, z is a point in M

and v € T, M\{0}, we can define the forward Lyapunov exponent of v by
li 11 daf
Jim —log||dfz |
when the limit exists. Similarly, we can define the backward Lyapunov exponent of v as
li 11 af. "
A —log |dfy vl

If we have a flow ¢ : M — M in a manifold M, we can define similar notions.

The forward Lyapunov exponent of v is
tim 1o gl
Jim, los o
when the limit exists. Similarly, we can define the backward Lyapunov exponent of v as
lim 1o ;]
Jim, s el

These are the notions we are going to use in this work. Notice that, in a
smooth flow on a compact manifold, the forward and backward Lyapunov exponents in

the direction of the flow are both zero.
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1.3 Invariant measures

If we have any non-singular flow ¢ : M — M and a probability space structure
(M, B, i) on M, we say pu is invariant by ¢ if u(E) = p(p~(E)) for all E measurable and
all t € R. An analogous definition holds for diffeomorphisms.

A set E € B is invariant if E = ¢'(E) for every t € R. We say a measure is
ergodic if, for every invariant set F, its measure is either 1 or 0.

The field of Dynamics that studies invariant measures is called Ergodic Theory.

More about invariant measures can be found in [49].

1.4 Oseledets theorem

Oseledets theorem is a theorem from Smooth Ergodic Theory that gives us an
important relation between invariant measures and Lyapunov exponents. The following

version is adapted from [3].

Theorem (Oseledets theorem). Let ¢ be a C! flow. Let also i be a p-invariant probability
measure. There is a p-invariant set B with full measure with respect to p such that there
is k: B — N measurable and for every x € B, there are real numbers x1(z) < -+ < Xj(z)(7)

and a decomposition

with the following properties:
o The maps z+— E;(z),i=1,...,k(x), are measurable.
o The splitting is Dy!-invariant, i.e, D! E;(x) = E;(¢(z)) for every t € R.
» For every v € E;(x)\{0},i=1,...,k(z), the following limit exists

1 "
x(z,v) = tgrinoomlog D]

and is equal to y;(z).
o For SCN:={l,...k(x)}, let Eg(z) := Pj;es Ei(z). Then

1 )
Jim ~ log(sin| (s (¢! (¢), Exs(¢' (2)))]) =0
where Z(E, F) denotes the angle formed by the subspaces £ and F'. Moreover, for
u,v € E; we have

1
lim —log(sin |Z(D¢u, Dol v)|) =0
t—oo t
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Also, if p is ergodic, then B can be chosen such that k£ and x; are constants.

1.5 Markov Partition

Markov partitions are a tool used to create symbolic models of dynamical
systems. It works well when the system has some type of hyperbolicity.

Let R be a partition of some set M. If x € M, then we denote R(z) € R the
element of R that contains x. Now suppose M is a manifold with some map f: M — M.

A Markov partition is a partition of a space M in which we have, for every =,

two invariant sets W*(z, R(z)), W"(x,R(x)) C R(z) and that

FW?(,R(x))) CW*(f(x),R(f(2))) and [~ (W"(x,R(x))) CW"(f~ (), R(f (2))).

Those two sets are called the stable and unstable fibers, respectively. The above
property is called the Markov property. This is the key propery that allows us to use
Markov partitions to construct symbolic models. See [29] for more details, both in uniform
and non-uniform hyperbolicity.

There is a similar notion for flows, called Markov sections. The first to explore
this was Bowen, in [7], where he attempted to build Markov sections for axiom A flows.

More recently, attempts to produce symbolic dynamics for flows can be found
in [35], where Lima and Sarig build, for every measure, a symbolic model for a certain
subset of the manifold. In the even more recent work of Buzzi, Crovisier and Lima (see
[14]), the authors were able to build one single symbolic model for every y-hyperbolic
measure, in dimension three (the notion of y-hyperbolic measure is introduced in the next
chapters). In the present work, we follow closely [14] and generalize their work to any

dimension.
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2 INTRODUCTION

Since the work of Sarig [46] and the recent developments/applications of Markov
partitions for non-uniformly hyperbolic systems, it has become clear that Markov partitions
that code uncountably many invariant measures provide more information than Markov
partitions for a single (or countably many) measure. The Markov partition for surface
diffeomorphisms constructed by Sarig indeed has this desired property, as it codes all
recurrent! points with some non-uniform hyperbolicity greater than a fixed threshold
x > 0. This was later extended to diffeomorphisms in any dimension by Ben Ovadia [39].
For flows with positive speed, the first construction of Markov partitions by Lima and
Sarig only coded, for three dimensional flows, countably many ergodic hyperbolic measures
at the same time [35] (the original statement only codes one measure at a time, but the
arguments easily apply to code countably many). Although this is satisfactory to obtain
many statistical consequences, there are applications that require a Markov partition
coding more (uncountably many) measures. It took almost ten years until an improved
result for flows was obtained, by Buzzi, Crovisier and Lima [14]. They constructed, as
in the case of diffeomorphisms, a Markov partition that codes all recurrent points with
some non-uniform hyperbolicity greater than a fixed threshold x > 0. As communicated
by Emma Dinowitz 2, the result in [14] is essential to make multifractal analysis for flows.

The present paper goes in the same direction of [14] and constructs, for flows
with positive speed in any dimension, a Markov partition that codes all recurrent points
with some non-uniform hyperbolicity greater than a fixed threshold y > 0. Let us be more
precise. Let M be a smooth closed finite dimensional manifold and X be a C1# vector
field on M with 8> 0 which is non-singular, i.e. X, # 0 for all p€ M, and let p = {¢' }1er
be the flow generated by X. We describe the coded set in terms of p—-invariant probability

measures, as follows. Let x > 0.

X—HYPERBOLIC MEASURE: A @—invariant probability measure pu on M is x—hyperbolic if
p—a.e. point has all Lyapunov exponents in directions not parallel to X outside of the

interval [—x, x|

Main Theorem. Let X be a non-singular C'*P vector field (8 >0) on a closed manifold

M, as above. For each x >0, there ezists a locally compact topological Markov flow (X,,0,)

Recurrence is defined in terms of a list of non-uniform hyperbolicity parameters.

2 In personal communication, 2025.
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and a map 7, : Xp — M such that w00l = plom, for all t € R, and satisfying:
(1) The roof function r and the projection m, are Hélder continuous.
(2) - [S7] has full measure for every x-hyperbolic measure on M.

(3) m, is finite-to-one on XF, i.e. Card({z € X7 : 7,(2) = 2}) < 00, for all x € 7,[SF].

A more precise version of the Main Theorem is stated in Theorem 10.1.1.

A topological Markov flow is the unit speed vertical flow on a suspension space
whose basis is a topological Markov shift and whose roof function is continuous, everywhere
positive and uniformly bounded. We can endow (X,,0,) with a natural metric, called the
Bowen-Walters metric, that makes o, a continuous flow. It is for this metric that m, is
Holder continuous. The set X7 is the regular set of (X,,0,), consisting of all elements of
Y, for which the symbolic coordinate has a symbol repeating infinitely often in the future
and a symbol repeating infinitely often in the past. See Section 2.2 for the definitions.

The Main Theorem provides a single symbolic extension that codes all y—
hyperbolic measures at the same time, and that is finite-to-one almost everywhere. This
improves on the result for flows by Araujo, Lima and Poletti [2] and by Lima and Poletti
[34], whose codings depend on the choice of a measure (or countably many measures), and
extends to any dimension the work of Buzzi, Crovisier and Lima [14].

In applications, it is useful to work with irreducible Markov shifts since, among
other properties, they are topologically transitive and carry at most one equilibrium
state for each Holder continuous potential (see Section 2.2.1). This is related to the
notion of homoclinically related measures and of homoclinic classes of measures, defined

in Section 11. In this context, we prove the following theorem.

Theorem 2.0.1. In the setting of the Main Theorem, let i be an ergodic hyperbolic measure.
Then %, contains an irreducible component X!, which lifts all ergodic x~hyperbolic measures

v that are homoclinically related to p.

This implies the following result for equilibrium states. Call a continuous
potential ¥ : M — R admissible if ¥ om, : 3, — R is Holder continuous, for every m,

satisfying the Main Theorem. Clearly, every Holder continuous v is admissible.

Corollary 2.0.2. In the setting of the Main Theorem, let u be an ergodic hyperbolic

measure, and let ¢ : M — R be an admissible potential. Then there is at most one
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hyperbolic measure v which is homoclinically related to v and satisfies
h(p,v)+ /wdz/ = sup {h((p,n) —|—/1/Jd77 : 1 hyperbolic and homoclinically related to u}.

The above corollary does not claim the uniqueness of the equilibrium state
for the potential ¢, since there could be non-hyperbolic measures achieving the above
supremum. But for contexts where equilibrium states are known to be hyperbolic, Corollary
2.0.2 applies to provide the uniqueness of the equilibrium state. This is known, for instance,
for geodesic flows on rank one manifolds [24], and it was recently reproved [11]. Using this
information, Lima and Poletti obtained a proof using symbolic dynamics of the uniqueness
of the measure of maximal entropy for geodesic flows on rank one manifolds [34], as well
as results of [11]. Since our work extends the work of Lima and Poletti, it can be used to
reprove the aforementioned results as well. We point out that, over the past ten years,
there has been significant progress on the uniqueness of measures of maximal entropy for
geodesic flows, see for instance [19, 17, 18, 20, 37, 36, 41, 50].

The field of symbolic dynamics has been extremely successful in analyzing
systems displaying hyperbolic behavior. Its modern history includes (but is not restricted
to) the construction of Markov partitions in various uniformly and non-uniformly hyperbolic
settings:

o Adler and Weiss for two dimensional hyperbolic toral automorphisms [1].

o Sinai for Anosov diffeomorphisms [48].

o Ratner for Anosov flows [44, 43].

o Bowen for Axiom A diffeomorphisms [6, 4] and Axiom A flows without fixed points
[7].

o Katok for sets approximating hyperbolic measures of diffeomorphisms [23].

o Hofbauer [21] and Buzzi [16, 12] for piecewise maps on the interval and beyond.

o Sarig for surface diffeomorphisms [46].

o Lima and Matheus for surface maps with singularites, e.g. billiards [31].

o Ben Ovadia for diffeomorphisms in any dimension [39].

o Lima and Sarig for three dimensional flows without fixed points [35].

o Lima for one-dimensional maps [30].

@)

Araujo, Lima, and Poletti for non-invertible maps with singularities in any dimension

12].
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o Buzzi, Crovisier and Sarig for homoclinic classes of measures for diffeomorphisms in
any dimension [15].

o Lima, Obata and Poletti for homoclinic classes of measures for non-invertible maps
in any dimension [33].

It is also relevant mentioning previous related work that dealt with homoclinic
classes of measures:

o Rodriguez Hertz et al introduced ergodic homoclinic classes of hyperbolic periodic
points, and studied SRB measures for surface diffeomorphisms [45]. This was recently
extended for flows by de Jesus, Espitia and Ponce [22].

o Buzzi, Crovisier and Sarig introduced homoclinic classes of measures and proved that
the Markov partitions of Sarig [46] and Ben Ovadia [39] code homoclinic classes by
irreducible countable topological Markov shifts, and each homoclinic class supports
at most one equilibrium state for each admissible potential, see [15, Thm. 3.1, Cor.
3.3].

o Buzzi, Crovisier and Lima studied homoclinic classes of measures for 3—dimensional
flows with positive speed [14].

o Lima and Poletti studied homoclinic classes of measures for geodesic flows on rank
one manifolds [34].

We also point out that, very recently, Zang proved that a C'*° flow with positive speed on

a closed three-dimensional flow has finitely many measures of maximal entropy [51].

2.1 Method of proof

We build on the work of Buzzi, Crovisier and Lima [14], which was inspired
by the work of Sarig [46], Lima and Sarig [35], and Bowen [7]. The main steps of the
construction are:

(1) Construct two global Poincaré sections A, A such that A € A. We use A as the
reference section for the construction, and A as a security section.

(2) Let f: A — A be the Poincaré return map of A. If p is y—hyperbolic and v is
the measure induced on A, then v—almost every x € A has a Pesin chart ¥, :
[—Q(x),Q(x)]2 — A whose sizes along the orbit satisfy lim L log Q(f™(x)) = 0. Note
that the center of the chart is in A, while the image is on A. Local changes

of coordinates by linear maps of norm Q! allow to conjugate f to a uniformly



16

hyperbolic map.

(3) Introduce e-double charts \Ilgs’pu, which are versions of Pesin charts that controls
separately the local stable and local unstable hyperbolicity at . Define the transition
between e—double charts so that the parameters p*, p" are almost maximal.

(4) Construct a countable collection o7 of e-double charts that are dense in the space
of all e-double charts. The notion of denseness is defined in terms of finitely many
parameters of z. Using pseudo-orbits, shadowing and the graph transform method,
the collection &7 defines a Markov cover 2. In general, 2 defines a symbolic coding
that is usually infinite-to-one. Fortunately, % is locally finite (this crucial property
is not direct and requires proof, which is long and delicate).

(5) & satisfies a Markov property: for every x € Uzee Z there is k > 0 such that
f¥(z) satisfies a Markov property in the stable direction and ¢ > 0 such that f—*(z)
satisfies a Markov property in the unstable direction. The values of k, ¢ are uniformly
bounded.

(6) The local finiteness of 2 and the uniform bounds on k, ¢ allow to apply a refinement
method to obtain a countable Markov partition, which defines a topological Markov
flow (X,,0,) and a map 7, : 3, — M satisfying the Main Theorem.

Similarly to Bowen [7] and analogous to [14], a good return of the center of a chart is a
return to A. The ideas of [7] are also used in steps (5) and (6).

Steps (1), (3) and mostly of (4) are performed as in [14]. Due to the high
dimension, step (2) requires a different approach, similar to [39, 2]. The final part of step
(4), that 2 is locally finite, constitutes an important and substantial part of our work, and
also requires a different approach from [14]. For that, we follow the techniques developed in
[39, 2]. We pay attention that the parameters estimating the rates of contraction/expansion
along stable/unstable directions are defined in terms of integrals, but fortunately these
integrals can be well approximated by sums.

Similarly to [14], our works solves the parsing problem for flows with positive
speed in any dimension. This problem is related to the fact that there is no canonical way
to parse a flow orbit into good returns, hence a single orbit might be cut into different
ways. In order to address this important issue, [14] obtains an intrinsic solution to the
inverse problem, whose conclusion is that the parameters of the e—double charts coding

an orbit are defined “up to bounded error”. By intrinsic we mean that [14] compares the
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parameters of the e-~double charts directly with those of the coded orbit.

As expected and claimed above, much of this work is related to [14]. This
text strikes a balance between including all necessary details and avoiding a verbatim
reproduction of the arguments in [14]. Therefore, to keep the text self-contained, many
statements and proofs are similar to [14], but we have made an effort to highlight the

novel contributions of our work.

Acknowledgements. We are thankful to J. Buzzi, S. Crovisier, M. Poletti, and J. Yang for

the suggestions that greatly improved the quality of the manuscript.

2.2 Preliminaries
2.2.1 Symbolic dynamics

Let &4 = (V,E) be an oriented graph, where V| E are the vertex and edge sets.

We denote edges by v — w, and assume that V' is countable.

TOPOLOGICAL MARKOV SHIFT (TMS): It is a pair (X,0) where
Y. := {Z-indexed paths on ¥} = {y = {Un}nez € VZ: vy = vpi1,Vn € Z}

is the symbolic space and 0 : ¥ — X, [0(v)], = vpt1, is the left shift. We endow ¥ with
the distance d(v,w) := exp|—inf{|n| € Z : v, # wy}|. The regular set of ¥ is

v, = v for infinitely many n >0
N = ved:JvweV st. " Y Y

vy, = w for infinitely many n < 0
We only consider TMS that are locally compact, i.e. for all v € V' the number

of ingoing edges u — v and outgoing edges v — w is finite.

Given (X,0) a TMS, let r: 3 — (0,+00) be a continuous function. For n >0,
let r, =r+7ro00+---+roc™ ! be nth Birkhoff sum of r, and extend this definition
for n < 0 in the unique way such that the cocycle identity holds: 740 = rm +rpoc™,

VYm,n € Z.

TOPOLOGICAL MARKOV FLOW (TMF): The TMF defined by (X, 0) and the roof function
r is the pair (X,,0,) where X, :={(v,t) ;v € £,0<t <r(v)} and o, : ¥, — X, is the

flow on X, given by ol (v,t') = (6™(v),t' +t —r,(v)), where n is the unique integer such
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that r,(v) <t'+t <rpp1(v). We endow X, with a natural metric d,(-,-), called the
Bowen-Walters metric, such that o, is a continuous flow [5, 35]. The regular set of (X,,0,)

is X7 = {(v,t) €%, 1 v € XHFY

In other words, o, is the unit speed vertical flow on ¥, with the identification
(v,r(v)) ~ (o(v),0). The roof functions we will consider will be Holder continuous. In
this case, there exist x,C > 0 such that d,(oL(2),0l(2")) < Cd,(z,2')F for all |t| <1 and
2,7 € %,, see [35, Lemma 5.8].
IRREDUCIBLE COMPONENT: If 3] is a countable Markov shift defined by an oriented graph

¢ = (V,E), its irreducible components are the subshifts ¥/ C ¥ over maximal subsets

V! C V satisfying the following condition:
Yo, w €V’ Jv e and n > 1 such that vg = v and v, = w.

An irreducible component Y. of a suspended shift ¥, is a set of elements (v,t) € ¥, with

v in an irreducible component ¥/ of .
2.2.2 Metrics

If M is a smooth Riemannian manifold, we denote by djs the distance induced
by the Riemannian metric. The Riemannian metric induces a Riemannian metric dgas(-, )
on T'M, called the Sasaki metric, see e.g. [10, §2]. For nearby small vectors, the Sasaki
metric is almost a product metric in the following sense. Given a geodesic v in M joining
y to x, let Py :TyM — T, M be the parallel transport along . If v € T, M, w € T, M then
dsas(v,w) < d(z,y) + ||[v — Pyw|| as dgas(v,w) — 0, see e.g. [10, Appendix A]. The rate of
convergence depends on the curvature tensor of the metric on M.

Given an open set U C R™ and h: U — R™, let ||h]|co :=sup,cr ||h(2)| denote
the C? norm of h. For 0 < <1, let Holg(h) := sup% where the supremum ranges
over distinct elements z,y € U. Note that Holy(h) is a Lipschitz constant of h, that we
will also denote by Lip(h). If h is differentiable, let ||h||-1 :=||h]|co + ||dh||co denote its
C1 norm, and ||| c14s = ||h]|c1 + Holg(dh) its C1P norm.

For any x,y close to some point z in a Riemannian manifold M, the parallel
transport along the shortest geodesic between x and y induces a linear map Py, : T, M —
TyM. To any linear map A: T, M — T, M, one associates a map A= Py.0AoP, ;. By
definition, A depends on z but different basepoints 2z define maps that differ from A by pre
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and post composition with isometries. In particular, | A|| does not depend on the choice

of z.
2.2.3 Notations.

For a,b,e > 0, we write a = e™¢b when e~ < 7 <e°. We also write a Ab =
min(a,b). We write || A,, to represent the disjoint union of sets A,.

We fix a smooth Riemannian manifold M of dimension d+ 1.

2.3 Standing assumptions

Let M be a closed smooth Riemannian manifold of dimension d+ 1, and let
X : M — TM be a C™F vector field such that X (2) #0, Vo € M, and let ¢ = (¢);cr be
the flow generated by X. We will denote the value of the vector field X at x also by X,.
Given a set Y C M and an interval I C R, write ¢! (V) := U, ' (Y).

Since obtaining a coding for the flow generated by X is equivalent to obtaining
a coding for the flow generated by cX for some ¢ > 0, we assume from now on that
[VX|lo <1 (just change X to c¢X for ¢ > 0 small enough)3. This assumption avoids
the introduction of some multiplicative constants. For instance, since an application of
the Gronwall inequality implies that ||dpt|| < el VX0l for all t € R (see e.g. [25]), we
will simply write that ||det|| < elfl, ¥t € R. Another consequence is that every Lyapunov
exponent of ¢ has absolute value at most 1, hence we can take x € (0,1) in the definition

of xy—hyperbolicity.

3 The notation VX represents the covariant differential, i.e. for each 2 € M we have a linear map

VX (2): ToM — Ty M defined by [VX (2)](Y) = Vy X.
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3 POINCARE SECTIONS

The goal of this section is to:

o Construct two sections A and A with controlled geometrical properties such that
AC /AX, d(A,(?/A\) > (0, and the trajectories under ¢ of every point in M intersects A
after some time p < 1. The smaller section A defines a return map f and a return
time 7. From now on, we call A the reference section and A the security section.

o Define the induced linear Poincaré flow ®, which is a flow that describes the infinite-
simal behavior of ¢ in the directions transverse to X.

o Introduce the holonomy maps g, g, for each z € A, which are local and continuous
versions of Poincaré return maps. In Section 4, we will construct dynamically relevant

systems of coordinates for these maps.

3.1 Transverse discs and flow boxes

Let us start with the following definition.

p—TRANSVERSE DISC: A codimension one open disc D C M is p—transverse if:
o D is compactly contained in a C'*° codimension one submanifold of M.
o diam(D) < 4p.
o For every x € D, /(X (), T,D*) < p.

In other words, a p-transverse disc is a small codimension one submanifold that
is almost orthogonal to X. It is easy to build p-transverse discs, e.g. using the tubular
neighborhood theorem: by this theorem, ¢ is conjugated in local charts to the vertical
flow ¢ on R™ X R given by vy (x,t9) = (z,tg+1t). If p’ is small enough, then the image of

B(0,p') x {to} under the local chart is a p—transverse disc.
FLow BOX: Every p-transverse disc D defines a flow boz pl=4P401 D).

The assumption that X has positive speed implies that if p > 0 is small enough
then the map (y,t) € D x [—4p,4p] — ¢t (y) is a diffecomorphism onto the flow box =441 D.
We denote its inverse by = € ol=**!D — (qp(z),tp(z)), where qp : @[=**!D — D and
tp ol D 5 [—4p,4p].

Lemma 3.1.1. There is pg = po(M,X) > 0 such that for every po-transverse discs D, D':
(1) The maps qp, tp are C115.
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(2) The map qp has a Lipschitz constant smaller than 2.
(3) If D’ intersects the flow box o442 D then the restriction to D' of the map tp has

a Lipschitz constant smaller than 1.

When M has dimension three, this is [14, Lemma 2.1], and the proof in higher

dimension goes without change.

3.2 Proper sections and Poincaré return maps

We start with some definitions.

PROPER SECTION: A proper section of size p is a finite union A = J;"; D; of p—transverse
discs Dq,...,D, such that:

(1) Cover: M =™, P D;.

(2) PARTIAL ORDER: For all i # j, at least one of the sets D; N ¢[0’4p]ﬁj or ﬁjﬂap[o"lp]ﬁi

is empty; in particular D; N D; = 0.

The return time functionry : A — (0, p) is defined by 7 (x) :=inf{t > 0: o' () €
A}

POINCARE RETURN MAP: The Poincaré return map of a proper section A is the map

fa: A — A defined by fa(z) == ¢"a@) ().

In the sequel, we fix p < min{0.25, pp} small and consider two proper sections
A, A of size p/2 such that A C A and dy;(A,dA) > 0. We let d = d be the metric on A
defined by the induced Riemannian metric on A. Forz € A and r > 0, we use the notation:
o B(z,r) C A for the ball in the distance d with center 2 and radius r;
o B,[r] C T A for the ball with center 0 and radius -
Since flow boxes are C1+7, there is L = L(/A\) > 0 such that for any transverse

disc D; defining A the maps qp,,tp, satisfy Holz(dqp,) < L and Hélg(dtp,) < L.
3.3 Exponential maps

Given z € A, let inj(x) denote the injectivity radius of A at z, and let expa be
the exponential map of A at x, wherever it can be defined. Below we list the properties of

expx that we will use.
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REGULARITY OF expx: There is v € (0, p) such that for every z € A the following properties
hold on the ball B, := B(x,2t) C A:
(Expl) If y € B, then inj(y) > 2t, the map expy~!: B, — Ty/A\ is a diffeomorphism onto

its image, and for all v € T,A, w € Ty/AX with [|v|[, [Jw]] < 2v it holds
3(d(@,y) + o= Pyowl) < dsas(v,w) < 2(d(x,y) +[lv = Pyqw]),

where P, , is the parallel transport along the minimizing geodesic joining y to x.
(Exp2) If y1,y2 € By, then d(expyivi,expyave) < 2dsas(vi,v2) for ||vi]], [Jvz]] < 2t, and

Lot expys~120) <2[d(y1,y2) +d(21, 22)] for 21, 22 € B, when the expres-

dsas(expy1™
sion is defined. In particular, ||d(expz),|| <2 for ||v]| < 2v and ||d(expz™1),|| <2

for y € B,.

Conditions (Expl)—(Exp2) express that the exponential maps and their inverses
are well-defined and have Lipschitz constants at most 2 in balls of radius 2¢. The existence
of the constant t follows from a compactness argument, using that dM(A,(?/A\) > 0 and
that d(expz)p is the identity map.

The next two assumptions require some regularity on the derivatives of expx.
For z,2’ € /A\, let 2, v :={A: T,A — Ta,/JA\ is linear} and %, := %, ;. In particular, P,
considered in (Expl) belongs to .Z, . Giveny € B;,z € B,y and A € .7, , define Ae Ly o
by A:= P, 0AoP,,. Thenorm | A]| does not depend on the choice of z, 2. If A; € %, ..,
then || A; — As|| does depend on the choice of z,’, but if we change the basepoints z,z’
to w,w’ then the respective differences differ by precompositions and postcompositions
whose norms have the order of the areas of the geodesic triangles formed by x,w,y; and
by #/,w’', z, which will be negligible to our estimates. Hence we are free to consider A
without making an explicit choice of z,x’.

For z € A, define the map 7 =17, : By X By = %, by 7(y,2) = d(e;&;il)z,
where we use the identification TU(Ty/A\) ~ Ty/AX for all v € Ty/A\.

REGULARITY OF dexpz: There is £ > 1 such that for all z € A the following holds:

(Exp3) Tfy1,ys € By then [[d(expyr)u, — d(eXpya)un|| < Adsas(v1,v2), for all v [, va] < 2¢,
and [|7(y1,21) = 7(y2, 22)|| < Kld(y1,y2) +d(21,22)] for all 21,25 € By.

(Exp4) If y1,y2 € B, then the maps 7(y1,-) — 7(y2,-) : By — £, has Lipschitz constant
< Rd(y1,y2)-
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Condition (Exp3) bounds the Lipschitz constants of the derivatives of expz,
and (Exp4) bounds the Lipschitz constants of the second derivatives of expx. The existence
of K is guaranteed whenever the curvature tensor of A is uniformly bounded, and this

happens because A is a finite union of p—transverse discs.

3.4 Induced linear Poincaré flows

The classical linear Poincaré flow is the R—cocycle induced by dp in the bundle
orthogonal to X. Here we employ the version considered in [14]: we fix a 1-form 6 and
consider parallel projections to X onto the bundle Ker(6). The first step is to choose a

suitable 1-form.

Lemma 3.4.1. ]f/A\ is a proper section of size p/2, then there exists a 1-form 0 on M
such that:

(1) (X (2)) =1 and Z(X(z),Ker(0,)*) < p,Yo € M.

(2) Ker(0,) =T\, Va € A.

When M has dimension three, this is [14, Lemma 2.2], and the proof in higher
dimension goes without change. From now on, we fix a 1-form 6 satisfying Lemma 3.4.1,
and then introduce the d—dimensional bundle
N := | | Ker(b,).
zeM
For each x € M, let p, : T, M — N, be the projection to N, parallel to X (x). By Lemma
3.4.1(1), for all x € M we have:

_ 1 1
||p1’” T cos /(X (x),Ker(0z)L) < cosp <l+p.

INDUCED LINEAR POINCARE FLOW: The linear Poincaré flow of ¢ induced by 0 is the

flow ® = {®'};cr : N = N defined by ®(v) = put(y) [del(v)] for v € N

We will usually omit the subscripts o and ¢!(z), as they will become evident in
the context. It is clear that ® is Holder continuous and satisfies [|B% || < [[pyt(p [l - [l || <
(1+p)ell < ePtltl vt € R. Therefore:

|0 = TPl i e R, and ||@F] = ™, V|t < 2p. (3.4.1)

Lemma 3.4.2. The following holds.



24

(1) @ is a flow: It =Dt od for all t,t' € R.
(2) If D C A is a transverse disc, then for all x € D it holds d(qp)s = Pe.

When M has dimension three, this is [14, Lemma 2.3], and the proof in higher

dimension goes without change.

