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ABSTRACT

We study equatorial closed orbits in a popular black bounce model to see if the internal struc-
ture of these objects could lead to peculiar observable features. Paralleling the analysis of the
Schwarzschild and Kerr metrics, we show that in the black bounce case each orbit can also
be associated with a triplet of integers which can then be used to construct a rational number
characterizing each periodic orbit. When the black bounce solution represents a traversable
wormhole, we show that the previous classification scheme is still applicable with minor adapta-
tions. We confirm in this way that this established framework enables a complete description
of the equatorial dynamics across a spectrum of cases, from regular black holes to wormholes.
Varying the black bounce parameter r,,;,, we compare the trajectories in the Simpson-Visser
model with those in the Schwarzschild metric (and the rotating case with Kerr). We find that in

some cases even small increments in r,,;, can lead to significant changes in the orbits.

Keywords: general relativity; Simpson-Visser model; periodic orbits.



RESUMO

Estudamos 6rbitas equatoriais fechadas em um modelo popular de black bounce para verificar
se a estrutura interna desses objetos poderia levar a caracteristicas observaveis peculiares.
Paralelamente a andlise das métricas de Schwarzschild e Kerr, mostramos que, no caso do
black bounce, cada érbita também pode ser associada a uma tripla de inteiros, que podem entio
ser usados para construir um nimero racional que caracteriza cada 6rbita periddica. Quando
a solugdo do black bounce representa um buraco de minhoca atravessavel, mostramos que o
esquema de classificacdo anterior ainda € aplicdvel com pequenas adaptacdes. Confirmamos,
dessa forma, que essa estrutura estabelecida permite uma descricdo completa da dinamica
equatorial em um espectro de casos, de buracos negros regulares a buracos de minhoca. Variando
o parametro do black bounce r,,;,, comparamos as trajetorias no modelo de Simpson-Visser com
aquelas na métrica de Schwarzschild (e no caso rotativo com Kerr). Descobrimos que, em alguns

€asos, mesmo pequenos incrementos em r,,;, podem levar a mudangas significativas nas orbitas.

Palavras-chave: relatividade geral; modelo de Simpson-Visser; 6rbitas periddicas.
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1 INTRODUCTION

The General Theory of Relativity, proposed by Einstein in 1915, is the current state
of the art in describing astrophysical phenomena. In this context, it provides a generalization of
special relativity and synthesizes it with gravitation, refining the Newtonian law. Because of this,
it is the bedrock of many areas in astrophysics and cosmology.

Einstein’s field equations have a high degree of degeneracy, implying that finding a
general solution for an arbitrary matter distribution analytically is unmanageable. Nonetheless,
the first analytic solution was found shortly after Einstein published them, within one or two
months, by Karl Schwarzschild in 1916. The solution made use of symmetries, representing
spacetime outside a spherically symmetric matter distribution. Although Schwarzschild was
unaware at the time, it was the first black hole solution to Einstein’s field equations. The next
major milestone after Schwarzschild’s solution was the one proposed by Roy Kerr in 1963,
describing spacetime geometry outside a rotating, uncharged mass. Since then, numerous
other solutions have been derived, giving rise to a variety of alternative compact object models
exhibiting properties analogous to those of black holes.

Recent observational results, such as images of the supermassive black hole candi-
dates M87* and SgrA* captured by the Event Horizon Telescope (EHT) (Collaboration et al.
(2019), Akiyama et al. (2022)), findings by the GRAVITY collaboration (Abuter et al. (2018),
Abuter et al. (2020)), and the detection of gravitational waves by the Laser interferometer
Gravitational-Wave Observatory (LIGO) and Virgo collaborations (Abbott et al. (2016), Abbott
et al. (2017)), along with the expectations for the upcoming Laser Interferometer Space Antenna
(LISA) mission (Barausse et al. (2020)), have intensified interest in alternative compact objects
that can mimic black holes. Examples of such alternatives include boson stars (Guzmén and
Rueda-Becerril (2009), Herdeiro et al. (2021)), gravastars (Ray et al. (2020)), regular black
holes (Bardeen (1968), Roman and Bergmann (1983), Hayward (2006), Frolov (2014), Lan et al.
(2023)), and wormholes (Damour and Solodukhin (2007), Bueno et al. (2018)).

At the same time, from another point of view, the inevitability of singularities in
black holes solutions (Penrose (1965), Hawking and Penrose (1970)) is usually regarded as a
fundamental problem in General Relativity. In this sense, the possibility of the existence of
non-singular models that have a similar behavior to black holes (except at the core, of course)
is, by itself, interesting (Carballo-Rubio et al. (2018), Carballo-Rubio et al. (2020b), Carballo-

Rubio et al. (2020a)). These possible deviations from the classical predictions would usually be
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justified as the consequences of some yet unknown quantum gravitational effect or other kind of
mechanism. Hence, the study of such geometries and its phenomenological consequences may
ultimately provide a more complete model, pushing the borders of physics.

Here we consider an alternative compact object model proposed by Simpson and
Visser (Simpson and Visser (2019)), known as black bounce, to study the properties of periodic
orbits of material particles in the static, spherically symmetric case and also in its rotating version.
The Simpson-Visser metric is a minimal modification of the Schwarzschild solution and it neatly
interpolates between it, regular black holes, and traversable wormholes, depending on the value
of a parameter that we shall denote as r,,;,,. In the same way, its axisymmetric counterpart can be
described with a similar modification of the Kerr metric, generated by employing the Newman-
Janis procedure (Newman and Janis (1965), Newman et al. (1965), Mazza et al. (2021)), and can
also represent different types of spacetimes.

In this context, some particular aspects of geodesics in the Simpson-Visser model
have already been studied (Stuchlik and Vrba (2021), Silva and Rodrigues (2024)), and its
rotating version has also been investigated (Mazza et al. (2021), Islam et al. (2021), Nosirov et
al. (2023), Jiang et al. (2021)). However, a general classification of trajectories in these models
remains absent, primarily because of how elaborate the orbits in those metrics are. Thus, in this
work, we are going to fill this gap for time-like orbits in the Simpson-Visser model and, by the
same method, also describe equatorial orbits in its rotating generalization.

To proceed, we will use a taxonomy for periodic orbits based on zooms, whirls, and
vertices (purely topological features) proposed by Levin and Perez-Giz (Levin and Perez-Giz
(2008)) for orbits in the Schwarzchild and Kerr metrics. As we will see, this approach sets
a connection between closed orbits and rationals that will completely describe the equatorial
dynamics. In this context, we will show that both rotating and non-rotating Simpson-Visser
metrics preserve the essential features needed for this classification and study how r,;, affects the
behavior of these geodesics across different regimes, exploring the analogies existent between
black bounce models and the Schwarzschild and Kerr solutions.

Throughout this work we use geometrized units (G = ¢ = 1) and, for most part of it,
we set the black hole mass M to one. Also, the reader should know that every orbit is specified by
the energy E and angular momentum L of a test particle as measured by an observer at infinity.

With our choice of units, all parameters can be treated as dimensionless.
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2 CLASSIFICATION OF ORBITS

The types of trajectories that massive particles can have in Newtonian gravity are
well known: one can find elliptic orbits and hyperbolic or parabolic trajectories. However, in the
context of General Relativity, complications arise and one needs a more robust approach in order
to classify the different outcomes. In this sense, the possible orbits in strong-field regimes, where
relativistic effects are relevant, are substantially different from the Newtonian ones, presenting,
for instance, features we will refer to as leaves and whirls. In fact, assuming spherical symmetry,
we will next see that a relatively simple classification scheme is possible.

With this in mind, following the approach outlined by Levin and Perez-Giz (Levin
and Perez-Giz (2008)) we will next summarize how each closed orbit around a black hole can
be associated with three integers: z, w and v (which rely solely on the topological features of
the orbits). Using these numbers, one can construct a rational number that serves as a label for

different types of closed orbits.

