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RESUMO

O objetivo deste trabalho é estudar variedades compactas com bordo a partir de duas
estruturas distintas. Na primeira parte, investigamos a geometria do espago-tempo estatico
com fluido perfeito em variedades compactas com bordo. Usamos a férmula de Reilly
generalizada para estabelecer uma desigualdade geométrica para um espaco-tempo estatico
com fluido perfeito envolvendo a area do bordo e seu volume. Além disso, obtemos
novas estimativas de bordo para este espago. Uma das estimativas de bordo ¢ obtida
em termos da massa de Brown-York. Ademais, fornecemos um novo contra-exemplo
(simplesmente conexo) para a conjectura Cosmic no-hair para dimensao arbitraria n > 4.
Na segunda parte deste trabalho, voltamos nossa atencao para a geometria de variedades
quasi-Einstein compactas com bordo. Estabelecemos os possiveis valores para a curvatura
escalar constante de uma variedade quasi-Einstein compacta com bordo. Mostramos que
uma variedade m-quasi-Einstein compacta simplesmente conexa de dimensao 3 com bordo
e curvatura escalar constante deve ser isométrica, a menos de scaling, ao hemisfério redondo
Si’_, ou ao cilindro I x S? com a métrica do produto, onde I é um intervalo fechado. Para
a dimensao n = 4, provamos que uma variedade m-quasi-Einstein de dimensao 4 compacta
simplesmente conexa M* com bordo e curvatura escalar constante ¢ isométrica, a menos
de scaling, ao hemisfério redondo S% , ou ao cilindro I x S* com a métrica do produto ou
a0 espago produto Si x S? com a métrica produto warped duplo. Outros resultados para

dimensoes maiores ou iguais a 5 também sao discutidos.

Palavras-chave: variedades compactas com bordo; métricas estaticas; fluido perfeito;
estimativas de bordo; variedades quasi-Einstein; curvatura escalar constante; resultados de

rigidez.



ABSTRACT

The purpose of this work is to study compact manifolds with boundary from the point
of view of two distinct structures. In the first part, we investigate the geometry of static
perfect fluid space-time on compact manifolds with boundary. We use the generalized
Reilly’s formula to establish a geometric inequality for a static perfect fluid space-time
involving the area of the boundary and its volume. Moreover, we obtain new boundary
estimates for this space. One of the boundary estimates is obtained in terms of the
Brown-York mass. In addition, we provide a new (simply connected) counterexample
to the Cosmic no-hair conjecture for arbitrary dimension n > 4. At the second part of
this work, we turn our attention to the geometry of compact quasi-Einstein manifolds
with boundary. We establish the possible values for the constant scalar curvature of a
compact quasi-Einstein manifold with boundary. Moreover, we show that a 3-dimensional
simply connected compact m-quasi-Einstein manifold with boundary and constant scalar
curvature must be isometric, up to scaling, to either the standard hemisphere S3 , or the
cylinder I x S? with the product metric, where I is a closed interval. For dimension n = 4,
we prove that a 4-dimensional simply connected compact m-quasi-Einstein manifold M4
with boundary and constant scalar curvature is isometric, up to scaling, to either the
standard hemisphere S, or the cylinder I x S? with the product metric, or the product
space Si x S? with the doubly warped product metric. Other results for dimension greater

than or equal to 5 are also discussed.

Keywords: compact manifolds with boundary; static metrics; perfect fluid; boundary

estimates; quasi-Einstein manifolds; constant scalar curvature; rigidity results.
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11
1 INTRODUCTION

The study of general relativity establishes a connection between physics and
differential geometry. In a most simplified way, the theory of general relativity developed
by Einstein presents the gravity as the curvature of the universe because of the matter,
we refer the reader to “On the Foundations of the General Theory of Relativity” in [104]
for a nice discussion on this topic. In this context, the Einstein field equation plays a
fundamental role as an interface for studies beyond pure mathematics. To be precise, given
a Riemannian manifold (M", g), n > 3, and a positive smooth function f on M", we say
that (]\7"“,@) = M" x yR endowed with the metric g =g — f2dt? is a static space-time.
Thus, the Einstein equation over (M\ ntlG) =M™ x #R is given by

. Ry
ch:q\—?gg—irAg:T, (1.1)

where A is the cosmological constant, T" is the stress-energy-momentum tensor, Ricg and
R stand for the Ricci tensor and the scalar curvature for the metric g, respectively. The
case T'= (0 means that we are in vacuum. Notice that, in the vacuum, Ric; = (P;; — A> g.
Manifolds satisfying such a relation, i.e., the Ricci tensor to be a multiple of the metric,
are called Einstein manifolds (or Einstein metrics) (see [16]) and constitute as special
solutions to the Einstein equation in the vacuum.

When the stress-energy-momentum tensor is given by T = uf2dt? + pg, we say
that it represents a perfect fluid. The smooth functions p and p are mass-energy density
and pressure of the fluid (as measured in the rest frame). The fluid is called “perfect”
because of the absence of heat conduction terms and stress terms corresponding to viscosity.
For more details, see, e.g., [37],[38],[65],[66],[84] and [105]. If A =0, solutions to equation
(1.1) with perfect fluid as a matter field are called static perfect fluid space-times.

The perfect fluid space-times are natural generalizations of the static vacuum
spaces and certain solutions of (1.1) provide models for galaxies, black holes and stars
(see [58], [84], [105]). In particular, they are used in developing realistic stellar models
(or models for fluid planets) and represent a homogeneous fluid filled universe that is
undergoing accelerated expansion. Astronomical evidences also indicate that the universe
can be modeled as a space-time containing a perfect fluid; see [37], [38], [72], [105] and the
references therein.

Since we are interested in the Riemannian part of the static perfect fluid
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space-times, let us fix some terminology (see [37], [66] and [101]): A Riemannian manifold
(M", g) is said to be a spatial factor of a static perfect fluid space-time if there exist

smooth functions f >0 and p on M" satisfying

fRic=V2f (1.2)
and
n—2 n
Af:(Q(n—l)Pan—lp)f’ (1.3)

where Roic, V2 f and R stand for the traceless Ricci, traceless Hessian of f and scalar
curvature of (M™, g), respectively. When M™ has non-empty boundary dM, we assume
in addition that f~1(0) = @M. The function f is usually called lapse function or static
potential in the literature. In this case, (M", g, f, p) will be called static perfect fluid
space-time (SPFST).

One should be emphasized that the dominant energy condition is said to be
satisfied when p > |p|, which means that the speed of the energy flow can not be equal
or greater than to the light. As was observed by Hawking and Ellis [58], the dominant
energy condition holds for all known matter; see also [85, p. 347] and [105, p. 219]. In
geometrical point of view, Eq. (1.2) is related to important special metrics, as for instance,
vacuum static spaces (see [1], [7], [37], [101]), Miao-Tam critical metrics or V-static spaces
(see [4], [5], [8], [34], [76], [116]) and Einstein-type manifolds ([16], [26], [42], [64], [59],
[60]). One easily verifies from (1.2) and (1.3) that

Mzg‘

Moreover, Coutinho et al. [37, Proposition 2| provided a necessary and sufficient condition
for a static perfect fluid space-time to have constant scalar curvature which suggests that
Egs. (1.2) and (1.3) alone do not implies that constancy of the scalar curvature. Indeed,
in contrast with static spaces and V-static spaces, there are examples of static perfect
fluid space-times with non-constant scalar curvature; see the examples in [9] and [73].

A classical example of SPFST with connected (non-empty) boundary is the
n-dimensional hemisphere S (r) of radius r endowed with the standard metric ggn(,)
and potential function f(h) = cos(h), where h < 7 is the height function. In this case,

OM = S"1(r). For the case of disconnected boundary, we have [0,7] x S"~1 with product
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metric g = dt? + (n —2)ggn—1 and potential function f(t) =sin(¢) (the boundary is the
union of two copies of S"~1).

In this thesis, we deal with compact Riemannian manifolds with boundary.
Chapter 2 collects some fundamental concepts that will be used in the rest of the work.
Chapter 3 is devoted to discuss some results on static perfect fluid space-times obtained
in [35] by the author joint with R. Diégenes, N. Pinheiro and E. Ribeiro. Chapter 4,
presents some rigidity results on quasi-Einstein manifolds according to the article [36],
written by the author together with E. Ribeiro and D. Zhou. We conclude with Chapter 5
commenting about the importance of this thesis and further developments.

In Chapter 3, it will be discussed some geometric inequalities involving the
area of the boundary of a SPFST in order to obtain rigidity results concerning to the
hemisphere S"} with round metric as well as new obstruction results. It has been conjectured
in 1984 by Boucher, Gibbons and Horowitz in [22], [23] that: the hemisphere S} is the
only possible n-dimensional (simply connected) positive static triple with single-horizon
(connected boundary) and positive scalar curvature. This conjecture is known as Cosmic
no-hair conjecture. It is closely related to Fischer-Marsden conjecture which asserts that
the standard unit round spheres (S™, gsn) are the only closed Riemannian manifold with
scalar curvature n(n —1) admitting static potential (see [1] and [101]). In the last decades
some partial answers to the Cosmic no-hair conjecture were obtained. For instance,
by assuming that (M", g) is Einstein, it suffices to apply the Obata type theorem due
to Reilly [92] to conclude that the conjecture is true. Moreover, Kobayashi [65] and
Lafontaine [68] proved independently that such a conjecture is also true under conformally
flat condition. Qing and Yuan [89] proved the Cosmic no-hair conjecture by considering a
weaker hypothesis on the Cotton tensor. In the work [55], Gibbons, Hartnoll and Pope
constructed counterexamples to the Cosmic no-hair conjecture in the cases of dimension
4 <n <8, but their counterexamples are not simply connected.

One of the contributions presented in Chapter 3 is a new (simply connected)
counterexample to the Cosmic no-hair conjecture for arbitrary dimension n > 4, which is

inspired by an example of quasi-Einstein manifold obtained in [45].

Example 1.1 (Counter example to the Cosmic no-hair conjecture for n >4). Let M™ =

SI_T_H xS, q > 1, with the product metric

. q—
= dr® +sin’ + o gsa,
g =dr"+sin(r)gsr + -~ g1
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where r(x,y) = r(z) is the height function of SP*1. By considering the potential function
f(r) =cos(r) and r < §, one obtains that (M", g) must satisfy the Egs. (1.2) and (1.3)

with constant scalar curvature given by R=(n—1)(p+1).

The previous example has positive constant scalar curvature and hence, it is
clearly a positive static triple. Besides, as mentioned, it is simply connected.

Geometric inequalities are classical objects of study in geometry and physics.
They are useful in proving new classification results and put away some possible examples
of special metrics on a given manifold. In the recent years, the Reilly’s formula [92] have
been shown a promising tool to gain new geometric inequalities. In [97], Ros used the
Reilly’s formula to prove the Alexandrov’s rigidity theorem for high order mean curvatures.
Besides, Miao, Tam and Xie [77] used the Reilly’s formula to obtain a stability inequality
for Wang-Yau energy. A similar result was obtained by Kwong and Miao [67] to the
boundary of static spaces. More recently, Qiu and Xia [91] proved a generalized Reilly’s
formula that was used to give an alternative proof of the Alexandrov’s theorem and
prove a new Heintze-Karcher inequality for Riemannian manifolds with boundary and
sectional curvature bounded from below. Subsequently, Xia [113] used the generalized
Reilly’s formula to establish a Minkowski type inequality for weighted mixed volumes in
non-Euclidean space forms. Very recently, Didégenes, Pinheiro and Ribeiro [43] used the
generalized Reilly’s formula by Qiu and Xia to obtain a sharp integral estimates for critical
metrics of the volume functional that were used to obtain a sharp boundary estimate for
such metrics.

We used the generalized Reilly’s formula by Qiu and Xia (Proposition 3.1) to

establish a new boundary estimate for SPFST. More precisely, we get the following result.

Theorem 1.1. Let (M", g, f, p) be a compact oriented static perfect fluid space-time with

boundary OM and positive scalar curvature satisfying

n—2 n
R = — 1.4
2(n—1) L (14)

where T is a positive constant. Then we have:

Vol(M) >

1 min
L [ Bmin ¥37 oam1. (1.5)
7'

2n

Moreover, if equality holds in (1.5), then (M", g) is isometric to the round hemisphere ST} .
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Remark 1. As was mentioned, the constant T in Theorem 1.1 is positive. Indeed, supposing
that T <0, since Af = —7f and f is a nonnegative function with f~1(0) = OM, we may

use the Maximum Principle to infer that f =0 in M, which leads to a contradiction.

Remark 2. We highlight that by assuming the dominant energy condition in Theorem
1.1, one obtains that the scalar curvature of M™ must be positive. In fact, the dominant
energy condition asserts that % > |p| and hence, if R(p) =0 for some point p € M, then
p(p) = 0, which contradicts the assumption that T is a positive constant. Moreover, by
[37, Proposition 2/, we have Ploss = _%R|BM and consequently, T = ﬁR‘aM. In particular,

(1.4) implies that the scalar curvature is constant along the boundary.
As a consequence of Theorem 1.1, we obtain the following corollary.

Corollary 1.1. Let (M™, g, f, p) be a compact oriented static perfect fluid space-time with
boundary OM and constant positive scalar curvature R. Then we have:

(n—1)(n+2)

M) >
Vol(M) > SR

|OM]. (1.6)
Moreover, if equality holds in (1.6), then (M™, g) is isometric to the round hemisphere S’} .

Before proceeding, it is fundamental to recall the definition of Brown-York
mass. Let 3 be a connected hypersurface in (M", g) such that (3,g);,) can be embedded

in R™ as a convex hypersurface. Then, the Brown-York mass m,,. of ¥ with respect to g

BY

is given by

My (89) = [ (Ho— Hy)dS),

where Hy and H, are the mean curvature of X as hypersurface of R and M, respectively,
and dSy is the volume element of on ¥ induced by g¢. In [115], motivated by the Riemannian
Penrose inequality, Yuan obtained a boundary estimate for static spaces in terms of the
Brown-York mass. A similar result was established for quasi-Einstein manifolds by
Dibgenes, Gadelha and Ribeiro [44]. In another direction, inspired by ideas outlined in
[37], Andrade and Melo [2] proved recently that, under suitable conditions, the Hawking
mass of Einstein-type manifolds is bounded from below by the area of the boundary.
The next result establishes a sharp boundary estimate for compact SPFST

with (possibly disconnected) boundary in terms of the Brown-York mass m, .
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Theorem 1.2. Let (M", g, f,p), n >3, be a compact static perfect fluid space-time with
(possibly disconnected) boundary and positive scalar curvature satisfying the dominant
energy condition. Suppose that each boundary component (OM;, g) can be isometrically

embedded in R™ as a convexr hypersurface. Then we have
[0M;] < cmy, (OM;, g), (1.7)

where ¢ is a positive constant. Moreover, equality occurs for some component OM; if and

only if M" is isometric to the standard hemisphere S'} .

A key ingredient in the proof of Theorem 1.2 is the positive mass theorem
for Brown-York mass by Shi-Tam [102], which is equivalent to the (higher dimensional)
positive mass theorem for ADM mass by Schoen and Yau [98], [99], [100] and Lohkamp
[70]. It should be mentioned that the isometric embedding condition in Theorem 1.2 was
needed to use the positive mass theorem. According to the solution of the Weyl problem,
the isometrical embedding assumption can be replaced by control on sectional curvatures,
as for instance, positive Gaussian curvature when n = 3, see, e.g., [46], [115].

As an application of Theorem 1.2 we have the following result.

Corollary 1.2. Let (M", g, f, p), n >3, be a compact static perfect fluid space-time with
(possibly disconnected) boundary and positive scalar curvature. Assume the dominant
energy condition and that each boundary component (OM;,g) can be isometrically embedded
i R™ as a convex hypersurface. Then we have

oM <[ (R4S,

K2

for some positive constant ¢, where hi is the traceless second fundamental form of OM;
as a hypersurface of R™. Moreover, equality occurs for some connected component of the

boundary if and only if (M™, g) is isometric to the round hemisphere S'} .

In another direction, but also related to the Einstein metrics and static spaces,
we consider the quasi-Einstein manifolds. To be precise, a complete n-dimensional Rieman-
nian manifold (M", g), n > 2, possibly with boundary 0M, is called an m-quasi-Einstein

manifold, or simply quasi-Einstein manifold, if there is a smooth potential function u on
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M™" satisfying the system

Viu = g(Ric—)\g) in M,

m
u>0 on int(M), (1.8)
u=20 on OM,

for some constants A and 0 < m < oo (see [26], [59] and [60]). When m = 1, we assume in
addition that Au = —\u in order to recover the static equation: —(Au)g+ V?*u—uRic = 0.
Moreover, an m-quasi-Einstein manifold will be called trivial if u is constant, otherwise it
will be nontrivial. We notice that the triviality implies that M" is an Einstein manifold.

The study of quasi-Einstein manifolds is directly related to the existence of
warped product Einstein metrics on a given manifold. As discussed by Besse [16, pg. 267],
an m-quasi-Einstein manifold corresponds to a base of a warped product Einstein metric;
for more details, see, e.g., [16, Corollary 9.107, pg. 267] and [14], [16], [26], [29], [31], [74],
[95]. Choosing u = e~ in (1.8) when OM = (), an oo-quasi-Einstein manifold is precisely
a gradient Ricci soliton (M™, g, f), see [26], [31], [39] and [95]. Despite similarity, there
are examples of quasi-Einstein manifolds that are in stark contrast to the Ricci solitons.
Another interesting motivation to investigate quasi-Einstein manifolds derives from the
study of diffusion operators by Bakry and Emery [12], which is linked to the theory of
smooth metric measure spaces; see, e.g., [15], [27], [28], [74], [95], [106], [108], [109] and
the references therein. In particular, 1-quasi-Einstein manifolds are more commonly called
static spaces. Besides being interesting on their own, as already mentioned, static spaces
have connections to the positive mass theorem and general relativity (see [26, Remark 2.3]
and [1], [19], [20], [65], [68], [90], [89]). Additionally, quasi-Einstein metrics have attracted
interest in physics due to their relation with the geometry of a degenerate Killing horizon
and horizon limit; see, e.g., [10], [11] and [110].

Explicit examples of nontrivial compact and noncompact m-quasi-Einstein
manifolds can be found in, e.g., [16], [17], [18], [26], [27], [28], [60], [71], [94], [95] and
[107]. In “Besse’s book” [16, pg. 267-272], it was established the classification of 1 and
2-dimensional m-quasi-Einstein manifolds. Our focus is on nontrivial compact m-quasi-
Einstein manifolds with (non-empty) boundary 0M. Hence, by the work [60, Theorem 4.1],
they have necessarily A > 0. In this perspective, it is fundamental to recall some examples

of compact m-quasi-Einstein manifolds with boundary and constant scalar curvature:
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(i) The hemisphere S} with the standard metric g = dr? 4+ sin?rggn—1 and potential
function u(r) = cosr, where r is a height function with r < T;

0, \/m T

potential function u(t,z) = sin (mt) ;

(iii) Sﬂﬂ x S?, ¢ > 1, with the doubly warped product metric

(i)

x S"~1 for A > 0, endowed with the metric g = dt* + nTQgSn—l and

-1
gsa,
m

g= dr? + sin® rgspe + q
P+

where r(z,y) = h(z) and h is a height function on Sﬂ“, potential function u = cosr
with » < 5 and A =p+m.

He, Petersen and Wylie [60, Proposition 2.4] showed that a nontrivial compact
quasi-Einstein manifold with boundary and constant Ricci curvature is isometric to
Example (7). It turns out that these three quoted examples have constant scalar curvature
and therefore, one question that naturally arises is to know whether a nontrivial compact
(simply connected) m-quasi-Einstein manifold with boundary and constant scalar curvature

must be necessarily one of them.

Remark 3. For dimension n > 5, it is possible to obtain another example with constant
scalar curvature, as it is presented in Chapter 4. We also highlight that Examples (i7)
and (ii1) above can be presented in a more general setting by replacing the round spheres
S"=1 and S9, respectively, by an arbitrary compact Einstein manifold with positive scalar
curvature. Moreover, Example (iii) was obtained recently by Didgenes, Gadelha and Ribeiro

in [45] and we adapted it to obtain Example 1.1.

In Chapter 4, our aim is to investigate compact m-quasi-Einstein manifolds,
m>1, (M",g,u,\) with boundary and constant scalar curvature. Specifically, we classify
nontrivial compact quasi-Einstein metrics with boundary and constant scalar curvature in
dimension 3 and 4. Moreover, we obtain some related results for arbitrary dimensions.

A straightforward computation, by using the classical Reilly’s theorem [93,
Theorem B], guarantees that the hemisphere Si is the only nontrivial 2-dimensional
simply connected compact m-quasi-Einstein manifold with boundary and constant scalar
curvature. In [60], He, Petersen and Wylie investigated m-quasi-Einstein manifolds with
constant scalar curvature. In particular, for the specific dimension n = 3, they proved that
an m-quasi-Einstein manifold with constant scalar curvature is rigid, i.e., it is Einstein

or its universal cover is a product of Einstein manifolds (see [60, Theorem 1.3]). Other
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related results for compact m-quasi-Einstein manifold with boundary and constant scalar
curvature were discussed in [42], [45], [59]. Nevertheless, the explicit classification of
compact m-quasi-Einstein manifolds with (non-empty) boundary and constant scalar
curvature was not established yet. In another direction, Petersen and Wylie [87] studied
rigid gradient Ricci solitons. It is known by the works of Hamilton [56], Ivey [62], Perelman
[86], Naber [82], Ni-Wallach [83] and Cao-Chen-Zhu [24] that 2 and 3-dimensional gradient
shrinking Ricci solitons are rigid and, moreover, they are entirely classified. However,
for dimension 4 (or higher), this is no longer true according to the example of Feldman,
Ilmanen and Knopf [47]. A more recent result due to Cheng and Zhou [40], combined
with Ferndandez-Lopéz and Garcia-Rio [48], establishes the complete classification of 4-
dimensional gradient shrinking Ricci solitons with constant scalar curvature, which in turn
provides a partial solution for the next problem, raised by Huai-Dong Cao during the IX

Workshop on Differential Geometry (2019) in Macei6:

Conjecture 1. Let (M",g,f), n >4, be a complete n-dimensional gradient shrinking
Ricci soliton. If (M, qg) has constant scalar curvature, then it must be rigid, i.e., a finite

quotient of N¥ x R"* for some Finstein manifold N with positive scalar curvature.

The results obtained in [36] were also motivated by these results on Ricci solitons.
Inspired by the question mentioned earlier and by works due to Cheng and
Zhou [40], Fernandez-Lopéz and Garcia-Rio [48] and He, Petersen and Wylie [60], we
will classified (explicitly) compact 3 and 4-dimensional m-quasi-Einstein manifolds with
boundary and constant scalar curvature. To that end, in the same spirit of [48], we first
establish the possible values for the constant scalar curvature of an n-dimensional compact

m-quasi-Einstein manifold with boundary. More precisely, we have the following result.

Theorem 1.3. Let (M", g, u, \) be a nontrivial compact m-quasi-Einstein manifold with
boundary, m > 1 and constant scalar curvature R. Then we have:

—1 -2
Re n(n—1) )\’m—l—n(n )
m+n—1 m-—+n—2

)\,...,(n—l)A}. (1.9)

In general, one has R = %)\, for some k € {0,1,....,n—1}.

We point out that the value of the scalar curvature in (1.9) may be regarded in

terms of the dimension k of the set of critical points (or equivalently, the maximum points);

n(n—1)A
m—+n—1

see the proof of Theorem 1.3 in Chapter 4. In Example (i), we see that R = and the
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only critical point is the north pole, i.e., k= 0. In Example (ii), we have R = (n—1)X and
the set of critical points for the potential function sin (\f)‘t> is precisely {\/m%} x SP—1

vm VA
which has dimension n— 1. While in Example (ii7), it holds that R = %WA and

the set of critical points for the potential function is {north pole} x S<.

Remark 4. [t follows from the proof of Theorem 1.3 that, under a mild modification, for
a (not necessarily compact with boundary) quasi-FEinstein manifold with constant scalar

curvature R and m > 1, one has

Re{’“”_l)A”“H““_mx,nxn—nAmA}

m+n—1" m+4+n—2

provided that the set of critical points of the potential function is non-empty.