3.5 Holonomy maps

So far, we have fixed two proper sections A,/A\ of size p/2. From now on, we
write f:= fp. The maps f,r) usually admit discontinuities, caused by the boundaries of
A, thus we introduce a family of local diffeomorphisms related to f. Recall that ¢ >0 is a
fixed small parameter, and that B, := B(x,2t). Write A = UY, D; as the disjoint union
of p-transverse discs D;, and let qp, as before. By Lemma 3.1.1(2), Lip(qp,) < 2.

Assume that z,¢"(z) € A for some [t| < p with x € D; and ¢'(x) € Dj. The
restrictions qp, [p, and qp, | Bt AT€ diffeomorphisms onto their images, and one is the
inverse of the other whenever the compositions make sense. When this occurs, we call

these restrictions holonomy maps.

Lemma 3.5.1. Under the above conditions, the holonomy map qp; [, is a 2-bi-Lipschitz

€T

CY™B diffeomorphism onto its image, and its derivative at every y € By is ®° [n,, where

|s| < p satisfies qp;(y) = ¢*(y)-

Demonstragio. When M has dimension three, this is [14, Lemma 2.3], and the proof in
higher dimension goes without change, as follows. Write g =qp, [p,. The first statement

is direct from Lemma 3.1.1(2). Now, since g = qp, o¢*, Lemma 3.4.2(2) implies that
dgy = d(ap; ) gs () © ¥ 7,3 Pesy) 0 dy Ivy= ©° Iy, -

We are interested in a particular class of holonomy maps, defined as follows.

Let 0 < t,#' < p such that f(z) = ¢'(x) € D; and f~!(z) = gpft/(:v) € Dy.

HoroNnoMYy MAPS: The forward holonomy map at z is g = qp; [B,. The backward

holonomy map at x is g, :==qp, B

-

Clearly (g7) '=g F(z)- 1t is important to stress that g might differ from f

o~

and from the Poincaré return map to A, e.g. we might have y ~ z with gpt”(y) € A for

0 <t" < t, in which case g;7 (y) # f; ().
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4 THE NON-UNIFORMLY HYPERBOLIC LOCUS

Up to now, we have fixed the following objects: a flow ¢ with positive speed,
parameters y, p > 0, sections A,/A\ and a 1-form 6. In this section, we will:

(1) Define the set NUH of points that exhibit a hyperbolicity of strength at least xy. We
fix £ > 0 small enough, and associate to each x € NUH a number Q(z) € (0,1) that
approaches zero as the quality of the hyperbolicity at x deteriorates.

(2) Introduce numbers g(x) € [0,1), that measure how fast Q(¢'(x)) decreases to zero as
|t| — co. We also associates analogous number ¢*(z) and ¢“(x) for future and past
orbits.

(3) Define the set NUH? of points x € NUH whose hyperbolicity satisfies a recurrence
property: there is c(z) > 0 such that q(¢f(z)) > c¢(z) for some values of ¢ arbitrarily
close to +00. As we will prove, this set carries all y—hyperbolic measures.

(4) Define Pesin charts W, for each € ANNUH. We then prove that, in Pesin charts,

the holonomy maps g3 are close to hyperbolic linear maps.

4.1 Non-uniformly hyperbolic locus

We define a set with some non-uniform hyperbolicity.

NON-UNIFORMLY HYPERBOLIC LOCUS NUH = NUH(¢y, x, p,0): It is the p—invariant set
of points x € M for which there is a splitting N, = N; @ N such that:
(NUH1) For every v € N3:

L] —t : 1 t
ltlglﬁ&f?logﬂq) v|| >0 and ligigopﬂoqu) v|| < —x.
(NUH2) For every w € N:
ltii)nig%logﬂcbtwﬂ >0 and l]iffjgop%logH(I)_th < —x.

(NUH3) The parameters s(z) = sup S(z,v) and u(z) = sup U(x,w) are finite,
vENZ weNY
lvfl=1 lw||=1
where:

oo o0
S(z,v)? :462p/ X | bty ||2dt and U(z,w)? :462p/ 2| Dty |2 dt.
0 0
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It is clear that N7, N satisfying the above assumptions are unique. Recalling

that x € (0,1), the estimate before (3.4.1) gives that

o0 oo — —
/ XXt | Dty || 2 dt Z/ ePXte= 202t gy — 5% jp > € ;p (4.1.1)
0 0
for all v € N$ unitary, hence for each z € NUH we have s(x),u(x) € [v/2,00).
Proposition 4.1.1. If i is a x—hyperbolic probability measure, then u[NUH] = 1.

Demonstragio. The proof is adapted from [14, Lemma 3.1]. Fix a x—hyperbolic measure
p. By the Oseledets theorem, there is a set X C M with pu[X] =1 such that for all z € X
there is a dy—invariant decomposition E? @ (X,) ® EY =T, M satisfying:

(1) tiiimoo%logﬂdgotvsﬂ < —x and tliinoo%logﬂdgotvuﬂ >y for all v3/* € Ef;/u\{O}

(2) lim }log] sin (B2 X i) = 0.
Let P = P, be the projection to N, parallel to X,, and define N;ﬁ/u = P(Ejz/u). We
claim that for all x € X these subspaces satisfy conditions (NUH1)—(NUH3). Once this is
proved, it follows that X € NUH, and so u[NUH] = 1. By symmetry, we just need to check
conditions (NUH1)-(NUHS3) for N7. For that, it is enough to prove that if x € X then

im Llog||®tns| < —
im g logl|®tng || < —x

for all nf € N3\{0} (this automatically implies s(z) < 0o). We prove this in the sequel.
Fix x € X and e} € E unitary. Let nJ be a unitary vector parallel to P(e%).
There are scalars v =y(e2) # 0, § = §(e3) such that

ng = ye; +90X,. (4.1.2)

In the case that X, 1 N,, we have v = im In the general case, since by
4o

construction Z(X;,N;) < p (see Lemma 3.4.1), we get that v = im

Writing
t s
€t = Hg‘zfigﬂ and defining nj ; as the unitary vector parallel to Pt (,(e3 ;), we can similarly

define v = y(e; ;) # 0,6t = d(ej ;) and obtain that v; = & e

—F< . Hence condition
smé(X ot ()7 wt)

(2) implies that

Jim 7 logly| =0.

We claim that ||®ns|| = ‘l;yt" |dptes ]| for all x € X. By (4.1.2),

de'ng, = de'[ves + 06X, = llde'e]les s + X i)
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and so

O3 = P [V dpteSlle s+ 0X s (w)] = YIldpt e Pt () (€5.)
=l et 1Pty [ 275 — 2 X i) = L dp'el I3 -

—hl

= |dptes]|. Hence

Taking norms, we obtain that ||®!ns ||
: 1 LS| — 1; 1 t s .
Aim glog[@ng|| = lim glog|lde’ey | < —x.

The proof is now complete. O]

4.2 Oseledets-Pesin reduction.

In this section we construct a diagonalization for the restriction of the cocycle

® to the set NUH. We begin with the following definition.

LYAPUNOV INNER PRODUCT: For each € NUH, define an inner product (-,-) on Ny,
which we call Lyapunov inner product, by the following identities:

o for vy,v9 € N3

(0.9]
(v1,v9) = 462/)/0 e Dlyy, Dlug)dt.

o for v1,vg € N

[0.9]
(v1,v9) = 462p/ XDy, &ty dt.
0

o for v; € N7 and vg € NY: ((v1,v2)) =0.

By conditions (NUH1)—-(NUH3), the above integrals are finite. Let |||-||| denote
the norm induced by (-,-)). Since [||-||| uniquely defines {-,-), we call |||-||| the Lyapunov
norm. There is a relation between this norm and the Riemannian norm of M: if v € N/v
then by (4.1.1) we have

o0 o0
ol = ace [ @stol e > ae [ e ot = 12 ol
In particular, [||v]|* > 2|v||2.

For x € NUH, let ds(z),d,(z) € N be the dimensions of N3, N respectively.
Since the splitting N*@® N is &—invariant, the functions ds, d, are p—invariant. In the
following, we denote the canonical inner product in R? by (-, V-

LINEAR MAP C(z): For x € NUH, define C(z) : RY — N, as a linear map satisfying the

following conditions:
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o C(x) sends the subspace R%(®) x {0} to N2 and {0} x R%(®) to N¥.
o (v,w)ga = (C(x)v,C(z)w) for all v,w € RY ie. C(x) is an isometry between
(R™, {-;-)pa) and (N, (-,-))-
The map C(z) is not uniquely defined (for instance, rotations inside N7, N*
preserve the above properties), but we can define it such that x € NUH — C(z) is a

measurable map, see e.g. [39, Footnote at page 48]. Below we list the main properties of

C(z).

Lemma 4.2.1. The following holds for all x € NUH.
(1) C@)) <1 and

2 2
- v \/ v3|||” |||
IC@ = sup M_ g I |! UJ I*
venN\{oy IVl vssovenzany |08 4 v
Jos-rotif£0

(2) OSELEDETS-PESIN REDUCTION: For all 0 <t < 2p, the map D(z,t) = C(¢(x)) 1o
®loC(x) has the block form

Dg(z,t)
Dy(z,t)
where Dg(z,t) is a ds(x) x ds(z) matriz with e=* < ||Dg(z,t)v1|| < e Xt for all unit
vectors vy € R%(®) | and Dy (x,t) is a dy(z) x dy(z) matriz with eXt < || Dy(z,t)vs|| <
e for all unit vectors vy € R%u(2)

(3) % = 2t for allt € R; in particular, % = e for all |t] < 2p.

The proof is in Appendix A. Part (2) is known as Oseledets-Pesin reduction,
and constitutes a diagonalization of ®.

Observe that within NUH, we have defined a Lyapunov inner product that
depends on a parameter y > 0. This construction is made possible by conditions (NUH1)—
(NUH3). For any x’ < x, we can carry out a similar construction inside the larger set
NUHy', which produces a different Lyapunov inner product, denoted by |[|-[||,,. Since
NUH C NUH,/, the inner product [[|-|||,, is also defined on NUH. Note that [||-[[|,, < ||-[l],
which means that |[-[|| induces a stronger norm than ||-[||,,. For each x € NUH,/, we define
a linear map C/(z) associated with the inner product [[-[fl,. The map Cy/(z) satisfies a
version of Lemma 4.2.1 adapted to the weaker exponent x’, involving a corresponding block
matrix D,,(x,t). Observe that D(x,t) exhibits stronger hyperbolicity rates than D,.(x,t).

Moreover, since |||, < [[[-[[l, it follows from part (1) that 1Cy ()| < [|C(2) 7.
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The Lyapunov inner product |||-||| will be used throughout most of the paper.
However, there is a subtle point where it becomes necessary to work with the weaker inner
product |[-[fl,+ (see Section 7.3), following an approach successfully applied by Ben Ovadia
[40].

4.3  Quantification of hyperbolicity: the parameters Q(z),q(x),¢*/"(x)

We now introduce another positive parameter ¢ < p,x (how small ¢ is in

comparison to p,x depends on a finite number of inequalities).

PARAMETER Q(z): For x € NUH, let

Q(z) = %/P||C () || 7H/7.

This parameter depends on € > 0, but for simplicity, we will omit this depen-
dence from the notation. It is important to note that most of the results remain valid as
long as ¢ > 0 is sufficiently small. The term 5/ helps absorb multiplicative constants,
while ||C(x)~!|| reflects the rate of hyperbolicity. The longer it takes for hyperbolic

behavior to manifest, the larger this quantity becomes. By Lemma 4.2.1(3), we have

W _ A Vr e NUH,V0<t< 2. (4.3.1)

Moreover , we have the following bounds for Q(x) for € > 0 small enough:
Qz) <57, | C(2) Q)" < V8, |O(f(2) M Q(2)P1? < eVt (4.3.2)

One could also define a parameter @,/(z) by replacing ||C(z)~!|| with
1Cy (z)~Y|. In this case, for any 2 € NUH and \’ < , we have the inequality Q(z) < Qy ().
However, since all our estimates will be carried out using the smaller value Q(z), the
parameter (),, plays no essential role in this paper.

In order to have a better dynamical understanding of trajectories, we focus on
the orbits of NUH with some recurrence with respect to the parameter (). Having that in

mind, we introduce the following additional parameters.
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PARAMETERS ¢(x),q¢°(z),q"(x): For x € NUH, define:

q(z) = einf{e Q! (2)) : t e R},
£ (1) = et {(1Q(H(2)) 1 > 0},
¢"(z) := einf{" QL (2)) : t <0}.

We have 0 < ¢(z),¢°(z),q"(z) < eQ(x), and so these parameters are much smal-
ler than Q(x) itself. Furthermore, ¢*(x) A ¢“(x) = q(x). The families {¢°(©'(x))};er and
{q“(o'(x)) }er represent local quantifications of hyperbolicity for the invariant directions
along the orbit {¢!(z)}ier. The following lemma states a slow variation property of ¢. Its

proof may be found in [14, Lemma 3.4].

Lemma 4.3.1. For all z € NUH and t € R, it holds q(¢!(z)) = e*lg(z).

4.4  The recurrently non-uniformly hyperbolic locus NUH?

RECURRENTLY NON-UNIFORMLY HYPERBOLIC LocuUs NUH? = NUH#(¢,X,p,9,€): It is
the invariant set of points x € NUH such that:
(NUH4) q(z) > 0.
(NUH5) limsupgq(¢t(z)) > 0 and limsupg(p'(x)) > 0.
t——+o00 t——o00
Under condition (NUH4), Lemma 4.3.1 implies that ¢('(x)) > 0 for all t € R,
and condition (NUH5) requires that these values do not degenerate to zero in the limit.

Similarly to NUH, the set NUH? carries all Xx—hyperbolic measures.

Proposition 4.4.1. If u is a p—invariant probability measure with u[NUH] = 1, then
u[NUH?] = 1. In particular, if p is x—hyperbolic then p[NUH?] = 1.

The proof is the same of [14, Proposition 3.5].
4.5 The Z-indexed versions of ¢*/%(z): the parameters p*/%(z)

To simplify the analysis of ¢/ “(x), we define a discrete time approximation
of these numbers, which we call Z-indexed versions of ¢°/%(x). The benefit of working

with the Z-indexed versions is that they satisfy explicit recursive formulas. Recall that
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we have fixed A a proper section of size p/2 with Poincaré return time denoted by 7. In

particular, 0 < inf(ry) <sup(rp) < p/2.

Z—INDEXED VERSIONS OF ¢°,¢"“: Let x € NUH. For each sequence T = {t, } ez of real

numbers with 3inf(ry) < t,41 —tn, < 2sup(ry), define:

P, T,n) = einf{m Q" (x)) 1 m > n},

p(z, T,n) =einf{Etm)Q(ptm () : m < n}.

Note that p/%(z, T ,n) > ¢*/%(o' (x)). Given that the choice of T will be clear
from the context, we will simplify the notation ps/“(:c,T,n) writing ps/“(got" ()). The

next proposition shows that the values p*/%(pf"(z)) are not very sensitive to the choice of

T.

Proposition 4.5.1. The following holds for all x € NUH? and T = {t;}nez with

ginf(ra) <tppr —ty < 2sup(ry).

(1) ROBUSTNESS: Let $):=ep+ %. For alln € Z and t € [ty,tn+1], it holds:

¢/ (@t () '

(2) GREEDY ALGORITHM: For alln € Z it holds:
P’ (" () = min { et o (et (1), eQ ™ (7)) }
p" (" (x)) = min {=tn—tn-1)p¥ (phn1(2)) £Q(p" (2)) }

In particular:

Q' (x)) > p* e (x)) > e =InTtmps (phm (1)), Vn > m,

Qg™ () = p(¢ (x)) = e =Um =t pt (ol (1)) Vm > n.

(3) MAXIMALITY: p*(¢in(z)) =eQ(p!" () for infinitely many n >0, and p“(p'n (1)) =
eQ(p!" () for infinitely many n < 0.

The proof is the same of [14, Proposition 3.6].

4.6 Pesin charts U,

For z € NUH and r > 0, let R[z,r] = B% @) (1) x B4u(®) (1) c R%s(*) x Ru(*) = RY
be the product of the ds(x) and d,(z) dimensional balls of radii 7. As the dependence on
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x is only on the dimensions d /u(a:) and the arguments will usually fix these values, we

will simply write R[r]. We define Pesin charts for z € ANNUH.
PESIN CHART AT z: It is the map ¥ : R[t] = A defined by U, := expz o C(x).

As in [14], the center z of the Pesin chart W, always belongs to the reference
section A, although its image can intersect /A\\A The next lemma collects the basic
properties of W,. This result is the higher dimensional version of [14, Lemma 3.7], and the

proof is the same.

Lemma 4.6.1. For all x € ANNUH, the Pesin chart V, is a diffeomorphism onto its
image and satisfies:
(1) W, is 2-Lipschitz and V! is 2||C(z) ™| -Lipschitz.

—_—~—

(2) 1d(Wz),, —d(Pa),, || < &llvr —v2|| for all vi,ve € RIx].

4.7 Holonomy maps ¢= in Pesin charts

At the scale Q(z), we can control g in Pesin charts, representing it as a small

perturbation of a hyperbolic linear map.

Theorem 4.7.1. The following holds for all € >0 small enough. For all x € ANNUH the
map f =V ogt oW, is well-defined on R[10Q(x)] and satisfies:
(1) d(f;)o=C(f(2)) o@D o C(x) and e <m(d(f; )o) < d(f; ol < e*.
Dg(x 0
(2) fi = (@) + H where:
0 Dy(x)
(a) e~ % < ||Ds(z)|, || D)"Y < e Xa@) | cf Lemma 4.2.1(2).
(b) H(0)=0 and dHy = 0.
(©) 14 g <=

A similar statement holds for f; = W1 G52 ° ¥ f(a)-

Above, m(T) denotes the co-norm of linear transformation 7. The proof of

Theorem 4.7.1 is the same of [14, Theorem 3.8]. The details are in Appendix A.

4.8 The overlap condition

In this section, we consider a notion, called e—overlap, that allows to control

the change of coordinates from W, to ¥, when x,y are “sufficiently close”. This notion
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was introduced in [46] for surface diffeomorphisms. We will make extensive use of Pesin

charts with different domains.
PESIN CHART W7: It is restriction of ¥, to R[n|, where 0 <n < Q(z).
Recall that d is the distance on A associated to the induced Riemannian metric.

e-OVERLAP: We say that two Pesin charts W}l W72 e-overlap if Z—; =™, dim(N3,) =

dim(N3,), and d(z1,22) + ||C(x1) — C(x2)|| < (mn2)*. In particular, 1,z belong to the

same local connected component of A. When this happens, we write W1 ~ v,

In other words, for us “sufficiently close” means that both z1,r2 and
C(z1),C(x2) are very close, the invariant splittings have the same dimension and the
domains considered for Pesin charts are almost the same. The lemma below is an auxiliary

technical result.

Lemma 4.8.1. The following holds for € >0 small. If U ~ Wiz then
U, (R[10Q(x;)]) C By, N By, fori=1,2.

In particular, we can apply (Exp3) for either x; or z3. The proof of this result

is the same of [14, Lemma 3.9]. Next, we compare Pesin charts when an e—overlap holds.

P

Proposition 4.8.2. The following holds for e >0 small. If U1 ~ W2 and C; = C(x;)
fori=1,2, then:
-1 1 1 3 ICTM I (me)?
(1) CoNTROL OF C™*: [|[C] " —=C5 || < (mme)® and ﬁ = e*\nmn),
2
2
(2) CONTROL OF Q: % = elmm)”,
(3) OVERLAP: Wy, (R[e™*;]) C Uy, (R[n]) fori,j=1,2.
(4) CHANGE OF COORDINATES: Fori,j =1,2, the map \If;il oW, is well-defined in

R[t], and ||V} oWy, —Id| 2 < e(mmn2)? where the norm is taken in R]t].

This proposition, first proved by Sarig for surface diffeomorphisms [46], in the
above form is motivated by [2, Prop. 4.1] and [14, Prop. 3.10]. We include its proof in
Appendix A.

4.9 The maps f;, f.,

Let x,y € ANNUH such that \Iﬂ}(x) ~ \IJZ/. In this section, we change W) by

W, in the definition of f; and obtain a result similar to Theorem 4.7.1.
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THE MAPS f;fy AND fo 0 It \111}(30) ~ \IIZ/, define the map f;fy = W;log;ollfm. It

3 ! — - —
U~ define f, ==V ! 0g, oWy.

z Ok

As claimed, the next result is a version of Theorem 4.7.1 for the maps fiy.

Theorem 4.9.1. The following holds for all € >0 small enough. If x,y € ANNUH

and \117}(17) \I/ , then fif, is well-defined on R[10Q(x)] and can be written as f,f, =
D
+ H where:
0 Dy,

(1) e < ||Ds]|, ID; Y| < e X"a(®) | ¢f. Lemma 4.2.1(2).
(2) [|H(0)|| <en, ||dHo|| < en®?, Hilgjs(dH) <.

If Ul ~ ~ \I/;Z 1(y) then a similar statement holds for fg .

Demonstracao. Note that

By Theorem 4.7.1,

Iy (\I/ oWy, ) o ff =:go fI is a small perturbation of f;.
FE0) =0, [d(f)llco < 26, [[d(f)o = d(f5)ull < ello = wl|?2, Yo, w € RL0Q(x)],
where the C° norm is taken in R[10Q(z)] and, by Proposition 4.8.2(4),
lg —1d]| < elnr)?, Nld(g —1d)llco < (m')?, ||dgo — dgull < e(m')* |0 — w]|/?
for v,w € R[t], where the C° norm is taken in R][t].

We begin showing that f,", is well-defined on R[10Q(x)]. For small enough ¢ >0
we have [ (R[10Q(z)]) C B(0,20\/_e4pQ(x)) C RJ[t] since 20v/2e*Q(z) < 40e*7e8/P < ¢.
By Proposition 4.8.2(4), f;7, is well-defined.

We define Dy = Ds(x),Du = Dy(z) as in Theorem 4.7.1. Part (1) is clear, so
we focus on part (2). We have ||H(0)|| = [|g(0)|| < e(nn’)? < en and for € > 0 small enough:
[ dHo|l = lldgo o d(f;)o — (£ Joll < (g — 1 lld(f ol < )€ < enl3.
Now, since f;f (R[10Q(z)]) C R][t], if € > 0 is small then for v,w € R[10Q(x)]:

I dH, — dHo | = g2 ) 040 Yo —dg s 0y 0 AL
< g 0y — g - 1O Yol 4 g - - 14O Yo — A o
<e(m VPIIf () = £ @) PP l oo +elldgll oo = w] P2
1+8/2
< [elm PIAEDNE +20v3z gl oo @) o w7

< {524/5(264;7)1%/2 +405} ellv —wl]|P? < ellv— w73,

The proof is now complete. O
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5 INVARIANT MANIFOLDS AND SHADOWING

In the previous sections, we have fixed go,x,p,A,/A\,H,e, where p,e are small

parameters.

5.1 Pseudo-orbits

£-DOUBLE CHART: An e-double chart is a pair of Pesin charts W2 P" = (U?" UP") where
0 <p®p" <eQ(x).
The purpose of the parameters p®/p" is to measure the hyperbolicity at x in

the stable/unstable directions.

TRANSITION TIME: Given two e-double charts v = \Iﬂ;’pu and w = \11357‘1“ such that
u

\I/qsgqu ~ \PgsAqu and \I/I}S_/}(y) ~ UL A" e define the transition time T(v,w) by

f(=)
min {min{T*(2) : 2 € Wo (R[5 (p° Ap*))}, min{=T"(2) : 2 € Uy (Rl55(¢° A g"))} |

where T : B, - Rand T~ : B, — R are the C'*F functions satisfying g = g0T+, gy = ol

with T (z) = ra(z) and T~ (y) = —ra(f~'(y)).

. s U s _u
EDGE v = w: Given two e-double charts v = W2 P and w = Wi we draw an edge

from v to w if the following conditions are satisfied:

U

(y)

(GPO1) Wi & we " and WH & wp ",

(GPO2) The estimates below hold:

e~ min{e" (") g* e"fcQ(a)} < p* < min{eT W% Q(x)} (5.1.1)

e~ min{e?T W) pt 2 eQ(y)} < ¢* < min{eT Wt cQ(y)}. (5.1.2)

We denote the edge by v = w.

Remark 5.1.1. If v S w then by Theorem 4.9.1 we have
9y (Uy(Rl55(a° Aq™)])) © Wl B35 (0" Ap"))

and so T'(v,w) =T (z) for some z € U,(R[{(p* Ap*)]). In particular, T'(v,w) < p.
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Condition (GPO1) is a “nearest neighbor condition”. Condition (GPO2) is a
greedy recursion which, among other things, implies that the measurement of hyperbolicity
at the e—double charts v and w are “as large as possible”. At the moment, these explanations
might seem vague, but they will make sense in the proof of Theorem 6.1.1 (Coarse graining)

and Theorem 7.0.1 (Inverse theorem).

£—GENERALIZED PSEUDO-ORBIT (6—GPO): An e—generalized pseudo-orbit (e—gpo) is a
sequence v = {vy, }nez of e=double charts such that v, 5 vp+1 for all n € Z. We say that
v is regular if there are v,w such that v, = v for infinitely many n > 0 and v, = w for

infinitely many n < 0.

POSITIVE AND NEGATIVE e—~GPO: A positive e—gpo is a sequence v = {vy, }5,>0 of e-double
charts such that v,, = Up+1 for all n > 0. A negative e—gpo is a sequence v~ = {vy, }n<p of

e—double charts such that v,, — Up1 forall n < —1.

Lemma 5.1.2. If v = WP P o = ‘Ifgs’qu are e—double charts satisfying (GPO2) then

P ApY _ e:tQ
CAGE

The statement and proof are the same of [14, Lemma 4.2].

5.2 Graph transforms and invariant manifolds

Let v = UL " be an e~double chart. Recall that B%/«(*)(r) denotes the open
ball of center 0 € R%/«(*) and radius r. Let B%/u(®) [r] denote the respective closed ball.

ADMISSIBLE MANIFOLDS: An s—admissible manifold at v is a set of the form
V=0 {(t,F(1):t € B*W[p]}

where F': B&@)[p*] — R%(*) is a C'*8/3 function such that:

(AMI) [[F(0)]| <107%(p° ApY).

(AM2) [|dFol| < 3(p° Ap)P/3.

(AM3) ||dF'[|co +Holg/3(dF) < % where the norms are taken in Bs@)[ps].

The function F' is called the representing function of V. Similarly, a u—admissible manifold
at v is a set of the form W, {(G(t),t) : t € B%®)[p*]} where G : B4®) [pt] — R%(®) i a
C1+8/3 function satisfying (AM1)~(AM3), with norms taken in B%(*)[p¥].
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If V1, V5 are two s—admissible manifolds at v, with representing functions F1, Fo,
for i > 0 define dgi(V1,Va) := || Fi — Fa|| o where the norm is taken in B%(®)[p*]. The same
applies to u—admissible manifolds.

In the sequel, we introduce graph transforms, which is the tool we will use to
construct invariant manifolds. The proofs are adaptations of [46, 2, 14], hence we will
discuss them when necessary. The main result of this section, Theorem 5.2.2, lists the
basic properties of invariant manifolds. Given an e-double chart v = \Iﬂ;s’pu, we denote by

A *(v) the set of its s—admissible manifolds.

THE GRAPH TRANSFORM #,,,: To any edge v = w between e-double charts v = \Ilgs’pu
and w = \Ifgquu, we associate the graph transform F; , : M °(w) — .4 *(v) as being the map
that sends an s—admissible manifold at w with representing function F : B%(®) [¢°] = R% ()
to the unique s—admissible manifold at v with representing function G : Bs(@) [p°] — Ru(2)

such that {(t,G(t)) : t € BE@[p*]} C fr {(t, F(t)) : t € B&@)[g*]}.

Lemma 5.2.1. If € >0 is small enough, then F;,, is well-defined for any edge v S ow.
Furthermore, if V1,Va € M°(w) then:

(1) deo(F3u(V1), F3(V2)) < e XMW 2deo (11, V3).

(2) dei (F50(V1), Z5.0(Vo)) < e XM (e (Vi Va) + deo (Vi, Vo) P/3).

THE STABLE MANIFOLD OF A POSITIVE e—GPO: The stable manifold of a positive e—gpo

vt ={vp}n>0 is

V™) = lim (F5 , o---0F"

n—oo 'UO,'Ul 'U’I’L727/U’nfl

0L 10,) (Vi)

for some (any) choice (V;,)n>0 with V,, € .#*(v,). The convergence occurs in the C*

topology.

