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ABSTRACT

The study of dynamic systems represents a large field of mathematics that models the temporal

evolution of phenomena in real life. The theory of differential equations largely deals with the

modeling of these systems through the laws that govern the temporal rates at which the states

describing dynamic systems change. In this context, we study those models in which a random

factor is considered in the law that governs the rate of change of these systems over time. These

are called stochastic differential equations. This work briefly presents the mathematical theory

underlying this type of differential equation by constructing an analogy between the theory of

ordinary differential equations and that of stochastic ones. Finally, and as the main objective,

two applications of the theory are presented in problems at the state of the art: stochastic ther-

modynamics and probabilistic numerical methods. The first deals with an attempt to extend the

classical theory of thermodynamics of equilibrium systems to systems out of equilibrium, such

as chemical reactions presented in this work, for example. In the second problem, stochastic

differential equations are used to probabilistically model numerical algorithms for solving or-

dinary differential equations, which can even account for uncertainties that the modeler might

have regarding the system to be studied. These theories are reviewed and applied to systems

already known in the literature. In the case of stochastic thermodynamics, we apply the theory

to the study of enzymatic reactions governed by the Michaelis-Menten mechanism. For proba-

bilistic numerical methods, we apply the theory to try to identify the parameters of a bioreactor

model, which is part of a model of pilot wastewater treatment plant used as a test bench for

water treatment systems.

Keywords: stochastic differential equations. stochastic thermodynamics. probabilistic numer-

ics. Gaussian processes. dynamical systems.



RESUMO

O estudo de sistemas dinâmicos representa um grande campo da matemática que modela a

evolução temporal de fenômenos na vida real. A teoria de equações diferenciais lida em grande

parte com a modelagem desses sistemas pelas leis que regem as taxas temporais nas quais os

estados que descrevem os sistemas dinâmicos variam. Nesse âmbito, estudamos aquelas mode-

lagens na qual um fator aleatório é considerado na lei que que rege a taxa de variação temporal

desses sistemas. A estas damos os nomes de equações diferenciais estocásticas. Nesse trabalho

é apresentado superficialmente a teoria matemática que fundamenta esse tipo de equação difer-

encial, através da construção de uma analogia entre a teoria de equações diferenciais ordinárias

e daquelas estocásticas. Por fim, e como maior objetivo, são apresentadas duas aplicações da

teoria em problemas que estão no estado da arte: termodinâmica estocástica e cálculo numérico

probabilístico. O primeiro trata de uma tentativa de extensão da teoria clássica de termod-

inâmica de sistemas em equilíbrio para sistemas fora do equilíbrio, no caso deste trabalho por

exemplo, em reações químicas. No segundo problema, as equações diferenciais estocásticas

são utilizadas para modelar probabilisticamente algoritmos numéricos de solução de equações

diferenciais ordinárias, podendo até compreender incertezas que o modelador tenha a respeito

do sistema a ser estudado. Estas teorias são revisadas e aplicadas em sistemas já conhecidos

na literatura. No caso da termodinâmica estocástica, aplicamos a teoria ao estudo de reações

enzimáticas regidas pelo mecanismo de Michaelis-Menten. Já para o cálculo numérico prob-

abilistico, aplicamos a teoria para tentar identificar os parâmetros do modelo de um bioreator,

este integrante de um modelo planta piloto de tratamento de água residual utilizado como de

referência para sistemas de tratamento de água.

Palavras-chave: equações diferenciais estocásticas. termodinâmica estocástica. computação

numérica probabilística. processos Gaussianos. sistemas dinâmicos.
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ẍ Second time derivative of x

R Real numbers

N Natural numbers

N(· | µ,Σ) Gaussian distribution with mean µ and covariance Σ

P or PX Probability mass/distribution function

X ∼ · X has probability distribution ·

p or pX Probability density function

E[X ] Mean operator

Cov[X ,Y ] Covariance between X and Y

F Fourier transform

X(iω) Fourier transform of X, with iω ∈ C

RX Autocorrelarion function of X

SXt ( f ) Spectral density of the process Xt

X ,Y,Z, ... Random variable

A,B,C, ... Set

A ,B,C , ... σ -algebra

B(R) Borel σ -algebra

Xt ,Yt ,Wt , ... Stochastic process

supp Support of a function



R( f , ·) Riemann sum of f in the partitioning ·

∑X Summation over the possible values of X ∈ Ω

a := b a is defined as b

a =: b b is defined as a

limx↘a limit taken with x > a

st- lim limit taken in a stochastic sense

as- lim limit taken in an almost surely sense

ms- lim limit taken in a mean square sense



CONTENTS

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.1 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.3 Work organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2 OVERVIEW ON DIFFERENTIAL EQUATIONS . . . . . . . . . . . . . 23

2.1 Introduction to ODEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Integration of ODEs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Existence and uniqueness of ODEs solutions . . . . . . . . . . . . . . . . 26

2.4 State-space representation of ODEs . . . . . . . . . . . . . . . . . . . . . 27

2.4.0.1 Linear dynamical systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4.0.2 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4.0.3 Solution of linear systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.5 Numerical methods to solve ODEs . . . . . . . . . . . . . . . . . . . . . 30

3 STOCHASTIC DIFFERENTIAL EQUATIONS . . . . . . . . . . . . . . 32

3.1 Motivation: The Brownian motion . . . . . . . . . . . . . . . . . . . . . 32

3.2 Stochastic integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
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1 INTRODUCTION

The field of dynamics is a huge and interdisciplinary area of study. It is the branch of

physics that deals with the study of the temporal evolution of systems. When the dynamics of a

system is deterministic, the equations of motion are described by ordinary differential equations

(ODEs). However, when the dynamics are stochastic to comprise the uncertainty one has about

it, the equations of motion are described by stochastic differential equations (SDEs), which is

the subject reviewed in this work. The study of dynamics is fundamental to understand the

behavior of systems in nature, from the motion of the planets to the behavior of the smallest

particles. The equations of motion studied thoroughly in sciences are based temporal rates of

displacement known as differential equations invented by Newton in mid-1600s while studying

the motion of the planets (STROGATZ, 2018). Of course, those temporal rates are not restricted

to those of displacement, but comprise any temporal evolution depending on the system we want

to describe.

A system is defined as an object or a collection of objects whose properties one

wants to study (LJUNG; GLAD, 1994). Questions about the system are answered through ex-

perimentation, but sometimes it is not possible to perform experiments due to the complexity of

the system or the high cost of the experiment or even because the system is a conceptualization

and thus nonexistent. In such cases, a model is used to represent the system, a tool which aims

to answer the questions about the system without experimentation. However, as the model is not

the system itself but a representation of it, the answers the model respond are directly related to

the assumptions made to construct it.

There are, in principle, two sources from which the modeler can fetch knowledge

to construct a model: the data and the theory. The data are the information collected from the

system through experiments and fit a generic model such that its properties fit the ones of the

system, a process called identification. On the other hand, the theory is the knowledge about the

system that is already known, as the laws of nature representing subsystems of the system, and

is used to construct the model from scratch. Both sources result in models that have a limited

domain of validity, as the data may be noisy, or the theory may be incomplete, even wrong. The

modeler must be aware of the limitations of the model and the assumptions made to construct

it.

Models can be of different types depending on the nature of the system being stud-

ied. There are mathematical models which represent the relationships between quantities as
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distances, flows, concentrations, etc, that are observed in the system. For instance, the New-

ton’s second law of motion is a mathematical model that relates the force acting on a body to its

acceleration. The mathematical models can be classified inside the paradigms (LJUNG; GLAD,

1994):

• Deterministic if the model is able to predict the future of the system with an

exact relationship between the quantities involved, or stochastic if there is an

uncertainty in the prediction which is dealt with probability theory;

• if the model is time-invariant, or dynamic if the model is time-variant as the

trajectories that are solutions of differential equations;

• Continuous-time if the model is described by functions continuous in time, or

discrete-time if the model is described by sequences of values in time, in general

due to the process of sampling a continuous-time process.

This list is not exhaustive, but it is sufficient for the discussion to come. More classifications

as lumped versus distributed (i.e. if the system is described by a finite number of changing

variables or not) and others are discussed by (LJUNG; GLAD, 1994). Our objective is to

transform deterministic models into stochastic and analyze the implications of it. Regarding the

classification above, most of the systems in nature are described by continuous-time models, as

the motion of a body, the flow of a river, the concentration of a chemical in a solution, etc. as

well as the systems we are going to deal in the applications.

It might be interesting to get the perspective that both the theory of dynamical

systems and the theory of probability try to address the behavior of systems using different

paradigms. Dynamics stem from physics when Isaac Newton in mid-1600s invented the dif-

ferential equations to describe the motion of bodies and the universal gravitation to understand

the Kepler’s law(STROGATZ, 2018). Newton studied a system consisting of the earth trans-

lating around the sun comprising then just two bodies. But, it turned out that when including

another celestial body, e.g. as the moon, the now called three-body problem was far more diffi-

cult, even being proved latter that no collection of algebraic formulas could be able to express

its solution (WOLFRAM, 2002), making necessary a different approach. By the same period

Pierre de Fermat and Blaise Pascal were studying the problem of determining how to divide the

stakes of an unfinished game of dice when the game is interrupted (HACKING, 2006). Without

using Newton’s recently published ideas, Pascal discussed the chance of the expected outcome

when throwing a die with no aid of their dynamics. Pierre-Simon de Laplace publishes then its
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Théorie analytique des probabilités(LAPLACE, 1814) where he advocates for the principle of

what would come to be the principle of causality, which is the idea that the future is determined

by the past. Such principle will rule the models of dynamical systems and would come back

posteriorly with Markov (2006) (1906) years later.

Still on the field of chances and long before the advent of statistical mechanics,

Bernoulli (1738) suspected that the macroscopic pressure could be explained by “extremely

small bodies agitated” causing “continually repeated impacts”, an idea by the time not com-

monly accepted. Clausius (1857) then introduces one of the first probabilistic modelings of

a gas molecule by evaluating the mean free path that such a molecule travels before interact-

ing with another one. Building on Clausius’ work, Maxwell (1860) assumed that, different

from Clausius and other contemporary scientists, the collision between the molecules would

imply that their speeds would not be equal at a given temperature, but a distribution of values.

Maxwell successfully inaugurated the link between the macroscopic thermodynamic observ-

ables, pressure and temperature, to microscopic dynamics. Afterwards, it is Boltzmann (1872)

the one responsible to ground the mathematical theory of gases along with the probabilistic

perspective.

This description of molecular motion gains another chapter in the beginning 20th

century with the developments made by Einstein (1905) on the Brownian movement. He eval-

uated the mean displacement of a particle of pollen in water, a problem unsolved since the

observations made by Brown in 1827 who discarded the cause of the motion to be the micro-

scopic living creatures. But it was Langevin (1908) to elaborate an equation of motion com-

patible with the Newton’s description of dynamics. His idea consisted of including the random

behavior in the two century old Newton’s equations establishing a hallmark on the studies of

stochastic processes, specifically in the new branch of the today called stochastic differential

equations (SDEs). The works of Wiener (1923) started to set the mathematical grounds of the

theory, leading to branches as the today’s signal processing field. Although, the solutions for

such equations were not formalized until the work of Itō (1944) for the case when random part

is a stochastic process with zero mean and constant spectral density, a useful mathematical ide-

alization to describe the action of fluctuating forces acting randomly on a suspended particle as

in the case of the Brownian motion.

This work is a summary of the research developed by this author during its master

studies. The subject was twofold: the study of stochastic differential equations aiming a gener-
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alization of the deterministic models of dynamical systems, and the application of the theory to

the stochastic thermodynamics to chemical enzymatic reactions. At first glance both subjects

might seem unrelated when studying each area separately, but actually they are just examples

of emergent behaviors of complex dynamical systems. Both are dynamical, i.e. they represent

the evolution of a system in time, and both are stochastic, i.e. they represent temporal processes

that are subject to some kind of “randomness”. These first concepts, dynamics and randomness,

common to both the subjects will be dealt with in the first part of this work, specifically we

review important aspects of ODEs, which used to model dynamical systems in Chapter 2. Af-

terwards, we include the randomness on those ODEs and review the theory of SDEs in Chapter

3. Concepts that may be needed from the modern theory of probability including the measure

theoretic approach is reviewed in Appendix A.

1.1 Objectives

This work aims to:

1. Overview the theory of SDEs;

2. Showcase different fields in which the theory is applied, more specifically:

1. Study the stochastic thermodynamics extending the classical thermodynam-

ics, in the context of chemical reactions;

2. Study the inference of parameters for a bioreactor model using stochastic

differential equations to address the uncertainty over the dynamics.

1.2 Contributions

The main contributions of this thesis are:

1. The review the theory of SDEs;

2. Showcase the two works developed during the Masters program:

1. The study of the thermodynamics of a single molecule Michaelis-Menten

mechanism (FARIAS et al., 2023a; FARIAS et al., 2023b);

2. The inference of parameters of a bioreactor model using SDEs and another

on the stochastic thermodynamics of the Michaelis-Menten mechanism (FARIAS

et al., 2024).

The first contribution broadens the discussion of SDE theory beyond its traditional
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role in engineering, linking it with recent applications already recognized in the signal process-

ing community. Both studies presented in Chapters 6 and 7 demonstrate how probability theory

can be used to extract insights into the modeled phenomena.

The first study (Chapter 6) examines the stochastic thermodynamics of the Michaelis-

Menten mechanism in the limiting case of a single enzyme within an equilibrium solution. This

perspective contrasts with the more common models in the literature, which typically consider

large enzyme populations (SEIFERT, 2012; QIAN, 2007; BARATO; SEIFERT, 2015).

The second study (Chapter 7) is, to the best of our knowledge, among the first appli-

cations of Probabilistic Numerics to an engineering task: parameter inference for a wastewater

treatment bioreactor. This approach addresses data scarcity by incorporating expert knowledge

directly into the inference process (COCKAYNE et al., 2019; JR et al., 2022; ZONTA et al.,

2014a; SHARIFI et al., 2014a).

1.3 Work organization

This work overviews the theory of SDEs which in this sense it is not an easy task

given the background literature needed to comprehend them. Thus, given the subjects as mea-

sure theory and real analysis are needed to understand both the SDE and modern probability

theories, a quick review was included in the Appendix A

This thesis is organized as the following: In Chapter 2 we review the theory of ODEs

in order to make a parallel with SDEs in the following chapter. Next, in Chapter 3 the SDEs are

motivated using the Langevin dynamics. Then some schemes of solution via stochastic integra-

tion are reviewed. In Chapter 4 the application to the Stochastic Thermodynamics is presented,

as also the theory for the thermodynamics for Markov Jump processes. In Chapter 5 the Gaus-

sian process in the state-space model is presented as a stochastic process of the Gaussian type

(also known as Gaussian processes) which solves certain stochastic differential equations. The

Chapters 6 and 7 give the results of the two applications introduced are presented. The first,

the inference of the parameters of a bioreactor has been published recently, and the stochastic

thermodynamics of the Michaelis-Menten mechanism was presented in workshops.
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2 OVERVIEW ON DIFFERENTIAL EQUATIONS

This chapter provides a review of the mathematical domain of differential equations

to support the study of those that are stochastic. We begin by revisiting core concepts from the

theory of ODEs, building intuition and terminology that will later be extended to stochastic

settings.

2.1 Introduction to ODEs

In the study of dynamical systems (whether mechanical, biological, or financial) dif-

ferential equations serve as a foundational mathematical tool to describe how quantities evolve

over time. Ordinary differential Equations (ODEs), in particular, provide a way to encode de-

terministic rules for systems where future states are entirely determined by the current state and

rate of change.

Figure 1 – On the left a graphical representation of a damped oscillator, on the right is the graph
of the function x(t) which represents the position of the block of mass m versus the time t. On
( ) the trajectory is shown when the mass m is not subject to some random force, while on
( ) the mass m is subject to a random force F .

m

k

c 0 2 4 6 8 10
−0.2

0

0.2

0.4

Time (s)

P
os
it
io
n
(m

) No random force
With random force

Source: Prepared by the author.

For example, in the Figure 1 we have a damped oscillator composed of a block

of mass m, coupled to a spring and a dumper with constants k and c, respectively. The mo-

tion of this system is described by a differential equation, which is the Equation (2.1) involv-

ing derivative terms ẋ ≡ dx/dt and ẍ ≡ d2x/dt2. For such equations we give them the name

of ordinary differential equations (ODEs), simply to distinguish them frompartial differential

equations (PDE), which involve partial derivatives. We write the ODE for the motion of the the

damped oscillator here omitting the dependence in time t
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mẍ+ cẋ+ kx = 0, (2.1)

The terms ẋ and ẍ are the first and second time derivatives of the position x(t) corresponding

to the velocity and the acceleration, respectively. We say that an ODE is of order n if the

highest order derivative that appears in the equation is of order n, which for damped oscillator

gives n = 2 characterizing a second order ODE. We may also say that the equation is linear if

the dependent variable, in this case x, and its derivatives appear linearly in the equation. This

equation is said because the right-hand side is zero. If the right-hand side is not zero, we say

that the equation is inhomogeneous. A solution of an ODE is a function variable x that satisfies

the equation, as shown in the right-plot on Figure 1. The solution might be a particular solution

if it satisfies the equation for a given set of constants, or a general solution if it satisfies the

equation for any set of constants. In practical terms, this means that to find a solution we need

an initial condition, i.e. the value of the variable function x at a given time t = t0. In general,

t0 is chosen to be time at which the motion of the studied systems starts, for instance the initial

state (i.e. position and velocity) of the damped oscillator. If the mass m at t0 is at rest and at

a position to be defined as the origin of its trajectory, we have the initial conditions x(t0) = 0

and ẋ(t0) = 0. If we modify the initial conditions of the damped oscillator we obtain a different

solution to the ODE modeling its motion. Dependence on an external force can be added on the

right-hand side of the Equation (2.1). For instance

mẍ+ cẋ+ kx = F,

where F is a force acting on the block of the damped oscillator. Such F must be a time-

dependent function or even a random function, which is the main case we are interested in.

2.2 Integration of ODEs

There are practically useful ODEs, the solution to which can be found in a closed

form are often referred to as analytical solutions. The most common methods are separation of

variables, direct integration, and series solutions (here including the Laplace transform method).

Of course, guessing a solution is also possible. The downside of these methods is that they solve

only a group (although very large) of ODEs. We present the Examples 1 and 2 just to depict

some of them.
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Definition 2.2.1 (Separable ODEs (Kreyszig, 2018)) An ODE is said to be separable if it can

be written in the form

g(y)
dy
dx

= f (x), (2.2)

i.e. each side of the equality with only a single variable after algebraic manipulations, where

f : R→R and g : R→R are continuous functions. We integrate both sides of the equation with

respect to x to obtain∫
g(y)

dy
dx

dx =
∫

g(y)dy =
∫

f (x)dx+C,

where C is a constant of integration that can be found given the initial conditions.

Example 1 ((Kreyszig, 2018)) Be the ODE

dy
dx

= 1+ y2

which can be separable and then integrated as follows

dy
1+ y2 = dx ⇒

∫ dy
1+ y2 =

∫
dx ⇒ arctan(y) = x+C.

Example 2 ((Kreyszig, 2018)) Be the homogeneous linear ODE

dy
dx

=−p(x)y

where p is any continuous function. Applying the method of separation of variables we obtain

dy
dx

=−p(x)y ⇒ dy
y

=−p(x)dx ⇒ ln |y|=−
∫

p(x)dx+C⋆.

We rewrite the solution in terms of x by applying the exponential function in both sides and

obtaining that

y = e−
∫

p(x)dx+C⋆
= eC⋆

e−
∫

p(x)dx =Ce−
∫

p(x)dx,

where C =±eC⋆
when y ≶ 0 is a constant.

Apart from the series solutions, most of the methods involve integrating the ODE at

some point, as also proving if the solution exists and if it is unique. We are going to present in

the next section the Picard-Lindelöf theorem to verify existence and uniqueness. In Chapter 3

we are going to see that there is an analog result for the stochastic case.
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2.3 Existence and uniqueness of ODEs solutions

When trying to find functions that solve the ODE, we may wonder if that solution

is unique. Furthermore, one may ask if the solution exists at all. The answer to these questions

is given by the Picard-Lindelöf theorem. Knowing that the solution exists and is unique is im-

portant because it guarantees that the solution is well-defined and that the system is well-posed

even if we do not have an algebraic treatment for the solution. We begin with the following

definition.