Before discussing our next result, we recall that if an m-quasi-Einstein manifold

has constant scalar curvature R and m > 1, then

m+n—1

n(m—1)

for more details, see [59, Proposition 3.3] and [26, Lemma 3.2].

|Ric|? = (R—nn<R—TW“’”A>; (1.10)

m+n—1

Remark 5. Observe that in considering R = gl(f;_l)l)\ into (1.10), i.e., the lower value of
(1.9), one deduces that M"™ is necessarily Einstein and therefore, it suffices to apply [60,

Proposition 2.4] to conclude that M™ is isometric to the standard hemisphere S'} .

m4n(n—2)

=2\ for the scalar curvature on

The next result address the value R =

quasi-Einstein manifolds with boundary.

Proposition 1.1. There is no compact nontrivial quasi-FEinstein manifold M"™ with

m+n(n—2) A\

boundary and constant scalar curvature R = = ——-—

In the sequel, we shall consider the extremal value case of (1.9), namely,
R = (n—1)A. In this situation, we have the following result which can be compared with

[60, Theorem 1.9].

Theorem 1.4. Let (M™, g, u, \), n > 3, be a nontrivial simply connected compact m-
quasi-Einstein manifold with boundary and m > 1. Then M™ has constant scalar curvature
R=(n—1)X if and only if it is isometric, up to scaling, to the cylinder I x N with product

metric, where N is a compact \-Finstein manifold.
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As a consequence of Theorem 1.4 and Proposition 2.4 in [60], we shall obtain an
explicit classification for compact 3-dimensional m-quasi-Einstein manifolds with boundary

and constant scalar curvature. To be precise, we have the following result.

Theorem 1.5. Let (M3, g, u, \) be a nontrivial simply connected compact 3-dimensional m-
quasi-Einstein manifold with boundary and m > 1. Then M3 has constant scalar curvature
if and only if it is isometric, up to scaling, to either

(a) the standard hemisphere S3., or

(b) the cylinder I x S with the product metric.

From now on, we focus on dimension n = 4. In this scenario, it is known from

Theorem 1.3 that the possible values for the constant scalar curvature R are

12\ m#8, m+2), 1
m+3 "m+2 " (m+1)

If R= ml—_%gk, it then follows from Remark 5 that M* is isometric, up to scaling, to the
standard hemisphere Sﬁ_. Besides, by Proposition 1.1, there is no compact 4-dimensional
quasi-Einstein manifold with boundary and constant scalar curvature R = %A' In the
case R = 3), it suffices to invoke Theorem 1.4 to conclude that M* is isometric to the

cylinder I x S? with product metric. Interestingly, Example (ii7) has constant scalar

curvature R = ZEnmJjg/\ This fact has left open the question of whether Si x S? is the

unique 4-dimensional compact quasi-Einstein manifold with boundary and constant scalar

curvature R =2 Egﬁi

A. To answer this question, we have established the following rigidity

result.

Theorem 1.6. Let (M*, g, u, \) be a nontrivial simply connected compact 4-dimensional m-

quasi- EBinstein manifold with boundary and m > 1. Then M* has constant scalar curvature

o (m+2)
R=2 (m+1)

A if and only if it is isometric, up to scaling, to the product space Si x S? with

the doubly warped product metric.

The proof of Theorem 1.6 is essentially inspired by the work of Cheng and
Zhou [40]. As a consequence of Theorem 1.3, Remark 5, Theorem 1.4 and Theorem 1.6,

we get the following classification result.

Corollary 1.3. Let (M*, g, u, \) be a nontrivial simply connected compact 4-dimensional
m-quasi- Einstein manifold with boundary and m > 1. Then M* has constant scalar curva-

ture if and only if it is isometric, up to scaling, to either



(i) the standard hemisphere S, or
(ii) the cylinder I x S® with the product metric, or
(1ii) the product space Si x S? with the doubly warped product metric.
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2 PRELIMINARIES

The purpose of this chapter is to establish the fundamental concepts and
basic tools that will be used in the next chapters. Section 2.1 collects general features
on Riemannian geometry and other related results. In Sections 2.2 and 2.3, it will
be presented the general concepts of static perfect fluid space-time and quasi-Einstein

manifolds, respectively.

2.1 Basic notations and auxiliary results

Let M™ be a smooth manifold and ¢ its Riemannian metric. We denote a

Riemannian manifold as (M",g). A Riemannian connection is an affine connection V such

that, for all smooth vector fields X,Y,Z € X(M),
X(9(Y,2))=9(VxY,Z)+g(Y,VxZ).

With these considerations, the Riemannian curvature tensor is the covariant 4-tensor

Rm : ¥*(M) — C>®(M) given by
Rm(X,Y,Z, V) = g(R(X,Y)V,Z)
= 9(VxVyV -VyVxV —-VixyV,Z),
for all X,Y,Z,V € X(M), where the covariant 3-tensor R is usually known as curvature

tensor. Over a point p € M, we consider a coordinate system {z° 1. Then, we may

express

g o0 0 0
RW—Rm<axwaxwawaxz>~

Using this coordinates, we define the Ricci tensor as the trace of the Riemannian tensor

as follows
. o 0 ,
fie (axi’ aﬁr) = R = 9" Rigu

where we are adopting the Einstein summation convention. Similarly, the scalar curvature

R is given by

R=g" Ry



24

Given two covariant 2-tensors S and T', we define the Kulkarni-Nomizu product

® between S and T as
(SOT)iji = SirTj +SuTik, — SuTsr — SjiTi-

Now, we recall the Weyl tensor, denoted by W and defined by

R
2(n—1)(n—2

1 )
Rijrr = Wijr + E(RZCQQ)UM - )(g®g)ijkl- (2.1)

The Weyl tensor is the traceless part of the Riemannian curvature tensor and it has all
properties of that tensor with the addition that it is traceless with respect to any two

indices. Related to the Weyl tensor, we have the Cotton tensor C' given by

Cijk = ViR, — VR, — ViRgjir —VjRg). (2.2)

_t
2(n—1)

In dimension 3, it is well known that the Weyl tensor vanishes. Besides, for
n >4, zero Weyl tensor is equivalent to locally conformally flatness. For n > 4, we can
obtain from (2.2) that

n—3

ViWijk = =——5

Cijk~
The Cotton tensor is skew-symmetric with respect to the first two indices and it satisfies
the first Bianchi identity, i.e.,

Cijk = _Cjik and Oijk: —f-Cjki + Ckij =0.

Furthermore, similar to the Weyl tensor, the cotton tensor is trace-free with respect to
any two indices. For n =3, C'=0 if and only if the manifold is locally conformally flat.
Now, given a function f € C°°(M), the covariant symmetric 2-tensor Hessian

of f, denoted by V2f, is defined as
VX, Y) =Y(X(f) = VyX(f) = 9(VxV,Y).

In coordinates, we denote V2f(£i , 8%]) =V,;V,f. Taking the trace of the Hessian, we

obtain the Laplacian of f, i.e., gijViij =Af.

Proceeding, we recall the concept of warped products.

Definition 2.1. Let (B" gg) and (F',gr) be Riemannian manifolds and ¢ € C*®(B)

a positive smooth function. We say that the product B X F' endowed with the metric
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g =g+ >gp is a warped product. We denote this product as B X, F', where B and F
are named base and fiber of the product, respectively, and the metric g is called warped

product metric.

We say that lifting of tangent vectors to B and F' are called horizontal and
vertical tangent vector to the warped product, respectively.
One can obtains the Hessian of a smooth function f € C°°(M) by the Lie

derivative as

1
Vif=Lysg.

It turns out that the Lie derivative is an important tool to do calculations when we put it

together with the Cartan’s formula.

Lemma 2.1 (Cartan’s formula). Let w be a k-form and X € X(M). Then, we have that
Lx(w)=d(ixw)+ix(dw),
where i and d stand for the interior product and the exterior derivative, respectively.

As an example of application of the Lie derivative, one can compute the
Hessian of a smooth function f defined on a warped product (I x F,dt? 4 ©?(t)gr), with
f(t,x) = f(t). By linearity and product rule for the Lie derivative, one sees that

2V2f = Lyrg=Lys(dt*+o*(t)gr)

= Lyp(dt®) +(Lys(@*(0))gn +9* () Lvs(gn)-

By the properties of Lie derivative and the fact that f do not depends on the variables in
the fiber F', we have Ly f(dt?) = (Ly pdt) @dt+dt @ (L pdt), Ly (92 (1) =20(t)g(V f, V)
and Lyrgr = 0. Since Vf = f'(t)Vt and dt is an exact 1-form, Lemma 2.1 allows us to
conclude that Ly ¢dt = f”(t)dt. Therefore,

V2 f = ["(0)de + ()¢ ()gn- (2.3)

It is also interesting to present the computations of the curvature tensors of
a warped product in terms of the base and fiber metrics. The following proposition

corresponds to [85, Corollary 43].
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Proposition 2.1 ([85]). The Ricci curvature of a warped product manifold M = B x , F
with m =dim(F), X,Y and Z,V any horizontal and vertical vectors, respectively, satisfies:
i. Ric(X,Y) = Ricp(X,Y) =5V o(X,Y),
it. Ric(X,V) =0,
wi. Ric(Z,V)= Ricp(Z,V)—(Agpp+(m— 1)|V<,0]§B)gF(Z, V).

We will make use of (2.3) and the expressions in Proposition 2.1 to make many
computations along this work. As a consequence of Proposition 2.1, we get the following

result.

Proposition 2.2. Let (M™, g) be a warped product manifold with g = dt* + ©*(t)g,,, where
gy s an k-Einstein metric, i.e., Ricy = kgn, with k > 0. Suppose that either p(t) = ot
or o(t) = asinh(y/Bt) + beosh(v/Bt), where a and 3 are positive constants and a,b € R.

Then the scalar curvature R of M™ can not be a positive constant.

Proof. We shall divide the proof into two cases. First, we assume that ¢(t) = at. Thus, by

Proposition 2.1, one obtains that
Ric(01,0;) =0 and Ric(V,W) = (k— (n—2)a?)gy (V,W).

From this, we have
k—(n—2)a?

R=(n—1) T

By assuming that R is a positive constant, one concludes that ¢ is constant, which leads
to a contradiction.

Secondly, we assume that ¢(t) = asinh(y/t) + bcosh(y/St). Using Proposition
2.1 again yields

Ric0.0) = ="' =~(n=1)3

Ric(V,W) = [k—(p¢"+(n—2)(¢'))gy(V.W)

= [v— B¢ = (n=2)(¢') gy (V. W),
where we have used that ¢’ = Sp. By tracing, we then get

K= (n=2)(¢)*

R=-2(n—1)3+(n—1) >

(2.4)
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N2
Now, by assuming that R is a positive constant, one obtains that 'if(n;# is also a
constant. Therefore, taking the derivative, we see that
—9(n—2 ///2_2 I -9 7\ 2
(n—2)¢"p"¢ (pf@ (= (n=2)(¢)) _ (2.5)

and since ¢ and ¢’ can only vanish in a set of measure zero and the fact that ¢” = B,

one deduces that (2.5) is equivalent to

(n=2)((¢")* = Bp*) =k =0.

Plugging this into (2.4), we arrive at R =—n(n—1)# <0, which also leads to a contradiction.
]

Before to conclude this subsection, we need to recall some useful facts on
distance function that are used in the proof of the main results in Chapter 4. Let M be a
complete Riemannian manifold and N a properly immersed submanifold of M. Assume
that m: vN — N is the normal bundle. There is an induced connection V¥ on vN and a

decomposition of tangent bundle T'(vN) as
T(wN)=HoV,

where Vg := ker(dm)¢ and H¢ consists of all tangent vectors to parallel sections passing
through &. If a : (—6,8) — vN is a smooth curve representing v € T(vN), then v =
(roa)(0) and v¥ = (g—:a)(()) = v —VH. Thus, H¢ and V are isomorphic to Tr(eyN and
Vr(eyN, respectively. This decomposition induces a natural Riemannian metric on 7' (vN)

such that 7 is a Riemannian submersion. With aid of this notation, we have the following

lemma.

Lemma 2.2 ([13]). Let o : (—0,0) — vN be a smooth curve representing v € T(vN).
Define

J(t) = % L €XProa(s) (tOé(S))
sS—=
Then J(t) is a Jacobi field along the geodesic v(t) = exp(ta(0)) and

J(0) =v™, J(1) = (dexp)aoy(v) and J'(0)=v" + A qv™.

Here, Ay stands for the shape operator with respect to normal vector n.
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Proceeding, let UN be the unit normal bundle of N equipped with volume
element dfdp, where dp denotes the volume element of N and df is the volume element
of unit sphere Sg_k_l in v, N. Thereby, we may define ® : (0,+00) x UN — M\N by
O(r,0) = exp(rf).

Along the normal geodesic vy(r) = exp(rf), we can choose a parallel orthonormal

base {e1(r),...,en(r)} such that
Agei(0)=N;, fori=1,....k—1, and e, =0r=(r).

Hence, Ji(r) = (d®)(,.g)(e:), i = 1,2,--+ ,n, must satisfy

Ji(0) =¢€;(0), fori=1,... k;
JI(0) = N\ie; (0), fori=1,...,k;
Ji(0) =0, fori=k+1,...,n;
JI(0) =¢;(0), for i=k+1,...,n.

Next, we consider the following notation

Jij = (Ji,ej), fori=1,... k;
Kij = (R(vp,€i)v0,€j), fori=1,... k;
A =diag(A1,..., \n).
Also consider J := (Jij) (k—1)x (k—1) and K := (Kij)(x—1)x(k—1)- With these notations, one
obtains that
J"+KT =0;
J(0) = diag (i Otn—k—1)x(n—k-1))
J'(0) = diag (AaI(n—k—l)x(n—k—1)> :
If 7[0,r] does not contain focal points, then J is invertible on (0,7). Next, let o(z) be the
distance function from N. Therefore, o(vy(r)) = r, provided that r € (0,79). Moreover, by
denoting U;;(r) := V20 (ei,e;)(79(r)) and taking into account that V2o (J;, J;) = (JI, J;),

we get the following lemma.

Lemma 2.3 ([13]). Let N be a proper submanifold in M. Then for any 0 € vN, along the

normal geodesic vg(r) = exp(rf), the Hessian of the distance function o(x) = dist(z,N)
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satisfies

A —A2—K11(0) V
A o 5—K11(0) Vio o),
Va1 Va9

S =
N

where U = V20|{Vé(r)}b K =Ko=R(vy,...)vy and Ay is the shape operator of N with

respect to 0. In particular, the mean curvature H(0,r) of the level sets of o at v¢(r) satisfies

H@m:mmmﬂ_fﬁ+mm (2.6)

and

2 rAp

V27 (yp(r)) =

5 +0(r?). (2.7)

Lin—k)x(n—k)

Moreover, at N, the function o has two eigenvalues 0 and 2 of multiplicities m and n—k,

respectively.

To conclude this subsection, we are going to present the proof of the following

algebraic inequality.

Lemma 2.4. Let a1 > ... > a,, be n > 2 real numbers. Then

G = om 1)

where b= (X, a;)* — (n—1) X0, a2. In particular, if b> 0, then either all a; >0 or all

aiSO.

Proof. The case n = 2 is straightforward. Now, for n > 2, notice that

n 2 n—1 2 n—1
(Zai> = (Z ai> +2an2ai+a%.
i=1 i=1

i=1

Hence, we see that

i=1

n n—1 2 n—1
=1 a?+b= Y a;| +2a, Y a;+a2,
j i=1
so that

n—1 n—1 2 n—1
(n—1)2a3+(n—2)a%+b: dai| +2a, Y a;
i=1 i=1 i=1
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In view of this, one obtains that

n—1 n—1

2
n—1 n—1

(n—2)Za%+(n—2)a%—2an2ai+b:(Z%) — Y a?,
i=1 i=1

i=1 i=1

which implies that

n—1 n—1
2 Y aaj=m—-2)Y ai+(n—2)aZ —2a, > a;+b.
i<j<n—1 i=1 i=1

Rearranging terms, one sees that

(n—2)a2 — (Zaz)an

Of which, we have

(n— ZZa +b—2 Z aiaj]:O.

1<j<n—1

n—1 2 i n—1
(Zai> = (n—2) (n—2)Za%+b—2 > aiaj

Consequently,

Moreover, if equality holds in (2.8), then a, = = 2 Z? | a;. Now, it suffices to repeat an

analogous process n — 2 times in order to obtain the asserted inequality. O]

Notice that the same conclusion is true if one assumes that b < (Xt ai)2 —(n—

1)S7 ;a2 As an application of Lemma 2.4, one has that |Ric|? < ( 1 implies that the
cigenvalues of the Ricci tensor have the same sign. Indeed, since |Ric|? = |Ric|> — £, we
can take an orthonormal frame {e;}; ; which diagonalizes tensor Ric, i.e., Ric(e;) = )\iei,

in order to achieve at

n 2 1 n 2

Applying Lemma 2.4 with b= 0, one obtains that A\;A; > 0, which says that all eigenvalues

have the same sign.



31
2.2 Static perfect fluid space-time

In this section, we are going to talk about static perfect fluid space-times
(SPEFST). This class of manifolds arises as special solution to Einstein field equation
over a static space-time (]\/4\ g =M™ x 7R, which is endowed with the static metric

G =g— f2dt?, that is
R
Ric— 59 +Ag = kT, (2.9)

where the cosmological constant A is zero and stress-energy-momentum tensor 7' corres-

ponds to a perfect fluid, i.e.,
T = pfdt* + py,

where the smooth functions p and p are, respectively, mass-energy density and pressure of
the fluid. The name “perfect” becomes from the absence of heat conduction terms and
stress terms corresponding to viscosity. Explicitly, SPFST is a semi-Riemannian manifold

(M"+1 ) satisfying

R~
. -~ 2 112

ch§—799:,uf dt* + pg. (2.10)
Although the general concept refers to a Lorentzian manifold, we will consider
only the spatial factor M of M as a static perfect fluid space-time. Formally, we have the

following definition (see also [101], [66]).

Definition 2.2. A Riemannian manifold (M™,g) is said to be a spatial factor of a static
perfect fluid space-time if there exist smooth functions f >0 and p on M"™ satisfying the

perfect fluid equations:

fRic=V2f (2.11)
and
n—2 n
Af:(Q(n—l)R+n—1p>f’ (2.12)

where Roic, V2 stand for the traceless Ricci and traceless Hessian tensor, respectively. When
M has non-empty boundary OM , it will be assumed in addition that f~1(0) = OM. In this

case, f will be called a potential function and we denote such a space as (M™,q, f,p).



32

The equation (2.11) is satisfied for a large class of manifolds, as for example,

Riemannian manifolds (M™, g) satisfying
~Afg+V2f— fRic=14g

for some smooth function f on M and a constant §. If 6 =0, we obtain the fundamental
equation of a positive static triple [1]. When 6 = 1, we obtain the expression of a critical
metric of the volume functional (or V-static space) [76].

The motivation for Definition 2.2 comes from the warped product curvature
expressions. Indeed, by items (i) and (zi¢) of Proposition 2.1 and taking into account that
the dimension of the fiber is one, we infer that
1 1 2
T f

Evaluating the Einstein equation (2.10) on horizontal vectors and using the above equation,

R;=R—Af—-Af=R—_Af.

we then obtain

Vif R Af
Ricyy ——= =59+ —-9=pg. 2.13
IR LA (2.13)
Taking the trace, one sees that
n—2 n
Af = R 2.14
r= (g o) £ (2.14)

which corresponds to (2.12). Furthermore, rewriting (2.13), we see that
(RiCM - fg) - ; <V2 - Anfg> — 712_n2Rg+pg - n;lAf‘fg
and hence (2.14) implies that the right-hand member is zero and so, we obtain (2.11).
The warped product curvature expressions also allows us to obtain an expression
for the mass-energy density p. In fact, evaluating (2.10) in vertical vectors and using item

(i1) of Proposition 2.1, we deduce
FAF+ S = fAf=nt,

ie.,
_ R
/’l/ - 2 N

Thus, the dominant energy condition is equivalent to % > |p|. Notice that we have

used in this calculations that the fiber of the warped product M is endowed with a

semi-Riemannian metric.
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Static perfect fluid space-times with boundary constitutes as a natural extension
of static spaces. The following proposition corresponds to Proposition 2 of [37] and

establishes the connection between these classes of manifolds.

Proposition 2.3 ([37]). Let (M", g, f.p) be a static perfect fluid space-time. Then the

scalar curvature R of M s constant if and only if (%R—i—p)f s constant.

Proof. First of all, by using the well known formula div(V?f) = Ric(V f)+VAf, one sees
that

. 1 —1
div(V*f) = VAS + Ric(V )~ ~VAf = nTVAf +Ric(V ). (2.15)
On the other hand, it is easy to check that
e o _ R f
div(f Ric) = fdiv(Ric)+ Ric(Vf)——=Vf—=VR.
n n
By the twice contracted second Bianchi identity, i.e., div(Ric) = %VR, we infer that

div(f Ric) = ”2;2 FVR+ Ric(V ) — fv f (2.16)

Now, taking into account (2.11) combined with (2.15) and (2.16), one deduces that

—9 —1
n=2egp T lgay (2.17)
2n n

n
This jointly with the Laplacian equation (2.12) yields
-3 1 -2
D2 fVR=_RVf+pVf+ - "fVR+[Vp,
2n 2 2n
which can be rewritten as
1
aRVf—l—pr—i—pr:O.
Of which, one deduces that
1 1
SIVR=V [(2R+p> f} , (2.18)
and the result follows. O

Notice that this result suggests that the static perfect fluid space-time alone
does not implies the constancy of the scalar curvature, which occurs in the case of vacuum

static and V-static spaces. Indeed, the works [9] and [73] present examples of non-compact
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static perfect fluid space-times with non-constant scalar curvature. Moreover, if the

manifold has non-empty boundary, then R is constant if and only if p = —g, in virtue of

floar = 0, and so the potential function must satisfy
~Afg+V%f—fRic=0,

which is precisely the equation of a static manifold. In addition, if we have R =0, then it

holds p =0 and we achieve at
fRic=V?fand Af =0,

which is the vacuum static equation with null cosmological constant. This is a special case
for the physics studies because one of the most important solutions of the above equation
is the Schwarzschild metric [16], [103], which models black holes.

We are now able to present some examples of compact static perfect fluid

space-times with boundary.

Example 2.1. Let S with the metric g = dr? +sin?(r)ggn—1 be the standard hemisphere,
when v < 5 is the height function. Thus S} with potential function f(r) = cos(r) is a static
perfect fluid space-time.

First of all, we know that S" with the standard metric is an Einstein manifold,

i.e., Ric=0. From the Lie derivative, Lemma 2.1 and using that
Vf(r) = —sin(r)Vr,
one deduces that
V2 [ (r) = —cos(r)(dr® +sin*(r)gsn-1) = — f(r)g,

then V2f =0 and Af = —%f, since R=n(n—1). Moreover, it is clear that f~*(0) = OM.

n

This shows that this space is in fact a static perfect fluid space-time.

The example above corresponds to the case of connected boundary. But, it is

also interesting to present an example with disconnected boundary, as follows.

Example 2.2. Let M = [0,7] x S"~! be a Riemannian product with metric g = dt* + (n —
2)ggn—1 and potential function f(t) =sin(t). Thus M is a compact oriented static perfect
fluid space-time with disconnected boundary (the boundary is the union of two copies of

Sn—l)'
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In fact, notice that f(p) =0 if and only if p € {0} x S*" LU {r} x S"~1, that is

a disjoint union. Next, again by the Lie derivative, Lemma 2.1 and
Vf(t) = cos(t)Vt,
one obtains that
V2f(t) = —sin(t)dt? = — f(t)dt>.

Noticing that Ric = (n—2)ggn—1, we arrive at

R -1 -2 A
fRic— 9= "L par f" 2 =v2p -y
n n n n
which concludes the argument. Finally, observe that R = (n—1) implies Af = —n—}flf.

Since the scalar curvature, in both examples, is constant, one concludes that
they are static spaces. They receive particular terminology in this theory: the hemisphere
in Example 2.1 is called de Sitter solution and the cylinder in Example 2.2 is named Nariai
solution of the static equation.

An interesting property of manifolds satisfying equations similar to (2.11) and
(2.12) is the analyticity of their metric and potential function in harmonic coordinates. The
proof is quite similar to [33, Proposition 2.8] for static metrics (see also [41, Proposition
2.3] for V-static metrics).

Proceeding, it follows from [69, Lemma 1] that |V f| does not vanish on the

boundary. The next lemma is an alternative proof of this fact.