Similarly, we introduce the unstable manifold V*[v~] of a negative e-gpo.
The proof of the good definition of V/*[v*] as well as of Lemma 5.2.1 follows from [2,
Appendix], taking the parameters p = ¢°,p = p*, 7 =p* Ap",n=q¢° N q".

We now state the basic properties of V*/%[v*]. We need to introduce some

notation.

. S U .. .
MAPS G,, AND 7p,: Given v = {UPnPn}, -4 a positive e-gpo, write g = @ where T}, :

By, — Ris a C1P function with Ty, (z,) = ra(2y). Let Go=1d and G, =g  o---ogi
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n > 1. For n >0, define 7, : V¥[u"] — R by

n—1
m(x) =Y Ti(Gr(2)),
k=0
equal to the flow displacement of z under the maps g, g ,..., 94 .

Although G, and 7,, depend on v™, we will only mention this dependence when

more than one positive e-gpo is considered, in which case we will write G+ ,, and 7+ ,.

Theorem 5.2.2 (Stable manifold theorem). The following holds for all € >0 small enough.
Let vt ={v, }n>0 = {‘Pgi’p%}nzo be a positive e—gpo.

(1) ADMISSIBILITY: The set V3[u™] is an s—admissible manifold at vy, equal to
Vo] = (o € Wy (RIS (g7, o+ 06)(2) € e, (R10Q(zn)]), ¥ > 0.

(2) INVARIANCE: gjO(Vs[{vn}nZO]) C VE[{un}n>1]-
(3) HYPERBOLICITY: For all y,y’ in V*[v™]| and all n > 0:

2x

d(Gn(y),Ga(y)) < 2d(V; 1 (y), Ul (y)) e 3 W),
For any unit vector w tangent to VS[v™| at a point y and all n > 0:

Hd(Gn)yw“ < 8||C(:L‘0)_1|| @_%XTH(?J) and

2x

s un B X (o _Be,,
||d<G7n)y’UJ|| > %(po /\po)12 e ( n(y)) 6"

(4) HOLDER PROPERTY: The map vt — V3[u™] is Hélder continuous:
There are K >0 and 6 € (0,1) such that for all N >0, if v™,w™ are positive e—gpo’s
with vy, = wy, forn=0,...,N then de (V3[ut], Ve [wt]) < KON,
The submanifold V*® [y+] is called local stable manifold of v*. A similar statement holds

for the unstable manifold V*[v™| of a negative e-gpo v~

The above theorem is a strengthening of the Pesin stable manifold theorem
[42]. Its statement is similar to [46] and [39], and its proof is performed exactly as in
[39, Prop. 3.12 and 4.4], noting that in Pesin charts the composition gf  o---o0gf is

+ is hyperbolic (Theorem 4.9.1) and

represented by f,F o---oft .. Since each ff

—1,Tn »Li41

each .} is contracting (Lemma 5.2.1), the proof follows. We note that the second

Vi, Vi+1

estimate of part (3) is proved as in [46, Prop. 6.5], see also the proof of [2, Prop. 4.11].
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Remark 5.2.3. Let us be more precise on how to obtain part (3). Proceeding as in [39, Prop.
4.4] and applying Theorem 4.9.1, we get that, in Pesin charts, the distance of the images
of y,y/ under G contracts at least by e X"a(%0) - O(¢) < e~ 470 Since ra(zo) =71(x0)

and 71 is 1-Lipschitz (Lemma 3.1.1), we have |ry(zo) —71(y)| < d(x0,y) < € and so

ralzo) _ 1‘ <

) (5 j which is smaller than 1/9 for small e. Therefore e 1TA@0) < = F ),

inf TA
5.3 Shadowing

We say that an e—gpo {\Ifgi’pﬁ}nez shadows a point x € A if:
(g4 o -0gi)(x) € Uy, (R[pS, Apl]) for all n >0,

(9)oy © 0 G ) (@) € Uar, (RIp5 Apl]) for all n < 0.

An important property is the following result.

Proposition 5.3.1. If € is small enough, then every e—gpo v shadows a unique point

{z} =V []nV* ]

The proof uses the following basic property of admissible manifolds.

Lemma 5.3.2. The following holds for all € >0 small enough. If v= \Ifé’,s’pu is an e-double
chart, then for every Vs/t ¢ ///S/u(v) it holds that V* and V" intersect at a single point

P e, (R[50 ApY)]).
This statement and its proof are similar to [14, Lemma 4.7].

Proof of Proposition 5.3.1. We give a sketch of proof, since it is the same of [46, Theorem
4.2]. Let v={vp}tnez = {quivpﬁ}nez be an e-gpo.

o By Theorem 5.2.2(1), any point shadowed by v must lie in V*[{vy, }n>0] N V“[{vn n<o]-

By Lemma 5.3.2, this intersection is a single point {z}. We claim that v shadows x.

o The definition of shadowing is equivalent to the following weaker definition: v

shadows z if and only if
(9, 0 0 G2 ) (%) € Vo, (R[10Q(wn)]) for all m >0,

(9 © 0 G (%) € Uy (R[10Q(w)]) for all m < 0.
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o By Theorem 5.2.2(2), if n >0 then (g  o---ogi)(z) € V[{vyipti=o] C
Ve, (R[10Q(2n)]), and (g5, , 0+ 095,)(x) € V*[{ntr te<o] C Ve, (R[10Q(zn)]), and
so the weaker definition of shadowing holds.

This concludes the proof. O

5.4 Additional properties

So far, we have defined stable/unstable manifolds using holonomy maps. It
is important to give them an intrinsic characterization in terms of the flow. This is the

content of the next result.

Proposition 5.4.1. The following holds for all € >0 small enough. Let v = {vy}n>0 be a
positive e—gpo with vy = \Iﬂf’pu, and let F : B%(®) p*] — R%(®) pe the representing function
of VS =V*[ut]. Then there exists a function A : B%@)[p*] = R with A(0) =0 such that

Xinf('rA)

the set V° := {o®W [ (w, F(w))] : w € BE@[p]} satisfies d(o'(7), ' (2)) < ¢ T’

forall y,z € Ve and all t > 0. An analogous statement holds for negative c—gpo’s.

In other words, V* “lifts” to a set V* that contracts in the future under the flow.
The statement above and its proof are similar to [14, Proposition 4.8]. We include the proof
in Appendix A. The choice of A(0) =0 above is arbitrary: given y = W, (t,F(t)) € V*, we
can choose A so that A(y) =0. The resulting set V* 35 y also satisfies Proposition 5.4.1.

We finish this section proving another property about invariant manifolds,

whose proof can also be found in Appendix A.

Proposition 5.4.2. The following holds for € >0 small enough. Let v = {v,}n>0
and w = {wy }n>0 be positive e—gpo’s, with vy = \Iﬂ;’pu and wy = \IJ?jH“. Then either

VE[wT],VE[w™] are disjoint or one contains the other.
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6 FIRST CODING

In the previous sections, we have fixed gp,x,p,A,/A\,Q,g such that e < p <K 1,
and we have constructed invariant manifolds for e-gpo’s. We also defined shadowing. In
this section, we:

o Choose a countable family of e-double charts whose e—gpo’s they define shadow the
whole set ANNUH?.
o Introduce a first coding, that is usually infinite-to-one (and so does not satisfy the
Main Theorem).
Once this is performed, the latter sections will show how to pass from this first coding to

a coding satisfying the Main Theorem.

6.1 Coarse graining

This section constitutes an important contribution first developed in [14], that
cannot be obtained using the methods of [46, 35, 31]. Broadly speaking, conditions
(GPO1)-(GPO2) considered in these latter works are not flexible enough to shadow all
orbits of ANNUH? in an “efficient” way. As introduced in [14], one approach to bypass this
difficulty is to consider more flexible versions for (GPO1)-(GPO2). Gladly, the methods of
[14] in this regard can be reproduced ipsis literis in higher dimension. Since this discussion
is a main step in the proof, we have decided to include it in full details. The final result

we will obtain in this section is the following.

Theorem 6.1.1 (Coarse graining). For all 0 < e < p < 1, there exists a countable family
' of e—double charts with the following properties:
(1) DISCRETENESS: For allt >0, the set {UP P € of : p® p" >t} is finite.
(2) SUFFICIENCY: Ifz € ANNUH? then there is a reqular e —gpo v € &% that shadows
x.
(3) RELEVANCE: For each v € &/, Ju € A" an e-gpo with vg = v that shadows a point
in ANNUH?

Recall that v = {v, }nez is regular if there are v, w such that v, = v for infinitely
many n > 0 and v, = w for infinitely many n < 0. According to Proposition 4.4.1 and

part (2) above, the regular e—gpo’s in &7 shadow almost every point with respect to every
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x—hyperbolic measure.

Demonstragio. The proof, which is essentially the same of [14, Theorem 5.1], follows a
similar strategy of [46, 35] but the implementation is significantly harder since, as already

mentioned, the definition of edge considered here is more complicated.

Let Ng = NU{0}, and let X := A3 x GL(d,R)? x (0,1] x {0,1,...,d}. For each
x € ANNUH?, let T'(z) = (z,C,Q,d) € X with

z=(f"H(2),2,f(2)), C=(C(f71(2)),C(2),C(f(2)), Q= (Q(x),q(x)), ds = ds(x).

Let Y = {D(z): 2 € ANNUH"}. We want to find a countable dense subset of Y. Since the
maps = — C(z),Q(z),q(x),ds(z) are usually just measurable, we apply a precompactness

argument. For each £ = (¢_1,0y,¢1) € N}, m,j € Ng and k € {0,1,...,d}, define
¢ <[ C(fi (@) M < it —1<i<

Yomjk =l (z)€Y:

ds(x) =k
CLAmM 1: Y = U Yy m ik, and each Yy, ;1 is precompact in X.
£eN3,m,jeNy
0<k<d

Proof of Claim 1. The first statement is clear, so we show the precompactness. Fix £ € N3,
m,j € Nog, 0 <k <d, and take I'(z) € Yy, j .- We have z € A3, a precompact subset of M3.
For |i| <1, C(f!(x)) is an element of GL(d,R) with norm < 1 and inverse norm < e+1,
hence it belongs to a compact subset of GL(d,R). This guarantees that C' belongs to a
compact subset of GL(d,R)3. Also, Q € [e7™ 1,1] x [e7/~1,1], the product of compact
subintervals of (0,1]. Using that the product of precompact sets is precompact, the claim

is proved. O

By Claim 1, there exists a finite set Zy,, jr C Yz m 1 such that for every
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Condition (a) implies that f(x), f*(y) belong to the same disc of A, for |i| < 1. For n > 0,

let I, = {6_62’” :1 >0}, a countable discrete set whose “thickness” depends on 7.

THE ALPHABET &7: Let & be the countable family of U2 ?" such that:
(CG1) I'(z) € Zpm jx for some (£,m,j,k) € N§ x Ng x Ng x {0,1,...,d}.
(CG2) 0<p®p" <eQ(x) and p*,p" € I, 4()-

(CG3) e 71 < % < "1 where $ is given by Proposition 4.5.1(1).

Proof of discreteness. Fix t > 0, and let \I/gsmu € o with p°,p* > t. If I'(x) € Zy 1y, j 1 then:
o Finiteness of £: since e© < ||C(2)7!| < Q(x)~! <71, we have £y < |logt|.

Lemma 4.2.1(3), for i = +1 we also have
el <O (@) < ePCx) ] < e,

hence (1,01 < 6p+ |logt| =: T}, which is bigger than |logt|.
o Finiteness of m: e™™ > Q(z) > t, hence m < |logt|.
o Finiteness of j: e/ > q(x) > e 971 (p* Ap¥) > e 71, hence j < |logt|+H+1.
The finiteness of k is obvious. Therefore
[Nogt[+H1+1llogt]] T

#{F(x) : \11554’“ € s.t. p°,p' > t} < Z Z > Z #Z0m.jk

=0 -1<i<1 k=0
£;=0

is the finite sum of finite terms, hence finite. For each such I'(x),

#{(p") WL P € st p*p" >t} < (F gy N (1))

is finite, hence

[Nogt[+9]+1[[logt]] T

#{‘Ilis’pueﬂrps,puﬂ}é Z > > Z Yo (#lgw N (1))

m=0 —;<10<1]€ OF( )EZ@ka,

is the finite sum of finite terms, hence finite. This proves the discreteness of .7

Proof of sufficiency. Let € ANNUH™. Take (4i)icz, (Mi)icz, (Ji)iez and k such that:

IC(f @)l € e, ), QUf () € [e7™i 7 em™),
a(f'(2) € [0 e, k = dy ().

For n € Z, let {™ = ((y_1,0n,lns1). Then D(f(z)) € Y, Take I'(x,) €

7m717j717k

ZE(")7mn,jn7k such that:
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(an) d(f1(S™ (@), fil@n)) + O (@) = C(fien)ll < Fa(f™(@)*, Ji] < 1.
(by) QU"®) _ ,+e/3 5 q WU @) _ xe/3

Q(zn) q(an)
From now on the proof differs from [46, 35, 31], which constitutes the development made in

[14], and that does not rely on the dimension of M. Take {t, }ncz such that f"*(z) = o (z),
with to =0 and g [f"(x)] = @'+ [f"(z)]. Define

P = cinf{efltnt =l Q2,1 0) : k> 0,

P = einf {7l Q1)  k <0}

There is no reason for \Ilffvp " belonging to .« nor for {‘IJJ}?i’P "} ez being an e-gpo. Indeed,
with the above definitions one of the inequalities in (GPO2) holds in the reverse direction!
To satisfy (GPO2), we will slightly decrease each Pj, P¥. Below we show how to make
this “surgery” for P (the method for P is symmetric).

Start noting the greedy recursion P3 = min{e*(n+1-t) P5 | cQ(x,,)} and that

Pﬁ‘; _ e:l:a/SEinf{ea\thrk—tn|Q(fn+k(x)) k> 0} _ eiE/BpS(ZE,T,n) _ ei(f)—i-%)q(s’(fn(x))’

by (by,) above and Proposition 4.5.1(1), where T = {t, }nez. We fix A :=exp[e!] and

divide the indices n € Z into two groups:
n is growing if P, > AP, | and it is maximal otherwise.

Note that A has an exponent with order smaller than e. The definition of growing/maximal
indices is motivated by the following: the parameter P; gives a choice on the size of
the stable manifold at x,, therefore we expect P to be larger than P, at least by a
multiplicative factor bigger than A, unless it reaches the maximal size eQ(x,). In the
first case the index is growing, and in the second it is maximal. Assuming that ¢ > 0 is
sufficiently small, we note two properties of this notion:

o If n is maximal then P; =cQ(zy,): otherwise, the greedy recursion gives

s e(t —t S einf S
Pn:e(n+1 n)Pn+1Zel (TA)Pn+1>)\ 7§+17

which contradicts the assumption that n is maximal.

o There are infinitely many maximal indices n > 0, and infinitely many maximal
indices n < 0: the first claim follows exactly as in the proof of Proposition 4.5.1(3)
(remember we are assuming that = € NUH and so lirg iup P2 >0). The second claim

n—+00

follows from direct computation: if there is ng such that every n < ng is growing

then P7 > A"07" PP - for all n < ng, which cannot hold since A"0™" — o0 as n — —o0.
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We define p; = a, P} where e ® < a, <1 are appropriately chosen. We first

define aj, for the maximal indices n € Z as the largest value in (0,1] with a, P} € I. 4(5,,)-

In particular, e—="a(@n) < ap < 1. Then we define a,, for the growing indices. Fix two

consecutive maximal indices n < m and define ay+1,...,a;,—1 With a backwards induction
as follows. If n <k <m and agy is well-defined then we choose aj, largest as possible
satisfying:

(i) e T hapy < etfiay < agi;

(ii) arp Py € 1, a(zn)-

This choice is possible because the interval (6_%}7 3 Qk41,0k41) intersects I, ,

2P > 5O (fH(a) > 5O )g(fR (@) > 50T F)g(ar) > e2q(a). The first

(z),), Since

condition implies that 0 < ap41 < -+ < apm-1 < @y < 1. The maximality on the choice of
ay, indeed implies the inequality e‘EQQ(xk)akH <eilk ar < apyq for every growing k (this

is stronger than (i)).
Before continuing, we collect some estimates relating g(xy), P;,pj. Fix two
consecutive maximal indices n < m. Then the following holds for all £ > 0 small enough:
e Z P < 8%_11 every k=n+1,...,m—1 is growing, thus P} < )\n+1—/€p£+1 for

k=n+1
k=n+1,...,m. Therefore

S P <P e PR 25705 < 51
> PSP ) MNi<e 11 =% <EF
k=n-+1 1=0
lim £ = 1.
since lim =
0 1=A7 1-A-T
- 61
o Y q(z) <ef ": by the previous item,
k=n+1
- AHE o s 92 805 6_1
S oqlag) <t Y PP<2e"TEeb <eB .
k=n+1 k=n+1
. _ 2 _ s _ s
0 Gpy1 > A1 using that an, > e 1@m) > e=<Pm and that e’k ax+1 < ay, for every

growing k, we have

m—1
6
(p41 > €Xp |—€ Z Pl am >exp |—¢ Z P; >exp[ 5}>)\_1,
k=n+1 k=n+1

6
since 8 < g9,

In particular, aj > A~ > e~¢ for all k € Z.

CLAIM 2: UPnPn € o for all n € Z.
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Proof of Claim 2. We have to check (CG1)-(CG3).

(CG1) By definition, I'(zy) € Z,m)

(CG2) We have p;, < PS <eQ(zy), and the same holds for p. By definition, p3,pp € I,

7mn7j’ﬂ7k

7q('rn) '

(CG3) The proof of this in [14] had a mistake, so we take the chance to correct it. By

€ s/u £
definition, P; = ei(mr?)qs(f”(a:)) and p;i/u = eiEPé/u, hence W"(x)) — (") This
implies that ql(’?,i\&%) — E(O+F) | Since by (by) we have % = e*</3 it follows that
Pa/Pn _ o E(H+2¢) u

q(an)
CLAIM 3: WPhPE 5 PPt for all n € Z,
Proof of Claim 3. We have to check (GPO1)-(GPO2).

(GPO1) By (ay,) with i =1 and (a,41) with ¢ =0, we have

d(f(mn)amn—kl) + Hc(f<$n)) - C('rn-i-l) H
<d(f (@), fa) + [CF () — C(F ()l
Fd(f (@), mne1) + [ CEF () = Clann)|

!

< Lo @)+ Ja @) £ KL e )
32¢ 1

B0t (14’685)(]?%4& /\P?wrl)g < (Pna1 /\PZH)S»

I
<

o

! I
where in < we used Lemma 4.3.1, in < we used (b,,) and the estimate used to prove (CG3)

mn e
in the previous paragraph, and in < we used that ie%*%(l +€%) < 1 when €,p > 0 are

sufficiently small. This proves that \D?(LZ)A Pt1 5 \Ifgﬁﬁ/\p "1, Similarly, we prove that

PRADY 2 pphAD
Y znt1) Zn )

(GPO2) We show that relation (5.1.1) holds for all k € Z:

e~ P min{eT Ot pt | e~FeQ(an)} < g < minde TR Q) )

Relation (5.1.2) is proved similarly. For ease of notation, write T}, = T'(vg,v11) and
Ay = (tgy1 —tx) — T). Since Ty is the minimal time, we have Ay > 0. Using Lemma

3.1.1(3), condition (a,) and Remark 5.1.1, we also have the following upper bound for A:

Ay, < diam(R[ 5 (0} App)]) = Y2 (0} App) < %
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We fix two consecutive maximal indices n < m and prove the above inequality for k =
n,...,m—1. We divide the proof into two cases: k=n and k # n. Assume first that k = n.

For ¢ > 0 small enough (remember a, 1 > A1),

ETnpn+1 Y 41> exp [mf(rA)e —h 5} P> APy 1> Py =eQ(zn).

Therefore

—€Pn mln{e "pyi1.€ eQ(xp)} = 6_5”’816_5562(1'”) <e “eQ(xn) < anPi =p;

and

min{egT”prH,eQ(xn)} =eQ(zn) =P >p;.

This proves (5.1.1) for k =n.
Now let k& # n, and call 1 = min{eETksz,e_feQ(xk)}, I1

min{eETksz,aQ(xk)}. We wish to show that e Pkl < p; < IL Since

S
Qg1 > € Pkay > exp {—5126 —51'5] > exp[—e¢], we have

I=min{e “ap e PE e eQ(zy) }
< apyy min{eEA TP 2Q ()} = gy Py

Therefore e Pkl < e~ 35k ap+1P; < ap P} = pj,, where in the second inequality we used
property (i) in the definition of a.
For the other inequality, start observing that

pi = ap P = apmin{c PP eQ(ay)} = min{es W ag PEL ) apeQ(ag)}.

Clearly areQ(zr) < eQ(zy). Using that Ay < %, we have e#2kqy < e1Fkqy, < ag.i1, where

in the last passage we used property (i) in the definition of aj. Hence
e(tp+1—tx) P$ _ Ty eAyg P$ < Ps S
€ ap P = e e hap P, < e ak+1 1 =€ Pk+1~

The conclusion is that pj <II. The proof of Claim 3 is now complete. n

CrLamm 4: {\Dgi’p%}nez is regular.

Proof of Claim 4. Since x € NUH" and J(D”A(p")) = 1D we have limsup(p; Ap¥) >0

x
n—-+00

and limsup(p? Ap%) > 0. By the discreteness of <7, it follows that \ygi,pz repeats infinitely

n——oo

often in the future and infinitely often in the past. O]



48

S (7
CrAM 5: {WPnPn}, 7 shadows x.

Proof of Claim 5. By (a,) with i =0, we have \Ilg];%/(\f)’% ~ @giAp%7 hence by Proposition
4.8.2(3) we have f"(x) =V pn(,(0) € Wy, (R[p;, Apy]), thus {\Ifgi’p%}nez shadows z. This

concludes the proof of sufficiency. m

Proof of relevance. The alphabet @/ might not a priori satisfy the relevance condition, but
we can easily reduce it to a sub-alphabet &’ satisfying (1)-(3). Call v € & relevant if
there is v € &% with vy = v such that v shadows a point in ANNUH?". Since NUH” is
@—invariant, every v; is relevant. Hence &' = {v € & : v is relevant} is discrete because

/' C of, it is sufficient and relevant by definition. O

6.2 First coding

Let X be the TMS associated to the graph with vertex set 7 given by Theorem

6.1.1 and edges v = w. An element v € ¥ is an e-gpo, so let 7: ¥ — A by
{r(w)} = VNV,
The main properties of the triple (2,0, 7) are listed below.

Proposition 6.2.1. The following holds for all 0 < e < p < 1.
(1) Each v € o/ has finite ingoing and outgoing degree, hence ¥ is locally compact.
(2) 7:% — A is Hélder continuous.

(3) n[2#] D ANNUHY .

Part (1) follows from Lemma 5.1.2 and Theorem 6.1.1(1), part (2) follows from
Theorem 5.2.2(4), and part (3) follows from Theorem 6.1.1(2). It is important noticing
that (3,0,7) is not the TMS that satisfies the Main Theorem, since 7 might be (and
usually is) infinite-to-one. We use 7 to induce a locally finite cover of AN NUH#, which
will then be refined to generate a new TMS whose TMF is the one satisfying the Main
Theorem.

We end this section introducing the TMF defined by (¥,0,7). Remember that
ra A —(0,p/2) is the first return time to A.

THE ROOF FUNCTION 7: ¥ — (0,p): Given v = {\Ifi’a’,i’pz}nez €, let  =m(v) and assume

that z1 belongs to the disc D C A. Define r(v) := —tp(x) = ra () — tp[e™0) ()]
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Since g = qp, r(v) is the time increment for ¢ between the points 7(v) and
ga [m(v)]. In particular, "W r(v)] = 7[o(v)] belongs to A but not necessarily to A. (Note:

even if 7(v), " @[ (v)] € A, the values of 7(v) and ry [r(v)] may differ.)

THE TRIPLE (X,,0,,7,): We take (X,,0,) to be the TMF associated to the TMS (X,0)
and roof function r, and . : 3, — M to be the map defined by 7.[(v,t)] = ©'[7(v)].

The next proposition lists the main properties of (X, 0., ).

Proposition 6.2.2. The following holds for all 0 < e < p < 1.
(1) ool =¢tom,, for all t € R.
(2) m is Hélder continuous with respect to the Bowen-Walters distance.

(3) m[o#] D NUHY.

Demonstragio. Part (1) is direct from the definition of 7. The proof of part (2) uses
Proposition 6.2.1(2), and follows by the same methods used in the proof of [35, Lemma
5.9]. To prove part (3), let S :=%# x {0} C ¥#. By Proposition 6.2.1(3), m.(S) D
ANNUH?. Since m,[S#] = thgot[m(S)] and NUH? = U o![ANNUH"], we get that

teR
m[#] D NUH. O
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7 INVERSE THEOREM

Up to now, we have constructed a first coding 7 : ¥ — /A\, but it is usually
infinite-to-one. Our next goal is to understand how 7 loses injectivity: if v € ¥ and
x = m(v), what is the relation between the parameters defining v and those associated to
the orbit of x7 We analyze this question as an inverse problem: fixed x € /AX, the parameters
of v are defined “up to bounded error”. The answer to this inverse problem is what we call

an inverse theorem. From now on, we require that v € ©#, where X% is the reqular set of

>

v, = v for infinitely many n >0
n# = veEX :JvweV s.t. " Y Y

vy, = w for infinitely many n < 0

Recall that r: ¥ — (0, p) is the roof function, defined before Proposition 6.2.2.
Let r, = Z?:_ol roo® denote its n-th Birkhoff sum with respect to the shift map o: % — X,
Let v= {\Pgi’p%}nez € ¥, and let x = m(v). Then:
o @™ (z) = x[o"(v)], a point in A that is close to z,.
o gi @ (2)] = pmrW)(z).
Let p¥/"(¢"®)(z)) be the Z-indexed version of the parameter ¢*/* with respect to the

sequence of times {r,(v)},ez (see Section 4.5 for the definition).

Theorem 7.0.1 (Inverse theorem). The following holds for all 0 < e < p <K 1. Ifu=
{\Ilgi’p%}nez e X# and x = 7w (v), then x € NUH? and the following are true.

) d(e™W (2),2,) < 5071 (pS ApY).

[C@n) Ml _ 2

) Ttgmwim =&

3) M:@i%.
)
)

Qe (@) i ;
_Pa ke _Pn ke
peom) ~ ¢ ) T ¢

o () © U, can be written in the form 6 +Ov+ A(v) for v € R[10Q(xy,)], where
§ € R? satisfies ||0]] < 50~ (pS ApY), O is an orthogonal linear map preserving the
splitting R% @) x R%(®) and A : R[10Q(z,)] — R? satisfies A(0) =0 and ||dA||co <
5v/E on R[10Q(zy)]. The same statement applies to representing U3 1o Vo) () @

RI10Q(p™ W (2))].

The above theorem compares the parameters of an e—gpo with the parameters

of its shadowed point.
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7.1 Identification of invariant subspaces

To analyze the inverse problem, we need to compare the parameters of the
charts. One key aspect of this comparison regards the hyperbolicity parameters, which
are linked to the Lyapunov inner product (see Section 4.2). In general, given z,y € NUH,
it is not immediately clear how to compare the Lyapunov inner product norm between
vectors in Ngf/ “ and those in Nys/ “. However, when z defines an e-double chart W2 7" and
y lies in a stable or unstable set at U2 7", Ben Ovadia introduced a canonical method for
making this comparison, using the representing function in the chart [39]. This method
was also used in [2], which we will follow. The idea is to first identify subspaces within the
chart and then transfer this identification to the manifold.

Let W2"?" be an e-double chart, let V be an s-admissible manifold at W2 ",
In the sequel, we use the notation TV to represent the tangent bundle of V' as a subset of

TM. Writing d,/,, = dg/,, (), recall that
V =U,.{(v1,G(v1)) : v1 € B¥[p*]}

where G : B%[p*] — R% is a C'18/3 function satisfying (AM1)-(AM3). Fix y € V, and
write y = W, (z) where z = (v1,G(v1)). Denote the tangent space to the graph of G at z
by T,Graph(G). We have

w
T.Graph(G) = cweR%
(dG)y,w

which is canonically isomorphic to R% x {0} via the map

s : R% x {0} —— T.Graph(G)

w w
—

0 (dG)pw |

Recalling that N2 = (dV¥,)o[R% x {0}] and T,V = (dV¥,),[T.Graph(G)], we have the

following definition.

