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Existence conditions

1. Introduction

Entropy has been widely employed as a key measure of information in dynamical systems. Information theory, the field
that investigates the characterization and limits of information, allows a number of applications that span from areas such
as communications, neurobiology, natural language processing, econometric and other physical systems [1].

Shannon [2] was the first to interpret that information was linked to probability and to propose the quantity as an
information or uncertainty measure, which can be written as

n
H(p)=—) pilnp;,
i=1

where p is the probability mass function of the source of information. The quantity was named as entropy by its similarity
with Boltzmann entropy (see, for instance, [3]). Another well know measure of information was proposed by Tsallis [4],
who defined the expression

1 n
Hq(l))=q_71 1‘21’? ,
i=1

as a generalized entropy dependent on the ?arameter q > 0, since when q¢ — 1 it reduces to the Shannon entropy. Also,

in [5] Tsallis defined the function Ing(x) = ¥ 2;] for any non negative ¢, as a generalized logarithm function, which was

* Corresponding author.
E-mail addresses: rfvigelis@ufc.br (R.F. Vigelis), luizafelix@ufersa.edu.br (Luiza H.F. de Andrade), charles@gtel.ufc.br (C.C. Cavalcante).

https://doi.org/10.1016/j.physa.2020.124953
0378-4371/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.physa.2020.124953
http://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physa.2020.124953&domain=pdf
mailto:rfvigelis@ufc.br
mailto:luizafelix@ufersa.edu.br
mailto:charles@gtel.ufc.br
https://doi.org/10.1016/j.physa.2020.124953

2 RF. Vigelis, Luiza H.F. de Andrade and C.C. Cavalcante / Physica A 558 (2020) 124953

termed as g-logarithm, since Ing(x) — In(x), as ¢ — 1. As a consequence, Tsallis entropy generalizes Shannon entropy [5].
The uniqueness theorem for Tsallis entropy was presented in [6] by introducing a generalization of Shannon-Khinchin
axiom. Furthermore, this theorem was generalized and simplified in [7]. Tsallis entropy plays a crucial role in nonextensive
statistics also called Tsallis statistics [8].

On another way of visualizing the uncertainty of events and how to measure them, Rényi proposed a family if entropies
that can be written as [9]:

_l n
o
11—« In (Z P ) ’
i=1

where « is the entropy order. Rényi entropy is then flexible in the sense it can, as in the Tsallis case, to provide several
different expressions by choosing different entropy orders. Due to its properties for the case « = 2, some researchers
have been working in the field termed information theoretic learning (ITL) where several interesting properties arise for
this entropy definition [10]. This flexibility of the model proposed by Rényi is one of our key interests on the investigation
of work.

While entropy is an uncertainty measure, relative entropy can be interpreted as a measure of statistical distance
between two probability distributions [1]. Relative entropy, or statistical divergence, plays an essential role in information
geometry [11]. A well-known example is the relative (Shannon) entropy, or Kullback-Leibler (KL) divergence, given by

D(plla)=) piln (&> :
i=1

di

Hy(p) =

which was defined in [12]. It can also be interpreted as an analogous (non symmetric) of the squared of the Euclidean
distance [13]. One possible generalization of this divergence is the Tsallis relative entropy [14] which is obtained when
we replace the ordinary logarithm by the g-logarithm in the KL divergence which yields

n
Di
Dyp Il @) = E Di lnq(a).
i=1 !

Both KL divergence and Tsallis relative entropy satisfy important properties, such as non negativity, monotonicity and
joint convexity, among others [15]. One must note that the expressions for the definitions of entropy and divergence
have considered discrete distributions, as in the original works but it is straightforward to provide those expressions
considering continuous distributions by replacing the summation by integrals and the probability mass function by the
probability density function [1].

The investigation of more general divergences and study their properties has been the object of interest of many
researchers in the last decades. The interest on a different statistical divergence metric is motivated, among others, in
applications related to optimization and statistical learning since more flexible functions and expressions may be suitable
to larger classes of data and signals and lead to more efficient information recovery methods [16-18]. To cite a few,
the usage of divergence metric has been considered in several domains such as statistics (including statistical physics)
and learning [10,19-21], econometrics [22-26], digital communications [27-30], signal and image processing [31-33],
biomedical processing [34]. Also, quantum versions of generalized divergences are of interest in the literature [35,36].

