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ABSTRACT

We consider translators to the extrinsic flow defined by S* in R x;,P" or in P" x, R, where §
is the extrinsic scalar curvature, o € {1/2,1}, and n > 3. We show that there exist rotational
bowl-type and translating catenoid-type translators in I’ X, R. In our main existence results
we exhibit a one-parameter family of explicit solutions when & = 1/2 in P x, R when P is
Hadamard complete manifold with a rotationally symmetric metric. We discuss the variational
nature of solitons, we find a one-parameter family of null scalar curvature hypersurfaces when
[P x , R is Einstein, we use maximum principle to show that if a translating soliton is contained
in a slab in I X, [P and it is parabolic with respect to the L map then it is contained in a leaf
Py = {s} x P and that if P x, R has constant sectional curvature and a translating soliton is

parabolic with respect to Ly map then it is not bounded from above.

Keywords: scalar curvature flow; translator; maximum principle.



RESUMO

Consideramos translators ao fluxo extrinseco definido por S* em R x;, P ou em P" x , R, onde
S é a curvatura escalar extrinseca, a € {1/2,1} e n > 3. Mostramos que existem bowl-solitons
rotacionais e translators tipo catenoide em [P <, R. Em nosso principal resultado de existéncia
exibimos uma familia a um pardmetro de solugdes explicitas quando &t = 1/2 em IP x , R quando
P € uma variedade de Hadamard com uma métrica rotacionalmente simétrica. Discutimos a
natureza variacional dos solitons, encontramos uma familia a um parametro de hipersuperficies
de curvatura escalar nula quando P x , R € Einstein, usamos o principio do maximo para mostrar
que se um soliton da curvatura escalar estd contido em um slab em 7 X, P e € parabdlico com
respeito ao operador L entdo ele estd contido em uma folha Py = {s} x P e que se P’ X, R possui
curvatura seccional constante e um soliton pela curvatura escalar € parabdlico com respeito ao

operador L; entdo ele ndo ¢ limitado por cima.

Palavras-chave: fluxo pela curvatura escalar; translator; principio do maximo.
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1 INTRODUCTION

We consider product manifolds M"+! = I x P where I is an open interval in R and
(P, o) is a n-dimensional complete Riemannian manifold. In most cases, I =R or I = (0, +o0).
We suppose that the Riemannian metric g in M is a warped metric with one of the following

forms: either

g=ds*+h*(s)o (1.1
or
5=y’ + o, (1.2)

for some smooth positive functions 2 : I — R and x : P — R. Here, s is the natural coordinate in
the factor 7 of the product M. The vector field X = h(s)d is a (closed) conformal vector field
in the case of the warped metric (1.1) with |X| = h. In the particular case when # is constant,
X 1s a parallel vector field. In the case of the warped structure defined in (1.2) the vector field
X = dy is a Killing vector field with norm given by |X| = x. If x is constant, X is a parallel
vector field. We indicate the cases (1.1) and (1.2) by M =1 x;, P and M = P x x I, respectively.
This geometric setting encompasses space forms as R"*! and H"*! (k) as well as Riemannian
products as H" (k) x R among other examples.

The main results in this paper concern existence and uniqueness of hypersurfaces
M immersed into M which are initial conditions to self-similar solutions of the extrinsic scalar
curvature flow. This geometric flow is defined as a one-parameter family of hypersurfaces

W [0,*) x M — M, for some t* > 0, satisfying
(%)t = SN. (1.3)

The speed of this flow is a power (@ = 1 or o = 1/2) of the second elementary symmetric

function of the Weingarten map A of ¥, (M) = {¥(¢,x) : x € M}, that is, the function

S= Z.ﬂti(A)lj(A). (1.4)
i<j

The Weingarten map A is computed with respect to the unit normal vector field N = Ny, (m) 1In

(1.3) which defines an orientation for ¥,(M), for each r € [0,7*). The principal curvatures A;(A)

in (1.4) are, by definition, the eigenvalues of A. Note that the left-hand side in (1.3) involves only

the orthogonal projection of the variational vector field d;'¥ onto the normal bundle. This means
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that the flow is defined up to local tangential diffeomorphisms in M. Fixed local coordinates in
M, the flow (1.3) is described in terms of a fully nonlinear parabolic equation as described in
Section 2.3. In Section 2.4, one proves that the condition of self-similarity has the following

infinitesimal expression:
c
I _gon + Efng =cQg. (1.5)

The coefficient ¢ in the right-hand side is given by the divergence of the conformal vector field
X = h(s)dy; more precisely, (n+ 1)@ = divg X. In the Killing case, ¢ = 0. Taking traces in (1.5)

one obtains the scalar curvature soliton equation
S§% = c(X,N), (1.6)

where c is a constant related to the ratio between the parameters s of the flow of X and the
time parameter in (1.3). We take (1.6) as the scalar curvature soliton equation in both warped
structures, that is, either if X is a closed conformal vector field or a Killing vector field. If
o = 1/2 this soliton equation is invariant by a re-scale of the metric. In Section 2.2, we establish
the variational nature of the equation (1.6) when M has a warped metric of the form (1.1).

Our main existence results are obtained under the assumption that [P is a Hadamard

manifold with a rotationally invariant metric
6 =dr* +E2(r)ggi (1.7)

and that ¥ = x(r), where r is the Riemannian distance in P from some pole 0 € P. Some
structural assumptions concerning the behavior of the warping functions  and & are required to
establish the existence of complete examples, namely
— Main assumption 1. either J is a positive constant (that could be fixed as 1 up to some
rescaling in 1) or y(r) — +o0 as r — oo;
— Main assumption 2. The scalar curvature r — S(r) of geodesic cylinders with radii
r € (0,4o0) is a decreasing function that converges to some finite value S. as r — oo.
Besides this, by assuming that the metrics in P and M we are supposing tacitly that the warping

functions satisfy

§0)=0, &'(0)=1 and &*Y(0)=0

x(0)=1, x'(0)=0 and &V (0)=0.
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In this setting, we have proved the existence of one-parameter families of scalar curvature flow

solitons as described in the following statement.

Theorem 1. Let P, n > 3, be a Hadamard manifold with a rotationally invariant metric 6 and
suppose that ¥ depends only on the distance in P from a fixed pole o € P. We also suppose that
the main assumptions on ) and & are in force.
Fixed c and o € {1/2,1}, there exists a one-parameter family of rotationally invari-
ant scalar curvature flow solitons 6, o c, in M=Px x I described as follows:
— if Cy = 0 the soliton 6, o c, is a rotationally invariant graph over IP. We refer to it a bowl
soliton;
— if Cy < 0 the soliton €, o c, is defined for r > r(Co) where the radius r(Cy) depends on C,.
This soliton contains a geodesic sphere of P along which its normal is perpendicular to X.
We refer to them as translating catenoids;
— if Co > 0 the soliton €, 4 c, is defined for r > r(Co) where the radius r(Cy) depends on C,.
This soliton contains a geodesic sphere of P along which is singular in the sense that its

normal is parallel to X along this sphere.

The proof of these results is presented in sections 3 and 4. In Section 2 we establish
the notion of self-similar solution for the scalar curvature flow. This motivates the definition
of the scalar curvature flow solitons whose precise definition and fundamental equations are
discussed in sections 2.3 and 2.4. Some basic geometric and analytical facts on extrinsic scalar
curvature are established in Section 2.1 as well as some comments about the variational nature of
solitons as critical points of a second-order geometric functional. In order to obtain the existence
results above we model scalar curvature flow solitons as graphs of rotationally invariant functions
that satisfy a set of differential equations which are deduced and discussed in Section 3. Finally,
in Section 5 we apply suitable variants of the maximum principle to the linearized equations of
solitons obtaining some uniqueness as well as non-existence results.

Mean curvature flow solitons have being a major topic of research with a massive
body of papers devoted to it. We refer the reder to the encyclopedic approach to the subject in (AN-
DREWS et al., 2022). The study of solitons for extrinsic non-linear geometric flows is relatively
more recent and some references which were fundamental for our contributions here are (SANTA-
ELLA, 2022), (RENGASWAMI, 2021. Diponivel em https://arxiv.org/abs/2109.10456. Acesso
em 12 dez. 2022), (LIMA; PIPOLI, 2022. Disponivel em https://arxiv.org/abs/2211.03918.

Acesso em 12 dez. 2022). The main analytical tools in this paper are based on the foundational
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works (REILLY, 1973), (ROSENBERG, 1993), (HOUNIE; LEITE, 1999b), (HOUNIE; LEITE,
1995), (HOUNIE; LEITE, 1999a), (PIGOLA et al., 2005) and (ALIAS ez al., 2016).
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2 PRELIMINARIES
2.1 Variational formulae

Let M be a n-dimensional Riemannian manifold whose Riemannian metric we denote
by g. In what follows we consider an isometric immersion W : M — M of M into a Riemannian
manifold M with metric §. Given € > 0, let ¥ : (—¢€,€) X M — M be a variation of W with
Y(0, -) = y and variational vector field

¥
—— =fN+T

dt li=0 f ’

for some function f € C*°(M) and a tangent vector field 7 along y. From now on, - indicates Lie
derivatives with respect to the parameter . Hence, denoting the local components of the metric

induced by ¥, = ¥(t, -) in M by g;; one computes

8ij = £5,8ij = —2fhij+ Vil +V,Ti,
———
=£78ij
where V and h;; are the Riemannian connection and the local components of the second funda-

mental form /7 in W, (M), respectively. We also have

g/ =2 —g" ¢/ (ViTy + ViTy)
—trgi

The expressions above are consistent with the parallelism of V. Indeed,

V5,8(01,0)) = £5,81— (V5,0:,9)) — (91, V5,9;)
= =2fhij+(V3,T,0j) + (9, Vy,T) = (Vo fN,9;) = (9;, V. fN) = (V5 T,9;) — (9, V5, T)

=0,

where (-, -) denotes the action of g on a pair of tangent vectors and V is the Riemannian connection

in (M, g). Note that our convention to the second fundamental form is that
hij=—(V3N.9;).

Now, the variation of the unit normal vector N along W¥; (M) is given at time 7 = O by
(VoN,0;) = —(V3,0i,N)y = —(V4.0;,N) = —(Vo.(fN+T),N) = —fi — (V,T,N).
Hence,

Vo N =—Vf—AT.
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We also compute

D=~ 2 (TaN.3)) = ~(9394N.9)) ~ (VaN.¥39)
= (V393N 05) — (R@LA0N. ) (T3, 95,0
= (V5,(VF +AT).3;) + (RN, 2;) ~ (TaN. o, (AN +T))
= (V3 V) + (V4AT,9;) + (R(9:, )N, ;) — f(VoN, Vo N) = (VoN,V,.T)

= fi.j — f(Ad;i,Ad}) + (R(0;,9/)N, ;) + (VAT,d;) + (A&,—,VajT>,

where f;.; are the local components of the Hessian of f in M. Therefore the covariant derivative
of the second fundamental form of ¥, (M) with respect to the variational vector field J; is given
by

d

(Vah)ij= 5 hij—(A(V5,0)),0;) = (Ad;,V3,9))
d
= iy (A(V2),35) — (A%, V5,9
d

= —hij = (V3 (fN),Ad;) — (A0, V5, (fN)) — (A(V5T),0;) — (Ad;, V), T)

= %hu + f(A(AD,),0;) + f(Ad;,Ad;) — (A(VyT),d;) — (A0, Vy,T)

= %hij +2f<Aai,Aaj> - <A(Vc9iT)7aj> - <Aai7vajT>'

We conclude that

hij = fi.j— f(Adi,Adj) + (R(9;, 0N, ;) + (V,AT, ;) + (Ad;, V. T)
+2f(Ad;,Ad;) — (A(VyT), ;) — (Ad;, V. T)
= fi:j+ [(Ad;,Ad)) + f(R(9;,N)N, ;) + ((V3A)T,d;) + (R(;, T)N, 9)).

Therefore

h,-j = fi.j+ f(A0;,Ad;) + f(R(di,N)N,9;) + ((V5A)T,0;) + (R(d;,T)N, d;) 2.1
Since covariant derivative and contractions commute, we conclude that

nH = trace(h) = Af +|A|*f +Ricy; (N,N) f + (divA, T) + Ric (T, N).

At this point, we use Codazzi equation

(V9A)9; = (V9,A)d; = R(9), 0;)N
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in its contracted version
—nH;+divA; = (R(d;,9;)N)' = —Ric(;,N),
to conclude that
nH = Af +|A]*f +Ricy (N,N)f + (V(nH),T). (2.2)
Moreover, denoting detg as the determinant of the metric, one has
—\/M = ——\/Eg gij = ——\/@(ngijh’j — g%giig’ (ViTy + ViTi))
= —% (2nHf — 2g’JV,~Tj) \/@ = (divyT —nHY) \/@.

The extrinsic scalar curvature S of ¥;(M) is the second elementary symmetric function of the

principal curvatures A; = A;(II) of \¥;, that is,

s=Y L. (2.3)
i<j

Note that

28 =n’H? — |A|?, (2.4)

where A is the Weingarten map of W, (M) whose components are defined by
h = g™ hy.

