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Prof. Dr. Albert Yu. Petrov (Co-orientador)
Universidade Federal da Paráıba – UFPB
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RESUMO

Esta tese se concentra em examinar as propriedades termodinâmicas de várias teorias

de campos, envolvendo f́ısica de alta energia e matéria condensada. Em particular, fazemos

a utilização da teoria dos ensembles para realizar nossas análises. Inicialmente, fornecemos

as propriedades termodinâmicas baseadas no formalismo de ensemble canônico para o anel

quântico de Aharonov-Bohm considerando ambos os cenários: os casos relativ́ıstico e não

relativ́ıstico. Em seguida, constrúımos um modelo para estudar gases quânticos. Neste

contexto, examinamos bósons, férmions e part́ıculas sem spin dentro do ensemble grande-

canônico levando em consideração duas abordagens diferentes: part́ıculas interagentes e não

interagentes. Para corroborar nossos resultados, nós os aplicamos ao condensado de Bose-

Einstein e aos d́ımeros de hélio. A mesma abordagem é aplicada considerando a violação

de Lorentz. Além disso, neste contexto, também propomos duas aplicações para apoiar

nossos cálculos teóricos: camadas de fosforeno e precessão de spin de gases quânticos. Em

seguida, as propriedades termodinâmicas são investigadas também para uma variedade de

modelos/teorias (sobre diferentes relações de dispersão de energia) quando a simetria de

Lorentz não é mais mantida dentro do formalismo de ensemble canônico. Para esses casos,

três cenários térmicos distintos do universo são considerados: a radiação cósmica de fundo

em micro-ondas, a época eletrofraca e o peŕıodo inflacionário.

Palavras-chave: mecânica estat́ıstica; mecânica quântica relativ́ıstica; violação de Lorentz;

gases quânticos; bósons; férmions.



ABSTRACT

This thesis focus on examining the thermodynamic properties of various prominent field

theories concerning high-energy and condensed matter physics. We make the usage of the

theory of ensembles to perform our analysis. At the beginning, we supply the thermodynamic

properties based on the formalism of canonical ensemble to the Aharonov-Bohm quantum

ring considering both scenarios: the relativistic and the non-relativistic cases. Next, we

construct a model in order to study quantum gases. In this context, we examine bosons,

fermions and spinless particles within the grand-canonical ensemble taking into account two

different approaches: interacting and noninteracting particles. To corroborate our results,

we apply them to the Bose-Einstein condensate and to the helium dimmers. The same

approach is applied considering rather Lorentz violation. Moreover, in this context, we also

propose two applications to support our theoretical calculations: phosphorene layers and

spin precession of quantum gases. Next, the thermodynamic properties are investigated as

well to a variety of models/theories (regarding different energy dispersion relations) when

the Lorentz symmetry is no longer maintained within the canonical ensemble formalism.

To these cases, three distinct thermal scenarios of the universe are considered: the cosmic

microwave background, the electroweak epoch, and the inflationary period.

Keywords: statistical mechanics; relativistic quantum mechanics; Lorentz violation; quan-

tum gases; bosons; fermions.
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1. INTRODUCTION

Statistical mechanics is a formalism which has the purpose of describing physical aspects

of matter, correlating the macroscopic properties with its microscopical constituents. In

principle, there is no limitation of applying this formalism to different states of matter which,

therefore, suffices to describe fairly enough so many natural phenomena in an accurate way.

Indeed, having a significant prosperity in many fields, the statistical mechanics has been

employed to liquid, [1, 2, 3, 4] solid [5, 6, 7], and gaseous states [8, 9, 10, 11, 12], matter

composed of several components [13, 14, 15, 16], matter under extreme conditions of density

and temperature [17, 18], biological systems [19, 20, 21, 22, 23, 24, 25, 16], and so forth. More

so, within the scenario of statistical mechanics, we may properly examine both equilibrium

and non-equilibrium states as well. Actually, these explorations allow us to comprehend the

way of such physical systems behave when the variable time is taken into account.

In opposition to the present state of its progress concerning the prosperity of its appli-

cations, the genesis of statistical mechanics was rather quite unpretentious. Besides some

archaic references, e.g., Gassendi (1592-1655) [26], and Hooke (1635-1703) [27], the genuine

work of this feat was brought about significantly by Bernoulli (1700-1782) [28], Herapath

(1790-1868) [29], and Joule (1818-1889) [30]. They tried to address a foundation set for the

kinetic theory of gases in their own personal manners. In essence, the foundations of these

works were aimed at developing a method where the thermodynamic state quantities of a

given gas would arise from the motion of its constituents, the molecules – being directly

estimated by regarding the dynamical influence of the molecular bombing through the walls

of the reservoir. In this way, Bernoulli and Herapath showed that the pressure p of an

arbitrary gas, for a constant temperature, is inversely proportional to the volume V of the

reservoir (it does not essentially depend on the shape of the container) – the Boyle’s law.

In other words, it entails that, for a given temperature, the average speed of the particles

does not depend on pressure and volume. Moreover, Bernoulli also made some attempts to

establish the first-order corrections to such approach. He suggested the concept of a finite

size to molecules, and proposed that the volume V should be written instead in terms of

V − a′, where a′ is the individual volume carried by each particle.

In a pioneer manner, with a similar method to describe particles/molecules, it was Joule

who first showed that pressure p was proportional to the square of the particle speed v.

1
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Introducing the so-called “quasistatistical” consideration, Krönig (1822-1279) [31] went be-

yond assuming that, for any arbitrary time t, the molecules were flying against each other

in six independent directions. He also presumed that the molecular speed v should be main-

tained the same for all constituents of matter having their kinetic energy proportional to

the absolute temperature T of the respective gas.

In 1857, Clausius (1822-1888) [32] derived the concept of an ideal gas – law under which

all assumptions are much less involving than Krönig’s. Discarding the leading preliminaries

ascribed to Krönig, he showed that p = n
3 mv2 1 was still valid. In 1859, Clausius also in-

troduced the notion of the mean free path and, therefore, turned out to be the first scientist

to inspect a notable concept which would be named afterwards as the transport phenomena

[33]. Moreover, within his studies, a remarkable consideration gave rise to: the hypothe-

sis which states the number of collisions among particles, the so-called “Stosszahlansatz”2.

Fundamentally, such assumption played an important role in the brilliant work made by

Boltzmann (1844-1906) [36]. According to Maxwell (1831-1879) [37], in his famous article

called “Molecules” [38] written for the Encyclopedia Britannica, referred Clausius as being

the “principal founder of the kinetic theory of gases,” while, on the other hand, Gibbs, as

“father of statistical mechanics.”

As a matter of fact, Maxwell got seduced by the brand new ideas coming from Clausius.

In 1860, he showed up for the first time to the scientific community with his work entitled

Illustrations of the dynamical theory of gases [39, 40], that went beyond his antecedents

by performing his famous law: the distribution of molecular speeds. Stimulated by the

Gaussian law of distribution of random errors, Maxwell was fundamentally propped up by

fundamental aspects of probability. Moreover, a derivation totally based on the requisite that

the equilibrium distribution of molecular speeds, once acquired, should remain invariant under

molecular collisions [41] brought out in 1867. As a straightforward consequence, this guided

him to set up the Maxwell’s transport equation – this led to the same consequences whether

one takes into account a theory based on the more fundamental concepts: Boltzmann’s ideas.

After he obtained a position at the Cavendish laboratory at Cambridge, his contributions

concerning that subject fade considerably.

On the other hand, during the period 1868–1871, Boltzmann generalized the so-called

Maxwell’s distribution law considering rather polyatomic gases. From such approach, emerged

the well-known Boltzmann factor e−βE – in which E represents the energy of a given molecule.

1Here, n denotes the number of particles, m the respective mass.
2“In the kinetic theory of gases in physics, the molecular chaos hypothesis (also called Stosszahlansatz

in the writings of Paul Ehrenfest[34, 35]) is the assumption that the velocities of colliding particles are
uncorrelated, and independent of position. This means the probability that a pair of particles with given
velocities will collide can be calculated by considering each particle separately and ignoring any correlation
between the probability for finding one particle with velocity v and probability for finding another velocity
v′ in a small region .”– https://en.wikipedia.org/wiki/Molecular chaoscite note-1
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These accomplishments also conduced the equipartition theorem3. More so, Boltzmann af-

terwards proved , as the distribution proposed by Maxwell, one different generalized distri-

bution – currently, we call it as Maxwell–Boltzmann distribution, is stationary in relation

to molecular collisions.

The eminent H-theorem4 came up in 1872 providing a molecular approach to the in-

herent tendency of physical systems: the equilibrium state. This allowed the connection

between the microscopic – which genuinely characterizes the statistical mechanics, and the

phenomenological world – which naturally depicts thermodynamics much more clearly than

ever before. Furthermore, it is worth mentioning that it also established a straightforward

method aimed at calculating the entropy, of a given physical system, from a simply micro-

scopic viewpoint. Mathematically, Boltzmann proved that there exists a unique distribution

which keeps invariant under molecular collisions: Maxwell–Boltzmann distribution. Any

other one, turned out to go over such distribution. Also, in 1876, he proposed his notable

transport equation; thereby, in possession with this feat, Chapman (1888-1970) [42, 43] and

Enskog [44] (1884-1947) verified a highly potent apparatus to study the macroscopic aspects

of systems in non-equilibrium states.

Nevertheless, things turned out to be hard for Boltzmann. He suffered much criticism

due to his scientific propositions mainly by Loschmidt (1821–1895) [45] and Zermelo (1871-

1953) [46]. While Loschmidt wondered to know the impact of this theorem, Zermelo was

focused on fitting these effects with the quasiperiodic behavior of closed systems. Although

much efforts in order to defend himself, Boltzmann could not persuade his adversaries to

the completeness of his point of view. In parallel, the “energeticists” – mainly led by Mach

(1838-1916) [47] and Ostwald (1853-1932) [48], did criticize the molecular basis of the kinetic

theory. On the other hand, Kelvin (1824-1907) did point out the nineteenth-century clouds

hovering over the dynamical theory of light and heat [49].

This entire situation made Boltzmann had an intense melancholy in a such way that he

felt desperate culminating in a persecution complex. In his work entitled Vorlesungen über

Gastheorie [50], he wrote such introduction: I am convinced that the attacks (on the kinetic

theory) rest on misunderstandings and that the role of the kinetic theory is not yet played

3In classical statistical mechanics, the equipartition theorem is a general formulation that relates the
temperature of a system to its average energy. It is also known as equipartition law, equipartition energy
or simply equipartition. The central idea of such theorem is that, in thermal equilibrium, energy is shared
equally between its various forms, e.g., the average kinetic energy in the translational motion of a molecule
must equal the average kinetic energy of its rotational motion.

4Introduced by Ludwig Boltzmann in 1872, the H-theorem describes the tendency to decrease the quantity

H(t) =
∫ ∞

0 f (t, E)
[
ln
(

f (t,E)√
E

)]
dE in a quasi-ideal gas of molecules. Since this quantity H was supposed

to represent the entropy, theorem H was an early demonstration of the power of statistical mechanics,
as it claimed to derive the second law of thermodynamics—a statement about fundamentally irreversible
processes—from reversible microscopic mechanics. Theorem H is a natural consequence of the Boltzmann-
derived kinetic equation that came to be known as the Boltzmann equation.
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out. In my opinion it would be a blow to science if contemporary opposition were to cause

kinetic theory to sink into the oblivion which was the fate suffered by the wave theory of

light through the authority of Newton. I am aware of the weakness of one individual against

the prevailing currents of opinion. In order to insure that not too much will have to be

rediscovered when people return to the study of kinetic theory I will present the most difficult

and misunderstood parts of the subject in as clear a manner as I can. [51]

In statistical mechanics, an ensemble is an idealization approach which consists in a large

number of virtual copies of a system, considered all at once, each of which represents a possi-

ble state that the real system might be in. The notional size of ensembles in thermodynamics,

statistical mechanics and quantum statistical mechanics can be very large, including every

possible microscopic state the system could be in, consistent with its observed macroscopic

properties. For many important physical cases, it is possible to calculate averages directly

over the whole of the thermodynamic ensemble, to obtain explicit formulas for many of the

thermodynamic quantities of interest, often in terms of the appropriate partition function.

The concept of an equilibrium or stationary ensemble is crucial to many applications

of statistical ensembles. Although a mechanical system certainly evolves over time, the

ensemble does not necessarily have to evolve. In fact, the ensemble will not evolve if it

contains all past and future phases of the system. Such a statistical ensemble, one that does

not change over time, is called stationary and can be said to be in statistical equilibrium.

The study of thermodynamics is concerned with systems that appear to human percep-

tion to be ”static”, and which can be described simply by a set of macroscopically observable

variables. These systems can be described by statistical ensembles that depend on a few

observable parameters, and which are in statistical equilibrium. Gibbs noted that different

macroscopic constraints lead to different types of ensembles, with particular statistical char-

acteristics. In essence, three important thermodynamic ensembles were defined by Gibbs.

First, the microcanonical ensemble is a statistical ensemble where the total energy of

the system and the number of particles in the system are each fixed to particular values;

each of the members of the ensemble are required to have the same total energy and particle

number. The system must remain totally isolated (unable to exchange energy or particles

with its environment) in order to stay in statistical equilibrium [52].

Second, the canonical ensemble is a statistical ensemble where the energy is not known

exactly but the number of particles is fixed. In place of the energy, the temperature is

specified. The canonical ensemble is appropriate for describing a closed system which is

in, or has been in, weak thermal contact with a heat bath. In order to be in statistical

equilibrium, the system must remain totally closed (unable to exchange particles with its

environment) and may come into weak thermal contact with other systems that are described

by ensembles with the same temperature [53].
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Third, the grand canonical ensemble is a statistical ensemble where neither the energy

nor particle number are fixed. In their place, the temperature and chemical potential are

specified. The grand canonical ensemble is appropriate for describing an open system: one

which is in, or has been in, weak contact with a reservoir (thermal contact, chemical contact,

radiative contact, electrical contact, etc.). The ensemble remains in statistical equilibrium

if the system comes into weak contact with other systems that are described by ensembles

with the same temperature and chemical potential.

Within the ensemble theory, the dynamics of a certain system are governed by the gener-

alized coordinates qi and momenta pi. This pair of configuration represents a point G(qi, pi)

in the phase space. The evolution of the system with respect to a given time t “scratches”

a trajectory within the phase space – which in general does not represent/correspond a

trajectory in the configuration space. In a fundamental manner, the respective equations

of motion represent the “path” of the trajectory and may be limited by the nature of the

possible physical constraints. For the sake of creating an suitable formalism, one may regard

a given system provided by an indefinitely huge number of “identical copies” – indepen-

dents from each other; in other words, it would be an ensemble of equivalent systems under

matching physical constraints – we must have infinitely many G(qi, pi)-points in the phase

space. Explicitly, the conceptualization of these “pillars” was first proposed by Maxwell [54]

who occasionally utilized the vocable “statistico-mechanical” to design the investigation of

ensembles in the context of gaseous systems.

One of the most prominent parameter within the ensemble theory is the density function,

ρ(qi, pi; t), of the G(qi, pi)-points in the phase space. In essence, if there exists a station-

ary distribution – ∂ρ/∂t = 0, the system lies in the equilibrium state. Boltzmann and

Maxwell restricted their respective investigations to ensembles whose the function ρ had the

dependency exclusively on the energy E of the system. This also incorporated the particular

case involving ergodic systems. As a result, the average over the ensemble, 〈 f 〉, for a given

physical quantity f (considering at any given time t) should be the same as the long-time

average, f̄ , belonging to any arbitrary portion of the ensemble. Thereby, after performing

the measurement of a physical system, it is the quantity f̄ that we expect to acquire. In

this way, we naturally presume to obtain the connection between theory with experiment by

obtaining the quantity 〈 f 〉. With this, we get the advantage to walk through an alternative

path using the microscopic theory of matter rather than the empirical old fashioned method

of thermodynamics.

A substantial progress in such a direction was also accomplished by Gibbs (1839-1903).

He made the theory of ensembles be more treatable for the scientific community with his

Elementary Principles of Statistical Mechanics [55, 56]. Taking the advantage of using purely

the mechanical peculiarity of the microscopic constituents, Gibbs empowered one to calculate
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a complete set of thermodynamic state quantities of a given system under consideration by

developing some methods. These ones turned out to be more generic than any treatment

made before. Essentially, his proposition lied in requirement of having a system which obeyed

Hamilton’s, and Lagrange’s equations of motion. In this sense, as an analogy, Gibbs’s work

can be thought to have a notable contribution to thermodynamics as well as Maxwell’s work

had the contribution to the electrodynamics.

In the same concomitant decade, these achievements concurred with one of the most bril-

liant insights into physics – the great revolution that entailed by the seminal work brought

about by Planck (1858-1947) in 1900 [57]. Initially, the Planck’s quantum theory worked out

with the essential mysteries of the black body radiation5 in a successful manner. Thereby,

he could unify some concepts coming the well established subjects in the literature – ther-

modynamics, mechanics, and electrodynamics.

The succeeding works were provided by Einstein (1879-1955) [58] – considering the pho-

toelectric effect and Compton (1892-1962) [59, 60] – investigating the scattering of x-rays

and, therefore, discovering the occurrence of the quantum of radiation. Employing analo-

gously the same notion that Maxwell used to acquired his law of distribution of molecular

speeds considering a gas made by standard molecules, Planck derived his radiation formula

by addressing the black-body radiation as a photon gas instead. As a result, one simple

question naturally arises: is there exist a considerable difference in the distribution analysis

of particles between a photon gas and the “conventional” gas of molecules?