THE MAP O ,: We define ©3 , : N7 — T,V as the composition of the linear maps

®§,y = (dVy,) 0150 [(d\llx)o]_l.
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In other words, ©7 , is defined to make the diagram below commute

R% x {0} ——— T,Graph(G)

d(\III)O‘ ‘d(\I}z)z

N3 o, Vv
and so it has the explicit formula
5 w
0%y (dVUz)o = (dV,), .
0 (dGQ)yp,w

A similar definition holds when y belongs to a u—admissible manifold at \Iﬁf;s P
Let
V= \Ijx{(G(/l)2>,/02) 1Ug € B [pu]}

where G : B%[p¥] — R% is a C1+#/3 function satisfying (AM1)-(AM3). For y € V, write

y = V.(2) where z = (G(v2),v2). We have
Tw E Rdu} ,

which is canonically isomorphic to {0} x R% via the map

(dG)v,w

w

T,Graph(G) = {

Ly @ {0} xR% —— T,Graph(G)

(dG)v,w
g

w

THE MAP O} ,: We define O3, : Ny — T,V as the composition of the linear maps

@g,y = (d¥y), 0140 [(d‘lfx)o]_l-

Similarly, ©F , is defined to make the following diagram to commute

{0} x R% — " T,Graph(G)

d(‘llw)oh hd(‘l’w)z

N T,V

u
efﬂvy



]

and it has the formula

. 0 (dG) pyw
o, | (av,) = (dT,). .

w w

Now assume that {y} =V NV where V*/* is a s/u-adimissible manifold at
PP By the above discussion, we have two linear maps @i/ g ﬁ/ Y TyVS/ “. Since

N;® N = N, and T,V ®T,V* = Ny, the following definition makes sense.
THE MAP O ,: We define O, , : N; — N, as the unique linear map s.t. ©,y [ns= @fc’y

and Oy [Ny= Oy ,. More specifically, if v =v*+v" with v/t g Ng}g/u then

We can similarly see ©; , as a map defined in terms of a commuting diagram.

Let G, H be the representing functions of V¥ V¥ let y = W, (z) with z = (v1,v2), and let

. : R4 — 5 Rd
w1 w1 + (dH)vQU)Q
[E— .
w9 w9 + (dG)vlwl

Then we obtain a commuting diagram
Rd L Rd

O,y
and
w1 wH—(dH) w9
Oy | (d¥2)o = (d¥;)- =
w92 w9 + (dG)vlwl
The next result proves that the maps defined above are close to parallel
transports.

Lemma 7.1.1. Let \Ifgs’pu be an e-double chart with n = p° N\ p".
(1) Let V be an s-admissible manifold at U2 P and let y € V. If y € U (B%@)[y] x
BRC)[]), then

103 = Pegll, 1(63,) ™ = P || < 5999748
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where Py, is the restriction of the parallel transport from x to y to the subspace Ny .

In particular, ||®§il"5|(|v)|| = exp [inlw/‘lg} for all v e N’\{0}. An analogous statement

holds for u—admissible manifolds.

(2) Ify € VSNVY where V3% is a s/u-admissible manifold at W2P" | then

182y = Py

)

-1 _ p-1 136/48,
102y = Pogll < 30"

In particular, HeTlvg'(l”)H = exp [j:nl‘r’ﬁ/‘ls} for all v e N;\{0}.

The proof is the same as [2, Lemma 6.3].

7.2 Improvement lemma

Recall the norm |||-||| induced by the Lyapunov inner product, introduced in
Section 4.2, and the graph transforms .# s/t introduced in Section 5.2. In the next result,

we write dg ., = dg /(7).

Lemma 7.2.1 (Improvement Lemma). The following holds for € > 0 small enough. Let
v S w with v= \Ilgé’pg,w = \Ifﬁ’ﬁ, and write ny = py Ap§,m = pi Ap}. Fix Vi € 45 (w)
and let Vo = (Vl) Let yo € Vo, y1 = g;fo (yo) € V1, and assume that

yo € B%[no] x B™[ng] and y1 € B%[m] x B™[ny].

Consider v1 € T, Vi and vy = d(gjo)_lvl € Ty,Vo. Finally, let wy € TypyM such that
vo = O3, 4o (wo) and wy € Ty M such that vy = O3, (w1). If ‘||||‘Z)1 ‘H' = exp[£E] for € > /e,

x0,Y0

then

llvoll: _ o T2 (6 — Qo))

[lwoll

Note that the ratio improves. An analogous statement holds for vectors tangent to u—

admissible manifolds.

Demonstracio. Write [ := gjo. We focus on one side of the estimate (the other side
is proved similarly). We can assume that [jvg|| = 1.We also write g;, = ¢’ where
T~ is a C'P function with T (1) = —ra(f~*(21)). Then g (z1) = o @) (1) and
9r, (Y1) = T W (y1). For simplicity of notation, let tg = =T~ (1) and t; = =T~ (y1),
then g (z1) = ¢ " (21) and g, (y1) = ¢ " (y1). Defining o = &% (w1), we write

llwolll _ [llvolll , lllell
ol lllelll [[woll
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and estimate each of the fractions above separately. First, we make some comparisons.

o Comparison of wq,vy: by Lemma 7.1.1,

153/48
”Pyo,ﬂﬂovo _w0|| < %770 / .

o Comparison of vg, 0: remembering the definitions of o and vy, we have

o= Pyy p-1(an) 00| = |dfey w1 = Py p=1(00) 0 lfy; 0n|

1

P

= dsten = () Py ayv]

< s = Pyl -+ @77 = | ol
By Lemma 7.1.1, ||wi — Py, 4,01 < %Hvlﬂn}w/% < Hvl|\17(1)5ﬁ/48, where in the last

passage we used that 11 < e®ng. Now, using Lemma 3.1.1(2), the Holder continuity
of df 7! with Holg(df 1) < maxwngélg(dgot) < 00, and that d(z1,y1) < 2n1 < 4no,

we get that

155/48 . _ 1453/48
lo— Py p-1(apyvoll < 2llonllng”* + Holg(df =) (4m0)?|on || < Lg%,

where in the last passage we assume that € > 0 is small enough.

o Comparison between wy, 0: the two estimates above imply that

o= Pry p=1@woll < lle =Py p=1(ayyvoll + 1 Pyy y=1(21)00 = Py g=1(2p)wol
1453/48
= [lo— Pyo,f—l(azl)UOH + | Pyo,0v0 — wol| + O(no) < n o ,

where the term O(7g) is an upper bound on the area of the geodesic triangle formed

by 20,10, f "' (x1) (see the discussion after (Exp2) in page 22).
llell

lTwoll*

llvoll
llell

Now we estimate the fractions and

EsTiMaATE oF 4L by the definition of the Lyapunov inner product and Lemma 7.1.1(1),

[lwol|

— 153/48
lwoll = 1€ o) woll = wol) = exp |-ms” | = 3

Letting A = C(z0)~! and B =C(f!(z1))~!, we have

llell
— 1) <2{[llelll = lllkwolll| = 2 || Bel| = [ Awol[|
[lwoll
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Now let B= Bo Py t=1(zy), S0 that A, B have the same domain and codomain. Then

[ Boll = | Awoll| < |l Bell — | Buwoll| + |l Buwol| — | Aw|]|
<||Bo—Bo Py, p-1(4yywol| + || Bwo — Awg||

< 1Bl ||o= Py p-1(a1ywo | + | B = A llwoll

By the overlap condition, Proposition 4.8.2(1) and the comparison between wy, g, the latter

expression above is bounded by 2||A||7784B/48 +2n < 281/87783’6/48 +2n0 < %n€/4. Therefore

llell 1,08/4
Twol 1’ <3Ny’ and so

7| =exp [j:ngﬂl] .

ESTIMATE OF H||HU£?H||H: By the latter estimate, we need to prove that

2
[llwolll

2
llell

Recall that we are assuming that losll < € for some £ > \/e. Write

(w1l

< exp 26 —4Q(x0) 7] (7.2.1)

to t1
I = 462”/ Xty ||?dt and I := 4€2p/ X! || @ g Pt
0 0

Then
lleoll> _ 1+ [ X @uglPdt Iy +eX0fun]|P_ Iy 4-eB0c g |
ol To+de2 [ e[ Dlo|2dt I+ e2xt[lwy || T Iy + e[y ||

_9¢_ _ —2£—-2 —
_ 62§+2X(t0—t1) (1 B I, — e 26—2x(to 2t1)> _ 62€+2X(t0—t1) (1 B b — e 3 : x(to t1)> '
I+ ePxt [ || lell

We claim that (7.2.1) follows from the estimate
I — Tem 27 2x(0=0) > 80 () 7/ o] 1. (7.2.2)
Indeed, if this is the case, then

2
|”‘U0‘H‘2 < e26+2x(to—t1) [1 _ SQ(J:o)B/ﬂ < €2§+2X(t0—t1)—8Q($0)ﬂ/4 < 625—4Q($0)ﬁ/4
0

where in the last two passages we used that 1+x <e” for all x € R and Lemma 3.1.1(3)
to obtain that 2x|to —t1| < 2d(yo, f ' (z1)) < 4Q(z0) < 4Q(x0)?/4. Thus, we focus on

?

establishing (7.2.2), which we will prove by estimating each side separately.
We begin with the left hand side, which we write as (Ip — I1) +

I [1 — 6_25_2X(t0_t1)]. We have the following estimates for € > 0 small enough:



o7

o Iy has the uniform lower bound

t .
I]_ 2 4€2p/0 0 e?xte—Zp—Qtdt — é |:1 . 62(X_1)t0:| 2 % |:1 o 62(X_1) 1nf(rA)] = C(X,A)

o Since 2§ +2x(tg —t1) > 24/ —4Q(x9) > /2, we have

1 — e~ 26—2x(to—t1) > > _ e VE > %\/_

We now estimate Iy — I7 from above. We have

t1 t1
By Iy = 4% [ (|00l — @) di-40% [ g

0

::Ig :ZI4
and:

o Estimate of I3: noticing that

19 ]| - [ @0 || = |[1Bol| - [[@%vol| < [[®F0 — DPuo|

= |2 0= @By sy < @' lo= Py renye]

is bounded by €3, MBS  £3/2 that lloll € [%,2}, and that || ®%o|| + || ®vgl| < 3e2*,

we get that
al
I5] < 36% [ €2 ||| @tgl| — | @*vol| dt < 32 pet /e < e
o BEstimate of Iy:

14| < |ty —to|e®XPetr < 2ePXPT4PQ(20) < €.

Plugging the estimates together, we conclude that
Ip — [em 267 2x(=t) > Oy, A)L /e —8ee > /3,

Now we estimate the right hand side in (7.2.2). Since |||o||| = [|C(f ! (x1)) 0| <
21C(f~ 1)) 7| < 4)C(20) 7Y, it follows that

8Q(wo) " loll* < 128¢%/%[|C(wo) M|+ | C(wo) T|* < 128%2 <.
This completes the proof of (7.2.2), and hence of the lemma. m

As we just proved, the improvement lemma as stated above consists on an

estimate of the ratio of Lyapunov inner norms, and its proof relies on estimating the ratios
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llvoll
llell

condition. The second one is the ratio that gives the improvement, and its estimate is

llell

and
[llwoll

of the fractions

. The first one is very close to one because of the overlap

purely dynamical, in the sense that it does not depend on the overlap condition. The
only fact that we use is that both [[|vg]|| and |||o||| are finite, which means that along these
directions the flow contracts.

Therefore, if we consider an actual orbit of the flow (instead of an edge), we
can obtain improvements for the Lyapunov inner norms associated to any ' € (0,x). This
important fact was first implemented in [40], and later in [2]. To properly state it, we
need to recall some notation. Let W* = V¥[w™], where wt = {\Ifgi’q%}nzo is a positive
e-gpo. For each n >0, write g, = oIn where Ty, : By, —+Ris a C+6 function satisfying

To(yn) =7ra(Yn), let Gn =g, | o---ogt with Go=1d, and 7, : W* — R by

n—1

(7)== ) Ti(Gi(2)),
k=0
which represents the total flow time of the point x under the maps g/ ,...,g} . Fix

x € WSNANUH?, let T := {7,(2)}n>0 and introduce the parameter pg := p(x,T,n) as
defined in Section 4.5. Writing x,, := G (), for each 6 < 1 consider yj{ = {\Ilgﬁ%ﬁp%}nzo,
which is a sequence of e-double charts (at this point, the choice of p¥ is irrelevant). It is
very unlikely that v is an e-gpo, because condition (GPO2) is hardly satisfied with the
inclusion of the multiplicative constant § (as already observed in Section 5.2), and also
because we did not even define p¥. Nevertheless, {p; }n>0 satisfies the conditions of [2,
Appendix A] needed to define stable graph transforms, therefore we can define V* [Q}] to
be the stable manifold associated to the sequence y;{ via the stable graph transforms.
Similarly, if z € W* ﬁNUH#7 then for every § we can define an unstable
manifold V*[vs]. Recalling that |H|HX, denotes the Lyapunov inner product defined by Y/,

we are ready to state the corollary.

Corollary 7.2.2. The following holds for all € >0 small enough. Given x' € (0,x), if 6 >0
is small enough in the above notation, then the following statement holds: for y € VS[Q("H,

let v € Tg;o(y)vs [o(v])] and vo = d(gg‘fo)*lvl € T,Vewil, and let also wy € T,V [vy] s.t.

+ (y) (wl); Zf o lHX’ = exp[:tf]

(2).94, Teorll,

vo =03 ,(wo) and wy € ngo @V’ [o(v))] s.t. v1= @;+
: %
for & >/, then
loll,
lwolll,

exp [+(¢ - Q(z)7/1)].
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An analogous statement holds for unstable manifolds.

Observe that the improvement is the same of Lemma 7.2.1, i.e. Q(z) is defined

in terms of the parameter Y.

Demonstragio. As in Lemma 7.2.1, it is enough to prove the result for V4 [Qg_]. Again, we

focus on one side of the estimate: assuming that % < et for £ > /e, we will prove that
X
lllvolll, / B/4
ToeT < exp[€— Q)]

Repeating the calculation made in Lemma 7.2.1 to estimate ”“”U;”“”, we have

2 / 2

|||Uo|||x/ < I, + e t0@2§|||w1|||x/ _62§+2X/(t0—t1) (1 [2_[16—25—2X/(t0—t1)>
2 = 2 o - 2

llwolllyr T2+ e[l [lwollly

Therefore, it is enough to prove that
I — Lem 272 (0=1) > 8Q ()4 [l |2 (7.2.3)

We begin estimating the left-hand side, which we write as (Io —I1)+ I3 [1 — 672&72%@07“)} .
As in the proof of Lemma 7.2.1, we have the following estimates for € > 0 small enough:

o I; has the uniform lower bound

I > 1_2X, [1 —2x _1)inf(’“")} =:C(x,\).
o Since 2§ +2x/(tg —t1) > 2¢/e —4Q(x) > /e, we have

1—e 22 (h) > Ve > 1 /2

We now estimate Iy — I7 from above. We have

t1 ’ t1 /
L—1I = 4629/0 XX ([|@wol|” — || B o) dt+462p/t e2Xt|| Do |2dt
0

=13 =:14
As in the proof of Lemma 7.2.1, we obtain that |I3|,|/4] < €. Plugging the estimates
together, we get that

Iy — Lie 267X W0=t) > Oy A) L/ —8e?e > 23,

Now we estimate the right hand side in (7.2.3). Since |[[wolll,, < [[lwolll, =
|C (x) " twg || < 2||C ()], it follows that

8Q()"[lwolllyy < 322 C ()M 7+ | C ) M < 3267 e

This completes the proof of (7.2.3), and hence of the corollary. ]
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7.3 Proof that x € NUH

The first step in the proof of Theorem 7.0.1 is to show that x € NUH. For that,
we first prove that the relevance of each symbol of the alphabet <7 implies the existence of
stable/unstable manifolds where S/U are bounded (recall their definition in Section 4.1).
The result below is [2, Lemma 6.6] adapted to our context, which in turn was inspired by

[40, Lemma 4.2 and Corollary 4.3].

Lemma 7.3.1. Let W5 = V5[wt], where wt is a positive egpo. If WS NANUH? £ 0 then
sup s(y) < oo.
yeWs

The same applies to negative e—gpo’s, with respect to the function u.

Demonstragcio. By symmetry, we just need to prove the statement for positive e-gpo’s.
For x" € (0,x), represent Sy/(-,v) by |[v]l,, and S(-,v) by [[v]]. We note the following

straightforward statement.

Cram 1: For every v, it holds [||v[| = sup,/ < [I[v]l,/ In particular, if [||v[||,, < L for every

v e TW? with ||v]] =1 and every x’ € (0, ), then sup s(y) < L.
yeWs

By assumption, there is € WSNNUH?. Write 2, = Gp(z), = q¢*(Gp(x))
and p = ¢“(Gp(x)). We have limsupgq(z,) > 0 and so there is ¢ > 0 and an increasing
sequence {ng}r>o s.t. q(an,) anﬁfo(?r all k> 0. Using that ¢(y) < Q(y) and estimates
(4.3.2), for every y € NUH# we have ||C(y) 1| < e/8Q(y)P/*® < q(y)~#/*8 and so in
particular Q(z,,) > ¢ and ||C(xy, )" < ¢~#/*® for every k > 0.

Fix x’ € (0,x), and let ¥ = %Xl Also, let v = {v, ez with v, = \If?ﬁﬁpﬁ,
where § is a positive constant depending on X’ and y satisfying

8813 < inf{e_ty— e X te [inf(rA),Qp]}.

Write Vi, = V*[{ve}r>n]. We want to bound |[||v[||,,, uniformly in v with [|v|| =1 and x".
Instead of W?*, doing this for V§, is simpler, since inside this latter set we have better
estimates, as we will see in Claim 3. Although W? is in general not contained in Vy,, if n

is large then G, (W?) C V.

CrAM 2: If n is large enough then G,,(W*) C V.
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Demonstragio. Since B%@)[5ps] x B4(@n)[5ps] > B[dp?], it is enough to prove that if n
is large then Gy, (W*) C W, (B[0pS]). By Theorem 5.2.2(3), Gp(W?) C B(xy,e 3 nfra)n),
Since

1 =1 - s
W (BIOp3)) 5 B (0,5 1C ) 7003 ).

it is enough to prove that for n large enough it holds

1 | | 5
gl eIk > TR = PEHEICR g <

Using that ||C’(xn)*1||(pf1)'3/48 < ||C(a:n)*1||Q(xn)5/48 < 1 and that p;, > e*ESUP(TA)”p(S), we
obtain that

i . B8 ) 142
R [ O e R e T A (e
Pn 2 75

_ < ) )1+468 o [%inf(rA)—asup(rA)<1+4%)}n

gy
which, for € > 0 small enough, converges to zero exponentially fast. O

For n,l >0, let Gfl :

T gwnJréfl

o---ogt and 4(y) = = S T (Gr(y)) when
defined.

CrAmM 3: For every v € TV, with [lv]| =1 and every £ > 0 it holds
4G < 81O )~ e X,

Demonstrag¢io. Recalling the definition of §, proceed exactly as in the proof of [2, Corollary
4.12] where, in view of Theorem 4.7.1(2), the inequality (4.2) in [2] is substituted by the

stronger one

wgl| < [e7Xrals=0) 4 de(dpf )73 wg || < [e7 72 E50) 4 6573) gy |

< e—YTA(mkfl)Hwk_lu _ e_Ykal(fEkfl)Hwk_ﬂ‘,
thus establishing the result. O]

Now we complete the proof of the lemma for W?*. We fix v € T.Vy, with
|v]| = 1. For £ >0, write 7, := 7£(2) and 7y := 7£(z), with 79 = 79 = 0. Observing that
7 (v) = dG%v, Claim 3 implies that

! ’
il 462”2/ 2|0 (v) [2dt < 8pe’ 37 A dGh v
>0 >0

< 8pe! Y AT (64]|C () ! |PeNTE) = 512012 Carg) THP Y €3OO
>0 >0
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!
where in < we used estimate (3.4.1) to get that

Te+1 / / Te+1—T¢ ’
[ et = e [T et Gt
< XX, (2,0€4X,p66pHdeL’UH2> < 2p610p62X/Tf 1dGEv]|%.

We estimate the sum Yy e2X (=T + (X' =)7¢ ag follows:
o 1y —77 has a uniform upper bound: since T}, is 1-Lipschitz (Lemma 3.1.1(3)) and

the distance d(G (2,,),GE(2)) goes to zero exponentially fast (Theorem 5.2.2(3)),

we have
S k k = —Xinf(r~)k
0 —70) < S TH(GE(20)) = Te(GE(2))]| < 2Q(2n) Y e 2 ™07
k=0 k=0
<2Q(n) Y e F MR 7
k>0
o > e(X/—X)ﬂ <y e(x’—x)ﬂ <% 6_(X_X/)inf(r?\\)£ _ 1 .
>0 >0 T >0 1~ OxX)inf(r2)

Therefore, for n = n; we have

519pel20 A2
|||U|||?</§L 2T~ (=) inf(ry)

Call this bound L?, so that [lollls < L for every v € TV, with |lv|| = 1. Note that L — oo
as X' — X, so the proof is not complete. To obtain a bound that does not depend on y/,

we will improve the above estimate by applying Corollary 7.2.2.
Define & > /2 by €6 = max{v/2L,eVe}. We claim that

By a normalization, we just need to check this estimate for ||v|| =1. By Lemma 7.1.1(1),

we have 3 < ||@§nky(v)\| <2 and so

@i’nk -,y(U)

Tolly

X — exp[££], forally e Vi, and v € N;nk\{()}.

02, (0)|

ol

(var) =Y < |

X/S%:\/iL

Now fix k > 1. Apply Corollary 7.2.2 along the path x,, , —--- — xy,. Since the ratio
does not get worse for all transitions xy — xy,; and it improves a fixed amount in the last

edge xy, , — Tpn, ,+1, we conclude that

Gink_l Y (’l})

[N

L —exp [+£(E—¢"Y)], forallye Vi,  andveN; —\{0}.

1
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Repeating this procedure until reaching x,,,, we obtain at least k improvements, as long

as the ratio remains outside [exp(—+/),exp(y/€)]. Taking k — 400, we conclude that

Q;no,y (v)

o X! — exp[4+/2] for all y € Vin, and v € Njno\{O}. Similarly, we obtain that
for every k > 0 it holds

|

Now fix k large enough s.t. Gy, (W?) C Vg, . Let v € TW* with [jv]| =1. If w=dGy,v €

eink,y(v)

Il

X — exp[++/e], forallye Vi, and v € Ny \{0}. (7.3.1)

Tng

Tngnk then

(o] T o0
mv|||§,=4620/0 e2xltH(I>th2:462p/OnkGQX/tHQ)thth—i—éler/ 2| oly|2dt

Tnk
2
]
§462p/ "X @ty 2dt 4 €2X T ]| 2. 2
0 [wl[ |,
2
]
§462p/ "X Bty 2dt + 2T o] 2. |
0 ol

=1 =11

Let yo be the center of the zeroth chart defining W#. For t € [1y,7441], Theorem 5.2.2(3)
and estimate (3.4.1) imply that

-7 7 (_dG 1y —XT
|20l = @' dGev]| = |7 (&L )| 4Gl < 8e*[|Cyo) e 3™

and so
Te41 2
[ @t Pdn < perere e (86 Clyo) e E) = 649 Clyo) P
Ty

This implies that

Nk—1

I< 256p€10p||0(y0)_1”2 Z X
(=0

w o

To estimate II, write w € T,V ~and define ¢ by the equality Mol = @fcnwy(Q). By estimate
(7.3.1), Lemma 7.1.1(1) and Lemma 4.2.1(1), we get that

7]
Tl

Since ||w|| < 8||C(yo)~t||e"X™ by Claim 3, we conclude that

< eVl < 2V

il

, |, <20 s(2n,) < 205 Clan,) 1 < 26VEg P,
X X

1< 256||C(y0)—1||2€(x—x’)rnk+2\/5q—6/24 < 256||C(y0)—1||26><rnk+2\@q—6/24
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Plugging the estimates of I and II, it follows that

Ng—1
2 — _
vl < 256[1C(yo) 1% | pe'® D X7 X tRVEGT O
=0
which is independent of v and \’. By Claim 1, the proof is complete. ]

Now we proceed to show that, in the notation of Theorem 7.0.1, m(x) € NUH.

Recall the relevance property of each e-double chart of 7, see Theorem 6.1.1.

Proposition 7.3.2. For every vy € o7, there exists a constant L = L(vg) s.t. the following
holds. If v = {v, Y pez € 7 satisfies v, = vg for infinitely many n > 0 and if x = 7(v),
then s(x) < L. The same applies to u(x). Furthermore, x € NUH.

Demonstra¢io. We continue representing S(-,v) by ||v]||. Write V?* = V3], v, = \I@i’p%,
N =D, APy gy = dgjy () for all n € Z, and let {ng}r>1 be an increasing sequence s.t.
Up,, = vp. Since vy is relevant, there is w € ¥ with wo = vp s.t. 7(w) € NUH?. By Lemma

7.3.1, it W# =V5[w] then sup s(y) < co. By Lemma 7.1.1(1),
yeWs

(ST
Ly := sup{w yeWsye \IJIO(BdS[no] X Bd“[no]),v € Njo\{()}}

is also finite. Define L; = max{Lg,evVs} > 1.

For each k > 1, we have W* € .#*(vy, ). Starting from W?, apply the stable
graph transform along the path vy = v; = --- = Up,, to obtain an s—admissible manifold
at vp, call it W}, Let F' be the representing function of V¥, and let F}, be the representing

function of W§. Since the convergence to V* occurs in the C'! topology, || Fj, — F|| 1 = 0.
— 00

Cramv: If {wg}ip>1 C TM converges to w € T'M in the Sasaki metric, then
0.9] ©.9]
/ 2| @tw||2dt < liminf / X | @ty | 2.
0 k—+00 Jo

Proof of the claim. Define f, fi : [0,00) = R by f(t) = e2X!||®tw]|?, fi(t) = e2X!|| Dty ||?
for k > 0. Since {wg }x>1 converges to w and @ is continuous, fx(t) converges to f(¢) for

every t > 0. By the Fatou lemma, the claim follows. O

Write z = ¥, (2, F(2)). Since z = 7(v), by Lemma 5.3.2 we have that ||z|| < no.

For each k > 1, define yj as the unique element of W s.t. yp = Wy (2, Fi(2)). Fix v € Nj
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w
with ||v|| =1. If v=(d¥y4,)o then
0

0370,2(V) = (dVa0) (2.7 (2)) (dFu;zw and O3 (v) = (dVs) (2, Fy(2)) (d}::)zw
and so ©3 ., (v) — O3 ,(v) in the Sasaki metric. By the claim,
162000 < imint |6, )]

k—+o00
and so it is enough to bound the right hand side in the above inequality.

We claim that G, (yg) € Vo, (B%[n,] x B%[n,]) for n=0,...,ns. To prove this,
note that G, (yx) belongs to a stable set and so it is enough to show that, in the charts
representation, the first coordinate of Gy, (y;) belongs to B%[n,]. The case n =0 is true

because ||z|| < ng. The proof is by induction, so we just show how to obtain it for n = 1.

Ds 0
Write f,f . =D+ H, where D = 05 5 is given by Lemma 4.2.1(2) and H = (Hy, Hs)
u

satisfies Theorem 4.9.1(2). We have y, = Wy (2, Fi,(2)) and so g, (yx) = Vs, (%, %) where
zZ= Dsz+ Hi(z,Fi(2)). Then

IZIl < 1Dszll + | Hiz, Fr ()| < [ Dszll + [1H (=, Fr ()]

< Dslll=[l + [ H(0,0)I[ + [dH l| co( Biagop 1 (2, Fr(2)) ]

< e X0dng eng +e(3n0) P2y < (e7XMHA) 422 )ng

< (e—xinf(rA) + 26)687’]1

is smaller than 7y for ¢ > 0 small enough. Now, for fixed k > 1 write g, =03 , (v)

and define wy € N7, by the equality @we Gz(yk)(wf) = dGy(og), for all £ > 0. Since

G, (yx) € Gn, (W) C W#, we have that W < L. By Lemma 7.2.1, we get that
77.k,
W < Ly and, repeating this procedure, that H“ ‘||||| < Lj. By Lemma 7.1.1(1),
nk 1
lewlll < Lallfwolll < 2L1s(zo) and so
103, ()| < 2L13(x0)- (7.3.2)

Defining L = L(vp) :=3L1s(zo) and applying Lemma 7.1.1(1) again, it follows that |||v]|| < L
for all v € T, V* with [jv|| =1, and so s(x) < L.

The proof for V"[u] is identical. This then proves that x satisfies (NUH3).
We now verify property (NUH1). Define N7 = T,(V*[v]) and N = T(V"[v]). The
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first condition of (NUH1) is proved as follows. Let t, = r,(v). For n >0, we have
0 < —t_,, <2nsup(ry), hence it is enough to prove that linn_1>ioréf%10g\|<1>t—"v|] > 0 for all
v e N2\{0}, which follows from the third estimate of Theorem 5.2.2(3).