We use (2.4) in order to compute the first variation of the extrinsic scalar curvature. It is

convenient to rewrite this expression in terms of the tensor
PY =nHg' —h", (2.5)

whose (1, 1) metrically equivalent form is

P=nHI—-A, (2.6)
as
28 = (nHg" — h")h;; = Ph;; = trace(PA). (2.7)

In order to obtain the first variation of S we start computing the first derivative of the squared

norm of the Weingarten map as follows:

1d 1 1
2dt|A|2 —Val|A|2——Vatrace(A2) Wy

= h"(fij+ f(Ad,Ad)) + f(R(9:,N)N,0;) +((VaA)T, 9)) +(R(9;, T)N,9;)).
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On the other hand,
1d
EEnzH2 =nH (Af + |A]*f +Ricy (N,N) f +nfrH)

= nHg" (fi.;+ " hichjof + (R(9,N)N,0;) f + nHT;).
Therefore

1d L L L
S8 = (nHgH — ) fij+ (nH g — )¢ highof + (nHg'T — W) (R(2;, NN, 9y).

+ %(V(nsz —|A[%),T) — Wi (R(3;,T)N,3;).

In terms of the tensor P, one has

1d

2 dtS = Pijfi;j "‘Pijgkfhikhjﬁf"i‘Pij<R(8i7N)N7 9j)f
1 L.
+ §£T(n2H2 —|A]?) — W (R(;,T)N,d;).
Note that

¢ nyPh it = hfPJ’:hé = trace(APA) = trace(nHA2 —A3) =nH |A\2 — trace A3 (2.8)

We have

nH|A? = nH(IG 4 ... +k2) = k3 (ky + ...+ ko) . k2 (ke + ..+ ky)
Ty Sy ) TSRy ) NEERY ) SRR =

= trace A> + ki (kika + ...+ kiky) + ... +kn(knky 4 . ..+ knkn—1)

= trace A> + kiky (k1 + ko) + ...+ knky—1 (kn—1 + k)

= trace A3 +k1k2(l’lH — Z kg) +... —l—kn_lkn(nH — Z kg)
(12 (£n—1n
= traceA” +nHS -3 Z kik jky
i<j<t

Therefore
g hyPh o = trace(APA) = trace A’P = nHS — 355.

Now we compute

Plif.; = trace(PVV f) = (P f;).j — P fi = div(PV f) — (divP, V ). (2.9)
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The divergence of the operator P is computed as follows:

divP; = lef;k = nHk(S]k —I—I’lH(g)\;(;k — h_l;;k =nH;— (/’lllz;j + (R(8], 8k)N)k)

=nH; —nH; + (R(d,d;)N)* = Ricy(9;,N),
where we used again Codazzi equation
Wby — ik = (Va,A)9; — (Vo.A)d)" = (R(9;,90N)".
Replacing these expressions above one obtains

d ) .
ES =div(PVf)+ (nHS —3S3) f + (P,Ricy) f

— Ricyy (Vf,N)+ %fT(nsz —|A|?) — h(R(;,T)N,d;).
If M is a space form with sectional curvatures k one has
(R(0;,N)N,d;) = K((&i,6j><N,N) —(di,N)(9j,N)) = xgij
and
PY(R(;,N)N,d;) = xtrP = kx(n* —n)H.
Moreover
Ric;;(Vf,N) =0.

If M = I x P, is a Riemannian product (here, k indicates the constant sectional curvature of P

then

<R(ai7N)N7aj> = K(<alh7ajh> <NhaNh> - <alh7Nh><ajh7Nh>>

= K((gij - <ai7X><aj7X>)(1 - <N7X>2) - <aiaX><aj7X> <N7X>2)

K(1—(N,X)?)gi; — x(9:,X)(9;,X),

where / indicates the orthogonal projection onto the tangent space of P. Therefore

PY(R(9;,N)N,d;) = k(1 — (N,X)*)traceP — kP(X ' ,X ")

= (n* —n)Hx (1 — (N,X)?) —x(nH|X " —AXT,X ")),
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where the superscript | means the tangent component of the vector in ¥, (M). Moreover, if U is

a tangent vector field,

<R(ai7U)N7aj> = K(<8ih7aj;'l><Uh>Nh> - <alh’Nh><ajh7Uh>)

= K( - (gij - <aivX><aj7X>)<U7X><N7X> - <ai7X> <aj7X><X7N> <U7X>
+ <ai7X><aj7U><XaN>>

= —xg;j(U,X)(X,N)+x(d;,X)(d;,U)(X,N),
what implies that

Ricjz(U,N) = —(n—1)x(X,U)(X,N).
2.2 Variational formulation in the case of conformal vector fields

Throughout this section, we restrict ourselves to warped products of the form M =
I x;, P, that is, to the geometric setting for which X = h(s)d; is a closed conformal vector field.

In this case, one defines the function

f(s) = /Sh(f)df (2.10)
50

for some s € I and denote its restriction to y(M) by

n=foy. .11

Now we define geometric functionals whose critical points are scalar curvature flow solitons for

o = 1 accordingly to Definition (1.6).

Proposition 1. Let dM be the Riemannian element volume in M induced by the isometric

immersion ¥ : M — M. Given the mean curvature H of W we define the functionals

oy = /M nH dM

and

oy (Y] :/ nHe dM,
M
for some arbitrarily chosen constant ¢. Given a variation Y of W with variational vector field

at\Plt:O = fN7
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for some smooth function f with f|yy = 0, one has the following expressions for the first

variations of </ and </y:

5,52%[1//]-f:/M(—2S+RicM(N,N))fdM 2.12)
and

AT /M(—ZS+€<X,N> +Ricyy (N, N)) feldM (2.13)
respectively.

Proof. We have

d1etg % (nH+/detg) = (Af +|APf +Ricy (N,N)f +n€rH) +nH (divyT — nH f)

= (Af +divu(nHT)) + (JA]* — n*H? + Ricy(N,N)) f

= (Af +divy(nHT)) + (— 25+ Ricy (N,N)) f

Therefore

d .
E/MquM:/M(—zs+R1cM(zv,N))fdM+/aM<Vf+nHT,v>

and similarly (for normal variations, for simplicity)

d , _ , X

< / nHe M dM = / (=2S+&(Vn,N) +Ricyy (N, N)) feldM + / (V)T

dt Jm M oM

Since V1 = X, this finishes the proof. U

Now we compute the second variation formula for normal variations (i.e, with T =0

on M) with f|5,, = 0. Given a critical immersion of .27, at t = 0 we have

d? d _ \
- = - _ A o én
prl LIk /M |, (=25+2(Vn.N) +Ricy(N.N))) (o, N)edM
+/ (—25+5<W,N>+RiCM(N,N))i (9y,N)eM dM.

M 2 dt 1=0

-~

=0

However, the expressions deduced above yield (for T = 0)

d

7 LOS =div(PVf) + (nHS —3S3) f + (P,Ricy;) f — Ric;z(Vf,N).

Therefore, bearing in mind that ?n = X, one gets

TN = | ON) = (T X0N) (X T5N) = 00X N) (X, V)

dt
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where ¢ = divy; X. In the particular case of space forms we have
Ric;7(N,N) = nk

and

Ricy;(Vf,N) =0.

Moreover,

(P,Ricy;) = x(n* —n)H.

In this case we conclude that

d? .
a2 _ ¥l =2 /M F(div(PVF)+ (nHS —3S83) f + k(n* — n)Hf) dM (2.14)
and

d? ' A X

22| vl ¥] :/M(—Z(le(PVf)—c(X,Vf>+(nHS—3S3)f+ k(n> —n)Hf)

+éo <X,N)> FeMam.

In Section (5.1) we deduce a flux formula that can be regarded as a conservation law
due to the invariance of the functional .7 with respect to the flow of X in the case when it is a

parallel vector field.

2.3 Scalar curvature flow solitons

Now we consider the variation of a given isometric immersion vy : M" — M"+!
defined by the geometric flow whose speed is a function F of the Weingarten map (more

precisely, of its principal values) given by
F(h;j) = F(x) =S%, (2.15)

for ¢ € {1/2,1} and k the principal curvatures of the Weingarten map whose components are

h;j. This means that

a5 = S*N. (2.16)

Fixed a closed conformal or Killing vector field X on M, let @ : (Q.,Q*) x M — M denotes the
flow generated by X defined in the maximal interval (Q,,Q*). Let s be the flow parameter in ®

and define

Y, (x) =¥(t,x) =D ' (6(t),¥:(x)), xEM, (2.17)



21

where 0 : (s, ®*) — (., Q") is a reparametrization of the flow lines of X of the form
s=o(1).

Equivalently we can write

W(t,x) = ®(0(r), B(t,x)), (1,x) € (@, 0") x M. (2.18)

Definition 1. Ler M"t! be a Riemannian manifold endowed with a closed conformal or Killing
vector field X € T(TM). Given an m-dimensional Riemannian manifold M™, we say that a
scalar curvature flow ¥ : (., ®*) x M — M is self-similar if there exists an isometric immersion

W : M — M and a reparametrization o : (@, @*) — (Qs,Q*) of the flow lines of X such that
¥ (M) = @) (W(M)), (2.19)

forallt € (0., ®%), where @ : (Q.,Q*) x M — M is the flow generated by X. In other terms,
W, (M) = y(M), forall t € (o, ®").

Remark 1. Although Definition 1 does not require in principle any special properties of X, we

will restrict ourselves to closed conformal vector and Killing fields.

Recall that X is said to be conformal if the conformal Killing equation
x8 =208 (2.20)

holds, where

1
+1

0= divy X. (2.21)
n

It turns out that each map ®; = ®(s,-) : M — M, s € (Q.,Q*), is conformal in the sense that

there exists a smooth positive function A : (Q,, Q*) x M — R such that

D;glc = A%(5,%) glx (2.22)
for all x € M. It follows from (2.20) that

O(D(s,x)) = A(s,x) d5A(s,x), (2.23)

for all (s,x) € (Q4,Q*) x M. We suppose that there are no singular points of X in M by replacing

M with a proper open subset of it, if necessary. Let IP be a fixed integral leaf of the distribution
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orthogonal to X. It is convenient to parameterize the flow ® by fixing initial conditions on P,
that is, we consider @ : (Q,,Q*) x P — M as a global chart of M. Having fixed this map, the
integral leaves [Py := ®g(IP) are identified with the slices {s} X P, s € (., Q).

We then consider the particular case when the conformal factor depends only on the
flow parameter, that is, A = A (s). In this case, each leaf IPs is homothetic to P. This particular

case corresponds to warped product spaces. More precisely, given the change of variables

¢ = [ IX()las.
we can describe M as a warped product I x; P with warped Riemannian metric given by
dg* +h%(¢) o,

where o is the metric in P and 4(g) = |X|(s(g)). In this case we have

X = h(g)o (2.24)
and
VuX = U, forall UcT(TM), (2.25)

with @ = /' in this case. This means that X is closed in the sense that the 1-form metrically
equivalent to X is closed.

For further reference, we mention that the principal curvatures of an integral leaf P
with respect to —X /|X| are given by ¢/|X| and its mean curvature is

o X

H(P(s,x)) = —n—— .
(B50) = =0 KT ooy

(2.26)

Proposition 2. Let ¥ : (0., ®*) x M — M be a self-similar scalar curvature flow with respect

to some vector field X € T(TM). Then for all t € (o, ©*) there exists a constant ¢, such that
C[X = C[lP[*T + SOZN7 (227)

where S is the extrinsic scalar curvature of ¥; = ¥(t,-) and T € T'(TM) is the pull-back by ¥;

of the tangential component of X. Moreover, if X is closed conformal or Killing then
c
I_son + 5 £78 = /P8, (2.28)

where g is the metric induced in M by ¥y, 11 _gay is its second fundamental form in the direction

of —S*N and @ is the divergence of X.
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Proof. Differentiating both sides in (2.18) with respect to t we obtain

d¥ oD do ~ d¥
dt 1) s (o) B(x) dt i q)"(t)*(lp(t’x))ﬁ (t.%)
do - d¥
= X(®0) G|+ Pt (PG| (229)

where @5 = ®(0,-). Since ¥ is a self-similar scalar curvature flow with respect to X, there
exists an isometric immersion y : M — M such that ¥(0, -) = y and ¥, (M) = y(M) for all

t € (@, ®*). This implies that

d¥
q)c(z)* (P(,x)) dr

€ Ty(; Vi (M).