Satisfactorily, the answer to this issue was given when Bose also obtained the same

results proposed by Planck on his own. In his unforgettable manuscript in 1924 [61], Bose

considered the black-body radiation within the context of a gas of photons. Nevertheless,

despite of proposing a method governed by allocated photons, he focused his attention rather

on the number of accessible states of the system, which accounts for“the portion of particular

number”of photons. Moreover, it seemed to be Einstein who had translated for the first time

the manuscript of Bose from Germany to English; in this translation, Einstein pointed out

that: “Bose’s derivation of Planck’s formula is in my opinion an important step forward.

The method employed here would also yield the quantum theory of an ideal gas, which I

propose to demonstrate elsewhere.” [52].

Implicitly, within the Bose formalism, there existed one important aspect: the set of

numbers of particles (photons) are in a different energy state of the system, instead of being

particularized in a specific one. Essentially, it means that these particles under consideration

are indistinguishable. Furthermore, Einstein commented that the Bose’s ideas should also

be applied to the material particles. With this in mind, he used the application of Bose’s

approach in two of his works to study the ideal gas – nowadays, we now call such study as

5This subject will be one of the central theme of this thesis – in following chapters, we shall propose some
corrections to the black body radiation for different scenarios in field theories.
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the Bose–Einstein statistics [62, 63].

Einstein pointed out that the crucial difference between the new statistics and the clas-

sical Maxwell–Boltzmann one came out so naturally regarding the indistinguishability of

the molecules. In the same manuscripts, a new phenomena gave rise to: the Bose–Einstein

condensation. Such phenomena, afterwards, would be adopted by London [64, 65] as the

basis for a microscopic comprehension at low temperatures of the intriguing aspects of liquid
4He.

Taking into account the announcement of Pauli’s (1900-1958) exclusion principle in 1925

[66], Fermi (1901-1954) in the subsequent year, proved that no more than one particle could

occupy the same energy state (ni = 0, 1), and that corresponding physical system should

be in agreement with a brand new type of distribution, the Fermi–Dirac statistics. It worth

mentioning that the Bose’s method also leads to such statistic regarding certain limits.

After that, many applications were proposed by the scientific community. For instance,

the Fermi–Dirac distribution was used by Fowler (1911-1995) [67] to investigate white dwarf

stars within the viewpoint of equilibrium states; and Pauli [68] to explain some intriguing

aspects concerning paramagnetism of alkali metals – in both of them, we have to deal with

a “highly degenerate” gas of fermions (electrons) that agrees with Fermi–Dirac statistics.

In parallel, Sommerfeld (1868-1951) produced one of his principal works in 1928 [69]

that did not merely regard the electron theory of metals, but instead it also provided a fresh

start in the correct direction. Following the ideas from the classical theories proposed by

Riecke (1845-1915) [70], Drude (1863-1906) [71], and Lorentz (1904–1905) [72, 73], Sommer-

feld could practically explain all the most important properties of metals that came from

the conduction of electrons; more so, he also got results which had better agreement with

experiments. About the same epoch, Fermi [74] and Thomas (1903-1992) [75, 76] analyzed

the electron behavior within the context of heavier atoms and acquired theoretically a re-

sealable approximation for some binding energies. Such studies led to the progress of the

so-called Thomas–Fermi model of the atoms, which was afterwards generalized in a such

way that it could also be used for molecules, solids, as well as nuclei.

The entire construction of statistical mechanics was revised by the concept of indistin-

guishability of particles. The statistical features of the system was now expanded by another

statistical facet that emerged from the probabilistic characteristic of the wave mechanical

description. Naturally, this particularity was associated with the necessity of formulating a

new approach of the ensemble theory. Initially, it was accomplished by Landau (1908-1968)

[77] and von-Neumann (1903-1957) [78] who used the so-called density matrix – it is the

quantum version analogy of the density function of the classical phase space. In a gener-

alized way, taking into account both statistical and quantum mechanical viewpoint, Dirac

(1902-1984) [79, 80, 81, 82, 83] made a theory putting all these concepts together. Taken



8

the advantage of utilizing the classical ensemble theory, these authors regarded merely the

microcanonical and the canonical ensembles. Afterwards, Pauli introduced the concept of

the grand canonical ensembles within the context of quantum statistics [84].

The important question as to which particles would obey Bose–Einstein statistics and

which Fermi–Dirac remained theoretically unsettled until Belinfante (1913-1991) [85, 86, 87]

and Pauli [88, 89] discovered the vital connection between spin and statistics. It turns out

that those particles whose spin is an integral multiple of h̄ obey Bose–Einstein statistics

while those whose spin is a half-odd integral multiple of h̄ obey Fermi–Dirac statistics [52].

In this sense, in recent years, the study of quantum rings (QRs) [90, 91, 92, 93, 94]

has received much attention due to its variety of technological applications in single-photon

emitters, nanoflash memories [95, 96], photonic detectors [97, 98, 99, 100] and qubits for

spintronic quantum computing [95]. Moreover, quantum rings (QRs) is a fruitful subject

for studying topological influence in condensed matter physics [95]. They are remarkable

nanostructures with a non-simply connected topology which gives rise an intriguing energy

structure [101] which differs from most others low-dimensional systems such as quantum

dots, quantum wires and quantum wells. Besides QRs are divided into two categories: the

one-dimensional (1D) (rings of constant radius) [102, 103, 104, 105, 106, 107, 108, 109, 110]

and the two-dimensional rings (2D) (rings of variable radius) [111, 112, 113, 114, 115, 116,

117].

In particular, a special case of 1D QRs has obtained notoriety in the literature, the so-

called Aharonov-Bohm (AB) rings [118, 119, 120, 121]. Currently, there are several number

of works that analyze the dynamics of AB rings in both theoretical and experimental ap-

proaches. For instance, AB rings are studied in connection with the Aharonov-Casher (AC)

effect [118, 119, 120, 121, 122], Lorentz symmetry violation [120], mesoscopic decoherence

[123], electromagnetic resonator [124] and Rashba spin-orbit interaction [121, 125, 126].

The investigation of thermal aspects of materials has gained considerable attention in

recent years especially in the context of condensed-matter physics and the development of

new materials [127, 128, 129, 130]. Given the existence of some well-known approximations,

the electrons of a metal can be assumed to be a gas, as they are effectively free particles [131,

132, 133, 134, 135, 136]. Such electron systems are worth exploring due to their relevance in

fundamental [137, 138] and applied [139, 140] physical contexts. In parallel, a longstanding

issue in quantum mesoscopic systems is how to perform an exact sum over the states of

either interacting or noninteracting particles. Depending on the situation, the boundary

effects cannot be neglected; instead, they should be taken into account in order to acquire a

better agreement with the experimental results. Moreover, the properties of some systems

are assumed to be shape dependent [141, 142, 143] and sensitive to their topology [144, 145,

146, 147, 148].
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From a theoretical viewpoint, a related problem of statistical mechanics is to perform the

sum over all accessible quantum states to obtain the physical quantities [52, 149]. Normally,

the spectrum of particle states, which are confined in a volume, will be elucidated by the

study of boundary effects. Nevertheless, if the particle wavelength is too short in comparison

with the characteristic scale of the system under consideration, boundary effects can be

overlooked. In previous years, such an assumption was supported by Rayleigh and Jeans

in their radiation theory of electromagnetism [150]. Furthermore, such an involvement also

emerged in a purely mathematical context and was rigorously solved afterwards by Weyl

[151].

The knowledge of thermodynamic properties of many body systems plays an essential

role in condensed matter physics, especially in case of developing new materials [152, 153,

154, 155, 156, 157, 158]. Electrons in metals, under widely varying circumstances, behave as

free particles and can be treated as electron gas under certain approximations [132, 159, 160,

131, 161, 162, 163, 164, 165]. In this regard, surface effects such as shape dependence [166,

167, 168] and non-trivial topology [169, 170, 171, 172] can lead to novel and unexpected

features. A generic computational problem is to derive the partition function that requires a

sum over all accessible quantum states [173, 174, 175]. For higher temperatures the particle

effective wavelength turns out to be too short in comparison to the characteristic dimension

of the system and, therefore, the boundary effect can be overlooked. Previously, such idea

was exploited by Rayleigh and Jeans in radiation theory of electromagnetism [176, 177, 178]

and this was corroborated in a purely mathematical framework by Weyl [179].

Quantum mechanics of particle on a torus knot was analysed [180]. Further topological

aspects such as Berry phase and Hannay angle features in this model were investigated in

[181, 182]. A more elaborate investigation of knotted path effects on quantum dynamics

was recently proposed in the literature where curvature and torsion effects were taken into

account [183]. The generic problem was considered earlier in [184, 185, 186, 187, 188].

On the other hand, modern searches for Lorentz violation are scientific studies that

look for deviations from Lorentz invariance or symmetry, a set of fundamental frameworks

that underpin modern science and fundamental physics in particular. These studies try to

determine whether violations or exceptions might exist for well-known physical laws such as

special relativity and CPT symmetry, as predicted by some variations of quantum gravity,

string theory, and some alternatives to general relativity.

Lorentz violations concern the fundamental predictions of special relativity, such as the

principle of relativity, the constancy of the speed of light in all inertial frames of reference, and

time dilation, as well as the predictions of the standard model of particle physics. To assess

and predict possible violations, test theories of special relativity and effective field theories

(EFT) such as the Standard-Model Extension (SME) have been invented. These models
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introduce Lorentz and CPT violations through spontaneous symmetry breaking caused by

hypothetical background fields, resulting in some sort of preferred frame effects. This could

lead, for instance, to modifications of the dispersion relation, causing differences between the

maximal attainable speed of matter and the speed of light. It is exactly about this feature

that the second part of this thesis is devoted to.

Knot theory is a well known branch in pure mathematics [189, 190]. On the other hand,

the quantum mechanics on particles on torus knot can be motivated by the carbon nanor-

ings (made from carbon nanotubes [191]) that are intimately associated to the edges of

nanotubes, nanochains, graphene, and nanocones [192, 193]. Such nanorings (or nanotori)

have a variety of notable features, being mostly investigated within the ab initio calculations

[194], especially in multiresonant properties [195], magneto-optical activity [196], paramag-

netism [197], and ferromagnetism [198, 199]. Moreover, these present nanostructures may

also be employed in optical communications [200], isolators, traps for ions and atoms [201],

and lubricants [202].

The well-known Lorentz symmetry is an equivalence of observation as a result of Special

Relativity. This entails that the physical laws keep the same for all observers as long as

the condition of inertial frames is ensured. Being the association of both rotational and

boost symmetries, the Lorentz invariance is a fundamental feature when one regards the

General Relativity and the Standard Model of particle physics. On the other hand, if

one considers a violation of such condition, one will generally produce either directional or

velocity dependences modifying, therefore, the dynamics of particles and waves [203, 204,

205, 206, 207, 208, 209].

Generically, any symmetry breaking process brings about unusual consequences, which

can exhibit some fingerprints of new physical phenomena. Specially when the Lorentz sym-

metry is broken it leads to various particularities [210, 211, 212] being possibly feasible in

quantum gravity [213]. Moreover, models involving closed-string theories [214, 215, 216,

217, 218], loop quantum gravity [219, 220], noncommutative spacetimes [221, 222], space-

time foam models [223, 224], (chiral) field theories defined on spacetimes with nontrivial

topologies [225, 226, 227, 228], Hořava-Lifshitz gravity [229] and cosmology [230, 231] are

also based on the assumption that Lorentz invariance is no longer maintained. In this sense,

in order to entirely characterize the effects due to Lorentz symmetry violation, one requires

the obtainment of a reasonable theory that gives a dynamical characteristic to the system.

Thereby, there exists a widespread theoretical framework to support such approach,

the Standard Model Extension (SME) [232, 233, 234, 235, 236]. In a general manner, it

describes violations of CPT and Lorentz symmetries concerning both General Relativity and

the Standard Model at attainable energies [233, 232, 236, 237, 238]. The Lorentz-violating

operators are rather tensor terms coupled with physical fields that acquire a nonzero vacuum
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expectation value [239]. This latter feature gives rise to a violation of Lorentz symmetry when

particle frames are taken into account and a preservation of its invariance when observer

frames are assumed though [240]. In this manner, this theoretical background gave the

viability for many works involving the fermion sector [241, 242, 243, 244, 245, 246, 247] and

electromagnetic CPT-odd [248, 249, 250, 251, 252, 253, 254, 255, 256] as well as CPT-even

coefficients [257, 258, 259, 260].

In addition, the connection established from Lorentz violation and theories including

higher-dimensional operators has gained much attention through the last years. Within such

approach, we can have operators with higher mass dimensions concerning higher-derivative

terms for instance. The nonminimal version of SME has the advantage to hold indefinite

numbers of such contributions [261, 262, 263, 264, 265] in contrast with its minimal version.

In this context, there are many works whose theoretical properties were studied involving

nonrenormalizable operators [266, 267, 268, 269, 270, 271, 272, 273, 274].

Although there are some works in the literature looking towards to investigate the ther-

modynamic aspects of distinct systems with Lorentz violation [275, 276, 277, 278, 279, 280,

281, 282, 283], up to date, there is a lack of studies considering relativistic interacting quan-

tum gases governed by higher-dimensional operators. In such a way, we pioneer present a

model in order to provide such derivation. Here, we focus on the following quantities of

interest: particle number, entropy, mean energy and pressure. For doing so, we utilize the

so-called grand canonical partition function and the grand canonical potential. With them,

all the following evaluations could be carried out in high temperature regime.

In theoretical physics, there exists a memorable problem which is putting on an equal

footing the so-called Standard Model [284], provided by a consistent experimental data

in predicting the behavior of fundamental particle physics, and the widespread General

Relativity [285], which has the purpose of regarding gravity as a geometric theory. Since all

these approaches are intensively well tested, if there exists a conciliation for both, one will

expect a unique and fundamental theory of quantum gravity [213]. Moreover, this structure

could bring about the feasibility of investigating some new phenomena not yet individually

described by them. Nevertheless, up to now, there is neither experimental nor observational

indications of any fingerprints of such a unified theory perhaps due to the fact that its effects

are highlighted when the energy range around the Planck mass, i.e., mP ∼ 1019 GeV, is taken

into account.

Nowadays, since it is impossible to have the access of such scale, a reasonable way of

working on it has been developed considering the viewpoint that quantum gravity phenomena

can be recognized by the proliferation of their effects at attainable energies. In this sense, one

of the most remarkable possibilities regards the violation of Lorentz symmetry. Supporting

such theory, there are many different mechanisms that bring out Lorentz-violating effects
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such as in string theory [286], Horava-Lifshitz gravity [287], noncommutative field theories

[288] and loop quantum gravity [289].

Having been proposed about thirty years ago by Kostelecký et al., the Standard Model

Extension (SME) [232, 233, 234, 235, 236] is an extended version for the usual Standard

Model theory. It possesses Lorentz-violating terms, which are rather tensor terms acquiring

a nonzero vacuum expectation value, coupled with physical fields preserving their coordinate

invariance and a violation of Lorentz symmetry when particle frames are considered [240].

Likewise, such theoretical background has been the precursor for an expressive number of

works involving the fermionic sector [241, 242, 243, 244, 245], the electromagnetic CPT-odd

and Lorentz-odd term [290, 291, 292, 293, 294, 295] as well as the CPT-even and Lorentz

odd gauge sector [257, 258, 259, 260].

Over the last years, the connection between Lorentz violation and theories including

higher derivative operators has received much attention [266, 267, 268, 269, 270, 271, 272,

273, 274]. As a matter of fact, it may have operators of higher mass dimensions incorporating

for instance higher-derivative terms. Being in contrast to the minimal version of the Lorentz

violating extensions, its nonminimal approach has the advantage of possessing an indefinite

number of such contributions [269]. In this sense, the latter version of the SME was first

proposed considering both the photon [261] and the fermionic sectors [263].

In this direction, the first illustration of a higher-derivative electrodynamics was proposed

by Podolsky [296] having a noticeable feature which is the generation of a massive mode

without losing the gauge symmetry. In that paper, it was initially studied the gauge-invariant

dimension-6 term, θ2∂αFαβ∂λFλ
β , with a coupling constant θ, which afterwards would be

known as the Podolsky parameter, with the mass dimension being −1. Clearly, such theory

displays two distinct dispersion relations, i.e., the usual massless mode and the massive mode

which possesses the advantage of avoiding divergences ascribed to the pointlike self-energy.

Nevertheless, considering the quantum level, the latter mode gives rise to the appearance of

ghosts [297].

Additionally, in the late 1960s, there exists another noteworthy extension of Maxwell

theory with higher derivatives being described by the dimension-6 term Fµν∂α∂αFµν, the

Lee-Wick electrodynamics [298, 299]. Notably, this theory leads to a finite self-energy for

a pointlike charge in (1 + 3) spacetime dimensions and to the appearance of a bilinear

contribution to the Maxwell Lagrangian. This is analogous to the Podolsky term showing

an opposite sign though. Such “incorrect” sign outputs energy instabilities at the classical

level, whereas it brings out a negative norm states in the Hilbert space at the quantum

level. Moreover, it was also Lee and Wick who first proposed a mechanism seeking the

preservation of unitarity by removing all states with negative norm from the Hilbert space.

In the last decade, this theory came back to obtain notability with the proposal of the Lee-
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Wick Standard Model [300, 301, 302], based on non-Abelian gauge structure free of quadratic

divergences. Such model was widespread having many contributions for both theoretical and

phenomenological approaches [303, 304]. Furthermore, it is worth mentioning that, in this

general context, investigations of Lorentz violation extensions are discussed [305] including

applications to the interaction of pointlike and spatially extended sources [306, 307].