The general rationale on the consideration of divergence in such optimization problems is usually to derive more robust
(or suitable) metrics to statistically differentiate two distributions stating how close (or how different) they are from each

other. Csiszar introduced yet another concept of divergence, the f-divergence defined as Zl” qif (%) [13] for any convex

function f(t) for t > 0 such that f(1) = 0. KL divergence and Tsallis relative entropy are also obtained as a particular
case of the f-divergence. Amari a-divergence [37-39] is yet another divergence that can be seen as a special case of the
f-divergence since such divergence reduces to the KL one, when o = £1. Bregman introduced in [40] a divergence which
is induced by a convex differentiable function. In [11] a more general expression of a divergence function was introduced,
the (p, t)-divergence, that has as a especial case the Zhang’s «-divergence which is based on the quasiarithmetic mean [41]
and includes the Bregman divergence, the Amari a-divergence and the f-divergence as special cases. Furthermore, more
recently, the (o, t)-embedding was studied in [42,43] and Jain and Chhabra [44] introduced a new generalized divergence
measure for increasing functions.

Some of the proposed generalized divergences rely on a more flexible function in order to exploit other statistical
characteristics. The deformed exponentials proposed by Naudts [45] and further investigated in the context of statistical
physics in [46] are one of such more flexible models. The idea of those deformed functions is that they relax some
conditions of the classical exponential function and expand the number of degrees of freedom one can play so aspects of
heavier tails, for example, can be more easily incorporated within the same framework. This is particularly of interest in
some problem in econophysics when the distribution of the risk changes due to some external aspects of the economy
(unforeseen events such as pandemics and crash of stock market).

One generalization of the exponential families of probability distributions was introduced in [47], with the so-called
op-families of probability distributions. This generalization was possible by replacing of the exponential function by a
deformed exponential ¢, with some appropriate conditions. In that work, the ¢-divergence was defined between two
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probability distributions in the same ¢-family. The ¢-divergence can be interpreted as the Bregman divergence associated
to the normalizing function v, that is a convex differentiable function. Actually, the ¢-divergence between two probability
distributions p and q, that are in the same ¢-family, is the normalizing function 1, that appears when we write the
probability distribution q as a function of p. In others words, ¢-divergence appears naturally in the theory of information
geometry [48]. Furthermore, the ¢-divergence has an inherent relationship with Zhang’s a-divergence [11].

Rényi divergence [9] is one of the most successful measures of dissimilarity between probability distributions, having
found many applications [49]. It is given by

( ) l n 04
D - ll‘l E ! 3

i=1

where « is the order of the entropy (a free parameter). In [50] the authors proposed a generalization of Rényi divergence
in terms of a deformed exponential function. In order that this generalization be well-defined, the deformed exponential
function have to satisfy some suitable conditions, which we investigate in the present paper. We considered the cases in
which the underlying measure p is non-atomic or purely atomic (the counting measure on the set of natural numbers
N). Each case required distinctive techniques, and provided different results. If the measure x is non-atomic, we found
that not all deformed exponential functions can be used in the generalization of Rényi divergence; a condition involving
the deformed exponential function is provided. In the case u is the counting measure on N, we prove that any deformed
exponential function can be used to define the generalization of Rényi divergence. These results are found in Section 2.
In what follows, we show how the Rényi divergence can be generalized in terms of a deformed exponential function; the
limit cases are also discussed.

Let (T, ¥, u) be a o-finite measure space. All probability distributions (or probability measures) are assumed to have
positive density w.r.t. the underlying measure w. In other words, they belong to the collection

PM={p€L°:/pdu=1andp>O},
T

where L° is the space of all real-valued, measurable functions on T, with equality j-a.e.
The Rényi divergence of order « € (0, 1) between probability distributions p and q in P, is defined as

k(o)

S (1.1)

Dp | q) =

where

kla) = — log(/p"‘q1’“du>. (1.2)
T

For « € {0, 1}, the Rényi divergence is defined by taking a limit:
Dp [ q) = imD“p |l q),
pV(p || q) = lim D | ).