(%)

We conclude that for all 7 € (o., ®*) the tangential component of ‘fi—‘t’X onto ¥, (M) is given by

. d¥

= B (Pla.0)

X7 (w(1,2) %

(%)

where the superscript T denotes tangential projection. We note that the expression

N
VT (t,x) = _Cba(t)* (P(t,x)—-

I (2.30)

()
defines a vector field T'(¢,-) € T'(TM), for each ¢ € (@, ®*), where ¢; = 9°| . We conclude from

dt It
(2.29) that
S*N|g (v = X (P(1,x)) — ¢ VpT (1, %). (2.31)
Then, we rewrite (2.31) in the form
ciX|w, = ;Ui T +S*N|w, (2.32)

where T;(x) = T'(z,x). Note that (2.32) holds in both cases, namely of conformal and Killing
vector fields.
Next, for a fixed ¢, one denotes by g; and V, respectively, the induced metric and

connection of the immersion ;. Hence, it follows from (2.32) that
Vo uX =Y. VyT +¢;(Vy, gy P.T)t + Vg ySN. (2.33)
Taking the normal projection in both sides one has

e (VyuX)™ = ¢, (Vy,uyWuT) " + Vg SEN.
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If X is closed and conformal we have from (2.25) that

Vy.uX = WU, forall UcT(TM), (2.34)
which yields

(Vi WT)" + Vg yS*N =0,

that is,

¢ 11(T,U) + Vg _y;S*N = 0. (2.35)

Next, denoting by I/_gay the second fundamental form of W, in the opposite direction of the

vector field S*N, one deduces from (2.20), that is, from the fact that X is conformal,

2¢,0 (WU, WPV = c; (Vg y X, ¥.V) +c; (WU, Vg y X)
=c(VyT,V) 4+ (U,VyT) + (Vg yS*N,P.V) + (¥, U, Vg, yS*N)

= £7g(U, V) +21_san(U,V),

where we have omitted the subscript ¢ for the sake of brevity. We then have proved that in the

case when X is closed conformal ¥, satisfies the soliton equation

Ct
I _gapn + §£Tg =cQg. (2.36)
In the case when X is a Killing vector field expression (2.34) is replaced by
Vg, uX = —(P.U,X)Vlogy + (Vlogx, ¥.U)X, (2.37)
where x = |X|. Hence, it follows from (2.33) that

¢/(Vo,yP.T) " + Vg SN = —¢,(P.U, X))V logx + ¢ (Viog x, W, U)X+

= —¢,(¥,.U,X)V*logy + (Vlogx, W.U)S*N.
Moreover, combining (2.33) and (2.37) one has

21 _san(U,V) +cifrg(U,V) = c; (Vg yX, V. V) + ¢ (Vg y X, P.U)
= —(W.U,X)(Vlogx,¥.V) + (Vlogx, ¥.U) (X, P.V)
—(P,V,X)(Vlogy,¥.U) + (Vlog x,¥..V)(X,¥,U) = 0.

Since the Killing equation implies that X is divergence-free when it is a Killing vector field, this

completes the proof of Proposition 2. U
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2.4 Scalar curvature flow solitons in warped products
Motivated by the above geometric setting, we define a general notion of scalar

curvature flow soliton with respect to a given vector field X € I'(TM) as follows.

Definition 2. An isometric immersion v : M"* — M"t! is a scalar curvature flow soliton with

respect to X € U(TM) if
c(X,N)=S* (2.38)
along y for o =1 or o = 1/2 and some constant ¢ € R.

With a slight abuse of notation, we also say that the hypersurface y (M) itself is the
scalar curvature flow soliton (with respect to the vector field X).

We observe that in case X is a either a closed conformal or a Killing vector field
on M, equation (2.38) is enough to deduce the following important consequences that we have

considered in Proposition 2 in the context of extrinsic geometric flows.

Proposition 3. Let v : M" — M"*! be a scalar curvature flow soliton with respect to a closed

conformal or Killing vector field X € T(TM). Then along W we have
c
I _gay + Eng =cQg, (2.39)

where g is the metric induced in M by Y and 11_say is its second fundamental form of y in the

direction of —S*N. Here the vector field T is defined by w,T =X and

¢ = divj; Xoy. (2.40)

n+1

Furthermore, if X is a closed conformal vector field then
(VS* N +clII(T, ) =0, (2.41)

where 11 is the second fundamental tensor of ¥ and V is the Riemannian connection in M

induced by y. If X is a Killing vector field then

(VS* NN +cII(T, ) = —c(T, )V+log x + (Vlogx, - )S®N. (2.42)

Proof. Using (2.38) by a direct computation we have for any tangent vector fields U,V € T'(TM)
(VX V) 4 (Vv X, yil)

= (Vo VT, W.V) + c(Vy v W T, W U) + (Vyu SN, W.V) + (Vv S*N, y.U)
= c(VyT, V) +c(VyT,U) 421 _san(U,V).
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On the other hand, if X is a closed conformal vector field it holds that
(Vv X, WiV) +c(Vyv X, yU) = 2c0g(U,V).
If X is a Killing field it follows from (2.37) that
(Vv X, ¥iV) +c(VyvX,yU) =0.
In any case one concludes that
c
I _gay + Eng = cQg,

where @ is (up to some multiplicative constant) the divergence of X. Now, if X is closed

conformal, using (2.25) one has
0=clowU)" =c(VyuX)" = c(Vyu )" +c(VyuXH)*
=cII(T,U) + (Vy,u (S*N)t = cII(T,U) + (VS*,U)N.
If X 1s a Killing vector field, one gets

—c(W.U,X)V  log x + (Vog 2, WuU)SEN = e(Vy,uX)* = e(Vyu yuT) - +e(VyuX )

=clI(T,U) + (Vyu(S*N)* = cII(T,U) + (VS*,U)N.
what concludes the proof of Proposition 3. U

Example 1. In warped products of the form M = I X, P a leaf Py = {s} x P is an example of

scalar curvature flow soliton. Indeed its extrinsic scalar curvature is given by

n(n—1) 1?(s)

2 h(s)

S p—
On the other hand N = d; and
(X,N) = h(s).

Therefore P satisfies (1.6) for oo € {1/2,1} if and only if s = s., where s. is implicitly given by

h/Z(SC) B 201/ B
12 (s Coa(n—1) T

For some particular but relevant examples of warped products M = I x;, P we have totally

umbilical leaves which are scalar curvature flow solitons as follows:
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— ifH"™! =R x, R" for h(t) = €°, then the leaves Py are horospheres and Py, is a curvature
flow soliton if s = —atlog By ¢.as
— if H"! = (0, +00) x, S" for h(t) = sinhs, then the leaves P are geodesic spheres and PPy,
is a curvature flow soliton for ot =1 if s, = % +4/ % + [3,,70,1/2;
— if R"™ ! = (0,40) x;,S" for h(t) = s, then the leaves Py are geodesic spheres and Py, is a
curvature flow soliton if sc = (1/Bu.c.o) '/ 1/ %),
For further use, we define the soliton function by

—1
a(s) = "1 : )2 (s) — chit .
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3 SCALAR CURVATURE EQUATION IN WARPED PRODUCTS

In this section, we only consider the warped metric structure of the form (1.2), that is,
a product manifold M = IP x,, I, where (P, 0) is a n-dimensional complete Riemannian manifold,

endowed with a Riemannian metric of the form
g=yx’ds’+ o, (3.1)

where x : P — R is a smooth positive function and s is the natural coordinate in the factor R in
the product M. If x is constant, (M, g) is the Riemannian product of P and R and X = d, is a
parallel vector field. In general, X is a Killing vector field whose flow is given by a one-parameter
family of translations along its flow lines. In any case, the norm of X is given by the function ¥
in the expression of the metric (3.1). The leaves Py = {s} x P, for s € R, are totally geodesic

hypersurfaces in M as a consequence of the Killing equation
£Xg_ij = <68,X»aj> + <al76an> = 07

where V is the Riemannian connection in (M,g). Here, we are adopting local coordinates

x!,...,x" in P. Hence, d; are the coordinate vector fields and

8ij = g_(ai>aj) = <ai>aj>
denotes the local components of g in terms of those coordinates. Hence
Va0; =V49;, (3.2)

where V is the Riemannian connection induced in IP,. We also have

_ - 1
(VxX,9) = —(X,VyX) = —58,-%2- (3.3)
Therefore
S lo > 1o »
VxX = _va = _EVX . 3.4

This also implies that

_ B 1 2
VoX = T OixX . (3.5)
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3.1 Scalar curvature flow of graphs

Now, we resume our discussion about the extrinsic scalar curvature flow
(%)t = SON. (3.6)

In what follows, we rule out the effect to local diffeomorphisms in (3.6) by defining a non-

parametric formulation of the flow W, namely
W(t,x) = (x,u(t,x)), (3.7)

where u : [0,1*) x P — R is a one-parameter family of smooth functions u(z,-) defined in P. In

this formulation, the hypersurface ¥, (M) is the graph X, of the function u(z,-). Since

oY = 9+ diuX,

the induced metric in X; has local components given by

gij = Oyj + x> Odju, (3.8)

and its contravariant version has components

2
X i

ij ij
g]:cff—muu,

where u' = ¢'/9 ju are the components of the gradient Vu (for a fixed 7) and

W =1/1+x2|Vul?. 3.9
An orientation of X; could be fixed by the unit normal vector field

N= XLW(X—;CZW). (3.10)
In order to determine the second fundamental form of X;, we compute

Vowdi¥ = V.0i+u; jX +u;VyX +u;Vxd;+uu;VxX,

from what follows that

(Vowd¥,X) = x?u; j+ %uja,-xz - %ui(?sz

and

<?9ilp8j‘l’,952Vu> = xz<Vai8j,Vu) +uu (VxX, x*Vu)

1
= x2<Vai8j,Vu) — Eu,-uj<Vx2,952Vu>,
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where we used the expressions above for the covariant derivatives of the coordinate vector fields

in M. Therefore the components of the second fundamental form of X, are given by

_ 1 _
hij = (Vawd;¥,N) = X—W<Va,-\yaj‘1’,x — x*Vu)
X 1 2 2 %
_ X_W(uw <Vaiaj,Vu>) + W (uja,-x +ul~8jx ) 2%Wu,u]<vx Vu>
1
— %Mi;j —|— 2%—W (l/ljalxz + u,asz) + %uiMJ'(sz,VM%

where u;,; are the local components of the Hessian of u (for a fixed r) in P. We conclude that the

components of the Weingarten map are given by

2
i _ ik X ik 1 kN 2 ik 2 X
dj= 8"y = 38 s+ o (i kX" + ¢ mdix”) + 2%Wg ki j (Vo2 V).
Note that
2 2
1 .
g Mk = szuk_%u l/tkl/lk =u (1 %lqu) = mul
and
ik 2 2Ni X2 i 2
g = (") = yau (VI Vu).
Therefore
4 — X 1 N i X 2
ay = iy s+ 5 (w0 0) — iy (V2 V) )
11 x> 1
———u'd Vy? vV
+2%WW2 Jx +ZXWWZMMJ< x M)

Eliminating some terms one obtains the following expression for the components of the Weingar-
ten map in local coordinates

1
2xW3

. X 1
ay = 208 e+

—Z%Wuj(lz)i+ (X)), 3.11)

where the sacalar curvature is given by
i
a; a

5= X i~ L

i<j i<j| a; a

~ S~ L

3.1.1 Scalar curvature equation in terms of intrinsic operators

From the intrinsic point of view, the function u is the restriction of the coordinate s

to the graph X. Since

Vs=x 20 =x"



the (intrinsic) gradient of u : ¥ — R is given by

Viu= )C_ZXT,
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(3.12)

where V* denotes the Riemannian connection in (£,g) and T denotes the orthogonal projection

onto the tangent space of X at a given point. Hence,

The local components of VZu are given by

2

2
(Vu)' = gu; = 6'u;— %u’ujuj = u’(l — %\VuF)

2

Therefore

ul

VEu = g u;0,¥ = W&,‘P.
On the other hand

(X,0¥) = X,

what implies that

X" =x%6"u;0;'p,

that is,

X7 = 42V,

l
= —=Uu.
W2

(3.13)

verifying the expression 3.12 above. Now, we compute the intrinsic Hessian of u : £ — R. Using

3.12 one has

<V§H,V2u,8j‘1’) - %—2<v§iq,xT,aj\P> + i 2(X, ;%)
= X_2<68,-‘PX7 aJ\P> - <X7N> <vai‘PN7 aij> + aix_2<X7 aj‘P>

= x (ui(VxX, ;) +uj(VoX X)) + (X,NYhi; +u;x*0ix .

Hence, one obtains

1 _ _
<V§i\PV2u,8J~‘P> = E% 2(—14,'8]'%2—}—14]'81‘%2) + <X,N>hij—‘rl/tjx28ix 2

1 _
:_EX 2(u,—8jx2+uj8,-x2)+<X,N>hl-j.
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In sum, the Hessian of u =t|y in (¥, g) has components given by

<V3[‘PVE”7 Jj¥) = %hij - %%—2 (0% +u;0ix*) (3.14)
— Ly~ (w0 log 1+ u;dilog 7). (3.15)
Therefore
Avu = g1 (V5 VZu,0,%) = nH% —2(VEu, V¥ log ).
Moreover
2

A]> = ngkgj *hijhie
— gikgjﬁ (V%ivgju +u;djlogx +u;d;log x) <V§kV§[u + uxdplog x + ugdilog x)
= |VEVZu|? +2(VEy VZu,V=log x) + 2|V=ul* | V=1og x |* + 2(V=u, V=1og x ).
We conclude that
28 = 2214 = (At 2750, V5 2
=n ’ | —Xz( le[—i- < u, Og%>)
— |VEVE? = 2(VE, VEu, V=log x) —2|V=ul* | VElog x|* — 2(V=u, V= log x ). (3.16)

This expression shows that the scalar curvature flow soliton is a solution of a fully nonlinear

PDE of the form
F(u, VZu, VEV*u) = y(V=u),

where y encodes the expression involving (X, N).

3.2 Scalar curvature of rotationally invariant hypersurfaces

In this section, we consider the particular case when P is a Hadamard manifold and
its Riemannian metric o is rotationally invariant in the sense that there exists a pole o € P and
Gaussian global coordinates (r,0) € R x S"~! centered at o in terms of which & may be written

as
o =dr* +E%(r)d6>, (3.17)

where d6? is the standard metric in S"~! and & is a smooth positive function that extends

smoothly as r — 0" with

E(0)=0, &0)=1, £®0)=0
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for k € N. We also suppose that y = |X| depends (smoothly) only on r = distp(0,x), that is,
x(x) = 2 (r(x)) with
20)=1, 2'(0)=0, x**©0)=0
for k € N. Recall that we are assuming the validity of the main sctructural assumptions about ¥
and & as stated above.