On the other hand, the focus on an extension of the SME, which takes into account

gravity, arouses from the fact that the Lorentz violation can be expected to be a key element

for a quantum theory of gravitation. As a matter of fact, it is important to note that

Lorentz-violating effects might be expressive in regions where the curvature or torsion are

accentuated, as in the vicinity of black holes for instance [308]. Besides, these implications

can represent a notable role in cosmological scenarios being illustrated by either dark energy

[309] or dark matter [310]. Moreover, there are others whose anisotropy factors can be

added in the Friedman-Robertson-Walker solutions [311]. In addition, the main motivation of

constructing a theory consistent with gravity, i.e., being in agreement with Bianchi identities

and so forth, is having a consistent formalism seeking to maintain the local observer Lorentz

covariance, despite the presence of local particle Lorentz violation [237]. In this way, it is

worth pointing out that there are investigations regarding Lorentz violation in the linearized

gravity [312] and others [313, 314].

The concept the mass is a key issue in theoretical physics, particularly within the context

of particle physics. For instance, the Higgs mechanism [315, 316] is the most known approach

to generate mass for the particles from a genuine gauge-invariant theory. After all, the inter-

actions between the constituents of matter are usually expressed in terms of gauge theories,

which are supposed to be massless. With a different viewpoint, the presence of a massive

vector field, commonly ascribed to the Proca’s model, possesses many consequences well

encountered in the literature [317, 318]. As a result, since the electromagnetic interactions

are described in terms of the symmetry group, namely U(1), the Quantum Electrodynamics

should be reexamined whether massive modes were taken into account [319].

On the other hand, if one deals with the Podolsky electrodynamics [296, 320, 321], one

will obtain remarkable features. Among them, we can point out that such theory brings

about a massive mode without losing the gauge symmetry. Moreover, it was also Podolsky

who first attempted to describe the interpretation of this massive mode, i.e.; it was depicted

as a neutrino. In this case, the propagator has two poles, one corresponding to the massless

mode and the other one associated with the massive mode. Thereby, considering the classi-

cal approach, the latter has a feature of removing singularities associated with the pointlike

self-energy. Nevertheless, if one regards quantum properties, one will obtain the appearance

of ghosts [297]. The appropriate gauge condition to provide Podolsky electrodynamics is no

longer the common Lorenz gauge but rather a modified one [322], being consistent with the
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existence of five degrees of freedom. Two of them are related to the massless photon mode

while the other three ones are related to the massive longitudinal mode [271]. Besides, it

is worth mentioning that, in the presence of the Podolsky term, there exist other remarks

involving quantum field theory in the context of renormalization [323], path integral quan-

tization and fine-temperature approach [324, 325, 326], multipole expansions [327], black

holes [328], cosmology [329] and others [330, 270, 331, 332, 333, 274].

About twenty years up to now, the Lorentz-violating contributions of mass dimensions 3

and 4 have been taken into account within both theoretical and phenomenological scenarios

in the photon and lepton sectors [334]. Recently, theories with higher-dimension operators

have received much attention after a generalized approach proposed by Mewes and Kost-

elecký in Ref. [335]. In the CPT-even photon sector, the leading-order contributions in an

expansion in terms of additional derivatives are dimension-6 ones. Hence, these are also the

most prominent ones that could play a role in nature if higher-derivative Lorentz violation

(LV) existed [271].

Although the Lorentz invariance is a well-established symmetry of the nature, its possible

violation is assumed within many contexts [336, 337, 338]. During the last years, the Lorentz

symmetry breaking and its possible implications are intensively studied in different scenarios,

see f.e. [339, 340, 341, 342, 343]. As it is known, the Lorentz-breaking parameters are

experimentally presumed to be very tiny [344]. Nevertheless, this does not imply that

they contribute to the physical processes in a negligible manner. Moreover, the presence of

Lorentz-violating (LV) higher-derivative additive terms can imply in arising of large quantum

corrections [345, 346].

All this clearly motivates us to investigate the higher-derivative LV terms. The first

known example of such term was originally introduced by Myers and Pospelov many years

ago [347]. The key feature of this term is that it involves higher (third) derivatives, be-

ing proportional to a Lorentz-breaking constant vector and to a small constant parameter

(treated as an inverse of some large mass scale). Furthermore, various issues related to them

were studied, including its perturbative generation and dispersion relations (for a review on

such terms see f.e. [348]. An exhaustive list of such terms with dimensions up to 6 can be

found in [265]). It was argued in Ref. [349] that a theory involving such a term can be

treated consistently as a series in the above-mentioned inverse mass scale.

One of the important issues related to higher-derivative LV theories is certainly their

thermodynamical aspects. Studies on the thermodynamics of LV extensions of various field

theory models could provide additional information about initial stages of expansion of the

Universe, whose size at these stages was compatible with characteristic scales of Lorentz

symmetry breaking [344]. The methodology for studying the thermodynamical aspects in

LV theories has firstly been presented in [350]. Since then, various applications of this



15

procedure have been developed [351, 352, 353, 354, 355, 356, 357, 358, 359, 360].

The idea that the widely-spread gravitational theory may be outlined by entropy, was

formulated for the first time by Jacobson [361] and afterwards received further developments

[362, 363, 364, 365, 366, 367, 368, 369, 370, 371]. Additionally, in order to overcome the

longstanding issue of the cosmological singularity present within the Big Bounce model, a

notable approach was used considering the semiclassical limit [372, 373, 374, 375].

For instance, in Ref. [362], the authors assumed, as the starting point, a certain dispersion

relation rather than a particular Lagrangian. With this, a remarkable aspect emerged: the

avoidance of divergences in cosmological scenarios when the high energy limit was taken

into account. In other words, they obtained a bouncing solution, i.e., with the absence

of singularity, ascribed to the modification of the Friedmann equations. This procedure is

absolutely reasonable since, being in agreement with previous studies, starting only from such

modified dispersion relations can be considered though as an alternative way to investigate

for instance cosmological scenarios [376, 354, 377].

Moreover, one significant aspect which is worth investigating in the context of Lorentz

symmetry violation is actually the respective thermal aspects of the corresponding theory.

With such study, we can obtain a better comprehension of how massless and massive modes

behave when different range of temperatures are taken into account. This might possibly

give us additional information to confront the theoretical background with the experimental

results in order to help searching for any trace of the Lorentz symmetry violation. Further-

more, the investigation based on the thermodynamic properties and the Lorentz-violating

(LV) effects could supply further knowledge concerning primordial stages of expansion of the

universe, whose size is consistent with characteristic scales of Lorentz symmetry breaking

[344].

In chapter 2, we investigate the thermodynamic properties of an Aharonov-Bohm (AB)

quantum ring in a heat bath for both the relativistic and non-relativistic cases. For accom-

plishing this, we use the partition function obtained by the Euler-Maclaurin formula. In

particular, we determined the energy spectrum as well as the behavior of the main thermo-

dynamic functions of the canonical ensemble, namely, the Helmholtz free energy, the mean

energy, the entropy, and the heat capacity. We noticed that in the low-energy regime the rel-

ativistic thermodynamic functions are reduced to the non-relativistic, and the Dulong-Petit

law was verified as well.

Additionally, in chapter 3, we study the thermodynamic functions of quantum gases

confined to spaces of various shapes, namely, a sphere, a cylinder, an ellipsoid, and a torus.

We start with the simplest situation, namely, a spinless gas treated within the canonical

ensemble framework. As a next step, we consider noninteracting gases (fermions and bosons)

with the usage of the grand canonical ensemble description. For this case, the calculations
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are performed numerically. We also observe that our results may possibly be applied to

Bose-Einstein condensate and to helium dimer. Moreover, the bosonic sector, independently

of the geometry, acquires entropy and internal energy greater than for the fermionic case.

Another notable aspect is present as well: the thermal properties turn out to be sensitive to

the topological parameter (winding number) of the toroidal case. Finally, we also devise a

model allowing us to perform analytically the calculations in the case of interacting quantum

gases, and, afterwards, we apply it to three different cases: a cubical box, a ring and a torus.

After, in chapter 4, we investigate the topological effects of a novel thermodynamic

system following a closed path through the surface of a non-trivial torus knot. Initially, we

consider the grand canonical ensemble as the starting point to derive our calculations, which

are carried out considering both non-interacting and interacting fermions. To the latter

case, all the results are accomplished analytically. More so, we also study the behavior of

the Helmholtz free energy, the mean energy, the magnetization and the susceptibility for

such particle modes. Finally, to corroborate our results, we examine how the Fermi energy

level is modified when such a system configuration is taken into account.

Further, in chapter 5, we study the interaction of quantum gases in Lorentz-violating

scenarios considering both boson and fermion sectors. In the latter case, we investigate the

consequences of a system governed by scalar, vector, pseudovector and tensor operators.

Besides, we examine the implications of
(

k̂a

)κ
and

(
k̂c

)κξ
operators for the boson case and

the upper bounds are estimated. To do so, we regard the grand canonical ensemble seeking

the so-called partition function, which suffices to provide analytically the calculations of

interest, i.e., the mean particle number, the entropy, the mean total energy and the pressure.

Furthermore, in low temperature regime, such quantities converge until reaching a similar

behavior being in contrast with what is shown in high temperature regime, which brings

out the differentiation of their effects. In addition, the particle number, the entropy and the

energy exhibit an extensive characteristic even in the presence of Lorentz violation. Also,

for the pseudovector and the tensor operators, we notice a remarkable feature due to the

breaking process of spin degeneracy: the system turns out to have greater energy and particle

number for the spin-down particles in comparison with the spin-up ones. Finaly, we propose

two feasible applications to corroborate our results: phosphorene and spin precession.

Subsequently, in chapter 7, we analyse the thermodynamic properties of the graviton and

the generalized model involving anisotropic Podolsky and Lee-Wick terms with Lorentz vio-

lation. We build up the so-called partition function from the accessible states of the system

seeking the following thermodynamic functions: spectral radiance, mean energy, Helmholtz

free energy, entropy and heat capacity. Besides, we verify that, when the temperature rises,

the spectral radiance χ(ν) tends to attenuate for fixed values of ξ. Notably, when parame-

ter η2 increases, the spectral radiance χ̄(η2, ν) weakens until reaching a flat characteristic.
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Finally, for both theories, we perform the calculation of the modified black body radiation

and the correction to the Stefan–Boltzmann law in the inflationary era of the universe.

Next, in this chapter 6, we study the thermodynamic properties of a photon gas in a heat

bath within the context of higher-derivative electrodynamics. Specifically, we analyze Podol-

sky’s theory and its extension involving the Lorentz symmetry violation recently proposed

in the literature. First, we use the concept of the number of available states of the system

in order to construct the partition function. Next, we calculate the main thermodynamic

functions: Helmholtz free energy, mean energy, entropy, and heat capacity. In particular, we

verify that there exist significant changes in heat capacity and mean energy due to Lorentz

violation. Additionally, the modification of the black body radiation and the correction to

the Stefan–Boltzmann law in the context of the primordial inflationary universe are provided

for both theories as well.

Adjacently, chapter 8 is devoted to study the thermal aspects of a photon gas within

the context of Planck-scale-modified dispersion relations. We study the spectrum of radi-

ation and the correction to the Stefan–Boltzmann law in different cases when the Lorentz

symmetry is no longer preserved. Explicitly, we examine two models within the context

of CPT-even and CPT-odd sectors respectively. To do so, three distinct scenarios of the

Universe are considered: the Cosmic Microwave Background (CMB), the electroweak epoch,

and the inflationary era. Moreover, the equations of state in these cases turn out to display

a dependence on Lorentz-breaking parameters. Finally, we also provide for both theories the

analyses of the Helmholtz free energy, the mean energy, the entropy and the heat capacity.

Finally, chapter 9, we develop a thermal description for photon modes within the context

of bouncing universe. Within this study, we start with a Lorentz-breaking dispersion relation

which accounts for modified Friedmann equations with a bounce solution. We calculate the

spectral radiance, the entropy, the Helmholtz free energy, the heat capacity, and the mean

energy. Nevertheless, the latter two ones turn out to contribute only in a trivial manner.

Furthermore, one intriguing aspect gives rise to: for some configurations of η, lP, and T, the

thermodynamical behavior of the system seems to indicate instability. However, despite of

showing this particularity, the solutions of the thermodynamic functions in general turn out

to agree with the literature, e.g., the second law of thermodynamics is maintained. More

so, all the results are derived analytically and three different regimes of temperature of the

universe are also considered, i.e., the inflationary era, the electroweak epoch and the cosmic

microwave background.
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1.1 Motivations

The study of physical properties of materials, focusing on their thermal properties, is of

great interest in the condensed matter physics, especially in solid state. Indeed, it is justified

by practical needs and the fundamental science knowledge [378]. It is worth mentioning

that in Refs. [378, 379, 380, 381, 382] were investigated the thermal properties of graphene,

graphite, carbon nanotubes and nanostructured carbon materials. Nevertheless, the energy

spectra of relativistic and non-relativistic cases as well as the thermodynamic properties for

a Dirac fermion confined in a AB quantum ring are lack up to date. The answer to this

question is address in chapter 2.

In order to investigate how geometry modifies the thermodynamic properties of quan-

tum gases, chapter 3 aims at studying how the thermodynamic functions of quantum gases

behave within different geometries, i.e., spherical, cylindrical, ellipsoidal and toroidal ones.

Additionally, we employ a toy model to accomplish such calculations for both noninteracting

and interacting particles. Therefore, our results might serve as a basis for practical appli-

cations, and might help to nuance an emerging phenomena concerning further promising

studies in condensed-matter physics and statistical mechanics.

In the literature, there is a lack of investigation of the thermal properties of fermions

on a torus knot. In this sense, in chapter 4, we examine the topological effects of a novel

thermodynamic system comprising of a gas of fermions, that follows a closed path with

non-trivial knot structure on the surface of a torus. For convenience, one might visualize

the particles moving within a carbon nanotube wound around the torus in the form of a

knot. We calculate the Helmholtz free energy, mean energy, magnetization and susceptibility

of the system. In our investigation, we exploit the formalism of [383, 384] to derive the

thermodynamic quantities, using results from [182], for both interacting and non-interacting

fermion particles.

Although there are some works in the literature looking towards to investigate the ther-

modynamic aspects of distinct systems with Lorentz violation [275, 276, 277, 278, 279, 280,

281, 282, 283], up to date, there is a lack of studies considering relativistic interacting quan-

tum gases governed by higher-dimensional operators. In such a way, we present a model

in order to provide such derivation. Here, we focus on the following quantities of interest:

particle number, entropy, mean energy and pressure. For doing so, we utilize the so-called

grand canonical partition function and the grand canonical potential. With them, all the

following evaluations could be carried out in high temperature regime.

In order to overcome such a gap in the literature, in chapter 5, we consider both fermion

and boson sectors to proceed our calculations. Additionally, not being restricted to the case

involving Lorentz symmetry breaking, the present model, which regards the treatment of



1.1 Motivations 19

the energy of an arbitrary quantum state, can lead to further analyses for different scenarios.

It is worth mentioning that it is only possible to accomplish this as long as the operators,

which modify the kinematics, be written in terms of momenta only.

Up to now, there are many works based on the analysis of the thermodynamic functions

in the gravitational scenario mainly regarding the Cosmic Microwave Background (CMB)

[385, 386, 387, 388, 389]. However, there are very few studies of such thermodynamic

properties ascribed to the linearized theory of gravity within the context of Lorentz violation.

In this sense, our starting point is taking into account a similar analysis encountered in

Refs. [385, 386, 387, 388, 389], but proposing rather the inflationary epoch of the universe,

i.e., β = 1/κBT = 10−13 GeV−1 , within the context of Lorentz violation to utilize the

modification from the black body radiation spectra as well as from the Stefan-Boltzmann

law as an alternative to investigate cosmological scenarios. Besides, for the sake of giving

a complement to this analysis, we provide the calculation of Helmholtz free energy, mean

energy, entropy and heat capacity.

In addition, there is a lack in the literature ascribed to the investigation of the thermo-

dynamic properties for the generalized anisotropic Podolsky electrodynamics with Lee-Wick

terms. In this viewpoint, it is noteworthy to accomplish such analysis in order to verify

how the modified massless mode behaves to perhaps reveal new phenomena which might be

applied to either condensed matter or statistical thermal physics. All of these themes are

addressed in chapter 7.

About twenty years up to now, the Lorentz-violating contributions of mass dimensions 3

and 4 have been taken into account within both theoretical and phenomenological scenarios

in the photon and lepton sectors [334]. Recently, theories with higher-dimension operators

have received much attention after a generalized approach proposed by Mewes and Kost-

elecký in Ref. [335]. In the CPT-even photon sector, the leading-order contributions in an

expansion in terms of additional derivatives are dimension-6 ones. Hence, these are also the

most prominent ones that could play a role in nature if higher-derivative Lorentz violation

(LV) existed [271]. In such a way, there is a lack in the literature concerning the study of

its respective thermodynamic properties. In this context, it is important to conduct further

investigations. Therefore, the physical implications of the thermodynamic properties of such

theories should be taken into account in order to possibly address some fingerprints of a new

physics that might be mapped into future applications in either condensed matter physics

or statistical mechanics. Thereby, we present, in chapter 6, a theoretical background in

order to might serve as a basis for further experimental studies seeking any trace of Lorentz

violation.