2.1 The integers (z,w,v)

Figure 1 — Periodic orbit in Schwarzschild black
hole (the black circle represents the
event horizon) with the triplet (z =
2,w=0,v=1). Specifically, this or-
bit has L =4 and E = 0.975624.

20D
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Source: Author’s own work.
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The first integer, z, is the number of leaves the orbit traces before closing. We call
this number z for zoom (since the orbits present this characteristic of zooming in and out, that
actually defines what a leaf is). Figure 1 illustrates an orbit with z = 2. In the Newtonian context,
we would simply classify an ellipse with z = 1, but as the relativistic effects start to be more
relevant, these orbits will slowly start to precess (as in the case of Mercury’s trajectory) and the
orbits would be labeled with a very large number of leaves z, because a precessing ellipse can
be regarded as a many-leaves orbit. As we enter in strong-field regimes, we introduce not only
small perturbations (causing precessions) and the pattern of leaves can be more easily discerned.

However, this is not the only kind of z = 2 orbit. Actually, the particle can whirl
around the center before zooming out to the apastron. Indeed, there are, in general, orbits that
whirl around the center an angle 2w before zooming out again. Thus, we also need the number
of whirls, w, to describe the orbit. Figure ?? provides an example of a 2-leaf orbit with w = 1.
We point out that this feature is not observed in the context of weak field regimes, thus no analogy
can be drawn with Newtonian orbits, indicating the intrinsically different families of trajectories
existent in General Relativity.

Figure 2 — Periodic orbit in Schwarzschild black
hole with the triplet (z=2,w=1,v=

1). Specifically, this orbit has L = 3.8
and £ = 0.975685.

@, 1,1

_20}+ J
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Source: Author’s own work.

Nevertheless, we still need another integer number. Notice that we can see the
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apastra of a z > 2 orbit as the vertices of a regular polygon. We label these vertices by the integer
v, considering the initial apastron as v = 0 and increasing it in the same rotational sense as the
orbit (counterclockwise for prograde orbits and clockwise for retrograde). Considering this, a
given z > 2 orbit can go from the initial apastron right to the next (in which case v = 1) or, for
instance, skip it and go to the next neighbor (with v = 2). More generally, the particle can skip
any number of vertices v less than z for a given closed orbit. Figure 3 illustrates this for z =3 and
w = 1 orbits. With these examples, we established the triplet (z,w,v) that specifies each orbit.

Figure 3 — Periodic orbits in Schwarzschild black hole. Left: orbit with the triplet (z =3,w =

1,v = 1), with parameters L = 3.8 and E = 0.975342. Right: orbit with the triplet
(z=3,w=1,v=2), with parameters L = 3.8 and E = 0.975858.

&Ly e 30 1,2)
30; ] 30; ]
20?— . 20f ]
10; . 10?— ]
of— ] of— .
—10; . —10?— .
_20; - -20r B
—30?— ] -30F ]

-30

Source: Author’s own work.

Despite the vertices of 2-leaf orbits do not trace a polygon, we can address them
with v = 1. Also, we label 1-leaf orbits with v = 0 (the only case where v assumes this value).
Further, you could point out that there are different pairs of (z,v) that would describe the same
orbit for a given w. For instance, the (4, 1,2) orbit is equivalent to the (2, 1,1). To remove this
degeneracy we impose z and v to be relatively prime. Therefore, with these restrictions, (z, w,v)

determine uniquely the topological aspects of a closed orbit, where the allowed v are:

1<v<z—1, ifz>1, with z and v relatively prime,
2.1)

v=0, ifz=1.
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2.2 The relation with rational numbers

With the triplet (z,w,v) we can naturally see the relation between periodic orbits and

rationals. First note that any rational number can be written as:
m
q=s+ P 2.2)

where s > 0 is the integer part and m/n is the fractional part, with m and n relatively prime

integers satisfying
1<m<n-—1. (2.3)

These are exactly the same relations that z, w and v satisfy. Thus, every periodic orbit is associated

to the rational number:
v
qg=w+ g (2.4)

This rational number actually has a physical meaning: it is related to the accumulated azimuth

between successive apastra A@,. In this sense, as can be easily seen, we can write:

A@, =2n <1+w+3> _4e 2.5)
Z Z

where the total accumulated angle A in one full orbital period is zA@,. As we will show, this
relation provides a basis for finding the initial conditions that determine orbits with a given
associated rational number q.

Nevertheless, there is another well known way of relating periodic orbits and rational
numbers (Poincaré (1892, v.3), Landau and Lifshitz (1976)). An eccentric equatorial orbit has a
radial frequency

27
W, = T (2.6)

where T, is the (coordinate) time elapsed during one radial cycle (not the total period of an orbit),

and an angular frequency

1 (Trde A,
Wy = = —dt =
A T, Jo dt T,

(2.7)

Of course, to the movement repeat itself we need the ratio @y / @, to be rational. In fact, we can

see that, in this case:

Wy A,

v
=1 -=1 2.8
o 21 +W+Z +4q (2.8)

Thus, also establishing a relation between g and the orbital frequencies @, and @y.
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2.3 Degenerate cases

Before concluding this chapter, it is important to point that even non-periodic orbits
can be described by this scheme, since we can approximate arbitrarily well an irrational number
by a rational. Also, in principle, circular orbits do not fit in this description. This can be seen
from the fact that these orbits have no radial frequency to relate with @. In spite of this, we
can associate a rational to them by first noticing that the zero eccentricity limit of @, for stable
circular orbits is not zero, but rather the frequency of radial oscillations for small perturbations
(Levin and Perez-Giz (2008)).

Furthermore, unstable circular orbits also arise in the Schwarzschild and Kerr metrics.
(Hobson et al. (2006), Wald (1984)). When those orbits are bound (meaning their energy is
less than one), they admit an associated homoclinic orbit, that starts from a finite apastron and
asymptotically approaches the corresponding unstable circular orbit. In this case, the associated

rational number diverges to infinity, a point that will be clarified further in the next chapter.
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3 GENERAL BEHAVIOR IN THE SCHWARZSCHILD AND KERR CASES

We will now guide the reader on the qualitative relation that exists between different
types of orbits and the range of values that the rational g can take. For this purpose, we will have
to explore the critical points of the effective potential of time-like geodesics, which will provide

us with crucial information about the different types of orbits that can be found

3.1 Description in Schwarzschild metric

The Schwarzschild metric is (Wald (1984)):

ds* = — <1 — 27M) dt* + (1 —~ 2#) 71dr2 +7r* (d6* +sin* 0d¢?), 3.1)
where ds? is the spacetime interval (line element), ¢ is the time coordinate measured by a
stationary observer at infinity, r is the radial coordinate, 6 and ¢ are the angular coordinates, and
M is the mass of the central object.

In the Schwarzschild metric, as we shall see, given L, the stable circular orbit will
determine the minimum value g could take, and if the unstable circular orbit is unbounded
(E > 1) there will be also a superior limit (and otherwise ¢ can take arbitrarily large values). To

show it, let us consider the effective potential for time-like geodesics in the Schwarzschild metric.

Considering the black hole mass M equal to one, the motion can be described by (Wald (1984)):

1
§f2 +Vers = €y (3.2)
where
E 1 1 > I
=g Vr=3 7 e e

Since V, s ¢ does not depend on the energy E, we can analyze the family of possible
orbits just by looking at the plot of V, s, for a given value of angular momentum L. Like in any
problem of a particle in a potential, the range of r where the particle can be found depends on the
relation between €.5¢ = E 2 /2 and V, rf- This will determine the existence of bounded/unbounded
orbits and critical cases. Consider Figure 4, where we show V, ¢ from large values of L to low
ones. The critical points in the potential, which are given by dV, sr/dr = 0, determine the region

where circular orbits are possible. Solving this condition, we find:

|
rjﬂ:i( 241, L2—12> (3.4)
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First of all, note that the critical points 7 only exist for L > V/12. A glance at Fig. 4
confirms that r;r represents a local minimum, while r_ is a local maximum. Naturally, stable
circular orbits occur at local minima, while unstable circular orbits are found at local maxima.
Additionally, when L = V12, the two critical points coincide (rc+ = r, ) and besides having
dV,sr/dr = 0, one also has that d*v, rr/ dr? = 0, which is the condition for marginal stability
(Hobson et al. (2006)). Because this is the stable circular orbit with least radius, we call it the
Innermost Stable Circular Orbit (ISCO), with angular momentum L;gco = v/12 and associated
radius r;sco = 6. The lowest curve in Fig. 4 represents the potential that contains this orbit.