In sum, the metric g in M = R x [P has a doubly warped structure described in terms
of the “cylindrical” coordinates (r, 0, 7) as
g=dr* +EX(r)d6> + x*(r)ds’.
Recall that X = d is Killing vector field (in fact, a parallel vector field if  is constant) with

!/
A S AU
T x(r)

and

VxX = —x(r)x'(r)o,.
Moreover we have
<vae,»X7X> = <689[X’ar> = <689,-Xa861> = O’

l
6@8, =0 and %gi o'?, = %8@.

A rotationally invariant hypersurface ¥ C M may be parameterized in clylindrical coordinates as
Y(1,0)=(r(1),0,s(1)).

Hence the tangent space at a given point at X is spanned by the coordinate vector field

;¥ = 79, + sy

and

dgi¥ = dyi|w,

where the superscript * denotes derivatives with respect to the parameter 7. The induced metric
in X has local components in terms of the coordinates (7,8',...,6"1) given by

gor = ¥+ 17 (r)§,

g1 =0,

gij = E*(r)6;;.
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An orientation for X is given by

1

N=—
xW

(_ %Z(r)s.ar‘k i'as)v
where

W = /i + x(r)s?.

Now we compute

_ d d i} i}
V&‘P(XWN) = __(xzs)ar+ %ras - %zjvar‘l‘ar + rvar‘{'af

art
d, ., d. e e o
- _E(xzs)ar—i_ Eras + (—x2S2V3s8r+r2Varas—|— }"SVaSas)
—_i 2, i _ 2.2 .2 x/(r) o /
=~ 00 Lot (=28 +7) 2 50— sy (02 (109,

from what follows that

x'(r)
x(r)
Therefore the component of the second fundamental form of ¥ in the direction of ;¥ is given

by

‘ d o aor do s
Vo (XWN) = ——(x°5)0, + s (= 2%s%)

iy /
e ds — sy (r)x (r)or.

_ 1/ d d
hee = —(VauN,00) = — (i (0%8) = i+ Py (07 (1) = (P = 22) (DX () ).

a4
Hence, we have
b d s, 2. d . 1,33
her = W <rds(x S)—X sdsr+)(x § ) (3.18)

Now we compute

!/
S, = = r
Vo, w(XWN) =V (= 2780, +1d;) = —x*sV; 0, = —pczs"S ( )ae,».

&(r)
Therefore
hei = —(Vy wN,dz) =0 (3.19)
and
<5 1, 8
= —(Vy )= ——x 252" :
hij=—(Vg,wN,0;) WX SE 8 (3.20)

Therefore the principal values of the Weingarten map

a .
b — gachcb
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of £ C M are given by

. 1 . d 2. 2 d 3.3
K = BT — W<r%(% )= A5 i+ 22 ) (3.21)
in o, direction, and
1 &)
= _XS )
W= E(r)

in any direction of S"~!. Therefore the extrinsic scalar curvature of X is given by

Ko (3.22)

S:(n—l)KrK9+<n_1)2(n_2)K§,
that is,

"(r —1)(n— 2(r
S:(n—l)%é((r))s(fj—f(xzs) x%s e r+x'x3s3) ( 1)2( 2)%;&2%28 (3.23)
Now, since
X.N) = Zr,

the soliton equation for o = 1/2, that is,
S=c*(X,N)?,

may be written as

d n—1)(n— r 2
(n— 1)‘;‘1742(()) < ds (X §) — X ds r+%’%3s3> ( 1)2( ) % 222((r)) Cz;xyz’ﬂ
1 "(r d d , n—1)(n=2) ,E?%(r )
(”_1)1:2“722((0)3.(’; l_s(lzj)—l s —r+X 95353) ( )2( )5222((’,)) =7 (3.24)

For ¢ = 1 the scalar curvature flow soliton is given by

r n—1(n— 2(y

> W2 s () —cWr.
(3.25)

3.2.1 First-order ODEs of rotationally invariant solitons

If we assume in the previous calculations that 7 is the arc-length parameter of the

profile curve
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of ¥, then
Pt =1,

that is, W = 1. Moreover, we can define a smooth determination of the angle ¢ between the

tangent to the curve ¢ at a given point and the coordinate direction d,. One has

cos ¢ = (idy+$d,0y) =T-.

In fact, one defines ¢ such that

=cosQ, (3.26)
x(r)s =sing. (3.27)

Hence one has

f%(lf) —XS'%f = cos® 9@ +sin” ¢ = ¢.

Therefore

’ %OCZS) ‘Xzs;%f + 1208 = 1 (N+ (N (NP5 + 2 (23 (1)
= x(N+x(NX ()P + 2257 = x(r)d + x(r)x (r)s

= x(r)¢+x'(r)sing.

Therefore

NG B (- )= 820
S=0=De ‘f"P*(( Demamn T 2 52<r>) 4

If it is the cylinder, ¢ = 7 /2, and by the above expression, the scalar curvature of the cylinder is

the term between brackets. We refer
§'(r) x'(r) Ln=D=2) £"”(r)
&(r) x(r) 2 &§2(r)

as the scalar curvature of the cylinder and S alone as the scalar curvature of M. Rewriting the

§(r) = (n—=1)

(3.28)

scalar curvature of M,

S=(n—1) i/((:)) singd +S(r)sin? g (3.29)

In general, the scalar curvature flow soliton for a € {1/2,1} is equivalent to the following

first-order systems of ODE:s:
(
= cos@

x(r)s =sin¢ (3.30)

x (n—1) %/((rr)) singd = ¢/ %y %(r)cos!/* ¢ — S(r)sin’ ¢
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Theorem 2. For each ry > 0 and sg € I there exists a rotationally invariant scalar curvature
soliton Lo . r, for a € {1/2,1} in M x4, I given by a graph of a function defined in M\B,(rg)
that meets M orthogonally along its boundary dB,(ro) C Py,.

For o = 1/2, the rotationally invariant hypersurface 6o pn ry = Lon,rg I Rsy(Zounrg)

where R : M — M is the reflection through Py, is a scalar curvature flow soliton

Proof. We denote by ¢ the solution of the system (3.30) for initial conditions

S

r(0)=rp>0, s(0)=0 and ¢)(O)=5,

with ¢(7) € [—m/2, /2] for T in some interval of the form [0, T..) or [0, +o0). It follows from

the third equation in the system that
$(0) <0

and therefore ¢ decreases for 7 > 0 close to 0. Note that ¢ does not attain the value 0 since
otherwise we would have x(r) = 0 for some r > 0. Indeed, if ¢(7) — 0 as T — 7, for some
T, > 0 one has 7 — 1 as T — 7,. Therefore, we can write s as a function of r for r close to

lim;_,7, r. Since

e (l(qs—%sim)coszwl '“2‘”5)

dr? P cos3P \ x ESI
N (60 b eos?
= gearte (O m00)

one concludes that

d?s 1 o
42~ Gy m o).

On the other hand the third equation in (3.30) implies that lim¢_,, ¢ is not finite. Hence, the
graph is not C? at r, = lim;_,;, . Hence, ¢ stays positive wherever it is defined. In particular,
it follows that there does not exists 7, > 0 such that ¢ () — —Z as T — 7. Similarly, we also

observe that if
Y[
o(t) — 5 and r(t) — 1y
as T — T, for some 7, > 0 and r, > O finite, then it follows from the third equation in (3.30) that

S0 im = —S(r) <0, limF=0

E(ry) ot T T

(n—1)
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and

lim # = — lim ¢ > 0.
T—Tx T—Tx

Therefore r = r, is either a strict local minimum of the map 7 +— r(7) or a vertical asymptote of
T — (r(7),s(7)) curve. In sum, if 7, is finite, r, is attained and the curve is in upward direction,
that is, ¢ (7) \, /2 since ¢ < 0 as T — T.. By continuity of ¢, it can happen only for T = 7,: in
fact, given two distinct minimum points it would exists a local maximum point with 7 =cos ¢ =0
and # = —sin¢¢ < 0 which contradicts the third equation in (3.30). Therefore, the tangent of
the curve can be vertical at most once and r,. > r is a global minimum, contradicting the choice
of the initial condition. Now, suppose that T, = oo. It follows that § > 0, that is, s is a function of

r for r € [rg, ry) with

ds s sin ¢
dr 7 _X(r)cosqb e
and

o(1) = —S(ry) <0

as T — +oo and r — r,. Hence ¢(7) > % for 7 large enough which contradicts the fact that
Z—f > 0 for large values of 7.

From this point on we also follow the ideas in the proofs of propositions 1 to 3 in
(LIMA; PIPOLI, 2022. Disponivel em https://arxiv.org/abs/2211.03918. Acesso em 12 dez.
2022). We denote

m(t) =sin? (7).

Using this function we rewrite the third equation in (3.30) as

E0) 1 v

(n—1) xl/“(r)(l—m)l/za—S(r)m

E(r) 2cos¢
Since
art B 1
dr  cos¢’

we conclude that the derivative of m with respect to r is given by

d_mzicl/a e, §(r) —m 7o 2 E&(r) A
dr n—1 X ( )5/(7‘) (1 ) n—lé/(l’)s( ) (3.31)
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Given ro > 0, let m,, be the solution of (3.31) with initial condition m,,(r9) = 1. This corresponds
to the solution of (3.30) with that ¢ (0) = /2 as we are considering above. Therefore, (3.31)
implies that m’,O(ro) < 0 what implies that m,, is decreasing for r > r( near ry. Suppose that
my, vanishes for some r| > ry. If this is the case, (3.31) implies that m’ro(rl) > (0 which is a
contradiction since m,,(r) would be negative for r < r| near r;. Hence m,,(r) > 0 for r > 0.

Suppose that there exists a critical point r, > ro of m,,. Hence,

o = e (e 2 Y -y - 2 (B )
(

_ 2 S0 (x*(em) (EEse)
n—1&'(r) x/o(r) g/((rr)) é?/((rr))s<r)

_ 2 é(r*) mlr i Xl/oc r)

_n—lﬁ’(r*)5< *) ( *)di’ r—r*10g< S(r) ) >0

where we used the fact that y is an increasing function and S(r) decreases with increasing r.
Hence, a critical point is also a strict minimum point. Therefore m’ro does not vanish at other
points besides r = r,. It follows that m, is increasing for r > r, wherever it is defined. Now,
suppose that there exists r, > r, such that m,(r2) = 1. This implies that m) (r2) < 0 what is
a contradiction since m’ro(r**) > 0 for r.« > ry and close to r,: indeed, as we have seen, there
are no points in r € (ry,r2) with mj (r) = 0. Therefore, m,,(r) is always strictly less than 1
for r > r, wherever it is defined. Hence, m,, can be defined for r € (r«,+oo) and therefore in
the interval (g, 4o). On the other hand, if there are no critical points of m,, in its interval of
definition, then m,, decreases with increasing r and does not attain the value 1. We conclude that
in this case m,, is defined for any r € (rg, +o0).

We conclude that the solution of (3.30) with initial conditions r(0) = rp,s(0) =0
and ¢(0) = 7 /2 is given by a graph defined for r € [rg, +o0) whose slope ¢ does not attain the
values 0 and +7/2 elsewhere. Moreover, ¢ decreases in [rg,+oo) if there are no critical points
for m,,,. In the case when there is (a unique) critical point r, > ry of m,,, the angle ¢ decreases
in [rp,r«) and is an increasing function in the interval (r.,+eo).

Moreover, the graph has a non zero asymptotic angle ¢.. implicitly given by ¢ — 0
as T — oo, that is, by

lim (cl/axl/a(r)(l —m)!/2@ —S(rym) =0.

T—r+o0
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In the case of Riemannian products (where y = 1) we have

/% lim (1—m)'/?* =§., lim m
T——+4o0 T—+o00

where S.. = lim,_, ;. S(r). For instance, in R"*! one has S.. = 0 and ¢, = T whereas in H" x R
one has S., = %(n —1)(n—2) and

cos/% ¢, 8w

sin? ., /@

In the case of non-trivial warped products with y(r) — 4o as r — +oo and finite S. one has

_a\1/2a
Mo gy U2 S,
T—foo m r—+eo y1/0(y)

Hence, m — 1 as T — 40 in this case, that is, ¢o, = %
It remains to prove that m,, is bounded away from 0. In order to get a lower bound

to m,, we observe from (3.31) that

2 &(n) dmy, 2 ya l/a@ o N\12a
_n_1§/<r)S(r)mro(r)§ - gn_lc X ‘g”(r)(l m)
for r > rg. In particular one deduces that
2 r
fogg (1) 2~ [ 1€ s(6)ds —tog (1 %) (1) ~log ()&% ()
where we used the fact that
2 &(n) x'(r) &§'(r)
— —=S(r)=-2 —(n—2 .
180 = TPy
Therefore
() > XDE0)
S a2 E ()
We also have
2 r
() < 236 [ 705 ds
for r > rg. By first and second equations in 3.30,
_sing _sing ing

§ cos s
By the third equation in (3.30) and knowing that ¢ — 0 and ¢ — /2 as r — oo,

sin ¢ 1o e\ Ve c
lim cl/“( ,) — §(r)sin® ¢ :o;»(?> = Seo = by = —

r—roo A oo Sg’
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where s’ — s/ as r — oo,

For oo = 1/2, let R be the reflection over a horizontal hyperplane M x {f} in M x R.
Suppose that X is a translator in M x R with unit normal v. Define £ = R(X) with unit normal
V = —R,v. Then X is a translator as well. In fact, S is invariant by change of orientation. This

and the fact that R is an isometry give that S of X at p coincides with S of ¥ at R(p). Therefore,
VSoR=+VS=1¢(v,d,) = c(R,V,R.9,) = ¢(V,9,),
which give us that X is a translator as well. This finishes the proof. U

Theorem 3. For each s, € I, there exists a rotationally invariant scalar curvature soliton €
for o€ {1/2,1} in M x4 I given by a graph of a function defined in Ps,. We refer to this entire
graph as a bowl soliton.