Proposition 2.4. Let (M™, g, f,p) be a compact static perfect fluid space-time with
boundary OM. Then |V f| is a nonzero constant along OM.

Proof. Since f vanishes on 0M, one sees from Eqgs. (2.11) and (2.12) that
X(IVfP)=2V*f(Vf,X)=0,

for any X € C*°(0OM). Hence, |V f] is constant along 0M. Now, we need to show that
IV fli5a # 0. Indeed, let p be a point in M and 7 : [0,e) — M be a geodesic parametrized
by arc length with v(0) = p and 4/(0) L M. Choosing u(t) = (f ov)(t), one has

u"(t) = VAF(4'(1),7'(2)).
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Then, it follows from (2.11) and (2.12) that there exists a smooth function F'(¢) so that

Consequently,

u'(t) = F(t)u(t),
(Vf(p).7'(0)),

u(0) f(p)=0.

So, by assuming that V f(p) = 0, one deduces that u'(0) =0 and then, by using the

existence and uniqueness theorem for ODE, we infer that u = 0 over a neighborhood of

t =0 in [0,¢), which leads to a contradiction with the fact that f > 0 in the interior of

M and «(t) lies in the interior of M for all t € (0,¢¢) with sufficient small €y > 0. This

concludes the proof of the proposition. O

A direct consequence of this proposition and equation (2.18) is that

P ’ - _ R ’8M
oM 5
Proceeding, since f is nonnegative, one sees that v = —% is the unit outward

normal vector field of 9M. In particular, the divergence theorem implies that the integral

of Af is not identically zero. In fact, observe that

/MAfdvg — /aMg(Vf,u)ng:—|Vf||8M|8M|7é0. (2.19)

This together with the dominant energy condition % > |p| also implies that R > 0, but
not identically zero.
From now on, consider an orthonormal frame {e;}! ; with e, = IV f\ Thus,

from the second fundamental formula, for 1 < a,b,c,d < n—1, one obtains that

hay = = (Vev,ep) = = VaVaf =0

!Vf\

and hence, OM is totally geodesic. Thus, by the Gauss equation, i.e.,
RO = Rabed — haahve + hachua, (2.20)

we then obtain

OM
Rabcd = Rabed-
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Moreover, we infer

M
Raac = Rac - Rancn

and
RM = R_2R,,. (2.21)

We recall that Proposition 2 in [37] asserts that the scalar curvature R of a static
perfect fluid space-time (M™, g, f,p) is constant if and only if (%R+ p)f is constant. Thus,
since M is a compact Riemannian manifold with (non-empty) boundary and fi, =0,
one concludes that R is constant if and only if (%R+ p)f = 0. Therefore, by using that

f >0 in the interior of M, we infer that the scalar curvature is constant if and only if

R
p=—5on M. (2.22)
Notice furthermore that if p = —% over M, then the scalar curvature must be constant

even in the empty boundary case.
The following divergence formula was established in [37]. For sake of complete-

ness, we present here its proof.

Lemma 2.5 ([37]). Let (M™, g) be a Riemannian manifold and f is a smooth function
satisfying (2.11). Then, in the interior of M, one has
Af

1
n

f

Proof. Given a (0,2)-tensor 7" on a Riemannian manifold (M",g), it is well known that

dw[ <V\Vf|2—2 Vf)]:2f|ﬁic|2+T<VR,Vf>. (2.23)
div(T (X)) = ediv(T)(X)+p(VX,T)+T(Vp,X),

for all p € C°°(M) and X € X(M). Taking T = Ric, X = Vf and ¢ =1 in the last identity,

one obtains
div(Ric(Vf)) = div(Ric)(V f) + (Ric, V2 f).

Using the static perfect fluid space-time equation (3.5) and the twice contracted second

Bianchi identity, that is, the identity div(Ric) = %VR, ones consequently get

div(Ric(V f)) = f|Ric|® + nz_nQWR,V f). (2.24)
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On the other hand, observe that

pRiv)) = V1L
— ;V|Vf|2—Afo, (2.25)
and so
2Ric(Vf) = f<V]Vf\2 2ﬁf f). (2.26)
Finally, comparing (2.24) and (2.26), one concludes that
div lf (vywy? zAfoﬂ = 2f|R°ic|2+n;2<VR,Vf>, (2.27)
which finishes the proof. 0

Lemma 2.5 can be seen as a Robinson-Shen type identity [101] for manifolds
satisfying Equation (2.11), which includes a large class of spaces; see also [1], [20] and [21].
In the case of constant scalar curvature, for example, static space or V-static space, we
deduce that the expression in the left hand side of (2.23) is necessarily nonnegative.

Next, recall the following integral formula that relates the norm of the traceless
Ricci tensor and the scalar curvature of the boundary; for more details, see Lemma 3 of

[37]. This formula will be used in the proof of the boundary estimates.

Lemma 2.6 ([37]). Let (M™, g, f, p) be a compact oriented static perfect fluid space-time
with boundary OM. Then one has

OM > 2 n—2
/aM IV FIROMdS, = Q/Mf|ch| av, — T/M RAfdV.
Proof. Upon integrating (2.24), we use Stokes’ theorem to infer

/Mdiv(Roic(Vf))dVg - /M f|R°ic|2dVg—|—nQ_nQ /M(VR,Vf)dV

_ /Mf]Roic]Z + 712;2 (/aM R(V f.v)dS, —/M RAde@/) '
(2.28)

Using again Stokes’ theorem, one sees that

/de(}iic(w))d% - /6 | (Bic(V f),v)ds
- —/(9M|Vf|Ric(y,y)ng. (2.29)
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Combining (2.28) and (2.29), one obtains that
R o o n—2
LV (R =) dsy = [ niHiePavy = "2E [ Ry,
n—2
——— [ RAfdV,.
2n /M fdV

Therefore, it suffices to use (2.21) to infer

/Mf|R°ic|2dVg - ”Q_HQ/M RAfdV, = — [ (R_QRaM . ;%) IV £ldS,
—9
+712n/aMR|Vf|d§L
_9 _9

—Jom <n2n = RQ N n2n R) V1145

1
- 5/8M|Vf|z~zé‘Mds , (2.30)

which concludes the proof of the lemma. O

It is very interesting to classify manifolds satisfying certain structural equation.
In this direction, Coutinho et al. classified in [37, Proposition 1] all possible Einstein
Riemannian manifolds (M"™,g), n > 3, with empty or connected boundary satisfying
f]?jz'c = 62]‘ for some f € C°°(M). Since their result will be useful in this work, their

proof will be present next.

Proposition 2.5 ([37]). Let (M™, g, f), n >3, be a compact Einstein manifold with positive
scalar curvature and f € C®°(M) satisfying fRic=N2f. Then:

(a) If OM 1is empty, then M™ is isometric to a round sphere S";

(b) If OM is connected non-empty and f |gar is constant, then M"™ is isometric to a

geodesic ball on a sphere S™.

Proof. Since M™ is an Einstein manifold, it is immediate that Ric=0 and so the equality
f Ric=V? f immediately implies
Vif = Hg. (2.31)
n
Thus, Vf is a conformal vector field. Moreover, it was calculated an expression for the
gradient of the Laplacian of f in (2.17), that is,

-2
n 1 va'
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Since n > 3 and the manifold is Einstein, one knows that the scalar curvature is constant

and the last expression implies

VEASf = _iv%‘ = —Lﬁfga
n—1 n(n—1)

where it was used (2.31).

Supposing now that the boundary is empty, one can makes use of [Theorem
4.1, [114]] to conclude that (M™,g) is isometric to a round sphere, which is the conclusion
of item (a). On the other hand, (2.31) and the fact that M has constant scalar curvature,
one deduces that Af + % f is constant. Thus, if OM # () and f |gas is constant, one

infers that A f is constant along OM. The result then follows from an Obata type theorem
[93, Theorem B] due to Reilly. This finishes the proof of the proposition. ]

2.3 Quasi-Einstein manifolds

In this section, we recall basic facts on m-quasi-Einstein manifolds. First of all,
we remember that the fundamental equation of an m-quasi-Einstein manifold (M™, g, u, A),

possibly with boundary, is given by

V2u = 2 (Ric— \g), (2.32)
m
where u > 0 in the interior of M and u =0 on the boundary 0M. By tracing (2.32), one
sees that
Au=L(R—n)). (2.33)
m

This implies that Au =0 along M. Besides, Propositions 2.2 and 2.3 of [59] guarantee

that |Vu| does not vanish on the boundary and it is constant on each component of OM.

From this, we infer that v = —% is the unit outward normal vector field over M. In

particular, by the Stokes’ formula, Aw is not identically zero. Actually, observe that
/M AudM, = /aM(Vu,V> dS, = —|Vu|,,,, |0M| < 0. (2.34)

Remark 6. It follows from (2.33) and (2.34) that if the scalar curvature R is constant,
then R <nA (cf. [59, Corollary 4.3]).

From now on, we consider an orthonormal frame {e;}" | with e; =v = ~ V[
Under this coordinates, since u =0 on M, the second fundamental form satisfies
1

hab - - <V€al/,€b> - |V’U,’

Vvau - O,
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for any 2 < a,b,c,d <n. Hence, OM is totally geodesic. Also, by the Gauss equation (2.20),
one obtains that

ROM — R—2Ry,. (2.35)

We further recall some important features of m-quasi-Einstein manifolds (cf.

[26], [42], [59]).

Lemma 2.7. Let (M"™, g,u, \) be an m-quasi-Einstein manifold with m > 1. Then we

have:
1.
1
§UVR =—(m—1)Ric(Vu) — (R— (n—1)\)Vu;
2.
u?
—(R=An)+(m— )| Vul? = =M+ p,

where |1 is a constant;

3
. 2
N —m+2<Vu,VR>—ml‘Ric—Rg‘
2 U m n
1 1
_(ntm—1) )(R—nA)<R—n(n )A);
mn n+m-—1
/.

u (ViRjk - VjRik) = mRijkNlu + A (Viugjk - Vjugik) - (ViuRjk - VjuRik) .

We highlight that Eq. (2) of Lemma 2.7 determines a type of “integrability
condition”. Besides, Equation (4) of Lemma 2.7 was obtained by Didgenes and Gadelha in
[42, Lemma 1].

From assertion (1) of Lemma 2.7, if an m-quasi-Einstein manifold M™ has
constant scalar curvature and m > 1, then

(n—1)A—R

Ric(Vu) = —

Vu. (2.36)

Consequently, the traceless Ricci tensor Ric must satisfy

nn—DA—=(m+n—1)R
n(m—1)

Ric(Vu) = V. (2.37)
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Furthermore, Eq. (3) of Lemma 2.7 together with the assumption that the scalar curvature
R is constant imply that
. —1 —DA
Bic =~ gy (g Mo AY (2.38)
n(m—1) m+n—1
We now set the covariant 2-tensor P by

(n—1)A— Rg.

m—1

P = Ric— (2.39)

In this perspective, by assuming that M has constant scalar curvature, we have from (2.36)
that P(Vu) = 0. Furthermore, by using the orthonormal frame {e;}"; that diagonalizes
the Ricci tensor, one observes that P(e;) = p;e;. In [59], it was introduced the 4-tensor @

related to P as follows

(n_m))\_)RgG)g, (2.40)

1
Q=Rm+—POg+-——"7"—
m 2m(m—1

where ® stands for the Kulkarni-Nomizu product! and Rm is the Riemann tensor. For

covariant 2-tensors S and 7T, the Kulkarni-Nomizu product is given by
(SOTD)ijr = SirTj + SjTi, — STk — STy (2.41)
With these tools, one deduces the following result.

Proposition 2.6. Let (M", g, u, \) be an m-quasi-Einstein manifold. Then we have:

1
u(ViPjp — Vi Py) = mQiji Viu+ 5(9 © 9)ijkiPsVsu.

Proof. We start by rewriting the expression (4) of Lemma 2.7 in terms of the tensor

P = Ric— (nﬁ#g in order to obtain

u (Vipjk - vjpik> + u (Vi/)gjk - Vjﬂ!]z‘k)
mR;jViu+ (A —o) (Vz‘Ugjk - ijQik) - (viupjk - VjUPik) ,

where

_ (n—1)A—R

— (2.42)

1 Our definition of Kulkarni-Nomizu product differs from [59] by a constant 1/2 and sign.
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Moreover, by assertion (1) of Lemma 2.7, one sees that §Vo = P(Vu) (see also [59,

Proposition 5.2]) and hence,

u (Vz‘ij - Vjpuc) + 2 (Pz'zVWij - lelegik:)
= mRijkNlu + ()\ - Q) (Viugjk - Vjugik) — (Viupjk - Vjupik> .
(2.43)

On the other hand, it follows from (2.41) that
(90 9)ijuViu=2(gixVju—gjrViu),
(9© 9)ijriPsiVsu=2(PjsVugiy, — PisV sug;i)

and

(P®©g)ijuViu= (Py,Vju— Py Viu) + (P Viugi, — PuViugj).

Substituting these expressions into (2.43) yields

u(ViPjr —VjiPy) = mRijuViu+(0— N (g Vjiu— g Viu) + (P Viu— PjpViu)

+2(PjViugix — PiViug;i)

)
2

= mRijViu+ (90 9)ijuViu+ (PO g)ijuViu

1
+§(9®9)z‘jsz’slvsu

1
= mQijrViu+ 5(9 © 9)ijiPaVsu,
where the last equality follows from (2.40). O

As a consequence of Proposition 2.6, we deduce the following identities that were
first proved by He, Petersen and Wylie in [60, Proposition 3.7]. Taking into account that
our convention for the Kulkarni-Nomizu product (2.41) and Ric(X,Y) = tr Rm(X,-,Y,")

differ from [60], for the reader’s convenience, we are going to present a proof here.

Proposition 2.7 ([60]). Let (M", g, u, \) be an m-quasi-Einstein manifold with constant
scalar curvature and m > 1. Then we have:

1.

u u
%(Vipjk —V,;Py) = E<ViRjk —ViRi) = QijriViu,
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2.
U w2
%Vipjkviu = (m) (()\ —0) Pj.— Pikpij) + Qijr ViuViu,
where o = %.
Proof. Initially, since M™ has constant scalar curvature and P = Ric— %g, ones

sees that P(Vu) =0 and therefore, the first assertion follows directly from Proposition 2.6.
We now deal with the second one. By using again that P(Vu) =0, one observes

that
0=V, (P Viu) = (VjPik)Viu + P,V Viu.

This jointly with (2.32) yields

u u

VP Viu=—FyV;Viu=—Py ( (Pji—(A— Q)gji)> = (PirPji — (A= 0)Pjr,)

m
Thereby, it suffices to use the first assertion in order to infer

ﬁVz‘ijVz‘u = (u) 2 ((A —0) Pjr — Pikpij> + Qi ViuViu,

m m
as desired. O]

On an m-quasi-Einstein manifold, we may express the Cotton tensor in terms

of the Weyl tensor and an auxiliary 3-tensor Tj;; as follows (see [42, Lemma 2]).

Lemma 2.8 ([42]). Let (M™, g, u, \) be an m-quasi-Einstein manifold. Then it holds
uCijr = MWy Viu+ Ty, (2.44)
where the 3-tensor Ty is given by

m—+n—2 m
ﬁ(Rikv‘ju — R, Viu) + m(R]‘szuyik — Ry Viugj)

(n—1)(n—2)A+mR
(n—1)(n—2)

Ty

(Viugjr — Vjugir) — (ViRgjr — VjRgir)-

u
2(n—1)
We highlight that the tensor T;;; has the same symmetric properties of the

Cotton tensor and it is motivated by ideas outlined by Cao and Chen in [25]; see also [32]

and [89]. Besides, it is convenient to express the tensor Tj;j in terms of the traceless Ricci



tensor

Tijk

m+n—2 o
-2

“2(n—1)

(Viugjr — Vjugir)

o m o o
(RipVju— R, Viu) + m(ﬁ’jlvzugm — Ry Viugjr)
nn—DA—(m+n—1)R
n(n—1)
(ViRgjir — VjRgir).

Now, it is convenient to recall the following terminology (see [60]).
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(2.45)

Definition 2.3. An m-quasi-FEinstein manifold (M™, g, u, \) is said to be rigid if it is

Einstein or its universal cover is a product of Einstein manifolds.

In [60], it was established the following result for m-quasi-Einstein manifolds.

Proposition 2.8 ([60]). Suppose (M"™, g,u, ) is a nontrivial m-quasi-Einstein manifold

which is also Finstein, then up to multiples of the potential function u or the metric g, it

s isometric to one of the examples in Table 1.

’ M g U A 0 1 ‘
-5, 5] dr? u(r) = cos(r) m 0 m—1
[0,00) dr? u(r)=r 0 0 m—1
[0,00) dr? u(r) = sinh(r) —m 0 m—1

(—00,00) dr? u(r)=-e€" —m 0 0
(—00,00) dr? u(r) = cosh(r) —-m 0 1—m
St dr® +sin?(r)gen—1 | u(r) = cos(r) m+n—1 n—1 |m-—1
[0,00) x dr®+gr u(r)=r 0 0 m—1
[0,00) x N | dr?+cosh?®(r)gn | u(r) =sinh(r) | —=(m+n—1) | —(n—1) | m—1

(—00,00)x F | dr’+e* (r)gn u(r)=c¢€" —(m+n-1) | —(n—1) 0
H" dr? +sinh®*(r)gy | u(r) =cosh(r) | —(m4+n—1) | =(n—1) | 1—m

TABLE 1: Nontrivial m-quasi-Einstein manifolds that are also Einstein. Here, o is given
as in (2.42), F is Ricci flat and N has Ricci curvature —(n —2).

Using Proposition 2.8, He, Petersen and Wylie proved the following result for

rigid quasi-Einstein manifolds.

Proposition 2.9 ([60]). A non-trivial complete rigid m-quasi- Einstein manifold (M™, g, u, \)

is one of the examples in Table 1, or its universal cover splits off as

M = (My,91) X (Ma,g2) with u(z,y) = u(y),

where (M1, g1, A) is a trivial quasi-Finstein manifold and (Ma, g2, u) is one of the examples

in Table 1.
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Remark 7. It is known that the universal covering of a quasi-Finstein manifold with
A >0 is compact and hence, its fundamental group w1 (M) is finite. The proof of this fact
is quite similar to [49], [111] and it can be carry out by combining the arguments in the

proof of [59, Theorem 4.1] (see also [88]) and [96, Remark 6.9].

Before proceeding, we recall that a non-constant function f: M — R of class

at least C? is said to be transnormal if
V2 =b(f) (2.46)

for some C? function b on the range of f in R. In addition, f is said to be isoparametric if

there exists a continuous function a on the range of f in R such that

Af=a(f). (2.47)

In particular, (2.46) implies that the level set hypersurfaces of f (i.e., My = f~1(t), where
t is a regular value of f) are parallel, and the integral curves of V[ are the shortest
geodesics connecting the level sets. Besides, (2.47) guarantees that such hypersurfaces
have constant mean curvatures. The preimage of the maximum (respectively, minimum)
of an isoparametric (or transnormal) function f is called the focal variety of f. We refer
the reader to [53], [54], [79] and [107] for more details.

By considering that (M"™, g, u, A) is an m-quasi-Einstein manifold with constant
scalar curvature, one deduces from (2.33) that the potential function u is isoparametric.

In view of this, one easily verifies from assertion (2) of Lemma 2.7, for m > 1, that

R —n)A
e A _BEmomA (2.48)
m—1 m(m—1)
Consequently, the potential function v is transnormal, namely,
R —n)A
b(u) = p o Rxm=n u?. (2.49)

m—1 m(m—1)
Concerning the regularity of the potential function, for an m-quasi-Einstein
manifold (M™, g, u, A), it is known that w and ¢ are real analytic in harmonic coordinates
(cf. Proposition 2.4 in [59]). In particular, the critical level sets of u have zero measure.

A central object in our approach is the set of maximum points of u given by

MAX(u)={pe M : u(p) = umax}-
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Remark 8. In the compact case with m > 1, notice that every point in M AX (u), which
clearly is an interior point, must be a critical point. Moreover, the fact that u is a
transnormal function and (2.48) allow us to deduce that the critical points of u have
the same value. Thereby, MAX (u) = Crit(u) for nontrivial compact m-quasi-FEinstein

manifolds.

To conclude this section, we are going to describe an example of m-quasi-

Einstein manifold for dimension n > 5, on [O, ‘/—gﬂ X SP x S? (see also [51]).

Example 2.3. Let A > 0 be an arbitrary constant and consider M™ = [0, \/—\gﬂ X SP x $Y,

p, q > 1, endowed with the metric

p—1 qg—1
gzdt2+ 3 gsp + 3 Jsa-

s

This space is an m-quasi-Finstein manifold with potential function u(t) = sin( t) and

constant scalar curvature R = (n—1)\. Indeed, we first notice that

A A
Ric=(p—1)gsp + (q—1)gse and Vu=u'Vt= icos ( VA > Vt.

v\

Thereby, since uw=u(t) and the warping function is constant, we deduce from (2.3) that

Viu= —:2 sin (j%t) dt>. (2.50)

On the other hand, one observes that

(Ric—Ag) 2; sin (\/\/%t> [(p —Dgse + (¢ —1)gse — (Adt* + (p— 1) gse + (¢ — 1)gsq)}

—— :r\Lsin (j%t) dt?.

Plugging this into (2.50) gives (2.32).

u
m

Jm

In conclusion, v =0 if and only if either t =0 ort = v and consequently,

the boundary consists of two disjoint copies of SP x S9.
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3 GEOMETRY OF STATIC PERFECT FLUID SPACE-TIME

In this chapter, we discuss the results obtained in Geometry of static perfect
fluid space-time, a joint work with R. Di6égenes, N. Pinheiro and E. Ribeiro Jr. [35].
The central discussion of the aforementioned paper is to obtain geometric inequalities for
compact static perfect fluid space-times (SPFST) with boundary OM. Furthermore, we
present a new example of SPFST with connected boundary which is counter-example to the
cosmic no-hair conjecture for arbitrary dimension n > 4. This chapter is divided in three
sections: In Sections 3.1 and 3.2, we state Theorems 1 and 2 of the article aforementioned
and their corollaries, respectively; Section 3.3 discuss a counter-example for the cosmic
no-hair conjecture, moreover we present an examples of a static perfect fluid space-time
with non-constant scalar curvature obtained in [9].

In [35], it was established new geometric inequalities in order to estimate
the area of the boundary of a compact SPFST. Moreover, the case of equality was also
discussed. In this sense, our first section presents Theorem 1 of [35] and its corollary, which
is related to the isoperimetric inequality. To do so, we make use of the generalized Reilly’s
formula by Qiu and Xia [91] in order to obtain a new boundary estimate for SPFST. More

precisely, we have the following result.

Theorem 3.1. Let (M™, g, f, p) be a compact oriented static perfect fluid space-time with

boundary OM and positive scalar curvature satisfying

n—2 n
_— 1
S T T (3:1)

where T is a positive constant. Then we have:

Ropin + 31

1
Vol(M) > —
0( )_T 2n

|OM]|. (3.2)
Moreover, if equality holds in (3.2), then (M", g) is isometric to the round hemisphere ST} .

As was mentioned in the statement of Theorem 3.1, the constant 7 is positive.
Indeed, supposing that 7 <0, since Af = —7f and f is a nonnegative function with
f71(0) = OM, we may use the Maximum Principle to infer that f =0 in M, which leads
to a contradiction.

We highlight that, by assuming the dominant energy condition in Theorem 3.1,

one obtains that the scalar curvature of M"™ must be positive. In fact, the dominant energy



49

condition asserts & > |p| and hence, if R(p) =0 for some point p € M, then p(p) = 0,
which contradicts the assumption that 7 is a positive constant. Moreover, from equation
(2.18) and Proposition 2.4, we have p |gp= —%R loas and consequently, 7 = ﬁR loas - In
particular, (3.1) implies that the scalar curvature is constant along the boundary.

As a consequence of Theorem 3.1, we obtain the following corollary.

Corollary 3.1. Let (M™, g, f, p) be a compact oriented static perfect fluid space-time with
boundary OM and constant positive scalar curvature R. Then we have:

(n—1)(n+2)

Vol(M) >
ol(M) = 2nR

OM]|. (3.3)
Moreover, if equality holds in (3.3), then (M™, g) is isometric to the round hemisphere S’} .