One of the important issues related to higher-derivative LV theories is certainly their

thermodynamical aspects. Studies on the thermodynamics of LV extensions of various field
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theory models could provide additional information about initial stages of expansion of

the Universe, whose size was compatible with characteristic scales of Lorentz symmetry

breaking [344]. The methodology for studying the thermodynamical aspects in LV theories

has firstly been presented in [350]. Since then, various applications of this procedure have

been developed [351, 352, 353, 354, 355, 356, 357, 358]. However, the higher-derivative cases

have not been much explored up to now in this context.

In this sense, in chapter 8, we follow the procedure proposed by Amelino-Camelia [377]

where the starting point in the study is the LV dispersion relations rather than the La-

grangian formalism of the corresponding field models. Nevertheless, we note that in many

cases it is possible to indicate at least some simplified models yielding such dispersion re-

lations. We note that the dispersion relations that we consider in the present manuscript

might possibly be used to describe some quantum gravity effects (see discussions in [377]), or,

at least, they can probably arise in some LV extensions of QED. We consider two examples,

CPT-even and CPT-odd ones. In principle, our results involving thermal radiation may be

confronted with experimental data as soon as they are available. In this sense, our study

might help in the investigation of any trace of the Lorentz violation within cosmological

scenarios concerning thermal radiation as the starting point.

Moreover, one significant aspect which is worth investigating in the context of Lorentz

symmetry violation is actually the respective thermal aspects of the corresponding theory.

With such study, we can obtain a better comprehension of how massless and massive modes

behave when different range of temperatures are taken into account. This might possibly

give us additional information to confront the theoretical background with the experimental

results in order to help searching for any trace of the Lorentz symmetry violation. Further-

more, the investigation based on the thermodynamic properties and the Lorentz-violating

(LV) effects could supply further knowledge concerning primordial stages of expansion of the

universe, whose size is consistent with characteristic scales of Lorentz symmetry breaking

[344]. Initially, the procedure to carry out the thermodynamic aspects involving Lorentz

violation regarding statistical mechanics was proposed in Ref. [350]. After that, several

works using such method have been developed within different scenarios [351, 352, 353, 383,

390, 354, 357, 358, 391]. Nevertheless, in the context of Ref. [350], the examination of the

thermodynamic properties concerning bouncing universe cases has not yet been explored

up to date. Therefore, in chapter 9, we study the thermal behavior of a photon gas in a

bouncing universe, for a certain form of dispersion relation.



2. THERMODYNAMIC PROPERTIES OF AN AHARONOV

BOHM QUANTUM RING

2.1 An AB ring modeled by (1+1)-dimensional Dirac equa-

tion

In this section, we obtain the relativistic and non-relativistic energy spectra of an AB

ring modeled by the Dirac equation in polar coordinates whose signature of the metric tensor

is (+−−). Introducing initially the Dirac equation in the (3 + 1)-dimensional Minkowski

spacetime written in an orthogonal system (in natural units h̄ = c = 1) [392]{
iγµDµ +

i
2

3

∑
k=1

γk
[

Dk ln

(
h1h2h3

hk

)]
−m

}
ψ(t, r) = 0, (µ = 0, 1, 2, 3), (2.1)

where γµ are gamma matrices, Dµ = 1
hµ

∂µ are the derivative, hk are scale factors of the

corresponding to coordinate system, m is the rest mass and ψ(t, r) is the Dirac spinor. In

polar coordinates (t, ρ, θ), the scale factors are h0 = 1, h1 = 1, h2 = ρ = a and h3 = 1,

where a = const is the radius of the ring for modeling a 1D circular ring [101, 102, 103, 104,

105, 106]. In this sense, Eq. (2.1) turns out to be

i
∂ψ(t, θ)

∂t
= (α2pθ + γ0m)ψ(t, θ), (2.2)

where pθ = − i
a

∂
∂θ , and θ is the azimuthal angel which lies in 0 ≤ θ ≤ 2π.

Considering that the AB ring admits stationary states whose two-component Dirac spinor

are given by ψ(t, θ) = e−iEt f (θ), and that the electromagnetic minimal coupling, Eq. (2.2)

becomes

E f (θ) = Hring f (θ) =
[
α2 (pθ − qAθ) + γ0m

]
f (θ) (2.3)

where E is the relativistic total energy of fermion with electric charge q.

Since we are working in a (1 + 1)-dimensional Minkowski spacetime, it is convenient to

define the Dirac matrices α2 and β in terms of the Pauli matrices, i.e., α2 = −α2 = −σ2

21
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and γ0 = σ3. Writing f (θ) = (R+(θ), R−(θ))T, we transform Eq. (2.3) as follows(
m 1

a
d
dθ − iqAθ

−1
a

d
dθ + iqAθ −m

)(
R+(θ)

R−(θ)

)
= E

(
R+(θ)

R−(θ)

)
. (2.4)

To configure an AB ring we must use the vector potential of the AB effect for a fermion

restricted to move in a circle of radius a. Explicitly, this vector potential is written as

A = Φ
2πa êθ, where Φ = πb2B is the magnetic flux of the solenoid of radius b and B is the

constant magnetic field inside the solenoid [393]. We transform Eq. (2.4) in a system of two

first-order coupled differential equations given by

(E−m)R+(θ) =
1
a

(
d
dθ
− Φ

Φ0

)
R−(θ), (2.5)

(E + m)R−(θ) =
1
a

(
− d

dθ
+

Φ
Φ0

)
R+(θ), (2.6)

where Φ0 ≡ 2π
q is the magnetic quantum flux. Now, Substituting (6) into (5), we obtain a

linear differential equation with constant coefficients[
d2

dθ2 − 2i
Φ
Φ0

d
dθ

+ a2(E2 −m2)− Φ2

Φ2
0

]
R+(θ) = 0 (2.7)

with normalized solutions are given by R+(θ) = 1√
2π

eiλθ. Consequently, the coefficient λ is

λ± =
Φ
Φ0
± a
√

E2 −m2. (2.8)

However, since R+(θ) satisfies the periodicity condition R+(θ + 2π) = R+(θ), it requires

that λ± is an integer number. In this sense, we obtain the following relativistic energy

spectrum and the spinor for the Dirac fermion confined in an AB ring [394]:

En,s = ±

√
m2 +

1
a2

(
n− s

Φ
Φ0

)2

, (n = 0,±1,±2, . . .)

ψ(t, θ) =
ei(λθ−Et)
√

2π

(
1

−iνλ + ν Φ
Φ0

)
,

(2.9)

where ν = 1
a(E+m)

and s = ±1. This parameter comes from the following relation: Φ0 →
sΦ0, where Φ0 = 2π

e > 0, and s = +1 is regarded to be a positive charged fermion, s = −1
to a negative charged fermion and e > 0 is the elementary electric charge.

Now, using the prescription E = ε + m in (2.9), where ε << m, we obtain the following
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non-relativistic energy spectrum of a Dirac fermion confined in an AB ring [395, 396, 394,

397, 398, 399]

εn,s =
1

2ma2

(
n− s

Φ
Φ0

)2

, (n = 0,±1,±2, . . .). (2.10)

We see that the relativistic and non-relativistic energy spectra are non-degenerated.

However, in the limit Φ→ 0, the energy spectra have a twofold degeneracy, i.e., each energy

level is doubly degenerate (except for n = 0). Moreover, positive n represents a fermion

traveling in the same direction of the current of the solenoid and negative n describes a

fermion traveling in the opposite direction.

2.2 Thermodynamic properties of the AB ring

In this section, we calculate the thermodynamic properties of the AB ring in contact

with a thermal reservoir at finite temperature for the relativistic and non-relativistic cases.

These properties are given by following thermodynamic quantities, namely, the Helmholtz

free energy, the mean energy, the entropy and the heat capacity. For the sake of simplicity

we assume that only fermions with positive energy (E > 0) [400, 401], negatively charged

(s = −1) are regarded to constitute the thermodynamic ensemble [402].

2.2.1 The relativistic case

For calculating the thermodynamic properties, let us begin defining initially the fun-

damental object in statistical mechanics, the so-called partition function Z. Given the

non-degenerate energy spectrum, we can define it by a sum over all possible states of the

system

Z1 =
∞

∑
n=0

e−βEn , (2.11)

where β = 1
kBT , and kB the Boltzmann constant and T is the thermodynamic equilibrium

temperature. After we obtain Z1, all thermodynamic properties of the AB ring can be

addressed. The main thermodynamic functions of our interest are the Helmholtz free energy

F, the mean energy U, the entropy S and the heat capacity CV which are defined as follows

F = − 1
β
ln ZN, U = − ∂

∂β
ln ZN, S = kBβ2 ∂F

∂β
, CV = −kBβ2 ∂U

∂β
, (2.12)

where ZN is the total partition function for an set of non-interacting indistinguishable N-

fermions.

In particular, let us consider the partition function regarding the relativistic case. Using

the expressions (2.9) and (2.11), one obtains that for a one-fermion confined in the AB ring
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the partition function is

Z1 =
∞

∑
n=0

e−β
√

An2+Bn+C, (2.13)

where A = 1
a2 , B = 1

a2
Φ
Φ0

and C = 1 +
(

Φ
aΦ0

)2
.

Since Eq. (8.22) cannot be evaluated in a closed form, we assume that AB ring is

submitted to strong enough magnetic field (Φ � Φ0) and the above equation turns out

to be f (n) ' e−β
√

Bn+C, which is a monotonically decreasing function and the associated

integral ∫ ∞

0
e−β
√

Bx+Cdx =
2

Bβ2 (1 + β
√

C)e−β
√

C (2.14)

is convergent and may be evaluated. With the sake of calculating it, now, let us invoke the

so-called Euler-MacLaurin sum formula [403]

Z1 =
∞

∑
n=0

f (n) ' 1
2

f (0) +
∫ ∞

0
f (x)dx−

∞

∑
p=1

1
(2p)!

B2p f (2p−1)(0), (2.15)

which may be rewritten simply as

Z1 =
∞

∑
n=0

f (n) ' 1
2

f (0) +
∫ ∞

0
f (x)dx− 1

12
f ′(0) +

1
720

f ′′′(0)− . . . +, (2.16)

where B2p are the Bernoulli numbers. Explicitly, above equation takes the form

Z1 ' e−β
√

C
[

2
Bβ2 (1 + β

√
C) +

1
2

+

(
B

24
√

C
− B3

720
√

C5

)
β +

1
90

(
A

2C
− B2

8C2

)
β2 −O(β3)

]
.

(2.17)

where O(β3) are terms involving higher order terms of β which will be neglected henceforth.

Notice that when one considers the high temperatures regime (β� 1), Eq. (2.17) becomes

Z1 '
2

Bβ2 (1 + β
√

C), (2.18)

which straightforwardly yields

ZN '
[

2
Bβ2 (1 + β

√
C)

]N
. (2.19)

Therefore, using the partition function (2.19), the Helmholtz free energy, the mean en-

ergy, the entropy and the heat capacity for the relativistic case are written as follows

F ' −N
β

ln

[
2

Bβ2 (1 + β
√

C)

]
, U ' N

(2 + β
√

C)

(β + β2
√

C)
, (2.20)
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S ' NkB

{
ln

[
2

Bβ2 (1 + β
√

C)

]
+

(2 + β
√

C)

(1 + β
√

C)

}
, CV ' NkB

[
2 + 4β

√
C + β2C

(1 + β
√

C)2

]
. (2.21)

2.2.2 The non-relativistic case

Now, let us take into account the non-relativistic case where most of phenomena in

condensed matter physics take place. Substituting our previous result of the energy spectrum

(2.10) in the partition function (2.11) and considering the condition where Φ � Φ0, we

obtain

Z1 '
∞

∑
n=0

e−β(B̄n+C̄) (2.22)

where B̄ = Φ
ma2Φ0

and C̄ =
(

Φ√
2maΦ0

)2
. In an explicit form, above expression is given by

Z1 '
e−βC̄

1− e−βB̄
(2.23)

and the total partition function for a set of non-interacting indistinguishable N-fermions is

ZN '
[

e−βC̄

1− e−βB̄

]N

. (2.24)

Therefore, taking into account (2.24) and the previous definition in (2.12) the required

thermodynamic functions, namely, the Helmholtz free energy, the mean energy, the entropy

and the heat capacity for the non-relativistic case are written as

F̄ ' −N
β

ln

(
e−βC̄

1− e−βC̄

)
, S̄ ' NkB

[
β

(
C̄ +

B̄
eβB̄ − 1

)
+ ln

(
eβ(B̄−C̄)

eβB̄ − 1

)]
, (2.25)

Ū ' N
(

B̄
eβB̄ − 1

+ C̄
)

, C̄V ' NkBβ2

[
B̄2eβB̄

(1− eβB̄)2

]
. (2.26)

In what follows, all discussions and remarks concerned to both the relativistic and the

non-relativistic cases are presented in the next section. The construction and the analysis

of graphics are provided as well to elucidate the behavior of the thermodynamic functions

calculated previously. Finally, we make our final remarks in the conclusion.

2.2.3 Results and discussions

In the sequel, we used the Euler-Maclaurin formula regarding a strong magnetic field to

evaluate the partition function numerically. In all calculations we assume kB = a = m = 1.
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In figs. 2.1 and 2.2 we plot all profiles of the thermal quantities as a function of temper-

ature T for different values 109 of the magnetic flux Φ, namely, Φ = 50Φ0, 100Φ0, 150Φ0,

200Φ0. Considering the relativistic case, we see from fig. 2.1 that the Helmholtz function

F(T)/N has a little increase when T starts to increase. Nevertheless, it decreases for high

values of T and has higher values when the magnetic flux grows. The mean energy U(T)/N
exhibits a nearly linear behavior with very close profiles. As the magnetic flux decreases the

curve of the mean energy grows faster. The entropy S(T)/N is slowly increasing for large

T and decreases for large magnetic fluxes Φ’s. The heat capacity CV(T)/N tends to an

asymptotic behavior fixed in the value 2 when T increases. For the non-relativistic case, we

see from fig. 2.2 that the Helmholtz function F̄(T)/N decreases with a nearly linear behav-

ior when T increases and has higher values when the magnetic flux Φ increases. The mean

energy Ū(T)/N increases with an entirely linear behavior when T increases which is similar

when one compares at with the relativistic case. The entropy S̄(T)/N as in the relativistic

case, is slowly increasing. The heat capacity C̄V(T)/N differently to the relativistic case,

has an asymptotic behavior in the value 1.

From the analysis of the profiles of the curves for the main thermodynamic functions,

we can extract information about the thermal behavior of our system. We observe that

the Helmholtz free energy, in both the relativistic and non-relativistic cases, presents a

critical point for low temperature, that is, close to T = 0. Moreover, once the temperature

of the system increases, the amount of free energy available to perform the ensemble work

decreases rapidly. On the other hand, we noted that when this ensemble tends to the thermal

equilibrium in the reservoir, the mean energy of the system increases continuously. Besides,

the thermal variation of the AB ring tends to increase until reaching the thermal equilibrium

in both cases, and once the equilibrium is reached, the heat capacity remains constant. We

also observed that the thermodynamic quantities studied have a higher intensity in the

relativistic case, that is, all the amounts assume higher values for low temperatures, as

predicted in the literature. These results are because in the relativistic case we have a more

energetic quantum system than in the non-relativistic case. Finally, we note that the well-

known Dulong-Petit law is satisfied, namely, for the relativistic case CV(T → 0)/N ' 2kB

and for the non-relativistic case, C̄V(T → 0)/N ' kB. Thus, the heat capacity in the

relativistic case is twice that of the non-relativistic case.
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Fig. 2.1: Numerical solutions for the thermodynamic properties of the Aharanov-Bohm ring
for the relativistic case: (a) The Helmholtz free energy; (b) the mean energy; (c) the entropy
and (d) the heat capacity. In this case, we consider τ = KBT.
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Fig. 2.2: Numerical solutions for the thermodynamic properties of the Aharanov-Bohm ring
for the non-relativistic case: (a) the Helmholtz free energy; (b) the mean energy; (c) the
entropy and (d) the heat capacity.



3. HOW DOES GEOMETRY AFFECT QUANTUM

GASES?

3.1 Spectral energy for different geometries

Initially, we study the thermodynamic properties of confined gases consisting of spinless

particles. Moreover, fermions and bosons with a nonzero spin are also taken into account in

our investigation. To do so, we must solve the Schrödinger equation for particular symmetries

with appropriate boundary conditions. With this, the spectral energy can be derived after

some algebraic manipulations. In particular, we choose four different geometries, namely,

spherical, cylindrical, ellipsoidal and toroidal ones. The potentials for each configuration are

given below:

VSphere (r) =

{
0, if r < a
∞, if r > a

, (3.1a)

VCylinder (ρ, z) =

{
0, if ρ < b and 0 < z < 2c

∞, otherwise
, (3.1b)

VEllipsoid (x, y, z) =

{
0, if x, y, z satisfy

x2+y2

b2 + z2

c2 < 1

∞, if x, y, z satisfy
x2+y2

b2 + z2

c2 ≥ 1
, (3.1c)

and

VTorus (x, y, z) =

{
0, if (

√
x2 + y2 − R)2 + z2 < x2 + y2 + z2

∞, otherwise
. (3.2)

where a, b and c are geometric parameters defining the size of the potential, and R is the

distance from the center of the toroidal tube to the center of the coordinate system1. In

order to make a comparison between our thermodynamic results in the next sections, we

must choose the parameters a, b, and c such that all configurations provide the same volume.

Since we have already set up our potentials, we can solve the time-independent Schrödinger

1Although this potential illustrates the content inside this given region, all calculations concerning the
torus knot will be derived considering only its surface.

