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Abstract

The NARX network is a recurrent neural architecture
commonly used for input-output modeling of nonlinear sys-
tems. The input of the NARX network is formed by two
tapped-delay lines, one sliding over the input signal and the
other one over the output signal. Currently, when applied
to chaotic time series prediction, the NARX architecture is
designed as a plain Focused Time Delay Neural Network
(FTDNN); thus, limiting its predictive abilities. In this pa-
per, we propose a strategy that allows the original archi-
tecture of the NARX network to fully explore its computa-
tional power to improve prediction performance. We use
the well-known chaotic laser time series to evaluate the pro-
posed approach in multi-step-ahead prediction tasks. The
results show that the proposed approach consistently out-
performs standard neural network based predictors, such
as the FTDNN and Elman architectures.

1. Introduction

Artificial neural networks (ANNSs) have been success-
fully used as a tool for time series prediction and model-
ing in a variety of application domains, including finan-
cial time series prediction [8], river flow forecasting [2],
biomedical time series modeling [7] and network traffic pre-
diction [9, 1], just to mention a few. Usually, ANN models
outperform traditional linear techniques, such as the well-
known Box-Jenkins models [4], when the time series are
noisy and nonlinear. In such cases, the universal approxi-
mation and generalization abilities of ANN models seems
to justify their better prediction performance.

In nonlinear (e.g. chaotic) time series prediction, ANN
models are commonly used as one-step-ahead predictors,
estimating only the next value of a time series without feed-
ing the predicted value back to the model’s input regres-

sor. In other words, the input regressor contains only ac-
tual sample points of the time series. If the user is inter-
ested in a wider prediction horizon, a procedure known as
multi-step-ahead prediction, the model’s output should be
fed back to the input regressor for a fixed but finite number
of time steps. In this case, the input regressor’s components,
previously composed of actual sample points of the time se-
ries, are gradually replaced by predicted values.

If the prediction horizon tends to infinity, from some mo-
ment in time on, the input regressor will start to be com-
posed only of previous estimated values of the time series.
In this case, the multi-step-ahead prediction task becomes a
dynamic modeling task, in which the ANN model acts as an
autonomous system, trying to recursively emulate the dy-
namic behavior of the system that generated the nonlinear
time series [12]. Multi-step ahead prediction and dynamic
modelling are much more complex to deal with than one-
step-ahead prediction, and it is believed that these are com-
plex tasks in which ANN models play an important role, in
particular recurrent neural architectures [21].

Recurrent ANNs have local and/or global feedback loops
in their structure. Even though feedforward MLP-like net-
works can be easily adapted to process time series through
an input tapped delay line, giving rise to the well-known Fo-
cused Time Delay Neural Network (FTDNN) [21], they can
also be easily converted to simple recurrent architectures by
feeding back the neuronal outputs of the hidden or output
layers, giving rise to EIman and Jordan networks, respec-
tively [14]. Recurrent neural networks (RNNSs) are capable
to represent arbitrary nonlinear dynamical mappings [19],
such as those commonly found in nonlinear time series pre-
diction tasks.

The previously described neural architectures are usu-
ally trained through the standard backpropagation algo-
rithm. However, learning to perform tasks in which the
temporal dependencies present in the input/output signals
span long time intervals can be quite difficult using gra-
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dient descent [3]. In [16], the authors reported that learn-
ing such long-term temporal dependencies with gradient-
descent techniques is more effective in a class of recurrent
ANN architecture called Nonlinear Autoregressive with eX-
ogenous input (NARX) [17] than in simple MLP-based re-
current models. This occurs in part because the NARX
model’s input vector is cleverly built by means of a tapped-
delay line sliding over the input signal together with another
tapped-delay line over the network’s output.

Despite the aforementioned advantages of the NARX
network, its application to univariate time series predic-
tion has been misdirected. In this type of application, the
tapped-delay line over the output signal is eliminated, thus
reducing the NARX network to a plain FTDNN architec-
ture. Considering this under-utilization of the NARX net-
work, we propose a simple strategy based on Takens’ em-
bedding theorem to allow the computational abilities of the
original NARX network to be fully exploited in nonlinear
time series prediction tasks.

The remainder of the paper is organized as follows. In
Section 2, we briefly describe the NARX recurrent network
model and its main characteristics. In Section 3 we describe
the basics of the nonlinear time series prediction problem
and introduce our approach. The simulations and discussion
of results are presented in Section 4. The paper is concluded
in Section 5

2. The NARX Network

The Nonlinear Autoregressive model with Exogenous
inputs (NARX) model is an important class of discrete-time
nonlinear systems that can be mathematically represented
as follows [15, 20]:

yln+1) = fly(n),....y(n —dy +1); €
u(n),u(n —1),...;uln —d, + 1)]

or, in a compact form:

y(n+1) = fly(n);u(n)] O]

where u(n) € R and y(n) € R denote, respectively, the in-
put and output of the model at discrete time n, while d,, > 1
and d, > 1, d,, < d,, are the input-memory and output-
memory orders. The vectors y(n) and u(n) denote the out-
put and input regressors, respectively. Figure 1 shows the
topology of an one-hidden-layer NARX network.