Another important orbit to which we will refer to is the Innermost Bound Circular
Orbit (IBCO), which corresponds to a specific unstable circular orbit that we introduce now. As
the angular momentum increases from L = V12, we see that the radius of the unstable orbit (at
the maximum of the potential) decreases, and the value of the local maximum of the effective
potential increases (see Fig. 4). Because of this, there exists a specific value of the angular
momentum, L = Ljpco, for which the effective potential at the local maximum coincides with
its asymptotic value lim,_,., V, s = 1/2. This orbit is what we call the IBCO. For any angular
momentum greater than L;gco, the corresponding unstable circular orbit becomes unbounded
because any particle capable of reaching . will have E > 1 and will no longer be trapped within
the potential walls. The importance of the IBCO in our context lies in the fact that bound maxima
in the effective potential, those with L < Ligco (for which V,¢¢(r.) < 1/2), can be associated

with homoclinic orbits.

3.2 Range of ¢ and homoclinic orbits

Homoclinic orbits are those that start at a finite apastron with the right energy to
asymptotically approach the corresponding unstable circular orbit, executing an infinite number
of whirls and thereby having an associated rational number g — c. Those orbits have the same
angular momentum L and energy E as the unstable circular orbit they tend to. This means
that closed orbits that asymptotically approach the homoclinic orbit can have arbitrarily large
associated rational numbers. In contrast, for any L > L;gco, the associated rational number g
will have an upper bound. Also, the lower bound will be determined by the stable circular orbit.

We thus see that the possible rational numbers g will be in the range

e < g <o if Lisco < L < Lipco,

qde < 4 < Gmax if L > Lipco,
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where ¢, is the rational associated with the stable circular orbit and g, the rational associated
with the bound orbit with maximum energy.

For the Schwarzschild geometry, the parameters that specify the IBCO are easily
calculated as Ljpco = 4 and rjpco = 4 (recall that we are setting M = 1). In Figure 4, the
evolution of the effective potential is shown, from L;sco = V12 to Ligco = 4 and beyond,
including values of L that lead to unbounded, unstable circular orbits.

Figure 4 — The effective radial potential V. s/(r) (plotted in a logr scale) for
different values of angular momentum L. The horizontal line at

Vers = 0.5 corresponds to the bound energy of £ = 1. Note that
Lipco = 4 and the lower curve have angular momentum L;sco =

V12,
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Source: Author’s own work.

3.3 Description in Kerr metric

The Kerr metric, in Boyer-Lindquist coordinates, is (Hobson et al. (2006)):

4Marsin® 0

M r
P (1 _ _r) A%+ —drP +Tde* — dtde +Ysin® 0 d¢?, (3.5)

r A
where a is the spin parameter and the auxiliary functions are defined as:

2Ma’rsin’ @
[ =7 +d’cos’, A=r*—2Mr+d?, Y=r a4+ Y ;31n

Although Kerr orbits do not admit a simple one-dimensional effective potential, their
description is analogous to the Schwarzschild case. We still have an ISCO and an IBCO, the

unstable circular orbit (when it exists) is always more energetic than the stable one etc. (Levin
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and Perez-Giz (2008)). Because of those features, the same analysis that we used to specify and
determine the Schwarzschild orbits are valid here.

Additionally, since the reasoning involving unstable circular orbits and homoclinic
orbits determines if ¢ will have an upper bound. For completeness, it should be pointed out that
the lower bound will always be determined by the value g tends to as we approximate the stable
circular orbit. In this sense, for large values for the radius of the stable circular orbits (in the
weak-field regime) the value for the associated rational tends to zero (reflecting the fact that
orbits will have no whirls and start to resemble simple elliptical precession, for instance) and as
it approaches the ISCO (and start *'merging’ with the unstable circular orbit) this value diverges.

Figure 5 shows this relation in the Kerr metric for different values for the spin parameter a.

Figure 5 — Lower bound of the associated rational g versus the radius of the
(co-rotating) stable circular orbit in the Kerr metric, shown for
various values of the spin parameter a. Above the horizontal line at
y = 1, all orbits must exhibit whirls, a feature exclusive to strong-
field gravity near the black hole. As the ISCO is approached, the
minimum diverges due to the merger of the unstable and stable
circular orbits. As a increases, the ISCO radius decreases for
co-rotating orbits (and increases for counter-rotating orbits).
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a=038

minimum rational
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Source: Author’s own work.

3.4 Dependence of g on energy and eccentricity with numerical insights

Another essential feature is that ¢ increases monotonically with energy (since A,

does so) and decreases monotonically with the angular momentum (Levin and Perez-Giz (2008),
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Levin (2009)). In fact, this is the relation we made use of to determine the initial conditions
for an orbit with a given associated rational. Shortly, if, for instance, we maintain L constant,
denoting r, as the radius of the apastron and r, of the periastron, the process is to compute

numerically the integral
t(ra) d Ta d

Ag, =2 / ) / 29 4r (3.6)
t(rp) dt r, dr

and use the bisection method to find the energy that returns the required rational A, [see
Eq.(2.5)]. In this process, we take advantage of the behavior of ¢ with respect to E, noting
that the smallest E corresponds to the stable circular orbit and the largest E to the energy of
the unstable circular orbit or to E = 1. Denoting the lower and upper values for the energy as
E| and E,, we use the mean (E| + E»)/2 as a trial energy to evaluate the integral in Eq.3.6. If
the resulting angle is larger/smaller than the desired value, we set this trial energy as the new
upper/lower limit and repeat the process. This is done iteratively until the angle converges to the
specified precision. Of course, an analogous process would be valid if L is varied and E is kept
constant.

Figure 6 — Curves of the associated rational vs energy and eccentricity in a Schwarzschild black
hole. The different angular momentum are the same as Figure 4, except for the

L= Lisco.
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Also, it is worth noting that the associated rational g also grows monotonically with

the eccentricity e, defined as:

Fa—Tp

e= ,
ra-l—rp

3.7

where r, is the apastron and r), the periastron. This observation provides an alternative route to

relating g to observable quantities. Fig. 6 compares the dependence of g on the energy E and the
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eccentricity e for a Schwarzschild black hole, using the same values of angular momentum as in
Fig. 4. Note that, regardless of the representation, g increases as L decreases.

Note also that in the curves with L > L;gco (L = 4.25 and L = 4.5), the value of g
is almost independent of e. This is because orbits with L > L;pco cannot approach homoclinic
ones. One can show that as L grows beyond L;pco, the range of g, and g, becomes even
smaller. As L — Lz, the allowed orbits execute many whirls (potentially infinite), leading to
large values of g. In the IBCO case, orbits with large g also have a large apastron radius, but as
L diminishes, the maximum drops and ¢ begins to grow for smaller values of r,, divergingfor
some e < 1 (or E < 1). For more examples of orbits in Schwarzschild and Kerr metrics see Figs.