Expression (1.1) can be used to define the Rényi divergence D). || -) for every o € R. However, for o ¢ (—1, 1) this
expression may not be finite-valued for all p and q in P,,. To avoid some technicalities, we assume that « € [—1, 1]. The
standard form of the Rényi divergence found in the literature differs from (1.1) by a factor of 1/«. We chose to define
D(. || -y as in (1.1) so that some symmetry could be preserved when the limits & | 0 and « 4 1 are taken.

The generalization of Rényi divergence is based on an alternate interpretation of «(«). Fixed @ € (0, 1), and given any
p and q in P, the function «(«) := «x(; p, q) is the unique non-negative real number such that

/ exp(a In(p) + (1 — a)In(q) + «(a))dp = 1.
T
To generalize the Rényi divergence, we consider a deformed exponential ¢(-) in the place of the exponential function. A
deformed exponential ¢: R — [0, 00) is a convex function such that lim,_, o ¢(u) = 0 and lim,_, -, ¢(u) = oco. Given any
p and q in P,, we take «(«a) = «(ct; p, ) > 0 so that

/<P(Ol<.0_1(P) + (1 —a)p™'(q) + k(@)ug)dp = 1, (1.3)
T
where ug: T — (0, 00) is a positive, measurable function satisfying a suitable condition. The existence and uniqueness of
k(a) as defined in (1.2) is guaranteed by the condition in (1.3), which will be investigated in the next section. We will
show that the existence of 1y depends on ¢(-) and the underlying measure .

We define the generalization of Rényi divergence of order « € (0, 1) by

k(o)

s (1.4)

(@) _
D, (p Il q) =
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where «(«) is given as in (1.3). For @ € {0, 1}, the generalization is defined by taking a limit:
pp | q) = EL“;}D&“)(P I ), (1.5)
DM || g) = limDL(p || g). (1.6)
atl

These limits are related to a generalization of the Kullback-Leibler divergence [51], the so-called ¢-divergence, which was
introduced by the authors in [47]. The ¢-divergence is given by

¢ ')—0"(9) 4
f]‘ —1y n
Dy(p Il q) = fﬁﬂ+p)d« (1.7)
T oy

In the case ¢(-) is the exponential function and uy = 1, the ¢-divergence reduces to the Kullback-Leibler divergence.
Under some conditions, the limits (1.5) and (1.6) are finite-valued and converges to the ¢-divergence:

POq 1 p) =D (0 1l 9) =Dy(p |l q) < o0. (1.8)

These conditions are stated in Proposition 1 for the case involving the generalized Rényi divergence.
Proposition 1. Assume that ¢(-) is continuously differentiable. Consider the condition

/ oo™ () + (1 — oo~ (@))dpt < oc. (1.9)
T

If expression (1.9) is satisfied for all « € [, 0) and some oy < O, then

oK
pp | q) = 550 ="Dyla |l p) < oo

If expression (1.9) is satisfied for all « € (1, op] and some oy > 1, then

oK
PP 1) =———(1)=Dy(p || ) < o%.

Notice that expression (1.9) always holds for « € [0, 1], since ¢(-) is convex. For a proof of Proposition 1 we refer to
Lemma 4 and Proposition 5 in [50].

2. Existence conditions

The generalization of Rényi divergence requires that «(«) be well-defined. To guarantee the existence and uniqueness
of k(a) as defined by (1.3), we assume that there exists a measurable function ug: T — (0, oo) such that

/(p(C + Alg)du < oo, for all A > 0, (2.1)
T
for each measurable function c:T — R satisfying fT ¢(c)du < oo. The existence of uy depends on the deformed
exponential ¢(-) and the underlying measure w. In the case p is non-atomic, not all deformed exponential functions
admit the existence of a function ug satisfying (2.1). (A measure wu is said to be non-atomic if for any measurable set A
with ©(A) > 0 there exists a measurable subset B C A such that ©(A) > u(B) > 0.) We shall find a condition involving
solely ¢(-) which is equivalent to the existence of ug. If 1 is the counting measure on the set of natural numbers T = N,
we will show that, for any deformed exponential function ¢(-), always there exists a function ug (to be more precise, a
sequence) satisfying (2.1).

Many deformed exponential functions ¢(-) can be used in the generalization of Rényi divergence. A standard example
is the exponential function, which satisfies condition (2.1) for uy = 1. Another example is the Kaniadakis’ x-exponential
[47,52]. For the deformed exponential function given below, we cannot find a function ug for which condition (2.1) holds.