29
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equation

− h̄2

2M
∇2ψ + V (r) ψ = Eψ, (3.3)

for each geometry whose solutions can be obtained using the well-known method of separa-

tion of variables [404, 405, 406, 150]. Particularly, the wavefunction for the spherical case

can be written as

ψl,n,m (r, θ, φ) =

{
Al,n jl(kl,nr)Ym

l (θ, φ), if r ≤ a
0, if r ≥ a

, (3.4)

where jl(kl,nr) is a spherical Bessel function, Ym
l (θ, φ) is a spherical harmonic and Al,n is a

normalization factor; thereby, the Fourier transform of ψl,n,m (r, θ, φ) is

ψ̃l,n,m(k) =
1√

(2πh̄)3
Al,n

∫
eik·r jl(kl,nr)Ym

l (θ, φ)r2drdΩ (3.5)

and using the orthogonality properties of the Bessel functions [407, 408, 409], we can infer

the momentum distribution
�
n(k)

�
n(k) = s ∑

l,n
|ψ̃l,n(k)|2 =

3sV
4π2(πh̄)3 ∑

l,n
(2l + 1)j2l (ka)

(kl,na/π)2

[(kl,na/π)2 − (ka/π)2]2
, (3.6)

where s is the spin degeneracy, kl,na is the n-th root of jl(ka) = 0, V is the volume, and k
the momentum distribution – it is considered to be continuous in the infinite volume limit.

In Ref. [410], some approximations in order to perform analytical and numerical analyses

of noninteracting particles at zero temperature were made. The shape dependence was

investigated as well to see how such geometries would influence the momentum distribution
�
n(k). Our approach, on the other hand, intends to examine the impact of all mentioned

shapes on the thermodynamic properties and implies different results in comparison to the

literature [142, 143]. To perform the following calculations, we consider spherical, cylindrical,

ellipsoidal and toroidal configurations. Solving the Schrödinger equation for the spherical

potential [404], we have

ESphere
n,l = (2l + 1)

h̄2

2Ma2 j2nl (3.7a)

where jnl is the n-th zero of the l-th spherical Bessel function. Clearly, each level has a

(2l + 1) degeneracy. For ellipsoidal [405], cylindrical [404] and toroidal [411] shapes, we
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obtain

EEllipsoid
m,n,l =

h̄2

2M

[
J2
n,l

b2 +
2Jn,l

bc

(
m +

1
2

)]
, (3.7b)

ECylinder
m,n,l =

h̄2

2M

[
J2
n,l

b2 +
(πm

2c

)2
]

, (3.7c)

and

ETorus
n =

n2

2Ma2p2
cosh2 η

α2 + sinh2 η − 1
, (3.7d)

where Jn,l is the n-th root of the l-th Bessel function, η = cosh−1 R/d is a parameter which

fixes the toroidal surface, α is the winding number, a =
√

R2 − d2, p describes the number

of loops in the toroidal direction and n = 0, 1, . . .. Using these spectra energies, an analysis

of the thermal properties can be properly carried out in the next sections.

3.2 Noninteracting gases: spinless particles

In this section, we present the thermodynamic approach based on the canonical ensemble.

3.2.1 Thermodynamic approach

Whenever we are dealing with a spinless gas, the theory of the canonical ensemble is

sufficient for a full thermodynamical description. Thereby, the partition function is given by

Z = ∑
{Ω}

exp (−βEΩ) , (3.8)

where Ω is related to accessible quantum states. Since we are dealing with noninteracting

particles, the partition function (3.8) can be factorized which gives rise to the result below

Z = ZN
1 =

∑
{Ω}

exp (−βEΩ)


N

, (3.9)

where we have defined the single partition function as

Z1 = ∑
Ω

exp (−βEΩ) . (3.10)
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It is known that the thermodynamical description of the system can also be done via

Helmholtz free energy

f = − 1
β

lim
N→∞

1
N

lnZ , (3.11)

where rather for convenience we write the Helmholtz free energy per particle. With this, we

can derive the following thermodynamic state functions2, i.e., entropy, heat capacity, and

mean energy

s = − ∂ f
∂T

, (3.12a)

c = T
∂s
∂T

, (3.12b)

and

u = − ∂

∂β
lnZ . (3.12c)

The sum in Eq. (3.10) cannot be expressed in a closed form. This does not allow us to

proceed analytically. To overcome this issue, we perform a numerical analysis plotting the

respective functions in terms of the temperature in order to understand their behaviors. Our

main interest lies in the study of the low-temperature regime.

3.2.2 Numerical analysis

To provide the numerical results below, we sum over fifty thousand terms in Eq. (4.3).

With this, we can guarantee the accuracy of such procedure keeping the maximum of details.

For the plots below, the values for the parameters a, b and c3 that control the size of the

potential are displayed in Tab. 3.1. For now on, we will refer the first set of parameters as

configuration 1 (thick lines in the plots) and to the second set as configuration 2 (dashed

lines in the plots). Note that configuration 2 has a larger volume than configuration 1.

However, the parameters are chosen such that the wells considered (sphere, cylinder and

ellipsoid) have the same volume in each configuration. The graphics for the configurations

described here are displayed in Fig. 3.1

Let us start analyzing the Helmholtz free energy. In Fig. 3.1, we see that configuration

1 provides larger values of the Helmholtz free energy than configuration 2. Besides, we also

see that the values of the energy are larger for the sphere in comparison to the ellipsoid;

and the latter are again larger in comparison with the cylinder for both configurations.

In what follows, we will employ the short-hand notation Sphere > Ellipsoid > Cylinder.

The behavior for the entropy, on the other hand, seems to be different. We notice that

2All of them are written in a “per particle form” for convenience.
3The unit used for these parameters is the nanometer.
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a b c

Config. 1
Sphere 1.0 - -
Cylinder - 1.0 0.66
Ellipsoid - 1.22 0.66

Config. 2
Sphere 1.5 - -
Cylinder - 1.22 1.5
Ellipsoid - 1.67 1.2

Tab. 3.1: The parameters a, b and c for two distinct configurations.

configuration 2 provides an entropy larger than configuration 1 and, when we look at the

geometry itself, we observe the pattern Cylinder > Ellipsoid > Sphere. In this comparison,

the Ellipsoidal geometry always takes a position in the middle. This fact is rather natural

since this geometry is actually a “transition” between a cylinder and a sphere.

Also in Fig. 3.1, we find the plots for the internal energy and for the heat capacity.

Configuration 1 exhibits energies larger than those of configuration 2 and we see that the

internal energy increases according to Sphere > Ellipsoid > Cylinder for both configura-

tions. The heat capacities for all configurations approach the value 3/2 as the temperature

increases. Configuration 2, that has a larger volume, reaches the asymptotic value faster

than configuration 1.

Differently from what we saw for the other thermodynamic quantities, it is not possible

to establish a common behavior among Ellipsoid, Cylinder and Sphere geometries because of

different temperature ranges and well sizes the heat capacity varies drastically. For instance,

in the second row of Fig. 3.1, configuration 2 in the range 0 < T < 5 K, we see that the

heat capacity follows the rule Ellipsoid > Cylinder > Sphere. However, in the same range

of temperature, configuration 1 displays two different behaviors, that is for 0 < T < 2.5 K

we have Cylinder > Ellipsoid > Sphere and for 2.5 K < T < 5 K we have Ellipsoid >

Cylinder > Sphere. For a fixed value of the volume, there exists a temperature where

the heat capacity will follow the rule Sphere > Ellipsoid > Cylinder until it reaches the

value 3/2. This temperature increases as the volume decreases. For configuration 1 the

temperatures where we have this behaviour is around 29 K and for configuration 2, that has

a larger volume, it happens at 9 K.

It is interesting to see that for the cylindrical geometry a mound appears around 0.5 K

and tends to disappear when the volume of the cylinder increases. This effect is clearly

caused by the finite size of the geometry since the expected behavior would be to go to zero

almost linearly. However, both the sphere and the ellipsoid do not exhibit such an effect.

We could conclude about the absence of such effect that the surfaces of the former cases

that accentuate those geometries are smooth and the cylinder, on the other hand, is smooth

just by parts. As we will see in Sec. 3.6 and in Ref. [143], it is possible to identify the
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contribution that comes from the geometry itself by considering an analytical model.
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Fig. 3.1: The Helmholtz free energy, entropy per particle, the internal energy and heat
capacity per particle, respectively

3.3 Noninteracting gases: Bosons and fermions

Although interactions of atoms and molecules are treated in many experimental ap-

proaches, and several features may only be recognized and understood by taking the inter-

actions into account [412, 413, 414, 415], some fascinating characteristics are well described

by assuming noninteracting systems [416, 290, 291, 292, 293, 294, 295, 417, 418, 419, 420,

421, 422].

Studies of noninteracting particles (bosons and fermions) have many applications, espe-

cially in chemistry [420, 421] and condensed-matter physics [416, 290, 291, 292, 293, 294,

295, 417, 418, 419, 422, 423]; for instance, in the case of bulk, which is usually assumed

to calculate the energy spectrum and use the Fermi-Dirac distribution to examine how its

statistics behaves, it is sufficient to describe the system of a noninteracting electron gas.

Such an assumption is totally reasonable since if the Fermi energy is large enough, the ki-

netic energy of electrons, close to the Fermi level, will be much greater than the potential

energy of the electron-electron interaction.
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On the other hand, one of the pioneer studies which addressed the analysis of the Bose-

Einstein condensate in a theoretical viewpoint was presented in [424]. The authors utilize

a gas of noninteracting bosons to perform their calculations. As we shall see, we proceed

in a similar way taking into account different geometries though. Furthermore, we discuss

applying them in different scenarios in condensed-matter physics.

3.3.1 Thermodynamic approach

We apply the grand canonical ensemble theory to noninteracting particles with different

spins (fermions and bosons); we will treat both cases separately. The grand canonical

partition function for the present problem reads

Ξ =
∞

∑
N=0

exp (βµN)Z [NΩ] , (3.13)

where Z [NΩ] is the usual canonical partition function which now depends on the occupation

number NΩ, and on the µ, which is the chemical potential. Since we are dealing with fermions

and bosons, it is well-known that the occupation number must be restricted in the following

manner: NΩ = {0, 1} for fermions and NΩ = {0, . . . ∞} for bosons. Also, for an arbitrary

quantum state, the energy depends on the occupation number as

E {NΩ} = ∑
{Ω}

NΩEΩ

where we have

∑
{Ω}

NΩ = N.

In this way, the partition function becomes

Z [NΩ] = ∑
{NΩ}

exp

−β ∑
{Ω}

NΩEΩ

 , (3.14)

which leads to

Ξ =
∞

∑
N=0

exp (βµN) ∑
{NΩ}

exp

−β ∑
{Ω}

NΩEΩ

 , (3.15)

or can be rewritten as

Ξ = ∏
{Ω}

 ∑
{NΩ}

exp [−βNΩ (EΩ − µ)]

 . (3.16)
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After performing the sum over the possible occupation numbers, we get

Ξ = ∏
{Ω}
{1 + χ exp [−β (EΩ − µ)]}χ , (3.17)

where we have now introduced the convenient notation χ = +1 for fermions and χ = −1 for

bosons. The connection with thermodynamics is made by using the grand thermodynamical

potential given by

Φ = − 1
β

ln Ξ. (3.18)

Replacing Ξ in the above equation, we get

Φ = −χ

β ∑
{Ω}

ln {1 + χ exp [−β (EΩ − µ)]} . (3.19)

The entropy of the system can be cast into the following compact form, namely

S = −∂Φ
∂T

= −kB ∑
{Ω}
NΩ lnNΩ + χ (1− χNΩ) ln (1− χNΩ)

where

NΩ =
1

exp [β (EΩ − µ)] + χ
.

Moreover, we can also use the grand potential to calculate other thermodynamic properties,

such as, the mean particle number, energy, heat capacity, and pressure using the following

expressions:

N = −∂Φ
∂µ

, (3.20a)

U = −T2 ∂

∂T

(
Φ
T

)
, (3.20b)

C = T
∂S
∂T

, (3.20c)

P = −∂Φ
∂V

= −Φ
V

. (3.20d)

In possession of these terms, calculating the thermodynamic quantities should be a

straightforward task, since we only would need to perform the sum presented in Eq. (3.19).

Unfortunately, this sum cannot be obtained in a closed form for the spectral energy that we

chose. Instead of this, a numerical analysis, similar to what we have done in Sec. 3.2.2, can

be provided to overcome this difficulty; thereby, we can obtain the behavior of all quantities

considering mainly low temperature regimes (keeping the volume constant). In what follows,

we devote our attention to study such properties in a numerical manner.
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3.3.2 Numerical analysis

Here, as in Section 3.2.2, we consider two particular cases whose parameters are the

same presented in Tab. 3.1. For numerical purpose we choose for the chemical potential

the value µ = 0.5 eV. Next, we also use thick and dashed lines to represent fermions and

bosons in the plots presented in Fig. 3.2. In first row of Fig. 3.2, we present the entropy

for the two different cases. The first one, in Fig. 3.2(a), represents configuration 1 and

Fig. 3.2(b) configuration 2, where we compare fermions (thick lines) and bosons (dashed

lines) for sphere, cylinder and ellipsoid geometries. We can see from the plots that bosons,

independently of the previous set of geometry we chose, acquire an entropy larger than that

of fermions. We can also realize that the pattern Ellipsoid > Cylinder > Sphere always

occurs for fermions and bosons when we consider the entropy. In both cases the pattern

described above repeats and shows that the entropy is a monotonically increasing function

for the volume and temperature.

For the internal energy, displayed in the second row Fig. 3.2, we see the entire behavior

being repeated, that is, the internal energy follows the rule Ellipsoid > Cylinder > Sphere

and the energy for bosons are greater than for fermions when we compare their values for

the same geometry. It is also important to notice that the internal energy is a monotonically

increasing function for both volume and temperature.

Another important property analyzed here is the heat capacity, showed in the third row

of Fig. 3.2. We know from the literature [52, 149] that the heat capacity for an electron gas

at low temperature (T � TFermi) is proportional to the temperature. On the other hand, for

the boson gas, the heat capacity is proportional to T3/2 (both behaviors are obtained in the

classical limit). However, as we can deduce from the graphics, in both cases presented in Fig.

3.2, fermions do not follow this rule. We see deviations form a straight line, where one can

infer that this effect is caused by the finite volume. We must remember that our systems are

under confinement in very small containers4 and, in addition, a large number of energy levels

were considered in the numerical analysis. As a direct consequence, the entire behavior at

low temperature when compared to the usual electron gas will be drastically different. On

the other hand, bosons behave exactly like a function proportional to T3/2. It suggests that

fermions are more sensitive to the geometry and size of the system than bosons. Besides

the discussion above, we can also see that in general the heat capacity follows the pattern

Ellipsoid > Cylinder > Sphere and its value increases when both temperature and volume

increase.

4The linear dimension of the containers considered is comparable with the thermal wavelength of the
electron for low temperatures. This means that the electrons will feel the finiteness of the well and, therefore,
the thermodynamic properties will change.
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3.4 Ideal quantum gas on a torus knot

In the last years, the study of quantum mechanics in constrained systems has gained much

attention acquiring diverse applications in both theoretical and experimental approaches

[425, 426, 427, 428, 429, 430, 431, 411, 432, 433]. It was Jones [434] who examined knot

invariants to address the connection between the physical world and pure mathematics.

Afterwards, such an approach was linked to topological quantum field theory by Witten

[435, 436]. It is worth mentioning that the connection of such invariant knots with statistical

mechanics is also possible [437]. Another motivation to investigate the physical consequences

of the torus topology (T2 = S1 × S1) is its application to living beings, owing to their DNA

[438, 439, 440, 441, 442]. Moreover, the fundamental group of the torus is

π1(T2) = π1(S1)× π1(S1) ∼= Z1 ×Z1, (3.21)

and its first homology group is isomorphic to the fundamental group [443]. Now, based

on Ref. [411], where the spectral energy for the torus knot was calculated, and in the

approach developed in Sec. 3.2 and Sec. 3.3, we propose to study how particles of different

spins behave in such a scenario. Before providing numerical analyses, let us show again the

spectral energy [411] as in Eq. (3.7d)

En = E0,nF (η, α) , (3.22)

where

E0,n =
n2

2Ma2p2 , F (η, α) =
cosh2 η

α2 + sinh2 η − 1
. (3.23)

Now we can insert the energy spectrum in Eqs. (3.9) and (3.19) and properly perform the

following numerical analyses for both the energy and heat capacity. Since we are going to

study how the thermal properties are modified for different values of winding numbers, for

a better comprehension of the reader, we add Fig 3.3 in order to provide an illustration of

how the path changes on a torus knot for distinct winding numbers.

We first study the behavior of the energy presented in Fig. 3.4. We can see that fermions

and bosons behave differently. While the free energy of bosons increases with temperature

and winding number, the fermions exhibits an “inversion point” at 3 K, e.g., before and

after 3 K there exist different behaviors for diverse values of winding number. Moreover, for

spin-less particles the Helmholtz free energy decreases with both temperature and winding

number.

In Fig. 3.5, we present the heat capacity for different particle spins and different values

of winding number. Let us start with the spin-less particles. In this case, we see that the
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heat capacity increases with the winding number and tends to 0.5 J/g× K for larger values

of the temperature. For bosons, we see that for a temperature below 0.3 K, the values of the

heat capacity decreases when the winding number increases, while for temperatures above

0.3 K the value increases when α increases. It is worth mentioning that for large values of

the temperature, the heat capacity tends to 8.0 J/g× K. Finally, we observe an interesting

behavior for fermions. We see that for temperatures below 1.0 K the heat capacity has

a mound that becomes more evident when the winding number increases. Above 1.0 K

the heat capacity increases with temperature until it reaches a value around 2.0 J/g× K.