11, 12, 14 and 15 in (Levin and Perez-Giz (2008)).
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4 ORBITS IN THE SIMPSON-VISSER METRIC

4.1 Equations of motion

The metric proposed by Simpson and Visser (Simpson and Visser (2019)) is given

by:
oM dr*
ds’ = = | 1= = | dr* + — 57—+ (P +135,) (0> +sin” 0d9?) (4.1)
r2+rr2m'n 1_\/r2+r/%1in

where M is the Arnotwitt-Deser-Misner (ADM) mass and r,,;, is a parameter that regularizes the
central singularity. Note that for 7,,;, = O this is simply the Schwarzschild solution. Furthermore,
changing the r,;, it is possible to interpolate between regular black holes (Bardeen (1968),
Roman and Bergmann (1983), Hayward (2006), Frolov (2014), Lan et al. (2023)) to transversable
wormholes (Simpson (2021)). If O < rp;,, < 2M we have a regular black hole geometry with
a one-way spacelike throat (with an event horizon at |/4M? — riznm), Fmin = 2M implies a one-
way wormhole geometry with an extremal null throat and for r,,;, > 2M we have a traversable
wormhole geometry (in the sense of Morris-Thorne (Morris and Thorne (1988), Morris et al.
(1988))). Throughout this section we are going to analyze how r,,;, can affect the aspect of
closed orbits in the region r > 0.

Let us first derive the equations governing the motion of massive test particles in the
geometry defined above. Considering the vector tangent to the worldline of a massive particle

parameterized by some A (that we can choose to be the proper time), we know:
dxt dx” dr \* ar\* ,, doN* ., [do\*
Suv oy = 8 (ﬁ) +&rr (ﬁ) + (" + Fmin) (H) +sin” 6 (H) =-—1
4.2)

Because of the spherical symmetry, we can fix, without loss of generality, 8 = /2, staying with

the equatorial problem:

dxt dx” dr \* dr\* 5, 5 \[do\*
guv%ﬁ——gzz (ﬁ) + &rr (ﬁ) +(i’ +rm,-n) (ﬁ) =—1 4.3)

Now we can use the Killing symmetries (Wald (1984)) and find the following expressions for the

energy E and angular momentum L (setting M = 1):

2 N _p. 2 2 (99
1 m (d)L)_E, (r—l—rmm)(wL)—L. (4.4)
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Thus, substituting it in equation 4.3 we find:

1 (dr)2 1 2 ( 12 ) E?
— |- ) +=z|1- +1) =— 4.5)
2 \dA 2 /2 +";%u‘n r2+ r,%u.n 2
So exactly as in the Schwarzschild case, we found that the radial motion is the same as that of

a nonrelativistic unit mass particle of energy E2 /2, but now moving subjected to the effective

potential
1 1 L? L?

Verr==— + — . 4.6)
2 (P4r2,)"? 2P ) (242,)7

If rpin = 0, of course, this is the same as the effective potential in the Schwarzschild
case (eq. 3.3), which we will denote as Vy(r). Then note that the V(r) above is the same as
Vo ( r2 4 r,zm-n> . Hence, naively, we could expect that the introduction of r,,;, will cause an
effect similar to that of x — x + xo, which is a shift to the left (since a given value of rin Vs
corresponds to what would be a larger value of r in V). Note, of course, that this is just a
qualitative statement because r,;,, causes more significant effects when r is closer to r = 0 than
when r >> ryin. To visualize the effect of 7, in Vs for a given L, see Fig. 7.

To gain some insight on the modifications with respect to the Schwarzschild case,
consider an orbit with a given L that starts at a given apastron r = r, when r,,;, > 0. The potential
that this particle feels corresponds to the potential of a larger apastron r3 in the Schwarzschild case

(when ry,;;, = 0) because (rS )2 =2 + rg. Since we are interested in comparing orbits that initiate

a min
at the same (physical) radius in both the Schwarzschild and Simpson-Visser models, it is more
appropriate to identify the physical apastron as the radius of the 2-spheres, rppysicar = rrzm.n +7r2,
rather than simply as the value of the radial coordinate r. Consequently, in the ’shifted’ potential
(with 7, # 0), we will adopt the rule that the initial condition must also be shifted to the

. /5 2
left, maklng ro = rphysical -r

<in)» Which leads to the same values for energy and angular

momentum as the ones we have in the Schwarzschild case for r = ry.

4.2 Description of orbits

In spite of this, it is possible to show that trajectories with increasing r,,;, in the
Simpson-Visser model have larger associated rationals than Schwarzschild ones that start at the

same physical radius. This can be directly seen by analyzing the accumulated angle between

successive apastra A@,. Recalling eq. 3.6 and expressing A@>" = frrp“ ®(r)dr, the corresponding

r
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Figure 7 — Behavior of the effective potential for the Simpson-Visser metric
with the increase of the parameter ry,;, for L = Ljpco = 4. Upper
plot: 7y, ranging from O to 4. Lower plot: 7, ranging from 4 to
12. Notice that when r,,;;, = 4 the location of the IBCO is shifted
to the origin. For r,,;, = 12, it is the radius of the stable circular
orbit (for this value of L) that is shifted to the origin.
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A@YS can be written with a simple change of variables p = 4 / r,%u.n +r2 as

4.7)

Ya p
Ap/S = / ——®(p)dp,
i \/ P2 - rrznin

p2— r,%“.n is always greater than one, its effect is basically to increase

Since the term p/
the value of the integral, causing the azimuth swept by the orbit to increase with r,,;,, and,
consequently, also increases the associated rational q.

In this context, it is also immediate to see that the Simpson-Visser model preserves

features of the Schwarzschild geometry, as having a lower limit for g represented by the stable
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circular orbit, which has the lowest energy, and having the upper limit represented by the
homoclinic orbit (or £ = 1 if the maximum in the potential is not bounded).

On the other hand, recalling that ¢ = w4 v/z, it is expected that a small increase in
I'min Would not change the number of whirls w of the orbits, because that would cause an abrupt
change in ¢, but only the fractional part v/z (unless, of course, v/z is close to one or zero). This
means that we expect to see only small perturbations and, for instance, that we would associate a
2-leaf orbit with r,,;, = 0 to a precessing 2-leaf orbit when r,,;, is slightly increased from zero.
This is exactly what we show in Fig. 8. Also, because ¢ in the Schwarzschild case has the
behavior presented in Fig. 6, if the orbit is in that region where a small increase in the energy
causes an abrupt change in ¢, we would not only need to associate it with precessions of the
original orbit but also, for instance, relate a Schwarzschild 3-leaf to a Simpson-Visser 2-leaf, as
in Fig. 9, causing a significant change in the orbit.

With this line of thought, if we increase r,;, sufficiently slowly (and since L, just
as in any axisymmetric spacetimes, is an adiabatic invariant (Hughes (2019))) the orbits would
continuously evolve describing a family of trajectories with larger and larger values for the
associated rational g (because a precessing orbit is simply an orbit with the same number of
whirls w but with many more leaves z).

Figure 8 — 2-leaf orbits in Simpson-Visser metric with increasing r,;, from left to right. Note

that the orbits are just precessions of the original 2-leaf orbit. All these orbits have
the same initial physical radius (1o ~ 72.0054) and angular momemtum L = 3.9.
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Thus, we have shown that the orbits in the Simpson-Visser model can be reduced to
a family with the same topological features as the orbits in the Schwarzschild metric (with the
triplet (z,w,v)). Additionally, we can also use the translation argument (shift of the potential) to

compare the evolution of orbits allowed for given values of angular momentum in Simpson-Visser
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Figure 9 — Orbits with same initial radius (ry ~ 25.606327) but with different values of r,,;, with
L =3.75. Left: 3-leaf orbit in Schwarzschild black hole. Right: Increasing r,,;, for
the same initial radius the orbit has now two leaves. Notice that because we have
more whirls, g is in the steepest part of the curves represented by Figure 6 so the
associated rational for orbits with different r,,;, vary more, in contrast with Figure 8.
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and Schwarzschild metrics.