Example 2. Let us consider the deformed exponential function

W eWH1?/2 >,
u)=
¢ ety oy <o,

Assume that the underlying measure p is non-atomic. Given any measurable function ug: T — (0, o0), we can find a
measurable function ¢: T — R with fT ¢(c)du < oo, for which condition (2.1) does not hold. This claim was proved by
the authors in [50, Example2]. An alternate proof of this result follows from a proposition (which will be shown in this
section) involving the existence of uj.

The next result shows that condition (2.1) is appropriate for the existence of x(«), since they are equivalent.
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Proposition 3. Assume that the measure p is non-atomic. Fix any o € (0, 1). A deformed exponential ¢: R — [0, co) and
a measurable function ug: T — (0, o) satisfy condition (2.1) if, and only if, for each probability distributions p and q in P,,
there exists a constant k(a) := k(«a; p, q) such that

/sﬂ(otw_](P) + (1 —a)p™(q) + k(@)uo)dp = 1. (2.2)
T

Proof. If condition (2.1) is satisfied, the existence and uniqueness of x(«) follows from the Monotone Convergence
Theorem and the continuity of ¢(-).

Suppose that condition (2.1) does not hold. In this case, for some measurable function c: T — R with fT c)du < oo,
and some A > 0, we have

/(p(c + Aug)dp < oo, for0 < X < Ao,

! (2.3)
/ga(c + Alg)du = oo, for Ag < A,

T

or

fga(c + Alg)du < o0, for0 < A < Ao,
! (2.4)

/(p(c + Aug)du = o0, for Ag < A.
T

Notice that (2. 4) cannot be satisfied for Ag = 0. Let {T,,} be a sequence of non-decreasing, measurable sets with u(T,;) < oo
and u(T \ U = 0. Define A, = T, N {c < n}N{up < n}, for each n > 1. Clearly, the sequence {A,} is non-decreasing
and satisfies ,u(An) < oo and u(T \ Un:] A,) = 0. Moreover,

/ p(c + Atg)dp < ¢(n + An)u(A,) < oo,
An

for all A > 0, and each n > 1.
If the function uq satisfies (2.3), we select a sufficiently large ny > 1 such that fT\A o(c 4+ Aoup)du < 1. Denote
B == T \ Ay,. Let by,b,:T — R be measurable functions for which p = ¢(c;) and q = ¢(cp) are in P,, where

¢1 = bixns + (¢ + Aoug)xg and ¢ = byxm\g + (¢ + Aoug)xg. Moreover, we assume by xr\g # bz xr\s. For any A > 0,
we can write

/w(aw‘l(p)ﬂl—akp Yq) + Aug) > /¢(C+(7\o+)~)uo)dﬂ
T B

= [ ote G+ dakdi [ ot + Gha-+ Aok = oc.
T Ano
Thus, the constant «(«), as defined by (2.2), cannot be found.

Now suppose that (2.4) is satisfied. Let {A,} be a sequence in (0, Ag) such that A, 1 Ag. We define inductively an
increasing sequence {k,} N as follows. Choose k; > 1 such that fA @(c+Xoug)dp > 1and fA @(c+rug)du < 270+,

Given k,_; we select some k,, > k,_; such that
[ ete+ rauope = 1
Ak Mi,_q

and

f (4 Antig)dp < 270D,
Akn Mi,_q

Let us denote By = Ay, and B, = Ay, \Ai, , forn > 1. Notice that the sets B, are pairwise disjoint. Define u = Zi‘;l Anlo X5,
and B = [ J;_, By. As a result of this construction, it follows that

1
f¢(c +u)du < —.
B 2

Let by, b: T — R be measurable functions for which p = ¢(c1) and q = ¢(c;) are in P,,, where ¢y = by xr\p + (¢ + u)xs
and ¢; = byxr\p + (¢ + u)xg. In addition, we assume b1 xr\g 7# by xr\s. Fixed arbitrary A > 0, we take ny > 1 such that
An + A > Ag for all n > ny. Observing that an o(c + Aoup)du > 1, we can write

/ @lap™'(p) + (1 — a)p~'(q) + Aug)du > /go(c + U + Aug)dp
T

B
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o0 [o]
= Z/ @(c + (An + A)uo)dp > leoo,
Bn n=ni

n=ny
which shows that «(«) cannot be found. O

The analysis concerning the existence of uy implicates the use of different techniques, which depend on the measure
1 be non-atomic or purely atomic (the counting measure on the set of natural numbers T = N).