It is interesting to see a system whose thermodynamic properties depend on a topological

parameter. Thereby, the knowledge of such behaviors can be useful for future applications.

3.5 Further applications: noninteracting gases

In this section, we address possible future applications of our noninteracting model for

quantum gases developed so far. In particular, we look toward the Bose-Einstein condensate

and the helium dimer.

3.5.1 Bose-Einstein condensate

In Ref. [424], the grand canonical ensemble is also used to perform the calculations; the

authors studied the asymptotic behavior of various thermodynamic and statistical quantities

related to a confined ideal Bose-Einstein gas. In this case, the considered object is an

arbitrary, finite, cubical enclosure subjected to periodic boundary conditions, i.e., thin-film,

square-channel and cubic geometries.

Continuing the line of [424], our proposition is to probe how the thermal quantities are

affected by spherical, cylindrical, ellipsoidal and toroidal geometries. This study can be

useful within a possible future experimental scenario to be studied in material science.

3.5.2 Helium atoms - 3He and 4He

Taking the advantage of solving the Schrödinger equation numerically as well as the

construction of suitable wavefunctions, in Refs. [444, 445], the binding of two helium atoms

involving restricted and unrestricted geometries was studied in two and three dimensions.

Such a model describes two atoms placed in a spherical potential (3.1a) with hard walls. As

argued, one could insert a nontrivial interaction of the helium atoms with the walls [446,

447, 448, 449] and also some coupling between them, as presented in Sec. 3.6. Nevertheless,

the interaction of the particles with the wall depends on the material of the cavity. Thereby,
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it is feasible to propose a general investigation of these phenomena rather than being limited

to individual cases.

In this sense, our proposal is as follows: based on the relevance of studying either helium

liquids or helium dimer in solid matrices, a study of geometry influences the thermodynamic

properties of such constrained systems might be relevant for future applications in condensed

matter physics. Likewise, for the cylindrical shape (3.1b), it is notable to aim at investigating

the thermal properties of shapes similar to that of carbon nanotubes [450, 451]. Also, using

some approximations, the vortex-like shapes [452, 453] seem to reasonable to be examined

as well.

3.6 Interacting gases: an analytical approach

3.6.1 The model

We intend now to take into account interactions between particles. To do so, we modify

slightly the approach developed in Sec. 3.3 by introducing an interaction term U (V, n).

Here, we consider that such interaction energy has the dependency only on the particle

density n and the volume V. As it is mentioned below, such type of interaction may be

acquired by the mean field approximation which gives rise to the advantage of providing

analytical results. Furthermore, as we shall verify, these solutions will allow us to recognize

how the interactions can modify the thermal quantities of our system. It is important

to highlight that the interaction term is a monotonically increasing function of the particle

density. Thereby, if the density n is increased, the particles will come closer to each other and

the respective interactions between them are supposed to increase. Analogously, the opposite

behavior happens otherwise: if n decreases, U (V, n) will have to decrease. Throughout this

section, we adopt natural units where kB = 1. Doing that, we get the following grand

canonical partition function

Z (T, V, µ) =
{∞/1}

∑
{NΩ}=0

exp

−β

∑
{Ω}

NΩ (EΩ − µ) + U (V, n)

 , (3.24a)

where

zN = exp {Nβµ} = exp

β ∑
{Ω}

NΩµ

 . (3.24b)

The sum index which appears in Eq. (3.24a), namely {∞/1}, shows that infinitely many

bosons may occupy the same quantum state Ω. On the other hand, if one considers instead of

this, spin-half particles, only one fermion will be allowed due to the Pauli exclusion principle.
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In a compact notation, we take the upper index ∞ for bosons and 1 for fermions. Let us

now suppose that the interaction term has the form U (V, n) = Vu (n). With this, we have

Z (T, V, µ) =
{∞/1}

∑
{NΩ}=0

exp

−β

∑
{Ω}

NΩ (EΩ − µ) + Vu (n)

 . (3.25)

For the sake of simplicity, in Eq. (3.25), we assume that Vu (n) is linear in ∑Ω NΩ = N.

Furthermore, the only appropriate manner to do so is to linearize Vu (n). To do that, we

use the Taylor series expansion of u (n) around the mean value n̄:

u (n) = u (n̄) + u′ (n̄) (n− n̄) + . . . . (3.26)

More so, if one regards that the potential energy is dependent on the position that the parti-

cles occupy, Eq. (3.26) will account for the molecular field approximation. Such assumption

is vastly employed in the literature concerning for instance condensed matter physics [454,

455, 456, 457, 458, 459]. Thereby, we can derive the energy of the quantum state Ω as being

E = ∑
{Ω}

NΩ
[
EΩ + u′ (n̄)

]
+ U (V, n̄)− u′ (n̄) N̄, (3.27)

and the solution of Eq. (3.25) can be evaluated

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
Ω=1

({∞/1}

∑
NΩ=0

exp
{
−β

[
EΩ + u′ (n̄)− µ

]
NΩ
})

. (3.28)

After some algebraic manipulations, we can present the above expression as

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
Ω=1

{
1 + exp [−β (EΩ + u′ (n̄)− µ)] , fermions

(1− exp [−β (EΩ + u′ (n̄)− µ)])−1 , bosons
, (3.29)

or in a more compact form

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
Ω=1

(
1 + χ exp

[
−β

(
EΩ + u′ (n̄)− µ

)])χ , (3.30)

where χ = 1 for fermions, and χ = −1 for bosons.
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3.6.2 Thermodynamic state quantities

Next, the derivation of the grand canonical potential is straightforward as follows

Φ = −T lnZ
= −Tχ ∑

Ω
ln
(
1 + χ exp

[
−β

(
EΩ + u′ (n̄)− µ

)])
+ U (V, n̄)− u′ (n̄) N̄. (3.31)

Based on this equation, the other thermodynamic functions can be calculated as well. In

this sense, the mean particle number reads

N̄ = − ∂Φ
∂µ

∣∣∣∣
T,V

,

= −V
∂u (n̄)

∂µ

∣∣∣∣
T,V

+ N̄
∂u′ (n̄)

∂µ

∣∣∣∣
T,V

+ u′ (n̄)
∂N̄
∂µ

∣∣∣∣
T,V

+

+ Tχ ∑
Ω

χ exp [−β (EΩ + u′ (n̄)− µ)]

1 + χ exp [−β (EΩ + u′ (n̄)− µ)]
β

(
1− ∂u′ (n̄)

∂µ

∣∣∣∣
T,V

)
, (3.32)

and from this,

N̄

(
1− ∂u (n̄)

∂µ

∣∣∣∣
T,V

)
= −V

∂u (n̄)

∂µ

∣∣∣∣
T,V

+ u′ (n̄)
∂N̄
∂µ

∣∣∣∣
T,V

(3.33)

+χ2βT

(
1− ∂u′ (n̄)

∂µ

∣∣∣∣
T,V

)
∑
Ω

1
exp [β (EΩ + u′ (n̄)− µ)] + χ

.

Since
∂u (n̄)

∂µ

∣∣∣∣
T,V

= u′ (n̄)
∂n̄
∂µ

∣∣∣∣
T,V

=
u′ (n̄)

V
∂N̄
∂µ

∣∣∣∣
T,V

, (3.34)

we get

N̄ = ∑
Ω

1
exp [β (EΩ + u′ (n̄)− µ)] + χ

. (3.35)

The mean occupation number must be N̄ = ∑Ω n̄Ω, where

n̄Ω =
1

exp [β (EΩ + u′ (n̄)− µ)] + χ
. (3.36)

As we can also notice that the interaction modifies the mean particle number since the term

u′ (n̄) is present in Eq. (3.36). This modification is directly related to the fact that we chose

the interaction energy as being a function of the particle density.
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Next, the entropy is given by

S = − ∂Φ
∂T

∣∣∣∣
µ,V

,

= −V
∂u (n̄)

∂T

∣∣∣∣
µ,V

+ N̄
∂u′ (n̄)

∂T

∣∣∣∣
µ,V

+ u′ (n̄)
∂N̄
∂T

∣∣∣∣
µ,V

+ χ ∑
Ω

ln
(
1 + χ exp

[
−β

(
EΩ + u′ (n̄)− µ

)])

+ χ2T ∑
Ω

(EΩ + u′ (n̄)− µ)
(
− dβ

dT

)
− β

∂u′(n̄)
∂T

∣∣∣
µ,V

exp [β (EΩ + u′ (n̄)− µ)] + χ
, (3.37)

or in a more compact form,

S = χ ∑
Ω

ln
(
1 + χ exp

[
−β

(
EΩ + u′ (n̄)− µ

)])
+

1
T ∑

Ω
n̄Ω
(
EΩ + u′ (n̄)− µ

)
. (3.38)

Moreover, the mean energy reads

Ē =
∂ (βΦ)

∂β

∣∣∣∣
z,V

,

=
∂

∂β

[
βVu (n̄)− βN̄u′ (n̄)

]∣∣∣∣
z,V

− χ ∑
Ω

χz exp [−β (EΩ + u′ (n̄))]

1 + χz exp [−β (EΩ + u′ (n̄))]

(
−EΩ −

∂

∂β

[
βu′ (n̄)

]∣∣∣∣
z,V

)
,

= U (V, n̄) + βV
∂u (n̄)

∂β

∣∣∣∣
z,V
− N̄

∂ [βu′ (n̄)]

∂β

∣∣∣∣
z,V
− βu′ (n̄)

∂N̄
∂β

∣∣∣∣
z,V

+ ∑
Ω

EΩ

z−1 exp [β (EΩ + u′ (n̄))] + χ
+ N̄

∂ [βu′ (n̄)]

∂β

∣∣∣∣
z,V

. (3.39)

After some algebraic manipulations, one can rewrite this expression as

Ē = ∑
Ω

n̄ΩEΩ + U (V, n̄) . (3.40)

This is a expected result since the energy is the average of the kinetic term plus the inter-

actions energy. Finally, we derive the pressure of the system

p = − ∂Φ
∂V

∣∣∣∣
µ,T

,
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= −u (n̄) + u′ (n̄)
∂N̄
∂V

∣∣∣∣
µ,T

+
χT
V ∑

Ω
ln
(
1 + χ exp

[
−β

(
EΩ + u′ (n̄)− µ

)])
, (3.41)

= −Φ
V

, (3.42)

where we have used Eq. (3.35) and the fact that the particle density does not depend on

the volume. From Eq. (3.41), we can also realize how interaction plays an important role on

the pressure. The first term in Eq. (3.41), - u (n̄), for instance, is responsible to reduce the

pressure of the system, while the second one, u′ (n̄), plays the role of increasing it instead.

It is worth mentioning that such thermal functions were recently calculated in [460, 461,

462, 463, 464, 465, 466] for Lorentz-violating systems.

3.6.3 Analytical results for three-dimensional boxes

We exemplify our model constructed above for the three-dimensional box. The respective

spectral energy is

EBox
ηx,ηy,ηz =

π2h̄2

2M

(
η2

x
L2

x
+

η2
y

L2
y

+
η2

z
L2

z

)
. (3.43)

Here, the grand canonical potential of an interacting gas is

Φ = −kBTχ ∑
{ηx,ηy,ηz}

ln
{

1 + χ exp
[
−β

(
EBox

ηx,ηy,ηz + u′ (n̄)− µ
)]}

+ U (V, n̄)− u′ (n̄) N̄.

(3.44)

To proceed further, the Euler-MacLaurin formula [467, 147, 468] must be utilized,

∞

∑
n

F (n) =
∫ ∞

0
F (n) dn +

1
2

F (0)

− 1
2!

B2F′ (0)− 1
4!

B4F′′′ (0) + . . . , (3.45)

which allows us to perform the calculation in an exact form, namely

Φ = −kBTχ
∫ ∞

0

∫ ∞

0

∫ ∞

0
dηxdηydηz ln

{
1 + χz exp

[
−βEBox

ηx,ηy,ηz

]}
+

kBTχ

2

∫ ∞

0

∫ ∞

0
dηydηz ln

{
1 + χz exp

[
−βEBox

0,ηy,ηz

]}
+

kBTχ

2

∫ ∞

0

∫ ∞

0
dηxdηz ln

{
1 + χz exp

[
−βEBox

ηx,0,ηz

]}
+

kBTχ

2

∫ ∞

0

∫ ∞

0
dηxdηy ln

{
1 + χz exp

[
−βEBox

ηx,ηy,0

]}
+

kBTχ

4

∫ ∞

0
dηx ln

{
1 + χz exp

[
−βEBox

ηx,0,0

]}
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+
kBTχ

4

∫ ∞

0
dηy ln

{
1 + χz exp

[
−βEBox

0,ηy,0

]}
+

kBTχ

4

∫ ∞

0
dηz ln

{
1 + χz exp

[
−βEBox

0,0,ηz

]}
+

kBTχ

8
ln (1 + χz) + U (V, n̄)− u′ (n̄) N̄, (3.46)

where we have defined z = ze−βu′(n̄). After performing the integrals, we obtain

Φ =
V
λ3 h 5

2
(z)− 1

4
S
λ2 h2 (z) +

1
16
L
λ

h 3
2

(z)− 1
8

h1 (z) + U (V, n̄)− u′ (n̄) N̄, (3.47)

where λ = h/
√

2πMkBT is the thermal wavelength, V = LxLyLz is the volume, S =

2
(

LxLy + LyLz + LzLx
)

the area of the surface, L = 4
(

Lx + Ly + Lz
)

the total length of

the side of the box and

hσ (z) =
1

Γ (σ)

∫ ∞

0

tσ−1

z−1et + χ
dt =

{
fσ (z) , for fermions (χ = 1)

gσ (z) , for bosons (χ = −1)
. (3.48)

The boundary effects in Eq. (3.47) are represented by the second and third terms which are

proportional to the perimeter L and to the surface S . We note that these terms are modified

by the interaction term u′ (n̄). Also, we can carry out a similar calculation involving rather a

two-dimensional box. Here, a straightforward question naturally arises: how are the thermal

properties influenced if one considers spherical (3.1a), cylindrical (3.1b), ellipsoidal (3.1c) and

toroidal (3.2) potentials instead? Despite being an intriguing question, it is challenging to

perform such an analysis by analytical means. Nevertheless, this analysis will be performed

numerically in an upcoming work.

As an application, let us use the result obtained from Eq. (3.47) to probe how interaction

affects the Fermi energy. From that, we get

N = g
[

V
λ3 f 3

2
(z)− 1

4
S
λ2 f1 (z) +

L
16λ

f 1
2

(z)− 1
8

z

z + 1

]
, (3.49)

where g is a weight factor that arises from the internal structure of the particles. The Fermi

energy µ0 is the energy of the topmost filled level in the ground state of an electron system.

In this way,

N = g

[
V

6π2

(
2mX

h̄2

) 3
2

− 1
4

S
4π

(
2mX

h̄2

)
+

L
16π

(
2mX

h̄2

) 1
2

− 1
8

]
, (3.50)

where X = µ0 − u′ (n). The Fermi energy cannot be calculated from this equation until

we conveniently choose the interaction u(n) term. However, we can at least see how the

interaction modifies the structure of the equation which determines the Fermi energy µ0.
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It is also possible to infer that the existence of a interaction enhances such energy level.

Moreover, we realize that the interaction remarkably introduces a density-dependence on

the Fermi energy. In order to have an idea of the interaction term, we can use the density

of an ideal Fermi gas, which is given by [138]

n =
g

λ3 f 3
2

(z) (3.51)

to estimate such energy. In possession with the above density, we can build an interaction

term linear in n. Despite this, even with this simplest approximation, it is not possible to

get analytical results.

3.6.4 Analytical results for angular constraints

The exact solutions for interacting gases in angular constraints can also be calculated

with the help of the Euler-MacLaurin formula. Here, we consider an interacting quantum

gas confined to a one-dimensional ring with radius R. The energy of the particle in such an

angular scenario is determined by periodic boundary conditions:

Eη =
h̄2

2MR2 η2. (3.52)

The grand canonical potential for this case is given by

Φ = −kBTχ
∞

∑
η=−∞

ln

{
1 + χz exp

[
− βh̄2

2MR2 η2

]}
+ U (V, n̄)− u′ (n̄) N̄, (3.53)

= −2kBTχ
∞

∑
η=0

ln

{
1 + χz exp

[
− βh̄2

2MR2 η2

]}
− kBTχ ln {1 + χz}+ U (V, n̄)− u′ (n̄) N̄.

The summation over the discrete parameter η can be converted into an integral which leads

to

Φ =
L
λ

h 3
2

(z)− h1 (z) + U (V, n̄)− u′ (n̄) N̄. (3.54)

where L = 2πR and hσ (z) is the interaction. We can also notice that there is no boundary

effect here. Notably, we could use these results to study the thermodynamic properties of a

conducting ring and other similar systems. Moreover, if one does not consider interactions,

the results presented in subsections 3.6.3 and 3.6.4 will reproduce those ones encountered in

Ref. [143].
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3.6.5 Analytical results for the torus

We can proceed as before to get an exact solution for the torus. The grand canonical

potential for this case is given by

Φ = −Tχ
∞

∑
δ=−∞

ln

{
1 + χz exp

[
−βh̄2F (α, η)

2Ma2p2 δ2

]}
+ U (V, n̄)− u′ (n̄) N̄,

= −2Tχ
∞

∑
δ=1

ln

{
1 + χz exp

[
−βh̄2F (α, η)

2Ma2p2 δ2

]}
− Tχ ln {1 + χz}+ U (V, n̄)− u′ (n̄) N̄.