In this sense, we already know the general behavior for the Schwarzschild case:
in the initial region where Ljsco < L < Ljpco orbits can have arbitrarily large g and, as the
angular momentum increases, these orbits will have greater and greater eccentricities. Then,
when L > L;pco these high g orbits cease to be allowed, and the upper limit will be the rational
associated to the bound orbit that comes from infinity and has the periastron defined by the radius
at which V, sy = 1/2 (or E = 1, the maximum energy for a bound orbit. See the first two larger L
in Figure 4). In addition, in the weak-field regime (large angular momentum) all orbits cease to
exhibit whirls (w = 0) and can be described as minute precessions of an ellipse (with a very low
ratio v/z) as in the case of Mercury’s orbit in our solar system.

Moreover, for small values of r,,;,, all these characteristics of the effective potential
are preserved, and orbits in Simpson-Visser model will exhibit in general the same behavior as
the Schwarzschild case discussed above, with the difference that the periastra become closer
to the minimal sphere of area 47rr,%“-n. This is so until r,,;;, = rigco, because for this value of
I'min the innermost bound maximum is displaced to the coordinate center r = 0 (also, at this

point, r,,;, > 2M and the spacetime now describes a wormhole). However, for L < L;gco this
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maximum is offset further to the right and would not be totally displaced, as illustrated in Fig.
11. Still, for larger values of r,,;,, these maxima are progressively reached, requiring smaller and

smaller values of L to avoid having a maximum displaced to r = 0.

Figure 11 — Simpson-Visser effective potential for r,,;, = 4, chosen such
that r;pco < rmin < r1sco, shown for several values of angular
momentum L. As L decreases, the local maximum shifts to larger
radii, so that orbits associated with arbitrarily large rationals can
have physical periastra larger than r,,j,.
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However, this maximum cannot be indefinitely shifted to the right. In fact, the
farthest it can go is when r = rygco (the point at which the unstable circular orbit merges with the
stable one). This establishes another region, where r;pco < rmin < rrsco- Note also that as we
increase ry,;, and these maxima are reached, because this range has values for V, s greater than
at the minimum (obviously), and recalling that V, ¢ is even, they necessarily become maxima at
the origin (see the lower plot in Figure 7). For this reason, it is possible to associate homoclinic
orbits (which would have a physical periastron approaching r,;,) with them, causing orbits with
arbitrarily large ¢ to exist within this range of angular momenta.

Therefore, in this case, just as in the Schwarzschild description, there is also a range
of angular momentum within which orbits have arbitrarily large associated rationals, until larger
values of L, where g becomes bounded. The essential difference is that beyond a certain apastron
radius, the trajectories with arbitrarily large associated rationals will also have physical periastra
arbitrarily close to r,,;;, (since the maximum will be in the origin for theses cases). Figure 10

illustrates this by comparing Schwarzschild and Simpson-Visser orbits in this intermediate case



38

with the same value for L and gq.

It is important to point out that, despite the orbits in the Schwarzschild and Simpson-
Visser space-times looking similar (since they have the same associated triplet), they are the
result of integrating completely different equations of motion. In order to observationally tell
them apart, one would need a substantial degree of precision. If one ignores the nature of the
central object, focusing only on the general aspects of the orbital motion (such as the associated
triplet), then the orbits would be hardly distinguishable.

Further, when r,,;;, > rysco not only will we be prohibiting any maximum from
existing in r > 0, but also will start shifting some minima to the origin. For these cases, the
particle cannot describe trajectories only in the region r > 0 because it has to go through the
wormhole. As L increases, the radius of the stable circular orbit becomes larger and, for the
same reasons as before, a maximum may appear at the throat (» = 0), as shown in Fig. 12. With
increasing L, this maximum of V, sy will grow in amplitude until it becomes larger than 1/2
(which corresponds to E = 1). Thus, in previous cases, for an initial range of angular momenta,
orbits will have ¢ arbitrarily large, but they will also have physical periastra arbitrarily close
to rmin (since the maximum is always at the origin). Additionally, in contrast with the other
situations, closed orbits (with » > 0 only) will not exist for the same range of angular momentum
as in the Schwarzschild case (that is, L > Ljsco). As rmin increases, one needs a larger minimum
angular momentum for this to happen (and it is given by the value of L that turns r = r,,;, into a
minimum for V).

Perhaps another important aspect to note is that this range of L in which high ¢
orbits are allowed is roughly determined by the difference of the angular momentum in which
Vo(Fmin) is @ minimum and the one for which Vy(r,,in) = 0.5, and that this difference increases
monotonically with r,,;,. Hence, as ry,;, increases (within this region where r,,;, > rrsco), the
range of angular momenta that allows for orbits with arbitrarily large associated rationals also
increases. Consequently, we expect such orbits to become more frequent as r,,;, increases.

So far, we have only considered orbits that do not go through the wormhole. Next,

we are going to specifically analyze bound orbits that can traverse it.

4.3 Wormbhole case: traversing orbits

As noted before, if r,;, > 2M the Simpson-Visser metric describes a traversable

wormhole geometry. In this case the wormhole throat is described by the hypersurface at r = 0,
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Figure 12 — Simpson-Visser effective potential for 7,,;, = 7, chosen such that
Ymin > T1sco, shown for several values of angular momentum L.
As L increases, the location of the potential minimum shifts to
larger radii. In this case, however, in constrast with Figure 11,
all orbits associated with arbitrarily large rationals have physical
periastra arbitrarily close to r,;y,.
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Figure 13 — Example of an orbit with observed triplet (1,1,0) that comes from (2, 1,1). Each

plot shows the orbit before the next throat-crossing, and the dotted part represents
the trajectory in » < 0. This orbit has ry,;;, =5, E = 0.9740256 and L = 3.75.
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Source: Author’s own work.
with r < 0 corresponding to the universe on the other side of the geometry (Simpson and Visser
(2019)).
Like in the previous case, the analysis of the equations of motion and the effective
potential will be very helpful. As noted before, since the equations are symmetric under the
exchange r — —r, the trajectory followed by a test particle on the » > 0 part of the spacetime

is completely analogous to the trajectory in the » < 0 region. This allows us to represent the
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trajectory in the r < 0 region as a continuation of the orbit in » > 0. This implies that it is possible
to use the integers triplet (z, w,v) to describe bound orbits in this case.
Figure 14 — Example of an orbit with observed triplet (3,1,2) that comes from (3,1,1). Each

plot shows the orbit before the next throat-crossing, and the dotted part represents
the trajectory in » < 0. This orbit has ry,;, =5, E = 0.9758229 and L = 3.75.
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Source: Author’s own work.

In this context, we proceed to analyze how those orbits would be represented. Firstly,
if the orbit has a given number w, the trajectory will make w whirls in the r < 0 region before
returning to the r > 0 region. In addition, it will also complete one of the z leaves (skipping v
vertices, as already discussed) and accumulate an angle equal to 27tv/z. In this sense, though

this part of the trajectory may not be observable from the » > 0 region!, the accumulated angle

' A dedicated study of the propagation of light rays emitted by a luminous point source (Rosa et al. (2023)) in this

geometry would be necessary to assess the observability of these orbits, but that lies beyond the scope of this
paper and will be considered elsewhere.



41

still contributes. For this reason, for an observer in our universe, the orbit will sweep an angle
equivalent to w whirls plus an angle of 2zv/z. If 2v/z is larger than one, this contribution would
cause one more apparent whirl, and the remainder is the new observed vertex-leaf relation.
Otherwise, the observed trajectory will have a new number v, equal to 2v, and if it is exactly
equal to one (that is, a two-leaf) it will be visible as a one-leaf orbit.

So, in short, given the rational number ¢ related to the accumulated angle between
successive apastra by eq. 2.5 (considering the r < 0 trajectory), the observable orbit, which is

detected by an observer with r > 0, has a triplet (z, w,Vv),,s corresponding to the rational

Gobs = lq] +2(q—|q]) =29 — |4] (4.8)

We have thus established a classification scheme for orbits that traverse the wormhole
that is analogous to that used in non-wormhole space-times. As illustrative examples, Fig. 13
shows an orbit originating from the triplet (2,1, 1) but observed as having one whirl and one
leaf, while Fig. 14 presents a trajectory associated with (3,1, 1) but observed as (3,1,2) (all in
accordance with the explicitly stated rule).