Now we focus on the second condition of (NUH1). Differently from the
case of diffeomorphisms, this is not a straightforward consequence of s(z) < oo, but
almost. We claim that eXt||®!v|| — 0 as t — +oc0. Once this is proved, it is clear that
lifi&p%log |®tv|| < —x. By contradiction, suppose that tiiinoo eXt{|®tv|| # 0. Then there
is C'> 0 and a sequence t — 400 such that eXt||®%y|| > C for all k> 0. Assuming that
tg1 >t + p, we have

o0
/O 2| @ly||2dt > 3

titp
/ ’ Xty 2dt > S peXtke= 4P| plky)||? > pe=4P Y C* =
k>0t

k>0 k>0
which contradicts the fact that s(x) < co. This completes the proof of (NUH1). The proof
of (NUH2) is identical. O

7.4 Control of d and C!

The control of d follows by Lemma 5.3.2 and by recalling that Pesin charts
are 2—Lipschitz. This proves part (1) of Theorem 7.0.1. Now we prove part (2). Recall
that = = 7(v) for v € ¥%. We proved in the last section that 2 € NUH, i.e. there is a
splitting N, = N2 @ N¥ satisfying (NUH1)-(NUH3). To control C~!, we need to control
the Lyapunov inner product for vectors in N and N. We explain how to make the
control in N (the control in N is analogous). Write v = {v, }nez and ©, = O, G, (2)-
Without loss of generality, assume that vy repeats infinitely often in the future, i.e. there
is an increasing sequence {ny}r>1 s.t. vy, =vo for all k> 1. Let L =3L;s(xg) as in the
proof of Proposition 7.3.2, and let € >0 s.t. L =e$. Since L; > eVe and s(zo) > V2, we
have £ > /e. We claim that

1l

1©n (W)l

By a normalization, we just need to check this for ||v]| = 1. We proved in Proposition

= exp[£{], for all v € N; \{0}. (7.4.1)

7.3.2 that |||©y, (v)|]| < 2L1s(zg), see estimate (7.3.2). On one hand, applying Lemma

1.1(1) we have ML <2 L he other h ol > v o -1
7.1.1(1) we have Mn, W] = s(zg) < L, and on the other hand 6, @] = 2Las(z0) > ,

which proves (7.4.1). Now fix k£ > 1. Using (7.4.1), apply Lemma 7.2.1 along the path

Uny_, 5.5 Up,,. Since the ratio does not get worse for all edges vy 5 vpy1 and it
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] H _
&n, - @I ~
exp {i(f — Q(mo)ﬂ/‘l)} for all v € N7 \{0}. Repeating this procedure until reaching vo, we

improves a fixed amount in the last edge vy, , 5 Un,,_,+1, we conclude that

obtain at least k improvements, as long as the ratio remains outside [exp(—+/2),exp(y/€)].

Taking k — 400, we conclude that mewv(m M= exp[£4/€] for all v € N7 \{0}. Since vy, = o,

we obtain similarly that M = exp[£y/€] for all v € N7 \{0}. Finally, given n € Z,

let ny, > n and apply Lemma 7.2.1 along the path v, = --- > Up,, to conclude that

Mww:exﬂiﬁh for all v € N3, \{0}. (7.4.2)

By a similar argument, we get that

WQZUJNH = exp[ty/e], forall ve N \{0}. (7.4.3)

We now prove part (2) of Theorem 7.0.1. For simplicity, assume n = 0 and
write © = Op. If v =v°+v" € Nj & Ny, then O(v) = O(v*) +O(v") € N; © Nj/. By the
calculation made in the proof of Lemma 4.2.1(1) and estimates (7.4.2) and (7.4.3),

— 2 2
IC @)t ull® Il lI” -+l

IC@) 60 ~ flow)E+ llepmE ~ PV (7.4.4)

and so % = exp[++/E]. By Lemma 7.1.1(2), if € > 0 is small enough then ||©F!|| =
exp|4+/€], hence w = exp[+2/¢].

7.5 Control of Q,p*,p* and proof that © € NUH#

Now we prove parts (3) and (4) of Theorem 7.0.1. We begin controlling ¢). As
usual, let n =0. Recall that

Qx) =P C ()~ /7.

/B
By part (2), % = exp{ 96[}/5}. Hence % = exp {j:%ﬁﬁ}, which is better

than the claimed estimate when € > 0 is small enough.

Now we prove Part (4). Once we get this, it follows that x € NUH?. Write
s/u

zn = @™ W (z). The control of py/* consists on proving that it is comparable to p*/%(z,).

To have the control from below, we will use that {\I/gi’p%}nez € ©# implies that the
s/u

parameters p;/  are almost maximal infinitely often. Proposition 4.5.1(3) is the statement

s/

of maximality for p*/ “(2,). The statement for py/“ is in the next lemma. For simplicity of

notation, write Ty = T (g, Vga1)-
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Lemma 7.5.1. If {\I:gfypﬁ}nez e X# then min{eET’LpZ+1,e_55Q(xn)} = e cQ(xy) for

ey

infinitely many n >0, and min{e*'"p e fcQ(rn+1)} = e “eQ(xn41) for infinitely many

n < 0.

Demonstragio. The strategy is the same used in the proof of Proposition 4.5.1(3). We
prove the first statement (the second is identical). By contradiction, assume that there
exists n € Z such that min{e*"Np3,, e *eQ(zn)} = e“INp3; for all N > n. By (GPO2),
it follows that p3; > eE(TN_p?V)p?VH for all N > n. Let A = exp[e9], then (T —p%y) >
elinf(ry) —e] > el when € > 0 is sufficiently small. Hence p; > Ap3y; for all N > n, and

so pS > AMV="p3, for all N >n. This is a contradiction, since p, < e and 1J{rm iuppﬁv >0. O
—+00

Now we prove Theorem 7.0.1(4). We will prove the statement for pf and p®(zy)
(the proof for p% and p“(z,) is identical).

Step 1. p5 >e™ %ps(zn) for all n € Z.

We divide the proof into two cases, according to whether n satisfies Lemma
7.5.1 or not. Assume first that it does, i.e. min{e*T"pS_ ;e eQ(x,)} = e *eQ(zy). By
(GPO2), we have p8 > e~ PreccQ(x,) > e *cQ(x,). By Theorem 7.0.1(3), it follows
that

ph > e %eQ(wn) > e TONVIQ(2,) > e ETONVIP () > € VP (2).

Now assume that n does not satisfy Lemma 7.5.1. Take the smallest m > n that
satisfies Lemma 7.5.1. Hence min{eETkpiH,e_EgQ(xk)} = eaT’fsz for k=n,....m—1.
By (GPO2), we get that pj > eE(T’C_pi)pz+1 > Apjq for k=mn,...,m—1. Therefore
pi < AFps for k=n,...,m—1. Recalling that t;, = Tk({\lfgi’pz}nez) and writing Ay, =

(tg+1—tx) — T > 0, this latter estimate gives two consequences:

m—1
o > pi<e: indeed,

k=n
m—1 m—1 6 1 6 15
Sy > AR <P ——— <277 <,
k=n k=n 1=

1.5

: : € _

since g%ﬁ =1.

m—1

o Z Aj < e: since the transition time from zp to zpy1 is 1-Lipschitz (Lemma

k=n

3.1.1(3)),
m—1 m—1 6
SAL<2Y pf<der P <
k=n k=n
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Using that p; > e‘g(T’f_p‘lz)pile = e_‘f(p?frA’f)e‘f(tk“_’5’6)1024r1 for k=n,...,m—1, we get that

ee@nz—tn)

P, = exp Pm

m—1 m—1
—e > pi—e ) Ay
k=n k=n

> exp [~26% — 26 — O(v/&)] e p* (2) > €™ VEp2(2y,),

where in the last inequality we used Proposition 4.5.1(2).
Step 2. p®(zp) > e~ %p;i for all n € Z.

The motivation for this inequality is that p®(z,) grows at least as much as p?,
since p°(z,) satisfies the recursive equality p*(z,) = min{e?(trt17t)ps (2, 1), eQ(2,)} while
by (GPO2) we have the recursive inequality p$, < min{e*Tnps . 1,eQ(z,)} and ty11 —t, > T,.
For ease of notation, let n =0 (the general case is identical). By the above recursive

equality and inequality, we have

P (20) = einf{ef"Q(2,) :n >0} and p§ < einf{e* D0 +Tn-1)Q(z,,) : n > 0}.

n—1 n—1

Using part (3) and that ¢, = > (tg41 —tx) > > Tk, we conclude that
k=0

p*(20) =einf{e™Q(z,) :n >0} > e i%5ir1f~{e‘€(TO+”'J“T"—l)Q(xn) n>0}=e" \%pg.

Steps 1 and 2 conclude the proof of Part (4). In particular, since {\I:gf;m% bnez € BF, it
follows that z € NUH.

7.6 Control of ¥ oV and \Il;l Ve,

' (@) (z) rn(v) (CC)

We do the case n = 0. The other cases are analogous. Let n=pjApg, © = Oy 4,
and P = P, ;. Since x € NUH#, the Pesin chart W, is well-defined. Additionally, by parts
(1)-(4) of Theorem 7.0.1, the parameters of \1/2%’793 and UL @@ are almost the same.
This will be enough to establish part (5) of Theorem 7.0.1.

We start proving that the compositions are well-defined in the respective
domains.

o W loW,, is well-defined in R[10Q(w0)]: we have
Uao (R[10Q(0)]) C B(20,20Q(20)) C B(z,20Q (o) + d(z0,2)) C R[t],

where in the last inclusion we used that 20Q(xo) 4+ d(xo, x) < 25Q(z0) <K 25¢ < v. By
Lemma 4.6.1, U 1o W,  is well-defined in R[10Q(z0)].
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o \Ifgjol oW, is well-defined in R[10Q(z)]: same as above, changing the roles of  and
.
The next step is to represent W, 1o V., as required. We have gy oWy, =
C(z) ' oIloC(xg), where Il = expz ! oexpzg. The composition C(x)~to©OoC(xg) has
norm close to one. Indeed, by (7.4.4) we have ||C(z) "' 0© o C(xo)v| = e*VE||C(x0) L o
C'(z0)v|| = eFVE|Jv||. By the polar decomposition for matrices, C(z) 10 ©oC(z9) = OR
where O is an orthogonal matrix and R is positive symmetric with || Rv| = e*VE||v| for all
v €RY. Since C(x) o0 oC(xg) preserves the splitting R%(*) x R4(®)  the same holds
for O. Also, diagonalizing R and estimating its eigenvalues, we get that if € > 0 is small
enough then ||R—1d| < 44/€, see details in [39, pp. 100]. Define § = (W, !0 W, )(0) € RY,
and A : R[10Q(w0)] — R? s.t. UloW, =§+0+A. We start estimating dA. For
z € R[10Q(zo)],

(dA); = C(x) ™" o (dIT) ¢ (ay)- © Clap) — O
= C(2) ™" o [(dIT) ¢ (ay): — O] oC(w0) + OR - O.

=F

To estimate E, observe that:
o By Lemma 7.1.1(2), ||[P—0| < %7715/3/48,
o By assumption (Exp3),

—~——

() ()= = Pll = l(dexpa=)y, ) (dexp o) (zy). — 1|

—~—— e~

= [[(dexpz™)y, (2)(dexPT0)c(ag). — (dexpzo™)w, (2) (AeXPT0) O (ay)- |

< [(dexpa=t)y, (2) — (dexpzo )y, ()]l [[(dexpz0) o(ay)- |

< 2Rd(z,x0)

which, by part (1), is bounded by 23 < 1p156/48,
Hence, || E]| < 77155/48 and so, by part (2),

IC(2) " o EoC(xo)|| < [|C(x) " n**7/*8
< 62\/E||C«(x0)—1”7715ﬂ/48 < 62\/551/877145/48 <\

Since ||[OR—O| = ||R—1d|| < 44/e, we conclude that ||(dA),|| < 54/e. In particular, since
A(0) = 0, we have [|A(2)[| < [|dA]|collz]| < 5vE] 2]

We now estimate ||0]]. Let Z€ R4 s.t. W, (Z) =x. We have 0= (¥, 1o, )(Z) =
§+0zZ+A(z) and so § = -0z — A(%Z). By Lemma 5.3.2 we have ||z|| < 250717, therefore
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for € > 0 small

18] < 02|+ [|AE)]| < (1+5vE) 2] < H2¥en < 5071,

The final step is to represent \Ilgol oW,. We have \Ifgol oW, =C(z9) Lol lo
C(z). Changing v by ©(v) in (7.4.4) allows us to similarly prove that ||C(z¢) to©~to
C(z)v|| = e*VE||v||. Since the estimates used above for II,® also hold for II"! 0! (see
(Exp3) and Lemma 7.1.1(2)), we can write (U o W,)(z) =0+ Oz + A(z) where O,A
satisfy the same estimates. Finally, letting z = 0, we obtain that Z =9 and so by Lemma

5.3.2 we conclude that ||§]| < 25071n < 50~ 1.
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8 A COUNTABLE LOCALLY FINITE SECTION

We summarize our discussion from the previous sections:

o We constructed a countable family <7 of e—~double charts, see Theorem 6.1.1.

o Letting ¥ be the TMS defined by &/ with the edge condition defined in Section 5.1, we
constructed a Holder continuous map m: % — A that “captures” all orbits in NUH#,
see Propositions 6.2.1 and 6.2.2. The map 7 is defined as {7(v)} := V*[u] N V¥[v].

o Although 7 is not finite-to-one, we solved the inverse problem by analyzing when 7
loses injectivity, see Theorem 7.0.1.

We now employ these information to construct a countable family % of subsets of A st

o The union of elements of 2, from now on also denoted by %, is a section that
contains ANNUH?.

o Z is locally finite: each point x € Z belongs to at most finitely many rectangles
ZeZ.

o Every element Z € & is a rectangle: each point x € Z has invariant fibres W*(z, Z),
W"(z,Z) in Z, and these fibres induce a local product structure on Z.

o % satisfies a symbolic Markov property.

In this section, all statements assume that 0 < e < p < 1, so we will omit this information.

8.1 The Markov cover &

Let & :={Z(v):v € &}, where
Z(w) = {r(v) :v € X% and vy = v}.

Using admissible manifolds, we define invariant fibres inside each Z € 2. Let Z = Z(v).

s/u~FIBRES IN Z: Given x € Z, let W¥(z,Z) := V*[{vp}n>0] N Z be the s—fibre of x
in Z for some (any) v = {v,}nez € X7 such that m(v) =z and vy = v. Similarly, let
W(x,Z) := V¥[{vn}n<o] N Z be the u—fibre of x in Z.

By Proposition 5.4.2; the above definitions do not depend on the choice of
v, and any two s—fibres (u—fibres) in Z either coincide or are disjoint. We also define
V3(x,Z) :=V*{vn}n>o] and V¥(z,Z) := V¥[{v, }n<o]. Note that:
o Vs/U(z,Z) are smooth curves, while W#/%(z, Z) are usually fractal sets.

o Vs/U(x,Z) are not subsets of Z, while W*/%(z, Z) are.
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8.2 Fundamental properties of 2

Although % is usually a fractal set (and thus not a proper section), we can still
define its Poincaré return map. If z = 7(v) € 2 with v € ¥# then ") (z) = 7[o™(v)] € &
for all n € N. Define 74 : 2 — (0,p) by ro(x) :=min{t > 0: ¢'(z) € Z}.

THE RETURN MAP H: It is the map H : & — % defined by H(z) := ¢"Z (z).
Below we collect the main properties of Z.
Proposition 8.2.1. The following are true.

(1) COVERING PROPERTY: % is a cover of ANNUH? .

(2) LOCAL FINITENESS: For every Z € %,

#{Z’eff: { U H"(2)

In|<1

OZ'%(Z)} < 0.

(3) LOCAL PRODUCT STRUCTURE: For every Z € 2 and every x,y € Z, the intersection
We(x, Z)NW"(y, Z) consists of a single point, and this point belongs to Z.
(4) SYMBOLIC MARKOV PROPERTY: [fz=m7(v) € Z withv={vp}nez = {\Iﬂ;i’p% nez €

Y#, then
Gag (W (2, Z(v0))) € W*(g3y (2), Z(v1)) and
9o, (W (g3 (2), Z(v1))) € W (, Z(v0)).
Before discussing the proof, we use part (3) to introduce the following definition:

for x,y € Z, let [x,y]|z := intersection point of W¥(x,Z) and W¥(y,Z), and call it the

Smale bracket of x,y in Z.

Demonstragio. We have 2 = 7[S#]. Since n[S#] D ANNUH? by Proposition 6.2.1(3), it
follows that 2 contains ANNUH?. This proves part (1).

(2) Write Z = Z(W2'#"), and take Z' = Z(¥4 ") such that

U H"(2)|nZ #0.
In|<1
We will estimate the ratio Zzﬁf;z. By assumption, there is x € Z such that 2’ = H"(x) € Z'

for some |n| < 1. Let v € ©# with vy = U2 ?" such that = = 7(v). Recalling that
p*(x) = p*/*(z,T,0) for T = {ru(v)}nez, the following holds:
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o x € Z, hence by Theorem 7.0.1(4) we have P — etV and -2 = ¢V and

p*(2) ()
SO % — £V, By Proposition 4.5.1(1), we have % — 9 The

conclusion is that p;g\Tp“ _ E(¥e+9)

)
o ' € Z', hence by the same reason q;(/;?; — E(Vet+9),

+2e

o 2’ = !(z) with |t| < p, hence by Lemma 4.3.1 we have 3((?) =e

Altogether, we conclude that ZZQZZ = eiz(%+€+ﬁ), and so

{Z’EEX: [ | H"(Z)

In|<1

" @} c{Ui " e o 1 (P Ag") = e HVEED (5 A pt)

The latter set is finite, by Theorem 6.1.1(1).
(3) We proceed as in [46, Prop. 10.5]. Let Z =Z(v), and take z,y € Z, say x =7(v),y = m(w)
with v,w € %, where v = {v, }pez = {\I/givpz}nez and w = {wy }pez = {\pgi»qﬁ }nez with

vo =wo =v. We let z=7(u) where u = {uy }nez is defined by

We claim that {z} = W%(x,Z) nW"(y,Z). To prove this, first remember that
VE{un tn>0] NV [{un}n>o0] intersects at a single point (Lemma 5.3.2), and that z be-
longs to such intersection. Therefore, it is enough to show that z € 7[£7], which is clear

since u € Y.

(4) Proceed exactly as in [46, Prop. 10.9]. O

Let Z = Z(v),Z' = Z(w) where v = WP P = \Ifgs’qu € 7, and assume that
ZNl=2p201 7" £ (. Let D, D’ be the connected components of A such that Z c D and
7' ¢ D'. We wish to compare s—fibres of Z with u—fibres of Z’ and vice-versa. To do that,

we apply the holonomy maps qp and qp/. Given 2z € Z,2' € Z', define
{[Z>Z/]Z} = VS(Z’ Z) mqD[Vu(Z/vZ/)]
{[2,212/} i=qp/ [V* (2, 2)|n V(2 Z").

The next proposition proves that [z,2]7 and [z,2'] 7+ consist of single points, and some

compatibility properties that will be used in the next section.

Proposition 8.2.2. Let Z = Z(v),Z' = Z(w) where v = WP P" w = \Ifgs’qu €, and
assume that Zﬂgo[_Qp’zp]Z’ # (. Let D,D’" be the connected components of/A\ such that
Z CD and Z' C D'. The following are true.
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(1) aproWa(R[5(p° Ap")]) C Wy(Rla® Ag"]).
(2) If z € Z with 2' = qpi(2) € Z', then qp[W*/%(2,2)] c V/u(<' Z").

(3) If z€ Z,2' € Z' then [2,2'] 7, [2,2']z are points with |2,z = qp([z,2] 7).

When M is compact and f is a surface diffeomorphism, this result corresponds
to [46, Lemmas 10.8 and 10.10]. For flows in three dimensions, this is [14, Proposition
7.2], and a very similar strategy of proof applies in our setting: Theorem 4.7.1 remains
valid when replacing g, with qpr, allowing us to control the composition v, LogqpoW,.
The main difference compared to [46, 14] is that the functions involved are no longer
close to the identity, but rather close to orthogonal linear maps that preserve the splitting
R% @R as in [39]. The details of this construction are provided in Appendix A.

Additionally, we will require further information about the Smale product

structure in nearby charts.

Proposition 8.2.3. Let Z,Z'. 2" such that ZN =202 7" £ O, ZNpl=20201 77" £ Q). As-
sume that there is 2’ € Z' such that p'(2") € Z" for some |t| < 2p. For every z € Z, it

holds

2,22 = [2,¢"(z')] 2.

Note that [z,2]7 is defined by Z, Z" while [z,¢!(2")] 7 is defined by Z, Z". The
equality shows a compatibility of the Smale product along small flow displacements. It
holds because such displacements barely change the sizes of invariant fibres, hence the

unique intersection is preserved. The proof is in Appendix A.
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9 A REFINEMENT PROCEDURE

Up to now, we have constructed a countable family 2 of subsets of A with the
following properties:
o The union of elements of 2, also denoted by %2, is a section that contains ANN UH™.
o % is locally finite: each point z € 2 belongs to at most finitely many rectangles
ZeZ.
o Every element Z € % is a rectangle: each point z € Z has invariant fibres W*(z, 7Z),
W"(z,Z) in Z, and these fibres induce a local product structure on Z.
o % satisfies a symbolic Markov property.
In this section, we will refine 2 to obtain a countable family of disjoint sets # that satisfy
a geometrical Markov property. We stress the difference from a symbolic to a geometrical
Markov property: by Proposition 8.2.1(4), gi.to satisfies a symbolic Markov property; our
goal is to obtain a Markov property for the first return map H. In general the orbit of
x can intersect 2 between z and gjf (), in which case we will have that g () # H(z).
Therefore the symbolic Markov property of Proposition 8.2.1(4) does not directly translate
into a geometrical Markov property for H. To obtain this latter property, we will use a
refinement procedure developed by Bowen [7], motivated by the work of Sinail [48, 47].
The difference from our setup to Bowen’s is that, while in Bowen’s case all families are
finite, in ours they are usually countable. Fortunately, as implemented in [46, 14|, the
refinement procedure works well for countable covers with the local finiteness property,

which we have in Proposition 8.2.1(2).

9.1 The Markov partition #

We first see that the map g;fo can be deduced from H by a bounded iteration.

Lemma 9.1.1. There ezxists N > 1 such that for any x =7(v) € & there exists 0 <n < N
such that g; (z) = H"(x).

The statement and proof are the same of [14, Lemma 8.1]. Proposition 8.2.1(4)
then implies that for every x € 2 there are 0 < k,£ < N such that H*(z) satisfies a Markov
property in the stable direction and H ¢ (x) satisfies a Markov property in the unstable

direction.
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At this point, it is worth mentioning the method that Bowen used to construct
Markov partitions for Axiom A flows [7]:

(1) Fix a global section for the flow; inside this section, construct a finite family of
rectangles (sets that are closed under the Smale bracket operation). Let H be the
Poincaré return map of this family.

(2) Apply the method of Sinal of successive approximations to get a new family of
rectangles 2 with the following property: if H is the Poincaré return map of &,
then for every x € 2 there are k,¢ > 0 such that H*(x) satisfies a Markov property in
the stable direction and H~¢(z) satisfies a Markov property in the unstable direction.
In addition, there is a global constant N > 0 such that k,¢ < N.

(3) Apply a refinement procedure to 2 such that the resulting partition & is a disjoint
family of rectangles satisfying the Markov property for H.

So far, we have implemented steps (1) and (2) above, with the difference that while Bowen
used the method of successive approximations, we used the method of e-gpo’s. It remains
to establish step (3), and we will do this closely following Bowen [7], as already done in
[14]. Fortunately, the arguments made in [14] are abstract enough to work equally well in
higher dimension, so in the remaining of this section we state the definitions and main
results and only discuss proofs that require modifications.

For each Z € &, let
Sy = {Z’ e plrPlznZ + (Z)}.

By Theorem 7.0.1, .#7 is finite. Let D be the connected component of A such that Z C D.

By continuity, having chosen ¢ < p < 1 the following property holds:
If Z' € #; then Z' C 722D, (9.1.1)

Therefore qp(Z') is a well-defined subset of D. For each Z' € .#, we consider the partition

of Z into four subsets as follows:

By ={x€Z:W(x,2)Nap(Z") #0,W"(z,Z) Nap(Z') # 0}
B, ={veZ:W(z,2)Nap(Z) £ 0.W"(x,Z) Nap(Z) = 0}
BV ={x€Z: W2, 2)Nap(Z') =0,W"(z, Z) Nap(Z') # 0}
EY, ={x€Z:W*,2)Nap(Z') =0,W"(z,Z)Nqp(Z') = 0}
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Call this partition &z = {E%”Z,,E%QZ,,Eg“z,,Egmz,}. Clearly, E5", = ZNqp(Z').
THE PARTITION &7%: It is the coarser partition of Z that refines all of &4 »/, Z' € 7.
To define a partition of 2, we define an equivalence relation on 2.

EQUIVALENCE RELATION X ON % For x,y € Z, we write x X y if for any |k| < N:
(i) Forall Ze &: H(z)e Z = H*(y) € Z.
(ii) For all Z € & such that H*(x), H*(y) € Z, the points H*(z), H*(y) belong to the

same element of &7.

Clearly X is an equivalence relation in 2, hence it defines a partition of
Z. Before proceeding, let us state a fact that will be used in the sequel: if z N Yy
with z € Z = Z(\Ilgé’pg) € Z, then there exists |k| < N such that g (z) = H*(z) and
93 (y) = H*(y). To see this, write z = m(v) with vy = \I/p;%’pg, and let D’ be the connected
component of A with Z(v1) € D’. On one hand, g (y) = dpr(y). On the other hand, since
H*(2) € Z(v1) € D' for some |k| < N, the definition of X implies that H*(y) € Z(v1) C D',

hence H*(y) = qp/(y). A similar result holds for 9o

THE MARKOV PARTITION Z: It is the partition of 2 whose elements are the equivalence

N
classes of ~.

By definition, Z is a refinement of 2.

Lemma 9.1.2. The partition % satisfies the following properties.
(1) Forevery Z€ %, #{R€ #: R C pl=PP1Z} < c0.
(2) For every Re R, #{Z € Z : RC ol=PP1Z} < .

Demonstragio. In three dimensions, this is [14, Lemma 8.2], and the same proof applies.

Since it is short, we include it.

(1) Start noting that, for every Z € 2, #{Re€ % : RC Z} < 4%/ Hence
#ReZ - RCp Pz} < Y #{Re#Z:RCcZ}< Y 4777 < too
Z'e Iy Z'e Iz
since the last summand is the finite sum of finite numbers.

(2) For any Z' € % such that Z’ D R, we have {Z € 2 : RC ¢l=PP1Z} € #,. Since each
S is finite, the result follows. O]
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The final step in the refinement procedure is to show that # is a Markov

partition for the map H, in the sense of Sinai [47].

$/u—FIBRES IN %: Given z in R € #, we define the s—fibre and u—fibre of = by:
W*x,R):= () V(. Z)nR, W"@x,R):= () V“,Z)NR.
Ze%:ZDOR Ze%:ZDOR
By Proposition 5.4.2, any two s—fibres (u—fibres) in Z either coincide or are

disjoint.

Proposition 9.1.3. The following are true.
(1) PRODUCT STRUCTURE: For every R € # and every x,y € R, the intersection
We(z, R)NW"(y, R) is a single point, and this point is in R. Denote it by [z,y].
(2) HyPERBOLICITY: If z,w € W¥(z, R) then d(H"(z), H"(w)) ———0, and if z,w €
Wz, R) then d(H™(z), H"(w)) — 0. The rates are exponential.

(3) GEOMETRICAL MARKOV PROPERTY: Let Ry,R1 € #. If v € RynH Y(Ry) then
H(W*(z,Ro)) C W*(H(x),Ry) and H *(WY(H(z),R1)) C W*(x,Ry).

For flows in three dimensions, this statement is [14, Prop. 8.3]. Since the proof
of part (3) there does not treat all cases, we have decided to include the proof of all cases

for completeness.

Demonstragio. Parts (1) and (2) are proved as in [14, Prop. 8.3]. Let us prove part (3),
first recasting the case treated in [14] and then proving the case not covered there.