Moreover, for each ry > 0 there exists a rotationally invariant scalar curvature
soliton Lo r, for oo € {1/2,1} in M x I given by a graph of a function defined in M \ B,(ro) that
meets M tangencially along its boundary dB,(ro) C IP. The rotationally invariant hypersurface
Canro = ZoanrygIRsy(Zanr,) where Ry : M — M is the reflection throwgh Py, is a scalar

curvature flow soliton.

Proof. It is convenient to consider the angle y = 7 — ¢. Hence,
XS=cosy, F=siny (3.32)

Hence one has

};.i( .)_ .ir.'—_.
dg X X =Y

Therefore

d d 35 . PN U .
i) = 05 08 = = (N 2 (0K (s + 2 ()2 (1)s?
= —x (M +x ()X (1)$(F+ x257) = —x () + x (r)x (r)s

=—x(Ny+x'(r)cosy.

We conclude that

"(r "(r) x'(r n—1)(n— 2(r
S:—(n—l)i((r))cosl//l[/%—((n—l)é()X()+< Din=2)s ())coszy/.
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and

S=—(n—1) i/((:)) cos Y + S(r) cos? . (3.33)

In general, the scalar curvature flow soliton for o € {1/2,1} is equivalent to the following
first-order systems of ODE:s:

(
x(r)s =cosy

F=siny (3.34)

\ —(n— 1)%’((:)) cos Y = /%yl (p)sin/ %y — S(r) cos? yr
Denoting

2y(7)

m(T) = cos

one has from the third equation above that

dm: 2 mcl/a Ve (1 —m)l/2e — 2 &) Am
= 2 S 2 2 (3.39)

Consider the initial condition m(0) = 0 for (3.35). This corresponds to the solution of (3.34)

with that y(0) = 7 /2. Therefore, (3.35) implies that m’(0) > 0 what implies that m is increasing
for r > 0 near 0. Suppose that m(r;) = 1 for some r; > 0. If this is the case, (3.35) implies that
m'(r1) < 0 which is a contradiction since in this case we would have m(r) > 1 for r < ry near ry.

Hence m(r) < 1 for r > 0. Suppose that there exists a critical point r, > 0 of m. Hence,

n—1 &' (r) n—1\&(r)
5(r)
2 é/(r)S(r)m 1o g(r) / 2 é(l’) !
- x () - —=-8(r) | m
1 e 50 (2085) - (ets)
_ 2 50 S(r)m< (" 0z6) (f/({r))S(r))/)
n—1E&(r) %% (r) 55/((2)) gl((rr))s(r)
2 &) d o 2% (r)
n—1 §,<r*)S(r*)m(r*)dr r:r*l g ( S(r) ) >0,

where we used the fact that y is an increasing function and S(r) decreases with increasing r.
Hence, a critical point is also a strict minimum point. This contradicts the fact that there should
exists a local maximum point before r,, since m is increasing near » = 0. It follows that m is

increasing for r > 0 wherever it is defined. Now, suppose that there exists r, > 0 such that
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m(ry) = 0. This implies that m'(rp) > 0 what is a contradiction since we would have m(r) < 0 for
r < rp near rp. Therefore, m(r) is always strictly greater than O for r > 0 wherever it is defined.
We conclude that m can be defined for r € (0,+o0) and that m( increases with increasing r and
does not attain the values 0 and 1 for » > 0.

In sum, the solution of (3.34) with initial conditions (0) = 0,s(0) = s¢ and y(0) =
m/2 is given by a graph defined for r € [0,+) whose slope y does not attain the value /2
elsewhere. Moreover, ¥ is a increasing function in the interval (0, 4-o0).

One can also deduce that this graph has the asymptotic limit determined in the case

of initial conditions ¢(0) = 7. O

Now, we prove the existence of rotationally invariant hypersurfaces with zero scalar
curvature (this means to fix ¢ = 0 in the soliton equation) in warped M = P x, I which is an

Einstein manifold.

Theorem 4. There exists a one-parameter family of rotationally invariant hypersurfaces with

zero scalar curvature in M =P x ;I when this warped space is an Einstein manifold.

Proof. We use the flux formula (5.9) to deduce a first integral to the zero curvature scalar equation.
Indeed, let M;_ ;. be the open subset of M between the leaves Py and Py, with s <s . It

follows that

/ PV, v)e $daD, — / (PVD,v)e$daD,, = C

aDs7 DS+

for some constant C. Here, dD;, = MNP, and IM, ;, =dD; UdD;, . Note that
v =0;¥Y =70, + 59

and, since

Vn=X"=9; =X—(X,N)N =X — x(r),

one gets

(PVN, V) = (X, (nHI — A)9:¥) = nH (X ,50; + 9,) — (X,Ad:P)
= nHs$(X,X) — (X, 0:¥) = nH y?(r)s — 1. (r)s

= (n—1)Kpx>(r)$.
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But the zero scalar curvature hypersurface is rotacionally symmetric by hypothesis and Dy C P,

therefore
doD = E"Y(r)de,

where d0 is the standard volume element in S"~!. We conclude that

(n—1)kex2(r)se ™ E 1 (r)vol(S") = C, (3.36)
where

E'r) . 1.
Ko = () XS

Hence we obtain the following first integral for the zero scalar curvature equation:

C

H R ME S = e T

(3.37)

We conclude from this expression that the solution is defined for » = 0 if and only if C =0,
what corresponds to the trivial solution s = constant. Now consider C # 0. On the hand,
e’x_z(r)xz(r)§"*2(r)é’(r) is an increasing function of r and it is zero when r = 0. On the other
hand, y(r)s = sin¢ < 1. Therefore, by continuity, a smooth solution is defined for each C in
r > r* > 0, where r, is defined implictly by

C
(n—1)vol(S"—1)’

eI (r)E 2 (r)E (1) =

and at r = r, one has Y (r,)s = 1. This means that ¢ = +n/2 atr =r,. O
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4 ROTATIONALLY INVARIANT SOLITONS FOR «a = 1/2 AS GRAPHS

In this section, we consider n > 3 and a non-parallel Killing vector field X. We fix
T = r, that is, we suppose that the rotationally invariant scalar curvature flow soliton X can be

described as a graph of a function s = u(r) defined over some region in P. In this case one has

F=1 and s=u'(r).

Hence, 3.24 can be rewritten in terms of these parameters as

1 &'(r) , (n-1)(n-2)

(n—1) u () (O (r)u' () + 2/ (r) o () (r)) + u=(r)

W2 E() 2 &

Therefore
(1= 13 S (0) (2 ) () +2 P () (14 22 ()
n W2§<r)ur x(r)(x(r)u' (r x (r)x(ru(r x-(ryu“(r

(=1)(n=2) 5 o E2(0)
S ) o =20,
Hence, one has
(1= g g 2O O (0w )+ E D 30 )1+ 2200%0))

(=1)(n-2) 5 o E20)
ARt ) =20,
Denoting
v(r) = (x(nu (), @)

one obtains

"(r "(r n—1)(n— 2(p
(n—l)%é;ér; (%v’(r)-|-);((r))v(r)(l—l—v(r)))+( X 2>v(r>f:2((r)> EEIET

Note that v = W2 — 1. Therefore, expressing the equation above in terms of W yields

"(r "(r "(r n—1)(n— 2(r
(n-1)5 )(V‘:,((r)) +’)‘C((r)) (W2(r) - 1)) po=lm=2) 1)2< 2 (w(r) - 1)228 — ().

Rearranging terms and multiplying both sides by 1/W? one gets

"(ry W (r "r) ¥'(r n—1)(n— 2(r
(n—l)g()W()—((n—l)é()X() (n—1)(n—2)5"(r)

2.2\ L
02 T2 &%A+CX“OW2
LMW | (- D(n—2) £
+((n 1)5 p’ + >_.

(r) 2 &2(r)

4.2)
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In terms of the scalar curvature S(r) of geodesic cylinders this equations can be rewritten as

&'(r) W'(r)

1
(=g gagy ~ SO+ () gz +8() =0. 43)
Define
g(r) = V[% 4.4)

Multiplying both sides equation (4.2) by & (r)/&'(r), it becomes

B0 EO)
gl(r)g(r> —25( )él(r) 4.5)

An integrating factor p(r) for this first-order ODE equation satisfies

(n=1)g'(r) +2(S(r) +*x (1))

(n— 1) (r) =2(S(r) + 2% (r))
Hence, we have

W) ) 580 2 s E()
a2 " "TVES T At ey

Therefore, we may choose the integrating factor

2
u) =02 0e (25 [20) P ap ).

n—1Jo X Plerp)P

Denote

— ex 22 ", &(p)
6(r) =exn (2 [ 20020 ap ) (4.6)
Hence
(n—=1)u(r)g(r) =Co+ /0 r2S(p)§,((‘;))u(p)dp- (4.7)
Therefore
8(r) = nil (uc((;) +u;r) orzs(p)g’((g))“(p)dp) -
‘We conclude that
g n=L(C 1 o Ep) o
)= (u(r>+u(r)/o 25(”)&'(;3)“(”)"”) 20 (49)
Since

EP) iy =m0y (22X SN 2 a2 i,
25(0) 2 e = (0= 1) (220 + -2 53 )2 0E 20060
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we can rewrite (4.9) as

)= 260)

It follows that

-1

O [ e GlR)p) -2 @10

n—1

) — & \/ A &"2(r)G(r) ]
Co+ Jo(x*(P)E"2(p))G(p)dp  X*(r)’

where Cy = Cy/(n— 1) is a constant of integration. Integrating (4.11),

r én—ZGn(l) 1
u(r)y==+ — da, 4.12
v / \/@o+f&(xz(p)én‘z(p))’Gn(p)dp x2(2) @1

where r > r, and r, > 0 depends on Cj.

4.11)

In what follows, we consider the positive square root in the expression of ' and u.
We could take negative sign in (4.11) and (4.12) as well. However, this is equivalent to reflect
(M) with respect to Py =P x {0}. We will see below that for Cy < 0 the solution is defined

for r > r, for given r, > 0 depending on Cy. In this case we have

. / _ oo
el =+

and the reflection with respect to Py produces (at least C') complete solitons to which we refer
to as translating catenoids. For Cy > 0, we will prove that the solution is defined for r > r, for

some r, > 0 that depends on Cp and

lim /() = 0.

r—rry
In this case, the rotationally invariant hypersurface in singular along its intersection with Py, that
is, along the geodesic sphere of Py centered at o with radius r.

Observe that if we take Cyp = 0 in (4.12) we have (4.14). These hypersurfaces are
referred as bowl solitons.

Now we summarize the discussion above and state some existence results for scalar
curvature flow soliton given by rotationally invariant graphs in M =P x, I for n = dimP > 3
under the assumptions that P is a Hadamard manifold with rotationally invariant metric and
that y = x(r) is a non-constant radial function under the structural assumptions stated in the

Introduction.

Theorem 5. The one-parameter family of rotationally invariant scalar curvature flow solitons

Gna.co in M =P x, I are described as follows: given

o
G(r) = exp (n2_1 / x%p)%dp) .13)




48

the soliton 6, o c, is the graph of the rotationally invariant function

§IG(A) R} 414
0=, \/C0+fo )E () Glpdp XA &1

for n > 3. The integration limit r, depends on Cy. For instance r, =0 if Cy =

In the subsequent sections, we provide further information on the behavior of these

solitons near r = r, as well as on their asymptotic regimen.

4.1 General behavior near the origin

We expect that the behavior of the solitons near » = 0 are similar for different metrics,
since they are locally Euclidean, but the behavior at infinity may be different, as we have seen in

the proof of the existence results. Note that
204 6(r)
r— x°(r
&)
is integrable near r = 0 since x(0) = 1 and g((rr)) ~r—0asr— 0. Hence, G(r) — 0 and
f(r) — 0as r— 0. In the same way one has

202

n—1

G (r)=

asr — 0" and

W) = (P (NE" () G(r) + 2*(nE"*(NG'(r) = 0

as r — 0T. On the other hand we have

2s<r>@u<r>:(2<n—1>”'(”+<n—1 5"’) E2(AG(r)

&) 2(r) (7)

= (1= ) (f¥ (NE"2() + X ()E (M) G(r) = (n—1) (2P (NE"2() G(r) > 0
as r — 0%, Hence, taking r, = 0 in the integral term in (4.8), one has by L'Hopital’s rule
Jim p)u(p)dp

L ( n— 1>’,@§,§ +(n—1)(n-2)52) () E2(r)G(r)




49

since x'(r)/x(r) = 0 and &'(r) /& (r) — oo and therefore

X)€" 2(r) 1

(P)Em2(n) 220 4 (n—2)80

as r — 0. From these computations we conclude that g(r) is well-defined near r = 0 if we fix

Co = 0. Hence, for this particular case one has

H(p)dp (4.15)

! = L / 28(p
1+ (x2(r)u?(r)) w2 n—l
Note that W — 1 as r — 0T, that is, #/(r) — 0 as r — 0+, what implies that the rotationally
invariant hypersurface described by the graph of u hits the rotation axis r = 0 orthogonally.
Therefore, this hypersurface is smooth.
We now consider the case Cp < 0. It follows from the previous analysis that the
solution u could not be smoothly extended to r = O in this case. Hence, we fix r, =r, >0,

where r, is defined implicitly by

o-- " 2S(p)§,((’;))u<p)dp <o.