Furthermore, from the effective potential, one concludes that it is possible to have
two distinct regions where the traversing orbits are essentially different. Note from Fig. 15,
where the effective potential is shown for some values of r,,;,, that as r,,;, is increased, at first
(rmin = 3 1n the figure) bound traversing orbits exist for radii ranging from zero to the radius
corresponding to the local maximum of the effective potential (that we will call inner orbits) and
for trajectories with energy greater than the energy of this local maximum (referred to as outer
orbits). Additionally, for r,,;, sufficiently large (greater than the unstable circular orbit radius
when r,,;;, = 0) inner orbits cease to exist, without any distinction of regions for orbits that enter
the wormhole.

We also note that the values of the associated rationals have a different relation with
the energy (or the eccentricity) for inner and outer orbits. For outer orbits, the lower limit for the
energy is determined by the local maximum and the upper limit by the value at infinity (£ = 1).
However, we know that, as the orbit approaches the maximum, the associated rational approaches
infinity (because we can associate to it an orbit similar to a homoclinic one) and, as the initial
conditions move away from the local maximum, the orbits will whirl less and less and approach
the upper limit (E = 1) where it describes an orbit with some finite g. With this in mind, we see

that, contrary to the behavior in previous cases, the associated rational decreases with increasing
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Figure 15 — Instances of the effective potential for various values of 7, in
cases where bound traversing orbits are possible. These cases
have L = 3.8 and are plotted in a log r scale (and are replicated
for r < 0 since the function for V, s is even).
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Figure 16 — Examples of traversing orbits in the inner part of the effective potential (note the
small eccentricities). In the top of each plot the triplet associated with the accu-
mulated angle A@, is indicated, together with the triplet that is actually observed.

All trajectories have ry,;, = 2.5 and L = 3.6. The energies are, from left to right,
E =0.9525868, E = 0.9537071 and E = 0.9539270.

(1, 1,00 > (1, 1, 0)obs 4,1, 1) > 2, 1, Dops G, 1, 1) > (3, 1, 2)es

Source: Author’s own work.
energy. This line of thought, of course, is still valid for those cases in which the local maximum
is at the origin.
Nonetheless, for inner orbits the reasoning and limits are similar to the no-through
trajectories already discussed, and the associated rational increases with the energy. So, in
summary, for outer orbits, unlike other cases, the associated rational ¢ monotonically decreases

with energy (or eccentricity), whereas it increases for inner orbits. Another distinctive aspect
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is that inner orbits have smaller eccentricities compared with outer ones. Further, for the cases
where the local maximum is at the origin the description is similar to that of the outer orbits
examples. For the instances where the origin corresponds to a minimum (and there are no local
maxima), both limits become finite, defined by the value that g takes as the orbit approaches
infinity and as it approaches the stable circular orbit at the origin. Figs. 13 and 14 are examples

of outer orbits, and Fig. 16 presents some inner orbits.
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5 EQUATORIAL ORBITS IN THE SIMPSON-VISSER METRIC WITH ROTATION
5.1 Derivation and equations of motion

Just like the Kerr metric, which, despite not admitting a simple description through a
one-dimensional effective potential, has orbits with analogous descriptions as in the Schwarzschild
case, the equatorial geodesics in the Simpson-Visser metric with rotation are completely analo-
gous to those we discussed in the previous section. To see this, let us first explain how to derive
the corresponding rotating solution.

The general parametrization of a static, spherically symmetric metric is
dr?

f(r)

A common way employed for finding the axisymmetric counterpart of 5.1 is the Newman-

ds® = —f(r)dr* + + h(r)[d6* +sin® 0d¢?]; (5.1)

Janis algorithm (Newman and Janis (1965), Newman et al. (1965), Afonso et al. (2022)),
consisting, basically, in a particular complexification of radial and time coordinates with a
complex coordinate transformation. In Appendix 8 a brief summary of the algorithm is made
and it is applied to the SV metric (see (Erbin (2017)) for a review of the method). Several other
prescriptions of this method can be used. As an example, in (Azreg-Ainou (2014b), Azreg-
Ainou (2014a)) the complexification is substituted by some physical arguments and symmetry

properties, naturally generating solutions in Boyer-Lindquist coordinates. In this case:

2M

—7
\/ r2+rr2m'n

With this choice, the metric obtained by the Newman-Janis procedure can be written, in Boyer-

f(r)=1- h(r)=r*+r2.. (5.2)

Lindquist coordinates, as (see (Mazza et al. (2021))):

ds>=—|1— w dr* + § dr’+Xde*— AMasin’ 92 o T dtd@+Asin® 0 d o>
(5.3)

where a is the usual spin parameter and M the total mass, with

Z:r2+r,2m-n—|—a2c0526, A:r2+r,%”~n—2M r2+r,%”-n+a2,

2Md?sin® 0,/ + rrzm-n

X

A=r 4, +ad+
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As you can see, it reduces to the Kerr metric when r,,;, = 0 and when a = 0 it becomes the
Simpson-Visser metric. Actually, analogously to the relation between the SV model and the
Schwarzschild metric, this metric is the Kerr metric exchanging r by /72 + rrzm.n, but without
changing dr (thus, this metric is not related to Kerr by a change of coordinates). Also, depending
on the values of a and r,,;,, this metric can be described as different kinds of regular black holes
or wormholes (see (Mazza et al. (2021)) for a more detailed discussion).

Furthermore, to derive the equations for the geodesics, we can use the Hamilton-
Jacobi method (Chandrasekhar (1998)). The Hamilton-Jacobi equation governing geodesic

motion with a metric gMV is:

as 1 ads ds
T _ZoMv T T
97~ 2% oxi o Sh

Assuming that the variables are separable, the solution must be of the form
1
S= Euzr—Et+L(p+S,(r)+S9(9), (5.5)

where E and L will represent, as usual, the energy per unit mass and the angular momentum per
unit mass and p? = 0 for null geodesics or u? = 1 for time-like (which is our case). Substituting

this form for § in equation 5.4 we find a solution analogous to the Kerr case:

2 2 2
dt re+rni,ta

ro—=a(lL—aE sin® 0) 4 o [E(r? + 12, +a*) — La, (5.6a)
d

zé — +VR, (5.6b)

z% Y (5.6¢)
do L a .. o2 2 2

y ¥ _ _aE+%IE . ~L .
dt sin2 0 ac + A[ (r +rmm+a ) a]7 (5 6d)

with

R=[E("* + 1y +a*) — Lal* — A[u*(r* + ray,) + (L—aE)* + 0],

L2
@:Q—coszﬂlaz(,uz—Ez)—k — }
sin“ 0

where Q is equivalent to the Carter constant in the Kerr metric, actually, with the same expression:

L
Q = uj +cos’ 0 {az(l—E)z— — }, (5.7)
sin” 6

where ug is the 8-component of the four-velocity. Hereafter, we will consider, as in the previous

sections, M = u? = 1, with all the Boyer-Lindquist coordinates interpreted as dimensionless
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quantities. Further, it is important to point out that these equations of motion are not the optimal
choice for computational simulations, since, for example, the need to change signs at the turning
points in the equation for r naturally accumulates significant errors. For this reason, as we will
see, the use of the Hamiltonian formalism is more suitable (Levin and Perez-Giz (2008)). Let’s

first consider the Lagrangian for a free particle:

T
L = 58apq”d’. (5.8)

In our case (since t = 1 and gaﬁqb‘qﬁ = —1 along a timelike trajectory) this implies that .’
is identically equal to —1/2. Moreover, the particle’s 4-momentum is also dimensionless and

identical do the four-velocity, p% = ¢*. Defining the canonical momentum p, we have:

0% .
Pa = Py gaﬁqﬁ = gaﬁpﬁ : (5.9)

Hence, explicitly, the components are:

2./ + r,%”.n 2a+/1r2 + rrzm.n sin’ @

=—|l1—-——]f— ) 5.10

Pt Z Z (pv ( a)
Y
pr= 3 (5.10b)
po =X, (5.10¢)
2a%,/r2 412 sin®0 2a+/r2+r2. sin’@

Po = sin?@ | r* + r,zm-n +a*+ > m ¢ — me i (5.10d)
With this we define the Hamiltonian:
He poat— @ — L,aB 5.11

= puq =58 " PaPp- (5.11)

2

Thus, in principle, we just need to compute the inverse metric g“ﬁ to determine the Hamiltonian
and derive the equations of motion. However, in this case, it is simpler to use the equations of
motion we already have. Since there are no cross terms involving r or 0 in the element of line

8.17, we can write the Hamiltonian as:

A 1
H(4,p) = 517 + 556 + /(0,1 Po), (5.12)

being f a function to be determined. Now, we can use equations 5.10b-5.10c together with

5.6b-5.6¢ and note that, as the Lagrangian, the Hamiltonian must be equal to —1/2:

R ® 1
H(q7p):E_Fi_'—f(rvevphp(l)):_i (513)
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With that we fix f and write H as:

A, 1 , R+A® 1
H(q7p)=§pr+ipe— Ay 3

(5.14)

, interpreting E and L as —p; and pg, respectively. From this expression we write Hamilton’s

equations
. OJ0H N
qi = opi pi= r (5.15)
, explicitly, as
- %pr (5.16a)
. d (AN , d[1 , d [(R+AO
=5 ()75 () i 5 (Faas ) (160
b — %pe (5.16¢)
. d (A, d[1 , d [(R+A®
. 1 0
pe=0 (5.16f)
=L 2 Ry n0) (5.169)
= "AvaL e
Pp=0, (5.16h)

These equations are completely analogous to those governing motion in the Kerr
metric (see Appendix A of (Levin and Perez-Giz (2008))). Although we now have more equations
to consider, equations 5.16a-5.16h eliminate the issues with precision at turning points. Moreover,
since the equations for p, and py vanish, we do not need to solve them. Additionally, we do not
require the variable ¢ for the analysis that follows and focus exclusively on the equatorial orbits.
Consequently, in practice, we only need to solve the three equations for r, p, and .

Moreover, if we try to write the radial motion as in the previous section (in the form
of a classical motion with a given effective potential), we would find (in the same way as in
the Kerr metric (Hobson et al. (2006), Jefremov et al. (2015))) an ‘effective potential’ that,

awkwardly, also depends on the energy:

Vv 1 1 a(E>—~1)-L*> (L—aE)?

B B _ (5.17)
2 (242, )12 2(r2+ rp) (2 + 1)/
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5.2 Description of orbits

Nevertheless, the same analogy made between the Schwarzschild and the Simpson-
Visser metrics can now be made in the case with rotation. In fact, all the equations of motion in
this rotating Visser-Simpson metric are identical to the Kerr case substituting r by /7% + rmm
in the way we commented before. Hence, for example, the relation established in the previous
section that orbits initiated with the same radius and angular momentum increase the rational
number associated with r,,;,, is valid here. Thus, in the same way, we expect that with little
increases in r,,;, we would see precessions of the orbits with r,,;, = 0, but for the orbits with
high g (see figure 6), where the associated rational starts to vary abruptly, we would see more
significant changes, as commented before. To illustrate this, Figure 17 show the effect of an
increase in ry,;, causing little perturbations on a 3-leaf orbit and in Figure 18 the possible more
significant changes in orbits with high associated rational are shown.
Figure 17 — Orbits in the rotating Simpson-Visser metric with increasing r,;, from left to right

causing perturbations in the original r,,;, = 0 orbit. All orbits have L = 3.25 and

a = 0.5 and initiate at the same physical radius (rp ~ 26.2180511) and for this range

of r,in we have regular black holes, with the black circles representing the event
horizons.

E =0.9686363923 (3,1, 1) E =0.9686363923 (~1000, 1, ~335) E =0.9686363923 (~1000, 1, ~341)

Source: Author’s own work.

Further, as we know, the Kerr metric has the same essential features as the Schwarzschild
metric. Specifically, in the same way, orbits with higher eccentricity have higher values for the
associated rational g, there is a strong-field regime where L;pco < L < Ljsco with orbits ranging
from the stable circular orbits to the homoclinic, a weak-field where orbits starts to have an upper
bound for the rational associated and all the aspects we commented in section ??. Consequently,
since 1, affects orbits in the same way as discussed in the previous section, the orbits in the

rotating Simpson-Visser metric have a description analogous to the SV without rotation. The
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Figure 18 — Orbits in the rotating Simpson-Visser metric with increasing r,,;, from left to right
causing orbits to change the number of leaves. All orbits have L =3.25 and a = 0.5
and initiate at the same physical radius (rg ~ 28.6964379) and for this range of r,,;,
we have regular black holes, with the black circles representing the event horizons.
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Source: Author’s own work.

Figure 19 — Left: Radius of the innermost stable circular orbit (ISCO) as a function of the spin
parameter a for co- and counter-rotating orbits. Right: Radius of the innermost
bound circular orbit (IBCO) as a function of the spin parameter a for the co- and
counter-rotating orbits.
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Source: Author’s own work.

main difference is that now co-rotating orbits are different from counter-rotating.

In this sense, the description is qualitatively the same with the main difference being
that, for example, in Kerr metric, r;gco for the co-rotating orbits is smaller when compared with
the non-rotating case (and greater in the counter-rotating case) (Hobson ez al. (2006), Jefremov
et al. (2015)), and similarly for the IBCO, as showed in Figure 19. Thus, the ranges for r,,;, that
we made use in the previous section are different for the prograde and retrograde orbits.

Because of this, there are, for example, cases when r,,;, is greater than rjsco in the
co-rotating case but smaller than r;pco for the counter-rotating. Consequently, in this situation,
while the co-rotating orbits would be in the case where all orbits with arbitrarily large g have

periastrons arbitrarily close to r,,;,, the counter-rotating orbits still include cases where this is



Figure 20 — Orbits in the rotating Simpson-Visser metric in a situation where
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not true. In Figure 20 we compare prograde and retrograde orbits with r,,;, in this range.
Moreover, the rotating Simpson-Visser metric describes a two-way traversable worm-
hole if 2. > (M ++/M? —a2)? and a < M or if a > 1 (Mazza et al. (2021)). In this context,
the same analysis developed for the non-rotating case can be applied here. So, for instance, it
is possible to exist two distinct regions, where orbits in the inner region have small values for
the eccentricity and are characterized by an associated rational that increases with the energy
(or eccentricity), while outer orbits have eccentricities arbitrarily large and exhibit a decreasing
associated rational for trajectories with higher energy (or eccentricity). To illustrate this, exam-
ples of these two kinds of orbits are presented in Figure 21. Of course, co-rotating orbits are
different from counter-rotating as exemplified previously, but these traversing orbits follow the
same scheme of classification and characteristics discussed in section 4.3
Figure 21 — Outer (above) and inner (below) orbits that enter the wormhole described by the
rotating Simpson-Visser metric for r,,;, = 2.5. All orbits have a = 0.5 and L = 3.2.