Fix Ry,R1 € Z and v € Ryn H1(Ry). We check that H(W?*(z,Ry)) C
W#(H(z),R1) (the other inclusion is proved similarly). Let y € W?*(z, Ry). By Proposi-
tion 8.2.2(2) and the definition of W*(H(x), Ry1), it is enough to check that H(x) N H(y).
Since z N y, we already know that H”(x), H¥(y) satisfy the properties (i) and (ii) defining
the relation & when —N < k < N, hence it is enough to prove that this is also true for
k= N +1. The property (ii) for k = N says that H"(z), HV(y) belong to the same
elements of the partitions &7. We claim that this implies that HV*1(z), HN*1(y) belong
to the same sets Z € 2, which gives (i) for k= N +1. To see this, let Z' € 2 such that
HN*1(z) € Z', and let D' be the connected component of A that contains Z’. Let Z € &
containing H™ (x), H™ (y). Noting that H" (z) € L%y, it follows from property (ii) for
k=N that HY(y) € E'5,, hence qp/(H" (y)) € Z'. 1 qpr(H (y)) = HN T (y), the claim
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is proved. If not, there is Z” € 2 such that HV*!(y) € Z”, and so repeating the same
argument with the roles of x,y interchanged gives that qpr(HY (z)) € Z”, a contradiction
since the time transition from Z to Z” is smaller than time transitions from Z to Z’. Hence
property (i) for k= N +1 is proved, and it remains to prove property (ii) for k= N + 1.
Let Z € Z be a rectangle which contains HV*(z), HN+1(y) and let D be the
connected component of A that contains Z. We need to show that HVN*!(x), HN+1(y)
belong to the same element of &7. We first note that W*(HN*1(2), 2) = Ws(HN*L(y), 2):
since z,y belong to the same s—fibre of a rectangle in 2, this can be checked by applying
Proposition 8.2.2(2) inductively. In particular, we have the following property:

VZ' e Sy, WHNT(2),2)Nap(Z) #£0 < W (HN T (y), Z)nqp(Z') #0. (9.1.2)

We then prove the analogous property for the sets W*(HN*1(x), Z), W*(HN*1(y), Z).

Write HVH (2) = 7(v) with v = {v, }nez = {lllgivpz bnez € 87 and Z = Z(vp).
By Lemma 9.1.1, there exists 0 < k < N such that the point # := H*(x) coincides with
7l (v)]. The rectangle Z := Z(v_1) contains Z. By the induction assumption, the point
7 := H¥(y) also belongs to Z.

Let us consider Z' € .#; and assume for instance that W*(HN (), Z)Nqp(Z')
contains a point z (the case when W*(HN*1(y), Z)Nqp(Z') # () is treated analogously).
Let |s| < 2p s.t. ¢*(z) € Z'. The symbolic Markov property in Proposition 8.2.1(4) implies
that the image of W*%(%, Z) under ga4 | contains W*(HN*1(x), Z), hence the point z. In
particular, the backward orbit of z under the flow intersects W“(f,Z) at some point

Z = *(z). Here is where we make a distinction between two cases.
CASE 1: [s—35] > p.

This is the case treated in the proof of [14, Prop. 8.3]. Figure 1 contains the
points we will define below. Write ¢*(2) = 7(w) with w = {wy, }nez € 57 and Z’ = Z(wy).
Since all transition times of holonomy maps are bounded by p, necessarily the piece
of orbit pl%(%) contains some 7[o~?(w)] with b>1. Let b>1 and 0 < § < p with
o~ (w)] = QO?(Z) Consequently the rectangle Z’ := Z(w_p) belongs to #. Moreover,
% belongs to the intersection between W*(%,Z) and g 5(2’ ), where D is the connected
component of A containing Z.

Again by the induction assumption, the point 7 := H¥ (1) belongs to the same

element of the partition & > as 7. Since W¥(z,Z) intersects q 5(2' ), the u—fibre
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Figure 1 — Case 1: |s—3| > p.

7!
©*(z) = m(w)
[ZvHNJrl(y)]Z
i /
& ap(Z')
1)) ) = nw)
a /7
Z/
¥ - -
u P'(t)  @*(2) = w0 (w)]
i / ~
z qa5(2")
Z ??ZHk(y)} T=H*x)=nlo""(v)]
Source: [14].

W (y, Z ) intersects it as well at some point . Note that [Z,] 7 = [2,9]5 also belongs to
Wu(y,Z) and to qﬁ(z/) (this latter property follows from Proposition 8.2.2(3), noting
that z,t € ZﬂqB(Z’)), hence we can replace ¢ by any point in W*(, Z) ﬂqﬁ(Z’). Take
t:=[z,7] 7

Let |r| < 2p such that ¢"(f) € Ws(gagj (2),Z"). The symbolic Markov property
in Proposition 8.2.1(4) then implies that its forward orbit under the flow will meet the
rectangles Z(w_p),. .., Z(wg) = Z', hence in particular it meets Z’.

Note that 2 € Z = Z(v_1) and z = g+ (%) € Z = Z(vp). The same property
holds for § and HV*1(y) = g} | (¥) since the points H'(z) and H'(y) belong to the same
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rectangles in 2 for each i = k,...,N +1. Using Proposition 8.2.2(3), it follows that
the image of t = [Z,7] 7 by gl , belongs to Z and coincides with the Smale product
[2, HN ()] 2.

The properties found in the two previous paragraphs imply that
W (HN*1(y), Z) intersects qp(Z’) at a point of the orbit of ¢, contained in W#(z, 7). In
particular, the intersection W*(HN*1(y), Z)Nqp(Z’) is non-empty. We have thus shown:

VZ' € Sy, WUHN(2),Z2)Nqp(Z') #0 < WYH N (y),Z)Nqp(Z') #0. (9.1.3)

Properties (9.1.2) and (9.1.3) mean that HV*!(z) and H¥*1(y) belong to the same
element of & for any rectangle Z € 2 containing HV 1 (x), HN*!(y). This concludes the

proof that H(x) A H(y) in this case.
CASE 2: |s—35] <p.

We have that z € Zﬂgo[_p’p] 7' and so 7' € Jg. Now we adapt the proof of
Case 1 as follows. By the induction assumption, the point § := H¥(y) belongs to the
same element of the partition &5 ), as 7. Since W(Z,Z) intersects q 5(Z'), the u-fibre
W(j, Z) intersects it as well at some point . As in Case 1, we can take ¢ := [2,7] - Using
Proposition 8.2.2(3) for the points z € Z and y € Z, it follows that the image of £ = [z, g]g
by g, belongs to Z and coincides with the Smale product [z, H N+L()] 7. As in Case 1,
we conclude the validity of property (9.1.3). This completes the proof that H(x) NH (y)

in this case, and of part (3) of the proposition. m



Figure 2 — Case 2: |s—3| < p.

[zaHN+1(y)]Z
) /
- ap(Z’)
A HN+1(y) HN+ (gj) — W(Q)

Source: [32].



84
10 A FINITE-TO-ONE EXTENSION

In this section, we construct a finite-to-one extension and deduce the Main
Theorem. We rely on the family of disjoint sets Z satisfying a geometrical Markov
property. This family was obtained in the previous section as a refinement of the family 2
constructed in Section 8, which was itself induced by the coding 7 introduced in Section
6.2. One important property of Z is that, due to the inverse theorem (Theorem 7.0.1),
it satisfies a local finiteness property, see Proposition 8.2.1(2). We use these objects to

construct a symbolic coding of the return map H.

10.1 A detailed statement

The theorem below implies the Main Theorem and includes additional properties
that will be useful for some applications, including the one we will obtain in Section 11. We
begin defining a Bowen relation for flows. This notion was formalized for diffeomorphisms
in [9], and the following is an adaptation for flows, introduced in [14]. We refer to [13] for
a discussion on the notion.

Let T, : S, — S, be a suspension flow over a symbolic system S that is an
extension of some flow U : X — X by a semiconjugacy map 7 : S, — X, ie. Ulor =7oT!

for all t € R.

BOWEN RELATION: A Bowen relation ~ for (T,,7,U) is a symmetric binary relation on
the alphabet of S satisfying the following two properties:
(i) Vw,w' € Sy, m(w)=m(w) = v(w) ~v(W), where v(z,t) :=x¢ for x € S;

(ii) 3y > 0 with the following property:
Vw,w' €Sy, [Vt ER, v(Tiw) ~v(Tio')| = [3t] <7 st. 7(w) = Ul(x(w'))].

Theorem 10.1.1. Let X be a non-singular C'8 vector field (3 >0) on a closed manifold
M. Given x >0, there exists a locally compact topological Markov flow (EA]?, o-) with graph
G = (V,E) and roof function ¥ and a map Tt i;:—) M such that 065 = @' o7 for all
t € R, and satisfying:

(1) 7 and 7 are Hélder continuous.
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(2) 7?;:[2# | = NUH? has full measure for every x-hyperbolic measure; for every ergodic

X —hyperbolic measure i, there is an ergodic oy—invariant measure fi on EA]? such that

fofz! = i and hu(67) = hy(e).

(3) If (R,t) € i# satisfies R, = R and R,, = S for infinitely many n <0 and m > 0,

then Card{z € i# :(z) = (R, )} is bounded by a number C(R,S), depending
only on R,S.

~

4) There is A >0 and for x € (X)) there is a unique splitting N, = NS & NY such
( T T x x

that:
limsup }log ||®|ys|| < =X and  liminf{log || @ x| > A
t—+00 =400
limsup log [|®[yu[| < —A  and  liminf$log||®|nu| > A.
t—+o00 t—+400

The splitting is ®—equivariant, and the maps z — N;;ELZ) are Holder continuous on
e
There is o > 0 and for every z € i? there are C' submanifolds V°(z),V(z) passing
through © := 7(z) such that:
(a) TpV4(2) = Ni+R-X(x) and T,V"(z) = N} +R- X(z).
(b) For all y € V¢(2), there is T € R such that d(o'(z),p' 7 (y)) < e, Vt > 0.
(c) For ally € VU(z), there is T € R such that d(¢H(x), 0 7 (y)) < e, Vt > 0.

There is a symmetric binary relation ~ on the alphabet 1% satisfying:
(a) For any ReV, the set {S €V : R~ S} is finite.

(b) The relation ~ is a Bowen relation for (G5, 7??|§f,g0t).

T

There exists a measurable set Z with a measurable partition indexed by ‘7, which we
denote by {R: R €V}, such that:

(a) The orbit of any point x € NUH" intersects .

(b) The first return map H: % — Z induced by ¢ is a well-defined bijection.

(¢) For any x € Z, if R = {Rn}nez satisfies H"(x) € Ry, for all n € Z, then

(R,0) € i# and 7(R,0) = .

For any compact transitive invariant hyperbolic set K C M whose ergodic p—invariant
measures are all x—hyperbolic, there is a transitive tnvariant compact set X C f];:

such that 7:(X) = K.

For flows in three dimensions, this is [14, Theorem 9.1]. Part ((6)) is a
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combinatorial characterization of the noninjectivity of the coding. It is an adaptation
for flows of the Bowen property, which was introduced in [9] for diffeomorphisms and
motivated by the work of Bowen [8]. Note that, in contrast to [8], we do not claim that
the flow restricted to ﬁ?[i# | is topologically equivalent to the corresponding quotient
dynamics.

The relation ~ will be the affiliation, which will be introduced in Section 10.3,
following a similar notion introduced in [46]. Note that the assumption {v(&%(z)) ~v(4(?))
for all t € R} consists of countably many affiliation conditions: if z = (R,s) and 2’ = (S, ¢),

then varying t in the interval [7),(R),7y+1(R)) provides i < slilllf)(%) affiliations of the form

Ry~ Smt,-- s Ry~ Sy
Part (7) provides for any z € NUH a particular pair (R, ) € i# such that
7~(R,t) = x (t is the smallest non-negative number such that ¢~!(z) € Z). We call the
pair (R,t) the canonical lift of z. This is a measurable embedding of NUH# into 3-.
Part (8) is a version of [15, Proposition 3.9] in our context, and the proof is

very similar, see Section 10.4.

10.2 Second coding

Let 4 = (V,E) be the oriented graph with vertex set V = % and edge set
E={R—S:R,SeZst. HR)NS #0}, and let (X,5) be the TMS induced by 4. We
note that the ingoing and outgoing degree of every vertex in S is finite. We show this for
the outgoing edges, since the proof for the ingoing edges is analogous. Fix R € #Z, and fix
Z € & such that Z D R. If (R,S) € E then ¢l0?/(RYNS # 0, hence for any Z’ € 2 with
S c Z', we have Z' € .#z. In particular,

#{(R,S)€EY< Y #{Sc#:SCZ'} < +oo,
zZ'e Iy,

since both .7 and each {S € #Z: S C Z'} are finite sets (see Lemma 9.1.2(1)).
For ¢ € Z and a path R,, — --- — R,, on 4 define

B, Rul = H YRp)N---nH MR,

the set of points whose itinerary under H from ¢ to ¢+ (n —m) visits the rectan-
gles Ry,,..., Ry, respectively. The crucial property that gives the new coding is that
¢[Rm, .-, Rp] # 0. This follows by induction, using the Markov property of % (Proposition
9.1.3(3)).
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The map 7 defines similar sets: for ¢ € Z and a path v,, = --- = v, on %, let
Zg[om, - o] = {r(w) : w € X7 and wy = vy, ... s Wit (n—m) = Un}-

There is a relation between these sets we just defined. Before stating such a relation, we

will define the coding of H, and then collect some of its properties.

THE MAP 7 : 3 — M: Given R={Rp}nez € %, 7(R) is defined by the identity

(F(R)} = () B Ral.

n>0

Note that 7 is well-defined, because the right hand side is an intersection of
nested compact sets with diameters going to zero. The proposition below states relations
between ¥ and £, and between 7 and 7. For v = {\I/gi@%}nez €X, let

n g;—'n—lon.o'g;_O ,n =0
G, =

sy © 1 0Gm <0,

Recall the integer N introduced in Lemma 9.1.1.

Proposition 10.2.1. For each R = (Ry)nez € S and Z € & with Z O Ry, there are an
e—gpo v =Av }rez € X with Z(vg) = Z and a sequence (ny)reyz of integers with ng =0 and
1<np—np_1 <N forall k € Z such that:

(1) For each k> 1,

n_k[Rn_k, o 7Rnk] C Z_k[v_k, e ,Uk].

In particular, 7(R) =7(v). Moreover, Ry, C Z(vx) for all k € Z.

(2) The map 7 is Holder continuous over . In fact, {vi}jij<k depends only on {R;} ji<kn
for each k> 1.

(3) If R e S#, then v e ©F.

(4) The two codings have the same reqular image: w[S#] = 7[S#].

For diffeomorphisms, the above lemma is [46, Lemma 12.2]. The difference
from the case of diffeomorphisms relies on our definitions of ¢ and «. While the edges of
7 correspond to possible time evolutions of H, the edges of ¢4 correspond to e-overlaps.
In particular, not every edge of 7 corresponds to an edge of ¢, and this is the reason we

have to introduce the sequence (ng)rez. In fact, each edge vy, — vgiq of 4 corresponds to
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a sequence of edges R, — --- = R of 4. For three dimensional flows, this statement

Nk+1
is [14, Prop. 9.2], and the same proof applies to high dimenson.
We now define the topological Markov flow (TMF) and coding that satisfy the

Main Theorem. For that, recall the definition of TMF in Section 2.2.

THE TRIPLE (3,62 72): The topological Markov flow (3-,5=) is the suspension of (5,5)

by the roof function 7 : & — (0, p) defined by
P(R) :=min{t > 0: ¢'(7(R)) =7(G(R))},

and the factor map 7=: S~ — M is given by 7=(R, s) := ¢*(7(R)).

As claimed above, we have sup(7) < p. Indeed, by Proposition 10.2.1 there is

= {vp tnez € ¥ such that 7(R) = m(v), and there are integers n_; < 0 < nj such that
n_1[Bn_is--s Bny] C Z_1[v_1,v0,v1], hence 7(R) < 7p,(R) = r(v) < p. The rest of this
section is devoted to proving that (ET,O'T,WT) satisfies Theorem 10.1.1. We start with some

fundamental properties.

Proposition 10.2.2. The following holds for all € >0 small enough.
(1) 7: 2 —(0,p) is well-defined and Hélder continuous.

(2) Trooh=lomy, for allt € R.
(3) 7 is Holder continuous with respect to the Bowen-Walters distance.
(4) 7:[S%] = NUH#.

For three dimensional flows, this is [14, Prop. 9.3] and the same proof applies
to high dimension. By Proposition 4.4.1, the above proposition establishes Part (1) and
the first half of Part (2) of Theorem 10.1.1. In the next sections, we focus on proving the

remaining statements.

10.3 The map 7, is finite-to-one

Given Z € &, remember that &, = {Z' € & : pl=PPlZ N Z' # (). The loss of

injectivity of 7, is related to the following notion.

AFFILIATION: We say that two rectangles R,S € Z are affiliated, and write R ~ S, if
there are Z,7' € & such that RC Z, S C Z' and Z' € .#;. This is a symmetric relation.
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Lemma 10.3.1. If #(R) = ¢'[7(S)] with R,S € 5% and |t| < p, then Ry~ Sy. More
precisely, if v,w € ©7 are such that w(v) = 7T(R) and w(w) = 7(S), then Ry C Z(vg) and
So C Z(wo) with Z(wo) € Lz (vy)-

Demonstrag¢io. For three dimensional flows, this is [14, Lemma 9.4]. Since its proof is
short, we reproduce it here. Let y = #(R) and z = 7(S), so that y = ¢’(2). Applying
Proposition 10.2.1 to R and S, there are two e—gpo’s v,w € »# such that:

o m(v) =y and Ry C Z(vp),

o m(w) =z and Sy C Z(wp).
The lemma thus follows with Z = Z(vg) and Z’ = Z(wy), since ¢©'(2) € Z(vp). O

For each R € %, define
AR):={(8,ZYe#x % :R~S and SC Z'} and N(R) := #A(R).

We can use Lemma 9.1.2 and proceed as in the proof of [46, Lemma 12.7] to show that
N(R) < o0, VR € #. Having this in mind, we are able to state the finiteness-to-one

property of 7, i.e. part (3) of the Main Theorem and of Theorem 10.1.1.

Theorem 10.3.2. Every x € ﬁ?[i#] has finitely many m—preimages inside i# More
precisely, if © = T~(R,t) with Ry, = R for infinitely many n >0 and R, =S for infinitely
many n <0, then #{(S,t') € ¥ : 7:(S.t') = 2} < N(R)N(S).

For three dimensional flows, this statement is [14, Theorem 9.5]. Its proof,
which consists of an adaptation of [46, Theorem 12.8] for three dimensional flows, works
equally well in high dimension. The idea, due to Bowen [8, pp. 13-14] and commonly
known as the “Bowen diamond”, explores the (non-uniform) expansiveness of ¢, expressed
in terms of the uniqueness of shadowing (Proposition 5.3.1). Assuming by contradiction
that = has more than N(R)N(S) pre-images in i# , two of them must coincide in arbitrarly
large positions in the past and future. Using the compatibility of the Smale bracket under
holonomy maps (Propositions 8.2.2 and 8.2.3) and the geometrical Markov property

(Proposition 9.1.3), we thus obtain a contradiction.

10.4 Conclusion of the proof of Theorem 10.1.1

Except for arguments involving the angles between N® and N*, this section is

the same of [14, Section 9.4]. As it is the conclusion of the construction developed in the
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article, we include it for completeness.

We already proved Part (1) and the first half of Part (2). Also, Theorem 10.3.2
establishes Part (3). For the second half of Part (2), we note that every point of NUH#
has a finite and nonzero number of lifts to i# , hence every ergodic x—hyperbolic measure
on M, which is supported in N UH#, can be lifted to an ergodic o—invariant measure 7i,
exactly as in the argument performed in [46, Section 13]. This concludes the proof of Part
(2) of Theorem 10.1.1.

We now prove the remaining Parts (4)—(8) stated in Theorem 10.1.1.

Part (4).

Using Theorem 5.2.2, we define N}f/ “ as follows:
o For z = (R,0) € &=, fix some Z € & such that Ry C Z and let V3/¥(z) :=
Vs/“(7(2),Z). Then define NS = T%(E)Vs/u(z). Note that V*/%(z) depends
on the choice of Z, but N5 does not. By definition, Nz gy = N2 @& N'.
o For 2= (R,t) € &, define Ni/" = ot (Nislé?o)) Since ¢ is an isomorphism, N (g ) =
N;®NY.
The geometrical Markov property of Proposition 9.1.3(3) implies that the families {N? / “

are invariant under ®. The convergence rates along N /" follow from Theorem 5.2.2(3),

taking A := ? — 6in?(6 NE These estimates show, in particular, that these spaces only

s/u ;/u

depend on x := 7Tx(z), hence one can set N/~ := . Finally, the Holder continuity

follows from Theorem 5.2.2(4). This concludes the proof of part (4).

Part (5).

For z = (R,t) € 3=, one defines the manifolds Ves/¢u(z) := =L+ (ys/u(R 0)).

By construction, Vcs/c“(z) is tangent to Nf/u+R-X(7AT;(z)). Setting a := i(slslf)((:’[\x)),

Yy
Proposition 5.4.1, for any y € V(2) there exists 7 € R such that d(¢!(7(2)), 0! (y)) <

e~ for all t > 0. The same holds for V%(z), thus concluding the proof of Part ((5)).

Part (7).

The proof of this part is almost automatic. The measurable set 2 = % contains

AONUH#, hence the orbit of any point x € NUH? intersects % , which proves item (a).
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Item (b) was proved in the beginning of Section 8.2. Finally, any x € #Z defines { R, } ez
such that H"(z) € Ry, for all n € Z. In particular, H(Ry,) N Ry+1 # () for all n € Z and so
R={R,} € 2. Since Z = 7[%#], we also have x = m(v) for some v = {vy, }nez € B#. For
cach k € Z, the point 7[o*(v)] is a return of = to %, hence there is an increasing sequence
such that 7[o¥(v)] = H™(x). Therefore R,, C Z(v;). Using that v € ¥# and Lemma
9.1.2(1), it follows that R € S#.

Part (8).

Assume K C M is a compact, transitive, invariant, hyperbolic set such that all
ergodic p—invariant measures supported by it are y—hyperbolic. Let TK = E*® X & K
be the continuous hyperbolic splitting. Proceeding as in [15, Proposition 2.8], there are

constants Cy = Cy(K) > 0 and x > y such that
v < Cpe ™||v7|| an v S Cge ||vT|, tor all v € , U € an > 0.
dp'v® || < Coe™™||v*|| and ||dp~"0"|| < Coe " ||v"|], for all v° € B, v" € Y% and t >0

Since P [ gs/u: Es/v — N3/U ig an isomorphism, and since the maps r € K — Es/u and
x €M — N are continuous, we have ||pF!|| = e*st for all # € K. Hence, there is

Ch= Cl(K) >0 s.t.
@' || < Cre™ ™ ||v®|| and ||®~ Y| < Cre " ||vY||, for all v® € N§-,v¥% € N3t and t > 0.

This clearly implies that there is a constant Cy > 0 s.t. |||v]]] < Cq||v]| for all v € N‘;(/u.

Therefore, for non-zero v = v 4+v* € Nj @ Nj- we have

lloll — Vs 1P+l 02\/\|vs||2+||v“|\2 < Ol

loll = llos+o] o5 +o [[o°+vt]

Since inf,ex Z(NZ, NY) > 0, this later fraction has an upper bound C3, thus by Lemma
4.2.1 we get that ||C(x)~!|| < C2C5 for all x € K. Thus inf,cx Q(z) > 0, which then
implies that inf,ex g(x) > 0. In particular, K ¢ NUH?. This property is enough to
reproduce the method of proof of [15, Prop. 3.9], as follows. We recall that X C f]? is
7 invariant if 65(X) = X for all £ € R.

STEP 1: There is a -—invariant compact set Xo C S such that 7+(Xg) D K.

Proof of Step 1. For each x € K NZ, consider its canonical coding R(x) = {R,(x) }nez-

Since inf e g q(z) > 0, K intersects finitely many rectangles of . Hence there is a finite
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set Vo C Z such that Ry(x) € Vp for all z € KNZ. By invariance, the same happens for
all n € Z, i.e. Ry(x) €V for all x € KNZ. Therefore the subshift ¥y induced by Vp,
which is compact since Vj is finite, satisfies 7(Xg) D K NZ. Let Xy be the TMF defined

by (3¢,0) with roof function 7 [y, . Saturating the latter inclusion under ¢ and using

0°

part (7)(a), we conclude that 7+(Xp) D K. O

STEP 2: There is a transitive o~—invariant compact subset X C Xy such that 7+(X) = K.

Proof of Step 2. Among all compact ¢-—invariant sets X C X with 7~(X) D K, consider
one which is minimal for the inclusion (it exists by Zorn’s lemma). We claim that such an
X satisfies Step 2. To see that, let z € K whose forward orbit is dense in K, let x € X be
a lift of z, and let Y be the w—limit set of the forward orbit of x,

Y ={yeX: 3, — +oo s.t. 8%"(95) — Yy}

For any n > 1, the set Y}, := {o&(2),t > n}UY C X is compact and forward invariant.
Hence the projection 7~(Y;) is compact and contains {¢!(z),t >n}. Since the forward
orbit of z is dense in K, we have 7:(Y,,) D K. Taking the intersection over n, one deduces
that the projection of the a%finvariant compact set Y contains K. By the minimality of

X, it follows that X =Y. O

This concludes the proof of Part (8).

Part (6), items (a) and (b)-(i).

We will use the affiliation relation. Item (a) of Part (6), the local finiteness
of the affiliation, was proved at the beginning of Section 10.3. Item (b) claims that the
affiliation ~ is a Bowen relation. This splits into two properties (i) and (ii).

To prove item (i) of the Bowen relation, let (R,t),(S,s) € i# with T~(R,t) =
7~(8,5), i.e. T(R) = p* '7(S). Since |s—t| < sup(7) < p, Lemma 10.3.1 implies that
Ry ~ Sop.

Part (6), item (b)-(ii).

We turn to property (ii) of the Bowen relation. We take v = 3p. Let 2,2’ € i#

such that v(cLz) ~ v(L2') for all t € R. By flowing the two orbits, we can assume that
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z=(R,0) and 2’ = (S,s). Let z = 7(R) and y = 7(S). We wish to show that z = ¢'*5(y)
for some |¢| <. We will deduce from the affiliation condition that the orbit of y must be
shadowed by an e—gpo that shadows x. By Proposition 5.3.1, the two orbits are equal and
the time shift between x and ¢®(y) will be easily bounded.

To do this, we first apply Proposition 10.2.1(1) and get e-gpo’s v,w € X7 such
that © =7(R) =7m(v) and y = 7(S) = m(w) with Ry C Z(vg) and Sp C Z(wyp). Moreover,
there are increasing integer sequences (n;)iez, (Mi)iez such that R, C Z(v;) and Sz, C
Z(wj). For each i € Z, we locate affiliated symbols in the codings of z and y as follows.

We start with o'i(z) € Z(v;) for t; = r;(v) = 7, (R). We have 6%" (R,0) =
(6™ (R),0), hence V(A%(z)) = R;,,. We also have 6;,? (S,s) = (6%(S),ti+s—7,(S)), where
¢; is the unique integer such that 7, (S) <t;+s <7y, 41(S). Thus v(?f;f(z’)) = Sy, and, by
assumption, R, ~ Sy,.

Let a; € Z be the largest integer such that m; :=m,, <{;. Hence, Sy, C Z(wq,).
We have R,,, C Z(v;) C D; and likewise S,, C Z(w,,) C E; for some unique connected
components D;, E; of the section A.

Write ‘Ifl;ij’Pf for v; and \I!%;’Qg for w, for all i € Z. Finally, set g; := (0% w) €
Z(wq,;) and y; :=qp,(¥;). We are going to show that, for all i € Z:

(1) y; is well-defined, and for ¢ = 0 we have yg = " (7o) with |u| < 2p;

(2) yit1 = 9x,(¥i)-
Proposition 5.3.1 will then imply that = = yo = " (Jo) = ¢"(y) = "~ *(7(S,s)), where
|u—s| <2p+sup(F) < 3p. Property (ii) and therefore the Bowen relation claimed by Part
(6)(b) will be established.

It remains to prove the above identities. As in [14], they require checking that
some holonomies along the flow are compatible. The idea is that affiliation implies that
charts have comparable parameters and their images fall inside A far from its boundary.

The claims below and their proofs are the same of those in [14, Section 9.4].

CLAIM 1: Let 21,75 € % such that Z, Npl=P#1Zy £ 0. Write Z; = Z(U%7") and let D;
be the connected component of A containing Z;. Then % = ¢£(O(VE)+0() and

4D, (Yo, (Rle(p3 Ap3)])) C Vo (R[2¢(p] APY)])

for all 1 <e¢<64.
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Proof of Claim 1. Same of Proposition 8.2.2(1). O

Cramm 2: Let Ry,Rs € # such that Ry ~ Ro. For ¢ = 1,2, let D; be the connected
component of A containing R;, and let Z; = Z (‘If%j’p ;‘) € Z such that Z; D R;. Then
PIAPT _ £(0(¥2)+0(p))
pé/\p“; =e € P)) and

D, (Wao (Rle(pa Ap3)])) C Vo (R[8c(pT ApY)])-

for all 1 <e¢<16.