The function f(-) is a (generally unknown) nonlinear
function which should be approximated. When this is done
by a multilayer Perceptron (MLP), the resulting topology is
called a NARX recurrent neural network [6, 19]. This is a
powerful class of dynamical models which has been shown
to be computationally equivalent to Turing machines [22].

Figure 1. A NARX network with d, input and
d, output delays.

The NARX network is trained basically under one out of
two modes:

e Series-Parallel (SP) Mode - In this case, the output’s re-
gressor is formed only by actual values of the system’s out-
put:

I
=)
<

w

hSi

yn+1)
coyn—dy +1); (3)
u(n),u(n —1),...,uln —d, + 1)]

o Parallel (P) Mode - In this case, estimated outputs are fed
back and included in the output’s regressor:

gn+1) = flyy(n);u(n))
f[g(n)v"'vg(nidy+1); (4)

u(n),u(n —1),...,u(n —dy, +1)]

It is worth noting that the feedback pathway shown in
Figure 1 is present only in the Parallel Identification Mode.
As a tool for nonlinear system identification, the NARX
network has been successfully applied to a number of real-
world input-output modelling problems, such as heat ex-
changers, waste water treatment plants, catalytic reforming
systems in a petroleum refinery and nonlinear time series
prediction.

Of particular interest for this paper is the issue of nonlin-
ear time series prediction with the NARX network. In this
type of application, the output-memory order is set d,, = 0,
thus reducing the NARX network to a plain FTDNN archi-
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tecture [18]:

yn+1) = flu(n)] ®)
= flu(n),u(n —1),...,u(n —d, +1)]

where u(n) € R is the input regressor. This simplified
formulation of the NARX network eliminates a consider-
able portion of its representational capabilities as a recur-
rent network; that is, all the dynamic information that could
be learned from the past memories of the output (feedback)
path is discarded. For many practical applications, such as
self-similar traffic modelling [11], the network must be able
to robustly store information for a long period of time in the
presence of noise.

It is worth emphasizing that the original formulation
of the NARX network does not circumvent the problem
of long-term dependencies, but it has only been demon-
strated that it often performs much better than standard
recurrent ANNSs in such a class of problems, achieving
much faster convergence and better generalization perfor-
mance [17]. However, if the output memory is fully dis-
carded as in Equation (5) these properties may no longer be
observed. Considering this limited use of the potentialities
of the NARX network, we propose a simple strategy to al-
low the computational abilities of the NARX network to be
fully exploited in nonlinear time series prediction tasks.

3. Chaotic Time Series Prediction with NARX

The state of a deterministic dynamical system is the in-
formation necessary to determine the entire future evolu-
tion of the system. In discrete time, this evolution can be
described by the following system of difference equations:

x(n +1) = Fx(n)] (6)

where x(n) € R? is the state of the system at time n, and
F[-] is a nonlinear vector valued function. A time series is a
set of measures {z(n)}, n = 1,..., N, of a scalar quantity
observed at the output of the system over time. This ob-
servable quantity is defined in terms of the state x(n) of the
underlying system as follows:

2(n) = hx(n)] + (1) @)

where h(-) is a nonlinear scalar-valued function, ¢ is a ran-
dom variable which accounts for modelling uncertainties
and/or measurement noise. It is commonly assumed that
e(t) is drawn from a Gaussian white noise process. It can
be inferred immediately from Equation (7) that the obser-
vations {x(n)} are seen as a projection of the multivariate
state space of the system onto the one-dimensional space.
Equations (6) and (7) describe together the state-space be-
havior of the dynamical system.

In order to perform prediction, one needs to reconstruct
(estimate) as well as possible the state space of the system
using the information provided by {x(n)}. Takens [23] has
shown that, under very general conditions, the state of a de-
terministic dynamic system can be accurately reconstructed
by a time window of finite length sliding over the observed
time series as follows:

x1(n) 2 [z(n),z(n —1),...,2(n — (dg — 1)7)] (8)

where z(n) is the value of the time series at time n, dg
is the embedding dimension and 7 is the embedding de-
lay. Equation (8) implements the delay embedding theorem.
This theorem motivates the technique of using time-delay
coordinate reconstruction in reproducing the phase space of
an observed dynamical system; that is, a collection of time-
lagged values in a dg-dimensional vector space will pro-
vide sufficient information to reconstruct the states of the
dynamical system. Thus, the purpose of time-delay embed-
ding is to unfold the projection back to a multivariate state
space that is representative of the original system.