Note that with this choice

lim g(r) =0,

r—rrs

what implies that u/(r) — 4o as r — r,.. Hence, in this case the rotationally invariant hypersur-
face hits the leaf Py, = P x {50}, with 5o = u(r.), orthogonally. Later on, we will discuss how to
obtain a complete (only C' in principle) hypersurface reflecting the graph of u with respect to
Py,.

Now, we discuss the case when Cy > 0. In this case, we fix r, = r > 0, defined

implicitly by

o [ 25(p) 2% (pdp = (n= Du(r?

or

+

Co= (1= DZ0D)E )G ~ (= 1) [ ()€™ 2(p) Glp)dp
= (n— D)2 (rE ()G — (n— g2 DE (NG ()|

0
o
2 DE ) S
222D ) 2 () > 0.
Ve
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For this choice of Cy we have

_ 1 o Dulr ’ (P)
60) = oy (- D+ [ 250 28 u(pap ). @16

Note that in this case u/(r) — 0 as r — r,. Then it meets Py, tangencially. Hence, the reflection

with respect to s, produces a singular solution along the geodesic sphere in Py, with radius r,.
In sum, we have obtained two examples of rotationally invariant scalar curvature

flow solitons given up to integration by

1 ’ £(p)

— e | RIS Hp) Glp) dp

n—2 r. r, Cz n— n— 1
) e i | ) o) ap 19
where
0, if Co=0,
o (4.19)
ro, if Co <0,
and
g(r) = ’:L((r:)) n—l / 25(p ’; u(p)dp. (4.20)

where r, = r, if Cy > 0.
Let us give more precise estimates for the behavior of u near r = r, for solitons

with Cyp =0, Cyp < 0 and Cy > 0. Fix Cy = 0. By (4.17) we expand in Taylor, knowing that
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E(@K)(0) = 0 and x<2’<+1>(0) =0

d]
5 p)dp = 2: ;,
p p:().]!

__< >5<> <>+ p g ()
<n+1>'dp { &) (p)G(p)}

!
] +0(rn+3)
p=0

p=0

'(0)
n+2 dn—l—l p nl
T2 dpr {

p

n+1 n
n (n it .
e ZO() it o), Fw),

rn+2 n+1
ot s i

rn+2 dn+1 .
(g ®) o0 (G 0) (?ép())(;(” )
p:(J) ' p) p=0

n+1\ [ a!
+(13) Gmee), i (o), ] vor

f_{_ 2 n—1
G| DI OO

6
(n+1)!
+ !/ n—
Eor-! (4x"<o> b2 é”’(0)> <00+
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Now we expand in Taylor

= 2P EN2(y r:wdjb(P) ﬁ
b(r) =y (r)" ~(r)G(r) Z,O dp7 |0 J!
rn72
= g (= IO 060)
rn__]nil n—1\[d""" ., o,
o5 ) e, wese]
ﬂ - (" ﬂ n—2 i 2 rn+1
vk () amree)] | [eceiaen]  vorr
a2 AN n\ (d"? . i 2 s
=2 (G e) o+ () (G @) (Gresen) [roo)
2
_rn—2+rn( 625,//(0)+X (0)_{_”_1)_*_0(1,%—1)‘
Dividing both expressions gives us
a(r) _r*  [n*—dn+2,, 3n—-2 , 2c? y 5
b(r) n l3n(n—2) s (0) n(n—Z)x (O)+n(n—2)1 +0(r)-
Therefore,
c? a(r
g(r)zl—nz_lﬁ
L 202 2_ 2C2 n2_4n+2 " n— " C2 7‘4 7‘5
=1 (i 1) n(n—l)(n—2)[ 3 E"0)+(Bn—2)x"(0)+2 } +0(r).
Now we write the equation in terms of (yu’)?, giving
Y 2¢? 2¢2(n* —2) 1 (n*—4n+2_,, " 2] 2
() ~n(n—1) [1+<n(n—l)(n—2)+n—2< 3 57 (0)+(3n=2)x (O)>) }
+0(r). =

N .
2c2(n? —2) 1 [(n?2—4n+2
V'F n(n— mnz) (

&
e
F

7(0)+ (n-2)'(0)) ) 2+ 0(r)

I’l2— n n—
2) 2 +2§///(0)+ (3 5 2)1//(0)) r2+0(r3)}

1)

n2 2 — 4n n— c?
e 1? n 2 +2€///(O)—|—(3 . 2)%”(0)> ﬁr +O0(r )

20 g Ly
> +0( ):>x(r) 1 5

20

x(r)=1+ r+o(rt),
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we have

S — 2c2 . 1 [(c*n*-2) n*—4n+2._, 3n— " 2c? 3

(r) nin—1) +n—2(n(n—1) 6 57 (0) 2< Dx (O)) n(n—1)
+0(r").

Integrating,

S — e, L (2= P dnt2y, o 3, 2

()_\/ n(n—1) +4(n—2)(n(n—1) T o O30 Dx (0)) nln—1)
+0(r).

We begin applying (2.2) to a normal variation of geodesic cylinders in M for which
f=1and T = 0. Hence the variation of the mean curvature of geodesic spheres in P obeys the

Ricatti equation

§'(r)y E2(r) | &
(n—1 = (n—1 +Ricp(0,, 0,
:(n—])Kp
. Hence,
E(r)\/ _ &(r) (E2(r) 1 . _ L&) .
(5/@)) ~ () ( &) a1 Riep(d,,97)) =1+ = £n(ry Rier(0r ).
Now the normal evolution of the mean curvature of geodesic cylinders is given by
%/ g/ ’ B sz 2 .
_<7 (n— 1)2) - <7 t(n— 1)?) 4 Ricy7 (9, 9)).
Therefore
LAY S §%(r) . 1 .. £?
_ (ﬁ = 77 +Ricy (9, 0) — (n 1)(5%) +— RlcP(a,,a,>) Ho g
x” x” 25 x” 1
= ? —f—RlCM(ar,ar) —RiCP(ar,ar) = ? +x_ R(X,ar)a,,X> = ? +K y
where we use the fact that P C M is totally geodesic and We conclude establishing the Jacobi
equation
i
X)) _ er (4.21)
x(r)

Using these expressions one obtains

RO 20 E0 (£ (220 )

COE20) a0 & =2\ Vet
/r* /2’,*
-2 (S8 - (5 k) ) ) o)
B BN B L W L PSRN W
=2 T VER (zxzmﬁ( ey, T 2)"”)< )

+0((r— r*)z).
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Moreover for r, > 0,

G _ 22 L &) 2P L E(r) (|, E0) (L By,
2050 = 25 g (1425 S (14 S k) )

G(r) n-—1
+ O((r— r*)z)

Finally, one has for r, >0
W) 20

a2 T Ve e 2
) E) (2 E2r) et o N
=2 T Ve (2x2(r* T gy T 2)’“’)( )

2 Ts "(rs "(r, 2(r,

N n2_ 1X2(r*)§/((r*)) 1+2)§C((r*)) + é‘;((r*)) <1 + 22((r*>)KP> (r r*)) —}—0((r—r*)2)
Moreover

£ L E0) L ED) X0 ECDY,
B gy =( ”‘”(%m“ 2)§(r)><1+<2x(r*)+( D5g) )

12 Iy 2 Iy
_ <2))C52((”*)) —|—(n—2)§§2((r*)) +2KL—(n—2)Kp>(r—r*)2

C2 I /r* /r* 27'*
+-— 17(2(r*)§/((r*)) <<1+27;<(r*))>( —re)+ 55((@) <1+n_ 7 glzir*))Kp>(r—r*)2> +0((r—r*)3))
with
X0 EW_re) e
20 TV ES T T e

(2R R N
<2x2(r*)+( 2 gz T 2)Kp)( ) +0((r—r.)?)
Hence

£(r) i (Z0D L E ) X By
25(0) g SH(r) = o l)u(*)(2 e 2>§(r*))(1+(2x(r*>+< 250 ) ir-r)

2 Ty "(r,

Aot
e () R
=) (22 0= G 2K -2k )

D BN a2 E) (2
<=+ (BT -2 ) e+ I g (142505 =)
and
() () £'(r.) 2 L Er) () Ay,
2~ 1~ (5 0 ) e gy (142505 ) )
+0((r—r*))
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One concludes that

1 /rr2S(P) i(P))“(p)dp _ (2x'(r*) —{—(n—2)€/(r*)> ((r—r*)

(n—1)u(r) Jr. &'( x(r+) &(r)
1,2 V@ E) () o

ey Ho D) P e g (12 Yool —n)
(2R E20) et o V(L o3

(P 0Dy #2620 ) (SR w0l )
Therefore for Cy < 0 and r, = r— > 0 we have

c? r_ "(r_
o) =5t =) =3 (200 + 22 g (142 ) e
K)o ) e N oo

s(r)<2x2(r_)+(n 2 K 2Kp)> P+0((r—r ).  (4.23)
where

EPYAG I E'(r) (P& 2(n)
=0 T Ve T eeE ) 429
For Cy > 0,

_ M(ry) 1 ’ E(p)
) =005+ i L S0 g e
and

() | () -5 - () - ()

j )
= (s 222 BY - 22 ot S e (3]
_ (s(r*) + 2f21 x2(r2) éf(:)) ) 2 +2 (’;/((:) )2 2K 4+ (n—2) (ég/((:)) > 2 +(n—2)Kp
2w ()]
Now we have to add this term, divided by 2, into the quadratic coefficient in (4.22)
o1 i (1) o
(oo fg) () v s (§E) oo
-2 ) [2x’(r*)§,((: ) (1 + (20 ’;)))ZKL) ()
2 e )
—s(r) (29;;2((:)) +(n-2) ilj((:)) 12K — (n 2)1(,3)} (r—r)2+0(r—r,)°
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4.2 Asymptotic limit

Now we discuss the limit of the asymptotic limit of the solutions. We may rewrite

g(r)= n:g [S—(S+c*x%) g] := F(r,g(r)). (4.25)

This suggests us that g(r) = S/(S+c*x?), or equivalently u’ 22 /S, for r sufficiently large.

Theorem 6. Suppose that

<S—|—i2%2)/ =o(ln(@x ™)) (*:20)
é (ln %2>/ =0 {max (g(S—Fczxz), %) } (4.27)
. (m%z)/ —y {max (g(S—l—czxz), l) } (4.28)
%’ —0 {max (gmczxz), %) } (4.29)

as r — +oo for some smooth positive function h. Then the rotationally symmetric translating
solitons an,a,CO; foroo=1/2,n>3and Cy € R, are described, outside a cylinder over a geodesic

ball Bg(0) C P, as graphs or bi-graphs of functions with the following asymptotic behavior

W (r) = % +o (ﬁ) (4.30)

as r — —oo,
Proof. We define the functions

fr=(1=x¢) 4.31)

S+cy?
We claim that for every fixed € > 0 and ry > 0 there exists r; > ry such that f_(r;) < g(r1). If

not, there exists ry > 0 such that for every r > ro we have g(r) < f_(r).Therefore, by (4.25),

2 ¢ "2 &p) %2(r)§”2(r))

(02 s at et ze [ 2 aEisorap=en (KON ) o e

r—r—+oo

(4.32)

which contradicts 0 < g < 1. Analogously, for every fixed € > 0 and ry > 0 there exists
r1 > ro such that g(r;) < f4(r1). If not, there exists ro > 0 such that for every r > ry we have
g(r) > f_(r). Therefore

¢0) <=2 28 e —gln) < 25 [ 210

1) e PP S 49
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a contradiction. Assuming that S(r) is a decreasing function for a sufficient large r,

S\ _S6+ex) =S +2x) 2 (x2St _
S+c2x2) (S+c2x?)? N x (S+c2x?)? '
Since
2¢e
PRS-(0) = 25258505 (1)),

we conclude from a standard comparison argument that there exists some r; > rg such that for

every r > ryp,

f-(r) <g(r).

The inequality

_nz_el gs = F(rfo(r) < (£)(r)

is true if and only if

d _ 2e & S '
e n(x°&" ) n_1€/S> (1+¢) (S+c2x2>

By (4.26), it is satisfied for some sufficiently large r.

2 &, d 2en—2
n_léls_drln(X€ )7

Again by standard comparison argument, there exists 7, > ry such that for every r > r, we have

8(r) < fi(r).

We set

1
L) (5 +w(n)

Note that, fixing € > 0, there exists r, > 0 such that for every r > r, we have

g(r)

CZXZ

S

1 S+c2)52 £ £
2.,2 2,2 2.2 2.2
=______Z . — {1 .
cxY P S ..c;(|1//\<1 £(+ )..ch]y/|<1 £<S+Cx)’

since

(1—¢)S (1+¢)S 1 S+c2x* 1 1 S+cx?
22 S8 2,2 <. 1_¢ §
S+cex S+coy 1+ S g 1—¢ S

£ S+c2x2<1 S+cx? e S+cy?