Proof of Claim 2. Same as in [14], applying Claim 1 three times. ]

CLAIM 3: Let Ry, Ro, R3 € % such that Ry ~ Rs and Rs ~ R3. Fori=1,2,3, let D; be the
connected component of A containing R;, and let Z; = Z(\Iié);?pg) € % such that Z; D R;.

Then 202 = HO(Y2+00) g

(D, © 4D, ) (Vs (Rle(p3 Ap3)]) = Dy (Was (Rle(p3 Ap3)]) C Vo, (R[64c(p] Apt)))
forall 1 <e<2.
Proof of Claim 3. Same as in [14], applying Claim 2 twice. O

Now we apply the above claims to our particular situation. Write v; = Whi P

and w; = ¥%'% | so that Qf/u = qui/u-

CLAIM 4: Let ¢ € Z. We have

A5, (Vy; (RIQ7 AQT)) C Wy, (R2(Q741 A Q)]

Proof of Claim 4. By Lemma 5.1.2 and Claim 3,

s u s u <
daji1MNajyy _ Qo Nagyy PP | piApy o EO(F2)+0(p))
da;\da; Pi 1\ PiADY da;N\da; :

This estimate allows to apply the same proof of Proposition 8.2.2(1), and so we can obtain

the claimed inclusion in the same way. O]

CrLAM 5: Let i € Z. Restricted to the set Wy, (R[Q; AQ}]), we have the equality qp,,, o

_ _ .t
qE¢+1 - ClDl-H - gXi o qu
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Proof of Claim 5. It is enough to prove the equality for i =0, i.e. that qp, oqg, =qp, =
9%, ©4p, when restricted to Wy, (R[Q§AQ]). By Claim 4, qp, [Py, (R[Q§ A QF])] C
Uy, (R[2(Q] ANQY)]). Applying Claim 3 with ¢ =2 to the triple (Ry,,,S¢,,Sm,), we
get that qp,[Vy, (R[2(Q] A QY)])] is well-defined, hence qp, o qr, = qp, when restric-
ted to Wy, (R[Q§AQG]). On the other hand, applying Claim 3 with ¢ =1 to the triple
(Rng, Sty Smyg), we have that qp,[Vy, (R[Q§AQG])] C Yx,(R[64(F§ A Py)]). By definition,
g}o = qp, when restricted to R[64(P§ A B§')]. Therefore, g}o oqp, = qp, when restricted
to Uy, (R[Q{AQG]). This proves Claim 5. O

We now complete the proof of identities (1) and (2) of page 93, which in turn
will complete the proof of part (6) of Theorem 10.1.1. For that, we use the claims we just
proved.

Firstly we check that y; := qp,(7;) is well-defined. By assumption R, ~Sy,,
and by construction the orbit of y between S,,, and Sy, flows for a time at most sup(r) < p,
hence Sy, ~ Sy,,. This allows us to apply Claim 3 for ¢ =1 and get that y; := qp,(¥;) is
well-defined. To calculate the time displacement for ¢ = 0, recall that mg = fp = 0. Since
Ry ~ Sp, inclusion (9.1.1) implies that yp = ¢"(go) with |u| < 2p.

Finally, Claim 5 implies that

g;—(i (yi) = g;—(i °(qp; (7i) = dD; 41 C9E; 11 (1) = qD; 41 (Yit1) = Yit1,

finishing the proof of Theorem 10.1.1.
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11 HOMOCLINIC CLASSES OF MEASURES

In this final section, we prove Theorem 2.0.1 stated in the Introduction, as well

as Corollary 2.0.2.

11.1 The homoclinic relation

For any hyperbolic measure p and p—a.e. z, the stable set W#(z) of the orbit
of = is the set of points y such that there exists an increasing homeomorphism h: R — R
satisfying d(o*(x), " (y)) — 0 as t — +oo. This is an injectively immersed submanifold
which is tangent to E7 @ X (x) and invariant under the flow. We define similarly the
unstable manifold W*"(x) by considering past orbits.

HOMOCLINIC RELATION OF MEASURES: We say that two hyperbolic measures p,v are

homoclinically related if for p—a.e. x and r—a.e. y there exist transverse intersections

We(z) M WH(y) # 0 and W(z) th W (y) # 0.

Since any hyperbolic periodic orbit supports a (unique) ergodic measure, the
above homoclinic relation is also defined between hyperbolic periodic orbits, in which case

it coincides with the classical notion, see, e.g. [38].

Proposition 11.1.1. The homoclinic relation is an equivalence relation among ergodic

hyperbolic measures.

For three dimensional flows, this is [14, Prop. 10.1], and the same proof applies.
The only property that is not direct is to check the transitivity of the relation, which uses
the following standard lemma, whose proof is sketched in [14] and works equally well in

any dimension. Recall that d/, () is the dimension of forad

Inclination lemma. For any x—hyperbolic measure p, there is a set' Y C M of full
p-measure satisfying the following: if x € Y, D C W¥(x) is a (dy(z)+ 1)-dimensional
disc and A is a (dy(z)+ 1)—dimensional disc tangent to X having a transverse intersection
point with W#(x), then there are discs Ap C @y +o0)(A) which converge to D in the ct
topology.

In order to prove the proposition, let us consider three measures p1, po, p3 such
that 1, ps are homoclinically related and pueo,us3 are homoclinically related. For each

measure ji;, let x; be a point in the full measure set implied by the homoclinic relation. In
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particular, there exists a disc A C W"¥(z1) which intersects transversally W#(z2) and a
disc D C W*¥(z2) which intersects transversally W#(x3). By the inclination lemma, the
orbit of A contains discs that converge to D for the C'! topology. This proves that W (1)
has a transverse intersection point with W#(x3). The same argument shows that W*"(z3)

has a transverse intersection with W#(x1). Hence p; and ps3 are homoclinically related.

HOMOCLINIC CLASSES OF MEASURES: The equivalence classes for the homoclinic relation

on the set of hyperbolic measures are called homoclinic classes of measures.

11.2 Proof of Theorem 2.0.1

The proof is essentially the same of [14, Theorem 1.1], which in turn follows
closely the argument in [15, Section 3]. We consider the setting of the Main Theorem
and especially a topological Markov flow (XA];:, o) satisfying the properties stated in
Theorem 10.1.1.

We begin with some preliminary lemmas. The first two correspond to properties

(C6), (C7) in [15].

Lemma 11.2.1. For any two ergodic measures supported on a common irreducible compo-
nent of i@ their projections under 75 are hyperbolic ergodic measures that are homoclinically

related.

For three dimensional flows, this is [14, Lemma 10.2] and the same proof applies

in high dimension.

Lemma 11.2.2. For any x' > 0, the set of ergodic measures on XA];: whose projection is

X' —hyperbolic is open for the weak—* topology.

Demonstrag¢io. For three dimensional flows, this is [14, Lemma 10.3], whose proof is
inspired by [15, Prop. 3.7]. The proof below is a mixture of both. Let &z be an ergodic
probability measure on 2? such that its projection y=pon~ Lis y~hyperbolic. We wish
to show that if 7 is close to 7 in the weak—* topology, then all Lyapunov exponents of
v=UoT, Uin the stable direction E* are smaller than — X'. Since the same applies to the
unstable direction, the proof will follow.

Let A <\’ such that the Lyapunov exponents of ;1 along E* are smaller than —\.
By the proof of Proposition 4.1.1, the Lyapunov exponents of the cocycles (dy');er and
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(®!);cr coincide almost everywhere for every g-invariant probability measure. Therefore,
for a fixed 6 > 0, there is T'=T(J) > 0 s.t.

A= {x € 2?: @7 v|| < e ||v]| for all non-zero v € NﬁA(I)}

T

has fi—measure larger than 1 —4§. By Theorem 10.1(4), the map z € f];:n—> N%(x) is
continuous and so 7(A) > 1 —¢ for 7 close to @ in the weak—* topology. Since § > 0 can be
chosen arbitrarily small, it follows that % Jg log |®! [ s [|[dv < —x. By the subadditivity
of t e R [|® [ys ||, it follows that '

. 1 t . 1 T — /
- S <* S - .
Jim o [log @ Ly (147 < 7 [log |87 [y a7 < —x

Since the limit above equals the largest exponent along N?¥, we conclude that all exponents

/

of (®!);cr along N*® are smaller than —y’, and so the same holds for the exponents of

(do')ier along ES. O

Lemma 11.2.3. There exists an irreducible component EA]’?C f]? to which one can lift all

X —hyperbolic periodic orbits that are homoclinically related to .

In other words, there is an irreducible component that lifts periodic orbits. For
three dimensional flows, this is [14, Lemma 10.4] and the same proof applies here.

Now we complete the proof of Theorem 2.0.1. Let v be a x—hyperbolic ergodic
measure that is homoclinically related to p. By Theorem 10.1.1(2), there exists an ergodic
lift 7 of v to i;:. Consider a point g € 2? that is recurrent (such that there exists a sequence
of forward iterates 8:1(q) which converges to ¢) and generic for 7, and let z = 7(q).

Using the recurrence of ¢, there is a sequence of periodic points ¢* in f)? which
converge to ¢ (hence are in a same irreducible component) and whose orbits weak—*
converge to 7. By Lemma 11.2.2 the projections of these periodic orbits are x—hyperbolic
and by Lemma 11.2.1 they are homoclinically related to p. Therefore there are periodic
orbits p’ in the irreducible component i’? which have the same projections as the periodic
orbits ¢'.

Write ¢¢ = (R',)) and p’ = (S%,s%). Since (¢) is converging and ¥ is locally
compact, the sequence (E’) is relatively compact. The Bowen property of Theorem 10.1.1(6)
implies that v(g(q")) ~ v(a4(p")) for all ¢ € R so, by the local finiteness of the affiliation,

the sequence (S?) is relatively compact. This implies that (p) is relatively compact and



99

(up to taking a subsequence) converges to some p € f]’? By continuity of the projection,
#a(p) = 7(g) = .

We claim that p € Z/]\/# . This follows from the fact that ¢ is recurrent and that
the Bowen relation is locally finite. More precisely, there are some vertex A € V and
integers my,ny — oo such that ¢, = q¢—n, = A. In particular, for each k£ > 1 we have
qfnk = qi,mC = A for all large 7. Hence pink,p’;nlC are related to A, and so they belong to the
set {B € V:B~ A}. This latter set is finite, hence some symbol must repeat as required
and this passes to the limit p, proving the claim.

We have thus proved that v—almost every point has a lift in i\]’# . The finiteness-
to-one property of Theorem 10.1.1(3) and the same averaging argument used in the proof
of Theorem 10.1.1(2) imply that v has a lift in i’? Considering the ergodic decomposition,

we can choose an ergodic lift, as claimed. Theorem 2.0.1 is now proved. O]

11.3 Proof of Corollary 2.0.2

Let ‘H be some homoclinic class of hyperbolic ergodic measures. Let us deduce
from Theorem 2.0.1 that there is at most one v € H such that h(p,v) =sup{h(p,n) : p € H}.
Let v,/ € H be two measures with this property. They are both hyperbolic, hence x—
hyperbolic for some x > 0. For one such fixed parameter y, let 7, : ¥, — M be the coding
given by the Main Theorem.

By Theorem 2.0.1, there is an irreducible component 3. of ¥, to which both
v and /' lift. Since the factor map 7, preserves the entropy and since the projection of
any ergodic measure on Y. is homoclinically related to v and v/ by Lemma 11.2.1, the
two lifts are measures of maximal entropy for 3. But the measure of maximal entropy
of an irreducible component of a topological Markov flow with a Holder continuous roof
function r is unique (see e.g. [35, Proof of Theorem 6.2]). Hence v =1/, which proves

Corollary 2.0.2.



[10]

[11]

[12]

100

REFERENCES

ADLER, R. L.; WEISS, B. Entropy, a complete metric invariant for
automorphisms of the torus. Proc. Nat. Acad. Sci. U.S.A., United States,
v. 57, p. 15731576, 1967.

ARAUJO, Ermerson; LIMA, Yuri; POLETTI, Mauricio. Symbolic dynamics for
nonuniformly hyperbolic maps with singularities in high dimension. Mem. Amer.
Math. Soc., United States, v. 301, n. 1511, p. vi, 117, 2024.

ARBIETO, Alexander et al. Contributions to the theory of asymptotically
sectional hyperbolic flows. arXiv.org, [Ithaca, N. Y.], 2024. Disponivel em:
https://arxiv.org/abs/2210.12038. Acesso em: 12 set. 2025.

BOWEN, R. Equilibrium states and the ergodic theory of Anosov
diffeomorphisms. Berlin: Springer-Verlag, 2008. (Lecture Notes in Mathematics,
v. 470).

BOWEN, R.; WALTERS, P. Expansive one-parameter flows. J. Diff. Equations,
[s. 1], v. 12, p. 180-193, 1972.

BOWEN, Rufus. Markov partitions for Axiom A diffeomorphisms. Amer. J.
Math., United States, v. 92, p. 725-747, 1970.

BOWEN, Rufus. Symbolic dynamics for hyperbolic flows. American journal of
mathematics, United States, v. 95, n. 2, p. 429460, 1973.

BOWEN, Rufus. On Axiom A diffeomorphisms. Providence, R.I.: American
Mathematical Society, 1978. vii, 45 p. (Regional Conference Series in
Mathematics, n. 35).

BOYLE, M.; BUZZI, Jérome. The almost Borel structure of surface
diffeomorphisms, Markov shifts and their factors. J. Eur. Math. Soc., Berlin,
Germany, v. 19, p. 2739-2782, 2017.

BURNS, K.; MASUR, H.; WILKINSON, A. The Weil-Petersson geodesic flow is
ergodic. Ann. of Math., v. 175, p. 835-908, 2012.

BURNS, K. et al. Unique equilibrium states for geodesic flows in nonpositive
curvature. Geom. Funct. Anal., Switerzland, v. 28, n. 5, p. 1209-1259, 2018.

BUZZI, Jérome. Subshifts of quasi-finite type. Invent. Math., [s. .|, v. 159,
p. 369406, 2005.

BUZZI, Jérome. The degree of Bowen factors and injective codings of
diffeomorphisms. J. Mod. Dyn., United States, v. 16, p. 1-36, 2020.



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

101

BUZZI, Jérome; CROVISIER, Sylvain; LIMA, Yuri. Symbolic dynamics for large
non-uniformly hyperbolic sets of three dimensional flows. Advances in
Mathematics, Netherlands, v. 479, part A, 2025.

BUZZI, Jérome; CROVISIER, Sylvain; SARIG, Omri. Finiteness of measures
maximizing the entropy for surface diffeomorphisms. Ann. of Math., United
States, v. 195, p. 421-508, 2022.

BUZZI, Jérome. Intrinsic ergodicity of smooth interval maps. Israel J. Math.,
Jerusalem, Israel, v. 100, p. 125-161, 1997.

CHEN, Dong; KAO, Lien-Yung; PARK, Kiho. Unique equilibrium states for
geodesic flows over surfaces without focal points. Nonlinearity, London,
England, v. 33, n. 3, p. 1118-1155, 2020.

CLIMENHAGA, Vaughn; KNIEPER, Gerhard; WAR, Khadim. Uniqueness of the
measure of maximal entropy for geodesic flows on certain manifolds without
conjugate points. Adv. Math., [s. L], v. 376, paper n. 107452, 44, 2021.

GELFERT, Katrin; RUGGIERO, Rafael O. Geodesic flows modelled by expansive
flows. Proc. Edinb. Math. Soc., Edinburgh, v. 62, n. 1, p. 61-95, 2019.

GELFERT, Katrin; RUGGIERO, Rafael O. Geodesic flows modeled by expansive
flows: compact surfaces without conjugate points and continuous Green bundles.
Ann. Inst. Fourier, Grenoble, v. 73, n. 6, p. 2605-2649, 2023.

HOFBAUER, Franz. On intrinsic ergodicity of piecewise monotonic
transformations with positive entropy. Israel J. Math., Jerusalem, Israel, v. 34,
p. 213-237, 1979.

JESUS, Ygor de; ESPITIA, Marcielis; PONCE, Gabriel. Homoclinic classes for
flows: ergodicity and SRB measures. arXiv.org, [Ithaca, N. Y.], 2025. Disponivel
em: https://arxiv.org/abs/2502.12260. Acesso em: 12 set. 2025.

KATOK, A. Lyapunov exponents, entropy and periodic orbits for diffeomorphisms.
Inst. Hautes Etudes Sci. Publ. Math., France, v. 51, p. 137-173, 1980.

KNIEPER, Gerhard. The uniqueness of the measure of maximal entropy for
geodesic flows on rank 1 manifolds. Ann. of Math., Princeton, NJ, v. 148,
p. 291-314, 1998.

KUNZINGER, M. et al. Global Gronwall estimates for integral curves on
Riemannian manifolds. Rev. Mat. Complut., Madri, v. 19, p. 133-137, 2006.

LEE, John M. Riemannian manifolds: an introduction to curvature.
Cham: Springer, 1997. v. 176. (Graduate Texts in Mathematics).



[27]

28]

[29]

[33]

[34]

102

LEE, John M. Introduction to topological manifolds. 2nd ed. New York:
Springer, 2011. v. 202, p. xviii, 433. (Graduate Texts in Mathematics).

LEE, John M. Introduction to smooth manifolds. 2nd ed. New York:
Springer, 2013. v. 218. (Graduate Texts in Mathematics).

LIMA, Yuri. Symbolic dynamics for nonuniformly hyperbolic systems. arXiv.org,
[Ithaca, N. Y.], 2020. Disponivel em: https://arxiv.org/abs/1910.11371.
Acesso em: 12 set. 2025.

LIMA, Yuri. Symbolic dynamics for one dimensional maps with nonuniform
expansion. Annales de I'Institut Henri Poincaré C, Analyse non linéaire,
France, v. 37, n. 3, p. 727-755, 2020.

LIMA, Yuri; MATHEUS, Carlos. Symbolic dynamics for non-uniformly
hyperbolic surface maps with discontinuities. Annales scientifiques de 1’Ecole
Normale Supérieure, Paris, v. 51, p. 1-38, 2018.

LIMA, Yuri; MONGEZ, Juan; NASCIMENTO, Joao. Symbolic Dynamics for
non-uniformly hyperbolic flows in high dimension. arXiv.org, [Ithaca, N. Y.],
2025. Disponivel em: https://arxiv.org/abs/2509.09050v1. Acesso em: 12 set.
2025.

LIMA, Yuri; OBATA, Davi; POLETTI, Mauricio. Measures of maximal entropy
for non-uniformly hyperbolic maps. arXiv.org, [Ithaca, N. Y.], 2024. Disponivel
em: https://arxiv.org/abs/2405.04676. Acesso em: 12 set. 2025.

LIMA, Yuri; POLETTI, Mauricio. Homoclinic classes of geodesic flows on rank 1
manifolds. Proc. Amer. Math. Soc., United States, v. 153, n. 4, p. 1611-1620,
2025.

LIMA, Yuri; SARIG, Omri M. Symbolic dynamics for three-dimensional flows
with positive topological entropy. Journal of the European Mathematical
Society, Berlin, v. 21, n. 1, 2019.

MAMANI, Edhin F.; RUGGIERO, Rafael. Expansive factors for geodesic flows of
compact manifolds without conjugate points and with visibility universal covering.
arXiv.org, [Ithaca, N. Y.], 2023. Disponivel em:
https://arxiv.org/abs/2311.02698. Acesso em: 12 set. 2025.

MAMANI, Edhin Franklin. Geodesic flows of compact higher genus surfaces
without conjugate points have expansive factors. Nonlinearity, London,
England, v. 37, n. 5, paper n. 055019, 2024.

NEWHOUSE, Sheldon E. Lectures on dynamical systems. In: DYNAMICAL
systems: C.I.LM.E. Summer School, Bressanone, 1978. Boston, MA: Birkhauser,
Boston, Mass., 1980. v. 8. p. 1-114 (Progress in Mathematics).



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

103

OVADIA, Snir Ben. Symbolic dynamics for non-uniformly hyperbolic
diffeomorphisms of compact smooth manifolds. Journal of Modern Dynamics,
United States, v. 13, 2018.

OVADIA, Snir Ben. The set of points with Markovian symbolic dynamics for
non-uniformly hyperbolic diffeomorphisms. Ergodic Theory and Dynamical
Systems, Cambridge, v. 41, n. 11, p. 3244-3269, 2020.

PACIFICO, Maria Jose; YANG, Fan; YANG, Jiagang. Equilibrium states for the
classical Lorenz attractor and sectional-hyperbolic attractors in higher dimensions.
arXiv.org, [Ithaca, N. Y.], 2022. Disponivel em:
https://arxiv.org/abs/2209.10784. Acesso em: 12 set. 2025.

PESIN, Ja. B. Families of invariant manifolds that correspond to nonzero
characteristic exponents. Izv. Akad. Nauk SSSR Ser. Mat., Russia, v. 40,
n. 6, p. 1332-1379, 1440, 1976.

RATNER, M. Markov partitions for Anosov flows on n-dimensional manifolds.
Israel J. Math., Jerusalem, Israel, v. 15, p. 92-114, 1973.

RATNER, M. E. Markov decomposition for an U-flow on a three-dimensional
manifold. Mat. Zametki, Russia, v. 6, p. 693-704, 1969.

RODRIGUEZ HERTZ, F. et al. Uniqueness of SRB measures for transitive
diffeomorphisms on surfaces. Comm. Math. Phys., Germany, v. 306, n. 1,
p. 3549, 2011.

SARIG, Omri. Symbolic dynamics for surface diffeomorphisms with positive
entropy. Journal of the American Mathematical Society, United States,
v. 26, n. 2, p. 341-426, 2013.

SINAI, Ja. G. Markov partitions and U-diffeomorphisms. Funkcional. Anal. i
PriloZen, Russia, v. 2, n. 1, p. 64-89, 1968.

SINAI, Ya G. Construction of Markov partitions. Functional Analysis and Its
Applications, [s. L], v. 2, n. 3, p. 245-253, 1968.

VIANA, Marcelo; OLIVEIRA, Krerley. Foundations of ergodic theory.
Cambridge: Cambridge University Press, 2016. (Cambridge Studies in Advanced
Mathematics).

WU, Weisheng. On ergodic properties of geodesic flows on uniform visibility
manifolds without conjugate points. arXiv.org, [Ithaca, N. Y.], 2024. Disponivel
em: https://arxiv.org/abs/2405.11635. Acesso em: 12 set. 2025.

ZANG, Yuntao. Measures of maximal entropy for C'*° three-dimensional flows.
arXiv.org, [Ithaca, N. Y.], 2025. Disponivel em:
https://arxiv.org/abs/2503.21183. Acesso em: 12 set. 2025.



104

APPENDIX A - STANDARD PROOFS

Remind we are assuming that ||[VX|| <1, and that this implies two facts:
o Every Lyapunov exponent of ¢ has absolute value < 1, hence we consider x € (0,1).

o || @t = =Pt for all t € R, see estimate (3.4.1).

Proof of Lemma 4.2.1. (1) Let v =v®+0v", where v® € N7 and v* € N}. Then
ol = Mo 12+ ol = 225 (lo® (1% + [0 ]1?)-
Using the arithmetic-quadratic mean inequality and the triangle inequality,
oll” = 25 1P+ 1 117) = e+ 101D = 1l

Recalling the definition of C/(z), we have ||C(z) " v = ||v]||* > T XHvH2 Set-
ting w = C(z) v yields ||C(x)w]|| < /T— x||w||, showing that C(z) is a contraction.

The formula for ||C(z) 7| is direct: if v=2v*+v* € N @ N¥ then ||C(z) " 1v|? =
ol = llo*[I[* + llo"]I* and so

2 2 2
lloll™ _ 11 e
ven\f0) IU12 vena\fo) [v]|?

IC()~H* =

This proves part (1).
(2) Start noting that, by the definition of C(-), we have

Similarly,

-1
{0} x Réu(@) C0, w20 yu,  CE@IT gy iulie! ()

xT

and so D(z,t) has the block form

Dg(x,t 0
Diay = | 70 ,
0 Dy (z,t)
where Dg(x,t) has dimension dgs(z) and D (a: t) has dimension dy(z). It remains to
estimate D, (,t). Observe that if v1 € R%(®) 5 {0} then for v = C'(x)v; the definition of
the Lyapunov inner product implies that ||v1| = ||C(z)"1v%|| = [||v*||| and || Ds(z,t)v1|| =

1[C(p!(x)) "L o @ (v®)]| = ’H@tvs . Since analogous equations hold for vy € {0} x R%(®)
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2
(I)tvs/u

TR
o=l

we just need to estimate the ratios for non-zero v¥/% € N3/*. Define K(t) =

et [1— 20 (1— e-20-000) ]2

CLAIM 1: For all nonzero v3/“ € N$/% and + > 0, it holds

2"

_ Ply
K(t) < e < Xt and X < e ||

[Nl

<r(t)7.
Noticing that s(t) > e~4 for 0 <t < 2p, this claim clearly implies part (2).

Proof of Claim 1. We prove the estimate for v* (the argument for v* is analogous, by

symmetry). Given v® € N* decomposing the integral defining [[|v®]|| into two parts, we

have
[o]]2 = 4€2p/0t 62xt,H(I)t/USH2dt/+4€2p/too €2xt,H(I)t/USH2dt/
= 4€2p/0t ezxt/||<I>t/vs||2dt/+62xtm<1>tvs ?
=:A
and so .
w _ o2 (1 _ W) . (A.0.1)

t,s
Recalling that x € (0,1), this estimate already gives the upper bound Hﬁvfml” < e Xt For

A
2
o=l

the lower bound, we estimate the ratio from above. The idea is to decompose [[|v%]]|?

into a sum of integrals

o
llo¥12 = 4% [~ 3 ot ve|2ar = 40y |
0 7077

(j—H)t 62th ||(I)tlvs||2dt/-
t

and estimate each integral in terms of A. By the change of variables ¢’ = jt +r, we have
G+t - . ot :
/ 62Xt'||q)t/vs“2dt/ _ 62th/ eerHq)]tq)rUsHer > 62th/ 62XT_2]t_2p||CI)rUS||2dT
jt 0 0

— Ae—2(1=X)jt=2p

and so

2 2 —2(1—x)jt—2 44
[[o* I > 4% A Y- e 20720 = - S,
Jj=0

A < 1—672(17}6)7:

thus giving that T 7l . Therefore
Lo I ant g 20 (1 o2008Y] — o2
o 2 ¢ 1= (1 )| =0,

which is the required lower bound. O
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(3) We begin with the following estimate.
CrLAIM 2: For all non-zero v € N and t € R, it holds

2l _ o+t
el '

Contrary to Claim 1, the above estimate holds for every non-zero vector and

also for negative values of ¢.

Proof of Claim 2. We first prove the result for v € N*. By the estimate ||®!|| = eE (ot

we have
H’q)tvmz _ 4€2p/°° 2|0t Bty|2dt = ei?(p+t|)4e2p/oo X! || @ty ||2dt = X2 ||y |2
0 0

and we obtain the estimate. Analogously, the estimate holds for v € N“. Finally, for a

general v = v® + 0%, using the ®—invariance of the decomposition N*@® N*, we have

[l = @tee || + @[ = =2+ (os 1+ fo¥12) = 2D oy 2,

which concludes the proof of the claim. O

Now we prove part (3). By symmetry, it is enough to prove the upper estimate

-1
% < 2Pt Fix a non-zero w € N and let v = @ tw. We have

IO @) wl/lwll IO @) wlllvll _ llwll , ol ~ 2(p+It)
1C@) ] S Tl lC@ ol = Mol Tl < € ’

where in the last inequality we used the estimate ||®*|| = e*(**I!) and Claim 2. Since w is

arbitrary, part (3) follows. O

Proof of Theorem 4.7.1. Remember that B, = B(z,2t). If ¢ > 0 is small enough, then by
Lemma 4.6.1(1)
Vo (R[10Q(x)]) C B(x,20v2Q(x)) C By

and inside this ball conditions (Expl)—(Exp4) are satisfied. We start showing that f,' :
R[10Q(z)] — RY is well-defined. Since C(z) is a contraction, we have C(z)(R[10Q(z)]) C
B.[10v/2Q(z)]. Using that C'(f(z))~! is globally defined and (Expl), it is enough to show
that

(95 oexp)(B,[10v2Q(x)]) C By a-

For € > 0 small, we have:
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o By (Exp2), expz maps B;[10v/2Q(z)] diffeomorphically into B(z,20v/2Q(z)).
o Since 20v/2Q(z) < 2t, we have B(r,20v/2Q(z)) C B, and so, by Lemma 3.5.1, g
maps B(z,20v/2Q(x)) diffeomorphically into B(f(z),40v2Q(x)).
o Since 40/2Q(x) < 2t, we have B(f(z),40v/2Q(x)) C Bia)-
Hence f; : R[10Q(x)] — R? is a diffeomorphism onto its image.
Now we verify parts (1)-(2). Using the equalities d(¥)o = C'(x), d(¥ y(5))0 =
C(f(z)) and Lemma 3.5.1, we have that

d(f5)o=C(f(x)) 0@ o C(a).