The embedding theorem provides a sufficient condition
for choosing the embedding dimension d g large enough so
that the projection is theoretically able to reconstruct the
original state space. This theorem also provides a theoret-
ical framework for nonlinear time series prediction, where
the predictive relationship between the current state x; (¢)
and the next value of the time series is given by the follow-
ing equation;

z(n+1) = glxi ()] ©

Once the embedding dimension dg and delay 7 are cho-
sen, one remaining task is to approximate the mapping func-
tion g(-). It has been shown that a feedforward neural net-
work with enough neurons is capable of approximating any
nonlinear function to an arbitrary degree of accuracy. Thus,
it can provide a good approximation to the function g(-) by
implementing the following mapping:

z(n+1) =gk (n)] (10)

where Z(n + 1) is an estimate of 2(n + 1) and g(+) is the
corresponding approximation of g(-). The estimation error,
e(n+1) = z(n+ 1) — Z(n + 1), is commonly used to
evaluate the quality of the approximation.

If we assume u(n) = x;(n) and y(n + 1) = z(n + 1)
in Equation (5), then it leads to an intuitive interpretation of
the nonlinear state-space reconstruction procedure as equiv-
alent to the time series prediction problem whose the goal is
to compute an estimate of z(n+1). Thus, the only thing we
have to do is to train a FTDNN model [21]. Once training is
completed, the FTDNN can be used for predicting the next
samples of the time series.

Despite the correctness of the FTDNN approach, recall
that it is derived from a simplified version of the NARX net-
work by eliminating the output memory. In order to use the
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full computational abilities of the NARX network for non-
linear time series prediction, we propose novel definitions
for its input and output regressors. Firstly, the input signal
regressor, denoted by u(n), is defined by the delay embed-
ding coordinates of Equation (8):

u(n) = xi(n) (11)
T)yooyz(n— (dg — 1)7)]

where we set d, = dg. In words, the input signal regressor
u(n) is composed of d actual values of the observed time
series, separated from each other of 7 time steps.

Secondly, since the NARX network can be trained in
two different modes, the output signal regressor y(n) can
be written as follows:

= [z(n),z(n —

[z(n),...,z(n—dy +1)] (12)
[Z(n),...,T(n—dy, +1)] (13)

Ysp(n)
yp(n) =

where the output regressor for the SP mode in Equation (12)
contains d,, past values of the actual time series, while the
output regressor the P mode in Equation (13) contains d,,
past values of the estimated time series. For a suitably
trained network, these outputs are estimates of previous val-
ues of z(n + 1), and should obey the following predictive
relationships implemented by the NARX network:

~

/x\(n + 1) = A[Ysp(n)7 u(n)} (14)

#n+1) = flyp(n),um)] (15)
where the nonlinear function f(-) be readily implemented
through a MLP trained with backpropagation. The NARX
networks trained according to Equations (14) and (15) are
denoted onwards by NARX-SP and NARX-P networks, re-
spectively.

Note that, unlike the FTDNN-based approach for the
nonlinear time series prediction problem, the proposed ap-
proach makes full use of the output signal regressor y,(n)
(or y,(n)). Equations (11) and (12) are valid only for one-
step-ahead prediction tasks. If one is interested in multi-
step-ahead or recursive prediction tasks, the estimates =
should also be inserted into the regressors in a recursive
fashion.

The proposed approach is summarized as follows. A re-
current NARX network is defined so that its input regressor
u(n) contains samples of the measured variable x(n) sep-
arated 7 > 0 time steps from each other, while the output
regressor y(n) contains actual or estimated values of the
same variable, but sampled at consecutive time steps. As
training proceeds, these estimates should become more and
more similar to the actual values of the time series, indicat-
ing convergence of the training process. Thus, it is interest-
ing to note that the input signal regressor supplies medium-
to long-term information about the dynamical behavior of

the time series, since the delay 7 is always much larger
than unity, while the output regressor, once the network has
converged, supplies short-term information about the same
time series.

4. Simulations

In this paper, we evaluate the NARX-P and NARX-SP
models using the chaotic laser time series, a highly non-
linear data set that has been widely used for benchmark
studies [24]. This time series comprises measurements of
the intensity pulsations of a single-mode Far-Infrared-Laser
NHs in a chaotic state [13]. It was made available world-
wide during a time series prediction competition organized
by the Santa Fe Institute and, since then, has been used in
benchmark studies. This time series has 1500 sample points
which have been rescaled to the range [—1, 1]. The rescaled
time series was further split into two sets for the purpose
of performing 1-fold cross-validation, so that the first 1000
samples were used for training and the remaining 500 sam-
ples for testing.