2.1. Non-atomic case

As shown in Example 2, where the measure p was assumed to be non-atomic, not all deformed exponential functions
accept the existence of a function ug satisfying (2.1). Supposing that x is non-atomic, we will present an equivalent
criterion for a deformed exponential function and a function u to satisfy condition (2.1). Using this result, we will find
a condition involving solely ¢(-) which is equivalent to the existence of ug. Throughout this subsection, we assume that
the measure p is non-atomic.

Proposition 4. A deformed exponential ¢: R — [0, o0) and a measurable function ug: T — (0, 00) satisfy condition (2.1) if,
and only if, for some constant « € (0, 1), we can find a measurable function c: T — R U {—oo} such that fT o(c)du < oo and

ap(u) < ¢(u — ug(t)), forall u > c(t), (2.5)
for p-ae. t €T.

Inequalities similar to (2.5) will be assumed to hold for p-a.e. t € T. Accordingly, we will omit this assumption
hereafter. The proof of Proposition 4 requires some preliminary results.

Lemma 5. Let  be a non-atomic, o-finite measure. If {on} is a sequence of positive, real numbers, and {u,,} is a sequence
of finite-valued, non-negative, measurable functions, such that

/umd,u > 2"ay,, forallm=> 1,
T

then there exist an increasing sequence {m,} of natural numbers and a sequence {A,} of pairwise disjoint, measurable sets such
that

/ Um,d = a,, foralln> 1.
An
A proof of Lemma 5 is found in [53, Lemma 8.3]. We use Lemma 5 to prove the result stated below.
Lemma 6. Suppose that we cannot find « € (0, 1) and a measurable function c:T — R U {—oo} such that fr o(c)du < oo
and
ap(u) < ¢(u — u(t)), forall u > c(t). (2.6)

Then there exist sequences {c,} and {A,} of measurable functions, and pairwise disjoint, measurable sets, respectively, such that

/ o(c)du =1 and / o(cn —ug)dp < 27", foralln=>1. (2.7)

An An

Proof. For each m > 1, we define the function

fn(t) = sup{u € R : 27"g(u) > p(u — uo(t))},

where we use the convention sup ¥ = —oco. We will verify that f;,, is measurable. For each rational number r, define the
measurable sets

Emr={t €T :27™9(r) > @(r — uo(t))}

and the simple functions um ; = rxg,,. Let {r;} be an enumeration of the rational numbers. For each m, k > 1, consider
the non-negative, simple functions vy = max<j<x Un,,. Moreover, denote By, = U!‘:1 Ep,r,. By the continuity of ¢(-), it
follows that (vm k)X, T ¢(fn) as k — oo, which shows that f;; is measurable. Since (2.6) is not satisfied, we have that
fr ¢(fimn)du = oo for all m > 1. In virtue of the Monotone Convergence Theorem, for each m > 1, we can find some k;,, > 1
such that the function vy, = vpk, and the set By, = Bp i, satisfy me @(vm)du > 2™. Clearly, we have that ¢(vpm)xs, < 00
and 27" ¢(vm)xs, = ¢(vm — Uo)Xs,,- By Lemma 5, there exist an increasing sequence {m,} of indices and a sequence {A,}
of pairwise disjoint, measurable sets such that fAn ©(vm, )dp = 1. Clearly, fAn @(vm, — Up)dp < 27 Denoting ¢, = vp,,
we obtain (2.7). O
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Proof of Proposition 4. Assume that ¢(-) and ug satisfy condition (2.1). Suppose that expression (2.5) does not hold. Let
{c,} and {A;} be as stated in Lemma 6. Denote A = U,fl“;] Ay. Then we define ¢ = coxra + Z;’il CnXap Where ¢g: T — R
is any measurable function such that fT\A ¢(co)du < oo. Using (2.7), we can write

du = di + / d
fTw(C)M /T\Arp(c‘o)u ;Anrp(c‘)u

fmw(co)u ; 00 (2.8)