Definition 2.3.1 (Picard iteration) Let f : R×Rd →Rd be a continuous function. The Picard

iteration is the sequence of functions {xn}∞
n=0 defined by

xn+1(t) = x(0)+
∫ t

t0
f (s,xn(s))ds, (2.3)

where x0 is a given function and t0 is a given time.

One can use the Picard iteration to find solutions. See for instance the following example.

Example 3 (Solving an ODE using Picard iteration) Be the ODE

dx
dt

= f (t,x) := x

with an initial condition x(0) = 1. By the Definition 2.3.1, setting x0(t) = x(0)

x1(t) = 1+
∫ t

0
1ds = 1+ t, (2.4)

x2(t) = 1+
∫ t

0
(1+ s)ds = 1+ t +1/2t2, (2.5)

· · · (2.6)

xn(t) =
n

∑
i=0

t i

i!
. (2.7)

If we take n → ∞ we obtain the exponential function et that solves the ODE.

The Definition 2.3.1 is a recursive definition of a sequence of functions that converges to the

solution of the ODE. The Picard iteration is a general method to solve ODEs, but it is not always

convergent. The Picard-Lindelöf theorem guarantees that the Picard iteration converges to the

solution of the ODE if the function f is Lipschitz continuous. We present the theorem here.
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Definition 2.3.2 (The Picard-Lindelöf theorem) Let f : R×Rd → Rd be a continuous func-

tion. If f is Lipschitz continuous in the second argument, i.e. there exists a constant K > 0 such

that

| f (t,x)− f (t,y)| ≤ K|x− y|, (2.8)

for all t ∈ R and x,y ∈ Rd , then for the ODE

ẋ = f (t,x), (2.9)

there exists an ε > 0 such that the ODE has a unique solution in the interval [t0 − ε, t0 + ε] for

every initial condition x(t0) = x0.

The proof is long and outside the scope of the current text, but easily found in

references (CODDINGTON; LEVINSON, 1984).

2.4 State-space representation of ODEs

A general framework for the studying the dynamics of systems which the model is

given by an ODE is the state-space representation. Generically in this representation, the state

of the system is described by system of differential equations as

ẋ1 = f1(x1,x2, . . . ,xn),

ẋ2 = f2(x1,x2, . . . ,xn),

...

ẋn = fn(x1,x2, . . . ,xn),

The variables xi are the state variables of the system and the functions fi are the dynamics of

the system. For instance, to describe the oscillator in the state space representation we make

ẋ1 = x2, ẋ2 =− c
m

x2 −
k
m

x1,

where now we can describe the system in two new coordinates x1 and x2 representing the po-

sition and the velocity of the block, respectively. Observe that now the system had its order

reduced at the cost of increasing the number of variables. This has the advantage that the so-

lution is easily obtained similarly to the Example 2. We refer to Strogatz (2018) for further

discussion on the insights we gain using this approach to analyze dynamical systems qualita-

tively.



28

We may not be able to observe all the variables of the system, or even the system

may be nonautonomous system, i.e. it may depend on external input u(t) and a random func-

tion Wt . To comprise these possibilities, we use the following representation of a system of

differential equations

ẋ = f (x(t),u(t),Wt ,θx) , (2.10a)

y = g(x(t),u(t),Wt ,θy) , (2.10b)

being f and g functions whose images are compatible with the dimensions of ẋ and y, respec-

tively. The state at time t at which the trajectory of the system is located is denoted by x(t) :=

[x1, ...,xNx ] ∈ RNx , and the system is observed through the variables y(t) := [y1, ...,yNy ] ∈ RNy .

The system is actuated by an external agent through an input denoted by u(t) ∈ RNu . The sys-

tem may be disturbed by random interactions Wt : Ω× [t0,T ]→ RNw . The function f describes

the rate at which the states vary according to the relation between x, u, Wt and the parameters

θx. The function g describes how the observations y(t) ∈ RNy are related to the states, inputs,

disturbances, and parameters θy of the system. It is commonly assumed in literature that the

observation model g is autonomous and independent of u.

2.4.0.1 Linear dynamical systems

A simplification that will be needed in the applications is the special case when the

dynamics are described by a function f that is linear, as also the observation function g. The

called linear dynamical system is defined as

ẋ = Ax(t)+Bu(t)+GWt , (2.11a)

y = Cx(t)+HWt , (2.11b)

where A ∈ RNx×Nx , B ∈ RNx×Nu , C ∈ RNy×Nx , and G ∈ RNx×Nw , H ∈ RNy×Nw are the matrices

that define the system and multiply the vectors x, u, Wt , and y with dimensions 1×Nx, 1×Nu,

1×Nw, and 1×Ny, respectively. The disturbances Wt in both dynamics and observation of

the Equation (2.11) are not restricted to be the same Wt , we used the same process here just

for simplicity. Notice the matrices defining the system are not restricted to be constant in time

(leading to time-invariant model of the system). Even though the linear system seems to be very

restrictive assuming the linearity of the system, it is a tool to describe the dynamics of many

systems in nature and gives rise to the rich field linear systems (CHEN, 1984).
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Although the theory of nonlinear systems is more general, much of the results are

handled case by case (STROGATZ, 2018; VIDYASAGAR, 1993). Instead, we assume the

systems we are dealing in this work to be linearizable if are nonlinear, i.e. the system can be

approximated by a linear system around a point of operation.

2.4.0.2 Linearization

The systems in the real world are in general nonlinear, but they can be approximated

until some extent by linear systems. The linearization of a system is the process of approximat-

ing the nonlinear system by a linear one around a point of operation. The linearization is done

by the Taylor series expansion of the nonlinear function around the point of operation. Let

xo(t) and uo(t) be solution of the system Equation (2.10) considering the system to be free of

disturbances, i.e. in Equation (2.10a) W0 = 0. The system is then perturbed away from xo and

uo by the vectors ∆x(t) := x(t)− xo(t) and ∆u(t) := u(t)−uo(t). Under this assumption, the

perturbed solution is Taylor expanded

∆ẋ+ ẋo = f (xo +∆x,uo +∆u,θx),

= f (xo,uo,θx)+
∂ f
∂x

∣∣∣∣
xo,uo

∆x+
∂ f
∂u

∣∣∣∣
xo,uo

∆u+O(∆x2,∆u2), (2.12)

where the terms of the order of ∆x2 and ∆u2 or higher represented by O(∆x2,∆u2) are neglected.

Being ẋo := f (xo,uo,θx), the linearized dynamics are given by

∆ẋ = A∆x+B∆u,

where A = ∂ f
∂x

∣∣∣
xo,uo

and B = ∂ f
∂u

∣∣∣
xo,uo

are the Jacobian matrices of the system.

2.4.0.3 Solution of linear systems

The time trajectory of the linear system in Equation (2.11a) is given by the solution

of the linear system of equations. We use the following property of the exponential matrix

(CHEN, 1984)

d
dt

eAt = AeAt = eAtA,

and we premultiply e−At in both sides of the Equation (2.11a) to obtain

d
dt

(
e−Atx(t)

)
= e−AtBu(t)+ e−AtGWt .
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We integrate both sides of the equation from 0 to t, and using that (e−At)−1 has as inverse eAt,

and that e0 = I where 0 is the zero matrix and I is the identity matrix, we obtain

x(t) = eAtx(0)+
∫ t

0
eA(t−τ)Bu(τ)dτ +

∫ t

0
eA(t−τ)GWτdτ. (2.13)

If the system does not depend on the random function Wt , the last term would be zero, and we

would have to deal with conventional integrals. The last term is a stochastic integral and is

defined in the Section 3.3.

2.5 Numerical methods to solve ODEs

The integration of ODEs are limited to a small group of equations, for instance

the ODEs of first order presented in the latter section. For the general case, we need to resort

to numerical methods. The most common numerical methods are the Euler method and the

Runge-Kutta method which we present in the Examples 4 and 5 below, respectively.

Example 4 (Euler’s method) Let us consider the ODE

ẋ = f (t,x),

where f : R×Rd → Rd is a continuous function. The Euler’s method is a numerical method to

solve the ODE by approximating the derivative by a finite difference. The method is defined by

the recursive relation

xn+1 = xn +h f (tn,xn), (2.14)

where h is the step size and tn = t0 +nh.

Example 5 (Runge-Kutta’s method) The Runge-Kutta’s method is a generalization of the Eu-

ler method. The method is defined by the recursive relation

xn+1 = xn +
h
6
(k1 +2k2 +2k3 + k4) , (2.15)

where

k1 = f (tn,xn),

k2 = f (tn +
h
2
,xn +

h
2

k1),

k3 = f (tn +
h
2
,xn +

h
2

k2),

k4 = f (tn +h,xn +hk3),

where f : R×Rd → Rd is a continuous function.
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Both Euler’s and Runge-Kutta’s methods are suited for first-order ODEs. While the

first give the (global) error of the estimated solution due to the truncation of the Taylor series

proportional to h, the second has it proportional to h2. Consenquently, we need to sample in

fewer points for the Runge-Kutta than for the Euler to achieve the same error for the solution.

Notice that numerical methods may also be useful for computing analytical solutions given for

instance by the linear system case in Equation (2.13). This solution involves computing the

matrix exponential, which is given by the Taylor series of the exponential function and thus,

being computationally costly (MOLER; LOAN, 2003). In Chapter 3 we will see that both

methods have similar analogs for the stochastic case.
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3 STOCHASTIC DIFFERENTIAL EQUATIONS

In this chapter the SDEs are motivated using the Langevin approach to Brownian

motion. The stochastic integration to solve such differential equations are discussed as well as

the Euler-Maruyama scheme for the numerical integration.

3.1 Motivation: The Brownian motion

The phenomenon now known as Brownian motion was first rigorously documented

by Brown (1828). While examining pollen grains suspended in water under a microscope,

Brown observed an incessant, jittery movement of the particles. Crucially, he verified that this

motion was not attributable to water currents or biological activity. To eliminate the hypothesis

of life-driven movement, he repeated the experiment using inorganic particles extracted from

the interior of quartz crystals, and still observed the same erratic behavior. This suggested a

universal physical cause behind the motion, independent of the nature of the suspended material.

More than seventy years later, Einstein (1905) followed by Smoluchowski (1906)

provided a theoretical explanation of this phenomenon. He modeled the suspended particles as

being bombarded from all directions by water molecules undergoing random thermal motion.

These incessant, uncoordinated impacts caused the particles to follow unpredictable paths. Ein-

stein derived a statistical expression for the mean squared displacement of such particles over

time, thereby linking microscopic molecular activity to macroscopic observable diffusion. His

theory not only confirmed the molecular theory of matter, but also laid the foundation for mod-

ern stochastic modeling.

Soon after, Langevin (1908) proposed a more detailed physical model. He for-

mulated an equation of motion for a single suspended particle, incorporating a determinis-

tic drag force proportional to velocity and a stochastic force term accounting for the random

impacts from surrounding molecules. This Langevin equation introduced the description of

physical systems exposed to random influences mathematically by differential equations with

added noise. Langevin’s formulation was one of the first to explicitly recognize and incorporate

stochastic forces into dynamical systems, paving the way for the theory of stochastic differential

equations.

In Figures 2 and 3 we show the motion of a Brownian particle in a liquid. The

first figure shows the motion of plastic particles observed by Miyazaki et al. (2022) under the
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Figure 2 – Brownian motion observed under the microscope. The images show the motion
of plastic particles with diameter of 1µm (micrometer) suspended in water. The time interval
between frames is 0.5 seconds.

Source: Extracted from Miyazaki et al. (2022)

microscope. The second figure shows the simulation of a Brownian particle (gray circle) col-

liding with smaller particles (black dots) in a liquid. The simulation was performed considering

hard collisions between the particles, as an ideal gas just like the Boltzmann assumption in the

modelling proposed by Einstein.

We illustrate the Langevin’s approach trying to solve the problem of a particle in

a damping medium (BUTKOV, 1968). We represent the motion of a particle of mass m in a
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Figure 3 – Simulated collision of Brownian particle (gray circle) with smaller “gas” particles
(black dots). From left-right, top-down are shown the frames of the simulation at times t =
0.0,3.2,6.4 and 9.6 milliseconds. The black line is the trajectory of the Brownian particle. The
particles are out of scale.
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Source: Preparated by the author.

damping medium with resistance γ under influence of a force Ξt , and with velocity v(t) with

the following differential equation (or Langevin equation)

mv̇(t) =−γv(t)+Ξt .

If Ξt = 0 the solution is v(t) = v0e−γt/m and after some time the particle with initial velocity v0

rests.

Differently from the observation of Brown, the particle never rests as long as its
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surroundings does not alter its settings (i.e., it is in equilibrium meaning the absence of me-

chanical, thermal and chemical gradients). We conveniently denote the surroundings of the

particle by heat bath with a constant temperature T . Some assumptions are made with respect

to the interactions between the particle and the surroundings (ZWANZIG, 2001): their interac-

tions are promoted via a force Ξt whose amplitude fluctuates, and it happens occasionally; the

force varies very rapidly over the time of observation. We summarize these characteristics of

Ξt by representing it as a random process whose moments are

E[Ξt ] = 0 and E[ΞtΞt ′] = 2γkBT δ (t − t ′).

The velocity of the Brownian particle is then given by solving the Langevin equation

v(t) = v(0)e−
γ

m +
∫ t

0
Ξτe−

γ

m (t−τ)dτ.

It is Paley and Wiener (1934) to bring attention to the need of setting a mathematical

background to the theory. The step was accomplished by Itō (1944) who defined the stochastic

integral.

In the next section, we discuss how to approach the modeling of systems that have

random influences. The first step is to define the modeling itself. The modeling is the process

of representing the system in a mathematical form. The second step is to define the stochastic

differential equations that will be used to describe the dynamics of the system influenced by

randomness. The third step is to define the numerical methods that will be used to solve the

stochastic differential equations.

3.2 Stochastic integrals

Let a general kind of stochastic differential equation (SDE) be

dx
dt

= f (x, t)+g(x, t)Wt , (3.1)

where f and g are given functions. For this kind of equation, we assume that Wt is a stochastic

process as defined in Section A.4. The solution of the Equation (3.1) is given by the integral

equation

x(t) = x(0)+
∫ t

0
f (x(s),s)ds+

∫ t

0
g(x(s),s)Wsds.

We can deal with the first integral in a “classical” manner by integrating using the Riemann

formulation. However, the second integral is problematic because the integrand is a stochastic
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process. Depending the assumptions made on Wt , the integral may not exist. In fact, assuming

that Wt is a white noise process, the function is not measurable and the integral does not exist in

a Lebesgue sense (see Section A.4).

We proceed following Oksendal (2013) and mount the SDE in a form that sug-

gests the replacement of the white noise process for another stochastic process. We rewrite

the Equation (3.1) in a discrete form. Let the partitioning of the interval [0,T ] be given by

0 = t0 < t1 < ... < tN = T such that ∆t = tn+1 − tn, and the difference equation

Xtn+1 −Xtn = f (Xtn , tn)∆t +g(Xtn, tn)Ξtn∆t, (3.2)

where Ξtn is a random function that represents the value of Wt at time tn. We assume the

existence of a stochastic process Bt such that Ξtn∆t := ∆Btn , where ∆Btn = Btn+1 −Btn . Also, Bt

is a stochastic process with independent increments and zero mean. The next step is to make

sense of the limit of this discretisation when ∆t → 0 and substitute the summation in Equation

(3.2) by an integral.

We begin by the same fashion as in Appendix A.1 when we defined the Lebesgue

integral. We define a simple function and extend it by some approximation. Let us assume we

want to approximate a function f (t,ω) by

∑
j≤0

f (t⋆,ω)1[ j2−n,( j+1)2−n)(t),

where t⋆ ∈ [ j2−n,( j+1)2−n). We want to define an integral∫
I

f (t,ω)dBt(ω), (3.3)

where I= [t0, t] as a limit of

∑
j≤0

f (t⋆,ω)
(
B( j+1)2−n(ω)−B j2−n(ω)

)
, (3.4)

as n → ∞. To this end, we need the following definitions.

Definition 3.2.1 (Adapted process (OKSENDAL, 2013)) A stochastic process Xt in the prob-

ability space (Ω,F ,P) is said to be adapted to the filtration Ft if Xt is Ft-measurable, where

{Ft ⊂ F}t≥0 is an increasing family (i.e. Fs ⊂ Ft for s < t) of σ -algebras.

In other words, considering a random variable Xt : Ω → R in the probability space (Ω,F ,P)

together with the Definition A.6, if for every Borel set B ∈ B(R) we have that X−1
t (B) ∈ Ft .

For instance, the process Bt/2 is adapted to the filtration Ft , while B2t is not.
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Be M the set of functions G(t,ω) : [t0, t]×Ω → R such that it is (B([t0, t))×F )-

measurable, Ft-adapted and with E
[∫ t

0 G2(s,ω)ds
]
< ∞. Also, we say that G(t,ω) ∈ M is a

step function if there exists a decomposition t0 < t1 < ... < tn = t such that G(s,ω) = G(ti−1,ω)

for all s ∈ [ti−1, ti) where i = 1, ...,n. It follows the definition

Definition 3.2.2 (Stochastic integral (ARNOLD, 1974)) For every function G∈M, the stochas-

tic integral of G with respect to Bt over the interval [t0, t] is defined as the random variable∫ t

t0
G(s,ω)dBs(ω) :=

n

∑
i=1

G(ti−1ω)(Bti(ω)−Bti−1(ω)).

Next, we obtain that for an arbitrary function G(t,ω) in M, there exists a series of step functions

Gn(t,ω) ∈M such that

st- lim
n→∞

∫ t

t0
|G(s,ω)−Gn(s,ω)|2ds = 0. (3.5)

The proof can be found in Arnold (1974). It can also be found the proof of Equation (3.5)

implying that the convergence of the sequence of integrals∫ t

t0
Gn(s,ω)dBs

to a specific random variable. Then, follows our final definition

Definition 3.2.3 ((Itō’s) stochastic integral (ARNOLD, 1974)) For every function G∈M, the

(Itō’s) stochastic integral of G with respect to the process Bt over the interval [t0, t] is defined as

I(G) = ms- lim
n→∞

∫ t

t0
Gn(s,ω)dBs,

where {Gn} is a sequence of step functions in M that approximates G in the sense that

lim
n→∞

E
[∫ t

t0
|G(s,ω)−Gn(s,ω)|2ds

]
= 0.

Example 6 (From Arnold (1974)) Let G(t,ω) = Bt(ω) in the Definition 3.2.3, i.e.∫ t

t0
BsdBs.

If Bt is a.s. continuous then we may write it as a sequence of step functions, then we

have by the Definition 3.2.3∫ t

t0
Bs(ω)dBs(ω) = as- lim

δn→∞

n

∑
k=1

Btk−1(ω)
(
Btk(ω)−Btk−1(ω)

)
,
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for t0 < t1 < ... < tn = t and δn = max
k

|tk − tk−1|. Let us write the sum (omitting the ω for

simplicity)

Sn =
n

∑
k=1

Btk−1

(
Btk −Btk−1

)
.

We use the identity(
Btk − (Btk −Btk−1)

)2
= B2

tk +(Btk −Btk−1)
2 −2Btk(Btk −Btk−1),

to obtain

Sn =
1
2

B2
t −

1
2

B2
t0 −

1
2

n

∑
k=1

(
Btk −Btk−1

)2
.

If Sn converges in mean square, this implies that it converges stochastically. We look then for

the mean square limit of Sn as n → ∞

ms- lim
δn→∞

Sn =
1
2

B2
t −

1
2

B2
t0 −

1
2
(t − t0).

3.2.0.1 Itō’s lemma

Other consequence of the stochastic integral is the Itō’s lemma, which is a general-

ization of the Taylor’s theorem for stochastic processes. It is used to obtain the stochastic differ-

ential equation of a function f (Xt , t), where Xt is a stochastic process defined by the stochastic

differential

dXt = f (Xt , t)dt +g(Xt , t)dBt .