At the second part of this chapter, we deal with the Brown-York mass. The
study of static spaces are related with the mass concept, as, for instance, ADM (Arnowitt-
Deser-Misner) mass [20]. So, it is interesting to find a result over SPFST involving some
mass concept. The next result establishes a sharp boundary estimate for compact static
perfect fluid space-time with (possibly disconnected) boundary in terms of the Brown-York

mass m ... Now, let us recall the definition of Brown-York mass.

Definition 3.1. Let ¥ be a connected hypersurface in (M™, g) such that (3,g |x) can be
embedded in R" as a convex hypersurface. Then, the Brown-York mass my, of ¥ with

respect to g is given by

My (S.9) = [ (Ho— Hy)dS,,

where Hy and Hy are the mean curvature of ¥ as hypersurface of R"™ and M, respectively,

and dSy is the volume element of on X induced by g.

In [115], motivated by the Riemannian Penrose inequality, Yuan obtained a
boundary estimate for static spaces in terms of the Brown-York mass. A similar result
was established for quasi-Einstein manifolds by Didgenes, Gadelha and Ribeiro [44]. In
another direction, inspired by ideas outlined in [37], Andrade and Melo [2] proved recently
that, under suitable conditions, the Hawking mass of Einstein-type manifolds is bounded

from below by the area of the boundary. Then, we have the following result.

Theorem 3.2. Let (M™, g, f,p), n >3, be a compact static perfect fluid space-time with

(possibly disconnected) boundary and positive scalar curvature satisfying the dominant
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energy condition. Suppose that each boundary component (OM;, g) can be isometrically

embedded in R™ as a convex hypersurface. Then we have
’aMz‘ < CMpy (aMlag)v (34>

where ¢ is a positive constant. Moreover, equality occurs for some component OM; if and

only iof M"™ is isometric to the standard hemisphere S'} .

A key ingredient in the proof of Theorem 3.2 is the positive mass theorem
for Brown-York mass by Shi-Tam [102], which is equivalent to the (higher dimensional)
positive mass theorem for ADM mass by Schoen and Yau [98], [99], [100], and Lohkamp
[70]. It should be mentioned that the isometric embedding condition in Theorem 3.2 was
needed to use the positive mass theorem. According to the solution of the Weyl problem,
the isometrical embedding assumption can be replaced by control on sectional curvatures,
as for instance, positive Gaussian curvature when n = 3, see, e.g., [46], [115].

As an application of Theorem 3.2, we also obtain an integral estimate for the
area of each connected component dM; of the boundary in terms of its scalar curvature
ROMi and the norm of its second fundamental form as a hypersurface of R”. The result is

stated as follows.

Corollary 3.2. Let (M"™, g, f, p), n >3, be a compact static perfect fluid space-time with
(possibly disconnected) boundary and positive scalar curvature. Assume the dominant
enerqy condition and that each boundary component (OM;,g) can be isometrically embedded
in R™ as a convex hypersurface. Then we have

ori|<e | (B4 hil)ds,
for some positive constant ¢, where hZ is the traceless second fundamental form of OM;
as a hypersurface of R™. Moreover, equality occurs for some connected component of the

boundary if and only if (M™, g) is isometric to the round hemisphere S'} .

In Section 3.3, we are going to present some examples, one of them with
non-constant scalar curvature, which corresponds to [9, Example 2]. These examples are
relevant in the theory due to their properties. The principal result in such a section is
the new example developed in [35], which is a new counter-example to the cosmic no-hair

conjecture for arbitrary dimension n > 4. Such a conjecture was proposed in 1984 by
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Boucher, Gibbons and Horowitz in [22], [23] and can be state as: the hemisphere ST} is the
only possible n-dimensional (simply connected) positive static triple with single-horizon
(connected boundary) and positive scalar curvature. More precisely, we have the following

example.

Example 3.1. Let M" = Sﬁ“ xS, g > 1, with the product metric

. q—
= dr® +sin’ + o gsa,
g =dr”+sin(r)gss + —— g

where r(x,y) = r(z) is the height function of SPT1. Moreover, we consider the potential
function f(r)=cos(r) with r < 5. Thus, (M", g) satisfies (2.11) and (2.12). In particular,

since it has constant scalar curvature, then it is a static space.

3.1 Volume comparison estimate using the generalized Reilly’s formula

First of all, let us recall the definition of a static perfect fluid space-time.

Definition 3.2. A Riemannian manifold (M",g) is said to be a spatial factor of a static
perfect fluid space-time (SPFST) if there exist smooth functions f >0 and p on M"

satisfying the perfect fluid equations:

fRic=V>f (3.5)
and
n—2 n
Af:<2<n_1)R+n_1p>f, (3.6)

where Rcz'c, V2 stand for the traceless Ricci and traceless Hessian tensor, respectively.
When M has non-empty boundary OM , it will be assumed in addition that f~1(0) = 0M.

f will be called a potential function and denote a such space as (M™,q, f,p).

As it was mentioned in Chapter 1, Definition 3.2 approaches a SPFST as a spatial factor,
i.e., the base of a Lorentzian warped product with a static metric.
Before present our first theorem, we need to discuss some key results. We recall

the following useful generalized Reilly’s formula, obtained previously by Qiu and Xia [91].
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Proposition 3.1 ([91]). Let (M™, g) be a compact Riemannian manifold with boundary

OM. Given two functions f and v on M"™ and a constant k, we have

/Mf ((AU—FI{TLU)Z — |V2u+/<ug|2) dVy=(n— 1)/@/M(Af~|—n/€f)u2 dVy

+/M (V2 =(Af)g—2(n = Drfg+ fRic) (Vu, Vu)dV,

ou ou\> ou
+ aMf{Z (81/) AaMU+H<8y> +h(V,,u,V,,uw) +2(n—1)k (81/) ]ng

of
<|V6Mu]2 —(n— 1)Iiu2> dSy,

+ v
oM Ov

where H and h stand for the mean curvature and second fundamental form of OM,

respectively.

We point out that, by considering x =0 and f =1 in Proposition 3.1, we
recover the classical Reilly’s formula. For sake of completeness, we present the proof of

Proposition 3.1 here.
Proof. To begin with, observe that
1 1 1
SAUIVu) = SANIVU* + S FAIVul* +(V £,V Vul*) (3.7)

Moreover, using the Stokes’ theorem, one has

; (Af)|Vu|2dV+2/ |Vu]2 - a8, - / Vqu)—dS

[ VRu v vy [ Vu,Vf>AudVg
—/ (V £, V), V) dV,
(3.8)

where we have used that (Vf,V|Vul|?) = 2V2u(Vu,Vf). Integrating (3.7) over M and

using again the Stokes’ theorem, one obtains that
1
2 2
= - = — = A
/M<Vf,V|Vu| ) dV, 2/ FIVul?) av, 2/M( AVl dv, / FA[Vu2dV,
= f/ |Vu|2% ds —1/ (AN|Vul> = (V£,V|Vul?)| v,
2 Jom ov 0 2J)u ’ g
Of which, we may use (3.8) to deduce

3 2 2

-2 [ @anivl dV+2/ |v 2ds,
—/ v i v as +/ V2 £ (Vu, V) dV,

om0 o Y ’ g

/M<Vf,V|Vu]2> v,

+ /M<v £, Vu)Au dV,. (3.9)
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Now, by using the Bochner’s formula, i.e.,
—A]Vu]Q (VAu, Vu) 4 Ric(Vu, Vu) + | V2ul?,
together with
SAUIVUP) = LAIVUP +(V£, 9190 + 5 VulAf,
we then get
/M<Vf,ku\2) v, = —/ f [Ric(Vu, Vu) +(VAu, Va) +|V2uf?] aV,

2/ (fFIVul?) v—f/ Vul2Af av,.

Comparing the last expression with (3.9), one sees

|
9 (f1vul?) ds, / yv2u|2+ch(vu V) + (VAu,Va)) dV

2 Jon ov
Ou
_ 2 2
- / (AS)|Vu dV+2/ |Vu| ds, / (Vf.Vu) 5" dS,
+/Mv2 (Vu, Vi) dvg+/M V£, V) Au dV. (3.10)

In another direction, upon integrating by parts, we achieve

B
/Mf(VAu,Vu> dv, = —/Mf(Au)2 dv, — /M<Vf, Vu)Au dV +[3Mf(Au)£ ds,.

On the other hand, on the boundary, we have

10 ou ou ou
§%|Vu|2 — <V8MU,V6M <8y>> —I(V,,,u,V,,,u)+ B (Au— AaMu—HaV>.

Also, notice that

Of G — ou_of o o Of (0u\"_of Ou
5y VulT = (VI Vu o2 = 2 Vol + 2~ 81/ ~ au <V8Mf,VaMU>aV

0 ou
= 8‘Z|VaMUI2 —(Voum f, v@M“)%

and
0 ou ou 0
(fvaMua“) = (Vouf.Vorru) 5 +anMua+f<vaMu vaM<az>>.

Integrating the last equality on the boundary of M, one obtains that

ou ou ou
—/8M<V5Mf,V3Mu)% ds, :/aManM“% dsg+/6M <V3Mu Vour <0y>> ds,.
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Putting together all of this conclusions into (3.10), one sees that

du ou of )
/Mfl T0(V,,,u,V,, 1) + ay< 20, u—Hayﬂ dSy— [ Sl u?ds

oM Ov
_/ £ (V% = (Aw)?) av, +/ —(Af)g+ V[ + fRic) (Vu, Vu) dV.
To conclude, it suffices to use the fact that
/Mf(yv2u|2—(Au)2) dvg:/Mf[yv%mugy?—mwnm)ﬂ dv,
+(n—1)k [/aM (2@25—#25) ng+/M((Af)u2—2f|Vu\2> dvg]
—l—n(n—l)/fQ/Mqu dv,.

So, the proof is finished. O

As an application, we are going to establish a key lemma that will be funda-

mental in the proof of the main result of this section.

Lemma 3.1. Let (M", g) be a compact manifold with boundary OM. We assume that f

is a smooth function on M™ satisfying
fRic=V%f and f loar= 0.
Then we have:
/ 8ff(|v = (n— 1)k’ f/ n—1)Af+ Rflg(Vu, Vu)dV,
oM Ov oml g ’ 9
—(n—1 A 2qv,
(n )/i/M( f+nef)u“dV,
—/Mf]V2u+/£ug|2dVg
_2/Mf[ch— (n—1)rg)(Vu, Vu)dV, (3.11)

where 1 is any function on OM and u is a solution of

Au+nku=0 n M,
(3.12)

u=mn on OM.

Proof. By Proposition 3.1, equation (3.12) and the fact that f =0 on JM, one sees that
af
/aMau (IV gpl® = (n— D) dS, = —/Mf|V2u—|—/-wg|2dV;,
—(n— 1)/{/M(Af +nrf)u*dV,
- /M (V2f —(Af)g+ fRic) (Vu, Vu)dV,
12— 1)E/Mf|Vu|2dVg.
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Now, using fRic = V2f, we get

0

=D [ (A +nfay,

R —
_[&Cwa—njg—”nlAﬂﬁ(VmVWd%
+2(n—1)x [ fIVulav,

_ i [ [(n=1)Af+Rflg(Vu, Vu)dV,

=D [ (A +nfay,
_/Mf|V2u+fwg|2dVg

—2/M flRic— (n—1)kg)(Vu, Vu)dVy,
as we wanted to prove. O
We are now ready to discuss our first theorem of this chapter.

Theorem 3.3 (Theorem 3.1). Let (M", g, f, p) be a compact oriented static perfect fluid

space-time with boundary OM and positive scalar curvature satisfying

n—2 n
R =— 3.13
) a1 T T (3:13)

where T is a positive constant. Then we have:

Ryin + 37

1
(M) > —
Vo( )_7' 2n

oM. (3.14)

Moreover, if equality holds in (3.14), then (M™, g) is isometric to the round hemisphere

s

Proof. To begin with, we have from (3.6) that

Af==rf,
where 7= —%R — L7 p. In particular, it follows from equation (2.19) that 7 > 0. Now,
choosing u = f and k = T, one obtains that

n

Au+nku=0 in M,
u=0 on JM.



96

Hence, by using Lemma 3.1, one sees that
2
20, T _ 1 201 (”—1> A 2
[ tg vy — [ RAV R, - (") [ @anivseay,
—1
+ z/Mf[ch—(” )Tg} (VAVAV,=0.  (3.15)

In another direction, by the classical Bochner’s formula

SAIVSP = Riel9£,91)+ (V324 (T £, VA)
one deduces that
2fRic(Vf,Vf) = fAIVfI? =2f|V*f* + 27 fIV f]*.

Upon integrating, one sees that

fy e (%

)Tg](w Vf)d /fA|Vf| dV—2/ FIV2f2av,

il f|Vf| dv,. (3.16)

Also, by Green’s identity and the fact that f~1(0) = dM and, by Proposition 2.4, IV fl1oar

is a nonzero constant along the boundary, it is easy to check that
[ IAN IRV, = [V FEARAV,+ (11, 10M]. (3.17)

Substituting (3.17) into (3.16) yields

z/Mf Ric— ("_

o (vrvnav, = [ VP9, oM
. 2
2 [ VPV, == [ pap?ay;
2T 2
e

where we have used that |V2f|? = |V2f|2 Af) . Using (3.15), we then obtain

o 1 1
| A2V, = == [ RpVPav,+— [ anivstay,

+!Vf\f’aM\8M|—f/ fappav,+ [ VP, (318)

Proceeding, on integrating by parts, one deduces that

| raprav,=—r [ fagav,=ar [ fviPav, (3.19)
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Plugging (3.19) together with (3.6) and the value of 7 into (3.18) gives

: 1
| ANV, = == [ FRIV SV, + |V, 0M]

3
o7 Mf|vf|2dvg' (3.20)

Since —Af >0 (in the interior of M), by Holder’s inequality, one sees that
2
afav,) = [ Peanav, [ -apay
([ rarav,) < [ Peana, [ ana,
= | PAR AV IV, 0M],
where we used the Stokes’ formula. With aid of (3.19), we infer
1
VS s |OMI [ IV SRV, = 91, l00M] [ F(=Af)av
1 2
> = . .
. (f )
Again, by Holder’s inequality, we get
2
afavy) < ([ ravi) (| s(=ar)av,)
(/M / g) - MT 9 Mf( f) 9
= val(M) ([ f(~Af)d )
vl ([ 1(-af)av,
so that
2 4
Vol (M)? (/MfAdeg> > (/MAdeg> — [VfIL oM, (3.22)
Combining (3.22) and (3.21), one obtains that
2 2 2 3 3
2rVol(M)? [ [NV, = [V T}, |oa .
Substituting this into (3.20), one sees that
0 < / V2f2dV,
< [ nverpay,

. 1 2 3 3T 2
= — | RfVFPaV+ S Jom| =D [ fvsay,

Roin + 37
< - [ fV RV, VAT, loM]
Ronin +37)|V 3. |OM]?
< fomin 2)’ ‘WQ‘ |+|Vf|? oM].
2n12Vol(M) oM
From this, it follows that
1 |Rpyin+37
Vol(M)> —\| ——— |OM 3.2
ol(M) > [T 5T (323)
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as asserted.

To conclude, if equality holds in (3.23), then
T
Vif=——fg.
n

Moreover, since f =0 on the boundary OM (and f is constant on OM), we may use
Theorem B (IT) of [93] to deduce that (M", g) has constant sectional curvature © and
this forces (M", g) to be an Einstein manifold. Thus, it suffices to invoke Proposition 1
of [37] together with the fact that the boundary is totally geodesic in order to conclude
that (M", g) is isometric to the round hemisphere S'. This finishes the proof of the

theorem. O

As it was pointed out, static perfect fluid space-times generalize vacuum static
spaces. It is already know that, in the context of compact SPFST with boundary, constant
scalar curvature implies that the manifold must satisfy the static equation; see Proposition

2.3. Thus, we have a direct corollary of Theorem 3.3 for the case of positive static triple.

Corollary 3.3 (Corollary 3.1). Let (M", g, f, p) be a compact oriented static perfect fluid
space-time with boundary OM and constant positive scalar curvature R. Then we have:

(n—1)(n+2)

(M) >
Vol(M) = 2nR

oM. (3.24)

Moreover, if equality holds in (3.24), then (M", g) is isometric to the round hemisphere

ST

Proof. The condition that (M", g, f, p) has positive constant scalar curvature R implies
R R

from Proposition 2.3 that p = —% and so, 7 = .77 is constant. Therefore, Corollary 3.1

follows from Theorem 3.1. O

3.2 Boundary area estimate in terms of the Brown-York mass

Before to present our estimate for the area of the boundary in terms of the
Brown-York mass, we shall establish a lemma that will be fundamental in the proof of the

result. To do so, similar to [44] and [115], we set the conformal metric g = = g with

v=1+a« -2 nd alzmx<2 MV 2)
(1+af) "% a T G\l

1
2

(3.25)

With aid of these notations, we have the following lemma.
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Lemma 3.2. Let (M™, g, f,p), n >3, be a compact static perfect fluid space-time with
positive scalar curvature and satisfying the dominant energy condition. Then the scalar

curvature Rg with respect to the conformal metric g is nonnegative. Moreover, Rg =0 if

and only if Agf = —%f and f2+"(%;1)|Vf|2 is constant on M™.
Proof. Initially, by using the conformal metric defined above, a direct computations yields
_n=2
Agv = Al(l+af) 7]
-2 n
= div —nT(l +af) 2aVf

= —n—_Qa(l+af)‘%Af+Maz(Haf)_nTH\Vf\? (3.26)

2 4

On the other hand, it follows from Eq. (3.6) and the dominant energy condition

that
n—2 n
Af = [ 222 _r
/ (2(n—1)R9+n—1p>f
n—2 n
- <2(n—1) 7 2(n 1)R9>f
Ry
B _n—lf'
This combined with (3.26) gives
Mg < P72 a(lvaf) iR,
T D 9
n(n—2) , _nt2 oo

Rearranging the terms, one sees that

Agv <

n(n—2) nt2 [ 2R,
< g

a(l+af)” 2 nn_l)(1+af)f+oz|Vf|2]. (3.27)

In another direction, it is well known, by the formulae for conformal metric,

that

n—1
n_2A9v>,

n+2
Rg=v n=2 (Rgv —4

where Ry is the scalar curvature with respect to the conformal metric g. From this, one
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obtains that

n—2 n—2 n+2
Agv = n=1) gv—mvn—ﬂ%g
-9 n—2 -2 n+2
= o Rl - e (e ) R
—92 n—2 -2 n+2
= 4&_1)39(1+af)‘2—4(n —p(ran T R
n—2

_ 4(n_1>(1+af) 5 [(1+af)?Ry— Ry].

Substituting this into (3.27) and rearranging terms, one deduces that
2 2R, 2
Ry(1+af)"—Rg<n(n—1)a ﬁ(l—l—af)f—iran]
Of which, we obtain

Rz > Ry(1+af)’—n(n—1)a [m(lJraf)eraWﬂ?]

n(n—1)

= R, [(1—|—af)2—2oz(1+af)f— 0
g

oﬂiwﬂ
= R, [ (f + <Rg )|Vf|2>] (3.28)

Therefore, by using (3.28) and the value chosen for o in (3.25), one concludes that Rz > 0,

as asserted.

Finally, it follows from (3.28) that Ry = 0 if and only if Af = ——% f and
2+ n D! |V f|? is constant over M, which in particular implies p = —% and Consequently,
Ry is constant. So, the proof is finished. O

We are now ready to discuss the central result of this section.

Theorem 3.4 (Theorem 3.2). Let (M™, g, f,p), n >3, be a compact static perfect fluid
space-time with (possibly disconnected) boundary and positive scalar curvature satisfying
the dominant energy condition. Suppose that each boundary component (OM;, g) can be

isometrically embedded in R™ as a convexr hypersurface. Then we have
[0M;] < cmy, (OM;, g), (3.29)

where ¢ is a positive constant. Moreover, equality occurs for some component OM; if and

only iof M"™ is isometric to the standard hemisphere S'! .
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Proof. In the first part of the proof, we shall follow the arguments of [44, 46, 115]. First
of all, we have from (3.25) that
1

v=1+af)""T and ofl:mﬁx (fQJngl)Wf\z)Q- (3.30)
We now claim that the mean curvature Hg of OM; with respect to the conformal metric
g= v%g is strictly positive. Indeed, since f|gas = 0, it follows from (3.30) that v |gp/= 1.
Hence, g = g over the boundary and (0M;,g) is isometric to (OM;, g), which by assumption
can be isometrically embedded in R as a convex hypersurface with mean curvature H{,
induced by the Euclidian metric. Besides, taking into account that mean curvature of 9M;

with respect to the conformal metric g is given by

; __2_ ; n—1
Hi— w2 (H;+2n_28y(log(v))>, (3.31)
one obtains that
; 2(n—1) _n=2
Hy = = —(V(+af)"T v)
= (n=1alV [, (3.32)
where we have used that H; =0and v = —%. This proves that Hg > 0, as claimed.

Proceeding, from (3.32) we get that

mpy(OMig) = [ (Hj—H}S,
= mpy(0Mi,g) — (n=1)a|V f|,,, [0M]. (3.33)

Hence, by Lemma 3.2, we deduce that g > 0. Moreover, since Hg > 0, we may
invoke the Positive Mass Theorem for the Brown-York mass (see, e.g., [102] and [115]) to

conclude that mpy (OM;,g) > 0. Consequently,

1
oM;| < mpy (0M;,g)
ML= G, e

= ! HidS,, (3.34)

(1= 1)alV {1y, Jons

which proves (3.29).
Next, if equality holds in (3.34) for some component dM;,, then we necessarily

have

mpy (0M;,,q9) =0.
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Hence, by invoking the equality case in the Positive Mass Theorem for the Brown-York
mass, one deduces that the conformal metric 7 is flat and therefore, (M", g) is isometric
to a bounded domain in R". Besides, Ry = 0 and then it follows from Lemma 3.2 that
Agf = —%f and n(%j”VfP + 2 is constant. In particular, p = —%. But, in this case,
R, must be constant over M. Thus, one obtains that

0=v | Digpp s g2 = 0Dy parvy
g g

so that

VIV -

2A
—ngf:().
n

Now, it suffices to apply Lemma 2.5 to conclude that \ROZ'C\Q =0 in M. Hence, we may use
Proposition 1 of [37] and the fact that M is totally geodesic in order to conclude that
(M™, g) is isometric to S'}.

On the other hand, if (M™, g) is isometric to S, one deduces that M =S~ 1.

Thereby, the Brown-York mass of S*~1 is given by

mpy (S"1) = /

S”*l(n B 1)ngS"—1 = (n—1wp-1,

where wy,—1 is the volume of the round (n — 1)-dimensional sphere. At the same time, since

S” has constant scalar curvature R, =n(n—1), it follows from (3.6) that A, f = —%
—nf and consequently, f2+ ”(gi;lhv f|? is constant on M. Indeed, a direct computation

using (3.5) yields

v (4 erR) < v )
g
= —Qifwmv?f(w)

= OV2f(Vf) =2fRic(Vf)=0.

Hence, one obtains that

a = <f2+n<7;_1)|vf|2> =V flfom
g oM
so that
B 1
“ IV flionr
Of which, we arrive at
e (OML9) s = foM],

a(n—=1)|Vfl,,
which is the equality in (3.34). So, the proof is completed. O
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As a consequence of the ideas used in the proof of Theorem 3.4, we have the

following corollary.

Corollary 3.4 (Corollary 3.2). Let (M™, g, f, p), n >3, be a compact static perfect fluid
space-time with (possibly disconnected) boundary and positive scalar curvature. Assume the
dominant enerqy condition and that each boundary component (0Mj;,q) can be isometrically
embedded in R™ as a convexr hypersurface. Then we have

OM;] < E/aMi(RaMi +[hua[?)dsS,
for some positive constant ¢, where hi is the traceless second fundamental form of OM;
as a hypersurface of R"™. Moreover, equality occurs for some connected component of the

boundary if and only if (M™, g) is isometric to the round hemisphere S} .

Proof. Initially, we assume that (0M;,g) and (OM;,g) are isometric. In this case, one has
RgMi = R?Mi. By using the Gauss’ equation for dM; as an embedded hypersurface of R™,

one obtains that

_ . n—2, . e
RYM: = (HE)? = |hil = H(Hé)Q — |hil?, (3.35)

where h; and hZ stand for the second fundamental form and traceless second fundamental

form of OM;, respectively. Now, we use (3.34) and the Hélder’s inequality in order to infer

1 9
. < (2
yaMz‘ — <n_1)2a2|vf’|23M, /8M1(HO) ng

= 1 OM; 712
= Gz o B8 S (3:30)

Clearly, if equality holds in (3.36), then (3.34) also becomes an equality. Hence,
one concludes that (M", g) is isometric to the round hemisphere S} .