All the networks evaluated in this paper have two-hidden
layers and one output neuron. All neurons in both hidden
layers and the output neuron use the hyperbolic tangent ac-
tivation function. The standard backpropagation algorithm
is used to train the networks for 3000 epochs, with learning
rate equal to 0.01. No momentum term is used. In what
concerns the ElIman network, only the neuronal outputs of
the first hidden layer are fed back to the input layer.

The number of neurons, IVy, 1 and IV, o, in the first and
second hidden layers, respectively, are the chosen according
to the following heuristics:

Nh,l =2dg +1 and Nhyg = \/Nh}1 (16)
where N, 5 is rounded up towards the next integer number.

In this paper, we used Cao’s method [5], which is a vari-
ant of the false neighbors’ method, for estimating dg = 7.
A choice of 7 = 2 that keeps the coordinates more uncorre-
lated in time is made based on the first minimum of the mu-
tual information curve [10] of the time series. The number
of neurons in each hidden layeris N}, ; = 15and Ny » = 4,
for all networks whose performances are being compared.
The order of the output regressor in NARX-P and NARX-
SP models is setto n, = 7dg =2 x 7 = 14.

The networks are evaluated in terms of the Normalized
Mean Squared Error (NMSE), defined as follows:

N ~
1 52
NMSE(N) = N oz Y e*(n) = ? (17)

T n=1

where N is the horizon prediction (i.e., how many steps into
the future a given network has to predict), 52 is the sample
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Figure 2. Recursive predictions for the laser time series: (a) NARX-SP, (b) Elman, and (c) FTDNN.

variance of the actual time series, and 52 is the sample vari-
ance of the sequence of estimation errors. All the reported
values of NMSE are mean values averaged over 10 train-
ing/testing runs.

The simulations aim to evaluate, in qualitative and quan-
titative terms, the predictive ability of all networks of inter-
est. Once they have been trained, the networks are required
to provide estimates of the future values of the laser time
series for a certain prediction horizon N. The predictions
are executed in a recursive fashion until desired prediction
horizon is reached, i.e., during N time steps the predicted
values are fed back in order to take part in the composi-
tion of the regressors. In this sense, the NMSE quantity
in Equation (17) is better understood as a multi-step-ahead
NMSE. For the NARX-SP network in particular, the pre-
dicted values, during multi-step ahead predictions, should
be fed back to both the input regressor u(n) and output re-

gressor ysp(n).

The results are shown in Figures 2(a), 2(b) and 2(c), for
the NARX-SP, ElIman and FTDNN networks, respectively.
A visual inspection illustrates clearly that the NARX-SP
model performed better than the other two neural architec-
tures. It is important to point out that a critical situation oc-
curs around time step 60, where the laser intensity collapses
suddenly from its highest value to its lowest one; then, it
starts recovering the intensity gradually. The NARX-SP
model is able to emulate the laser dynamics very closely.
The Elman’s network was doing well until the critical point.
From this point onwards, it was unable to emulate the laser
dynamics faithfully, i.e., the predicted laser intensities have
much lower amplitudes than the actual ones. The FTDNN
network had a very poor predictive performance. From a
dynamical point of view the output of the FTDNN seems to
be stuck in a limit cycle, since it only oscillates endlessly.

It is worth mentioning that the previous results did not
mean that the FTDNN and Elman networks cannot learn
the dynamics of the chaotic laser. Indeed, it was shown
to be possible in [12]. The results only shows that for the
same small number of Ny, 1 + Nj, 2 + 1 = 20 neurons, short
length of the training time series, and number of training
epochs, the NARX-P and NARX-SP networks perform bet-
ter than the FTDNN and Elman networks; that is, the for-
mer architectures are computationally more powerful than
the latter ones in capturing the nonlinear dynamics of the
chaotic laser.

The multi-step-ahead predictive performances of all net-
works can be assessed in more quantitative terms by means
of NMSE curves, that show the evolution of NMSE as a
function of the prediction horizon N. Figure 3 shows the
obtained results. It is worth emphasizing two types of be-
havior in this figure. Below the critical time step N = 60,
the NMSE values reported are approximately the same, with
a small advantage to the EIman network. This means that
while the critical point is not reached, all networks predict
well the time series. Above N = 60, the NARX-P and
NARX-SP models reveal their superior performance.

5. Conclusions

In this paper, we proposed a strategy that allows the
original architecture of the NARX network to fully ex-
plore its computational power to improve prediction per-
formance. We used the well-known chaotic laser time se-
ries to evaluate the proposed approach in multi-step-ahead
prediction tasks. The results have shown that the proposed
approach consistently outperforms standard neural network
based predictors, such as the FTDNN and Elman architec-
tures. Currently, we are investigating the performances of
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Figure 3. Multi-step-ahead NMSE curves.

the NARX-P and NARX-SP approaches in other time se-
ries prediction applications, such as self-similar traffic pre-
diction and electric load prediction.
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