In addition, it follows that

[ ot —woxtn = [ otca—woxn+ Y- [ ptc, ~ ol
T T\A — Jan

o0
< / pleo)dn+ 327" < oo,
T\A n=1

By condition (2.1), we get fT o(c)dpn = fT ¢(c — up + up)d < oo, which is a contradiction to (2.8).
Conversely, suppose that expression (2.5) holds. Let ¢: T — R be any measurable function satisfying fr o(C)du < 0.
Denote A = {t : ¢(t) + up(t) > c(t)}. We use inequality (2.5) to write

oz/go(?—}- ug)du Sa/go(?+ uo)d,u—i-oz/ p(c)du
T A T\A

= f(p(?)du+a/ p(c)dp < oo.
A T\A

As a result, we can conclude that fT @(€+nuy)du < oo for all n > 1. Consequently, fT o(€+Aiug)du < ooforallaA > 0. O

In Proposition 4, if we consider uy = 1 then the function c(t) can be chosen to be constant. Clearly inequality (2.5)
with up = 1 holds for all u > essinfc(t). As a result, we can replace c(t) with essinfc(t) if the measure u is finite. On the
other hand, assume w(T) = oc. Then fT ¢(c)dp < oo implies essinfc(t) = a, := inf{u € R : ¢(u) > 0}. It cannot be the
case a, > —oo, since we would have 0 < ag(u) < ¢(u —1) =0 for a, < u < a, + 1. Consequently, the function c(t) can
be replaced by essinfc(t) = —oo; and inequality (2.5) holds for all u € R.

Next we present a class of deformed exponential functions which admit ug = 1.

Example 7. We will show that the Kaniadakis’ «-exponential exp, (-) and uy = 1 satisfy condition (2.1). The x-exponential
exp,.:R — (0, oo) for k € [—1, 1] is defined as

(ku+ /14 2u2)V/* if k #£0,
exp,(u) = .
exp(u), ifk =0,
Its inverse, the so calledk-logarithm log,: (0, c0) — R, is given by
v — K .
g, (v)=1 "2 » "¥#0
In(v), if « =0.

We will verify that there exist « € (0, 1) and A > 0 for which
A <log,.(v) — log,(av), for all v > 0. (2.9)

Some manipulations imply that the derivative of log, (v) — log,(av) is negative for 0 < v < vy and positive for v > vy,
where

_ 1 1
a ™ —1\% 1)\2
Vg = ( ) =|- > 0.
1—ak o
Consequently, the difference log, (v) — log, («v) attains a minimum at vy; given « € (0, 1), inequality (2.9) is satisfied for
some XA > 0. Inserting v = exp, (u) into (2.9), we can write

aexp,(u) < exp.(u—A), for all u € R. (2.10)
If n € N is such that ni > 1, then a repeated application of (2.10) yields
a" exp, (u) < exp, (u—ni) < exp(u—1), for all u € R.

Proposition 4 implies that uy = 1 satisfies condition (2.1).
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Now we show an equivalent criterion for the existence of ug satisfying (2.1).

Proposition 8. Let ¢: R — [0, 00) be a deformed exponential. Then we can find a measurable function uy: R — (0, oo) for
which condition (2.1) holds if, and only if,
lim sup ﬂ < 00, (2.11)
U—00 (p(u — )\,0)

for some A9 > 0.

Proof. By Proposition 4 we can conclude that the existence of uy implies (2.11). Conversely, assume that expression (2.11)
holds for some A9 > 0. In this case, there exists M € (1, o0) and ¢ € R such that ‘”(”) < M for all u > c. Let {A,} be
any sequence in (0, Ao] such that A, | 0. For each n > 1, define

cn =sup{u € R: ap(u) > o(u — Ap)}, (2.12)

where « = 1/M and we adopt the convention sup J = —oo. From the choice of {),} and «, it follows that —oo < ¢, <.
We claim that ¢(c,;) | 0. If the sequence {c,} converges to some ¢ > —oo, the equality a¢(c,) = ¢(c, — X,) implies
ap(c) = ¢(c) and then ¢(c) = 0. In the case ¢, | —oo, it is clear that ¢(c;) | 0. Let {T;} be a sequence of pairwise
disjoint, measurable sets with wu(Ty) < oo and wu(T \ Uk Ty) = 0. Thus we can select a sub-sequence {cp,} such that
Y req @(Cn )(Tie) < co. Let us define ¢ = Y7, Cn, x1, and tlg = Yy ; Ang X, From (2.12) it follows that

ap(u) < p(u—u(t)),  forallu > c(t).
Proposition 4 implies that ¢(-) and uy satisfy condition (2.1). O