The Itō’s lemma states that if f is a twice continuously differentiable function, then

d f (Xt , t) =
(

∂ f
∂ t

+
∂ f
∂x

f (Xt , t)+
1
2

∂ 2 f
∂x2 g2(Xt , t)

)
dt +

∂ f
∂x

g(Xt , t)dBt .

The d-dimensional version of the Itō’s lemma is given by

d f (Xt , t) =

(
∂ f
∂ t

+
d

∑
i=1

∂ f
∂xi

f (Xt , t)+
1
2

d

∑
i, j=1

∂ 2 f
∂xi∂x j

gi(Xt , t)g j(Xt , t)

)
dt

+
d

∑
i=1

∂ f
∂xi

gi(Xt , t)dBi
t .

where gi(Xt , t) is the i-th component of the vector g(Xt , t) and Bi
t is the i-th component of the

vector Bt . The proof of the Itō’s lemma can be found in (ARNOLD, 1974).
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3.2.0.2 Stratonovich integral

In the Definition 3.2.2 we assumed the decomposition of a function G(t,ω) in a

series of step functions, such that G(s,ω). It turns out that this is not the only way to decompose

the function. In fact, we can also decompose it as G(s,ω) = G(ti,ω) for all s ∈ [ti−1, ti). This

leads to a different definition of the stochastic integral, called Stratonovich integral which we

are going to discuss below.

The same way we defined the Itō’s integral in the Definition 3.2.3, we may define the

Stratonovich integral, but with the decomposition G(s,ω) = 1/2(G(ti,ω)+G(ti−1,ω)). Also,

we use ◦ to denote the Stratonovich integral as in the following example.

Example 7 (From Arnold (1974)) Revisiting the Example 6, let G(t,ω) = Bt(ω) in the Defi-

nition 3.2.2, i.e.∫ t

t0
Bs ◦dBs,

but now using the Stratonovich integral. If Bt is a.s. continuous then we may write it as a

sequence of step functions, then we have by the Definition 3.2.2∫ t

t0
Bs(ω)◦dBs(ω) = as- lim

δn→∞

n

∑
k=1

(Btk +Btk−1)

2
(
Btk(ω)−Btk−1(ω)

)
,

for t0 < t1 < ... < tn = t and δn = max
k

|tk − tk−1|. Let us write the sum (omitting the ω for

simplicity)

Sn =
n

∑
k=1

(Btk +Btk−1)

2
(
Btk −Btk−1

)
.

If Sn converges in mean square, this implies that it converges stochastically. We look then for

the mean square limit of Sn as n → ∞

ms- lim
δn→∞

Sn =
1
2

B2
t −

1
2

B2
t0 .

The use of the Stratonovich integral is more appropriate when we want to apply

the chain rule once it behaves like the classical calculus. Although, there are several properties

of the Itō’s integral that are not satisfied by the Stratonovich integral. For instance, the Itō’s

integral is a martingale (i.e. a stochastic process with independent increments, see Definition

A.29 in Appendix A.4) while the Stratonovich integral is not.



40

3.2.1 Existence and uniqueness of solutions of SDEs

We saw in the Section 2.3 that the existence and uniqueness of solutions of ordi-

nary differential equations is guaranteed by the Picard-Lindelöf theorem (see Section 2.3). For

stochastic differential equations, the existence and uniqueness of solutions is guaranteed by the

following definitions.

Definition 3.2.4 (Existence and uniqueness of solutions of SDEs (ARNOLD, 1974)) Let the

following stochastic differential equation be given by

dXt = f (Xt , t)dt +G(Xt , t)dBt ,

where Xt0 = C (where C is a random variable), t0 ≤ t ≤ T < ∞. The function f is assumed to

be R valued and G to be measurable on [t0,T ]×R. Both functions are assumed to follow the

conditions:

1. f and G are Lipschitz continuous, i.e. there exists a constant k > 0 such that

| f (x, t)− f (y, t)|+ |G(x, t)−G(y, t)| ≤ k|x− y|, ∀x,y ∈ R, t ∈ [t0,T ].

2. f and G are of functions of constant growth, i.e. there exists a constant K > 0 such that

| f (x, t)|2 + |G(x, t)|2 ≤ K(1+ ||x||), ∀x ∈ R, t ∈ [t0,T ].

Then, the SDE has a unique solution Xt in the interval [t0,T ] which is continuous with proba-

bility one, i.e. if Xt and Yt are two solutions of the SDE with initial condition Xt0 =C, then

P

(
sup

t∈[t0,T ]
|Xt −Yt |> 0

)
= 0.

The proof of this theorem is long and can be found in (ARNOLD, 1974). The conditions of the

Definition 3.2.4 guarantee that f and G do not change faster with the change of x.

3.2.2 Statistics of SDEs

In the next discussion, we follow Särkkä and Solin (2019) and we define the proba-

bility density function for an SDE, whose partial differential equation describing its time evolu-

tion is known as Fokker-Planck-Kolmogorov equation. We begin by defining the infinitesimal

generators which tells us how the expected values of a function of the stochastic process is

changing in time.
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Definition 3.2.5 (Infinitesimal generator (SÄRKKÄ; SOLIN, 2019)) The infinitesimal gen-

erator of a stochastic process Xt for a function φ(Xt) may be defined as

A(φ(Xt)) = lim
s↘0

E[φ(Xt+s)]−φ(Xt)

s
.

For a process Xt that solves the SDE

dXt = f (Xt , t)dt +G(Xt , t)dBt ,

which is also called Itō process, the generator operating on · is given by

A(·) = ∑
i

∂ ·
∂ [Xt ]i

[ f (Xt , t)]i +
1
2 ∑

i, j

∂ 2·
∂ [Xt ]i∂ [Xt ] j

[G(Xt , t)G(Xt , t)⊤]i j,

where [Xt ]i is the i-th component of Xt .

It can be shown that the Definiton 3.2.5 leads to the Fokker-Planck-Kolmogorov

equation.

Definition 3.2.6 (Fokker-Planck-Kolmogorov (FPK) equation (SÄRKKÄ; SOLIN, 2019))

From the Definition 3.2.5, φ(Xt) = pXt (x) is the probability density function of Xt , solution of

the SDE

dXt = f (Xt , t)dt +G(Xt , t)dBt ,

solves the partial differential equation

∂ pXt (x)
∂ t

=−∑
i

∂ [ f (Xt , t)]i pXt (x)
∂ [Xt ]i

+
1
2 ∑

i, j

∂ 2[G(Xt , t)G(Xt , t)⊤]i j pXt (x)
∂ [Xt ]i∂ [Xt ] j

,

known as the Fokker-Planck-Kolmogorov equation.

In some cases, instead of solving the complete FPK equation from Definition 3.2.6 we may

obtain some moments as the mean and covariance(SÄRKKÄ; SOLIN, 2019). For instance, if

we Taylor expand φ(Xt) and take the expectation we obtain

dE[φ ]
dt

= E
[

∂φ

∂ t

]
+E

[
∂φ

∂ [Xt ]i
[ f (Xt , t)]i

]
+

1
2 ∑

i, j
E
[

∂ 2φ

∂ [Xt ]i∂ [Xt ] j
[G(Xt , t)G(Xt , t)⊤]i j

]
.

If we choose φ(Xt , t) = [Xt ]i then dE[[Xt ]i]
dt = E[[ f (Xt , t)i]], thus we denote the complete vector of

the dynamics of the mean of the SDE as

dm
dt

= E[ f (Xt , t)], with m(t) = E[Xt ].
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By a similar argument, choosing φ(Xt , t) = [Xt ]i[Xt ] j − [m(t)]i[m(t)] j gives the complete matrix

of the dynamics of the covariance of the SDE as

dP
dt

= E
[

f (Xt , t)(Xt −m(t))⊤
]
E
[
(Xt −m(t)) f (Xt , t)⊤

]
+E

[
G(Xt , t)G(Xt , t)⊤

]
.

It is important to note that this is relevant for the Brownian motion once mean and covariance

are complete statistics for the Gaussian distribution, then we can describe the distribution of the

Brownian motion completely, if the SDE is linear. In the nonlinear case, it may happen that

the statistics to be dependent on higher order terms, turning the problem difficult to solve even

for such lower moments. Also, there are exceptions for the Gaussian distribution, as the Black-

Scholes model (BLACK; SCHOLES, 1973), which possesses multiplicative noise, but the first

two moments are obtainable in a closed form (see the Examples 5.15 and 5.16 of Särkkä and

Solin (2019)).

3.3 Numerical stochastic integration

In order to obtain numerical solutions for the SDEs the common method is a modifi-

cation of the Euler’s method for solving differential equations was proposed by (MARUYAMA,

1954). This method was named after him as Euler-Maruyama method and is defined as follows:

for a stochastic differential equation defined as

dXt = f (Xt , t)dt +g(Xt , t)dBt .

It is possible to approximate the stochastic process Xt which solves the stochastic differential

equation defined above by using the following iteration scheme

Xtn −Xtn−1 = f (Xtn−1, tn−1)(tn − tn−1)+g(Xtn−1, ttn−1)(Btn −Btn−1),

for 0 < t1 < ... < tn < ... < T such that tn = T/N. From the definition of the Wiener process

the term Btn −Btn−1 are Gaussian random variables with zero mean and variance σ2(tn − tn−1),

indicating that the solver samples from a distribution with those parameters at each iteration.

Example 8 (Simulated Wiener process) In the Figure 4 the following stochastic differential

equation is solved using the Euler-Maruyama scheme.

dXt = dBt ,

which represents the Wiener process.
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Figure 4 – In continuous line a sample path of the simulated Wiener
process. The heatmap shows the probability density function at each
time step. The dashed line is the zero mean plus and minus the standard
deviation.
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Source: Preparated by the author.

There are other methods worth of mention but not used in this work as the stochastic versions

of the Runge-Kutta method and of the Verlet method. We refer to Särkkä and Solin (2019) for

a further discussion.
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4 STOCHASTIC THERMODYNAMICS

In this chapter, the energetic quantities heat, work and entropy will be defined for the

stochastic dynamics. We begin by defining the classical understanding about thermodynamics

and them move to its stochastic description, giving place to the stochastic thermodynamics.

The theory tries to define the thermodynamics of small bodies in which the ther-

mal fluctuations are non-negligible. One of the first to note such need was (EINSTEIN, 1905)

while studying the Brownian motion. After, the emergence of the studies in biology and chem-

istry, in most cases involving mesoscopic systems, brought the attention to the applications of

such theory (PELITI; PIGOLOTTI, 2021). Furthermore, it bridges the gap between the clas-

sical macroscopic thermodynamics and the microscopic quantum thermodynamics for systems

between those scales (SEKIMOTO, 2010).

In this chapter we attempt to give a brief overview of the classical thermodynamics.

Next, we try to apply the concepts of the classical thermodynamics to the stochastic dynamics.

We will not go into details of the mathematical formalism, but we will try to give a general

overview of the theory and its applications. The reader is referred to Seifert (2008), Broeck et

al. (2013) and Peliti and Pigolotti (2021) for an introduction to the theory and its applications.

Also, to the lectures of Lee (2022) for recent advances in the field. We apply the theory to

the study of the thermodynamics of chemical reactions in order to make a parallel between the

macroscopic and the mesoscopic scales (MOU et al., 1986).

4.1 Review on classical thermodynamics

Thermodynamics is a branch of physics that deals with heat, work and their relation

to energy, entropy and the physical properties of matter and radiation. The field started with the

studies of Carnot (1824) of heat engines and their efficiency.

Primarily, the heat engines functioned using the steam generated by the boiling of

water to expand inside some cylinder a moving piston, which in turn would move a wheel.

Instead of wasting the steam after the expansion, the steam is cooled down and condensed to be

then heated again. In this cycle, only heat is supplied to the system while mechanical work is

produced by attaching any other machine to the wheel. Which substance to use in the engine,

how to design the engine, how to make it more efficient, etc. were the questions that the field

of thermodynamics aimed to answer(hence the name therme-heat and dynamis-power). As the
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result there were obtained statements about the functioning of such machines today known as

the thermodynamic laws. In this work we attain to the first and second laws stated below.

Definition 4.1 (Thermodynamic laws)

- 1st law of thermodynamics: The energy exchanged through the boundaries of a system

comprise heat and work;

∆E = Q+W

- 2nd law of thermodynamics: The variation of entropy in a system is non-negative.

∆S =
Qc

Tc
− Qh

Th
≥ 0

The 1st law deals with the conservation of energy in a closed system: the total energy

in the system (denoted by E) amounts the heat put into it and the work done. It is sufficient to

define the boundaries as any closed region of the space which we may study and that are not

crossed by any flux of energy unless the work and heat. For instance, in the steam engine which

transforms heat into work, the boundaries considered comprises the walls of the cylinder, the

piston, the tubes connecting the cylinder to the boiler, the boiler itself as also the condenser, etc.

It is conventional to consider the heat as a flow from/to a reservoir, which we call heat reservoir

or heat bath. The work W is any energy that is applied to the system from an external agent. The

reason for such distinction between energy in form of work and heat will be when we discuss

the second law. What is left out of the boundary defined is conventionally denoted as universe

where such an external agent realizing work may be in.

The 2nd law distinguishes work from heat as being a quantity of energy that can

be totally used to perform transformations. For instance, the work done against the friction

when pushing an object on a rugged surface. If the object comes to rest, all the work it was

applied is converted to heat, which we could attest by touching the object and feeling it warm.

On the other hand, we do not observe the object cooling down and putting itself into motion

spontaneously. Although we could store in a reservoir the heat generated during the push to

perform work later and then use this heat to set the object into motion again, this would require

us to have some machinery allowing the heat to flow from a reservoir that is cold to the hot one.

We can see this in the Example 9.

Example 9 Let a system with temperature T 0
S . By applying some work to the system, e.g. push-

ing a mass in the rugged surface, the system goes to a temperature T 1
S > T 0

S . Let a heat reservoir
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with temperature T 1
R < T 1

S be in contact with the system such that they exchange heat until both

reach the equilibrium with the same temperature, say T 2
S = T 2

R the temperature of the system and

the heat reservoir. As the physical properties of the system do not change, we require T 2
S = T 0

S

such that all the heat gained by the system flows to the reservoir. Finally, we use the heat stored

in the reservoir to perform work by assuming the existence of some engine which converts all

the heat to work. Assume the engine extracts heat from the reservoir changing the temperature

of the latter until it reaches T 1
R < T 2

R . If the engine exists, the system should equilibrate with the

reservoir at temperature T 1
S , which violates our assumption that T 1

R ̸= T 1
S .

Note in the Example 9 that the contradiction occurs because we assume implicitly

that the heat flows only from the hot reservoir to the cold one. This causes the system and the

heat reservoir to equilibrate at a temperature which is not when T 1
R < T 1

S as in the initial state.

The flow of heat from a cold body to the hot one is not observed in general, and due to that we

can not treat both forms of energy, work and heat, in the same manner once we may use work

to extract heat from the cold body. These machines are called refrigerators.

Another point to address with respect to the Example 9 is that the heat reservoirs

have a heat capacity, i.e. a change of temperature with respect to the heat change, compared

to the system. Otherwise, the temperature of the reservoir would not change when the system

equilibrates with it (say, the system achieves thermal equilibrium). For instance, if we put the

warmed object in the sea (considering the object very small compared to the sea), the tempera-

ture of the sea would not change as the heat capacity of the sea is much larger than the object.

This is important to note since the heat reservoirs to be dealt from now on are idealized to have

infinite heat capacity compare to the system, which resembles the difference in scale between

the heat reservoir and the small systems we are going to deal with.

We understand from this that the first law of thermodynamics simply deals with

energy conservation once any variation in the energy of the system is due to the energy variation

in somewhere else, e.g. heat reservoir or universe. The second law of thermodynamics is not as

simple. Clausius (1879) defines entropy in terms of the ability of exchanging heat between heat

reservoirs with different temperatures, such that it is observed the heat to flow spontaneously

from the warmer reservoir (with heat Qh and temperature Th) to the colder (Qc and Tc). In other

words, entropy deals with the reversibility of a process. As it is observed in the case of the cold

and warm reservoirs, it is not expected the heat flow to “reverse” towards to the cold reservoir

without some external action, we call such processes as irreversible.
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Almost two centuries after Clausius, in the 1990s it was hypothesized that violations

of the second law could happen for small-scaled systems (EVANS et al., 1993) and a decade

latter the first observations were made in laboratory experiments (WANG et al., 2002). What

happens is that the “classical” thermodynamics was first studied for systems (e.g. the heat

engine). When the scale of the systems shrinks (i.e., mesoscopic and microscopic systems) the

magnitude of the energy involved in the dynamics of such systems gets comparable to the energy

from the thermal fluctuations (PELITI; PIGOLOTTI, 2021), for instance as in the case of the

Brownian motion. A new thermodynamic theory is needed to comprise this “non-deterministic”

behavior of the systems due to fluctuations.

The discipline of stochastic thermodynamics deals with systems below the macro-

scopic scale in which the thermal fluctuations are non-negligible to the behavior of the system.

Another feature is that differently from classical thermodynamics which deals with systems in

equilibrium, the stochastic thermodynamics studies some considered nonequilibrated systems

and thus, it addresses the energetics of small systems via their dynamics. In the next section,

we use the framework of chemical reactions to analyze the difference between macroscopic and

mesoscopic systems.

4.2 Stochastic description of chemical reactions

In this work, we study the thermodynamics emerging from the fluctuations in chem-

ical reactions. There are multiple ways to represent chemical reactions, each one focusing on

a specific aspect of the process studied. In general, those representations differ themselves

according to the level of detail of the reaction mechanism. For instance, one could model the

solution of salt in water by using the Schrödinger equation. This would give a complete descrip-

tion of the system as the position of atoms and their electrons, but would not be practical once

the dynamics of the electrons move at a timescale much faster than the atoms. Some models

discard the electrons and focus on the atoms, which is known as Born-Oppenheimer approx-

imation (BORN; OPPENHEIMER, 1927). At slower scales, we have the interaction between

atoms forming molecules. As the level of agglomeration increases, the objects of study (e.g.

the molecules, proteins, etc.) become more complex and heavy such that the faster dynamics

of their smaller constituents can be neglected (KAMPEN, 1985). Thus, in order to be able yet

to model the process occurring, we use abstract models which are able to capture the essen-

tial features of the system studied. In a chemical reaction where a huge number of molecules
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are involved (i.e. a number of the order of Avogadro’s number), we do not describe the react-

ing components as the position of individual molecules but as the concentration of the species

involved. In this work, we consider that our description is able to capture the mesoscopic dy-

namics of the system, i.e. the dynamics of the system at a scale where the thermal fluctuations

are non-negligible, but fast enough to ignore the quantum effects of the atomic interactions.

This concept of timescale is important in the discussion to follow in order to define

what the equilibrium is in the case of chemical reactions. In the Section 4.1 we saw the definition

of equilibrium for a system in contact with a heat reservoir. But in the case of molecules of

water, the equilibrium is relative to the timescale at which you observe them. For instance, the

water molecules in a glass of water is at equilibrium with the room at a fixed temperature, but

the water molecules are not at dynamic equilibrium once they are jiggling around due to the

thermal fluctuation. Thus, we refer to equilibrium the variables (more specifically observables)

which do not change with time at the timescale we are observing the system. This separation

in timescales may occur also inside molecules whenever the conformal change in the atoms

composing the molecule occurs at the same timescale as the system is observed. In this case,

we may abstract our space of possible states of the system observed (i.e. the state-space) and

consider states representing also the conformal changes of the molecule.

In the following sections, we review the macroscopic perspective of the theory of

chemical reactions. Next, we introduce the stochastic approach to the theory leading to the

description of the mesoscopic scale.

4.2.1 Macroscopic description

For the discussion that is going to follow, we consider a chemical reaction below.

Example 10 (Synthesis reaction) Consider the reaction

A+B
kAB−→ AB

where A and B are the reactants and AB is the product. The reaction is characterised by the

rate constant kAB.