On the other hand, if M is isometric to S'! with standard metric, then RSM =
(n—2)(n—1) and h; = 0. Furthermore, one has

n(n—1)

(f2+Rg|Vf’2> loar= |Vf’|28M

and consequently, we obtain

1
(n—1)(n-2a?VfF

/W(RgMi +hi?)dSy = w1 = |OM],

which gives the equality in (3.36). This concludes the proof of the corollary. [



64

3.3 New examples of SPFST

As was mentioned in Chapter 2, the classical examples of SPFST are the
standard hemisphere S} (connected boundary) with standard metric and the product

[0,7] x S*~! (disconnected boundary) with metric g = dt? + (n —2) 9y - In what follows,

we will discuss the new example of simply connected SPFST with boundary and constant
scalar curvature stated in Example 1.1, see also [45, Example 2| for more details.
Example 3.2 (Example 3.1). Let M" = SIIH xS, q > 1, with the product metric

-1

. q
= dr? +sin?(r)gsp + —— ,
g in”(r)gsr PEEL

where r(z,y) = r(z) is the height function of SP*1. Moreover, we consider the potential
function f(r) = cos(r) with r < 5. Thus, (M", g) satisfies (2.11) and (2.12). In particular,
since it has constant scalar curvature, then it is a static space.

To check such an example, we first observe that
Vf=—sin(r)Vr.
From this, one can make use of Cartan’s formula (Lemma 2.1) to deduces that
2 1 2 .2 2 2
Vof = §£vfg = —cos(r)dr® — cos(r)sin“(r)gsy = — f(dr® +sin“(r)gsp).
Consequently,

v2f = _fggljr‘f‘l'

In particular, one sees that
Af=g"ViVif=-(p+D)f.
Next, since g = ggiﬂ + %ggq is a product metric, we may write
Ric = Pggpri +(¢—1)gsa.
Thereby, the scalar curvature is constant and given by
R=(p+q)(p+1)=(n—-1){p+1).

Of which, we arrive at

—(Af)g+V2f — fRic=(p+1)fg— Fagprr = f(pggper + (¢ = 1)gss) =0,
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which proves that Szfl x S? is a static manifold with connected boundary OM = SP x S and

f(r) = cos(r) vanishes on the boundary. Furthermore, one easily verifies that Sﬁ“ x ST is

simply connected.

Remark 9. As previously mentioned, Example 3.2 is a simply connected static space with
positive scalar curvature and connected boundary. Therefore, it is a counterezample to the
Cosmic no-hair conjecture for arbitrary dimension n > 4. Remember that such a conjecture
says that: the hemisphere S'} is the only possible n-dimensional (simply connected) positive

static triple with single-horizon (connected boundary) and positive scalar curvature (see

[22], [23]).

Reasoning as in Example 3.2, we also obtain the following example of positive

static triple.

Example 3.3. We consider M = [0,7] x SP x S? endowed with the metric

g=dt*+(p—1)gsr + (¢— 1)gsa.

Suppose that f(t) =sin(t). Hence, we deduce that (M, g, f) is a positive static triple with

disconnected boundary consisting of two copies of SP XS4, i.e.,
OM = ({0} x SP x ST)U ({7} x S x S9).

From Proposition 2.5 (cf. [37, Proposition 2]), we know that Eqgs. (3.5) and
(3.6) do not guarantee that a SPFST has constant scalar curvature. All of the examples
presented in Chapter 2 are compact with constant scalar curvature, so it is interesting
to seek for examples of SPFST with non-constant scalar curvature. In [73], Massod-ul-
Alam discuss an spherically symmetric example of non-trivial non-compact SPFST due to
Wyman [112]. In [9], Barboza, Leandro and Pina obtained a complete characterization of
semi-Riemannian non-compact conformally flat static perfect fluid space-time symmetric

with respect to a given group of translations. Explicitly, given a pseudo-Euclidian metric
n
0= Z €z‘dﬂ%27
i=1

considering canonical coordinates = = (x1,...,x,) of R” n >3, and coefficients ¢; = +1

with €; =1 for some j, i,5 € {1,...,n}. Take a linear map £ : R” — R given by

E(x1,...,xn) =aqx1+ ...+ apty,
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where a = (aq,...,a5) € R™\ {0} was chosen arbitrarily. In the case we are deal now, the
static metric with R™ as their spatial factor is given by
. 1
g =
?(x)
1

in which one sees that (R, 2@ d) is locally conformally flat, where ¢, f : (a,b) CR — R

0 — f¥(x)dt?,

such that we adopt ¢ = po&, f=fol: M CR"” - R, where M ={z e R":a <{(z) <
b} = ¢ 1(a,b) is open in R”, satisfying (3.5) and (3.6). Such a manifold is a SPFST
symmetric with respect to the additive group G = {z € R" : {(z) = 0} of translations in
R™.

The next example corresponds to [9, Example 2] and it is a non-compact

non-trivial SPFST with non-constant scalar curvature.

Example 3.4 ([9], Example 2). Taking ¢(&) = ¢, we may take f(€) = e(-1Hvn=1E

Therefore, since  is always positive, M =R" x R with metric tensor

0
‘/g\ _ g . 62(_1+\/n_1)§dt2.

Then, the mass-energy density and pressure of a metric with this expression are given by

laP(r=1)(n-2) 4
2

n(é) =

and

e G e e e e e |

respectively.
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4 RIGIDITY OF COMPACT QUASI-EINSTEIN MANIFOLDS WITH
BOUNDARY

This chapter is based in the paper Rigidity of compact quasi-Finstein manifolds
with boundary, written by the author together with Ernani Ribeiro Jr. and Detang Zhou
[36]. It is divided into four sections, each one corresponding to the main results of the
aforementioned paper.

For the convenience of the reader, we will recall here the definition of quasi-

Einstein manifolds.

Definition 4.1. A complete n-dimensional Riemannian manifold (M", g), n > 2, possibly
with boundary OM, is called an m-quasi-Einstein manifold, or simply quasi-Finstein

manifold, if there is a smooth potential function u on M"™ satisfying the system
2 U p
Veu = —(Ric—\g), (4.1)
m

where u > 0 in the interior of M and uw=0 on the boundary OM. By tracing (4.1), one

sees that
Au = E(R—n)\) (4.2)
= : :
for some constants A and 0 <m < oo (see [26], [59] and [60]).

This chapter is mainly motivated by the uniqueness problem for compact quasi-
Einstein manifolds with boundary and constant scalar curvature. In 2014, He, Petersen
and Wylie [60, Proposition 2.4] (see Proposition 2.8) proved that the only example of a
compact quasi-Einstein manifold with boundary of dimension n > 2 with constant Ricci
curvature is the round hemisphere S . In other words, they classified such manifolds under
constant Ricci curvature condition. One problem that naturally arises is to classify all
nontrivial compact (simply connected) quasi-Einstein manifolds with boundary and constant
scalar curvature.

In this chapter, we address the above problem. Our approach is inspired in
some results on gradient Ricci solitons. To be precise, Fernandez-Lopéz and Garcia-Rio
[48, Theorem 1] proved that the possible values for the constant scalar curvature R of an

n-dimensional complete gradient Ricci soliton are

{0,A,...,(n—=1)\,nA}.
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In particular, they proved in [48, Theorem 10| that does not exist a complete gradient
shrinking (A > 0) Ricci soliton with scalar curvature R = A and they stated that every four-
dimensional complete gradient shrinking Ricci soliton with R 2 2\ is rigid [48, Theorem
4], i.e., it is isometric to a quotient of N n=k « R¥, where N is an Einstein manifold and
f= %]m\z in the Euclidian factor. Very recently, Cheng and Zhou [40] proved that four-
dimensional complete noncompact gradient shrinking Ricci solitons with constant scalar
curvature R = 2\ are isometric to a quotient of S? x R?, which completes the classification
of noncompact complete gradient shrinking Ricci solitons with constant scalar curvature in
dimension 4. It is important to point out that the concept of rigid quasi-Einstein metrics
was investigated by He, Petersen and Wylie in [60]. Furthermore, Case, Shu and Wei [26]

proved that compact quasi-Einstein manifolds with constant scalar curvature must satisfy

n(n—1)\
m+n—1

< R<nA\
These above results inspired our first theorem in this chapter, which it will be

proved in Section 4.1.

Theorem 4.1. Let (M", g, u, \) be a nontrivial compact m-quasi-FEinstein manifold with

boundary, m > 1 and constant scalar curvature R. Then we have:

Re{n(n_l))\m+n(n_2))\,...,(n—1)>\}. (4.3)

m+n—1" m+n—2

In general, one has R = %)\, for some k € {0,1,....,.n—1}.

As we will see in the proof of Theorem 4.1, the integer k € {0,1,...,n—1} is the
dimension of the set of critical points Crit(u) of the potential function w, or equivalently,
the dimension of the set M AX (u) of points in M which attains the maximum value. The
reason why the value nA do not appears in (4.3) follows from Remark 6.

Proceeding, taking into account the possible values for the constant scalar
curvature, a natural way to proceed is to seek for examples of compact quasi-Einstein

manifolds with these scalar curvature values. It is well known that substituting the value

R= ;Ll(fg_l)l)\ into Eq. (2.38), one sees that such a quasi-Einstein manifold is Einstein and
thus, we may apply [60, Proposition 2.4] (see Proposition 2.8) to infer that it is isometric,
up to scaling, to the round hemisphere S'}. So, the first value in (4.3) is classified.

In the same spirit, Section 4.2 explores the extremal value assumed by R in

Theorem 4.1, namely, R = (n—1)A. More precisely, we have the following result.
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Theorem 4.2. Let (M™, g,u, \), n >3, be a nontrivial simply connected compact m-
quasi-Finstein manifold with boundary and m > 1. Then M" has constant scalar curvature
R = (n—1)X if and only if it is isometric, up to scaling, to the cylinder I x N with product

metric, where N is a compact \-Finstein manifold.

As a consequence of Theorem 4.1, Theorem 4.2 and Proposition 4.1, we obtain
a classification result for dimension 3 that will be proved in Section 4.3. To be precise, we

have the following theorem.

Theorem 4.3. Let (M?’, g, u, \) be a nontrivial simply connected compact 3-dimensional m-
quasi-Einstein manifold with boundary and m > 1. Then M?> has constant scalar curvature
if and only if it is isometric, up to scaling, to either

(a) the standard hemisphere S%, or

(b) the cylinder I x S with the product metric.

To finish this chapter, Section 4.4 deal with rigidity results in dimension 4,
similarly to the case of gradient shrinking Ricci solitons in [40]. Notice that, from Theorem

4.1, the possible values for the scalar curvature in dimension 4 are

12 = m+8, 2(m+2)
. 4.4
{m+3*m+2* s w} (14)

As we commented before, the value R = ml—_%gk implies that the manifold is isometric to
the round hemisphere Si. From Proposition 4.1, does not exist a compact quasi-Einstein
manifold with boundary with scalar curvature given by R = m—ig)\. Furthermore, from
Theorem 4.3, R = 3\ gives us that (M 4 g) is isometric to I x S3, where we may use that
Einstein manifolds in dimension 3 have constant sectional curvature to infer that the fiber

is isometric, up to scaling, to S3. Interestingly, the example of S%r x S? with metric

1
g=dr’+ sinQ(T)gS1 + 952

and potential function u = cos(r), r < 7, has constant scalar curvature R = 2(”21:12) A. The

only value in (4.4) which remains to study to complete the classification in dimension 4 is

R— 2(m+2)

P A. The next result deals with this remaining case.

Theorem 4.4. Let (M*, g, u, \) be a nontrivial simply connected compact 4-dimensional m-

quasi-Einstein manifold with boundary and m > 1. Then M* has constant scalar curvature

R= 2%1?3)\ if and only if it is isometric, up to scaling, to the product space Si x S? with

the doubly warped product metric.
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As a consequence, we get the classification in dimension 4.

Corollary 4.1. Let (M4, g, u, \) be a nontrivial simply connected compact 4-dimensional
m-quasi-Einstein manifold with boundary and m > 1. Then M* has constant scalar curva-
ture if and only if it is isometric, up to scaling, to either

(i) the standard hemisphere S%., or

(ii) the cylinder I x S* with the product metric, or

(7ii) the product space Si x S? with the doubly warped product metric.

4.1 Possible values for the constant scalar curvature

In this section, we prove the possible values for the constant scalar curvature
depending on A on a compact quasi-Einstein manifold with boundary.

Before to proceed, we remark that each connected component of the maximum
point set MAX (u) = {p € M : u(p) = tmaz} of a potential function on a compact quasi-
Einstein manifold with boundary and constant scalar curvature is a smooth manifold.
This fact follows from [107, Theorem A, item (a)] on transnormal functions. Originally,
this result was established by Wang for transnormal functions over complete Riemannian
manifolds, i.e., without boundary, but his result holds analogously for compact manifolds
with boundary making a minor adaptation.

We are now ready to prove Theorem 4.1.

Theorem 4.5 (Theorem 4.1). Let (M™, g, u, \) be a nontrivial compact m-quasi-Einstein
manifold with boundary, m > 1 and constant scalar curvature R. Then we have:

Re n(n—1) )\’m—i—n(n—Q)
m+n—1 m-—+n—2

)\,...,(n—l)A}. (4.5)

In general, one has R = %)\, for some k€{0,1,...,.n—1}.

Proof. In the first part of the proof, we shall follow Proposition 3.13 of [60]. To begin

with, denoting a = % and fi = —t5, one sees from (2.48) that
\V4 2
[Vl S=1 (4.6)
i —au

. . 1 U . ~ ) o .
= = — 4 ). — >
defines a distance function r a Arccos ( \/ZF) Notice that i —au® > 0 and it is zero

only over Crit(u), but Eq. (4.6) holds over M by continuity. In particular, we can recover
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the potential function by taking u(r) = \//F cos(y/ar). From Remark 8, the set of critical
points for u coincides with the set of maximum values, namely, Crit(u) = M AX (u). Hence,
we may correspond M AX (u) =r~1(0). So, following the argument in [107, Lemma 7] with
the appropriate adaptation and using that u is zero on each boundary component, we
deduce that each connected component of M AX (u) is a smooth submanifold. Thereby, it
follows from Lemma 2.3 that

Ar = tr(A9)+n_l:_1+O(r), (4.7)

where k is the dimension of a connected component N of M AX (u) and Ay stands for the
second fundamental form with respect to 6. By (4.1), without loss of generality, we may
multiply the potential function u by a constant § so that fu is a potential function for
the same metric and constant A as u. In view of this, we can assume that u(r) = cos(y/ar)

and consequently, we deduce
ViVju = —v/asin(var)V;V;r — acos(var)V,rV;r
and

Au = —/asin(v/ar)Ar — acos(y/ar)|Vr|?. (4.8)

Taking into account the Taylor expansions, around r =0,

sin(var) = var+0(r®) and cos(var) =1+0(r?),

we obtain from (4.7) and (4.8) that

Au = (—ar+0(%) (Tr<Ae>+”‘k‘1+0<r>)+<—a+0<r2>>

= —a(n—Fk)+0(r). (4.9)

It is known from (2.39) that P = Ric— Wg. In particular, by setting

_ (n=1)A\—R .

= 25—, we may write the trace Au = _-(R—n]) of the fundamental equation (4.1)

in terms of P and g, at the connected component N of M AX (u), as

1
Au=—(Tr(P)—n(A—0)), (4.10)
m
where we have used that u |y= 1. Then, since a = %, we combine (4.9), restricted to N,

and (4.10) in order to infer

Tr(P)=k(A—0).
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In particular, the last equation implies that the dimension of each connected component
of MAX (u) is the same because Tr(P) is constant in M and A — o > 0.

We now claim that tangent and normal vector fields to N are the eigenvectors
corresponding to A — ¢ and 0, respectively. Indeed, given a point p € N and X € X(N) a

tangent vector at p, since Vu |y= 0, we have
V2u(X)(p) = Vx Vu(p) =0,

where we have used the fact that VxVu(p) only hinges upon on the value of X (p) and
Vu along of a curve through p with X as a tangent vector at p. Hence, by using (4.1), we
obtain

0=VxVu(p) = — (P(X) = (A= 0)X).

Consequently, P(X) = (A—0)X, for all X € X(N) and therefore, the tangent vectors to
N corresponds to the eigenvalue A\ — o for P. Besides, it follows from assertion (2) of

Proposition 2.7 that, at Crit(u),
Po(P—(A—p)I)=0.

Thus, the only possible eigenvalues for P at N are A — o and 0. Moreover, since Tr(P) =
k(A —p) and k = dim(N), one concludes that normal vectors to N correspond to the
eigenvalue 0.

Proceeding, one concludes that

A=o)lx 0
0 [O]n—k

P|n=

is the n x n matrix of the tensor P at the manifold N. In terms of the Ricci tensor, we

have

A 0

Ric |N: (4.11)

In particular, taking the trace in (4.11), we see that

k(m—n)+n(n—1)
m+n—k—1

R= A,

for some k € {0,1...,n— 1}, where we also have used that R < n\ (see Remark 6). So,
the proof is finished. O
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As we discussed briefly in the beginning of this chapter, the lower value for the
scalar curvature in (4.5) is classified. Indeed, recall that if an m-quasi-Einstein manifold
has constant scalar curvature R and m > 1, then

m+n-—1

o o
| Ric|” = nm—1)

(R—n)\) (R— :L(fn‘_l)lA> : (4.12)

for more details, see [59, Proposition 3.3] and [26, Lemma 3.2] (see also Lemma 2.7).

Considering R = :L(f;ﬂ/\ into (4.12), i.e., the lower value of (4.5), one deduces that M"™ is

necessarily Einstein and therefore, it suffices to apply Proposition 2.8 to conclude that

M™ is isometric to the standard hemisphere S’} .

Remark 10. It is known that the universal covering of a quasi-Finstein manifold with
A > 0 is compact and hence, its fundamental group (M) is finite. The proof of this fact
is quite similar to [49] and [111], and it can be carry out by combining the arguments in

the proof of [59, Theorem 4.1] (see also [88]) and [96, Remark 6.9).

m+4n(n—2)

Next, we deal with the value R = = ——

A. To do so, we follow essentially
the idea of [48, Theorem 10] on the nonexistence of complete gradient shrinking Ricci
solitons with R = X\ making use of [54, Theorem 2.2] on the connectedness of M AX (u) if

Codim(MAX (u)) > 2. To be precise, we have the following proposition.

Proposition 4.1. There is no compact nontrivial quasi-Einstein manifold M"™, n > 3,

m4n(n—2) A\

with boundary and constant scalar curvature R = ="

Proof. We argue by contradiction, assuming that a compact nontrivial quasi-Einstein

m+n(n—2)

P A, which corres-

manifold M"™ with boundary has constant scalar curvature R =
ponds to the case k =1 in Theorem 4.5. Hence, by the work of Wang [107] (see also [53,
Theorem 1.1] and [75, Theorem 6.1]), one obtains that M AX (u) is a focal variety of the
isoparametric function u of dimension one and connected. So M AX (u) is totally geodesic.
This therefore implies that M AX (u) = S! and consequently, M is homotopic to S' (see
[79]), which leads to a contradiction with the fact that A™ has finite fundamental group

(see Remark 10). Thus, the proof is completed. O

4.2 Rigidity for the extremal value case of the scalar curvature

In this section, our purpose is to present the proof of Theorem 4.3, that is the

rigidity result for the case R = (n—1)A. To do so, we need to prove some auxiliary lemmas.
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The first lemma uses the tensor 7" defined in equation (2.45).

Lemma 4.1. Let (M" g,u,\) be an m-quasi-Einstein manifold with constant scalar

curvature. Then we have:

. 2 2 2
Ry Ty Viu = m:L—n|ch| |Vu|? — WRZCQ(VU,VU)
(n(n—1)\— (m+n—1)) 9
S - [Vul
n?(n—1)(m—1)
n—2
= —— = 7 4.1
2(m+n—2)| I (4.13)

where ch = R kRk]

Proof. By using that the scalar curvature R is constant and Eq. (2.45), one obtains that
m+n—2

o M o o
RipTije = T(|RZC| Vju— RipRj Vi) — g itV iug;y
nn—DA—(m+n—-1)R -
n(n—l) ’Lkvlug]k‘
m-4+n—2

m o o
= T(|ch| Vju— Rsz]kV u) — n_zRinilVlu
nn—DA—(m+n—-1)R -

RiiV;
n(n—1) A
Applying this for V;u, we see that
: 9 P
BTV = m+”2|R¢c|21vu|2 Mv Julin RV
n— n—

n(n —1))\—(m+n—1)R

n—1) Ric(Vu,Vu)

m o o
——VjuRinz-Nlu +

2 2 2
= mn+n|ch| Vul|? — m;_nchQ(Vu,Vu)
nn—1)A—(m+n—1)R .
(1) Ric(Vu,Vu).

So, it suffices to use (2.37) in the last term of the above equality in order to infer the first
equality in (4.13).
Finally, since T is trace-free in any two indices and skew-symmetric in their

first two indices, we get

1

fofz'sz‘jijU = §(éik7}jkvg‘u—éik7}ikvju)
1 \ \
= §Tijk<Rikij_RjkviU)
n—2 9
= _ | |7
2(m+n—2)

where in the last equality we have used (2.45). This finishes the proof of the lemma. O
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As a consequence of Lemma 4.1, by considering the orthonormal frame {e;}7;

with e; = —% so that Roz'c(ei) = &;e;, we obtain the following result.

Corollary 4.2. Let (M™, g, u, \) be an m-quasi-FEinstein manifold with constant scalar
curvature and m > 1. Then T is identically zero if and only if the Ricci tensor has at most
two different eigenvalues, one of them has multiplicity at least n— 1 and its eigenspace

corresponds to the orthogonal complement of Vu.

—DA—(m+n—1R
n(m—1)

Zfz

2
= %[Zf - _151] Vul?

Proof. Taking into account that & = n(n

, one deduces from (4.13) that

2m—|—n 2 5

-2
“ ik

m+n 2 9
2(m+n—2) [ iVl

—1
n g 1vup-

on the regular points of the potential function u. Moreover, since TT(ROiC) =>1",6=0,
we infer

-2
n—|T’2
2(m+n—2)

m+n—2 2

[Z@ - (Z@> ] [Vul?.
By the Cauchy-Schwarz inequality, we conclude that T'= 0 if and only if the Ricci tensor has
at most two different eigenvalues with Ay = ... = A, at regular points of u, for eigenvalues
of the Ricci given by A\; =&; + %. To conclude the proof, it suffices to recall that wu is real
analytical in harmonic coordinates and consequently, the set of critical points of u has

zero measure in M. OJ

In the sequel, we shall consider the extremal value case of (4.5), namely,
R = (n—1)A. In this situation, we have the following result which can be compared with

[60, Theorem 1.9].

Theorem 4.6 (Theorem 4.2). Let (M”, g, u, )\), n >3, be a nontrivial simply connected
compact m-quasi- Finstein manifold with boundary and m > 1. Then M"™ has constant
scalar curvature R = (n— 1)\ if and only if it is isometric, up to scaling, to the cylinder

0.5%

I } X N with product metric, where N is a compact A-FEinstein manifold.