For the deformed exponential function ¢(-) given in Example 2, it follows that

o(u) elut17?/2
limsup —————— = lim sup —_—
u—soo  @(U — Ap) u—oo elui—io+1)7/2
— lim sup e 0~(*§—40)/2 — oo,

u—oo

which shows that ¢(-) cannot be used in the generalization of Rényi divergence.
A deformed exponential function ¢(-) that satisfies (2.11) does not increase faster then u > e* for some A > 1.
Expression (2.11) is equivalent to the existence of constants K > 1 and ¢ € R U {—o0} such that

p(u)
@(u—2o)
Fixed any v > 0 we take an integer n > 0 such that nig < v < (n+ 1)A¢. For u > ¢, we can write
p(u+v) < pu+(n+ 1))
< K"™g(u)
< I(U/A0+l¢(u)
= Ko(u)e*
where A = log(K)/Ao. Therefore, the function ¢(-) cannot increase faster then u +— e**

<K, for all u > c.

2.2. Purely atomic case

In this subsection, we will assume that w is the counting measure on the set of natural numbers T = N. Due to this
assumption, notation changes a little. Sequences and summations are considered in the place of functions and integrals.
Condition (2.1) is rewritten as follows. We assume that there exists a sequence {ug;} C (0, co) such that

o0
> elci+rugi) < oo,  forall x>0, (2.13)

for each sequence {c;} C R such that Zf’:l ¢(c;) < oo. Beyond these changes, proofs of results involving condition (2.13)
require distinct techniques. In this subsection, we shall find an equivalent criterion for a deformed exponential function
and a sequence {ug ;} to satisfy condition (2.13). We will prove that, in the case u is the counting measure, any deformed
exponential function ¢(-) admits a sequence {ug ;} for which condition (2.13) holds.

Proposition 9. A deformed exponential ¢: R — [0, co) and a sequence {uo ;} satisfy condition (2.13) if, and only if, for some
constants « € (0, 1) and & > 0, we can find a sequence {c;} € R U {—oo} such that Y >, ¢(c;) < oo and

ap(u) < o(u —ug;), for all u > ¢; with p(u — ug ;) < €. (2.14)



R.F. Vigelis, Luiza H.F. de Andrade and C.C. Cavalcante / Physica A 558 (2020) 124953 9
To prove Proposition 9, we require a preliminary lemma.

Lemma 10. Suppose that we cannot find « € (0, 1), ¢ > 0 and a sequence {c;} C RU {—o0} such that Zfﬁl o(c;) < oo and
ap(u) < e(u —ug,), forall u > ¢; with p(u —ugp ;) < €. (2.15)

Then there exist sequences {{c,;}} and {A,} of finite-valued real numbers, and pairwise disjoint sets in N, respectively, such
that

1
5 < ;w(cn,n and ;w(cn,i — o) <27, (2.16)
i€An 1€An

foreachn > 1.

Proof. For each m > 1, we define the sequence {f;;} C RU {—o0} by

fmi =sup{u € R: 27"p(u) > p(u — ug;) and p(u — ug;) < 27"},
where we use the convention sup § = —oo. Since (2.15) is not satisfied, we have that Zf; @(fm.i) = oo for each m > 1.
We will consider the following cases.
Case 1. There exists a strictly increasing sequence {m,} C N for which the set B, = {i : ¢(fn,.i — Uo.;) = 27™ 1} has an
infinite number of elements. Then we can select a strictly increasing sequence {i,} € N such that

27™ 0 (fnpin) = @Fimgin — Uo,iy) =277,
which implies ¢(fi, i,) = 1/2. Expression (2.16) follows with ¢, ; = fin,.; and A, = {in}.