The representation in the Example 10 denotes a simple example of a chemical reaction where

two reactants, A and B, combine to form a product, AB. This may occur in several ways, e.g. a

molecule of A may collide with a molecule of B and continue united forming the product AB.
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The rate at which these collisions occur is given by the rate constant kAB. It might be the case

the molecules jiggles so much due to thermal fluctuations that both molecules dissociate and

the molecules of A and B are formed again in the separated state. In this case, we should also

consider this reverse reaction in the description of the reaction.

Example 11 ((Reversible) synthesis reaction) Consider the reaction of the Example 10 but

now with the reversible path

A+B
k−AB↼−−−−⇁
kAB

AB,

where k−AB is the rate constant of the reverse reaction.

We now consider a (closed) system with a volume V containing the reactants A and

B. The concentration of the species A, B and AB are denoted by [A], [B] and [AB], and represent

the number of molecules of each species per volume V . As the system is closed, the total

number of species of the system is conserved, i.e.

[A]+ [B]+ [AB] = constant.

This system is considered to be at a temperature T and the spatial distribution of the molecules

is homogeneous. The rate at which the concentration of the species of the Example 10 changes

is given by the law of mass action.

Definition 4.2.1 (Law of mass action) The rate at which the concentration of the species of a

chemical reaction changes is proportional to the product of the concentrations of the reactants.

By the Definition 4.2.1, the rate at which the concentration of the product AB changes equals

d[AB]
dt

= kAB[A][B]− k−AB[AB].

But notice that due to the conservation of the number of molecules, the rate at which the con-

centration of the reactants changes is the opposite of the rate at which the concentration of the

product changes. Thus, we have

d[A]
dt

+
d[B]
dt

=
d[AB]

dt
.

More specifically, as A only reacts in the presence of B, we can also conclude that d[A]/dt =

d[B]/dt. When the change in the concentration of the species is ceased, we say the system
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is at chemical equilibrium and thus the derivatives go to zero. Such equilibrium is achieved

whenever the concentration of the species get the ratio

[AB]
[A][B]

=
kAB

k−AB
.

It must be pointed out that such equilibrium depends on the scale at which the system is ob-

served. First, due to our assumption that the system is at a temperature T ̸= 0, thus there is

movement of the particles constituting it. This allows the species to react and dissociate, but at

a rate which does not allow us to observe (macroscopically) any change in the concentration.

4.2.2 Stochastic description

One may notice that the concentration of the species is a continuous variable. This

is a good approximation when the number of molecules is large. Also, by the law of large

numbers (see Definition A.25), we may be led to believe that the concentration of the species is a

deterministic variable. However, when one focuses on the processes occurring at the molecular

level, the continuous assumption is not true simply by the fact that, if two molecules, say A

and B from the Example 10, are in the same place at the same time, they will react and form

the product AB. By the end of the collision, the number of molecules of A, B and AB will

change by a discrete value. Furthermore, the fact that the molecules collide with each other

is given by chance, and thus the number of molecules of each species is a stochastic variable.

These two facts must be accounted when modelling in the mesoscopic scales where the number

of molecules is not large enough to ignore the stochasticity of the system by considering its

“average” behavior. In the discussion to follow, we review the approach by Gillespie (1976) to

model systems in which the stochasticity in chemical reactions is accounted.

Considering that a chemical reaction occurs whenever the molecules of the species

collide, we proceed by modeling from a probabilistic perspective how these collisions now

considered to be random affect the number of molecules of each species. We assume that the

system is composed by gas-like molecules, i.e. the molecules are not in contact with each other

and the only interaction between them is due to the collisions. The system is also assumed to

be in a heat reservoir at a fixed temperature T and the spatial distribution of the molecules is

homogeneous in the volume V . In Figure 5 we consider the molecules to be spherical. The

volume δVcollision represents the volume in which the collision between the molecules sA of

species A and sB of species B occurs. The chance of finding a molecule inside δVcollision is
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Figure 5 – The collision volume δVcollision (gray area) is the
volume in which the molecules sA and sB collide. The colli-
sion occurs because the molecules need to be far from at least
the sum of their rAB = rsA + rsB . The velocity of sA relative
to sB is vAB. If the center of the molecule sA is found inside
the volume δVcollision = πr2

ABvABδ t during the interval δ t, the
molecule sB will have collided with molecule sA.

Source: Adapted from Gillespie (1977).

given by the ratio δVcollision/V . If the molecules sA and sB move in random directions, the

average of this ration is

E
[

δVcollision

V

]
=

πr2
ABE [vAB]δ t

V
,

which is nothing more than the average probability that a single molecule of sB collides with a

molecule of sA in the time interval δ t. Obviously, if there are in the volume V NA molecules

of sA and NB molecules of sB, the average number of collisions in the time interval δ t is given

by NANBV−1πr2
ABE [vAB]δ t. This characterises the system by a probability of collision per unit

time δ t. If such collisions result in chemical alterations called reactive collisions, one finds the

reaction probability rate. To connect the aforementioned discussion with the chemical reaction

rate, assume that the species sA and sB react via a reaction, say rm. Let cmdt be the probability

of a single reactive collision between the molecules sA and sB in the time interval dt. Gillespie

(1976) shows that if the reaction rm occurs with a rate km, the reaction probability rate for a

reaction of the type of the one in Example 10 is related to the reaction rate km by V cm = km.

Such connection is specific to the type of the reaction rm. Another example is given below.
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Example 12 (Dimerisation reaction (GILLESPIE, 1976)) Consider the reaction

2A
kAA−→ A2

where A2 is the dimer of A. The reaction is characterised by the rate constant kAA. The reaction

probability rate is given by cAA = 2V−1kAA.

By having the probability rate, we may describe the temporal evolution of the sys-

tem with a Markov process. In the following, we will describe the Markov process in terms of

the master equation which describes the time evolution of the probability distribution of the sys-

tem. Also, we will describe the system in terms of the stochastic trajectory which is a sequence

of events that occur in the system.

4.2.2.1 Chemical master equation

In this section we are going to deal with a general case of the types of chemical

reactions, called chemical reaction networks (CRNs), which are a general framework to describe

and analyze chemical reactions involving multiple species and reactions. A CRN is defined

by a set of species {s1,s2, . . . ,sN} and a set of reactions {r1,r2, . . . ,rM} (GILLESPIE, 1976;

SCHMIEDL; SEIFERT, 2007). Each reaction rm is represented as

N

∑
i=1

ν
−
imsi

km−→
N

∑
i=1

ν
+
imsi,

where ν
−
im and ν

+
im are the stoichiometric coefficients of species Si as reactants and products,

respectively, in reaction rm, and km is the rate constant of the reaction. The net change in the

number of molecules of species Si due to reaction rm is given by the stoichiometric difference

∆νim = ν
+
im −ν

−
im.

The state of the system at time t is described by the vector X t ∈ ZN
+, where X t =

[(X1)t ,(X2)t , . . . ,(XN)t ] with (Xi)t being the number of molecules of species Si at time t. The

time evolution of the probability distribution P(X t) is governed by the solution of chemical

master equation (CME)

∂P(X t)

∂ t
=

M

∑
m=1

[am(X t −∆νm)P(X t −∆νm)−am(X t)P(X t)] , (4.1)

where am(X) is called the propensity function of reaction rm, defined as the probability per

unit time that reaction rm occurs given the state X , and the stoichiometric vector is ∆νm =



53

[∆ν1m, . . . ,∆νNm]. For mass-action kinetics, the propensity function is

am(X) = cm

N

∏
i=1

(
Xi

ν
−
im

)
= cm

N

∏
i=1

Xi!
ν
−
im!(Xi −ν

−
im)!

,

To the complete derivation of the Equation (4.1), we refer to Gillespie (1976), although for the

discussion to follow it is important to make sense of the terms in it. The propensity am(X−∆νm)

quantifies the rate at which the probability of the system changes from the state X −∆νm to

the state X given that the probability of the system to be in the state X − ∆νm at time t is

P(X t −∆νm). In the opposite direction, the system may leave the state X to the state X −∆νm

at probability rate am(X). The difference between these two terms gives the net change in the

probability of the system to be in the state X at time t. To put in terms of the common notation

in the literature for master equations of Markov processes (see Equation (A.1) and Kampen

(1992)),

∂P(X t)

∂ t
= ∑

X ′
t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
]
,

where W (X ,X ′) is the transition rate from state X ′ to state X . The chemical formulation simpli-

fies the states X ′ to X −∆νm, i.e. the states are only the ones that are reachable by the reactions.

Solving Equation (4.1) is a difficult task in most of the cases. Jahnke and Huisinga

(2007) present a method to solve the CME analytically for the case of monomolecular reactions,

i.e. reactions that involve only one species. For other cases, one may resort to numerical

methods, although these methods also suffer from the high dimensionality of representation of

the solution P(X t) when the total number of molecules is large. For instance, a CRN containing

3 species with a 103 of molecules each results in a space of 109 possible states. Numerical

solvers often resort to approximations to deal with this high dimensional state-space. To number

a few: Munsky and Khammash (2006a) propose the Finite State Projection (FSP) method which

truncates the state-space of possible states X in order to keep the solution memory-efficient.

Dolgov and Khoromskij (2015) propose a specific construction of the states of the system using

the reduction of dimensionality from tensor techniques.

4.2.2.2 Stochastic simulation algorithm

One may use the stochastic simulation algorithm (SSA) which is a Monte Carlo

method to simulate the time evolution of the system proposed by Gillespie (1976). The SSA

is a discrete event simulation algorithm that generates a stochastic trajectory of the system
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by simulating the occurrence of reactions in a CRN. The called Gillespie algorithm runs by

generating a sequence of random numbers to determine the time intervals between reactions

and the specific reactions that occur.

Definition 4.2.2 (Gillespie algorithm (GILLESPIE, 1976)) The Gillespie algorithm is a stochas-

tic simulation algorithm that generates a stochastic trajectory of the system by simulating the

occurrence of reactions in a CRN. Let X t be the state of the number of molecules at the time t.

The algorithm proceeds as follows:

1. Initialize the system with an initial state X0 and time t0 = 0.

2. Calculate the propensity functions am(X t) for all reactions rm.

3. Generate two random numbers U1 and U2 uniformly distributed in the interval (0,1).

4. Calculate the time increment ∆t =− 1
∑

M
m=1 am(X t)

ln(U1).

5. Determine the next reaction to occur by finding the smallest integer j such that

j−1

∑
m=1

am(X t)<U2

M

∑
m=1

am(X t)≤
j

∑
m=1

am(X t).

6. Update the state of the system: X t+∆t = X t +∆ν j.

7. Update the time: t = t +∆t.

8. Repeat steps 2-7 until a stopping criterion is met (e.g., reaching a certain time or number

of reactions).

4.2.2.3 Chemical Langevin equation

Despite the handful of methods to solve the CME, describing the reacting system

in terms of discrete states is yet computationally expensive when the number of molecules is

large. It can be shown that under certain conditions, a system whose probability distribution is

described by the CME can be approximated by a set of stochastic differential equations known

as the chemical Langevin equation (CLE), named after the similarity with the equation of the

Langevin dynamics (GILLESPIE, 2000).

Following Horowitz (2015), we consider a time-interval ∆t such that many reactions

occur, i.e. am(X t)∆t ≫ 1. At the same time, we consider the time-interval ∆t to be small enough

such that the propensity functions do not change significantly, i.e. am(X t+∆t) ≈ am(X t). Such

assumptions are satisfied in general for systems with a large population of molecules. The
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Figure 6 – Simulation of the Michaelis-Menten reaction mechanism (see Section 6.1) at some
time instant t. As there are four reacting species involved (S, E, ES, P), the probability
mass function describing the probability of a given number of molecules of each species is
four-dimensional, which is difficult to represent graphically. Therefore, we opted for plotting
just the two-by-two marginals of the species represented in the axes. Over the heatmap, a
draw of a single realization of the stochastic simulation algorithm. The initial state is set at
(120,0,0,301), and the rate constants are kE+S→ES = 1.66× 10−3, kE+S→ES = 1.66× 10−3,
kES→E+S = 1.0×10−4, kES→E+P = 0.1 and kE+P→ES = 1.0×10−4. The CME is solved using
Euler’s method, concentrating all the probability in the single initial state previously men-
tioned. Notice that in the E ×ES marginal (at the 3rd-row and 1st-column) the marginal is
a flat distribution completely concentrated on planes parallel to the E = −ES line. This is
because the total number of enzymes E (i.e. E +ES) is fixed.

Source: Prepared by the author.

change in the number of molecules of all species ∆X t in the time interval ∆t is given by

∆X t =
M

∑
m=1

∆νm (∆(Nm)t) ,
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where ∆(Nm)t is a Poisson-distributed random variable representing the number of times the

reaction rm occurs in the time interval ∆t. This formulation allows us to write the stochas-

tic process resulted from the Gillespie algorithm in the differential form. Taking the limit of

Equation (4.2) as ∆t → dt, we have

dX t =
M

∑
m=1

∆νm (d(Nm)t) , (4.2)

where the increments d(Nm)t are a Poisson-distributed random variables with mean and variance

equal to am(X t)dt. As it was assumed the number of reactions to be large, we can approximate

the Poisson distribution by a Gaussian distribution with mean and variance equal to am(X t).

Thus, we have in the limit ∆t → dt that

dX t =
M

∑
m=1

∆νm

(
am(X t)dt +

√
am(X t)d(Bm)t

)
,

where d(Bm)t is a Wiener process for each m-th reaction and independent of each other.

4.3 Energetics for Markov processes

In the introduction of this chapter we discussed the classical approach to thermody-

namics. However, the classical approach is not able to describe the energetics of small systems

where the thermal fluctuations are non-negligible. Nevertheless, we are still able to define the

same thermodynamic quantities for such systems. To illustrate this, in this section we define the

energetics of a Markov process applied in the context of chemical reactions.

Whenever a reaction occurs, some energetic quantity is exchanged with the sur-

roundings. Such quantity we identify as heat, following our classical approach to thermody-

namics. In order to quantify the heat exchanged, we modify our CRN description such that

if we have defined a set of reactions {r1,r2, . . . ,rM}, there will be a set of reversed reactions

{r1−,r2−, . . . ,rM−} such that the reaction rm− is the reverse of the reaction rm. The reversed

reaction rm− varies the state of the system in the opposite direction of the reaction rm, thus we

have that ∆νm− =−∆νm. If allow our reacting system to evolve, it will reach an equilibrium. In

macroscopic terms, the concentration of reacting species will not change. But this only means

that the average of the number of molecules of each species does not change. Let us assume that

we have a reacting system that reached the equilibrium. We are going to identify the probability

of the system to be in the equilibrium state as Peq(X). By the Maxwell-Boltzmann statistics
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(TOLMAN, 1979), this probability equals

Peq(X) =
1
Z

e−βε(X),

where Z = ∑X e−βε(X) is the partition function, β = 1/(kBT ) is the inverse temperature and

ε(X) is the energy of the system in the state X . If we have another state X ′ also in equilibrium,

both relate to each other by the

Peq(X)

Peq(X ′)
= e−β (ε(X)−ε(X ′)),

which means that the ration between the probability of the system being in each state (while

in equilibrium) depends only on the energy difference between the two states. Furthermore,

the equilibrium property of the system implies that we can use the detailed balance condition

defined in Equation (A.2) to write the relation

Peq(X)

Peq(X ′)
=

W (X ,X ′)
W (X ′,X)

= e−β (ε(X)−ε(X ′)).

From a tabletop perspective, the detailed balance is not able to identify uniquely the transition

rates W (X ,X ′) and W (X ′,X). However, it is able to identify the ratio between them if the energy

difference between the states and the temperature are known.

Back to the system in equilibrium, we identify that when the system jumps between

the two states, there is an energy unbalance we need to account for. We assume that, as our

system is in contact with a heat reservoir, the energy unbalance is compensated by the heat

exchanged with the reservoir.

The main result of the theory is to identify this quantity also when the system is out

of equilibrium by its interactions with the heat reservoir, the latter remaining in equilibrium.

We follow Esposito and Broeck (2010) and analyze the entropy of the master equation of the

system using the definition of entropy given by Shannon (1948). Consider the entropy

st =−kB ∑
X

P(X t) lnP(X t),

where P(X t) is the probability of the system to be in the state X at time t. The master equation

leads us to write the time derivative of st

ṡt =−kB ∑
X

[
∂P(X t)

∂ t
lnP(X t)+P(X t)

∂

∂ t
lnP(X t)

]
,

=−kB ∑
X

[
∂P(X t)

∂ t
lnP(X t)+P(X t)

1
P(X t)

∂P(X t)

∂ t

]
.
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The second term in the right-hand side vanishes due the fact that ∑X ∂P(X t)/∂ t = 0, i.e. if there

is conservation of probability the rate of change of probability must be such that when we sum

over all the states, the result is zero leading to no “leak” or “gain” of probability. Next, we can

use the master equation to find

ṡ(t) =−kB ∑
X t

[(
∑
X ′

t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
])

lnP(X t)

]

=
kB

2 ∑
X t ̸=X ′

t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
]

ln
P(X ′

t)

P(X t)
,

=
kB

2 ∑
X t ̸=X ′

t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
]

ln
W (X t ,X ′

t)

W (X ′
t ,X t)

+
kB

2 ∑
X t ̸=X ′

t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
]

ln
W (X t ,X ′

t)P(X
′
t)

W (X ′
t ,X t)P(X t)

,

:= ṡe(t)+ ṡi(t),

where ṡe(t) is the average entropy flux rate and ṡi(t) is the average entropy production rate1. The

reason behind the naming will become clear in the following. We assume that our system is in

contact with a heat reservoir at a fixed temperature T , thus the system is in (thermal) equilibrium

with the reservoir. It is also assumed that if any reaction occurs, it is due to the energy exchanged

with the reservoir as heat implying that the rate at which the system “switches” between the

states X and X ′ relates to the heat exchanged with the reservoir by the Boltzmann factor. This

allows us to identify

ṡe(t) =− 1
2T ∑

X t ̸=X ′
t

[
W (X t ,X ′

t)P(X
′
t)−W (X ′

t ,X t)P(X t)
](

ε(X t)− ε(X ′
t)
)
,

=− 1
T ∑

X t ̸=X ′
t

[
W (X t ,X ′

t)P(X
′
t)
](

ε(X t)− ε(X ′
t)
)
,

=− 1
T ∑

X t

∂P(X t)

∂ t
ε(X t)

:=− q̇
T

where q̇ is the rate of heat exchanged with the reservoir. This resembles the second law of

thermodynamics. If the system is driven slowly enough, is will keep the equilibrium at the

same time it changes the energy of their states. By this count we have the energy delivered to
1 The subscripts are chosen in accordance with bibliographic reference, the letters e and i representing “external”

entropy change and “internal” entropy change, respectively.
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the system as work, which average rate values

ẇ := P(X t)∑
X t

∂ε(X t)

∂ t
.

We recover then the first law of thermodynamics as

ε̇ = ẇ+ q̇.

Notice that the first law is recovered as an average value once we have that

ε = ∑
X t

P(X t)ε(X t).

It remains for us to identify the average entropy production rate. From non-equilibrium

thermodynamics (GROOT; MAZUR, 2013), whenever the entropy of the system changes, this

change is the sum of the entropy supplied to the system by its surroundings and the entropy pro-

duced by the system. When the system is in equilibrium, the entropy produced by the system is

zero. We observe this by the definition of ṡi(t), that is zero when detailed balance is satisfied.

4.3.0.1 Stochastic entropy

The energetic quantities aforementioned represent average rates of the evolution of

the system, but a pathwise description can also be obtained if, for instance we consider the

average entropy rate as an average in Xt of Peliti and Pigolotti (2021)

St =−kB lnP(Xt),

evaluated for the state of the system Xt at the instant t, considering we know the probability

P(Xt) of the system to be at that state. Thus, St is a stochastic process representing the nonequi-

librium entropy of a realization of the system. From non-equilibrium thermodynamics, the total

variation of entropy Stot
t is given by (PELITI; PIGOLOTTI, 2021; GROOT; MAZUR, 2013)

Stot
t = ∆Si

t +Se
t

where ∆Si = St −S0 is the entropy production in a single trajectory given by the internal (with

respect to the system) variation of entropy, and Si is the entropy flux given externally by a heat

reservoir, to the system. Thus, the entropy flux evaluates

Se =
1
T

Q(Xt),
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where T is the classical thermodynamic description of the temperature of the heat reservoir, and

Q(Xt) is the heat given by it to the system when the latter is found in the state Xt .