The energies are specified in each plot, together with the triplet of integers associated
to them and the triplet actually observed (z, w,v)ps-
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6 CONCLUSION

In this work, we reviewed a classification scheme proposed by Levin and Perez-
Giz (Levin and Perez-Giz (2008)), originally applied to closed orbits in the Schwarzschild
and Kerr metrics, and extended it to the analysis of geodesics in the Simpson-Visser black
bounce model. With that we demonstrated that equatorial closed orbits in both rotating and
non-rotating Simpson-Visser metrics can be described by the same topological features as those
in the Schwarzschild and Kerr metrics. In this sense, we described the behavior of the trajectories
across various ranges of r,,;, and analyzed the effects of an increase of r,,;, in order to compare
the trajectories in the Simpson-Visser model and in the Schwarzschild metric (and the rotating
case with Kerr), pointing out that in some cases even small increments can lead to significant
changes in the orbits.

Understanding the effect that variations in the internal structure of black bounces can
have on the orbital motions of particles around them is relevant in dynamical scenarios in which
rmin can be affected by the accretion of matter. This, in particular, has been observed in numerical
evolutions of boson stars that collapse to form nonsingular compact objects (Masé-Ferrando et
al. (2024), Maso6-Ferrando et al. (2021)). The emergence of a baby universe as a result of the
collapse implies the dynamical formation of a black bounce with an evolving ryi,. This i,
needs not evolve smoothly from zero to a finite value but, as observed in (Masd-Ferrando et al.
(2024), Masé-Ferrando et al. (2021)), it may come into existence with a finite amplitude and then
grow and/or decay, potentially affecting the orbital motions of objects around the original object.

Additionally, for cases where the metrics describe a wormhole, we analyzed closed
orbits that enter the wormhole and demonstrated that an analogous classification scheme remains
valid. Thus, with this geometrical approach and the richness of both rotating and non-rotating
Simpson-Visser metrics, we established a natural connection between the description of orbits in
different spacetime structures, such as traversable wormholes and regular black holes.

Furthermore, in principle, this framework could be expanded to non-equatorial orbits,
relying in an analogy with the generalization for 3D orbits in the Kerr metric that has already
been perfomed (Levin and Grossman (2009), Grossman and Levin (2009)), yielding an elegant
description of the dynamics. Also, a general understanding of these orbits is fundamental for
observational studies and astrophysical applications. For instance, these aspects are fundamental
for modeling extreme mass ratio inspirals (EMRIs) (Cardenas-Avendafio and Sopuerta (2024)),

and compact objects orbiting supermassive black holes are a plentiful source for gravitational
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wave astronomy, which may ultimately provide a way to distinguish black holes from alternative

exotic compact objects.
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7 APPENDIX A - UNIT CONVENTION

In this thesis, we adopt natural units by setting the gravitational constant G and
the speed of light ¢ equal to one (G = ¢ = 1). This convention is commonly used in the fields
of general relativity and high-energy physics because it simplifies the equations by removing
these constants from the expressions. In addition, throughout most of the text we fix the black
hole’s mass to one (M = 1). As a result, all the quantities become dimensionless, which greatly
simplifies the mathematical formulation and comparison of physical parameters.

By working in these units, the equations are expressed in a more compact form,
and any physical quantities can be easily rescaled to standard units if needed. This approach is

standard in the literature and facilitates both analytical work and numerical simulations.
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8 APPENDIX B - THE NEWMAN-JANIS PROCEDURE

The method created by Newman and Janis (Newman and Janis (1965)) is a commonly
used algorithm for the generation of axisymmetric solutions from spherically symmetric ones. In
this context, for instance, it provides an alternative method for the derivation of the Kerr metric
and was used for the construction of the Kerr-Newman metric (Newman et al. (1965)). Here we
outline a brief summary of the procedure (see (Erbin (2017)) for a more complete review). Also,
through the steps we apply the algorithm to derive the rotating Simpson-Visser metric, following
the approach of (Mazza et al. (2021)).

The procedure can be essentially described in five steps. As the first step, given a
spherically symmetric seed metric
d_r2

f(r)

write it in outgoing (or ingoing) Eddington-Finkelstein coordinates (u,r, 8, ¢). That is, define

ds* = —f(r)dt* + —— + h(r)[d6* + sin® 8d¢?], (8.1)

w=t—r" (8.2)

where r* (the tortoise coordinate) is such that

dr
dt =d — 8.3
t u+f(r) (8.3)

which, substituting in 8.1, result in a metric in the form
ds® = —f(r)du* — 2dudr + h(r)[d6* + sin® 0d ¢?]. (8.4)

Of course, in the Simpson-Visser metric:

2M

—7
\/ r2+rr2m'n

Secondly, define a null tetrad {I*,n*,m" ,m* }, satisfying I*n, = —mtm, = —1 and

flry=1-— h(r) = 4+ r,%”-n; (8.5)

l“mu = n“mu = (. With that, the contravariant form of the metric can be expressed as
gV = —1"*n¥ —n*lY + mtm +mtmY (8.6)

The following tetrad satisfies the requirements:

f(r) 1 po Lo
TR TR TR YT u uo_
=35 nt=2o 5 of, m ) (59 + proy 8y |- (8.7)
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In the third step, introduce the analytic continuation
¥ =r+iacos®, u =u+tiacos8, 06 =0, ¢ =9, (8.8)

where the real parameter a will be later identified as the spin. Thus, this step is the core of the
Newman-Janis procedure, where the transition from a non-rotating to a rotating spacetime is

made in the solution. With that, we have the modified tetrad vectors:

dx'H ()
/,U, = V_ = ,U, /,U, = u _—— ,LL
M=r=s =8, n'=8,-"-6,, (8.9)
1 i
m_ [ B sH K
TG (59/ iasin@ (8} —68')) + 5 6¢,>, (8.10)

Then, in step 4, to construct a physically meaningful metric, one needs to replace the
old functions f and & with f and £, that, besides being functions of complex variables, are real
valued and match the original when evaluated on the real axis (a = 0). In the standard Newman-
Janis Procedure there is a specific prescription for defining £ and /. However, theoretically other
functions could be chosen, accounting for an arbitrariness in the process that is usually criticized
in this method.

For instance, using the Schwarzschild metric to derive the Kerr solution, f and & are
given by substituting

1 1/1 1 —
-ﬁ-<—,+:), SN (8.11)

r 2\r"

in f and A. In this context, there is no reason for this substitution , except that it yields vacuum
and electrovacuum solutions.
With this, for the SV model, since it is identical to the Schwarzschild solution directly

substituting r with |/r2+r2. . defining p = |/r>+r2, ., we can complexify it as it would be

appropriate for the Schwarzschild’s radial coordinate:

p—p' =p+iacosh. (8.12)
Thus:

h(r')y=p'p’ =r* +r2;, +a*cos’ 0 (8.13)
and

. 1 1 M\ /12 + 2.
( ) =1- - (8.14)

r/ =1-M — 4+ = .
() p’ p’ r24r2. +a*cos?0
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In general, the complexification will produce a metric with several non-diagonal
terms. To eliminate them (except for g,¢) is necessary (fifht step) to perform a transformation
to Boyer-Lindquist coordinantes. The required transformation is dt’ = du — F(r)dr, d¢' =

d¢ — G(r)dr, with (Mazza et al. (2021)):

7 2 in2
P h(r,~9)+a sin 92  G= _a . (8.15)
f(r,0)h(r,0)+a?sin” 6 f(r,0)h(r,0)+a?sin" 6

Which in our case are:

Fo P2+ 0% +a? G a _
P2+ 24 a2—2MVr+ 2 P22 a? —2MVP 402

Finally, with that we determine the rotating counter-part of the spherically symmetric

(8.16)

one, thus establishing, in particular, the rotating Simpson-Visser metric:

M\ /12 2. y 4Masin®0/r2 +r2.
ds? = — 1_% di*+ 7 dr +2d6% - 5 ™ dtd@+Asin® 0 do?

(8.17)
where a is the usual spin parameter, M the total mass and

22:r2+r,2m-n+azcos26, A:r2+r,%”~n—2M r24r? +a2,

min

2 ain2 2 2
) 5 2Ma“sin“ 04/ r + 7

A:rz—i—rmm—I—a + S
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