Proof. First of all, since R = (n—1)J, it follows from (2.36) that the eigenvalue A\;

associated to the eigenvector Vu for the Ricci tensor is zero. We now need to show that
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all non-zero eigenvalues of the Ricci tensor are equals to A. Before to do so, we first claim
that

R2
n(n—1)
Indeed, since R is constant, one deduces from assertion (3) in Lemma 2.7 (see also [26,

Lemma 3.2]) that

: -1 -1
(m_1)|R¢C|2:_M(R_M) (R_”W),\)
n m+n—1

|Ric|> = (4.14)

Whence, for R = (n— 1)\, we see that

o +n—1) n n
_DIRiep = —p™ (1— ><1—> 415
(m —1)| Ric] n n—1 m+n—1/" (4.15)
and consequently,
. R?
|Ric|> = ——,
n(n—1)

as claimed.
Letting \;, ¢ # 1, the possible non-zero eigenvalues of the Ricci tensor, one

deduces that

n . o RQ
Zz::z()\z — )\)2 = |RZC|2 —2)\R+ (n— 1))\2 = |RZC|2 — m,

where we have used that |Ric|? = | Ric|? — %2 and R = (n—1)\. Therefore, one obtains from
(4.14) that \; = A, for i =2,...,n, i.e., the eigenvalues of the Ricci are all constants with
A2 =...= Ay = A. Thereby, Corollary 4.2 guarantees that 7'= 0. In particular, since the
Ricci tensor is parallel, then the Cotton tensor (2.2) also vanishes and then, by Lemma 2.8,
we have W;; Viu = 0. Now, we are in the position to invoke Theorem 1.2 of [59] to infer
that the metric splits off as g = dt? + p? (t)gy . where gy is k-Einstein with nonnegative
Ricci curvature and u = u(t).
In view of (2.36), we get
(n—1)A—R

m—1

Ric(Vu,Vu) = (u)? =0

and hence, we may apply Proposition 2.1 to infer

0 = Ric(Vu,Vu) = (v )2 Ric(0t,0t) = —(u/)? (n; D ¢




(s

Since u is analytical in harmonic coordinates (and u is not constant), we conclude that
" (t)/e(t) = 0, which implies that ¢(t) = ¢ or p(t) = ct, for some positive constant c.
However, according to Proposition 2.2, the second case can not hold.

Proceeding, since g = dt? + C2§N and g, is a k-Einstein metric, we may use

again Proposition 2.1 to deduce
Ric(Z,V)=kgy(Z,V), forall Z,V € X(N).

Consequently, the scalar curvature is R = %(n—1) and moreover, A = % and (N"!, g,)
is A-Einstein manifold, where g, = c? Oy -
Finally, observe that, by (2.3) and the fact that Ric = A\g,, the potential

function u = u(t) satisfies
W (B)dt? = Vi = —(Ric— \g) = —A—dt*
m m

and u |gpr= 0. Hence, without loss of generality, we can consider the solution u(t) =
sin (\/‘/%t> Thereby, we conclude that M™ is isometric, up to scaling, to the cylinder
{O, \/—\/?77} x N, where N is a compact A-Einstein manifold. So, the proof of Theorem 4.6 is
finished. O

To conclude this section, we are going to describe the example of m-quasi-

Einstein manifold on {O, \/—Tﬂ X SP x S? (see also [51]).

Example 4.1. Let A > 0 be an arbitrary constant and consider M™ = [0, \/—gﬂ X SP x $Y,

p, q > 1, endowed with the metric

—1 +q—1
)\ gSP )\ gSq

g:dt2+p

t) and

B

This space is an m-quasi-Finstein manifold with potential function u(t) = sin(

constant scalar curvature R = (n—1)\. Indeed, we first notice that

Ric=(p—1)gsr +(q—1)gse and Vu=u'Vt= \/\/% oS (%t) Vt.

Thereby, since uw=u(t) and the warping function is constant, we deduce from (2.3) that

Vi = —;\l sin (j%t) dt?, (4.16)
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On the other hand, one observes that

(Ric—\g) :Tln sin (j%t) [(p —1)gsp 4 (¢ —1)gse — (Adt*> + (p— 1)gsp + (g — 1)9&;)}
=— isin Q 2
(L)

Plugging this into (4.16) gives (4.1).

u
m

Jm

In conclusion, u=0 if and only if either t =0 ort= o and consequently,

the boundary consists of two disjoint copies of SP x SY.

4.3 Classification in dimension 3

We now present the proof of Theorem 4.3, which establishes the explicit
classification of compact 3-dimensional m-quasi-Einstein manifolds with boundary and

constant scalar curvature. To be precise, we have the following result.

Theorem 4.7 (Theorem 4.3). Let (M3, g, u, \) be a nontrivial simply connected compact
3-dimensional m-quasi-Einstein manifold with boundary and m > 1. Then M3 has constant
scalar curvature if and only if it is isometric, up to scaling, to either

(a) the standard hemisphere S3., or

(b) the cylinder [O, \/—\/?7?] x S? with the product metric.

Proof. To begin with, since (M3, g) has constant scalar curvature and, by assertion (1)
of Lemma 2.7 (see also Eq. (2.36)), Vu is an eigenvector of Ric in this case, consider an
orthonormal frame {e;}3_; that diagonalizes the Ricci curvature Ric so that ej = —%
and \; are the eigenvalues associated to e;, for ¢ = 1,2,3. Thus, under this coordinates,

one obtains that

& 00
Ric=| 0 & 0 |,
0 0 &
where
§1+&+E& =0,

(4.17)
£ + ¢+ €4 = |Ricl?,
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and & = \; — % are the eigenvalues of the traceless Ricci tensor Ric. A straightforward
computation using (2.37) yields

6A—(m+2)R

&1 3(m—1)

(4.18)
In another direction, since R is constant, it follows from (3) of Lemma 2.7 that

|Ric|> = — (R—3\) ((m~+2)R—6)).

3(m—1)

This combined with (4.17) gives

g+G+e= 31 (BN (m+2)R-6)).
By using (4.18), one sees that
g+ = —W{U<R—3A><<m+2>3—6A>—((mgfjfl‘)“f
_ _3(ml_1)((m+2)R—6)\) ((R—?)/\) + (m:)Ian)i_)&)
~ g (m+DR=6Y (fﬁ:ﬁf = y)

M((m+2)z~z— 62)(4m — 1) R —3(3m — 1)),

Next, since (&2 +&3)% = €2, which in turn implies &5 + &3 + 2663 = €7, one obtains that

268 = §—(G+8)

(m+2)R—6\>

( 3(m—1) ) RECE)E
m+2)R—6\)[(4m—1)R—3(3m—1)A\+ (m+2)R—6)]

((m+2)R—6\)((4m—1)R—3(3m —1)\)

1
Bm e

= 9(ml_1)2((m+2)R—GA)((5m+1)R—3(3m+1)A), (4.19)

which guarantees that £2¢3 is constant.

We now assume that £33 = 0. Thereby, by the analyticity of g, one observes
that & = 0 or &3 = 0. Considering &3 = 0, one deduces from (4.17) that & = —&;. Hence,
by (4.18), the eigenvalues of Ricci curvature are constant. This then implies that the Ricci
tensor is parallel. In particular, the Cotton tensor Cjj), also vanishes. Now, since W =0
in dimension 3, one obtains from Lemma 2.8 that T' = 0. Besides, it follows from Corollary

4.2 that at least two eigenvalues of the Ricci tensor are equals. This forces Ric =0 and
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then, (M3, g) is Einstein. So, it suffices to apply Proposition 2.4 of [60] to conclude that
(M3, g) is isometric to the standard hemisphere S3..

On the other hand, by assuming that 3¢5 # 0, one deduces that

1 1 ¢

&= 5 W((m+Q)R—6)\)((5m+1)R—3(3m+1))\) -2

In particular, by (4.17), one has —&; =&+ &3 = % + &3 and hence, (4.18) guarantees that

(m+2)R— 6\
3(m—1)

265+ ¢ = 2¢3 (4.20)

Computing the discriminant for &3, we infer

6 2
A = _<3(m—1)> m((m+2)R—6X)(R—2)\).

Then, solving the polynomial (4.20), one sees that

((m+2)R—6)) £3\/m((m+2)R—6))(2A— R)
$3= 6(m—1)

Notice that the eigenvalue & satisfies an expression equivalent to (4.20) and by (4.17),

one deduces that

((m+2)R—6)) F3\/m((m+2)R—6))(2A— R)
6(m—1)

b=

Therefore, & and &3 are constants.

Analogous to the previous case, we observe that the Ricci tensor is parallel and
hence, the Cotton tensor vanishes. Thereby, it follows from Corollary 4.2 that £ = &3 # 0,
but it holds if and only if R = 2X. At this point, it suffices to invoke Theorem 4.6 to
conclude that (M3, g) is isometric, up to scaling, to the cylinder [0, \/—gw] x N. Moreover,
we deduce from (2.21) and Killing-Hopf theorem that N = S2. Thus, the proof of Theorem
3.4 is concluded. O

4.4 Classification in dimension 4

We divide this section into two subsections: the first one establishes some key
lemmas, for arbitrary dimension n > 3, that will play a crucial role in the proof of Theorem

4.4, while the second subsection collects the proofs of the classification results.
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4.4.1 Some key lemmas
To begin with, we shall prove the following lemma, which provides a useful

expression for uA(Ric).

Lemma 4.2. Let (M", g) be an n-dimensional Riemannian manifold satisfying (4.1).

Then we have:

|
W(ARy) = ViRskV5u+kaR¢5Vsu+%VinRJriviquR

(m+1)

+

uR;s R + QURjiksts — (m + 2)V3Rikvsu

—%(R— (m+n—2))\)Rik—|—j\:(R— (n—1)A) gik.

Proof. Firstly, it follows from assertion (4) of Lemma 2.7 that
uV;Rir, = uVi Rjp +mRjigg Viu+ A (Vjugie — Viugje ) — (ViuRix — ViuRj)
This jointly with the fact that V; (uV;Ri,) = V,uV; R, +uAR;y gives

uAR;, = V;(uV,;Ri;)—VjuV;R
=V, (uViRje+ mRjmViu+ A (Vjugix — Viugjp) — (VjuRiy — ViuRjy,))
—V,uV;R;y
= VjuVRj, +uV ViR +mV ;R Viu+mR;V;Viu+ AAugy,
AV Viu— AuR;, — VjuV Ry, + ViViuRj, + ViuV R, — VjuV Ry
Next, by using the twice contracted second Bianchi identity (V;R;; = %VkR) and the
first contracted second Bianchi identity (V;Rjix = Vi Ry — Vi R;1), one sees that

uAR;, = —VjuVRy +VjuViR, +uV;ViRj, +m(VipRy — Vi Ry,) Viu
+mR;i Vi Viu+ AAug;, — AV Viu— AuR;, — VjuV Ry,
+V;ViuRj, + ;ViquR
= —VuV;Ry+V;uV;R;; + %Vika+ UR;s Rop +uRjips Rjs
+m (Vi Ry — ViRiy) Viu+mR Vi Viu+ AAug, — AV Viu
—AuR;y —VjuVjR¢k+VjViuRjk+;ViquR, (4.21)

where in the last equality we have used the Ricci identity, i.e.,

VjViRjk = VZ‘VjRjk + Rjistsk: + Rjik:sts-



Plugging (4.1) and (2.12) into (4.21) yields
ARy = —VuV;Rig+VuViRy+ 5 ViVeR+ulis Ryg +uRjins Rys

AU
+m (Vi Ry — ViRi,) Viu+uRjiy (le - )\gjl) + (R—An)gix

AU

- (Rki — Aki) (R—An) Ry, —VjuV Ry

u
m
U 1
+E (Rji — )\gji) Rjk + §V¢quR
(m+1)

1
= ViRjVju+mViRyViu+ %VinR + 5 ViuVeR+ wRis Ry,

A A
+2uRjips Rjs — (m+2)V; RV ju + (Au 2L (R-n) - “) Ry
m m m
AU
+E (R—(n—1)A) gip.
Rearranging terms, one concludes that

1
uwARy, = viRskvswmkaisvswgvivk3+5viuvk3
41
Lm+1)

uRis Ry + 2uRjips Rjs — (m+2)VsRiyVsu

(R~ (mtn = 2X) R+ 2 (R (n = 1)N) g,

as we wanted to prove.

As an application of Lemma 4.2, we are able to obtain a key expression for

A(Ric3)z‘k =A (Rinlelk) .

Lemma 4.3. Let (M", g) be an n-dimensional Riemannian manifold satisfying (4.1).

Then we have:
uA(Ric®) g, + (m+2)VsuVs(Ric),
= ViRs;jVsuR Ry, + ViR VsuRij Ry + VR, VsuRi; Ry
+2u (Vs Rij Vs Ry Riy, + Vs Rij Ry V s Riy, + Rij Vs RjyV s Ry
+m (VRisV suRji Ry, + V1 R;sV suRij Ry, + Vi RisVsuRij Ry
+5 (ViVRRju R+ V ViR iy R+ V Ve R R Ry )

1
+3 (ViuV; RRji Ry +V juV RRij Ry + VuVy RRi; R, )

+1
L (m+1)

u (Risst Rj Ry, + Rjs Ry Rij Ry, + Rys R Ry le)
+2u (Rdistdstlle + Rajis Ras Rij Rig + Raigs Ras Rij le)

A
—3 (R—(m+n—2)X) (Ric®)ix + 3= (R— (n— 1)A) Ry Ry
m m
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Proof. One easily verifies that
uA(Ric®)y, = uA(RijRjRy)
= (uARij)Rj Ry + Rij(uARj) Ry + Rij Rji(uA Ry
+2u (Vo RijVoRj R + Vo Rij Ry V «Riy, + RijV Ry Vi Ry ) - (4.22)
Next, it follows from Lemma 4.2 that

Uu
U (ARU) lele = Vistvsulele + mVjRZ-SVsuRﬂle + §VZ'VJ'RRJ'1R”€
(m+1)

1
+§Vz‘uVjRlele + uRisRSjlele + QURdistdstlle
u
—(m + 2)V5RijVSuRﬂle — % (R — (m +n— 2))\) Rinlellc

+& (R— (n— 1)/\) R Ry, (4.23)

m

U
Rij (uARj) Ry = VRV suRij R+ mViRjsV suRij R+ 5V ViRRij Riy
(m+1)

1
+§VjuleRinlk + uRjsRg Rij Ry, + 2URdjls‘EgdsRinl’f
U
—(m+2)Vs RV suRij Ry — — (R~ (m+n—=2)A) Ry Rij R
A
+%(R— (n—1)\) Ry Ry, (4.24)

and

u
RijRjt (uARy) = ViRgVsuRijRji+mV RV suRi; R+ 5 ViViRRi; Ry

1
On;: )URlsRskRz‘j Rji+2uRggs Ras Rij Rji

1
+§VlukaRinjl +
Uu
—(m + 2)VsleVSuRinjl T (R - (m +n— 2))\) Rinlelk

AU

+ (R (n= 1)) Rij Ryt (4.25)

Therefore, inserting (4.23), (4.24) and (4.25) into (4.22) yields the asserted result. O
As a consequence of Lemma 4.3, we deduce the following corollary.

Corollary 4.3. Let (M", g) be an n-dimensional Riemannian manifold satisfying (4.1)

with constant scalar curvature. Then we have:

uld (Tr(Ric®)) + (m+2)VuV(Tr(Ric®))

3 1
= 3(m+1)V; Ry Ry Ry Vsu+ Mmc%jmcfj +6uRgs Raijs R Rit
—Z:j (R— (m+n—2)\) Tr(Ric®)

m

3\
+220 (R— (n— 1)) |Ric|? + 6uVRij Vs R; Ry,

m
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where Tr(Ric®) = RijRyRy; and Ric; = Ry, Ryj.
Proof. By using that M" has constant scalar curvature into Lemma 4.3, one deduces that

uARich, = (ViRs;RjRi+V;RyRijRi+ Vi Ro.RijRj ) Vsu

+m (VjRistlle + VIR]'SRZ']'RHC + VlesRinﬂ) Vu
m—+1
_l’_
m
+2uRgq (Rdistlelk + Rgjis Rij Ry + RdlksRinjl)

U (Rz'c?jRﬂle + Ric?lRinlk + Ric?kRinjl)

3u
—(m+2)V, (Rij Ry Rir.) Vsu— —[R— (m+n—2)\|Ri; Ry iy
+2u(VsRijVstlle +VsRijR; Vs Ry + RijvsRﬂvsle)

+32;‘[R— (n— 1)\ Rys R

Besides, tracing the above expression, one sees that

uAT?“(Rng) = (VZ‘RS]'RJJRM +V,iRgyRi; Ry + VleiRinjl> Vsu

—l—m[VjRisRﬂRli + VlesRinli + ViRlsRinﬂ]Vsu
m+1
m

+2uR 5[ Rajs Rji Ry; + Rajis Rij Ry + Rapis Rij R ]

_|_

U[Riczzj RﬂRli + RZ'C?Z Rij Ry; + RiCZQiRij Rﬂ]

3u
—(m + Z)VS[RZ']'RJ‘ZRM]VSU - [R - (m +n— Q)A]Rinleli

—I—QU(VSRZ‘]'VSRJ'[RM +VsRij Ry Vs Ry + RijVSRﬂVSRM)

+3>\7U[R — (TL — 1))\]RisRsi
m

= (m + 1)[V¢stleRli + VszlRinil + VZRZ‘SRZ']'RJ'Z]VSU

3(m+u . 5
+Wch§ijc§j +6uRgs Raijs R Rit

(4 2) Vo (Tr(Ric*))V s — ‘Z (R—(m+n—2)\) Tr(Ric)

3\
+Wu (R—(n—1)A) | Ric|? +6uV R;; VR Ry.

The result then follows from the fact that V; Rsj RjR;; = VjRgRij Ry = V| RisRij Ry [

To proceed, it is essential to ensure an expression for uA (Tr(P3)) :
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Lemma 4.4. Let (M", g) be an n-dimensional Riemannian manifold satisfying (4.1) with

constant scalar curvature and m > 1. Then we have:

uATr(P%) = 3(m-+1)(ViPyPyPyVsu+ 20V Py PV su)
+6u (Vst'jVstlPil + QVsPijVsPij>
+6u (PdstijstlPil +29PdstijsPij) — (m+2)V(Tr(P?)Vsu

3(m+1)u
_i_i
m

22 (m o+ 3)o+2(m — 1)) [P

Tr(PY+ if: (3(m~+1)o+ (m—1)\)Tr(P?)

+3f;“ (m-+1)o+ (m— 1)\ Tr(P)

—|—6Q3u((m+n —1o—(n—1)N),

Proof. Initially, we compute Ricg’k in terms of P = Ric— pg, where p = %. Indeed,

it is easy to check that

Ric}, = RijRjRy,
= (P +09i;)(Pj+ 0951) (Pik + o91k)
= PPy Py + Pij Pjogik + Pijogji Pk + Pijogji09ik
+09i; Pj1 Pii + 095 Pjiogik + 0950951 Pk + 0945 0951091k
= P} +30P;.+30*Pir+ 0 gin-
Whence, it follows that

Tr(Ric®) = Ric}; = Tr(P?) + 30| P|* + 30*Tr(P) +ng>. (4.26)

Next, notice that

R(m+n—1)—n(n—1)A
m—1

Tr(P)=

and moreover, by Proposition 3.3 in [60] (see also (3) in Lemma 2.7), since M™ has constant
scalar curvature, one sees that |P|? = (A — 0)Tr(P). Besides, Tr(P) and |P|? are also

constants. Thereby, we have

uA(Tr(Ric®)) = uA(Tr(P?)). (4.27)
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We now need to obtain an expression for V; Rs; Rj; R; 'V su in terms of P. Indeed,

one observes that

ViRs;Rj Ry Vsu

[Vi(Psj + 09si)|(Pj1 + 091) (P + 09i1) V su

ViPsjPj PyVsu+ Vi Psj PjjogaVsu+ViPsjog PV su
+ViPs;0951094V su

ViPs; PjiPyV su+ 0V Psj P;jiV su+ oV Py P;; V su
+0°V; Py Vsu

VZ'PSJ'PJ-ZPZ‘ZVSU—FQQVZ'PSJ'PZ‘]'VSU, (4.28)

where we have used that V; Ps; =0, which follows from the fact that M has constant scalar

curvature and the twice contracted second Bianchi identity. Next, we compute

and

- 2 . 2 _
Rlcij RZC,L']' =

RysRaijs Rj Ry

R Ry Rji Ry
(Pikpkj +20F;; + 929@7') (PilPlj +20F; + 929@')
Py Py; Py Py + 40P, Py Pji + 60° Pij Pij + 40°Tr(P) + o*n

Tr(PY) +40Tr(P3) +60% P|* + 40°Tr(P) 4+ no? (4.29)

(Pas + 09as)Raijs(Pji + 0951) (Pir + 09i1)

(PasPj1 Py +20Pas Pij + 0° Pasgij + 09as Pji Pi
+20°94s Pij + 0°9as9ij) Raijs

PusRaijs PjiPi + 20Pus Pji Raijs — 0° Pas(Pas + 09as)
—0(Pyj + 09i) Py Py — 20° Py (Pij + 09ij) — 0° R
PisRaijs PP +20Pas Raijo Pij — 40°| P|> = 36T (P)

—oTr(P3) - 0°R. (4.30)

At the same time, observe that

VsRijVsRuRy = V(Pyj+09i5)Vs(Pji+09)( P+ o09i)

= VP VPjPy+ oVsPi;VsPj. (4.31)

Moreover, as already mentioned, constant scalar curvature implies that |P| and T'r(P) are

also constants. Therefore, one deduces that

V(Tr(Ric®)Veu = V(Tr(P3?))Vu. (4.32)
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Thereby, using (4.27), jointly with (4.26), (4.28), (4.29), (4.30), (4.31) and (4.32) into
Corollary 4.3, one obtains that

uATr(P?) = uATr(Ric?)

= 3(m+1) (ViPy PuPuVsu+20Vi Py PjVu)

3(m+1)u
m

+6u ( Pas Raijs Pji P + 20Pas Raijs Pij — 46°| P> = 30*Tr(P) — oT'r(P?) — * R)

+ (Tr(P*)+40Tr(P%) +6°| P|* + 46°Tr(P) + ng")

—(m+2)V(Tr(P?))Vsu
2 (R (m-+n—2)) (Tr(P*) + 30 P+ 36*Tr(P) + o)

2 (R (n= 1)) ([P + 26T r(P) 4 0?)

+6u (Vs Py Vs Pyt Py + 0V Py Vs Py )

where we also used that |Ric|? = |P+ og|? = | P|* +20Tr(P) +ng*. Consequently, taking
into account that ¢®R= —(m —1)g* +0*(n—1)A and R— (m+n—2)A=—(m—1)(o+\),

we have

UATT‘(P3) = 3(m+ 1) (VZ‘PSJ‘P]'[PHVSU—FQQVZ‘PSJ'PZ‘]‘VSU)
+6u (VsPijVstlPil + QVst‘jVst‘j)
+6u ( Pas Raijs Pjt P+ 20Pas Raijs Pij ) — (m+2)V(Tr(P) Vu

3 1
N (m+1)u
m

18 1)0?
+< (m+1)0%u
m

Tr(PY) + (W —6ou+ ?;:;(m —1)(o+ A)) Tr(P?)

9ou _ 3(m—=1)Aou
m

—24g2u+ﬁ(m—1)(g+)\) |P|?

—1893u+7(m— D(e+A)—

N <12(m—|—1)g3u 90%u 6(m —1)\o%u
m

) Tr(P)

3no3u

—6ugd(—(m—1)o+(n—1)\) +

N <3(m+ Dno*u (m—1)(g+\)

3(m— 1)n)\Q3u>

m
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Simplifying the last four terms in the right hand side of the above expression, we achieve

uATr(P?) = 3(m+1)(ViPePyPyVsu+ 20V Py PV su)
+6u (VP Vo Pjy Py + 0V Py Vo P )
+6u (PdstijstlPil +29PdstijsPij) — (m+2)V(Tr(P?)Vu

3(m+1)u
m

—((m+3)o+2(m—1)A) |P*

" Tr(P)+ 2 (3(m + 1o+ (m— )X Tr(P)

39

39 (m+1)o+ (m— 1)\ Tr(P)

—|—6Q3u((m+n —1o—(n—1)N),

which finishes the proof of the lemma. n
4.4.2 Rigidity results

From now on, we shall adapt the approach outlined by Cheng and Zhou in [40].

To do so, we first establish the following proposition.