To substantiate the reader unfamiliar with deep understanding with classical ther-

modynamics, the quantity Q(Xt) is taken from a well known system, as the heat reservoir, which

is in equilibrium and thus all the classical thermodynamic description is available. We conclude

then that such stochastic quantities mentioned above can not be fully described if there is no

equilibrium system as a heat reservoir interacting with the system. Then the existence of such

reservoir is assumed from the beginning.x

4.3.0.2 Thermodynamic consistency

In Section 4.2.2.3 we presented the CLE approximation of the CME. If the differ-

ential equations for both the CLE and the CME describe the same system, we should be able to

identify the same thermodynamic quantities for both cases and expect them to be equal. This

is not the case for the entropy production rate of the CLE and the CME, as shown by Horowitz

(2015), unless the system is in equilibrium. This occurs because the CLE does not provide a

precise description about which reactions took place, and then we loose information about the

entropy production rate.
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5 GAUSSIAN PROCESS STATE-SPACE MODEL

In this chapter the Gaussian process state-space model is revisited following the

approach of Sarkka and Hartikainen (2012) using the Bayesian inference framework. The model

is justified when the data is a time-series which allows us to make use of assumptions as the

Markovian property to reduce the computational burden for processing the estimation. Also,

the use of the state-space approach to model probabilistically solutions to ordinary differential

equations is reviewed.

5.1 Historical overview in signal processing

Another of the contributions from Wiener (1949) is the Wiener filter named after

him. He proposed to estimate a signal which is corrupted by (additive) Gaussian noise requiring

the minimal error (in the mean squared sense) between the signal and the corrupted measure-

ments. Inspired by this idea, Kalman (1960) proposes the filter named after him. Differently

from the Wiener filter, the Kalman filter is able to approach also the dynamics (if given) of the

process to be estimated due to its state-space representation which allows ones to include the

information about the dynamics of the signal.

More recently, and with the growth of the field of machine learning, the Gaussian

process model emerged as flexible tool for signal estimation, by the time more advantageous

than neural networks due to the lack of expressivity of the models (RASMUSSEN; WILLIAMS,

2005). With the increase of the number of data, the shortcomings of the Gaussian process

started to limit its progress and a variety of alternatives to approach the high-dimensional data

were proposed (for a survey, see Liu et al. (2020)).

5.2 Review on Bayesian inference

The Bayesian inference framework lies on the Bayes’ rule to solve the called inverse

problems (TARANTOLA, 2005). The framework is summarized by the following: a prior

probability density pX(x) is assumed to model the uncertainty one has about the value of the

variable X . To decrease the “uncertainty” about X , a set of measurements are done in a variable

Y that has its probability dependent on X via the conditional density pY |X(x,y), also known

as likelihood. This gives us the posterior density using the law of total probability and the
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conditional probability

pX |Y (x,y) =
pY |X(x,y)pX(x)

pY (y)
=

pY |X(x,y)pX(x)∫
pY |X(x,y)pX(x)dx

.

The integral in the denominator in general can not be obtained analytically unless

specific cases (MACKAY, 2003). We showcase in the next section how to obtain the posterior

density of a Gaussian process.

5.3 Gaussian process regression

Given a dataset {(xn,Yn)}N
n=1, where xn ∈ RDx are input vectors and Yn ∈ RDy are

corresponding observations, Gaussian process regression aims to “learn” a function f (x) that

maps inputs to outputs. By learn, we mean that, given the set of inputs, we apply the Bayes’ rule

to obtain the posterior distribution of the function f (x) given the observations. The Gaussian

process regression is a non-parametric Bayesian approach to regression, where the function f is

assumed to be drawn from a Gaussian process as a prior, i.e. f (xn) = Xn where Xn are Gaussian

distributed random variables. The multivariate marginal density of this process is assumed to

be

pX1,...,XN (x1, ...,xN) =N(0,K),

where 0 ∈ RN is a vector whose entries equal 0 and K is the covariance matrix of the process

measuring the covariance between Xn = f (xn) and Xm = f (xm).

The covariance function k(xn,xm) is a function of the inputs xn and xm and is as-

sumed to be positive-definite. The covariance function encodes the prior assumptions about the

smoothness, periodicity, and other properties of the function f .

In a general setting, the observations yn are assumed to be corrupted by Gaussian

noise, i.e. Yn = Xn+σyξn, where ξn is a Gaussian random variable with zero mean and variance

equal to 1. The likelihood of the observations given the function values is given by

pYn|Xn(yn,xn) =N(yn | Xn,σ
2
y ).

We assume that the observations are independent given the function values, so the joint likeli-

hood of the observations is given by

pY1,...,YN |X1,...,XN (y1, ...yN ,x1, ...,xN) =
N

∏
n=1

pYn|Xn(yn,xn).
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Our aim is to obtain the posterior density of the function values given the observations, i.e.

pX1,...,XN |Y1,...,YN (x1, ...,xN ,y1, ...,yN). By applying the Bayes’ rule we obtain the posterior den-

sity as

pX1,...,XN |Y1,...,YN (x1, ...,xN ,y1, ...,yN) =

∏
N
n=1 pYn|Xn(yn,xn)pX1,...,XN (x1, ...,xN)∫

RDx · · ·
∫
RDx ∏

N
n=1 pYn|Xn(yn,xn)pX1,...,XN (x1, ...,xN)dx1 · · ·dxN

.

One may also be interested in the posterior density of the function values at inputs

x∗ that were not observed, i.e. pX∗|Y1,...,YN (·) for short. Notice that the random variables X∗ and

Xn represent the values of the same Gaussian process but at different inputs. Thus, we can write

the wanted posterior density as the following marginalization

pX∗|Y1,...,YN (x∗,y1, ...,yN) =∫
RDx

· · ·
∫
RDx

[
pX∗|X1,...,XN (x∗,x1, ...,xN)

pX1,...,XN |Y1,...,YN (x1, ...,xN ,y1, ...,yN)
]

dx1 · · ·dxN .

Those integrals are tractable if we keep the assumption of a Gaussian process and Gaussian

observations due to the Gaussian noise. Otherwise, one might run into trouble when trying to

evaluate those posteriors analytically.

On the Gaussian case, we have the statistics of the posterior. The solution analyti-

cally obtained is also a Gaussian distribution whose sufficient parameters to describe it are given

by (RASMUSSEN; WILLIAMS, 2005)

pX |Y (x1, ...xN ,y1...,yN) =N(X | E[X ],Var[X ])

E[X ] = K
(
K+σ

2
y I
)−1

Y ,

Var[X ] = K+K⊤ (K+σ
2
y I
)−1 K

where X = [X1, ...,XN ]
⊤, Y = [Y1, ...,YN ]

⊤ and the matrix K has entries Ki, j = Cov[Xi,X j].

The main drawback of this method is that the matrix inversion required to obtain

the parameters of the posterior distribution has requires O(N3) for N observations, which is

not scalable with the increase of number observations, considering we are just evaluating the

correlations in time. If the correlations are also taken in other dimensions as the dimensions of

Xt , this complexity scales up with N ·max(Dx,Dy), in the worst case. In the next section we

define the problem in state-space form to overcome the cubic cost of the posterior computation.
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5.3.0.1 Filtering and smoothing

The posterior obtained in the previous section brings more information than what

might be necessary in real-time applications. This is the case for the called filtering problems

in which one needs just a single estimate of XN given all the measurements Y1, ...,YN . In such

cases, the covariance of XN with another Xn for n = 1, ...,N −1 may not be important, but only

its variance. With such requirements, we may assume the process Xn to be Markovian, leading

to the simplification

pXN |X1,...,XN−1(·) = pXN |XN−1(xN ,xN−1).

Using this fact together with the Bayes’ rule and the Chapman-Kolmogorov gives the called

Bayesian filtering equations (SÄRKKÄ; SVENSSON, 2023a).

Definition 5.3.1 (Bayesian filtering equations (SÄRKKÄ; SVENSSON, 2023a)) The marginal

posterior density pXn|Y1,...,Yn(·) is obtained recursively for n = 1, ...,N through the following two

equations1

1. The predictive density of Xn is computed through the Chapman-Kolmogorov equation

pXn|Y1,...,Yn−1 =
∫
Rd

pXn|Xn−1 pXn−1|Y1,...,Yn−1dxn−1; (Prediction equation)

2. The Bayes’rule updates the predictive density of Xn on the light of the “new” measurement

Yn

pXn|Y1,...,Yn =
pYn|Xn−1 pXn|Y1,...,Yn−1∫

Rd
pYn|Xn−1 pXn|Y1,...,Yn−1dxn

; (Update equation)

assuming that for n = 1 we have pX1|Y0 := pX1 .

A celebrated example of implementation of those equations is the Kalman filter,

which is illustrated in the following example.

Example 13 (Kalman filter (SÄRKKÄ; SVENSSON, 2023a)) The transition and the likeli-

hood probability densities observations for a linear system as the one in Equation (2.11) with

B = 0 are, respectively

pXn|Xn−1(xn,xn−1) =N(Xn | AXn−1,Qn−1),

pYn|Xn(yn,xn) =N(Yn | HXn,Rn),

1 The respective functions depend on the variables x1, ..., y1, ..., but were omitted for readability.
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where A is the dynamics matrix as in Equation (2.11a), H is the observation matrix as in

Equation (2.11b), Rn is the covariance of the observations Yn and Qn−1 is the covariance of the

states Xn−1. The Kalman filter algorithm obtains iteratively the parameters of the posterior

pXn|Y1,...,Yn(xn) =N(Xn | mn,Pn)

via

mp
n = An−1mn−1,

Pp
n = An−1Pn−1A⊤

n−1 +Qn−1,

Sn = HnPp
nH⊤

n +Rn,

mn = mp
n +Kn(Yn −Hmp

n),

Pn = Pp
n −KnSnK⊤

n .

The function pXn|Y1,...,Yn(xn) obtained in the Example 13 is only on xn given that the parameters

mn and Pn already comprise the dependence on Y1, ...,Yn via the statistics obtained recursively.

The computational burden to evaluate the matrices in the Kalman filter is still a

single matrix inversion, but now only with O
(
N ·max(Nx,Ny)

3). Thus, if the process Xn as

well as the observations Yn are low dimensional, the problem scales linearly with the number of

observations (SARKKA et al., 2013).

5.3.1 Gaussian process kernels

One of the main characters in the Gaussian process regression is the covariance

function, or Gaussian process kernels, that models the correlations between different points of

the process Xn. This because the Gaussian process is said to be a non-parametric model, once

there are no parameters over which the inference is done to then, infer the latent variables, say

to obtain the posterior in Xn. Besides that, the modeler is prone to choose a covariance function

to obtain K for the prior density N(0,K). Some examples are given in the Figure 7 whose

expressions of the functions are given in the Examples 14 and 15.

Example 14 Squared exponential kernel (RASMUSSEN; WILLIAMS, 2005) The squared expo-

nential covariance function has the form

kSEXP(r) = σ
2 exp

(
r2

2ℓ2

)
,
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Figure 7 – Examples of covariance functions. The Matérn
function has a faster decay with the difference τ = |n−m| be-
tween the variables Xn and Xm, than the Squared Exponential
function for the same set of parameters values.
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Source: Prepared by the author.

with the parameter ℓ defining the characteristic length-scale and σ the intensity.

A property of the squared exponential in Example 14 that will be useful latter is that this kernel

is infinitely mean squared differentiable.

Example 15 Matérn kernel (RASMUSSEN; WILLIAMS, 2005) The class of Matérn covariance

functions has the form

σ
2 21−ν

Γ(ν)

(√
2ν

r
ρ

)ν

Kν

(√
2ν

r
ρ

)
,

with the parameter ℓ defining the characteristic length-scale, σ the intensity, Γ(ν) the Gamma

function and Kν the modified Bessel function. For ν = 3/2, we have

kMA(r) = σ
2

(
1+

√
3r
ℓ

)
exp

(
−
√

3r
ℓ

)

5.3.1.1 Converting a covariance function to a dynamic matrix

It is possible to construct a Gaussian process as result of the Kalman filter given

a certain dynamic matrix A. Following Sarkka and Hartikainen (2012), the strategy aims to

construct A such that the posterior density given by Kalman filter has the same spectral density

as the desired Gaussian process. This is possible due to the Wiener-Khinchin theorem.
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The approach is to consider that a hypothetical dynamics in function of the random

process Bt

aq
dq

dtq Xt + ...+a1
d
dt

Xt +a0Xt =
d
dt

Bt ,

whose state-space format is

dX t =



0 1 0 ... 0

0 0 1 ... 0
... . . . . . . . . . ...

0 ... ... ... 1

a0 a1 ... ... aq


X tdt +



0

0
...

0

1


dBt (5.1)

with X t :=
[
X (0)

t , X (1)
t , ... , X (q)

t

]⊤
such that X (q)

t is a stochastic process of the same kind

of Xt . Also, that dX t :=
[
dX (0)

t , dX (1)
t , ... , dX (q)

t

]⊤
. Taking the Fourier transform of this

equation gives

X(iω)(an(iω)n + ...+a1(iω)+a0) =W(iω),

X(iω)G(iω) = B(iω),

where the respective Fourier transforms are F{X t} = X(iω), F{dBt} = W(iω) and G(iω) :=

(an(iω)n + ...+a1(iω)+a0). This gives the spectral density of the process Xt

S(ω) := X(iω)X(−iω) = qc|G(iω)|2

where we assumed |W(iω)|2 = qc
2. The next step is to use the Wiener-Khinchin theorem to

relate the spectral density S(ω) with the correlation of the process Xt . Such relation is given by

RX(τ) = F−1{S(ω)},

where F−1 is the inverse Fourier transform of the spectral density S(ω) and RX(τ) the correla-

tion between the Xt and Xt ′ , with τ = t − t ′. Notice that, this relation works in both ways, either

we may construct stochastic differential equations from correlation function by applying the

Fourier transform, or we may obtain correlation functions from stochastic differential equations

via the inverse Fourier transform. This is not restrictive given we may construct correlation

functions in a direct sense using the properties of the expectation (for correlation functions

obtained from state-space models, see Grigorievskiy and Karhunen (2016)).
2 We saw in Example 23 that such process is not physically possible once requires infinity energy, but it is

mathematically convenient then we proceed with it.
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Example 16 (Matérn covariance function (SARKKA; HARTIKAINEN, 2012)) The family

of Matérn covariance functions are given as

C(τ) =
21−ν

Γ(ν)

(√
2ν

τ

ℓ

)ν

Kν

(√
2ν

τ

ℓ

)
where ν , ℓ > 0 are the smoothness and the length-scale parameters. The function Kν is the

modified Bessel function. The spectral density of C(τ) is

S(ω) ∝ (λ 2 +ω
2)−(ν+1/2)

where λ =
√

2ν/ℓ. A possible factorization of the spectral density is S(ω)∝ (λ 2+ω2)−(p+1)(λ +

ω)−(p+1), where ν = p+1/2. This results in the following transfer function for the stable part

G(iω) = (λ +ω)−(p+1).

For instance for p = 1 we obtain the corresponding stochastic differential equation

dX t =

 0 1

−λ 2 −2λ

X tdt +

0

1

dBt ,

where X t = [X (0)
t ,X (1)

t ]⊤.

5.4 Gaussian ODE filters

Continuing in the state-space approach, we follow Kersting et al. (2020) to use the

property that we are able to recast initial value problems such as the solution in time of an ODE

as a SDE. This sets a probabilistic interpretation to the numerical methods used to solve the

“classical” ODE problems, allowing us to employ the language of probability theory to treat the

limited knowledge one may have about the numerical computations. We refer to the literature

under the name of Probabilistic Numerics to a more comprehensive set of probabilistic ap-

proaches to classical numerical methods beyond ODE solvers, e.g. linear algebra, optimization,

integration, etc (HENNIG et al., 2022).

In Section 3.2.2 we saw how to obtain the statistics for SDEs that can be represented

as Gaussian processes. Recall the state-space format in Equation (5.1) such that

dX t = FX tdt +LdBt .

Substituting by identification the terms f (Xt , t) = F and G(Xt , t) = L, we obtain as solution of

the dynamic equations of the statistics of the linear SDE above, the mean and the covariance
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time-functions

m(t) = A(t)m(0),

P(t) = A(t)P(0)A(t)⊤+Q(t),

A(t) = etF,

Q(t) =
∫ t

0
eF(t−τ)LL⊤

(
eF(t−τ)

)⊤
dτ,

where m(0) and P(0) are assumed to be given. Notice that the algorithmic implementation of

such Gaussian ODE filter breaks down simply to the application of the Kalman filter equations,

as the ones shown in Example 13 considering just the prediction steps (the expressions for the

matrices mp
n and Pp

n). The new idea here is to base the choice of the A.

5.4.0.1 Estimating ODE solutions using Gaussian ODE filters

It is possible to obtain estimated solutions to ordinary differential equations (ODEs)

using the technique introduced previously. One reason for such is that if one is interested in

finding the solutions of ODEs as probability densities with a full Bayesian approach may be

computationally heavy. The proposal of Tronarp et al. (2019) is to substitute the observation

equation of the Kalman filter with measurements of the vector field of a given ODE. This means

that if a system is modeled by the following ODE

dx
dt

= f (x,θ , t) = ẋ

where the states x∈RDx and θ the parameters of the model of the system, the probability density

of the observations Zn of the Kalman filter is defined to be

pZn|Xn(zn,xn) =N(Zn|ẋn − f (Xn,θ , tn),R).

If we choose R → 0 this density approaches the Dirac delta and there is no uncertainty over the

vector field f (x,θ , t). The state evolution proposed by Tronarp et al. (2019) assumes the Gaus-

sian process to be a Wiener process which is proven to be comparable to the classic numerical

methods for integration (SCHOBER et al., 2019).

We use again the state-space approach and define the vector X t as

X t =

[(
X (0)

t

)⊤
,
(

X (1)
t

)⊤
, ...,

(
X (q)

t

)⊤]⊤
. (5.2)
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being X (q)
t the q-th time derivative of Xt . Then, we define the following stochastic differential

equation as

dX t = FX tdt +LdBt , (5.3)

being Wt a q-dimensional Brownian motion. To use the matrix form we define the m-th canon-

ical basis vector em
3 in Rq+1, IDx an identity matrix of size Dx × Dx and ⊗ the Kronecker

product. F ∈ RDx(q+1)×Dx(q+1) is the state transition matrix of the stochastic differential equa-

tion, L ∈ RDx(q+1) is a diffusion matrix and dBt is a Dx(q+1)-th dimensional version of the

Brownian motion. We rewrite the assumed observations Zn as a stochastic process such that

Zt := E1 X t − f (E0 X t ,θ , t)≡ 0. (5.4)

where Em X t with Em = em⊗IDx selects the m-th row of equation (5.2) containing the vector with

m-th time-derivative of all the Dx states. The densities for the implementation of the Kalman

filter are then

pX tn+1 |X tn
=N(X tn+1|A(h)µn,A(h)ΣnA⊤(h)+Q(h)), (5.5a)

pZtn+1 |X tn
=N(E1 X tn − f (E0 X tn+1 ,θ , t),R), (5.5b)

whose parameters are obtained by evaluating the mean and covariance of the solution of the

Equation (5.3) and h = tn+1 − tn. We obtain then

Σ(t) = exp(Ft)Σ0 [exp(Ft)]⊤+Q, (5.6a)

A(t) = exp(Fh), (5.6b)

Q(t) =
∫ t

0
exp(F(t − τ))LL⊤ exp(F⊤(t − τ))dτ. (5.6c)

The drawback of this method is that if f (x,θ , t) is not a linear function, the equations of

the Kalman filter may not be evaluated analytically and approximations are required as the

linearization introduced in Section 2.4, resulting in the Extended Kalman filter, for instance

(SÄRKKÄ; SVENSSON, 2023b).