Dg(x
By Lemma 4.2.1, d(f;)o = [ o(2) with e =% < || Dg(z)||, || Du(x) "1 < e~ Xra @)

Dy(z)
and so part (1) is proved.

(2) Items (a)—(b) are automatic, hence we focus on (c).
B
CLAM: [[d(f5)o, —d(f;)vs || < §llvr — 2|2 for all v, vz € R[10Q(z)].

Before proving the claim, we show how it implies (c). If € > 0 is small enough,
then R[10Q(x)] C By[1]. Applying the claim for vy = 0, we have ||dH,|| < §||v]|Z < £. By
the mean value inequality, |[H (v)|| < §|lv]| < § and so ||HHCH§ < & (the norm is taken in

R[10Q(x)]).

Proof of the claim. Fix L > Holg(dg}). For i = 1,2, write w; = C'(x)v; and put

—_~—
—_— —_—

Ai = d<eXpf(‘r)_l)(g;—oexpx)(wi) ? BZ = d(g:—ri_)expﬁﬂ(wi) ’ CZ = d(expx)wi.

We estimate ||A; B1C1 — A3 BaChl|.
o By (Exp2), [|4;|| <2. By (Exp2), (Exp3) and Lemma 3.5.1:

[ A1 = A2l < Rd((g; oexpa)(wr), (g5 oexpr)(wa)) < 4R[Jwi — wal|.
o By Lemma 3.5.1, || B;|| < 2. By (Exp2) and Lemma 3.5.1:
|B1 — Ba|| < Ld(expx(wy),expa(w2))? < 2L||wy —ws]|.

o By (EXpQ), HCZH S 2. By (EXp3), H01 —CQH S ﬁle —wQH.
Hence
|A1B101 — A BoCs|| < ||[(A1 — A2) B1C1|| + || A2(B1 — B2)C1 || + || A2 B2(C1 — Co) ||

< 168]|wy — wa| + 8L||wy — wa|® + 48w — wa| < 28RL|Jw; — wo||?
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and so
ld(f)or = A eall S NC(f(@) T 1AL BLC1 = A2 BaCo[|C(2) |
< 2BRL|C(f ()M llwr —wa||” < 28RL|C(f ()~ [Jor — w2 ”.
Using estimate 4.3.1 and that ||v; —v2|| < 20v/2Q(z), we conclude that for € > 0
small:
28RL||C(f(2)) " Hlllor — w2 /2 < BO0RL|C(f (x)) | Q(x)"/*
< 800RLeM||C(f(2)) M Q(f(2))?/? < 800RLe M Pe? < .
The proof of the claim is complete. O]

This finishes the proof of the theorem. n

Remark .1. The only property of g} used in the above proof is Lemma 3.5.1. Since any
holonomy map qp, also satisfies this lemma, we conclude that qp; satisfies a statement

analogous to Theorem 4.7.1. We will use this observation in the proof of Proposition 8.2.2.

—_——

Proof of Proposition 4.8.2. Recall that C; = C(x;) for i = 1,2.

(1) We have ||C;1 = Cy Y| = O H(Cy — C1)C5 Y, hence

R B B _ 1
ICT! =Gt < ICT M- ICs M- IO = Cal < eV (mme)* =P8 < 5 (mm)*,

which gives the first estimate. Additionally,

el
Ic3

_ _ 1
~ 1<l = < G mm)’

-1
and so |\C£1|| = ei(m"?)g.
1C5 |l

(2) By the latter estimate,

g = (1) ™" =P - g
9 2_

(3) We prove that U, (R[e~%mn]) C Wy, (Re]). If v € Rle %] then ||C(z1)v] <
V/2e7%n; < 2t (since ¢ is small enough), hence by (Expl):

dsas (C(1)v,C(22)v) < 2(d(x1,22) + [|Cro — Cav]]) < 2(mn2)”.

By (Exp2), d(¥y, (v), Vs, (v)) < 4(mne)?, thus Uy, (v) € B(Vy, (v),4(mn2)*). By Lemma
4.6.1, B(Wy,(v),4(mn2)*) C Wy, (B) where B C RY is the ball with center v and radius



109

8(|Cy || (mm2)?, hence it is enough to show that B C R[ne]. If w € B then |jwl]|o <
[0]l0e +8]|C5 | (mm2)* < (675 +82Y/8)ng < 1o for € > 0 small enough.

(4) The proof that Wl oW, is well-defined in R[t] is similar to the proof of (3), the only

difference being the last calculation: if € > 0 is small, then for w € B it holds
lw]| < [[oll+8[1Cy M| (mm2)* < V2e+8(mn)® < (V2+8"/F)e < 2¢.

Therefore B is contained in the ball of radius 2t and center 0 in R%, and restricted to

this ball W, is a diffeomorphism onto its image. It remains to estimate the C2 norm of

U, toW,, —Id. We have:
\Il;; oW, —Id= C(xg)_l oexpry loexpxio C(x1)—1d
= [Cy ' 0 Pryay]oexpma oexpat — Pry ay] 0 [Py 2y 0 C1] +Cy ' (C1— Co)
= [C’;l 0 Ppyay]o [expng1 — Py 2o oexprl] oW, + 051(01 — ().
We will calculate the C2 norm of [expzo ™! — Py, 4, 0cexpry oW, in the domain Rl[t].
By Lemma 4.6.1, [|d¥,,||co <2 and Lip(d¥,,) < &. Call © :=expry ! — Py, 4, 0expa L.
For € > 0 small, in B, we have:
o By (Exp2), [O(y)|| < 2dsas(expz2™ (y),expa1 ™ (y)) < dd(x1,x2) < %P (ni1j2)* and
therefore ||© oWy, [l co < /8 (i)
o By (Exp3), [|dO,| = ||I7(x2,y) — 7(x1,y)|| < Rd(x1,22) < K'2/B(mn2)3. Therefore

1dO]|co < R/ (min2)? and [|d(© 0 Wy, )| o < 28e12/8 (m1m2)3 < €6/8 (1m2)?.
o By(Exp4),

140y —dO. || = |I(x2,y) —(z1,y) = [7(22,2) = (21, 2)]|| < Rd(w1,22)d(y, 2),

hence Lip(dO) < &d(x1,z2) < K(mne)*.
o Using that Lip(d(©1003)) < ||dO1]|-oLip(dO2) +Lip(d@1)||d@2||2co, we have

Lip(d(©0W,,)) < [|dO)|coLip(d¥,, ) + Lip(dO) || d¥,, |2

< 80 (mi2)* + 4R(mm2)* < ¥ ().
This implies that [|© oW, ||c2 < 3¢%/8(n11m2)3, therefore
1C5 0 Payay 000 Wy |2 < [|C5 (132 (mmp)? < %7 (o).

Thus Wy, o Wy, —1d||co < &8 (mia)® + (1G5 | (mr)* < 26%(mip)® < e(mnz)?. This
finishes the proof of the proposition. O
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Proof of Proposition 5.4.1. Write v, = \Ifgi’pz with \Ifg(z’p 6 — P P" The idea is the same
used in the proof of [[14], Proposition 4.8]: A is the cumulative shear of a point of V'* under
iterations of the maps g;,rn. Recall that g;n = " where T}, : B;, - Risa C 1468 function
with T (2) =74 (20), Go =1d, Gy =g  o---ogf forn>1, and 7, : B [p*] - R for

n > 0 is the map defined by

n—1

To(w) := kz Te(Gr[Va(w, F(w))]),
=0

equal to the flow displacement of W, (w, F(w)) under the maps g;ro,ggjl,. .., 94, Define

JAVRE: Bds(m)[ps] — R by Ap(w) := 1(w) —1,(0) for n >0, and A : Bds(m)[ps] — R by
A(w):= lim A,(w). We have the following estimates:

n—-+00

o Lip(7,) <1, by Lemma 3.1.1(3).

_ xinf(rp) .
o ||A—=Ay|lco <eem 2 " forall n >0, since

|1A = Anfleo < i [Tk (Grl[Wal:, F())]) = Tr(Gr[¥2 (0, F(0))]) [ oo

k=n
(S xinf(ry ) 6p° xinf(rp) 1 xinf(rp)
. s _— k p — Al o — Ay
S Z Llp(Tk)6p (& 2 S We 2 <cge 2 s
k=n 1—e 2
| il s
where in < we used Theorem 5.2.2(3) and in < we used that % <
1—-e 2
6/8
% < ¢ for small enough € > 0.
—€

Let V* i= {2 W, (w, F(w))] :w € BH@[p*]}. Fix 7,2 € V°, say
5= P00 Wy (wp, F(wo))] = 920 () and 7= A0 Wy (wy, F(wn))] = p2)(2)

with wp,w; € B%(®) [p°] and y,z € V*. Fix t > 0, and take the unique n > 0 such that

inf(rp)
Tn—1(0) <t < 7,(0). For this n, write A = A, + E, where [|E||q0 < ee= 2. We have

P! (7) = p! T (y) = ptHAnlwo)+E(wo) () — Lt=m(O+Ewo) (g, (y)]

Y

and similarly of(2) = o'~ O+E@D G, (2)], therefore d(¢!(7), ¢! (%)) is bounded by

At~ OF B0 G, ()]t~ OHEG, ()] +
A= OFEEO G (2]t~ OFEED[G, ()

< |§u<p1Lip(<PC)d(Gn(y),Gn(Z)) + [ Xl o E(wo) — E(w1)]

inf(rp) inf(rp)
< |6p® sup Lip(¢€) +2¢[ Xlgo| e 2 " <em 2
I¢I<1

_ xinf(ry)
for e > 0 small. Since ¢ < 7,,(0) < 2nsup(ry), we get that d(p'(7), 0! (2)) <e 20", [
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Proof of Proposition 5.4.2. The proof is the same of [[14], Proposition 4.9], and we include
it here for completeness. Let v+ = {v, }n>0 and w = {wy, }n>0 be positive e-gpo’s, with
vo = WP P" and wo = WL Write V* = V3[pt] and U = Vo[wt]. If VSNU® = (), we are
done, so assume there is z € VN U?®. Assuming without loss of generality that ¢° < p?,
we will prove that U® C V*. The proof will follow from three claims as in [[46], Prop. 6.4].
Write vt = {\Ifigi’pz}nzo. We continue using the same terminology used in the proof of
the previous proposition, with g = o for n >0, Go=1d, and G,, =

Jr
gz, _,©° og%,0 for

n>1.

CLAIM 1: If n is large enough then Gy (V*) C ¥y, (R[3Q(n)]).

Proof of Claim 1. Same as [[46], Prop. 6.4], using that the representation of g; in Pesin
charts satisfies Theorem 4.9.1. O

Cramm 2: If n is large enough then G, (U®) C ¥, (R[Q(xy)]).

Proof of Claim 2. Lift U* to a curve U® passing through z and satisfying Proposition
5.4.1. Fix n >0, and let t, = X7~ T1(Gx(2)) be the total flow time of z under G,,. Let
2n = Gu(z) = ¢i"(2). If D C A is the disc containing z,, then

Gn(U*) = ap[™(U*)].

Let ¢:=inf(ry)2/4sup(ry). Since qp is 2-Lipschitz (Lemma 3.1.1(2)), Lemma 3.5.1 and
Proposition 5.4.1 imply that

Xinf('r‘A)

diam (G, (U?)) = diam(qp[e™ (U*)]) < 2diam (o™ (U*)) < 2¢ Wi " < 2e7 XN

since t, > inf(ry)n. Hence W3 '[G,(U®)] is contained in the ball with center W 1(z,)
and radius 4[C(z,) e X", Since by Claim 1 we have W 1(2,) € R[3Q(zy)], it is
enough to prove that 4(|C(z,) e X" < 2Q(xy,). Using that Q(zy,) < ||C(zyn) 7|71, it
is enough to prove that 8Q(x,) 2e X" < 1. We claim that Q(z,) 2e X" converges to
zero exponentially fast as n increases. Indeed, by Lemma 5.1.2 we have Q(x,) > p? Apt >

6725n(

py Apg) and so
Q(xn)—Qe—xcn < e45n(p8/\p ) 26 xen (p Api ) 26—(XC—4E)n

which converges to zero if € > 0 is small enough. O
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By Theorem 5.2.2(1), we conclude that G, (U?®) C VS[{\I/pk’pk}an] for all large

n.

CrLam 3: U C Vs,

Proof of Claim 3. Fix n large enough so that G,,(U?®) C VS[{\pr’“’p’“}an], and proceed as
in Claim 3 of [[46], Prop. 6.4]. O

This concludes the proof of the proposition. O

Proof of Proposition 8.2.2. Let dy, = dy (), z € Z, 2/ = ¢'(z) € Z' with |t| < 2p, and
assume that Z’ € D'. Define T := \I/zjl oqproV,. We will write T as a small perturbation
of an isometry O that preservers the splitting R% @ R%. For ease of notation, write

p:=p°Ap" and ¢ :=¢° A¢". By Lemma 4.3.1, Proposition 4.5.1(1), and Theorem 7.0.1(4):

P p PE(E) alz) _aZ)) P DA 0(2)+0(p)]
q

We write T = (¥, 1oW,/)o (W oqproW,)o(W;toWw,). By Theorem 7.0.1(5), we have:
o W toW,, =01+ Ai(v) where [|A1(0)]| <5071, and [[dA]|co < 5v/€ on R[10Q(2")].
o U oW, =0+ Ag(v) where ||Ag(0)| <507 1p, and ||dAs||co < 54/ on R[10Q(x)].

Firstly, we prove that \Ifz_,l oqpro W, is a perturbation of an orthogonal linear map.

CrLam 1: \Ifg,l oqpr oV, =03+ As, where O is an orthogonal linear map preserving the

splitting R% @ R% | ||A3(0)|| =0 and ||dA3|co = O(p) +O(e) on R[10Q(z)].
Demonstragio. Applying the same method of proof of Theorem 4.7.1 to qpr (see Remark

D
1), we get that \Ifz_,l oqproV, can be written in the form ° + H, where Dy, D,, H
D,

satisfy Theorem 4.7.1(2) with p changed to 2p.

In the following, we proceed similarly to the proof of Theorem 7.0.1(5), which in
turn is inspired by [[39], Thm 4.13(3)]. By Lemma 4.2.1(2), ||C(2)"1®!C(2)(v)|| < €¥||v||
for all v € R?, hence by the polar decomposition for matrices we can write C'(2') 1 ®!C(2) =
O3 R, where:

o Os is an orthogonal linear map that preserves the splitting R% @ R%;
o R is a positive symmetric matrix preserving the splitting R% @ R% with ||R —1d|| =
O(p).-
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Write \Ifz_,l oqproWV, =03+ As. Note that A3(0) =0 and

Az =C () Hexpz  oqpoexpz—dH)C(2)+ (C(Z)1dtC(2) — O3)

= C’(z')_l(e><;pz'_1 oqproexpz—®)C(2) 4+ O3(R—1d).
To estimate ||d(A3)y||, we analyze the derivative of each term separately:
o [|d(O3(R—1d))o|| = [|O3(R—-1d)| = [|R—1d]| = O(p).
o Using Lemma 3.5.1, we have
d(exp 7o qproexpz — ®'), = d(exp 7o qproexpz), — ®
= d(exp /1o qpr oexpz), — d(exp A qpr ©exp z)o.
Since expz’ " oqp oexpz is C18, we have d(expz’_1 oqp oexpz — ®t), < const -
[0]|?, and so [|d(C(z") " (expz'" o qp oexpz — ®)C(2))y| < const - [|C(2)|| -
l]l” = O(e).

This completes the proof of Claim 1. [

We now proceed to prove that T is a perturbation of an orthogonal linear map.

By Claim 1,

Y = (014 A1)(03+ Ag)(Os + Ay)

= 0103094+ 0103A9 + OlAg(OQ + Az) + Al(Og + Ag)(OQ + Ag)
=:0 —A

=:0+A,

where O = 010302. We estimate [|dAl[co on R[5Q(x)]. Letting va = (02 + Ag)(v) and
v3 = (034 A3)(O2+ Ag)(v), we have

dA, = 0103d(A2)y + O1d(A3)p, (02 +d(A2)y) + d(A1)ws (O3 4+ d(A3)p, ) (O2 +d(A2)y).
Assuming momentarily that vo € R[10Q(z)] and v3 € R[10Q(z")], we then have that
A || < [ldAs2]|co +2[[dAs]|co +4][dAx [l co = O(p) +O(?).

Now we show that vg,v3 are in the aforementioned sets:
o fluall <l + A2l < A0 + [L+Lip(Ag)]llv] < 507 +
[1+0(eV)]5v2Q(x) < 5[v2+25071 +0(e'/?)|Q(x) which, by Theorem
7.0.1(3), gives us that

o]l < 5[V2+2507" + O(e"/?)] e VFQ(2) < 10Q(=).
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o Since v3 = (O34 Ag)(v2) and As(0) =0, proceeding as above and using the estimate

for [[vg|| implies

los ]| < [1+Lip(A)] oz]l < 5[140(p) + O(e)] [V2+ 250" + O(e'/?)] e VEQ(2)
=5|V2+250"" +0(p) + O(e'/?)] P00 () < 10Q(2).

We also estimate ||A(0)||. Using the above estimates for v =0 and Theorem 7.0.1(4),

[AO)]] = 1[(O1+ A1) (vs)[| < [A1(0)[|+ [L + Lip(A1)] [|vs]]
<5071+ [1+0("/2)] [1+0(p) + O(e)] 50 'p
<507 'q+507" [1+0(p) + O('/?)] O(VE)+0()

=507 [2+0(p) + O("*)] g < &

We have thus shown that | Y(0)|| < 2¢ and ||dY||co < 1+0(p) +0('/?) on R[5Q(x)].
Now we prove the proposition.

(1) We have T(R[3p]) C T (Bo (%p)) C By(o) {%Lip(T)p} C B where B C R is the ball
with center 0 and radius || T(0)]| + %Lip(T)p. By the estimates obtained above,

IT(0)] + %Lip(T)p < %q+ %[1 +O(p) +O(EY2)p

< (&+FH1+0(0)+0()]) q

and this latter expression is smaller than ¢, since 53—0 + %[1 +0(p) +0(eY/3)] < 1 for
e < p< 1. Hence B C Bylq| C R[q].

(2) Fix z € Z such that 2’ = qp/(2) € Z’. We will show that qp/[W*(z,2)] Cc V*(2',Z") (the
other inclusion is identical). Write W = qp/[W?*(z,Z)] and V =V*(2/,Z"). We wish to
show that W C V. Let v = {\Iﬂ;i’p% ez, w = {\Ilgi’qﬁ bnez such that z =7(v) and 2’ = 7(w).
For n >0, let Gy =g, | o---ogt and G =g}  o---ogt. By Theorem 5.2.2(1), we
need to show that Gy, [W] C Wy, (R[10Q(yy)]) for all n > 0.

Fix n > 0. If 2/ = ¢!(2), |t| < 2p, then there is a unique m > 0 such
that 7,(v) < rp(w) +t < rmp1(v). Let Dy be the disc containing ¢ (/). We
claim that Gy, oqp = qp, o Gy' wherever these maps are well-defined. To see this,
firstly note that these maps are both of the form ¢ for some continuous function 7.
Secondly, we claim that they coincide at 2. Indeed, (G oqp/)(2) = Gi(2) = ") (2)
and (qp, o Gy')(2) = qp, (" @ (2)]. Writing ™) (2) = 2/, and ¢"™®)(2) = 2z, we
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/

have 2/, = ¢t (2,) for ¢/ = rp(w) +t — rm(v) € (0,p], therefore qp, (2m) = 2,. Hence
GLW] = (G0 ap)[W*(2,2)] = (ap, o GP)[W*(,2)] qu[W8<sorm<ﬂ><z> Z(vm))];
where we used Proposition 8.2.1(4) in the last inclusion. Since W3 ("W (2), Z(vy,)) C
Vo, (R1072(p3, Apiy)])s part (1) gives that qp, [W* (o™ (2), Z(vn))] C Wy, (Rla; Agi]),
and this last set is contained in Wy, (R[10Q(yn)]).

(3) When M has dimension 3, this result is shown in [[14], Proposition 7.2(3)], where the
authors adapt [[46], Lemma 10.8] to the context of flows. In both cases, the change of
coordinates T is a small perturbation of the identity, allowing control over the geometry of
admissible manifolds. When M is a closed manifold of arbitrary finite dimension, a similar
approach is made in [[39], Lemma 5.8|, where the change of coordinates T is shown to be
a small perturbation of an isometry that preserves the splitting R% @ R% . Since in our
setting we also obtained this property, the same method of proof applies and so [z,2] 7 is
well-defined. Similarly, [z, 2]z is well-defined.

It remains to prove that [z,2']z = qp([z,2] /). To see this, observe that the

composition qp o qp is the identity where it is defined, hence
ap([z,2']2)) = ap(ap/ [V* (2, 2)| NV, Z")) =V3(2, Z2) Nqp [V (2, Z")] = [2,7] 2.
This completes the proof of the proposition. n

Proof of Proposition 8.2.3. Let Z,Z',Z" such that ZNl=20201 7" £ Znpl=20201 7 £ (),
and assume that 2’ € Z’ such that ¢!(2’) € Z" for some |t| < 2p. We need to show that for

every z € Z it holds

(2,212 = [2,¢"()]z.

For this, we will show that:
o qpu[V¥(2',Z")] and V¥(p!(2'),Z") coincide in a small window, where D" is the
connected component of A with Z” c D”.
o If Z=2Z(U2"") and G is the representing function of V*(z,Z), then [z,2/]; =
W, (s,G(s)) for some |s| < Z(p* ApY).
The precise statements are in the next claims. Write Z/ = Z (\Ifgs’qu), p=p°Ap* and
q=q°Nq", and let D be the connected components of A with Z C D. Since dg /() =
dgju(2) = dg ) (2') = dg (), We will denote B/x0)[r] and R%/=0) simply by B%/u[r] and

RYs/u , respectively.
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CLAIM 1: qp[V¥(2,Z") N W, (R[3q])] contains U {(H(w),w): w € B™[Ip]} for some
function H : B [fp] — R% such that [|[H(0)| < 3p and ||dH|[|co < 5. Additionally,
[2,2']7 = Ux(s,G(s)) for some |s| < gp.

CLAIM 2: Recalling that D” is the connected components of A such that Z” C D", then

ape [V (', 2 Ny (Rl3a))] € V(" Z").

Once these claims are proved, the result follows: Claim 2 implies that

ap[VU(z',Z") N, (R[3q])] C qp[V*(z",Z")] and so by Claim 1 we conclude that
{[z.212} =V°(2,Z)Nap[V* (<, Z') N ¥ (R[54])]
CV3(z,Z)Nap[V (", 2" = {[z,2"] 2}

Proof of Claim 1. With the estimates obtained in the beginning of the proof of Proposition
8.2.2, we just need to proceed as in the proof of [[46], Lemma 10.8]. We include the details
for completeness. By the proof of Proposition 8.2.2, T := W loqpoW¥, = O+ A where:

o O =(0°,0"%) is a linear orthogonal map with Q%% : R%/u — R%/u_

o dAllgo < O(p) +O(e'?).

o 1AO)] < 2 [1+0(0) + O3] .
In particular, ||A||OO(R[p]) < % [1+O(p) +O(51/3)] p. Write A = (A1,A9), and let F be
the representing function of V(2. Z’), i.e. V¥(2',Z") = U, {(F(v),v) : v € B%[q"]}. Hence
VU2, Z" Ny (R[%q]) = U {(F(v),v) : v € Bd[3q]}, and since qpo ¥, = ¥, 0T we have

ap[V'(, 2') N0y (R[3q))] = (Wu0 1) {(F(v),0) :v € B[}q]}
=0, {(O°F(v) + Ay (F(v),v),0"0+ Ag(F(v),0) : v € B [3q]}.

We represent the pair inside W, above as a graph on the second coordinate. Call 7(v) :=
O"v+ Ao (F(v),v). We have:

o IT(0)] = | A2(F(0),0)l| < [IAF(0),0)I| < IAO)]|+ ldA[lco | F(O)] < g5[1+O(p) +

O()p+[0(p) + O(/*)]1073g < Z[14O(p) +O(/)]p.
o |ldru| =1 [[dA ]| co(1+ [dF || o) = 1£[0(p) + O(e"/?)](1+¢) < 1+0(p) + O('/?)
for every w € B%[3q].
Now we prove that 7(B%[1g]) D B [sp]. First, notice that 7 is injective: if
v,v" satisfy 7(v) = 7(v'), then O"v+ Ag(F(v),v) = O"0 4+ Ag(F(v'),v") and so
10" (v =) = |A2(F (v),0) = Ao (F ('), V)| < [[dA]lco(1+ |dF || o) [[v =¥
<2(0(p) + O *)]Jo = '||
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which implies v =’ since 0 < e < p < 1.

Next, we show that for every z € B%[1p| there is v € B%[Lq] such that 7(v) = 2.
This is equivalent to v being a fixed point of the map T, (v) = (O%)~![z — Ag(F(v),v)]. We
will verify this via the Banach fixed-point theorem. For each z, the map T, is contraction,

since

IT2(0) = T2 ()| = | Aa(F(v),0) = Aa(F(),0")| < 2[0(p) + O("/?)] [l =]

<1

Furthermore, for every z € Bd“[%p], the map T, takes Bd“[%q] into itself:

1T ()| < [lz[l + [[A2(F (), )| < [[2]] + TAO) |+ [[dA ol (HEO) | + 1+ [[dF [ co] [|v]])

<1p+ 2[1+0(p) +O0(Y3)p+[0(p) + O(/?))2¢ < Lq.

Therefore, each T, has a unique fixed point.

Now, we write the first coordinate F'(v)+ Aq(F(v),v) as a function of 7. Start
noticing that, since 7 is injective, it has an inverse 6 : 7(B%[3q]) — B™[3q] such that
|df]|co = 14 O(p) + O(!/3). This follows from calculations analogous to [[2], p.103]. In

particular,
16(0)] = 10(0) = O ()| < |¢'| collT(0)]| < £5[1+O(p) + O(/)]p < 3p.
Defining H : B%[3p] — R% by
H(1)=0°F(v)+ A1 (F(v),v) =O°F(0(1)) + A1 (F(6(7)),0(7)),

we have:
o [HO)I < IFOO)] + 1 A1(F(©(0)),00))] < IFO)] + [dF] e |80)] + [Allco <
1073 +¢eip+ 3 [1 +O(p) + 0(81/3)} p< &p.
o ldH g0 < [dF | colld8]lco + Al o (1-+ [Pl o) 6] o < 22-+210(p) + O] [1+
e] = O(p) + O(/?) which is smaller than 3 for p,e > 0 small.
This proves the first part of Claim 1. For the second part, note that || H(7)| < [[H(0)| +
|dH||col|7|| < 3p+ 3 - 3p < p, thus H : B™[1p] — B%[1p] is a contraction. We have
[2,2'] 7 = Wy (v,G(v)), where v is the unique v € B%[p®] such that (v,G(v)) = (H(7),T).
Necessarily H(G(v)) =wv, i.e. v is a fixed point of H o G. Using the admissibility of G and
the above estimates, the restriction of H oG to B%[%p] is a contraction into B%[$p], and

so it has a unique fixed point in this interval, proving that ||v|| < %p. ]
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Proof of Claim 2. The proof is very similar to the proof of Proposition 5.4.2. Let us
prove the inclusion for Vs. Let V= V35(2" Z") = V¥[vt] with vt = {\Ifgi’q%}, and let
Gn =g, ,0-ogy. Let U =qpn[V:(¥,2Z) NV, (R[3q])]. By Proposition 8.2.2(1),
U C ¥y, (R[g5 N qi]). Now we proceed as in the proof of Proposition 5.4.2 to get that:

o If n is large enough then G, (U®) C ¥y, (R[Q(yn)]): this is exactly Claim 2 in the

proof of Proposition 5.4.2.

o U? C V?*: this is exactly Claim 3 in the proof of Proposition 5.4.2.

Hence Claim 2 is proved. O

The proof of the proposition is complete. O
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