Proposition 4.2. Let (M*, g, u, \) be an m-quasi-Einstein manifold with m > 1 and

2(m4+2)A

o Then we have

constant scalar curvature R =

uATr(P3) 4+ (m+2)(V(Tr(P?), Vu) = 6u/\Tr(P3)+6 u|P|2
+6u (V5P V PlequQV PV sP;)
+6u (PdstijstlPil + ZQPdstijsPij>

+120*'m?(m +1)u. (4.33)

Proof. Initially, let u; be the eigenvalues of P defined in (2.39) with respect to the adopted
orthonormal frame {e;}?_; so that e; = —%. In particular, it follows from (2.36) that

11 = 0. Consequently,

Tr(P)=po+pz+ps and  |P|* = p3+p3+p,

where P = Ric— %g. Thus, for R = 2(77::12))\, it follows from (2.39) that

(m+n—1)R—n(n—1)A  (m+3)R—-12\  2m

Tr(P) = = =
T( ) m—1 m—1 m—+1

A, (4.34)

which implies that Tr(P) is a positive constant.
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Next, by Proposition 3.3 in [60], one sees that |P|> = (A— o) Tr(P), where
o= 32=8 This combined with (4.34) yields

—4HA+R m 1

pp = WA Ry M ey = Le )2 4,
1P| _1 r(P)= G ATr(P)=5(Ir(P)) (4.35)
On the other hand, by simplifying the last three terms in the right hand side

of Lemma 4.4, taking into account that ¢ = Tr(P)= 2\ 2|P|?> = (Tr(P))? and

m+1’ m+1

n =4, one deduces that
uATr(P?) = 3(m+1) (ViPyPyPyVsu+20V; Py Py Vu)
+6u (Vo Py Vs Py Py + 0V Py Vs Py )
+6u (PdstijstlPil +29PdstijsPij) — (m+2)V(Tr(P?)Vu
—l—WT (PY) + ?n (3(m+1)o+ (m—1)N) Tr(P?)
+120'm?(m +1)u. (4.36)
At the same time, since Py;V u= P(Vu) =0, we have from (4.1) that
0 = Vi(Ps;Vsu)
= V;PVsu+ — PSJ(R — \is)
(A-o)

m

= V,PsjVsu+ EPEJ. —~ uP;j

so that

u (A—0o)
VZ'PSJ'VSU = _EP% + o uPij. (4.37)

Hence, the first term in the right hand side of (4.36) becomes

I = 3(m+1)(ViPyPPaVsu+20ViPs Py Vu)

U A—0
= 3(m—|—1) <_mP’23+( - )uPZ‘]) (lePil-i-ZgPij)

~ 3(m+1) (—;(Tr(zﬂ)) + “‘ﬂf’g) Q(Am_g)mm?) o (438)

uTr(P3)+2
Substituting this into (4.36) and rearranging terms, one concludes that

uATT(P?) + (m~+2)(V(Tr(P3)), Vu) = 6ulTr(P?) +6— u|P|2

+6u (Vo PV Plpﬁgv P,jV.P;)
+6u (PdstijstlPil + QQPdstijsPij>

+120"m2(m +1)u. (4.39)
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This concludes the proof of the proposition. n

In order to proceed, we need to prove the following result.

Proposition 4.3. Let (M*, g, u, \) be an m-quasi-Einstein manifold with m > 1 and

2(m+2)A
m—+1

constant scalar curvature R = . Then we have:

ULy 42(Tr(P?)) = 8(m+1)ouTr(P?)+6uVP;VsPj Py — 3mou|VP|?

—16m3(m+1)o*u (4.40)
and

UL o(TT(P?) > 8(m+1)ouTr(P?) — 3mou|V P

—16m>(m+1)o*u, (4.41)

where uLi2(f) = ulAf +(m+2){V f,Vu) and 0= 7.

Proof. First of all, observe that our assumption is equivalent to R = 2(m+ 2)o, where

__A

0 = 757~ Moreover, one sees that

1
Tr(P)=2mp and |P|?=2m?p*= §(T7’(P))2. (4.42)

Now, we need to compute uL,2(|P|?). To do so, since Ric = P+ gg, we notice from

Lemma 4.2 that

m+1
U(Apzk) = VP, Vsu+mVPisVu+ Tu(PZS + Qgis)(Psk: + Qgsk)
+2uRjits(Pjs + 09js) — (m +2)V Py Vu

u u
+%(m— 1)(m+2)o(Pix, + 0gix) — %(m— 1)(m+1)0*gix,

where we have used that n =4, R—(m+n—-2)A=—(m—1)(m+2)pand A(R—(n—1)\) =
—(m—1)(m+1)0?. Next, expanding the expression in the right hand side and rearranging
terms, we have

m—+1

2(m+1)ou
ULm+2(Pi ) = vipskvsu+mvkp7lsvsu+mupi21c+()g

Py,

m+1)o%u
+¥gik +2uR jigs Pjs — 20uPiy, — 20%ugix

m—1)o0%u
P, + (m = Le7u ik
m

m—+1

+(m— 1)577171—1-2)@11

= ViPyVsu+mVypPisVgu+

uP3, + (m+1)ouPiy, + 2uR ks Pjs.
(4.43)
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Proceeding, we use that A = (m+1)p and Eq. (4.37) to infer

u
ViPs,Vsu= _E(Pz?k —moPi).

Consequently,
ViPy.Vsu+mVPisVsu= —M(P —moPi).
This allow us to rewrite (4.43) as
ULmio(Py) = —ka + (m+1)ouPy + Mpfk + (m+1)ouPiy, + 2uRjiks Pjs

= 2(m+1)ouPi +2uRjips Pjs.

At the same time, by using that uL,,42(Pig) = uA Py, + (m+2)(V Py, Vu), we

infer

uLmio(|P)?) = uLmia(PiPit)
= ulA (P Py) + (m+2)(V(Py Pix), Vu)
= (2P APy + 2|V P?) +2(m +2) Py (V Pig,, Vu)
= 2u|VP]*+2uPij Ly o( Py)

= 2u|VP|*+4(m+1)ou|P|* +4uPy Rjits Ps.
Besides, since |P|? is constant, then u L, +o(|P|?) = 0 and hence, we have
uPyRjits Pjs = =5 |V P2 = (m+1)oul P, (4.44)
On the other hand, it follows from (4.33) that
ULt (Tr(P?)) = 6(m+1)ouTr(P?)+6(m+1)o°ulP|*
+6u(Vs PV Py Py + oV PijV s Pyj)

+6u(PysRyijs PP +20Pis Raijs Pij)
+12m2(m+1)o*u. (4.45)
To proceed, we need to deal with the terms that depend of the Riemannian curvature.

Thereby, fix a point p € M and assume P;; = u;0;; at p, that is, p;, ¢ = 1,2,3,4 are the

eigenvalues of the tensor P at p and recall that 1 = 0. Hence, one easily verifies that

PdSRdljs ijzl Z Z ,ude]jd/L]
1=2d=2
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Denoting Ky = Rgjqj, it follows that

PysRaijsPuPy = —paKosps — pokoapl — pisKsaps — p3Ksapd — paKaops — pakazpis
= —Kospops(ps+ p2) — Koapopia(pi2 + pa) — Ksapzpa(ps + pa)
= —Kogpopus(Tr(P) — pa) — Koapopa(Tr(P) — p3) — Kagpaps(Tr(P) — p2)
= —Tr(P)(Kaspzps + Kzapszpa + Koapiopa) + (Koz + Kag + Koa) piapizfia.
(4.46)
Moreover, notice that
Ros+ Ras+ Ryu=R—Ri1=R—o=Tr(P)+30
and
Kio+ K3+ Kia = R = o,
which therefore implies that
Tr(P)+30= R— Ri1 = Rao + R33 + Ryq = 2(Ko3 + K34+ Kog) + Ri1.
Besides, Ko3+ K34+ Koy = %(TT(P) +20) = (m+1)p. In view of this, we may rewrite
(4.46) as
PysRaijs P Py = —2mo(Kaspops + Kzapspa + Koapopa) + (m+ 1) opapizpia.

Similarly, one easily verifies that

4 4
PysRiijs Py = > paRajjang = —2(Kospops + Kogpopia + Kaapizpa).  (4.47)
d=2;=2

Hence, Eq. (4.45) becomes
ULy 42(Tr(P?)) = 6(m+1)ouTr(P?) +6(m+1)o*u|P|* +6u(VsP; Vs P Py + o VP?)
—12(m+2) pu(Kaspous + Kagpops + Ksgpspg) + 6(m+ 1) oupa s pig
+12m2(m+1)o*u
= 6(m+1)ouTr(P?)+12m*(m+1)0*u+6u(VsP;;Vs P Py + 0|V P|?)
—12(m+ 2) pu(Kogpaus + Kogpiopa + Ksquspg) +6(m+ 1) oupiopisjig
+12m?*(m+1)o*u
= 6(m+1)ouTr(P*) +6u(VP;VsPjPy+ 0| VP?)
—12(m+2) ou(Kazpaps + Koapopia + Kzapizjig)

+6(m + 1) oupapizjia +24m*(m +1) o u,
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where we used that |P|? = 2m?¢?. Besides, by combining (4.44) and (4.47), we arrive at
u|V P|?

1 +m?(m+1)0u.

u(Kogpops + Koapiopia + Kaapizpig) =
Consequently,
ULmo(Tr(P?) = 6(m+1)ouTr(P?) +6u(VsP;; VP Py + o/ VP?)
—3(m+2)ou|VP|? —12m%(m+2)(m+1)o*u
+6(m + 1) ouprapzpa +24m*(m +1)0*u
= 6(m+1)ouTr(P*) +6uVsP;;VsPji Py —3mou|VPJ?
+6(m + 1) oupapzpig — 12m3(m+1) o u. (4.48)

At the same time, similar to [40, pg. 11], by letting o= pa, 5= pu3 and Kk = gy
in the following algebraic identity

(a+B+k)> =3(a+B+k)(a®+ %+ k) =2+ B2+ £) + 608k,
we obtain
(Tr(P))3 = 3|P|*Tr(P) — 2Tr(P3) 4 6 o314

Of which,
3papspy = Tr(P?) —2m3o°. (4.49)

This substituted into (4.48) yields
ULp42(Tr(P?)) = 8(m+1)ouTr(P?)+6uVP;VsPj Py — 3mou|VP|?
—16m3(m+1)o'u,
which proves (4.40).

Finally, for the fixed orthonormal frame, by using (4.42) and Lemma 2.4, one
deduces that p; > 0, for all 4. Hence, VPV P Py = |V P;;|?11; > 0 and this proves the
second assertion (4.41). O

Now, we establish the following essential lemma.

Lemma 4.5. Let (M*, g, u, \) be an m-quasi-Einstein manifold with m > 1 and constant

2(m+2)A
m—+1

scalar curvature R = . Then the following inequality holds

Linsa [|Vul? (Tr(P?) = 2m*¢*) | 2 2(9m + 7)ol Vul* (Tr(P*) —2m*¢*).

where o = m¢+1
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Proof. Initially, we consider the level set ¥ = X () = u~!(t), 0 <t < Uz, and an ortho-
normal frame {ej, e, e3,e4} for M* that diagonalizes the tensor P so that e; = —%
and {eg,e3,e4} is a frame over 3(t). Moreover, we assume «, 3,7,n € {2,3,4} and 4,5,k €

{1,2,3,4}. Thereby, it follows from the Gauss-equation that
)
Ragyn = Rapyy + harlipy — hanhgy,
which implies that
R}, = Ray— Ratyt + Hhay — haghgs, (4.50)

where h and H stand for the second fundamental form and the mean curvature, respectively.

A

o s well as

Besides, taking into account that o =
Ric(Vu) = oVu, P = Ric— og, R =2(m+2)o, Tr(P)=2mp and |P|?=2m?¢%
one deduces that
R®=R—20+H?>—|A>=2(m+1)o+ H*>—|AJ]?, (4.51)

where |A|? is the norm of the second fundamental form.
Next, we are going to compute h,3 and H. Indeed, by using (4.1) in terms of
P, ie., Viu= (P —mgg), the second fundamental form is given by

vavﬁu _ (Paﬁ - m@.gaﬂ)
[Vul my/b(u)

hap = u, (4.52)

where b(u) = |Vu|?. Furthermore, our assumption on the scalar curvature implies that

P11 =0 and hence,

Tr(P)—
g IrP)—3me _  ou (4.53)
my/b(u) b(u)
In particular, we have from (4.52) that
P 2 —9 Tr(P 2.2 2,2
m2b(u) b(u)

Substituting (4.53) and (4.54) into (4.51) yields R* = 2(m+1)p.
Proceeding, we are going to deal with the Riemannian curvature tensor of X.

In fact, since ¥ has dimension 3, its curvature tensor can be expressed as
b b b % hM RE
Raﬂw = (Ra'ygﬁn + R/jngaw - Rang,87 - Rﬁfygom) - T(Qavgﬂn - gangﬁv>~
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This jointly with (4.50) gives
RZ
= Raa - Ralal + Hhaa - h?ya + Rﬁﬂ - Rﬁl/ﬁ'l + Hh/jﬁ - h%’ﬁ - (m+ 1)9

= o+ ps+20— Rata1 — Rgipt + H(haa +hgg) —hly — 35— (m+1)g,
where jio = P(eq) and hqag = 0 for a # . Consequently, for fixed a # ( again, by using

the Gauss equation, Eqgs. (4.52) and (4.53), we then obtain
Raﬁaﬁ = Rgﬂaﬂ - haahﬁﬁ + h?lﬁ
= o+ 1p+20— Rata1 — Rp1p1 + H(hao +hpg) — h2,

o(pia —mo+ jig — mo)u®

= fla+ g +20— Rata1 — Rg1p1 —

mb(u)
(#a—mg)2u2 (,ng—mg)QuQ (Mﬁ_mg)(ﬂa—mg)UQ
- - —(m+1)p—
m2b(u) m2b(u) m2b(w)
mo(fta + 15 — 2mo)u?
= fat+pg+20— Ratal —Rmm—(m—i— 1)o— me(u)
e = 2molpat pg) + 5+ 2m7 N0 [ugpa —molpa + pg) +m*Qlu’
m?b(u) m2b(u) ’

which can be simplifying as
oo+ ppu” | 20(patps)u” oo+ ps)u”
mb(u) mb(u) mb(u)
20%u®  20%u? 92 2 (sz +N%)U2
b(u)  blu)  blu) m2b(u)
2
u
— Zj;zﬂ(u) — Rata1 — Rgig1 — (m+1)o
(0 + pp) (mb(u) +20u?)  o(2b(u) — ou?)
mb(u) b(u)
AR paps?
m2b(u) m2b(u)

Next, multiplying the previous expression by jiqpg and summing over o and 3, o # 3, we

Rapas = Mot ps—

+ 20—

— Rata1 — Rp1p1 — (m+1)o.

deduce that
mb(u

> Ragaplials (§:mﬂwmw+(bu D Hattg
oB otB -
m2b Z ,uoz,uﬁ me Z :uouuﬂ
4 4
-2 Z Ratatpraps — (m+1)o Z Halls. (4.55)

B a#f
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At the same time, we have to obtain expressions for each sum in (4.55). To do so, we first

observe that

4 4
S e =Tr(P)=2mp and > u2=|P*=2m?d% (4.56)
o2 ot
which implies that
4
Y taks = Z > taks = Z pa(Tr(P) = o) = (Tr(P))? = |P|> = 2m*¢®,
oB a=2 o
4
> (pta+pg)taps = 22 Zuauﬁ—QZua (Tr(P) ~ ta)
oB =2 a
4
= AT P)IPR -2 Y i = st -2 Y
a=2 a=2

4 4 4
> uans = ZZuauﬁ—ZuaTT fa) = Y 2mopd — 3"
a=2

o a=2fa a=2

and

4
Mok = ZZuaug—Zua (|P]*—pd) = Z:U'a

a#f a=2f#a
We also need to obtain an expression for Ry1q1. From Eq. (4) of Lemma 2.7, one deduces

that
u(vink — VjPz-k,)Vju = mRijk,NluVju + mg(viugjk — Vjugik)vj‘u
—(Vituk - VjuPZ-k)Vju,

where we have used that A = (m +1)p. This combined with the fact that P;;V; u =0 and

u
Viniju = Vi(P]-iju) — ijVNju = —%P]’k(Pij — ngij)

allow us to infer

2 [Vl
RijuViuViju = —o(ViuViu—|Vul~gy) — Py,
:;ij(Pij —mogij) — %Vjpikvju.
By taking ¢ = k = o and multiplying the last expression by %, we obtain
|Vul? u?

u
Rozlozl’VU’2 = Q‘VU‘Q_ m :ua_ﬁpja(]j '_ngaj>_EVVuPaa

(mo—pa)|[Vul*  w? 5  ou?

= — — o LV ouPaa
m m m




Consequently,

4 4 4
Z Ralalﬂaﬂ@ = Z Z Ralal,ua,uﬁ = Z Ra1a1,ua(T’/’<P) —,LLa)

a#pB a=2 B+« a=2
_ 1 i (mo — pia)b(u) + opat®  u?
|Vu|? &= m m2e

_VVuPaa] Na(2mQ - ,Ua)

B (2m? 0% e — 3mop? + 1) b(u)
\Vu|2 Z m

1 (2mo* g — opd )u? u?
+|vu|2 Z Oém = m2|v |2 Z ngﬂa :ua)

u

W Z VvuPaa (ngﬂa Ma>

In order to conclude this step, observe that
4 4
VVuTT(PS) =3 Z (VVuPaa),Ugc and 0= VVU’PF =2 Z (vVuPaoz),Uou
a=2 a=2

which combined with (4.56) gives

4 433

Ratalftatis = =N+ — ul
Ogé:ﬁ alalPalf m maX::2 “ mb(u) mb(u)();::2 @
w? & Vu(Tr(P3))u
) 3 4
g2 3+4m2g4u2 Vu(Tr(P3))u  blu)—3ou®> &
- T ) 3mb(u) mb(u) e
W &,
+m2b(u)az::2uo‘

Returning to Eq. (4.55), we then have

4 2 4 2

mb(u) +2ou 0(2b(u) — ou

E Rogapliatts = <m)b(u) (8m3g3—2 g /L?&) + (2b(u) ) 2m2 2
aFf =

2u” - u’ 14 -4
_m2b(U) <O§2m£ma Z Ma) B m2b(u) (4m ¢ _Oéz_%ﬂa)
2 3 8m 2pty? B 2Vu(Tr(P3))u

b(u) 3mb(u)

—2m%(m+1)0® +4m?p

~ 2b(u) — 6ou? &

3 _
mb(u) (;2 Ha

97
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Simplifying terms, we infer

8m33b(u) + 16m? o*u? + 4m? 03b(u) — 2m?o*u? — 2m?(m — 1) 03b(u)
D Ragaphaly = 0
-

_4m2g4u2 8m?o*u? 2Vu(T7’(P3))u
b(u) b(u) 3mb(u)
_2mb(u)+4gu2+4gu2+2b(u)— 2u? +u? 2u2 1

»
mb(u) = z:: Hat m2b(u Z Ha
)u

4
6m?(m +1)03b(u) + 2m? o u? _ 2Vu(Tr(P
b(u) 3mb(u)
u)+29u2T (P%) + u? i
=2
)b(u) + ou?] B ZVu(Tr( )u
(u) 3mb(u)

_2[(m+1) (u) + ou?] (P3 GRS
mb(u) Tr(P7)+ m2b(u)

On the other hand, it follows from (4.44) that

_2(m+1)b(
mb(u)
+1

2m?3[3(m

b
b

2u|V P>+ 4(m+ 1) ou| P|* + 4uP;; Rji14 Py = 0
and hence,
u|VP> = —2(m+1)ou| P>+ 2uP;; Rij11 Pir.
Plugging this fact into (4.41) yields

ULpyo(Tr(P?) > 8(m+1)ouTr(P?) —3mou|VP|? —16m3(m+1)o*u

4

—16m>(m+1)o*u

12m3 o*u[3(m 4+ 1)b(u) + ou?]

(

= 8(m+1)ouTr(P*)+6m(m+1)0%u|P|* — 6mouPyRiju Pii
)
(

= 8(m+1)ouTr(P3) —4m3(m+1)o*u—

b(u)
4oVu(Tr(P3))u? 129u[(m+1)b(u)+gu2]T p3y 6ou® X,
T b(u) (P = Sy 2, o
_ 4oul5(m —l—l()ub)( )+3gu2]T(P3 6gu iﬂi
Oc 2
4oVu(Tr(P3))u? 4m3g4u[10(m+1)b( )+ 30u?]
bu) bw) . (4.57)

From (4.56), it is known that uo, us, pa and Tr(P) satisfy the hypothesis of
Corollary A.1 in [40] and therefore,

4 4 4
10m 8m
> jig = + ‘QTT(Pg’).
' 3 3
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Substituting the above equality into (4.57), we infer

4ou[5(m+1)b(u) + 3ou?] 20m3p°u®  160%u?

ULy y2(Tr(P?)) > ) Tr(P?)+ b) bla) Tr(P?)
4oV u(Tr(P3))u? B 4m3 o*u[10(m + 1)b(u) + 3ou?]
b(u) ) b(u) .
) 4gu[5<m+<1>l)a< =07y T
fu[10(m + 1)b(u) — 20u?]
b(u)
dou[5(m +1)b(u) — ou?] 4oVu(Tr(P?))u?

_ r 3 m3 3

(4.58)

Finally, we recall that the potential function of a quasi-Einstein manifold is

transnormal satisfying

0 R+(m—n)A
b = 9uf? = e - R g, )

Hence,

uLnsa [b(u) (Tr(P) = 2m36%)| = ub(u) Ly (Tr(P%)) +2u(Vh(u), V(Tr(P)))
+(Tr(P3?) —2m30®)uLpm2(b(w))

= ub(u)Lm+2(Tr(P3) 4ou*NVu(Tr(P?))

)—
+(Tr(P?) — 2m30) (—20u? Au — 20u|Vul?
—(m+2)2u0|Vul?)
= ub(t) Ly o(Tr(P3)) — 40u®Vu(Tr(P3))
—20u (—20u” + (m+3)b(w) ) (Tr(P*) —2m* %),

(4.59)
where we have used that Au = —2pu and
Lo(f) = u %div(uV f) = Af +au" Y (Vu,Vf), for a#0 and f € C°(M).  (4.60)
Comparing (4.58) with (4.59) gives
UL [|Vul® (Tr(P?) = 2m?0*)] > 2(9m + T)ou|Vul? (Tr(P?) - 2m®d")

as we wanted to prove. O
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We are now ready to present the proof of Theorem 4.4.

Theorem 4.8 (Theorem 4.4). Let (M*, g, u, \) be a nontrivial simply connected compact
4-dimensional m-quasi-Einstein manifold with boundary and m > 1. Then M* has constant
scalar curvature R =2 Ezﬁg

space Si x S% with the doubly warped product metric.

A if and only if it is isometric, up to scaling, to the product

Proof. We already know that Tr(P) = 2mp and |P|? = 2m?¢?, i.e.,
2 1 2
|P|* = §(T’I“(P)) : (4.61)

Hence, since p1; =0, by Lemma 2.4, the eigenvalues po, @« =1,2, 3,4, of P are all nonnegative.

We now set the function
b= |Vul*(Tr(P?) —2m?%).

In particular, from (4.49) and the fact that uq, a =1,2,3,4, are all nonnegative, one sees
that h is a nonnegative function. Besides, since M is compact with boundary dM, by

performing integration by parts, we deduce

— —(m+2) g m+2 _ . m+2
/MLmH(h)deH /Mu div (™ 2V R) AV /de(u Vh)dV

CU

m-+2

= — h.—— YdS = 4.62
A U <v’|Vu|>S 0, (4.62)

where we have used the fact that u vanishes on OM, dVy,41o = u12dV is the weighted
measure and the second order operator L,, a € R, is given by Eq. (4.60)

On the other hand, it follows from Lemma 4.5 that
2(9m+T7)oh — Ly42(h) <0 (4.63)

So, upon integrating (4.63) over M, we use (4.62) in order to infer

2(9m+7)g/Mthm+2 <0.
Of which, one obtains that

h = |Vul*(Tr(P?) —2m30%) = 0.
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Now, taking into account that |Vu|? is zero only over the 2-dimensional submanifold
M AX (u), which has measure zero, one concludes that Tr(P3) —2m?¢? =0 on M. This
jointly with Eq. (4.49) then implies pouspgs = 0, namely, at least one of po, pus and puy
is zero. Assume pg = 0. Thereby, by using (4.61), one deduces that p; = us =0 and
K3 = g = MQ.

Returning to the Ricci tensor, we then conclude that the Ricci tensor has

exactly two distinct eigenvalues, each one with multiplicity two, namely,

)\1:)\22 Aland)\3=>\4=>\,

m+

where Ric(e;) = \;, for i =1, 2, 3, 4. In particular, the Ricci tensor Ric is parallel. Then,
by the first contracted second Bianchi identity (VR = V;Rir — ViRj), one obtains
that the curvature tensor is harmonic. Now, we are in the position to apply [60, Corollary
1.14] to conclude that M* is rigid. Hence, it suffices to use Proposition 2.9 to deduce that
M* is covered by the product S%r x S2. Finally, since M* is simply connected, we may use
Theorem 54.6 in [81] to conclude that the covering map is a bijective local isometry and
therefore, a global isometry. Thus, M* is isometric, up to scaling, to the product space

Si x S?. This finishes the proof of the theorem. ]

As a consequence of Theorem 4.5, Remark 5, Theorem 4.6 and Theorem 4.8,

we get the following classification result.