(3.55)

The summation over the discrete parameter δ can be rewritten as an integral, leading to

Φ =
ap2

F (α, η)

L
λ

h 3
2

(z)− h1 (z) + U (V, n̄)− u′ (n̄) N̄. (3.56)

where L = 2πa and again the interaction is also present in hσ (z) function. We can also

notice that here there is no boundary effects for the same reason encountered in the ring

case. However, Eq.(3.56) is modified by the topological function F (α, η) given by Eq. (3.23).
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Fig. 3.2: The different behaviors for the entropy, mean energy and heat capacity, respactively
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((a)) Winding number = 1 ((b)) Winding number = 2

((c)) Winding number = 3 ((d)) Winding number = 4

Fig. 3.3: Path behavior through a torus knot for different winding numbers
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((a)) Helmholtz free energy ((b)) Energy
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Fig. 3.4: Energy behavior in the low-temperature regime for different values of winding
number α for the torus knot.
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Fig. 3.5: Heat capacity in the low-temperature regime for different values of winding number
α for the torus knot.



4. FERMIONS ON A TORUS KNOT

4.1 Statistical mechanics of N particles in a torus knot sub-

jected to a magnetic field

Let us consider an ensemble composed of N particles moving on a single torus in a

prescribed path. For the situation that we are considering, the canonical ensemble theory is

sufficient to describe this case. The partition function for the system of N particle is given

by

Z = ∑
{Ω}

exp (−βEΩ) , (4.1)

where Ω is related to all accessible quantum states. Since we are dealing with noninteracting

particles, the partition function (4.1) can be factorized, giving the following result below

Z = ZN
1 =

∑
{Ω}

exp (−βEΩ)


N

, (4.2)

where we have defined the single partition function as

Z1 = ∑
Ω

exp (−βEΩ) . (4.3)

It is interesting to point out that, even though the underling geometry is not a simply

connected one, there is no problem in regarding the factorization above, since there is no

interaction potential generated by the geometry itself. This affirmation can naturally be

checked by looking at the energy spectrum given by Eq. (4.8)1. The connection with

macroscopic thermodynamic observables can be given by Helmholtz free energy

f = − 1
β

lim
N→∞

1
N

lnZ , (4.4)

1Note that the procedure used here to carried out the factorization is not a general result. It suits only
for the results presented in this chapter.

52
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where f stands for the Helmholtz free energy per particle. With this quantity, we can derive

the following thermodynamic state functions

s = − ∂ f
∂T

, c = T
∂s
∂T

, u = − ∂

∂β
lnZ , (4.5)

where s, c, u represent entropy, heat capacity and energy per particle, respectively. We can

also calculate magnetization m and susceptibility χ with respect to the external magnetic

B, as given by

m = − ∂ f
∂B

, χ =
∂m

∂B
. (4.6)

Fig. 4.1: A representation of a torus knot (2,3). The wire represents the path followed by
the particles on its surface

The sum in Eq. (4.3) can be brought to a closed form by using the well-know Euler-

MacLaurin formula [469, 470]

∞

∑
n=0

F (n) =
∫ ∞

0
F (n) dn +

1
2

F (0)− 1
2!

B2F′ (0)− 1
4!

B4F′′′ (0) + . . . , (4.7)

which allows us to perform the calculation exactly. The energy spectrum of a particle moving

on a torus with dimensions a, d and submitted to a uniform magnetic field that points along
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the ẑ direction is given by [182]2

En =
1

2m

[
n2h̄2

p2d2

(
1− a2q2

p2d2

)
+

eB
p

nh̄
(

1 +
a2

2d2 −
a2q2

p2d2

)
+

e2B2d2

4

(
1 +

a2

d2 −
a2q2

p2d2

)]
,

(4.8)

where d is the outer radius and a the internal radius of the torus respectively with (d > a)

(see Fig. 4.1). The closed path is characterized by a (p, q)-knot with p and q denoting the

toroidal and poloidal turns, respectively, so that it turns around d and a respectively. For

a nontrivial torus knot, (p, q) are coprime numbers. The well known and simplest knot, a

(2, 3) or trefoil knot, is depicted in Fig. 4.1.

Now, inserting the energy spectrum on the single partition function (4.1) and computing

the sum, we are led to the following single particle partition function:

Z1 =

√
πmp2d2

2β (1−A)
exp

[
β

dα2A
32m (1−A)

ξ

]
×

×
{

1 + erf

[
−ξ

4

√
2β

m (1−A)

(
1−A+

α2

2
A
)]}

, (4.9)

where erf is the error function given by

erf [z] =
2√
π

∫ z

0
e−t2

dt, (4.10)

and we also have defined the following quantities

ξ = eB, A =
a2

d2 , α =
q
p

, (4.11)

where A is a property of the torus whereas α characterises the knot of the particular path.

The quantity α is called the “winding number”of the (p, q)-torus knot, and it is also a simple

way of measuring the complexity of the knot. Notice that two different torus knots can have

the same α. Nevertheless, α will be different if at least one of p or q differ. In this sense, α

is regarded as a “unique” identity of a (p, q)-torus knot. It is worth mentioning that similar

forms of partition function have appeared in very recent works in the literature considering

different contexts [390, 471, 391, 359, 472].

2It should be noted that we have considered a magnetic field which, in technical terms, is referred as the
solenoidal magnetic field (uniform magnetic field pointing in the ẑ direction). Nevertheless, for a particle on
a torus knot, two other forms of magnetic field, referred to as toroidal (along the φ̂ direction) and poloidal
(along the θ̂ direction) forms are also relevant. If one is interested in more details ascribed to them, please
see Ref. [182].
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Now substituting (4.9) in (4.4), we find

f = − dα2A
32m (1−A)

ξ − 1
β

ln

√
πmp2d2

2β (1−A)

− 1
β

ln

{
1 + erf

[
−ξ

4

√
2β

m (1−A)

(
1−A+

α2

2
A
)]}

. (4.12)

From this expression, using previous relations (4.5), we can get the relevant thermodynamic

variables. For instance, the internal energy is given by

u = − 1
β2

(
1
2

+ ln

√
πmp2d2

2β (1−A)

)

− 1
β2 ln

{
1 + erf

[
−ξ

4

√
2β

m (1−A)

(
1−A+

α2

2
A
)]}

− ξ

β
3
2

√
1

8mπ (1−A)

(
1−A+ α2

2 A
)

exp
[
− ξ2

8
β

m(1−A)

(
1−A+ α2

2 A
)2
]

1− erf
[

ξ
4

√
2β

m(1−A)

(
1−A+ α2

2 A
)] .(4.13)

Another important quantity is the magnetization, which reads

m =
dα2A

32m (1−A)
−
√

1
2πβm (1−A)

(
1−A+ α2

2 A
)

exp
[
− ξ2

8
β

m(1−A)

(
1−A+ α2

2 A
)2
]

1− erf
[

ξ
4

√
2β

m(1−A)

(
1−A+ α2

2 A
)] .

(4.14)

The susceptibility can also be calculated and it is given by

χ = − 4
πβ

B2 exp
(
−2B2ξ2)

1− erf (Bξ)

{
1

1− erf (Bξ)
−
√

πBξ exp
(
B2ξ2

)}
, (4.15)

where we have used the shorthand notation

B =
1
4

√
2β

m (1−A)

(
1−A+

α2

2
A
)

. (4.16)

Since expressions of energy, magnetization and susceptibility are quite lengthy, instead of

providing their explicit forms, we show their behavior pictorially. Similarly, in this way, for

entropy and heat capacity in the low energy regime, we shall follow the same procedure.

Let us explore some interesting features from the magnetization and the susceptibility for

a particular configuration of magnetic field and temperature. Initially, we consider the
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configuration in which ξ = 0. With this, we obtain the following results:

mξ=0 =
dα2A

32m (1−A)
−

1−A+ α2

2 A√
2πβm (1−A)

, (4.17)

χξ=0 = −4B2

πβ
. (4.18)

Now, for both ξ = 0 and T = 0, we get

mξ=0,T=0 =
dα2A

32m (1−A)
, (4.19)

χξ=0,T=0 = − 1
2π

1
m (1−A)

(
1−A+

α2

2
A
)2

. (4.20)

It is interesting to note that in the above restricted cases, the topology of the path appears

only through α whereas both a, d appear to represent geometry of the path. Furthermore,

the residual magnetization and susceptibility are mainly characterized by its geometrical

and topological aspects. For instance, if the topological parameter α increases, then both

mξ=0,T=0 and χξ=0,T=0 increase as well their magnitude. Therefore, the residual magnetic

properties will depend on the complexities of the path that the electrons follow.

In Figs. 4.2, 4.3 and 4.4, we have used the values p = 2 and q = 3, so that the first

coprimes yielding the simplest and widely studied (2, 3)-knot or the trefoil knot. The plots

below exhibit the behavior of the thermodynamic functions with respect to the tempera-

ture. Moreover, we also compare the behavior of those functions for different values of the

parameter ξ, which controls the intensity of the external magnetic field. Since our system

consists of electrons, we need to take its mass into account in our numerical calculations.
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Fig. 4.2: Helmholtz free energy (F ) and entropy (S) versus temperature (T)

In order to acquire a better understanding of the behavior of the thermodynamic func-

tions for different combinations of toroidal and poloidal windings p and q, we display below

the contour plot of such functions with respect to certain ranges of winding numbers, as
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Fig. 4.3: Internal energy (U ) and Heat capacity (C) versus temperature (T)
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Fig. 4.4: Magnetization (M) and Susceptibility (�) versus temperature (T)

displayed in Figs. 4.5, 4.6, 4.7, 4.8, 4.9, and 4.10. Unlike the special cases of zero magnetic

field and/or zero temperature, in general situations, the thermodynamic observables depend

on both p, q individually (i.e. not only on α).

The plots mainly compare how those functions behave for a given temperature and

magnetic field. Initially, in Fig. 4.5, we see the Helmholtz free energy for different fixed

values of temperature and magnetic field – the variable combinations of winding numbers

(p, q), including co-prime p, q, satisfy the knot condition. We see in all configurations that

the larger the values of (p, q), the larger the Helmholtz energy becomes. In Fig. 4.6, we also

investigate how entropy is modified for different configurations of temperature and magnetic

field. It is shown the behavior of the entropy as a function of the winding numbers (p, q). In

short, we verify that in all configurations when we increase values of (p, q), entropy increases.

Next, in Fig. 4.7, we provide the contour plot for the mean energy regarding different

configurations of temperature and magnetic field as well. We see that in all configurations

when q is increased for fixed p, the mean energy decreases; on the other hand, when the

values of p increase maintaining q fixed, the opposite behavior occurs. Fig. 4.8 displays

contour plots to the heat capacity for different values of temperature and magnetic field.

In these ones, we can naturally see the behavior of the heat capacity as a function of the
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winding numbers (p, q). We see that in all configurations when we increase the values of

q keeping p fixed, the heat capacity decreases its values; on the other hand, if we have the

values of p increased maintaining q fixed, the opposite behavior also occurs. In Fig. 4.9, we

also show the plots exhibiting how the magnetization is affected by different configurations

of temperature and magnetic field. Here, we realize the behavior of the magnetization as a

function of the winding numbers (p, q). Thereby, we see that in all configurations when we

increase the values of (p, q), the larger the magnetization becomes. Finally, in Fig. 4.10, the

plots exhibit how the the susceptibility is changed for different temperature and magnetic

field. In this sense, we see the behavior of the susceptibility as a function of the winding

numbers (p, q). Furthermore, we verify that in all configurations when we increase the values

of (p, q), susceptibility becomes larger.
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Fig. 4.5: These plots exhibit the Helmholtz free energy for different configurations of tem-
perature and magnetic field. It also displays the behavior of Helmholtz energy as a function
of the wind numbers (p, q). Note that Free energy increases when magnetic field increases
and also when both p and q increases.
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Fig. 4.6: These plots exhibit the entropy for different configurations of temperature and
magnetic field. We also see its behavior as a function of the wind numbers (p, q). The
behavior of the entropy is similar to the free energy, i.e. it increases with the parameters p
and q.

4.1.1 Thin torus: the limit a→ 0

In this subsection, we focus on a particular case when the limit a → 0 is taken into

account. In other words, this means that we have a “circle” or a thin torus. Thereby, we get

the following single particle partition function

Z1 =

√
πmp2d2

2β

{
1 + erf

[
−ξ

4

√
2β

m (1)

]}
. (4.21)
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Fig. 4.7: These plots exhibit the contour plot for the mean energy for different configurations
of temperature and magnetic field. In those plots we can see the behavior of the Energy as
a function of the wind numbers (p, q).

Using the same methodology, we can also get from the above result the Helmholtz free energy

f = − 1
β

ln

√
πmp2d2

2β
− 1

β
ln

{
1 + erf

[
−ξ

4

√
2β

m

]}
, (4.22)

and the internal energy per particle

u = − 1
β2

(
1
2

+ ln

√
πmp2d2

2β

)
− 1

β2 ln

{
1 + erf

(
−ξ

4

√
2β

m

)}

− ξ

β
3
2

√
1

8mπ

exp
(
− ξ2

8
β
m

)
1− erf

(
ξ
4

√
2β
m

) . (4.23)
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Fig. 4.8: The contour plots for the Heat Capacity for different configurations of temperature
and magnetic field. In these ones, we can see the behavior of the Heat Capacity as a function
of the wind numbers (p, q).

The magnetization and susceptibility, respectively, are displayed below:

m = −
√

1
2πβm

exp
(
− ξ2

8
β
m

)
1− erf

(
ξ
4

√
2β
m

) , (4.24)

χ = − 4
πβ

B2 exp
(
−2B2ξ2)

1− erf (Bξ)

{
1

1− erf (Bξ)
−
√

πBξ exp
(
B2ξ2

)}
, (4.25)

where the parameter B assumes the form:

B =
1
4

√
2β

m
. (4.26)
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Fig. 4.9: These contour plots show the magnetization for different configurations of temper-
ature and magnetic field. In these ones, we can see the behavior of the magnetization as a
function of the wind numbers (p, q).

Let us now calculate the magnetization and the susceptibility for the same particular

configuration of magnetic field and temperature as we did before. Initially, we consider a

configuration in which ξ = 0. For this case, we obtain the following results:

mξ=0 = − 1√
2πβm

, χξ=0 = − 1
2πm

. (4.27)

Now, for both ξ = 0 and T = 0, we get

mξ=0,T=0 = 0, χξ=0,T=0 = − 1
2πm

. (4.28)

Here we notice that for ξ = 0 and T = 0, the magnetization turns out to be zero and
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Fig. 4.10: The contour plots show how the susceptibility varies for different configurations
of temperature and magnetic field. In these plots, we see the behavior of the Susceptibility
as a function of the wind numbers (p, q).

we have a non-null constant susceptibility. On the other hand, considering the configuration

where ξ = 0, both magnetization and susceptibility are non-zero. We have to pay attention

in the fact that the magnetization (when ξ = 0) has the dependence on T
1
2 . Another

feature that is worth noticing is the fact that the mass ascribed to the fermions under

consideration determines the magnitude of the susceptibility at zero magnetic field and also

at zero temperature.

4.2 Fermions on a Torus Knot

We intend now to apply the grand canonical ensemble approach to understand the behav-

ior of N noninteracting electrons moving in a prescribed torus knot on a single torus. Since
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this formalism takes into account the Fermi-Dirac statistics, we can obtain more information

on how the Pauli principle can modify the properties of the system.

The grand partition function for the present problem reads

Ξ =
∞

∑
N=0

exp (βµN)Z [NΩ] , (4.29)

where Z [NΩ] is the canonical partition function which is now a function of the occupation

number NΩ and Ω label a quantum state. Since we are dealing with fermions, we know that

the occupation number allowed for each quantum state is restricted to NΩ = {0, 1}. So, for

an arbitrary quantum state, the energy depends also on the occupation number as

E {NΩ} = ∑
{Ω}

NΩEΩ

where we have the total fermion number N defined as

∑
{Ω}

NΩ = N.

Thus the partition function becomes

Z [NΩ] = ∑
{NΩ}

exp

−β ∑
{Ω}

NΩEΩ

 . (4.30)

The grand partition function assumes the form

Ξ =
∞

∑
N=0

exp (βµN) ∑
{NΩ}

exp

−β ∑
{Ω}

NΩEΩ

 , (4.31)

which can be rewritten as

Ξ = ∏
{Ω}

 ∑
{NΩ}

exp [−βNΩ (EΩ − µ)]

 . (4.32)

Performing the sum over the possible occupation numbers, we obtain

Ξ = ∏
{Ω}
{1 + exp [−β (EΩ − µ)]} , (4.33)
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The connection with thermodynamics is made using the grand potential given by

Φ = − 1
β

ln Ξ. (4.34)

Replacing Ξ in the equation above, we get

Φ = − 1
β ∑
{Ω}

ln {1 + exp [−β (EΩ − µ)]} . (4.35)

The entropy of the system can be cast in the following compact form, namely

S = −∂Φ
∂T

= −kB ∑
{Ω}
NΩ lnNΩ + (1−NΩ) ln (1−NΩ)

where we explicitly use the Fermi-Dirac distribution function

NΩ =
1

exp [β (EΩ − µ)] + 1
.

We can also use the grand potential to calculate other important thermodynamics properties

as mean particle number, energy, heat capacity and pressure using the following equation,

respectively,

N = −∂Φ
∂µ

, U = −T2 ∂

∂T

(
Φ
T

)
, CV = T

∂S
∂T

. (4.36)

we can also calculate, as before, the magnetization and the susceptibility.