Case 2. There exists a strictly increasing sequence {m,} C N for which the set B, as defined above, has a finite number
of elements. Let us denote C; = N\ By, = {i : ¢(fin,i — Uoi) < 27™~1}. By the continuity of ¢(-), we have that
2™ (fmp.i) = ©(fmyi — Uo,i) for all i € C,. Because ¢(fp,.i) < 1/2 for each i € G,, and Zf;o] @(fm,.i) = oo for all
n > 1, we can find a strictly increasing sequence {k,} C N for which the set A, = G, N {ky_1, ..., k, — 1} satisfies

1
3 =2 PUn) =1,
i€An

The second inequality above in conjunction with 2 ™ @(f, ;) = @(fn.i — Uo,;) implies

Z‘p(fmn,i —Ug;) <27,

i€Ap
Thus expression (2.16) follows with ¢, ; = fi,.;. O
Proof of Proposition 9. To show that condition (2.13) implies inequality (2.14), one can proceed as in the proof of
Proposition 4, using Lemma 10 in the place of Lemma 6.

Suppose that inequality (2.14) is satisfied. Let {¢;} be any sequence of real numbers such that Y >, ¢(¢;) < co. Denote
A={i:C+ug;>cland B={i € A: ¢(¢;) < €}. We use inequality (2.5) to write

o Z@(E +upi) <a Z o€ +upi)+o Z o€ +up)+a Z o(ci)

i=1 icANB icA\B ieT\A
<D 0@ +a )o@ +uo)+ta ) elc) < . (2.17)
ieA i€A\B ieT\A

To conclude that the second summation in (2.17) is finite, we observed that the set T \ B is finite. In consequence, it
follows that > "°, ¢(¢; + nug ;) < oo for all n > 1; and then ) =, ¢(C; + Aug;) < oo forall A > 0. O

The result stated below shows that any deformed exponential function ¢(-) can be used in the generalization of Rényi
divergence, in the case u is the counting measure.

Proposition 11. Let ¢: R — [0, 0o) be a deformed exponential. Then we can find a sequence {ug ;} for which condition (2.13)
holds.

Proof. Let {A,} C (0,00) be any decreasing sequence converging to 0. Fix any « € (0,1) and n € R such that
ap(n) < ¢(n — A1). Denoting ¢ = ¢(n — A1), we define

Gy =sup{u € R: ap(u) > o(u — Ay) and ¢(u — A,) < &}, for eachn > 1,
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where we adopt the convention sup # = —oo. Clearly, the sequence {¢,} C [—oo, 1) is decreasing. We claim that ¢(¢;) | 0.
If the sequence {C,} converges to some ¢ > —oo, inequality a¢(¢;) > ¢(¢, — A,) implies ap(c) > ¢(c) and then ¢(c) = 0.
In the case ¢, | —oo, it is clear that ¢(¢;) | 0. Thus we can select a sub-sequence ¢; = 'Eni such that Zf:ol ¢(c;) < oo and

ap(u) < ¢(u — ug;), for all u > ¢; with ¢(u) < ¢,
where ug; = A;. From Proposition 9, it follows that {ug ;} satisfies condition (2.13). O

Such general models provide more robust methods to devise different distributions and improve the capability of
inference of which the distribution better fits the available data. For example, in [33], the authors employ a ¢-divergence
to the problem of image segmentation achieving better results than classical image processing methods. In their case, the
selected ¢ function complies the existence conditions discussed in this work. To fail meeting such existence conditions, in
the problem of image classification (segmentation can be one step in the process) would lead to some classes of images
(it would depend on the probability distribution of the images) being erroneously assumed as different ones since the
divergence would not include all the statistical characteristics of the image data.

3. Conclusions

This paper provided the existence conditions of a generalized Rényi divergence so a deformed exponential function
can be used to model the statistical distribution. Such conditions admit the design of a robust model by assuming any
deformed exponential which provides the use of purely atomic measure. For the non-atomic case not all deformed
exponentials can be used to generalize the Rényi divergence although there are a fair amount of functions that comply
with the existence conditions and therefore be applied to problems based on statistical divergence optimization. The
results presented in this paper allow to consider discrete distributions (such as the one we can find in digital applications)
to devise the differentiation between two probability distributions, which brings a greater number of possibilities of
applications in several areas such as signal and image processing and possible extensions to quantum cases.
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