3 Also called standard basis, defined as em = [δ1,m, ...,δDx,m].
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6 THERMODYNAMICS OF THE MICHAELIS-MENTEN

The Michaelis-Menten model is a fundamental concept in enzymology, providing a

mathematical framework to describe the kinetics of enzyme-catalyzed reactions. Named after

the biochemists Leonor Michaelis and Maud Menten, who first proposed it in 1913, this model

offers valuable insights into the mechanisms underlying enzyme-substrate interactions. En-

zymes are biological catalysts that accelerate chemical reactions by facilitating the formation of

enzyme-substrate complexes. In the Michaelis-Menten model, an enzyme (E) binds reversibly

with a substrate (S) to form an enzyme-substrate complex (ES). The model describes the rate

of formation of the ES complex and the subsequent conversion of ES into product (P). It as-

sumes that the reaction proceeds through an initial rapid formation of ES followed by a slower

conversion of ES into product.

In this chapter the theory of the Michaelis-Menten in the context of master equations

is revised in Section 6.1 and the stochastic thermodynamic analysis is done in Section 6.2.

6.1 Michaelis-Menten theory

The Michaelis-Menten reacting system is depicted as

E +S
k1
⇌
k−1

ES
k2
⇌
k−2

E +P.

In this analysis, it is assumed that there is a single molecule enzyme in either E or ES form

and the number of molecules of S and P is large enough to not be affected by the change of

the state of the enzyme. The reactions are modeled as random interactions in an environment

at temperature T in contact with a thermal reservoir which is assumed to be in equilibrium

(SEIFERT, 2010).

The system consists of 1 molecule of E or 1 molecule of ES, being the system states

{X ∈ X|X = (Xi,Xi′)} with X= {0,1}×{0,1}.

The evolution of the system is modeled as a Markov jump process between states

x whose probability PX(t) solves the following the master equation (KAMPEN, 2007; GILLE-

SPIE, 1976)

dPt(X)

dt
= ∑

X ,X ′
W (X ,X ′)Pt(X ′)−W (X ′,X)Pt(X) (6.1)

gxx′(kν) is the probability transition rate from a state x′ to state x, it depends on

the kinetics, and it is an element of the rate transition matrix G of size |X| × |X| is equal to
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Figure 8 – Pictorial representation of the enzymatic reaction
of the Michaelis-Menten, where the solution is composed by
substrate (filled circle), product (empty circle) and single en-
zyme (red square). The single enzyme interacts with the solu-
tion and changes its state.

Source: Adapted from Seifert (2010).

(MUNSKY; KHAMMASH, 2006b)

−∑
ν

aν(x,kν)δ (x− x′)+aν(x− sν ,kν)δ (x− x′+ sν),

where the term

aν(x,kν) = kν

xi!

(xi − si,ν)!

xi′!

(xi′ − si′,ν)!

is the propensity function for the ν-th reaction with rate kν . Sν = (si,ν ,si′,ν) is the change in

the number of molecules of xi ∈ x participating in the ν-th reaction (i.e., when ES or E changes

from 1 to 0 and vice versa). δ (x) = 1 only if x ≡ (0,0), otherwise is 0.

Considering the system with nE + nES = 1, it can be verified that the states (0,0)

and (1,1) have no transitions coming to or leaving them, making the matrix G to have the size

2×2 and Pt(X) = 0 for those states.

6.2 Contributions and discussion

Some conclusions can be drawn from the results of the calculations shown in Fig-

ures 9, 10 and 11(FARIAS et al., 2023a; FARIAS et al., 2023b). Firstly, in Figure 9 we have

a single realization of the Markov jump process parametrized by the Michaelis-Menten with

parameters k1 = 0.5, k−1 = 0.005, k2 = 0.1 and k−2 ≈ 0.0. For each jump, the entropy flux,

balance and production defined in were evaluated as established in Section 4.3.
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Figure 9 – On the right axis, a single trajectory of the Markov jump process for the
Michaelis-Menten with k1 = 0.5, k−1 = 0.005, k2 = 0.1 and k−2 ≈ 0.0, and entropy,
entropy exchange and entropy production for that trajectory.

Source: Prepared by the author.

Figure 10 – Time evolution of the probability of the states of the system, pE and pES,
and the probability of the states for the system in equilibrium, peq

E and peq
ES.

Source: Prepared by the author.

Figure 11 – Average entropy flux rate se
t , average entropy production rate si

t , average
free energy/work difference rate ḟ Gibbs

t and average entropy rate st .

Source: Prepared by the author.

The solution of the master equation is shown in Figure 10. Notice that this solution

also provides the information about the probability of the states like P(Xt = E) = pE(t) and
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P(Xt = ES) = pES(t). The time-evolution of the solution of the master equation shows that the

system relaxes to the equilibrium probability, denoted by peq
· once the rate of probability change

reaches zero.

The corresponding average rates of the energetic quantities (free energy, entropy

flux, production and balance) are shown in Figure 11. Integrating each of the graphs would

give the total change of each quantity, e.g. the area above the ṡ curve gives the average change

in entropy of the system. We conclude the system reduces its entropy by giving entropy to the

bath. Such entropy given is measured by the area under the graph of ṡe. As all the rates tends

to zero, this system is said to achieve the equilibrium (QIAN; GE, 2021). We denote ḟ Gibbs
t

the Kullback-Leibler divergence between the probability of the equilibrium reached and the

probability of the system at time t. Esposito and Broeck (2011) suggest that this may be the

available work to be extracted from the system, as the difference between work and Gibbs free

energy, but it still is object of future investigations. The evaluation of the energetic quantities

aforementioned is only possible if one obtains the solution of Equation (6.1) by analytical or

numerical integration or by Monte Carlo using the sampling of the trajectories of the Markov

jump process.
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7 INFERENCE OF THE PARAMETERS OF A BIOREACTOR

In general, the approach used to estimate the parameters of bioreactors consists of

simulating the system and evaluating the difference between the states and observed data avail-

able from the wastewater treatment plant (WWTP) (HOLMBERG, 1982; REICHERT, 1998;

GADKAR et al., 2003; ANTONOPOULOU et al., 2015). This mostly involves four steps: i)

characterisation of the influent wastewater; ii) definition of the dynamic influent loading data;

iii) manual estimation of the model parameters; and iv) model validation. Few works adopt

a probabilistic approach (SHARIFI et al., 2014b; ZONTA et al., 2014b; STENTOFT et al.,

2019), whereas other procedures use information about the gradient of the dynamics of the sys-

tem to help with the computational burden (MUNACK, 1989). Systematic analysis approaches

mainly consist of parameter identification (DOCHAIN; VANROLLEGHEM, 2005), sensitiv-

ity analysis (COSENZA et al., 2013), and error propagation (GUJER, 2008), which have been

developed and tested. A numerical optimal approaching procedure has been used for the sys-

tematic calibration of ASMs (ZHU et al., 2015).

7.1 Model description

We explore the widely used Activated Sludge Model No. 1 (ASM1, (HENZE et al.,

1987)) which models a bioreactor consisting of the aerated continuous stirred tank reactor with

perfect mixing shown in Figure 12, where the influent load, xIN , is given in terms of the thirteen

ASM1 state variables and the flow-rate, Q, that equals the effluent one, the set of sensors in the

effluent stream gives the the measured variables: dissolved oxygen, nitrate and nitrite nitrogen,

ammonia nitrogen and alkalinity, that is SO, SNO, SNH and SALK , respectively, and KLa gives an

adjustable variable considered representative of the diffused aeration in the bioreactor.

Figure 12 – Bioreactor schematic.
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SNH

Source: Elaborated by the author.
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ASM1 is a state-of-the-art model commonly used for representing the carbon and

nitrogen removal, oxygen consumption and sludge production. The growth of the microbiolog-

ical population responsible for the processes occurring inside the reactor is described by Monod

kinetics (MONOD, 1949). The mass balances for the state variables lead to a system of ordinary

differential equations of the thirteen state variables in Table 3 that comprises stoichiometric and

kinetic parameters in Table 4. As an example of the nonlinearity in the ASM1, the differential

equation for the readily biodegradable organic matter, SS in equation (7.1), is provided.

dSS

dt
=

Q
V

[
SIN

S −SS
]
+RSS (7.1a)

RSS =−
µH

YH

SS

KS +SS

 SO

KOH +SO
+ηg

KOH

KOH +SO

SNO

KNO +SNO

XBH

+ kh
XS

KX XBH +XS

 SO

KOH +SO
+ηh

KOH

KOH +SO

SNO

KNO +SNO

XBH . (7.1b)

The right-hand side of Equation (7.1a) represents the mass balance and the RSS term, fully given

in Equation (7.1b), is the kinetic of the reaction producing (or consuming) SS. SIN
S is the inflow

concentration of biodegradable substrate. We refer to the work in Neto et al. (2022) for the

full description of the system of equations. The biological reactor is simulated considering the

settings established by the Benchmark Simulation Model No. 1 (BSM1, (ALEX et al., 2008)),

a simulation environment defining a plant layout, the ASM1 as simulation model, the influent

load concentrations and flow-rate, as well as the test procedures and evaluation criteria. We

consider the steady-states of the BSM1 computed in Gernaey et al. (2014) as initial conditions

to solve the differential equations of the ASM1.

We consider that, beyond the measurements of nitrate and nitrite nitrogen, SNO, and

dissolved oxygen, SO, given by the sensors setting in the simulation platform (GERNAEY et al.,

2014) and commonly used in modern WWTPs, it is also possible to measure ammonia nitrogen,

SNH , (WANG et al., 2020) and alkalinity, SALK , (VANROLLEGHEM; LEE, 2003) in real-time.

The number of sensors is realistic and low avoiding to increase operational costs in a real plat

setting. The measurements occur ten times a day and are evenly spaced.
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7.2 Inference via marginal likelihood

Following Tronarp et al. (2023), the proposition is to calibrate the ASM model using

the marginal likelihood defined as

Ω({Ytn}N
n=1,θ) =

∫
p({Ytn}N

n=1|{X tn}N
n=1,θ)p({X tn}N

n=1|θ)dX t1...dX tN . (7.2)

for noisy measurements {Ytn}N
n=1 of the real system. By p({X tn}N

n=1|θ) we represent the poste-

rior p(Xn|{Ztn}N
n=1) obtained by the solution of the ASM model using the method described in

Section 2.5. Here, the dependence on Ztn is omitted to short the notation.

Once the posteriors p(Xn|{Ztn}N
n=1) were obtained, we run another Kalman filter

backwards in time to compute the marginal likelihood using the observations Yn
1 (SCHWEPPE,

1965). We assume the following probability model

p(X tn|X tn+1) =N(X tn|ξ tn,Ptn), (7.3a)

p(Ytn |X tn) =N(Ytn |BE0 X tn ,σ
2
y I). (7.3b)

The parameters are then obtained via optimization of Ω({Ytn}N
n=1,θ) algorithm (e.g,

LBFGS).

7.3 Contributions and discussion

The computation of the solution of the system of differential equations for both

the sensitivity analysis and the least squares method is done using the package DifferentialE-

quations.jl implemented in Julia language (BEZANSON et al., 2017; RACKAUCKAS; NIE,

2017).

We decided to comprehensively identify the set of parameters, θ = YH , YA, µA, bH ,

µA, KNH and KOA, simultaneously and evaluate the performance of parameter estimation across

them based in previous sensitivity analysis (FARIAS et al., 2024).

To compare parameter estimation results, we employ the least squares (LS) method

objective function, which is defined basically as the square distance between the solution ob-

tained via a classical numerical method and the set of observations {Yn}. The solution of the

classical numerical method also varies with respect to the ASM1 parameters θ , then using the

LBFGS algorithm and setting boundaries of the optimisation problem based on the range of
1 We also refer to Wu and Lysy (2023) for a time-forward implementation.
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values established by the literature review by Jr et al. (2022), we obtain the parameters for

the LS method. The measurement of the states SO, SNO, SNH and SALK are subject to additive

Gaussian noise with standard deviation σy. The assumed range of σy in the simulated data en-

compasses values wider than the precision of the available sensors (GERNAEY et al., 2014).

Four scenarios were tested by varying the standard deviation of the noise in the observations,

as detailed in the first column of Table 1. The absolute errors |θ ⋆− θ | are presented in Table

1, where θ ⋆ represents the result of the optimisation and θ denotes their true values shown in

Table 4. Noticeably, LS was unable to reduce the error for σy values below 10 leading to the

same parameter estimates on those scenarios.

Table 1 – Parameter absolute error for the LS objective function. The parameters
for which the method performed better than the marginal likelihood method were
highlighted.

σy YA YH µH bH µA KNH bA KOA

10 0.0400 0.0500 2.0000 1.3000 0.3000 0.0000 0.1000 1.6000
0.1 0.1679 0.0495 0.0200 0.2345 0.2920 0.2475 0.0010 0.0160

0.01 0.1679 0.0495 0.0200 0.2345 0.2920 0.2475 0.0010 0.0160
0.001 0.1679 0.0495 0.0200 0.2345 0.2920 0.2475 0.0010 0.0160

Source: Farias et al. (2024).

Table 2 – Parameter absolute error for the marginal likelihood method. The parame-
ters for which the method performed better than the LS method were highlighted.

σy YA YH µH bH µA KNH bA KOA

10 0.0039 0.0000 0.1659 1.3000 0.0975 0.1674 0.0999 0.0784
0.1 0.1404 0.0000 0.1307 0.1736 0.1930 0.2400 0.0954 0.0002

0.01 0.0636 0.0446 0.0535 0.2500 0.1590 0.2234 0.0527 0.0066
0.001 0.1505 0.0486 0.0248 0.2266 0.3000 0.2462 0.0280 0.0015

Source: Farias et al. (2024).

The marginal likelihood evaluation in this study is conducted using the Fenrir pack-

age developed in the Julia programming language (Fenrir.jl, (TRONARP et al., 2023)). It

generates the negative log marginal likelihood as the objective function utilised in the optimi-

sation problem. The optimisation is carried out using the same LBFGS settings as employed

in the least squares method. Similarly to Table 1, Table 2 presents the absolute error |θ ⋆−θ |
where θ ⋆ represents the result of the optimisation using the negative log marginal likelihood as

the objective function and θ denotes their true values shown in Table 4.
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Overall, the marginal likelihood objective function leads to parameter estimations

that are closer to their true values in scenarios with higher noise. In contrast, the least squares

method was unable to achieve parameter estimates closer to their true values for the values of

σy below 10.
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8 CONCLUSION

This work aimed to present some insights about the applications of SDEs, and it is

far from being exhaustive. Some conclusions can be drawn from the Chapter 5:

1. SDEs are able to comprise the flexibility present in the already known and

widely used Gaussian process;

2. The Kalman filter is able to deal with Gaussian processes for temporal series

with a lower computational cost;

3. The application to parameter inference leads to higher precision than classical

methods, but at the cost of increase the processing resources.

It is worth to mention that on the opposite approach of transforming Gaussian/Wiener

processes into state-space models to leverage the computational burden, if SDEs may be rep-

resented in the state-space, one may use the Gaussian process to learn its solutions (GRIG-

ORIEVSKIY; KARHUNEN, 2016). This may be the object of future works.

Yet with respect to the state-space representation, the approach is not limited to

temporal but also the spatial-temporal case (SARKKA et al., 2013) and may be the object of

future works.

With respect to the Chapter 4:

1. The framework of stochastic thermodynamics is able to deal with systems out-

of-equilibrium (differently from classical thermodynamics) in contact with a

heat reservoir at a mesoscopic scale;

2. Energetic measures as heat, work and entropy can be calculated from the obser-

vation of the trajectory of such systems.

In special for the stochastic thermodynamics, the work is not complete. A non-

exhaustive list of applications of the theory covers from the energetics of cellular structures

(BROECK et al., 2013), the inference of thermodynamic quantities from trajectories (SEIFERT,

2019), thermodynamics of computation (WOLPERT, 2019), thermodynamic efficiency of ma-

chine learning models (PARSI, 2024) and even economics (QIAN, 2009).
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APPENDIX A – MEASURE-THEORETIC PROBABILITY THEORY

In this chapter the theory of probability is revisited to provide theoretical back-

ground to the subsequent discussions. In Section A.2 the notions of probability space are de-

fined in light of the definitions presented on Appendix A.1. Section A.4 gives the definition of

stochastic processes as it is used in this thesis, as well as examples.

A.1 A primer on Measure theory

As seen on the Chapter 2, to compute the trajectories of systems whose motion is

ruled by differential equations there is always an integration involved. In Section 3 we are going

to deal with functions that do not have the requirements to hold the existence and uniqueness

presented. More specifically, with functions that are random and thus requiring a different kind

of integration. Also, we are going to deal with probability spaces and operations on them. To

do so, we introduce the basic concepts of measure theory.

As direct as may sound, measure theory deals with the measure of mathematical

objects, for instance as the volume of physical world bodies (TAO, 2011). The approach in

the physical world is to measure the volume of a body by partitioning it into finitely many

components and then reassembling them to form a body whose volume is known. When no

such partitioning is available, one may also give lower and upper bounds to its measure by

using an inscribed and circumscribed body, respectively.

As we are going to deal with the measure of abstract objects as probability spaces,

we need to define a measure in a rigorous way.

Definition A.1 (Measure (TAO, 2011)) Let X be a set and F be a σ -algebra on X. A measure

is a function µ : F → [0,+∞] satisfying:

1. µ( /0) = 0,

2. (Countable additivity) For any countable collection {Ai}∞
i=1 of pairwise disjoint sets in

F ,

µ

(
∞⋃

i=1

Ai

)
=

∞

∑
i=1

µ(Ai).

To illustrate Definition A.1, consider these examples:

• Counting measure: Let X be any set, F =℘(X), and µ(A) = |A| (number of elements

in A)



90

• Lebesgue measure: Let X= R, F be the Lebesgue σ -algebra, and µ([a,b]) = b−a

Notice that the original example with intervals [a,b] alone does not satisfy Defini-

tion A.1 because:

• The collection of intervals is not a σ -algebra (not closed under complements or countable

unions)

• The length function cannot be properly defined for arbitrary countable unions of intervals

Separately, we define outer measures:

Definition A.2 (Outer measure (TAO, 2011)) An outer measure on a set X is a function µ∗ :

℘(X)→ [0,+∞] satisfying:

1. µ∗( /0) = 0

2. (Monotonicity) A ⊆ B =⇒ µ∗(A)≤ µ∗(B)

3. (Countable subadditivity) µ∗ (
⋃

∞
i=1 Ai)≤ ∑

∞
i=1 µ∗(Ai)

Until here, the theory posed is sufficient to integrate “well-behaved” functions,

which is the case for the Riemann-Darboux integration that we commonly use. At the same

time, we are going to deal with not so behaved functions (e.g. random functions), or even the

integration in abstract sets as the ones that model the events when dealing with probabilities To

define the kind of sets that we are going to measure, we start by defining an algebra. In layman’s

terms, an algebra is a collection of sets that is closed under the operations of union, intersection,

and complement. More specifically, we have σ -algebras when we restrict those operations as

we are going to see in the Definition A.3.

Definition A.3 (σ -algebra) Given a set X, a collection F ⊆℘(X) is called a σ -algebra if it

satisfies the following properties

1. X ∈ F ,

2. If A ∈ F , then its complement is also, i.e. Ac := X\A ∈ F ,

3. If A1,A2, ... ∈ Σ, then their union is also, i.e.
∞⋃

i=1

Ai ∈ Σ.

One can show using the properties of the Definition A.3 that a σ -algebra has the

empty set in it and that is closed under the operation of countable1 intersections (which is not

required for generic (Boolean) algebras). The intersection of all σ -algebras that contain a given
1 We use the definition of countability in the sense that a set is countable if it is finite or has the same cardinality

as the set of natural numbers N, i.e. we can assign a bijection between the set and N.
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σ -algebra F is called the generated σ -algebra by F . We call the Borel σ -algebra B(X) the σ -

algebra generated by the open subsets of a set X. We give only more two definitions to be used

in the next chapters. A product space is a Cartesian product of two or more measurable spaces.