Corollary 4.4. Let (M*, g, u, \) be a nontrivial simply connected compact 4-dimensional
m-quasi-Einstein manifold with boundary and m > 1. Then M* has constant scalar curva-
ture if and only if it is isometric, up to scaling, to either

(i) the standard hemisphere S%., or

(ii) the cylinder I x S® with the product metric, or

(1ii) the product space Si x S? with the doubly warped product metric.

Proof. The result follows from Theorem 4.5, Remark 5 (and Proposition 4.1), Theorem
4.6 and Theorem 4.8. O
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5 CONCLUSION

Geometric inequalities are interesting tools to obtain results in Differential
Geometry. In the first part of this thesis, we deal with geometric inequalities over static
perfect fluid space-times with boundary. In this sense, we obtained some estimates involving
the area of the boundary whose equality case was achieved by the round hemisphere S’} .
To do so, we have used the fact that the scalar curvature is not necessarily constant. We
have obtained an inequality involving Area(0M) by using the generalized Reilly’s formula.
Moreover, we established another inequality involving the Brown-York mass mpy of the
boundary. In addition, we obtained a new simply connected example of static perfect fluid
space-time with connected boundary. In particular, it is a counter-example to the Cosmic
no-hair conjecture for dimension n > 4. Since the conjecture remains open in the case
n =3, it is important to address this problem in forthcoming works. Moreover, it is also
important to investigate similar results to other kind of special solutions of the Einstein
field equation.

In the second part of this work, we investigate classification results for compact
quasi-Einstein manifolds with boundary and constant scalar curvature. We showed the
possible values for the scalar curvature and we obtained the complete classification in
dimension 3 and 4 under the constant scalar curvature. In particular, they are rigidy.
Our classification is based in the dimension of the space of critical points of the potential
function, which is a smooth submanifold of the ambient manifold, and we saw that there is
a bijective correspondence between the possible values of R and the dimension of Crit(u).

At least in dimensions 3 and 4, also for R = 7;21711_)1\ and R = (n—1)\ in general dimension

n > 2, the constant value of R determines the geometry of a compact quasi-Einstein
manifold with boundary. The problem of classification of quasi-Einstein manifolds with

constant scalar curvature remains open for dimension n > 5.



[10]

[11]

[12]

103

REFERENCES

AMBROZIO, L. On static three-manifolds with positive scalar curvature. Journal
of Differential Geometry, v. 107, p. 1-45, 2017.

ANDRADE, M.; DE MELO, A. P. Some characterizations of compact Einstein-type
manifolds. Letters in Mathematical Physics, v. 114, n. 35, 2024.

BALTAZAR, H.; BATISTA, R.; RIBEIRO JR, E. Geometric inequalities for critical
metrics of the volume functional. Annali di Matematica Pura ed Applicata, v.
201, p. 1463-1480, 2022.

BALTAZAR, H.; DIOGENES, R.; RIBEIRO JR, E. Isoperimetric inequality and
Weitzenbodck type formula for critical metrics of the volume. Israel Journal of
Mathematics, v. 234, p. 309-329, 2019.

BARROS, A.; DIOGENES, R.; RIBEIRO JR., E. Bach-Flat critical metrics of the
volume functional on 4-dimensional manifolds with boundary. Journal of
Geometric Analysis, v. 25, p. 2698-2715, 2015.

BARBOSA, E.; FREITAS, A.; LIMA, L. The generalized Pohozaev-Schoen identity
and some geometric applications. Communications in Analysis and Geometry,
v. 28, n. 2, p. 223-242, 2020.

BARROS, A.; DA SILVA, A. Rigidity for critical metrics of the volume functional.
Mathematische Nachrichten, v. 291, p. 709-719, 2019.

BATISTA, R.; DIOGENES, R.; RANIERI, M.; RIBEIRO JR, E. Critical metrics of
the volume functional on compact three-manifolds with smooth boundary. Journal
of Geometric Analysis, v. 27, p. 1530-1547, 2017.

BARBOZA, M.; LEANDRO, B.; PINA, R. Invariant Solutions for the Einstein
Field Equation. Journal of Mathematical Physics, v. 59, n. 6, p. 062501, 2018.

BAHUAUD, E.; GUNASEKARAN, S.; KUNDURI, K.; WOOLGAR, E. Static
near-horizon geometries and rigidity of quasi-Einstein manifolds. Letters in
Mathematical Physics, v. 112, n. 116, 2022.

BAHUAUD, E.; GUNASEKARAN, S.; KUNDURI, K.; WOOLGAR, E. Rigidity of
quasi-Einstein metrics: The incompressible case. Letters in Mathematical
Physics, v. 114, n. 8, 2024.

BAKRY, D.; EMERY, M. Diffusions Hypercontractives. Séminaire de probabilités,
XIX, 1983/84. Lecture Notes in Mathematics, v. 1123, p. 177-206, 1985.



[13]

[14]

[16]

[17]

[18]

[19]

[23]

[24]

104

BALLMANN, W. Riccati equation and volume estimates. 2016. Notas de aula.
https://people.mpim-bonn.mpg.de/hwbllmnn/notes.html.

BARROS, A.; BATISTA, R.; RIBEIRO JR, E. Bounds on volume growth of
geodesic balls for Einstein warped products. Proceedings of the American
Mathematical Society, v. 143, p. 4415-4422, 2015.

BATISTA, R.; RANIERI, M.; RIBEIRO JR, E. Remarks on complete noncompact
Einstein warped products. Communications in Analysis and Geometry, v. 28,
n. 3, p. 547-563, 2020.

BESSE, A. L. Einstein manifolds. Berlin: Springer-Verlag, 1987.

BOHM, C. Inhomogeneous Einstein metrics on low-dimensional spheres and other
low-dimensional spaces. Inventiones Mathematicae, v. 134, n. 1, p. 145-176,
1998.

BOHM, C. Non-compact cohomogeneity one Einstein manifolds. Bulletin de la
Société Mathématique de France, v. 127, p. 135-177, 1999.

BORGHINI, S.; CHRUSCIEL, P.; MAZZIERI, L. On the uniqueness of
Schwarzchild-de Sitter spacetime. Archive for Rational Mechanics and
Analysis, v. 247, n. 22, 2023.

BORGHINI, S.; MAZZIERI, L. On the mass of static metrics with positive
cosmological constant - I. Classical and Quantum Gravity, v. 35, n. 12, 2018.

BORGHINI, S.; CHRUSCIEL, P.; MAZZIERI, L. On the uniqueness of
Schwarzchild-de Sitter spacetime. Archive for Rational Mechanics and
Analysis, v. 247, n. 22, p. 1250110, 2023.

BOUCHER, W.; GIBBONS, G.; HOROWITZ, G. Uniqueness theorem for anti-de
Sitter spacetime. Physical Review D., v. 30, n. 12, p. 2447-2451, 1984.

BOUCHER, W.; GIBBONS, G. Cosmic baldness, in The very early universe.
Cambridge: Cambridge University Press, p. 273-278, 1983.

CAO, H. -D.; CHEN, B. -L.; ZHU, X. -P. Recent developments on Hamilton’s Ricci
flow. Surveys in differential geometry, v. 12, Geometric flows, Int. Press,
Somerville, MA, p. 47-112, 2008.

CAO, H. -D.; CHEN, Q. On Bach-flat gradient shrinking Ricci solitons. Duke
Mathematical Journal, v. 162, p. 1149-1169, 2013.

CASE, J.; SHU, Y. -S.; WEI, G. Rigidity of quasi-Einstein metrics. Differential
Geometry and its Applications, v. 29, p. 93-100, 2011.



[27]

[28]

[34]

[35]

[40]

105

CASE, J. Smooth metric measure spaces, quasi-Einstein metrics, and tractors.
Central European Journal of Mathematics, v. 10, p. 1733-1762, 2012.

CASE, J. Smooth metric measure spaces and quasi-Einstein metrics. International
Journal of Mathematics, v. 23, n. 10, 2012.

CATINO, G. A note on four-dimensional (anti-)self-dual quasi-Einstein manifolds.
Differential Geometry and its Applications, v. 30, n. 6, p. 660-664, 2012.

CATINO, G. Rigidity of positively curved shrinking Ricci solitons in dimension four.
Geometric Flows, v. 4, n. 1, p. 1-8, 2019.

CATINO, G.; MANTEGAZZA, C.; MAZZIERI, L.; RIMOLDI, M. Locally
conformally flat quasi-Einstein manifolds. Journal fiir die reine und
angewandte Mathematik (Crelle’s Journal), v. 675, p. 181-189, 2013.

CHEN, Q.; HE, C. On Bach flat warped product Einstein manifold. Pacific
Journal of Mathematics, v. 265, n. 2, p. 313-326, 2013.

CORVINO, J. Scalar Curvature Deformation and a Gluing Construction for the
Einstein Constraint Equations. Communications in Mathematical Physics, v.
214, p. 137-189, 2000.

CORVINO, J.; EICHMAIR, M.; MIAO, P. Deformation of scalar curvature and
volume. Mathematische Annalen, v. 357, p. 551-584, 2013.

COSTA, J.;: DIOGENES, R.: PINHEIRO, N.; RIBEIRO JR, E. Geometry of static
perfect fluid space-time. Classical and Quantum Gravity, v. 40, n. 20, 2023.

COSTA, J.; RIBEIRO JR, E.; ZHOU, D. Rigidity of compact quasi-Einstein
manifolds with boundary. ArXiv:2401.16929 [math.DG], 2024.

COUTINHO, F.; DIOGENES, R.; LEANDRO, B.; RIBEIRO JR, E. Static perfect
fluid space-time on compact manifolds. Classical and Quantum Gravity, v. 37,
n. 1, 2020.

COUTINHO, F.; LEANDRO, B.; REIS, H. On the fluid ball conjecture. Annals of
Global Analysis and Geometry, v. 60, p. 455468, 2021.

CHENG, X.; RIBEIRO JR, E.; ZHOU, D. Volume Growth Estimates for Ricci
Solitons and Quasi-Einstein Manifolds. Journal of Geometric Analysis, v. 32, n.
62, 2022.

CHENG, X.; ZHOU, D. Rigidity of four-dimensional gradient shrinking Ricci
solitons. Journal fiir die reine und angewandte Mathematik (Crelles
Journal), v. 2023, n. 802, p. 255-274, 2023.



[47]

[48]

[52]

[53]

106

DIOGENES, R. Métricas criticas do funcional volume, volume minimo e
curvatura minima em variedades de dimensao 4. 2015. Tese (Doutorado em
Matematica) - Centro de Ciéncias, Universidade Federal do Ceara, Fortaleza, 2015.

DIOGENES, R.; GADELHA, T. Compact quasi-Einstein manifolds with boundary.
Mathematische Nachrichten, v. 295, p. 1690-1708, 2022.

DIOGENES, R.;: PINHEIRO, N.: RIBEIRO JR, E. Integral and boundary
estimates for critical metrics of the volume functional. Aceito para
publicagao na Israel Journal of Mathematics. ArXiv:2207.12344 [math.DG], 2023.

DIOGENES, R.; GADELHA, T.; RIBEIRO JR, E. Geometry of Compact
quasi-Einstein Manifolds. Manuscripta Mathematica, v. 169, p. 167-183, 2022.

DIOGENES, R.; GADELHA, T.; RIBEIRO Jr, E. Remarks on quasi-Einstein
manifolds with boundary. Proceedings of the American Mathematical
Society, v. 150, p. 351-363, 2022.

FANG, Y.; YUAN, W. Brown-York mass and positive scalar curvature II: Besse’s
conjecture and related problems. Annals of Global Analysis and Geometry, v.
56, . 1, p. 1-15, 2019.

FELDMAN, M.; ILMANEN, T.; KNOPF, D. Rotationally symmetric shrinking and
expanding gradient Kahler-Ricci solitons. Journal of Differential Geometry, v.
65, n. 2, p. 169-209, 2003.

FERNANDEZ-LOPEZ, M.: GARCIA-RIO, E. On gradient Ricci solitons with
constant scalar curvature. Proceedings of the American Mathematical
Society, v. 144, n. 1, p. 369-378, 2016.

FERNANDEZ-LOPEZ, M.; GARCIA-RIO, E. A remark on compact Ricci solitons.
Mathematische Annalen, v. 340, p. 893-896, 2008.

FREITAS, A. New gap results on n-dimensional static manifolds. Mathematische
Nachrichten, v. 294, n. 9, p. 1715-1723, 2021.

GADELHA, T. Variedades quasi-Einstein compactas com bordo. 2021. Tese
(Doutorado em Matematica) - Centro de Ciéncias, Universidade Federal do Ceard,
Fortaleza, 2021.

GALLOWAY, G. J. A note on the fundamental group of a compact minimal
hypersurface. Pacific Journal of Mathematics, v. 126, n. 2, p. 243-—251, 1987.

GE, J.; TANG, Z. Geometry of isoparametric hypersurfaces in Riemannian
manifolds. Asian Journal of Mathematics, v. 18, n. 1, p. 117-126, 2014.



[54]

[55]

[58]

[59]

107

GE, J.; TANG, Z. Isoparametric functions and exotic spheres. Journal fiir die
reine und angewandte Mathematik (Crelle’s Journal), v. 2013, n. 683, p.
161-180, 2013.

GIBBONS, G. W.; HARTNOLL, S. A.; POPE, C. N. Bohm and Einstein-Sasaki
metrics, black holes, and cosmological event horizons. Physical Review D, v. 67,
n. 8, 2003.

HAMILTON, R. The formation of singularities in the Ricci flow. Surveys in
Differential Geometry, v. 2, p. 7-136, 1995.

HANG, F.; WANG, X. Vanishing sectional curvature on the boundary and a
conjecture of Schroeder and Strake. Pacific Journal of Mathematics, v. 232, n.
2, p. 283--287, 2007.

HAWKING, S. W.; ELLIS, G. F. R. The large scale structure of spacetime.
Cambridge: Cambridge University Press, 1973.

HE, C.; PETERSEN, P.; WYLIE, W. On the classification of warped product
Einstein metrics. Communications in Analysis and Geometry. v. 20, n. 2, p.
271-311, 2012.

HE, C.; PETERSEN, P.; WYLIE, W. Warped product Einstein metrics over spaces
with constant scalar curvature. Asian Journal of Mathematics, v. 18, n. 1, p.
159-190, 2014.

HIJAZI, O.; MONTIEL, S.; RAULOT, S. Uniqueness of the de Sitter space-time
among static vacua with positive cosmological constant. Annals of Global
Analysis and Geometry, v. 47, p. 167-178, 2015.

IVEY, T. New examples of complete Ricci solitons. Proceedings of the
American Mathematical Society, v. 122, n. 1, p. 241-245, 1994.

KHURI, M.; WOOLGAR, E.; WYLIE, W. New restrictions on the topology of
extreme black holes. Letters in Mathematical Physics, v. 109, p. 661—673,
2019.

KIM, D. -S.; KIM, Y. H. Compact Einstein warped product spaces with nonpositive
scalar curvature. Proceedings of the American Mathematical Society, v. 131,
n. 8, p. 2573-2576, 2003.

KOBAYASHI, O. A differential equation arising from scalar curvature function.
Journal of the Mathematical Society of Japan, v. 34, n. 4, p. 665-75, 1982.

KOBAYASHI, O.; OBATA, M. Conformally-flatness and static space-time. In:
HANO, J. and MORIMOTO, A. and MURAKAMI, S. and OKAMOTO, K. and



[67]

[68]

[69]

[74]

[75]

[76]

108

OZEKI, H. (Org.). Manifolds and Lie Groups. Progress in Mathematics, v. 14.
Boston, MA: Birkh"auser, 1981. p. 197-206.

KWONG, K.; MIAO, P. A functional inequality on the boundary of static
manifolds. Asian Journal of Mathematics, v. 21, n. 4, p. 687-696, 2017.

LAFONTAINE, J. Sur la géomérie d'une généralisation de I’équation différentielle
d’Obata. Journal de Mathématiques Pures et Appliquées, v. 62, p. 63-—72,
1983.

LEANDRO, B.; PINA, H.; RIBEIRO JR, E. Volume growth for geodesic balls of
static vacuum space on 3-manifolds. Annali di Matematica Pura ed Applicata,
v. 199, p. 863-873, 2020.

LOHKAMP, J. The higher dimensional positive mass theorem II.
ArXiv:1612.07505 [math.DG], 2016.

LU, H; PAGE, D.; POPE, C. New inhomogeneous Einstein metrics on sphere
bundles over Einstein-Kéahler manifolds. Physics Letters B, v. 593, p. 218-226,
2004.

MARTIN, D.; VISSER, M. Algorithmic construction of static perfect fluid spheres.
Physical Review D, v. 69, n. 10, p. 104028, 2004.

MASOOD-UL-ALAM, A. K. M. On spherical symmetry of static perfect fluid
spacetimes and the positive-mass theorem. Classical and Quantum Gravity, v.
4, n. 3, p. 625-633, 1987.

MASTROLIA, P.; RIMOLDI, M. Some triviality results for quasi-Einstein manifolds
and Einstein warped products. Geometriae Dedicata, v. 169, p. 225-237, 2014.

MAZZEO, R.; PACARD, F. Foliations by constant mean curvature tubes.
Communications in Analysis and Geometry, v. 13, n. 4, p. 633-670, 2005.

MIAOQO, P.; TAM, L. -F. Einstein and conformally flat critical metrics of the volume
functional. Transactions of the American Mathematical Society, v. 363, n. 6,
p. 2907-2937, 2011.

MIAO, P.; TAM, L. -F.; XIE, N. -Q. Critical points of Wang-Yau quasi-local energy.
Annales Henri Poincaré, v. 12, n. 5, p. 987—1017, 2011.

MIAO, P.; Tam, L. -F. On the volume functional of compact manifolds with
boundary with constant scalar curvature. Calculus of Variations and Partial
Differential Equations, v. 36, p. 141-171, 2009.

MIYAOKA, R. Transnormal functions on a Riemannian manifold. Differential
Geometry and its Applications, v. 31, p. 130-139, 2013.



[33]

[84]

[92]

[93]

109

MORREY, C. B. Multiple Integrals in the Calculus of Variations. Berlin:
Springer-Verlag, 1996.

MUNKRES, J. Topology. 2% ed. England: Prentice Hall, Inc., 2000.

NABER, A. Noncompact shrinking four solitons with nonnegative curvature.
Journal fiir die reine und angewandte Mathematik (Crelle’s Journal), v.
2010, n. 645, p. 125-153, 2010.

NI, L.; WALLACH, N. On a classification of gradient shrinking solitons.
Mathematical Research Letters, v. 15, n. 5, p. 941-955, 2008.

OLIYNYK, T. Future stability of the FLRW fluid solutions in the presence of a
positive cosmological constant. Communications in Mathematical Physics, v.
346, p. 293-312, 2016.

O’NEILL, B. Semi-Riemannian Geometry with Applications to Relativity.
Cambridge: Cambridge Academic Press, 1983.

PERELMAN, G. Ricci flow with surgery on three manifolds,
ArXiv:math/0303109 [math.DG], 2003.

PETERSEN, P.; WYLIE, W. Rigidity of gradient Ricci solitons. Pacific Journal
of Mathematics, v. 241, p. 329-345, 2009.

QIAN, Z. Estimates for weighted volumes and applications. Quarterly Journal of
Mathematics, v. 48, n. 2, p. 235-242, 1997.

QING, J.; YUAN, W. A note on vacuum static spaces and related problems.
Journal of Geometry and Physics, v. 74 (2013) 18-27.

QING, J.; YUAN, W. On scalar curvature rigidity of vacuum static spaces.
Mathematische Annalen 365 no. 3-4 (2016) 1257-1277.

QIU, G.; XIA, C. A generalization of Reilly’s formula and its applications to a new
Heintze-Karcher type inequality. International Mathematics Research
Notices, v. 2015, n. 17, p. 7608-7619, 2015.

REILLY, R. Applications of the Hessian operator in a Riemannian manifold.
Indiana University Mathematics Journal, v. 26, n. 3, p. 459472, 1977.

REILLY, R. C. Geometric applications of the solvability of Neumann problems on a
Riemannian manifold. Archive for Rational Mechanics and Analysis, v. 75, n.
1, p. 23-29, 1980.



[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]

110

RIBEIRO JR, E.; TENENBLAT, K. Noncompact quasi-Einstein manifolds
conformal to a Euclidean space. Mathematische Nachrichten, v. 294, p. 132-144,
2021.

RIMOLDI, M. A remark on Einstein warped products. Pacific Journal of
Mathematics 252 (2011) 207-218.

RIMOLDI, M. Rigidity results for Lichnerowicz Bakry-Emery Ricci
tensors. 2011. Tese (Doutorado em Matemaética) - Universita degli Studi di Milano,
Milao, 2011.

ROS, A. Compact hypersurfaces with constant higher order mean curvatures.
Revista Matematica Iberoamericana, v. 3, n. 3, p. 447-453, 1987.

SCHOEN, R.; YAU, S. -T. On the proof of positive mass conjecture in general
relativity. Communications in Mathematical Physics, v. 65, p. 45-76, 1979.

SCHOEN, R.; YAU, S. -T. Proof of the positive mass theorem II.
Communications in Mathematical Physics, v. 79, p. 231—260, 1981.

SCHOEN, R.; YAU, S. -T. Positive scalar curvature and minimal hypersurface
singularities. Surveys in Differential Geometry, v. 24, p. 441-480, 2021.

SHEN, Y. A note on Fischer—-Marsden’s conjecture. Proceedings of the
American Mathematical Society, v. 125, n. 3, p. 901-905, 1997.

SHI, Y.; TAM, L. -F. Positive mass theorem and the boundary behaviors of
compact manifolds with nonnegative scalar curvature. J. Differential Geom., v.
62, n. 1, p. 79—125, 2002.

SANTOS, J. P.; LEANDRO, B. Reduction of the n-dimensional static vacuum
Einstein equation and generalized Schwarzschild solutions. Journal of
Mathematical Analysis and Applications, v. 469, n. 2, p. 882-896, 2019.

PRINCETON UNIVERSITY PRESS. The Collected Papers of Albert Einstein.
Digital Einstein Papers Home. Disponivel em:
https://einsteinpapers.press.princeton.edu/. Acesso em: 24 de maio de
2023.

WALD, R. M. General Relativity. Chicago, IL.: The University of Chicago Press,
1984.

WANG, L. On noncompact 7-quasi-Einstein metrics. Pacific Journal of
Mathematics, v. 254, p. 449-464, 2011.

WANG, Q. M. Isoparametric functions on Riemannian manifolds. I.
Mathematische Annalen, v. 277, n. 4, p. 639-646, 1987.



[108]

[109]

[110]

[111]

112]

[113]

[114]

[115]

[116]

111

WEI, G.; WYLIE, W. Comparison geometry for the Bakry-Emery Ricci tensor.
Journal of Differential Geometry, v. 83, p. 337-405, 20009.

WEI, G.; WYLIE, W. Comparison geometry for the smooth metric measure spaces.
Proceedings of the 4th International Congress of Chinese
Mathematicians, v. 2, p. 191-202, 2007.

WYLIE, W. Rigidity of compact static near-horizon geometries with negative
cosmological constant. Letters in Mathematical Physics, v. 113, n. 29, 2023.

WYLIE, W. Complete shrinking Ricci solitons have finite fundamental group.
Proceedings of the American Mathematical Society, v. 136, n. 5, p.
1803-1806, 2008.

WYMAN, M. Radially Symmetric Distributions of Matter. Physical Review, v.
75, n. 12, 1949.

XIA, C. A Minkowski type inequality in space forms. Calculus of Variations and
Partial Differential Equations, v. 55, n. 96, p. 55-96, 2016.

YANO, K. Integral Formulas in Riemannian Geometry. New York: Dekker,
1970.

YUAN, W. Brown-York mass and positive scalar curvature I - First eigenvalue
problem and its applications. Proceedings of the American Mathematical
Society, v. 151, p. 313-326, 2023.

YUAN, W. Volume comparison with respect to scalar curvature. Analysis &
Partial Differential Equations, v. 16, n. 1, p. 1-34, 2023.



	Compact static perfect fluid space-times and quasi-Einstein manifolds with boundary