T 1te s g S I—¢ S
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Now we compute y':

2l v+ 12w = — g'

[ 2v2(1 2 2 2@ 2l
_ (St (0 +Sy) 3 S— (S+22) . ZS +C2(X)52XS
S n—1& S+c2x2(1+Sy) S
[ 2 S+ +SY)? SIS+ (1 +Sy)] = S(S+2x?) +62(12)’S—125’
- n—1¢ s2 S+c2x2(1+Sy) 2
__[2 S S+easy)? xSty L ()'S— 7S
n—1¢& 52 S+c2x2(1+Sy) 52
2 S(In 2 r_g
= mg(&tczxz(l+S1//))c2x2w+c2x2—( xsz) }
Finally,
/ 2 & ) x' 1 xz !

We claim that lim y/(r) =0. If it is not the case, we may have liminf y(r) < 0or limsup y(r) >
r—r—+oo r—r—+oo F—s4oo

0. In first case, there exists 6 > 0 such that lim inf y(r) < —90, therefore there are arbitrary large
F——oo
r« such that

y(ry) < —0.

for every such r, > r3 we have

/ 2 622 20 A YO A
w(r*)>5[n_1§,(5+cx ch|l[/|)+2x v 5 lnS
2 1-2¢& oo L xT 1 (xtY

>8>0
by (4.27), where r3 > r; is large enough. Now we define
ri=sup{r>ri: yt)<—-0Vte (rnr},
consequently w(r*) = —& and ¥’ (r*) > 8. We may define
rg :=sup{r: y(t)>-08Vre(r,r}

This is finite since liminf y(r) < —&. Therefore w(r4) = —& and consequently y'(r4) > §. But

it would imply that y(ry) < —6 for r < ry4 sufficiently closed, which is a contradiction. Now

|
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suppose that limsup y/(r) > 0. If it is the case, there exists a 0 > 0 such that y(r,) > 0 for r,

r—r+oo
arbitrarily large. For every such r, > r3 we have
/ 2 ¢ 2.2 2.2 24/ AN
v) < —0 | ——= - 1 ——(In=
Vi) <8 2L S s — s+ gy |y g (1
2 1-2e8 . 5, IRV AL
< S{n—l - (g,,(S%—cx)—f—(ln)() V- lnS
<-6<0

whenever r3 is large enough. As above, this leads to a contradiction. Thus
lim y(r)=0.

r—>—+o0

Now we estimate the rate of convergence y — 0. Let

where h(r) satisfies conditions (4.28) and (4.29). Therefore

A'(r) =K (r)y(r) +h(r)y'(r)

—_ [n%é(uczxz(l +Sw))+(lnxz)/] v —é <ln%2>/h+h/‘lf
= S A

Assuming that A(r) < —§ for arbitrary large r and using (4.28) and (4.29), there exists r3 > r;

sufficiently large so that for every such » > r3 we have

o / / 2N\"
A(r)>8 [%g(ﬁrczxz) 11 2: —%+2’ﬂ —g (ln%) >8>0,
e Z

This leads to a contradiction as before. Now assuming that A (r) > & for arbitrary large r, again

there exists r3 > r, sufficiently large so that for every such r > r3 we have

o / ! 2N/ B
A(r)< =8 L%E(SH’ZXZ) 11 _2: —%+2%] —g (ln%) <-5<0.

This leads to contradictions as before. Therefore A (r) — 0 and the proof is completed. U
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5 APPLICATIONS OF THE MAXIMUM PRINCIPLE FOR SOLITONS
5.1 Some fundamental elliptic equations for solitons

Proposition 4. Suppose that M =P x ;I has the warped structure given by x%(s)ds>+ 0. Let X
be the Killing vector field ds and let M be a scalar curvature flow soliton in M for o € {1/2,1}.
Consider the function 1 : M — R defined by

n(x) =s(y(x)), (5.1)
for x € M. One has

L¢n = e © divy (e PVu) = 25(x 2X,N) +Riciz (x X ",N), (5.2)
where § = |X|72.

Proof. One has

PVn =nHy 2XT —y2Ax".
Therefore

(Vo,PVN,0)) = (Vo (nHY X "), 0;) — (Vo (x*AXT),9;)

= 0;(nH)(x X ",0;) +nH(V,(x °X"),0;) — dix 2 (AXT,0)) — x *(VAX T, 0;).
Taking traces, one obtains
div(PVn) = (V(nH),x °X ") +nHg" (V3,(x °X"),0;) — (AX T, Vx %) — x 287 (V5AX 1, 9)).
However

g <V8AX d; > <(V8-A>XTvaj> +gij<V95XT7Aaj>

g
= (divA)X " +g"(V3X,A0;) — gV (X,N)(V,N,Ad;)
= (divA)X " +g"(V3X,Ad;) + &7 (X,N)(Ad;,Ad;)
(

= (divA)X " +g"(V3X,Ad;) + (X,N)|A|>.
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Now we use the following expression for the covariant derivatives of X:

(VuX,v) = (v,X)(Vlog x,u) — (u,X)(Vlog x,v). (5.3)
This expression can be proved as follows: using the decomposition

u=yx 2(u,X)X +ut,

we have

(VuX,v) = 1~ Hu, X) (v, X) (Vx X, X) 4+ (VX v D) 4 072 (0, X ) (Vi X, v + 172 (v, XV XL X)),
By the identities

_ 1- - 1 -
VX = —EVXZ and (V. X, X)= §<V%2»UL>7

using the fact that the leaves perpendicular to X are totally geodesic and that x> = |X|? is constant

along the flow lines of X, one concludes that

(VuX,v) = —(u,X)(Vlog x,v) + (v,X)(Vlog x,u)

as stated above. Using 5.3 and the fact that the expression above is skew-symmetric, one obtains
g7 (VaAXT,0)) = (divA)X T + (X,N)|A%.

Moreover one has

g (Vo (x2X"),0;) = g9y 2(X,0;) + x 2" (VX T,0;)
=(Vx 2X")+x %Y ((V3X,9;) — (X,N)(V4N,9)))

= (VX 2. X ") +x°8"(V3X,9;) +nHY > (X.N).
Now, using 5.3 we have
gij<§alX,aj> =0.
Hence,
g (Va(x X "),0)) = (VX 2. X ") +nHx *(X,N).
Therefore

Ln = div(PVN) = (V(nH),x X ") +nH(VY 2 X ")+ n®H* (X, N) — (AX ",V ?)

— X (divA)X " — X N) A
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Now, using the contracted version of Codazzi identity and the expression for S one obtains

Ln =div(PVn) =28y 2(X,N) +x *Ricyy (X ",N)+nH(Vy 2 X") —(AX " ,Vx2).

Finally, note that
nH(Vy > X")—(AXT,Vx %) = (PX",Vx?).

Since X T = Vn we conclude that

div(PVn) — (Vx~2,PVn) = 2Sx 2(X,N)+ x *Ricy (X ",N).

Denoting

C=x"

one has

Len =28(x °X,N) +Ricy(x ?X",N),

where

L¢n =div(PVn) — (Vx~2,PVn) = ¢& div(e *PVn),

and the proof is finished.

In Riemannian products, this expression becomes

Len =25(x 2X,N) — (n—1)k(X,N).

5.4

(5.5

(5.6)

(5.7)

Theorem 7. Let M = P X, I a warped space which is an Einstein manifolds. Let M be a compact

manifold with boundary and let v : M — M be an isometric immersion with constant scalar

curvature S. Hence,

28 / CX,N) e SdM = / PV, vYe SdaM,
M oM

(5.8)

where { = x =2 = |X |2 and v is the exterior unit outwards vector field along IM C M. Moreover

if D is a hypersurface in M with dM = 9D such that M U D is an oriented cycle then

/<x—2X,N>e—‘?dM:/<x—2X,ND>e—CdD,
M D

where N and —Np determine an orientation to M U D.

5.9
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Proof. Integrating both sides in

L¢n =25(x *X,N)

with respect to the measure ¢ 5dM and applying the divergence theorem, one obtains
/MZS<)(_2X,N> e CdM = /MdivM (e=*PVnN)dM = /8M<PV11, Ve $doM,

where V is the outwards unit conormal vector field along dM C M. Since Vi) =X | we conclude

that

/ 253 2X, Ny e CdM = / divys (¢ SPVR)dM = / PV, v)e SdaM. (5.10)
M M oM

On the other hand since divy; X = 0 and ¥ is constant along the flow lines of X one gets

/ divyy (e Sy 72X)dM = / (e Sx 2divig X + (Ve Sx2,X))dM = 0. (5.11)
Q Q

Therefore the divergence theorem applied to the oriented cycle M UD = dQ yields

/ (x72X,NYe SdM = / (x2X,Np)e*dD,
M D

where N and —Np determine an orientation to M U D. ]

Proposition 5. Suppose that M = I x,IP has the warped structure given by ds*> 4 h*(s)o. Let X
be the closed conformal vector field h(s)ds and let M be a scalar curvature flow soliton in M for

o € {1/2,1}. Consider the function 1 : M — R defined by

nx) = /S:(X)h(G)dc, (5.12)
for x € M and some sq € I. One has

Ln = divy/ (PVN) = 28(X,N) +Ricy (X ",N) + (n* —n)He, (5.13)
where @ = h' o y.

Proof. One has

vn =h(s(x))d, =x".

Hence,

PVn =nHX' —AX'.
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Therefore
<VaiPVTI,aj> = d;(nH) <XT, 8]> —l—l’lH(Val.XT, 8]) — <Val.AXT, 8])
Taking traces, one obtains
divy(PVnN) = (V(nH),X ") +nHg" (V3 X ",0;) — g7 (V5AX ", 9)).
However
gij<v8,'AXT7 8]> = gij«va,-A)XTv aj> +gij<vaiXT7Aaj>

= (diviy A)X " + (V3 X,A0;) — gV (X,N)(VyN,Ad;)

= (divyy A)X " +8"(0;,Ad;) 9 + g (X,N)(Ad;,Ad;)

= (divyy A)X " +nHo + (X,N)|A|*.
Moreover one has
§7(VaX'.9;) =87 ((V3X,9;) — (X,N)(VaN.9;)) = ng +nH(X,N).
Therefore
Ln =divy(PVN) = (V(nH),X ") + n*Ho + n’H*(X,N) — (diviyA)X " —nHe — (X,N)|AJ*.
Now, using the contracted version of Codazzi identity and the expression for S, one obtains
Ln = div(PVn) = 2S(X,N) +Ricy (X ",N) + (n* —n)He. (5.14)

Proposition 6. Suppose that M = I x;, P is an Einstein manifold with the warped structure
given by ds*> +h*(s)o. Let X be the closed conformal vector field h(s)d; and let M be a scalar

curvature flow soliton in M for a = 1. Hence,
LS+¢(VN,VS) = —(2nc@ + (nHS — 383)) S,
where @ = h o y.

Proof. Since

VS = —cAX T,

one has

PY(V3,VS§*,0)) = —c(nHg" —h7)(V3AX ", ;)

= —C(anij — hij) (<(VaiA)XT, o'?]> + <V31.XT7A8]~>).
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Therefore

PU(V4VS® 9;) = —nHcedivA(X ") +ch ((V3A)X T, 9;)
— c(anij — hij) (n@hij+ (X,N)(Ad;,Ad;)).

However using Codazzi equation one has

(V4A)XT.9;) = (V7 A)3h,9y) + (R(XT. 0N, 9)).

Hence,

PI(V4VS*,0;) = —nHcdivA(X ") + ch/ ({(V7A)d;, d;) — ch (R(9:, X )N, ;)
—c(nHg"” —n") (n@h;;+ (X,N)(Ad;,Ad))).

We conclude that

PU(V,VS% ;) = —nHedivA(X ")+ %(V|A|27XT> — ch(R(3,X )N, d;)
— c(n@tr(PA) + (X,N) tr(PA?)).

Since

divA(X") = (V(nH),X ") —Ric (X ",N),

one obtains

PU(V,VS®,9;) = %(V(|A|2 —n*H?),X ") +c(nHg" — h)(R(9;,X ")N,9;)
—c(2Sn@ + (X,N)(nHS —383)).