The product σ -algebra is the σ -algebra generated by the Cartesian product of the σ -algebras

of the measurable spaces. Be the set (Rd)I the Cartesian product of d-dimensional Euclidean

spaces Rd indexed by a set I, the Borel σ -algebra on (Rd)I denoted as B(Rd)I is the σ -algebra

generated by the open sets of (Rd)I.

As it is not our objective to develop this abstraction much further, it suffices to

justify the use of the Borel σ -algebra by the fact that it avoids pathological cases leading to

unmeasurable sets, which the converse case (i.e. the measurable ones) is discussed in the fol-

lowing.

Even we are not obliged to use the Lebesgue measure to perform the Lebesgue

integral, we are going to use it because it is the most common measure used in the literature.

Definition A.4 (Lebesgue measure) Let a set X = Rd for some d ∈ N and a σ -algebra F =

B(X). Then, the Lebesgue measure is defined to be the (unique) map ℓ : F → R∪{+∞} such

that

ℓ([a1,b1]× [a2,b2]× ...× [ad,bd]) = (b1 −a1)(b2 −a2)...(bd −ad), for ai < bi ∈ R.

Some implications of the uniqueness on the Definition A.4 are that the Lebesgue

measure is invariant under translation (i.e. ℓ(A+x) = ℓ(A) for all A∈B(Rd) and x ∈Rd), and

that ℓ([0,1]d) = 1. Now, we possess a measure and a collection of sets to measure, we define

the measurable sets.

Definition A.5 (µ-measurable sets) Given a set X and a measure µ , a set E is said to be µ-

measurable if for every set A⊂ X, we have

µ(A) = µ(A∩E)+µ(A∩Ec),

where Ec is the complement of E.

It can be proven that the set Mµ := {E ⊂ X;E is µ-measurable } is a σ -algebra, and thus a set

X equipped with a σ -algebra F constitutes a measurable space denoted (X,F ). The elements

of Mµ are called measurable sets. We denote the triple (X,F ,µ) as a measure space, i.e. the
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space of measurable sets equipped with a measure µ . Notice that one particular example the

sets with measure zero. For instance, be a measure space (X,F ,µ), a set A ∈ F is called a

null set if µ(A) = 0. Obviously, the empty set is a null set, but it is not the only one. This

is important for what follows because we are going to consider that a condition (e.g. equality,

convergence, etc.) holds “almost everywhere” (also denoted a.e.) if it holds for all x ∈ X \Y,

where Y is a null set.

We are now in position to define the Lebesgue integral. To do so, we need to define

the concept of measurable functions.

Definition A.6 (Measurable functions) Let the measurable spaces (X,F ) and (Y,G ). We

have a (F -)measurable function f : X → Y if the preimage of every measurable set in Y is a

measurable set in X, i.e. for every B ∈ G , we have f−1(B) ∈ F .

If it is not clear, we need measurable functions in order to assign a measure to the

image of a set under a function which we are going to integrate over. Note that the construction

so far is general enough to deal with a wide variety of sets, but from now on we are going

to restrict ourselves to those which we are going to use later in the text, which are the real

numbers R and the Borel σ -algebra B(R). The Riemann integral (given below in Definition

A.9) assumes we are able to partition the domain of the function we are willing to integrate into

finitely many intervals. This is not so different from the notion we have defined so far of an

algebra (i.e. the interval of integration as being the union of the partitioned intervals), but it is a

particular case. The Borel σ -algebra generalizes it to the case where we have countably many

open intervals in R at the same time it avoids the pathological cases that could come up in such

generic construction. The next step is to define a tool to integrate functions inside each element

of the Borel σ -algebra.

Definition A.7 (Simple and indicator functions) A measurable function s : X→R is called a

simple function if it takes only a finite number of values s(X) = {sn ∈ [0,∞)}N∈N
n=1 , and thus it

can be represented as

s(x) = ∑
z∈s(X)

z1s−1({z})(x), with x ∈ X,

where 1A is the indicator function of the set A⊆ X, such that

1A(a) =

1, if a ∈A,

0, otherwise.
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Definition A.8 (Integral of a measurable non-negative function) Let a measurable non-negative

function f : X→R∩{−∞,∞}, i.e. f (x)≥ 0 for all x ∈X. The integral
∫

f dµ of f is the number

∫
f dµ = sup

{
∑

z∈s(X)
z ·µ

(
s−1({z})

)
;0 ≤ s ≤ f ,s is simple

}
.

The Definition A.8 is the Lebesgue integral of a non-negative function. The Lebesgue

integral of a function that is not non-negative is defined as the difference between the Lebesgue

integrals of its positive and negative parts. The Lebesgue integral is a generalization of the

Riemann integral. For sake of comparison, we give the definition of the Riemann integral here.

Definition A.9 (Riemann integrability (TAO, 2011)) Let [a,b] be an interval of positive length,

i.e. b > a. A tagged partition P =
(
(s0,s1, ...,sn),(s⋆0,s

⋆
1, ...,s

⋆
n)
)

of [a,b] is a finite sequence of

real numbers such that a = s0 < s1 < ... < sn = b and si−1 ≤ s⋆i ≤ si for i = 1, ...,n. We define

si − si−1 = δ si. The quantity ∆(P) := sup1≤i≤δ si
δ si is called the norm of the tagged partition

P. The Riemann sum R( f ,P) of a function f with respect to P is defined as

R( f ,P) =
n

∑
i=1

f (s⋆i )δ si.

The function f is said to be Riemann integrable if there exists a real number, abbreviated as∫ b
a f (s)ds and referred to as the Riemann integral of f on [a,b], such that∫ b

a
f (s)ds = lim

∆(P)→0
R( f ,P).

In other words, for every ε > 0 there exists δ > 0 such that
∣∣∣R( f ,P)− ∫ b

a f (s)ds
∣∣∣≤ ε , for every

tagged partition P with ∆(P)< δ .

Using Definitions A.8 and A.9, we illustrate the difference between Lebesgue and Riemann

integration with a classic example below.

Example 17 (Dirichlet function) Consider f : [0,1]→ R defined as

f (x) = 1Q(x) =

1 x ∈Q∩ [0,1]

0 x ̸∈Q∩ [0,1]
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1. Riemann integral: f is not Riemann integrable. For any partition, upper sums are 1

(since every interval contains rationals) and lower sums are 0 (since every interval con-

tains irrationals), so they never converge to the same value.

2. Lebesgue integral: f is Lebesgue integrable with∫
[0,1]

f dµ = 0

since Q∩ [0,1] has Lebesgue measure zero (µ(Q∩ [0,1]) = 0).

The Example 17 shows that the Lebesgue integral is capable of handle uncountable

many discontinuities if such discontinuities have measure zero.

A.2 Measure theory and Measure-theoretic probability

In general, the probability theory is introduced as the chance of discrete and finite

events, as the toss of a coin or the roll of a die. However, in order to not extend too much, we are

going to build the main results of the probability theory over the theory of measure presented

in Section A.1. The main advantage is that we may collect the main results that we are going to

use in the following sections without dealing with the difference of treatment between discrete

and continuous versions.

The probability space consists of the triple (Ω,F ,P), being the sample space Ω,

the σ -algebra F of subsets of Ω, and the probability measure P on F . We already saw in

the Definition A.3 that the σ -algebra is a family of subsets of Ω with the properties of closure

under the set itself, complementing, and countable unions. Thus, with the aid of the measure P

we can assign a probability value to each event in the σ -algebra F , i.e. an element in the σ -

algebra is a random event to which a probability value in [0,1] is assigned. To the measure P we

give the name of probability measure. Notice that, by Definition A.1, the probability measure

inherits the properties of the measure, i.e. it is non-negative and countably additive. The only

additional requirement of this measure is that the probability of the whole sample space is one,

i.e. P(Ω) = 1. It might occur that an event Ac ∈ F satisfies P(Ac) = 0. We saw in Section A.1

that this defines a null set, thus the event A = Ω\Ac is said to hold almost everywhere, but in

the case of the probability space we say that the event A holds almost surely (a.s.). We illustrate

these concepts by applying the theory developed in Section A.1 on the following example.

Example 18 (Infinite, independent coin-toss space (SHREVE, 2004)) Let a coin be tossed
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infinitely many times such we define the following σ -algebras and the respectivee probability

measures.

• When n = 0 tosses are performed: Be the sample space

Ω∞ = the set of infinite sequences of heads (H) and tails (T ).

Assume the probability of head in each toss is p > 0, equivalently the probability of tail

is q = 1− p > 0. Different tosses are independent, i.e. the outcome of one toss does not

affect the outcome of another toss. We construct the probability measure corresponding

to this random experiment step by step.

Be the simpler case when no tosses have been performed, then the probability of no

sequence to be drawn is P( /0) = 0 and of any sequence is P(Ω∞) = 1. These 220
= 2 sets

form a σ -algebra F0 = { /0,Ω}, since (by Definition A.3) contains the empty set, is closed

under complementing, and is closed under countable unions.

• When n = 1 tosses are performed: Now, we define the sets

AH = the set of all sequences that start with heads H,

AT = the set of all sequences that start with tails T .

We denote ω = ω1ω2... an element in Ω∞, where ωn indicates the n-th toss of the coin.

Thus, we write AH = {ω;ω1 =H} and AT = {ω;ω1 =T}. We check if this choice forms a

σ -algebra by checking the properties of Definition A.3. Let F1 = { /0,AH ,AT ,Ω∞} be the

σ -algebra generated by AH and AT . See that Ac
H = AT thus Ac

H ∈ F1 and AH ∪AT =

Ω∞ thus F1 is closed under complementing and countable unions. As the sets are then

measurable define the probability measure P such that P(AH) = p and P(AT ) = q.

• When n = 2 tosses are performed: Let us define the sets

AHH = {ω;ω1 = H,ω2 = H},AHT = {ω;ω1 = H,ω2 = T},

AT H = {ω;ω1 = T,ω2 = H},AT T = {ω;ω1 = T,ω2 = T}.

It is not hard to verify that they form the σ -algebra

F2 =

 /0,AH ,AT ,AHH ,AHT ,AT H ,AT T ,A
c
HH ,A

c
HT ,A

c
T H ,A

c
T T ,

AHH ∪AT T ,AHT ∪AT H ,AHT ∪AT T ,AHH ∪AT H ,Ω∞


containing 2(2

2) = 16 sets. The probability measure P is defined such that P(AHH) = p2,

P(AHT ) = pq, P(AT H) = qp, and P(AT T ) = q2.
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Continuing this process, it is not difficult to see that the number of sets in the Fn

is 2(2
n) and, for instance, a sequence of infinite tosses that only give heads is a subset of AH ,

AHH , AHHH , and so on, each having probability P(AH) = p, P(AHH) = p2, P(AHHH) = p3,

etc. Thus, the probability measure of this sequence converges to zero. This is not particular to

the heads. We can construct a σ -algebra F∞ that contains all possible events of finite many

tosses.

A.3 Random variables and other definitions

Definition A.10 (Random variables and Distributions) Let (Ω,F ,P) be a probability space.

A random variable is an (F -)measurable function X : Ω →R, i.e. for any Borel set B⊂B(R)2

the set {ω ∈ Ω : X(ω) ∈B} ∈ F . The distribution measure of X is the probability measure PX

that assigns to each B ∈ B(R) the probability PX(B) = P({X ∈B}).

By the Definition A.10 we see that distribution of a measure of a random variable

makes sense for discrete random variables as well as for random variables that take continuous

values. To illustrate this, consider the following example.

Example 19 (Stock prices (SHREVE, 2004)) Let us define stock prices by

S0(ω) = 4 for all ω ∈ Ω∞,

S1(ω) =

8 if ω1 = H,

2 if ω1 = T,

S2(ω) =


16 if ω1 = ω2 = H,

4 if ω1 ̸= ω2,

1 if ω1 = ω2 = T,

Sn+1(ω) =

2Sn(ω) if ωn+1 = H,

0.5Sn(ω)/2 if ωn+1 = T,

where the probability space (Ω∞,F∞,P) is the same from the Example 18. The stock prices are

random variables that depend on the outcomes of the coin tosses.
2 We may include the infinite when is needed, allowing the random variable to take values in the extended real

line by doing B⊂ B(R∪{−∞,∞}).
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It is worth to mention that we may check the set B from which we evaluate the

probability of the random variable X to take the values from could contain a single number. For

instance, we may evaluate for B= {4} that P({ω ∈ Ω : S2 ∈B}) represents the events in which

we obtain different outcomes in two consecutive tosses, i.e. P({AHT ,AT H}) = pq+qp = 2pq.

We can also evaluate that for B= [2,5], P({S2 ∈B}) = 2pq. We stick to this notation omitting

the fact that we are looking in the outcomes ω ∈ Ω. In the stock case of the Example 19 we say

the “mass” of probability is lumped in a single value and not spread over an interval. Next, we

give an example of a random variable that takes values in a continuous interval.

Example 20 (Uniform (Lebesgue) measure on the unit interval (SHREVE, 2004)) We pre-

sented the Lebesgue measure in the Definition A.4. We define the probability of choosing a

number in the unit interval [0,1] as the Lebesgue measure of the interval, i.e. P([a,b]) = b−a

for 0 ≤ a < b ≤ 1.

The following definitions are given in the light of the notation we set so far, but they

bring nothing new to the theory of probability presented in a standard course.

A.3.0.1 Distribution functions

Definition A.11 (Cumulative distribution function) Given the probability space (Ω,F ,P),

the cumulative distribution function (cdf) of a random variable X is the function PX : R→ [0,1]

defined by

PX(x) := P({X ≤ x}) = P({ω ∈ Ω : X(ω)≤ x}).

Also, PX(−∞) = lim
x→−∞

PX(x) = 0 and PX(+∞) = lim
x→+∞

PX(x) = 1.

If one chooses a probability space (Ω,F ,P) = (Rd,B(Rd),P) for some d ∈ N, PX

is going to be the cumulative distribution function of an Rd-valued random variable X . One thus

may obtain the marginal distribution of each component Xi of X = (X1,X2, ...,Xd) by evaluating

PXi(xi) = PX(∞, ...,xi, ...,∞). It follows in general the definition below.

Definition A.12 (Marginal distribution function) The marginal distribution function of a ran-

dom variable X ′ = (Xi, ...,X j) from X = (X1, ...,Xd) in which {i, ..., j}⊂ {1, ...,d} is the function

PX ′ : R|X ′| → [0,1] defined by

PX ′(xi, ...,x j) := PX(∞, ...,xi, ...,x j, ...,∞).
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Definition A.13 (Probability density function) The probability density function (pdf) of a ran-

dom variable X is the function pX : R→ [0,∞) that satisfies

P({X ∈ [a,b]}) =
∫ b

a
pX(x)dx, for −∞ < a ≤ b < ∞.

We may also refer to P({X ∈ [a,b]}) as P(a ≤ X ≤ b).

From this definition, we may use the same argument we used before to define the

pdf for an Rd-valued random variable X , obtaining

PX(x1, ...,xd) =
∫ x1

−∞

· · ·
∫ xd

−∞

pX(α1, ...,αd)dα1 · · ·dαd.

Notice also that the function pX of the Definition A.13 is Lebesgue measurable (since it is

Lebesgue integrable), thus by the fundamental theorem of calculus we collect the result

∂ d

∂x1 · · ·∂xd
PX(x1, ...,xd) = pX(x1, ...,xd).

Definition A.14 (Probability mass function) The probability mass function (pmf) of a discrete

random variable X is the function pX : R→ [0,1] defined by

P({X ∈B}) = ∑
xi∈B

pX(xi),

with B ∈ R. We may also refer to P({X ∈B}) = P(X ∈ {xi}) as P(X = xi) = pX(xi).

In the following definitions, we are going to operate with random variables.

Definition A.15 (Expectation of a random variable) Let X be a random variable defined in

a probability space (Ω,F ,P) with Ω finite. The expectation (or expected value) of X is defined

as

E[X ] =
∫

Ω

X(ω)dP(ω),

if X is integrable, i.e. E[|X |]< ∞.

Definition A.16 (Transformation of a random variable) Let X be a random variable defined

in a probability space (Ω,F ,P) with Ω finite. The transformation of X by a function g : Rd →
Rm is the random variable Y = g(X) whose expectation is

E[Y ] =
∫

Ω

g(X(ω))dP(ω).
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We observe that Definition A.15 is a special case of the Definition A.16 when d =

m = 1 and g(x) = x. Also, that the properties of linearity and monotonicity of the integral are

valid for the expectation, i.e. for random variables X and Y and constants a,b ∈ R we have that

E[aX +bY ] = aE[X ]+bE[Y ], and X ≤ Y ⇒ E[X ]≤ E[Y ].

Definition A.17 (Variance of a random variable) Let X be a random variable defined in a

probability space (Ω,F ,P). The variance of X is defined as

Var[X ] = E[(X −E[X ])2] = E[X2]−E[X ]2.

The number σ =
√

Var[X ] is called the standard deviation of X3.

Definition A.18 ((Central) moments of a random variable) Let X be a random variable de-

fined in a probability space (Ω,F ,P). The moment of order n of X is defined as

E[Xn] =
∫

Ω

Xn(ω)dP(ω).

The central moment of order n ∈ N of X is defined as

E[(X −E[X ])n] =
∫

Ω

(X(ω)−E[X ])ndP(ω).

Definition A.19 (Covariance of random variables) Let X and Y be random variables defined

in a probability space (Ω,F ,P). The covariance of X and Y is defined as

Cov[X ,Y ] = E[(X −E[X ])(Y −E[Y ])] = E[XY ]−E[X ]E[Y ].

Definition A.20 (Characteristic function of a random variable) Let X be a random variable

defined in a probability space (Ω,F ,P). The characteristic function of X is defined as

ϕX(t) = E[eitX ], for t ∈ R.

3 We may also refer to the standard deviation by the letter σ , depending on the context of the text do not confuse
with σ of σ -algebras
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A.3.0.2 Limit theorems and convergence concepts

We recover the discussion on convergence we introduced in the beginning of this

chapter. We present the following theorems that are going to be useful in the following sections.

Consider X and Xn with n ∈ N random variables defined in a probability space

(Rd,B(Rd),P). For this probability space, we define the following convergence concepts.

Definition A.21 (Almost sure (certainly) convergence (ARNOLD, 1974)) If there exists a set

N ∈ B(Rd) with P(N) = 0 such that, for all ω /∈ N, the sequence {Xn(ω)} converges to X(ω)

in the usual sense. Then we say that Xn converges to X almost surely (a.s.), or with probability

one. We may also use

as- lim
n→∞

Xn = X .

The Definition A.21 is nothing more than a consequence of the use of Measure

theory for probability, since the null sets defined in the Definition A.1 are here the sets of

probability zero. Sometimes it is hard to establish almost surely convergence, the following

weaker concepts are given to deal with that.

Definition A.22 (Convergence in probability (ARNOLD, 1974)) The sequence {Xn} converges

to X in probability if, for all ε > 0,

lim
n→∞

P({ω; |Xn(ω)−X(ω)|> ε}) = 0.

We may also use the notation “P−” or “st-” as in

st- lim
n→∞

Xn = X .

In order to define the convergence in mean square, we need to introduce the concept

of Lp spaces. For short, consider the following set of measurable functions

Fp(Ω,F ,P) := {X : Ω → Rd;E[|X |p]< ∞},

that is the set of all random variables that have finite p-th moment. We say that any two func-

tions in Fp that differs between them only on sets A ∈ F with P(A) = 0, belongs to the same

equivalence class. Finally, we define the Lp space as the set of all equivalence classes of Fp,

i.e. the random variables that differ only on sets of probability zero and that have finite p-th

moment.
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Definition A.23 (Convergence in mean square (ARNOLD, 1974)) Let a random variable X

and a sequence of random variables {Xn} with X ,Xn ∈ Lp. Then the sequence {Xn} converges

to X in p-th mean if

lim
n→∞

E[|Xn −X |p] = 0.

More specifically for p = 2, we use the notation

ms- lim
n→∞

Xn = X ,

and we say that the sequence {Xn} is convergent in mean square to X.

Definition A.24 (Theorem on dominated convergence (ARNOLD, 1974)) Let {Xn} be a se-

quence of random variables and Y a random variable such that |Xn| ≤Y for all n and E[Y ]< ∞.

If Xn → X almost surely, then

lim
n→∞

E[Xn] = E[ lim
n→∞

Xn].

Definition A.25 ((Strong) law of large numbers (ARNOLD, 1974)) For an arbitrary sequence

{An} of events in a probability space (Ω,F ,P), the set A= {ω : ω ∈An for infinitely many n}
is also an event. The Borel-Cantelli lemma gives us that if ∑n P(An) < ∞, then P(A) = 0.

Moreover, if {An} is independent and ∑n P(An) = ∞, then P(A) = 1. Consider

Sn = X1 + ...+Xn.

The strong law of large numbers gives us that

as- lim
n→∞

Sn

n
= E[X1]

if {Xn} is a sequence of independent and identically distributed of random variables.

A.3.0.3 Conditional probabilities and conditional expectations

Definition A.26 (Conditional probability (ARNOLD, 1974)) Let (Ω,F ,P) be a probability

space. The conditional probability of an event A ∈ F given an event B ∈ F with P(B)> 0 is

defined as

P(A |B) =
P(A∩B)

P(B)
.
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The condition that P(B) > 0 may be restrictive in some cases, for instance if we

have a random variable X that takes values in a continuous interval, the probability of the event

B= {X = x} is zero. In this case, we may use the concept of conditional expectation to define

the conditional probability (ARNOLD, 1974).

Definition A.27 (Conditional expectation (OKSENDAL, 2013)) Let X be a random variable

defined in the probability space (Ω,F ,P). If G ⊂ F is a σ -algebra then the conditional

expectation of X given G denoted by E[X |G ] is a random variable that

1. is G -measurable,

2. satisfies the property∫
G
E[X |G ]dP =

∫
G

XdP, for all G ∈ G .

Notice in Definition A.27 that E[X |G ] is unique almost surely due to the Radon-

Nikodym theorem (see Appendix B in (OKSENDAL, 2013) for details). Thus, it is itself the

random variable that best approximates X with the information contained in G . We define then

the conditional probability distribution of X given G the function P(X ∈B | G ) on ω (by fixing

ω we fix X(ω)) and B satisfying

P(C∩{X ∈B}) =
∫
C

P(X ∈B | G )dP(ω),

for all C ∈ G . To condition on a different random variable, let us define Y on the measurable

space (Ω′,F ′) taking G = F (Y ) the σ -algebra generated by the Ω′-valued random variable Y .

By the conditional expectation just defined, we have that

E[X | G ] = E[X | Y ].

Next, we assume that there exists a function h for every F (Y )-measurable random variable Z

such that Z = h(Y ) (a.s.). This means that there exists a function h on Ω′ such that E[X | Y ] =

h(Y ) (a.s.). We can also write this as

E[X | Y = y] = h(y).

We now assume that there exists a function pX |Y such that

P(X ∈B | Y = y) =
∫
B

pX |Y (x,y)dx,
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with X = x. This function is called conditional probability density of X given Y . It may be

obtained also the called law of total probability as

P(X ∈B) =
∫

Ω′
P(X ∈B | Y = y)dPY (ω

′) =
∫

Ω′
pX |Y (x,y)dPY (ω

′) =:
∫
B

pX(x)dx,

where PY is the probability measure of the random variable Y .

Example 21 (From Arnold (1974)) Let X and Y be two random variables defined in the sam-

ple spaces Ω and Ω′, respectively, such that Ω = Rd and Ω′ = Rm. Their joint density function

is pX ,Y (x,y). If P(X ∈B | Y = y) has a density function pX |Y (x,y) which, for all y such that the

marginal density

pY (y) =
∫
Rd

pX ,Y (x,y)dx,

of Y is positive, has the form

pX |Y (x,y) =
pX ,Y (x,y)

pY (y)
.

A.4 Stochastic processes

To the collection of random variables indexed in time, we give the specific name of

stochastic process. The definition follows.

Definition A.28 (Stochastic processes) Let (Ω,F ,P) = (Rd) be a probability space, and t ∈
I⊂ R. A stochastic process is a collection of random variables {Xt}t∈[0,T ] defined in the prob-

ability space (Ω,F ,P).

Notice that Xt could be also called a random function, but since we are going to

deal with processes (or functions) indexed in time, we stick with the name. For a fixed ω ∈ Ω,

the function t 7→ Xt(ω) is a sample path of the stochastic process. If the set I is countable,

we say that the stochastic process is discrete, otherwise, it is continuous. In the discrete case,

the stochastic process {Xt}t ; t ∈ I} in the probability space (Ω,F ,P) has finite-dimensional

distributions

P({Xt1 ≤ x1}) := PXt1
(x),

P({Xt1 ≤ x1,Xt2 ≤ x2}) := PXt1 ,Xt2
(x1,x2),

...

P({Xt1 ≤ x1,Xt2 ≤ x2, ...,Xtn ≤ xn}) := PXt1 ,Xt2 ,...,Xtn
(x1,x2, ...,xn),
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for all t1, t2, ..., tn ∈ I. It is worth to mention that the Kolmogorov’s fundamental theorem states

that the finite-dimensional distributions of a stochastic process are sufficient to determine the

stochastic process. This means that if we know the finite-dimensional distributions, we can re-

construct the stochastic process. A stochastic process is said stationary process (in a strict sense)

if the finite-dimensional distributions are invariant under time shifts, i.e. for all t1, t2, ..., tn ∈ I

and s ∈ I we have

PXt1 ,Xt2 ,...,Xtn
(x1,x2, ...,xn) = PXt1+s,Xt2+s,...,Xtn+s(x1,x2, ...,xn).

It follows also that a strictly stationary process has E[Xt ] = µ and Cov[Xt ,Xs] =C(t − s) for all

t,s ∈ I, where µ is a constant and C is a function of t−s. For a stochastic which all distributions

do not match under time shifts, but only have the mean constant and the covariance dependent

on the time difference t−s, we give the name of weak-sense stationary process. Note that every

strict sense stationary process is also stationary in a weak sense, but the converse is not true.

Example 22 (Gaussian process (RASMUSSEN; WILLIAMS, 2005)) Stochastic processes Xt

in which any collection of its random variables are Gaussian distributed is called a Gaus-

sian process and are completely specified my its mean m(t) = E[Xt ] and covariance k(t, t ′) =

Cov[Xt ,Xt ′] functions

Xt ∼ GP(m(t),k(t, t ′)).

It is worth to note that this definition is not restricted to stochastic process but also to general

random processes which may not be indexed in time. In Figure 13 some realizations of Gaussian

processes are presented.

Recap the Example 18, where we have the σ -algebras Fn that contain all possible

events of finite many tosses. Notice that between the tosses n and m with n < m, we have that

Fn ⊂ Fm. For the discussion to follow, we interpret this as the information of the tosses n is

contained in the tosses m, thus as the number of tosses increases the information increases. We

define this concept formally in the following definition.

Definition A.29 (Filtration (SHREVE, 2004)) Let Ω be a nonempty set and T a fixed positive

number. Assume that for each t ∈ [0,T ] we have a σ -algebra Ft such that Fs ⊂Ft for 0 ≤ s ≤
t ≤ T . The collection {Ft}t∈[0,T ] is called a filtration.
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Figure 13 – On the left the values of the Matérn covariance function (RASMUSSEN;
WILLIAMS, 2005) k(t, t ′) vs. the time difference |t − t ′|. Each color represents different pa-
rameters for the Matérn function. On the right, a realization of the process with zero mean and
for different parameters of the Matérn covariance function.

An application of filtration is to the theory of martingales, i.e. a stochastic process

{Xt}t∈[0,T ] such that E[Xt |Fs] = Xs for 0 ≤ s < t ≤ T . This means that the expected value of the

process at time t given the information up to time s is equal to the value of the process at time

s. This property is important in many applications, including finance and gambling once they

represent fair games.

A.4.0.1 Markov processes

The next important concept is the Markov property, which states that the “future”

of a general process is independent of the “past” given the “present”. Such concept is similar to

the causality principle in physics which we use to model the dynamics of a system4 (ARNOLD,

1974). We define the Markov property in the following definition.

Definition A.30 (Markov process (ARNOLD, 1974)) A stochastic process {Xt}t∈[t0,T ] with [t0,T ]⊂
[0,∞) defined in the probability space (Ω,F ,P) with Ω = (Rd)[t0,T ] and B(Rd)[t0,T ] is said to

be a Markov process if, the Markov property holds, i.e. for all t0 ≤ s≤ t ≤ T and all B∈B(Rd)

it holds

P(Xt ∈B|Fs) = P(Xt ∈B|Xs), a.s.

An example of a Markov process is the Wiener process (or Brownian motion) which

is a continuous-time stochastic process (OKSENDAL, 2013).

Example 23 (Wiener process) A stochastic process Wt for t ≤ 0 with the following properties
4 Of course the analogy is made ignoring systems with memory which depend on time delayed states. Markovian

systems are said “memoryless”.
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(i) Initial distribution pX0(x) = δ (x);

(ii) Wt −Ws ∼N(0,σ2(t − s)), for 0 ≥ s ≥ t;

(iii) Wt −Ws is independently distributed for any pair t,s with t ≥ s.

We may want to obtain the probability density function of the Markov process. For

this, we need to define the transition probability of the Markov process.

Definition A.31 (Transition probability (of a Markov process) (ARNOLD, 1974)) Let {Xt}t∈[t0,T ]

be a Markov process defined in the probability space (Ω,F ,P) with Ω=(Rd)[t0,T ] and B(Rd)[t0,T ].

The transition probability of the Markov process is defined as

P(Xt ∈B|Xs = x),

which is the probability that Xt will be in the set B at a time t given that the process is in the

state x at a time s, with s ≤ t.

The function P(Xt ∈ B|Xs = x) has arguments s, t ∈ [t0,T ] with s ≤ t, x ∈ Rd , and

B ∈ B(Rd) and for fixed s, t and B, it is a probability on B(Rd).

The Markov process allows us to obtain its probability on different times given

the probability at a time precedent to it. This is possible through the Chapman-Kolmogorov

equation defined below.

Definition A.32 (Chapman-Kolmogorov equation (ARNOLD, 1974)) Let {Xt}t∈[t0,T ] be a Markov

process defined in the probability space (Ω,F ,P) with Ω = (Rd)[t0,T ] and B(Rd)[t0,T ]. The

Chapman-Kolmogorov equation is given by

P(Xt ∈B | Xs = x) =
∫
Rd

P(Xt ∈B | Xu = y)P(Xu ∈ dy | Xs = x), (a.s.),

for all t0 ≤ s ≤ u ≤ t ≤ T .

We may also define the respective density function for the transition probability. We

require a function pXt |Xs(y,x) that satisfies

P(Xt ∈B | Xs = x) =
∫
B

pXt |Xs(y,x)dy.

This allows us to write the Chapman-Kolmogorov equation in terms of the transition probability

density function

pXt |Xs(y,x) =
∫
Rd

pXt |Xu(y,z)pXu|Xs(z,x)dz.
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We can now obtain all finite-dimensional distributions of the Markov process given the transi-

tion probability density function. Let us assume that the probability of the process being ini-

tially in a set A is P(Xt0 ∈ A), then the finite-dimensional distributions of the Markov process

are given by

P(Xt1 ∈B1,Xt2 ∈B2, ...,Xtn ∈Bn) =∫
Rd

∫
B1

· · ·
∫
Bn

[
P(Xtn ∈Bn | Xtn−1 = xn−1)P(Xtn−1 ∈ dxn−1 | Xtn−2 = xn−2) · · ·

P(Xt1 ∈ dx1 | Xt0 = xt0)P(Xt0 ∈ dxt0)] ,

with t0 ≤ t1 ≤ t2 ≤ ... ≤ tn ≤ T and Bi ∈ B(Rd) for i = 1,2, ...,n. We may also write the

finite-dimensional distributions in terms of the transition probability density function as

P(Xt1 ∈B1, . . . ,Xtn ∈Bn) =∫
B1

· · ·
∫
Bn

∫
Rd

pXtn |Xtn−1
(xn,xn−1) · · · pXt1 |Xt0

(x1,x0)P(Xt0 ∈ dxt0)dx1 · · ·dxn.

Example 24 (White noise) Let {Xt}t∈I be a stochastic process with E[Xt ] = 0, Xt independent

of Xs, Cov[Xt ,Xs] = 0, if t ̸= s, and Cov[Xt ,Xt ] = 1. Then we say that the process is a white noise

process.

We can show that there is no measurable process Xt equivalent to the white noise

defined in the Definition 24 (KALLIANPUR, 2013), although it is a useful concept in the theory

of stochastic processes. Differently, we can define a generalized stochastic process with such

settings that has the measurability assured, but this subject is outside the scope of this text (see

(ARNOLD, 1974)).

A.4.0.2 Master equation

We are going to discuss another way to represent Markov processes which is more

conventional than the Chapman-Kolmogorov equation, the Master equation (KAMPEN, 1992).

Let us consider a Markov process {Xt} and the Chapman-Kolmogorov equation in Definition

A.32 between the time instants t and t + τ with τ > 0. We expand P(Xt+τ ∈ B | Xt = y) in a

Taylor series up to the first-order terms, giving

P(Xt+τ ∈B | Xt = y) = (1−a0τ)1{y∈B}− τ

∫
B

W (x,y)dx+o(τ),

where o(τ) stands for terms such that o(τ)/τ → 0 as τ → 0, W (x,y) is the transition probability

rate between Xt+τ and Xt . The coefficient (1−a0τ) represents the probability that the process
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does not change from a state Xt to any other state during τ . It is defined by satisfying

a0(y) =
∫
Rd

W (x,y)dx.

By substituting P(Xt+τ ∈ B | Xt = y) into the Chapman-Kolmogorov equation in Definition

A.32 we obtain taking limit when τ → 0 that

∂P(Xt ∈B)

∂ t
:=
∫
Rd

W (B,y)P(Xt ∈ dy)−
∫
B

a0(x)P(Xt ∈ dx).

Specially, when the stochastic process is on the discrete space (i.e. Ω = Nd or Ω = Zd), we

have that the probability of Xt = x chances with the rate

∂P(Xt)

∂ t
:= ∑

Xt

W (Xt ,X ′
t )P(X

′
t )−W (X ′

t ,Xt)P(Xt). (A.1)

We can draw some specific probabilities from the Equation (A.1). For instance,

if P(Xt) is such that ∂P(Xt)
∂ t = 0 for all Xt , this probability distribution is said the stationary

probability distribution. A more restrictive case that is worth to mention is that when P(Xt)= πX

such that

πXW (Xt ,X ′
t ) = πX ′W (Xt ,X ′

t ) (A.2)

for all possible states X . Notice that this implies that πX is also a stationary probability distribu-

tion, but in this case if we have a system modeled by a Markov process obeying such relation,

this system is said reversible. This relation is known as detailed balance.
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APPENDIX B – PARAMETERS OF THE ASM NO. 1

Symbol Description Units
SI Soluble inert organic matter gCOD ·m−3

SS Readily biodegradable substrate gCOD ·m−3

XI Particulate inert organic matter gCOD ·m−3

XS Slowly biodegradable substrate gCOD ·m−3

XBH Active heterotrophic biomass gCOD ·m−3

XBA Active autotrophic biomass gCOD ·m−3

XP Particulate products arising from biomass decay gCOD ·m−3

SO Dissolved oxygen gO2 ·m−3

SNO Nitrate and nitrite nitrogen gN ·m−3

SNH NH+
4 +NH3 nitrogen gN ·m−3

SND Soluble biodegradable organic nitrogen gN ·m−3

XND Particulate biodegradable organic nitrogen gN ·m−3

SALK Alkalinity molHCO−
3 ·m−3

Table 3 – ASM1 - State variables
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Symbol Description Value Units
YA Autotrophic yield 0.24 g XBA COD formed ·(g N oxidised)−1

YH Heterotrophic yield 0.67 g XBH COD formed ·(g COD utilized)−1

fP Fraction of biomass to particulate products 0.08 g XP COD formed ·(g N decayed)−1

iXB Fraction nitrogen in biomass 0.08 g N ·(g COD)−1 in biomass
iXP Fraction nitrogen in particulate products 0.06 g N ·(g COD)−1 in XP
µH Maximum heterotrophic growth rate 4.00 d−1

KS Half-saturation (heterotrophic growth) 10.0 g COD m−3

KOH Half-saturation (heterotrophic oxygen) 0.20 g O2 m−3

KNO Half-saturation (nitrate) 0.50 g NO3−N m−3

bH Heterotrophic decay rate 0.30 d−1

νg Anoxic growth rate correction factor 0.80 -
νh Anoxic hydrolysis rate correction factor 0.80 -
kh Maximum specific hydrolysis rate 3.00 g XS (g XBH COD d)−1

KX Half-saturation (hydrolysis) 0.10 g XS (g XBH COD)−1

µA Maximum autotrophic growth rate 0.50 d−1

KNH Half-saturation (autotrophic growth) 1.00 g NH4−N m−3

bA Autotrophic decay rate 0.05 d−1

KOA Half-saturation (autotrophic oxygen) 0.40 g O2 m−3

ka Ammonification rate 0.05 g XS (g COD d)−1

Table 4 – ASM1 - Parameters
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chemical Langevin equation, 54

chemical master equation, 52

chemical reaction networks, 52
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conditional probability distribution, 102

convergence in mean square, 101
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countable, 90

covariance, 99

cumulative distribution function, 97

detailed balance, 57, 108
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distribution measure, 96

dynamic, 19

Euler method, 30

Euler-Maruyama method, 42

expectation, 98

expected value, 98

filtering, 64

filtration, 104

Fokker-Planck-Kolmogorov equation, 40

Gaussian process, 104

Gaussian process kernels, 65

generalized stochastic process, 107

generated σ -algebra, 91

Gillespie algorithm, 54

heat bath, 35, 45

heat capacity, 46

heat reservoir, 45

identification, 18

indicator function, 92

infinitesimal generators, 40

inverse problems, 61

irreversible, 46

Itō process, 41

Itō’s lemma, 38

Jacobian, 29
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Kalman filter, 64

Langevin equation, 32, 34

law of mass action, 49

law of total probability, 103

Lebesgue measure, 91

likelihood, 61

linear dynamical system, 28

macroscopic, 47

marginal distribution, 97

marginal distribution function, 97

marginal posterior density, 64

Markov process, 105

Markov property, 105

martingale, 39

Master equation, 107

master equation, 52

Matérn function, 66

Maxwell-Boltzmann statistics, 56

measurable

function, 92

sets, 91

space, 91

measure, 89

measure space, 91

mesoscopic, 47

mesoscopic dynamics, 48

mesoscopic scales, 50

microscopic, 47

model, 18

moment, 99

nonautonomous system, 28

nonequilibrium entropy, 59

norm, 93

null set, 92

ODE

analytical solution, 24

general solution, 24

homogeneous, 24

inhomogeneous, 24

initial condition, 24

particular solution, 24

separable, 25

ordinary differential equations, 23

outer measure, 90

partial differential equations, 23

Picard iteration, 26

Picard-Lindelöf theorem, 26

posterior probability, 61

Probabilistic Numerics, 68

probability density function, 98

probability mass function, 98

probability measure, 94

product σ -algebra, 91

propensity function, 52

random event, 94

random variable, 96

reaction probability rate, 51

reverse reaction, 49

reversed reactions, 56

Riemann integrable, 93

Riemann integral, 93

Riemann sum, 93
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Runge-Kutta method, 30

sample space, 94

simple function, 92

Squared Exponential function, 66

standard deviation, 99

state-space representation, 27

Static, 19

stationary probability distribution, 108

stationary stochastic process, 104

step function, 37

stochastic, 19

integral, 30

process, 103

simulation algorithm, 53

trajectory, 52

stoichiometric coefficients, 52

Stratonovich integral, 39

system, 18

tagged partition, 93

thermal equilibrium, 46

thermodynamic laws, 45

transformation, 98

transition probability, 106

transition probability rate, 107

universe, 45

variance, 99

weak-sense stationary process, 104

white noise, 107

Wiener process, 105
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