Since

Lu = div(PVu) = PYu;.; + Ricy (Vu,N),

one concludes that

LS* = —¢(VS,X ") +Ricy (VS*,N) +cPY(R(d;,X )N, d;)
—c(2Sn@ + (X,N)(nHS —383)).
If M is an Einstein manifold, then the terms involving R vanish and we are left with
LS* = —c(VS,X ") —c(2Sn@ + (X,N)(nHS —353)).
Fixing a = 1 and using (1.6) one obtains

LS+c(VN,VS) = —(2n@c+ (nHS — 383))S.
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Proposition 7. Suppose that M =P x , I is an Einstein manifold with the warped structure given
by x*(s)ds* 4 o. Let X be the Killing vector field d; and let M be a scalar curvature flow soliton
in M for oo = 1. Hence,

LS+ ¢(Vn,VS) = —(nHS —383)S.
Proof. Since

VS = —cAX T,

one has

PY(V3,VS*,0)) = —c(nHg" — h7)(V3AX ", ;)

- _C(anij o hij) (<(V3iA)XT> a]> + <V3iXT7Aaj>)‘
Therefore

PU(V4VS® 9;) = —nHedivA(X ")+ ch((V3A)X T, 9;)

—c(nHg" — ") ((log x)i(Ad;,X) — (log )ik (X, 9;) + (X,N)(Ad;,A9))).
However using Codazzi equation one has

((VaA)X ',0;) = ((Vx7A):,9)) + (R(X ', 0)N, ;).
Hence,

PU(V,VS%,0;) = —nHedivA(X ) + chid (V1 A)d;,9;) — (R(9,X )N, 9;))

~ c(nHg" W) ((log 2)i(AXT,9y) — H(log 2)(X, @) + (X.N) (A0;, Ad))).
‘We conclude that
PV, VS 9 = —nHedivA(X )+ S (VA2 X T — chi (R(9:, X )N, 9;)
0; yUj D) ’ iy s Uj
—c((PVlogx,AX ") — (PX T, AVIog x) + (X,N) tr(PA?)).
The symmetry of A and P implies that
(PVlogx,AX ") — (PX" AVlogy).
Hence,

divA(X ") = (V(nH),X ") —Ric (X ",N)
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and one obtains

Pii(V,VS%,9;) = §<V(|Ay2 —n?H?),X ) +c(nHg" — h7) (R(9, X )N, 9;)
—c(X,N)(nHS —383).

Since

Lu = div(PVu) = PYu;.; + Ricy (Vu,N),

one concludes that

LS* = —¢(VS,X ") +Ricy (VS*,N) +cPY(R(d;,X " )N,d;)

—c(X,N)(nHS —383).
If M is an Einstein manifold, then the terms involving R vanish and we are left with
LS% = —¢(VS,X ") —c(X,N)(nHS — 3S3).
Fixing ¢ = 1 and using (1.6) one obtains

LS+¢(Vn,VS) = —(nHS —353)S.
5.2 Variants of the maximum principle

The linearized equation of the scalar curvature flow soliton has in its principal part

the divergence-type operator

Lu=div(PVy), ueC* (%),

where P = nHI — A. Note that the principal values u; of P are given by
Ui =nH — A;,

fori=1,...,n, where A; are the principal curvatures of £ = y(M).
One of the main analytical tools used in this paper is the weak maximum principle

either for the operator L or for its weighted counterpart
Ly =L—(V(, V) (5.15)

for some { € C'(M). A general discussion on the weak maximum principle for a very large

class of operators can be found in (ALfAS etal., 2016), (ALBANESE et al., 2013) and (BESSA;
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PESSOA, 2014). Indeed, in these references we could find a detailed analysis of trace operators,

a class that includes LC since
Leu=tr(PoVZu) + (divP,Vu) — (V,Vu).

Definition 3. Definition 4.1 in (ALIAS et al., 2016). Let M be a Riemannian manifold and let
¢ € CY(M). We say that the weak maximum principle holds for the operator L¢ on M if for any
u € C2(M) with
u* =supu < oo

M

and for each y < u* we have
infLCu < 0,

Qy

where

Qy={xeM:u(x) >y}

Theorem 3.1 in (ALIAS et al., 2016) gives a sufficient condition for the validity of
the weak maximum principle which is rooted in the notion of stochastic completeness and in the
approach to the maximum principle built by Pigola, Rigoli and Setti. The condition known as
Khas minski condition is the existence of a v € C?(M) satisfying

Lgv < Av on M\K,
(5.16)

v(x) = 4o as x— oo in M,
for some constant A € R and some compact set K C M. We note that the first condition in (5.16)
can be substituted, for instance, with LCv < A on M\K. Occasionally, we shall also use an

equivalent form of the weak maximum principle that which can be stated as follows.

Definition 4. Definition 4.6 in (ALIAS et al., 2016). We say that the open weak maximum
principle holds for the operator Lg on M if for each F € CO(R), for each open set & C M with
dQ # 0 and for each v € C°(Q) N C*(Q) satisfying

Lv>F(v)on Q
v F0) (5.17)

Supq v < oo,

we have that either supg v = supyq v or F(supgv) <0
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Parabolicity for L¢, in the sense of the validity of a Liouville type theorem for
bounded above LC-subharmonic functions, can be expressed as a stronger form of the weak

maximum principle. Indeed,

Definition 5. A Riemannian manifold M is strongly parabolic with respect to L¢ if for any

non-constant u € C2(M) with u* = sup,, u < o and for each y < u* we have
infLyu <0,

Qy

with Q, as above.

In the case of the operator Le, the three forms of parabolicity, that is, Ahlfors,
Liouville and strong parabolicity, are in fact equivalent. See Section 4.4 of (ALIAS et al., 2016).
We recall that M is Liouville L¢-parabolic if a function u € C*(M) with u* < 40 and Leu>0
is necessarily constant. We also recall that Ahlfors parabolicity expresses as follows: Ly is
Ahlfors parabolic on M if for each open set Q C M with dQ # 0 and for each non-constant
v € C%(Q) NC?(Q) satistying

Lgv >0 on Q
(5.18)

Supgy v < +o0,

we have
supv = supv.

Q 2Q
See theorems 4.10 and 4.11 in (ALIAS ez al., 2016) at this respect. Of course, for parabolicity,
Khas’minskii type test still applies appropriately stated in the following mildly stronger form:
Let M be complete and assume the existence of v € C?(M) such that v(x) — oo as x — oo in M,

and

Ly <0 if V{=0and
(5.19)

Lyv <0 if VEZ0on M\K,

for some compact set K C M. Then the operator L¢ is parabolic on M.

Remark 2. Always in case M is complete a sufficient condition can be given for parabolicity
with respect to L¢ in terms of the growth of a weighted volume of the boundary of geodesic balls.

More precisely, having fixed an origin o € M let

voly (9B,) = /a e S am, (5.20)
B,
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where dB, is the boundary of the geodesic ball B, centered at o and of radius r. Let U and U,

be the minimum and maximum principal values of P. Suppose that i > 0 in M and

inf£= > 0.
M Uy

If
-
pivolg (9By)

then M is L¢-parabolic. Note that the above request is also necessary on a Riemannian model

¢ L' (+o0)

manifold with { = 1. Other more elaborated results can be found in Chapter 4 of (ALIAS et al.,
2016) like Theorem 4.14.

5.3 Applications of the maximum principle

Next result is a direct consequence of Proposition 4 and Definition 5.

Theorem 8. Let M"! = I x, P be a warped product with constant sectional curvature and
I > 0. Let w : M"* — M™*! be a scalar curvature flow soliton for ¢ > 0. Suppose that H > 0 in
y(M) and that 1 is bounded above on M. If M is parabolic with respect to the operator L then
Y (M) is contained in the leaf Ps, = {s.} x P, with s, given implicitly by the equation ©t(s.) = 0.

Proof. 1t follows from Proposition (4) that
LN =28(X,N)+ (n* —n)HHK >0

Hence 7 is not bounded above unless it is constant. Therefore so y is constant. Since y(M) is a

leaf and a soliton we necessarily have s o ¥ = s.. This finishes the proof. U
Now we state and prove a similar result for solitons in warped spaces of the form

Theorem 9. Let M"T! =P x x I be a warped product with constant sectional curvature. Let
v M" — M"! be a scalar curvature flow soliton for ¢ > 0. If M is parabolic with respect to

the operator L¢ where ¢ = x 7% then 1 is not bounded above.
Proof. 1t follows from Proposition (5) that
Ln =25(X,N)>0

Hence if 1 is bounded above then it is constant. Therefore so y is constant. Since a leaf Py is

not a soliton we reach to a contradiction that finishes the proof. U
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Theorem 10. Let v : M" — M™*! be a scalar curvature curvature flow soliton with S > 0 in
a warped product M = I x;, P. Suppose that M is Einstein. Assume the validity of the weak
maximum principle for the operator L .y on M. Finally suppose that sup,; S3 < +oo and that

Y (M) has an elliptic point. Then either

sup(nHS — 383+ 2nce) > 0, (5.21)
M
or
S=0on M. (5.22)

Proof. If supy,;(nHS — 353+ 2nc¢@) > 0 there is nothing to prove. Otherwise, suppose that
sup(nHS — 383 +2nce) < 0.
M

Then Newton-Maclaurin inequalities imply that

2 1/2
( " ) S'/28 < nHS < —2nc@+ 353 < —2nc@ +3sup Ss.
M

n—1
Therefore
1\ 1/3 13
sup$ < ( ) sup (383 — 2nce) ', (5.23)
M 2n M
Furthermore,
iAI}If(—nHS—i— 383 —2ncp) =C > 0. (5.24)

By the weak maximum principle for the operator L_., on M, there exists a sequence {x}; _, in

M such that
1 1
S(xx) >supS—— and L_.pS(x;) < — (5.25)
M k k

It follows that

x| =

(—nH (xi)S(x) +383(xx) — 2ne@(xi))S(xx)) = L—cnSoxe) <
from which we infer
C S ! <inf(—nHS+353 -2 )S<1

s;p k inf(—n 3 —2nc@ .
Passing to the limit as k — 4o we conclude that sup,,S = 0, thatis, S = 0 on M. U

Similarly, we get the following result.
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Theorem 11. Let v : M" — M" ! be a scalar curvature flow soliton with respect in a warped
product M"t! = I %, P. Suppose that M is Einstein. Assume the validity of the weak maximum

principle for the operator L_ .y on M. Finally suppose that infy; S > 0. Then
inf (2nc +nHS —353) < 0. (5.26)

Proof. Denote

infS=C; > 0.
M
Setting u = —S one has

L_cqu= (2n@c+nHS —383)S.

Thus assuming by contradiction that

inf (2n@c +nHS —383) = C; >0

we deduce

L_cqu>CiCy>0.

An application of the weak maximum principle directly gives he desired contradiction. U

Theorem 12. Let v : M" — M"t! =1 x, P be a complete scalar curvature flow soliton with

respect to X = hds. Assume that P has constant sectional curvature K. If

1 —1\“
A=——sup |ch +|nhA| + AP+ [ 22 ) A2~ (n—1)3¢| < +oo, (5.27)
where
Wk W
_mind K 5.28
» mln{ e hz}’ ( )

the maximum principle is valid for the operator L.y on M.

Proof. We follow the proof of Theorem 5.1 of (ALIAS et al., 2020). Let {E;}”_, be a local

orthonormal frame on M and V, W vector fields on M. Contracting Gauss equation,

Ricy (V,W) =Ry (V,E;, E;,W)

Ry (V,Ei,Ei, W) + (AV,W)(AE;, E;) — (AV, E;) (AW, E;;)

Ry (V,Ei, E, W) +nH (AV,W) — (AV, AW )
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Using equation (5.8) of (ALIAS et al., 2020),

W ok

RM(Vin’EhW) = (ﬁ - ﬁ) ((V,E,> <E,,W> - <V7W><E17El>)

+ %ﬂ ((V, s (Ei, O)(Ei, W) — (V, ) (W, O\ (Ei, E;) — (E;, O5)(E;, O5) (VW) + (E;, 95 ) (W, 85>(\7,E,->)

Wk T2
_ (hj_ﬁ) (= 2)(V,3) W,35) — (n— 1 — |7 (v, w)]

_ %N[(n L)V, 0)(W,3y) + 10T 2V, W]

Therefore
. B! h/2 K
Ricw (V. W) =~ (512 P (o110 ) (ﬁ - ﬁ> )
WOW ok
+(n—2) T (V,0s) (W, ds) +nH(AV,W) — (AV,AW). (5.29)
Now we take W =V so that |V| = 1. Observe that

0= S*(AV,V) — S*(AV,V) > cV2n(V,V) — ch' — |S|¥|A].

By arithmetic-geometric mean inequality,

K+k -1
S| < ) lkikj| < ) ——— =——IA]"

i<j i<j

Therefore

—1\¢
OZCVzn(V,V)—ch'—<n2 > A2

Applying the above inequality into (5.29), we have
; 2 ! " T2 T2 W ox
Ricy(V,V) 2 eVn(V.V) —ch = [0 P+ (n=1—19, [) | | 55— 3
VR U s
+(n-2) (E S ﬁ> V22012~ A - AP - ("5 ) At
2 2 n—1\“ 142
Ricy (V,V) —cVn(V,V) > [—ch/ — [nhA| — |A|" — (T) AT 4 (n— 1)%} ,
where ¢ 1s defined in (5.28). Using (5.27) we have

Ricy —cV?n > —(n—1)Ag. (5.30)
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By Proposition 8.6 of (ALIAS et al., 2016) there exists a geodesic ball Bg,(0) C M centered at

o € M with sufficiently small radius Ry > 0 and a constant C = C(Bg,) > 0 such that
Ar(x)+c(Vn,Vr(x)) <C+(n—1)Ar(x) on M\ Bg,,
where r(x) = dist(o,x). Using Proposition 8.11 of (ALIAS et al., 2016), we deduce

/ ecndMS /recﬂH—(n—l)Alzzd)L_i_D’
B, 0

where D > 0 and C as above. Therefore

1
liminf—log/ e“NdM < +oo.
B,

r—r+o0 r2
For L_. = e “"div(e"PV-), we apply Theorem 4.1 of (ALIAS et al., 2016) with T = P,
@ (x,1) =1eM) | A(x) = e b(x) = 1 to prove the validity of the weak maximum principle

for the operator L_ . on M.
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