In order to calculate all thermodynamics quantities described above, we need to perform

before the sum present in Eq. (4.35). Fortunately, it is possible to do it in a closed form

using again the Euler-MacLaurin formula. Before performing the sum, we will rewrite the

energy (4.8) in a more convenient form

En =
1

2m
h̄2 (1−A)

p2d2

[
n +

ξ

h̄
pd2

(1−A)

(
1−A+

α2

2
A
)]2

− ξ2α4A2d2

32m (1−A)
. (4.37)

Thereby, the grand partition function (4.35) can be rewritten as

Φ = − 2
β

∫ ∞

0
dE ln {1 + z exp [−βE (n)]} dn− 1

β
ln
{

1 + ze−βΥ
}

, (4.38)

where

Υ ≡ ξ2

2m
d2

(1−A)

(
1−A+

α2

2
A
)2

− ξ2α4A2d2

32m (1−A)
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Performing now the integration, we get

Φ =
L
λ

f 3
2

(Λ,X)− f1 (X) . (4.39)

where fσ (Λ,X)

fσ (Λ,X) =
1

Γ (σ)

∫ ∞

Λ

tσ−1

X−1et + 1
dt, (4.40)

is the incomplete Fermi-Dirac integral. We also define the quantities

X = zeβΨ, (4.41)

Ψ =
ξ2α4A2d2

32m (1−A)
, (4.42)

Λ =
ξ

h̄p
p2d2

(1−A)

(
1−A+

α2

2
A
)

, (4.43)

L =
p2d2

(1−A)
, (4.44)

λ =

√
2πh̄2

m
β. (4.45)

For instance, the entropy is given by

S =
πkBh̄2

m
L
λ3 f 3

2
(Λ,X) + kB (Ψ + µ)

L
λ

f 1
2

(Λ,X)− kB (Ψ + µ) ze−βΥ

1 + ze−βΥ . (4.46)

In order to give an idea of the behavior of the thermodynamic functions, we display

below, in Fig. 4.11, 4.12 and 4.13, some plots taking into account the same values as

those presented in Sec. 4.1. Here, we see that for entropy, mean energy, heat capacity,

and magnetization, when the temperature rises, the magnitude of their thermal properties

increases; on the other hand, to the susceptibility the opposite behavior happened: when

the temperature raised, the magnitude of such thermodynamic function decreased. On the

other hand, when the magnetic field increases, the magnitude of entropy, mean energy and

heat capacity decrease their values for a fixed temperature. However, the magnetization has

an opposite behavior.

As an application, let us use the result obtained from the Eq. (4.39) to probe how

interaction affects the Fermi energy. From Eq. (4.39) we get

N = g
[
L
λ

f 1
2

(Λ,X)− X

X + 1

]
, (4.47)

where g is a weight factor that arises from the internal structure of the particles. The Fermi
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Fig. 4.11: Entropy and internal energy
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Fig. 4.12: Heat capacity

energy µ0 is the energy of the topmost filled level in the ground state of the N electron

system. In this way, we get

N = g

{
4L
3

[
m

2π2h̄2 (Ψ + µ0)

] 1
2

− 1

}
. (4.48)

Solving the above equation for µ0, we get

µ0 =
9π2h̄2

8mL2

(
N
g

+ 1
)2

−Ψ. (4.49)

It is interesting to notice that the Fermi energy µ0 consists of two clearly divided parts.

The first one contains the all information of a generic system; and all features of the specific

torus (and torus-knot path) is encountered in the second part, Ψ. When we reduce the torus

to a ring – when the limit a � d is taken into account, we recover the well known result

established in the literature [166, 167].
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Fig. 4.13: Magnetization and Susceptibility

4.3 Interacting Fermions on a Torus Knot

Following the interacting approach developed in [54], we can derive the modified grand

canonical potential taking into account the interaction between fermions, namely

Φ = −T lnZ
= −T ∑

Ω
ln
(
1 + exp

[
−β

(
EΩ + u′ (n̄)− µ

)])
+ U (V, n̄)− u′ (n̄) N̄. (4.50)

The interaction is incorporated through u′ (n̄) term. Based on this equation, the other ther-

modynamic functions can be calculated as well. Performing as before the Euler-MacLaurin

formula we find

Φ =
L
λ

f 3
2

(Λ,Z)− f1 (Z) + U (V, n̄)− u′ (n̄) N̄. (4.51)

where we have now Z = zeβΨe−βu′(n̄).

So, the correction for the Fermi energy in this context is given by:

µ0 =
9π2h̄2

8mL2

(
N
g

+ 1
)2

−Ψ + u′ (n̄) . (4.52)

In contrast to the result derived in Eq. (4.49), the interaction term appears as an

additional term in the above equation. However, notice that such expression is a generic

one. Although we got an analytical result, we cannot proceed further unless the structure

of the interaction term is explicitly introduced.



5. THERMAL ASPECTS OF INTERACTING QUAN-

TUM GASES IN LORENTZ-VIOLATING SCE-

NARIOS

5.1 SME Fermion Sector

Initially, we introduce the Lagrange density for both minimal and nonminimal fermion

sectors as being

L =
1
2

ψ̄
(
γµi∂µ −mψI4 + Q̂

)
ψ + H.c., (5.1)

where ψ is a Dirac spinor, ψ̄ ≡ ψ†γ0 is the conjugate Dirac spinor and mψ is the fermion

mass. Moreover, Lorentz-violating contributions are all contained in Q̂, which is a 4× 4
matrix ∈ SL(2, C) lying in spinor space C2. In nonminimal SME, Q̂ can be regarded as an

expansion in either derivative ∂µ or momenta pµ = i∂µ operators. Besides, in the spinor

space Q̂ can be decomposed into the 16 Dirac bilinear terms, namely

Q̂ = ŜI4 + P̂γ5 + V̂µγµ + Âµγ5γµ +
1
2
T̂ µνσµν , (5.2)

69



5.1 SME Fermion Sector 70

where the scalar, pseudoscalar, vector, pseudovector and tensor operators are written in

momentum space as follows

Ŝ =
∞

∑
d=3
S (d)α1α2...αd−3 pα1 pα2 . . . pαd−3 , (5.3a)

P̂ =
∞

∑
d=3
P (d)α1α2...αd−3 pα1 pα2 . . . pαd−3 , (5.3b)

V̂µ =
∞

∑
d=3
V (d)µα1α2...αd−3 pα1 pα2 . . . pαd−3 , (5.3c)

Âµ =
∞

∑
d=3
A(d)µα1α2...αd−3 pα1 pα2 . . . pαd−3 , (5.3d)

T̂ µν =
∞

∑
d=3
T (d)µνα1α2...αd−3 pα1 pα2 . . . pαd−3 , (5.3e)

These decompositions were first proposed in Ref. [263]. Here, we also point out that,

having mass dimension 4− d, the controlling coefficients S (d)α1...αd−3 , . . ., T (d)µνα1...αd−3 are

spacetime independent in order to maintain the conservation of energy and momentum.

It is possible to obtain the dispersion relations directly from the determinant of the Dirac

operator. According to [263], the first-order dispersion relation (for particle modes) related

to the modified Dirac equation coming from Lagrangian (5.1) is

E ≈ E0 −
mψŜ + p · V̂

E0
± Y

E0
, (5.4)

where E0 = ±
√

m2
ψ + p2 and Y is given by the following expression

Y2 =
(

p · Â
)2 −m2

ψÂ2 − 2mψ p · ˜̂T · Â+ p · ˜̂T · ˜̂T · p. (5.5)

Here, we see that there exist two possible configurations for energy E0. It suffices to

describe both particles and antiparticles modes depending on the sign, i.e., positive for

particles and negative for antiparticles respectively. Also, we observe that terms Ŝ , V̂ and

Y displayed above depend on the 4-momentum, that at the leading order in Lorentz violation

may be considered as pµ ≈ (E0,−p) on the right hand side in Eq. (5.4). Thereby, in the

existence of Lorentz violation, it is verified that such expression can have four non-degenerate

solutions for each p.

Additionally, an important remark which is worth taking into account is the case when

the spin degeneracy of a Dirac fermion is broken. Thereby, being in contrast with the aspects

encountered in scalar and vector cases, pseudovector and tensor operators no longer maintain

the spin degeneracy as a consequence of nonzero Y term. Moreover, it is worth pointing out
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that such degeneracy between either particles or antiparticles is no longer preserved when

any of these Lorentz-violating operators have nonzero CPT-odd components. Besides, on

the other hand, the pseudoscalar operator plays no role at the relevant order dispersion

relation.

From Eq. (5.4), we can represent several deviations from the traditional Lorentz covariant

approach concerning massive fermions. Many of them lie in anisotropy, dispersion, and

birefringence cases, being analogous to those effects that arouse in the nonminimal photon

sector of the SME [473, 474, 475, 476]. Next, we explore the consequences of scalar field in

the context of Lorentz violation.

5.2 Lorentz-Violating Scalar Fields

Recently, in the literature it was proposed conjectures about Riemann-Finsler geometries

ascribed to Lorentz-violating field theories [477]. In this sense, knowing how this novelty

can be associated with the study of thermodynamic properties of interacting quantum gases

is a remarkable question to be investigated. Looking toward to accomplish this, we initially

introduce the respective model. Analogously to what was done in Ref. [477], we regard a

complex scalar field φ (xµ) of mass m for n = 4. The effective quadratic Lagrangian for the

scalar field is given by

L = ∂µφ†∂µφ−mφ†φ− 1
2

(
iφ†
(

k̂a

)µ
∂µφ + h.c.

)
+ ∂µφ†

(
k̂c

)µν
∂νφ, (5.6)

where
(

k̂a

)µ
and

(
k̂c

)µν
are operators constructed as series of even powers of the partial

spacetime derivatives ∂µ. In this way, since Lorentz violation is presumed to contain its

effects around the Planck scale, both
(

k̂a

)µ
and

(
k̂c

)µν
may be assumed to bring out only

perturbations for ordinary physics. Again, we assume that these operators are independent

quantities of spacetime position seeking to maintain the translational invariance, which ac-

counts for the conservation of energy and momentum. The operators have the following

structure in momentum space(
k̂a

)κ
= ∑

d≥3
(ka)

(d)κα1...α(d−4) pα1 . . . pα(d−3)
, (5.7)

(
k̂c

)κξ
= ∑

d≥4
(kc)

(d)κξα1...α(d−4) pα1 . . . pα(d−4)
. (5.8)

Moreover, the respective dispersion relation for the theory encountered in Eq. (5.6) is given

by

p2 −m2 −
(

k̂a

)κ
pk +

(
k̂c

)κξ
pκ pξ = 0, (5.9)
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whose first order dispersion relation is written as

E ≈ E0 +
1
2

(
k̂a

)µ
pµ

E0
−

(
k̂c

)µν
pµ pν

E0
. (5.10)

With all these features, it is verified that the boson sector has noteworthy properties and

applications. Moreover, in Refs. [478, 479], the authors studied the scalar field in different

scenarios as well. In Ref. [477], the authors proposed the correspondence between Riemann-

Finsler geometries and effective field theories when spin-independent Lorentz violation is

taken into account. Nevertheless, it is encountered a gap the literature looking toward to

investigate the respective thermodynamic quantities for such case. In this way, we primarily

present a model to derive the thermal quantities of interest, i.e., particle number, entropy,

mean energy and pressure. For obtaining them, we utilize the so-called grand canonical par-

tition function as well as the grand canonical potential. With these, the following procedure

can be fully carried out.

5.3 Thermodynamic model

At the beginning, let us start our discussion considering a general quantum state ϕ of a

free quantum gas, which is entirely determined when one specifies the occupation numbers,

i.e, {n1, n2, ..., nr, ...}, regarding a discrete quantum state r with energy εr. In this sense, the

sum in ϕ must be carried out over all quantum states taking into account the restriction

∑
r

nr = N, (5.11)

where N is the particle number. Here, since there exist modifications in the relativistic

particle dispersion relations due to Lorentz-violating terms, we can use the advantage of

separating the energy of the quantum state ϕ as follows

E f ree
ϕ = ∑

r
nrεr + ∑

r
nrδr, (5.12)

where εr =
√

p2
r + m2 is the usual relativistic energy and δr refers to Lorentz-violating

contribution term that may assume a specific form depending on the case under consider-

ation. Besides, it is worth pointing out that parameter δr is in general a function of the

3-momentum pr that modifies the relativistic kinetic term only1. These and other features

will be treated in what follows. Now, we derive the so-called grand canonical partition

1Here, we can still use the background coming from the standard Statistical Mechanics.
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function, which is given by

Z (T, V, z) =
∞

∑
N=0

zNZ (T, V, N) , (5.13)

where z = exp (βµ) is the fugacity of the system and the usual canonical partition function

is written as

Z (T, V, N) = ∑
ϕ

exp
(
−βEϕ

)
. (5.14)

Here, using the general energy E f ree
ϕ , we get the following grand canonical partition function

Z (T, V, µ) =
{∞/1}

∑
{n1,n2,...}=0

exp

{
−β

[
∑

r
nr (εr + δr − µ) + U (V, n)

]}
, (5.15)

and

zN = exp {Nβµ} = exp

{
β ∑

r
nrµ

}
, (5.16)

where we have considered U (V, n) as being the interaction energy that depends only on

the particle density n and the volume V. As we shall argue below, such type of interaction

can be obtained through the well-know mean field approximation which can give us the

advantage of obtaining analytical results. Moreover, these ones will allow us to identify how

such type of interaction modifies the thermodynamic properties of the system. It is worth

to mention that the interaction term is a monotonically increasing function of the density

particle. In other words, if we increase the density n, the particles come closer to each other

and the interactions between them are expected to increase. More so, the opposite behavior

happens otherwise: when n decreases, U (V, n) must decrease.

It is important to notice that the upper summation index in Eq. (5.15), namely {∞/1},
indicates that despite having infinitely many bosons in the quantum state r, rather for

the fermion case, only one fermion is allowed due to the Pauli exclusion principle. As an

example, we regard the upper index “∞” for bosons and “1” for fermions. With this notation,

we are able to treat both of them simultaneously without losing generality. Moreover, it is

also convenient to assume that the total interaction energy can be written as U (V, n) =

Vu (n), where n = N/V is the particle density. Such density-dependent interaction has

applications in nuclear [480] and elementary particle physics [481, 482, 483]. Assuming this

decomposition, we have

Z (T, V, µ) =
{∞/1}

∑
{n1,n2,...}=0

exp

{
−β

[
∑

r
nr (εr + δr − µ) + Vu (n)

]}
, (5.17)
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and, for further evaluation of the above expression, it is necessary that the exponential func-

tion be decomposed into factors of the form exp {−βnr (. . .)}. It is noteworthy to mention

that this assumption can be ensured if and only if the term Vu (n) is linear in ∑r nr = N.

However, for most cases this is not a straightforward procedure; Vu (n) is a difficult function

of N that has to be determined afterwards when the interaction is particularized. In this

way, there is a traditional form in the literature to linearize Vu (n) as a function of N, which

is via Taylor series. We expand u (n) around the mean value of the particle number density

n̄, that is

u (n) = u (n̄) + u′ (n̄) (n− n̄) + . . . . (5.18)

Here, we choose only these two terms, since the other ones may be overlooked due to the fact

that fluctuations (n− n̄), close to the mean value of the particle number density, turn out

to be tiny when one regards the thermodynamic limit (see Appendix 5.9 for further details).

Indeed, having splitted U (V, n) into different terms, namely U (V, n̄) = Vu (n̄) and

Vu′ (n̄) n̄ = u′ (n̄) N̄ as well as into Vu′ (n̄) n = u′ (n̄) N, we are properly able to write

down the total energy of the quantum state ϕ as follows

Eϕ = ∑
r

nrεr + ∑
r

nrδr + ∑
r

nru′ (n̄) + U (V, n̄)− u′ (n̄) N̄, (5.19)

where, up to these two latter terms, the energy of a particle in the quantum state r would

be simply εr + δr + u′ (n̄). Certainly, it is worth mentioning that the mean energy u′ (n̄)

of the respective ensemble of particles arouses from the fact that there exists interaction

among them. Furthermore, we could suppose that such potential energy would come from

a specified mean field2 at the position of the particle, and consequently Eq. (5.18) would

precisely address the widespread molecular field approximation which is massively used in

condensed matter physics [454, 455, 456, 457, 458, 459]. Now, Eq. (5.17) can be rewritten

in a straightforward manner as follows

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
r=1

({∞/1}

∑
nr=0

exp
{
−β

[
εr + δr + u′ (n̄)− µ

]
nr
})

. (5.20)

Here, one may notice that in the latter line of the above expression there exists a sum

2Here, we are mentioning that the mean field approximation it is just one way to get such potential.
However, our results are quite general and they are not restricted to the assumption of the validity of the
molecular field approximation. Moreover, it is worth pointing out that such an approach is widely used to
obtain many interactions in condensed-matter physics. Nevertheless, it is not the unique way to do so. Also,
from the point of view of numerical results, the mean field approximation turns out to be convenient since
we can find a lot of interesting results in the literature using the same procedure, as already mentioned in
the manuscript.
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in brackets which turns out to have merely two available values, namely nr = 0, 1, if one

considers either fermions or simply a geometric series when bosons are taken into account.

In this way, we obtain

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
r=1

{
1 + exp [−β (εr + δr + u′ (n̄)− µ)] , Fermions

(1− exp [−β (εr + δr + u′ (n̄)− µ)])−1 , Bosons
, (5.21)

and, seeking for a generalized notation which can fit both of them, we provide the notation

χ = +1 for fermions and χ = −1 for bosons respectively. Thus, we can rewrite such

expression in a suitable way

Z (T, V, µ) = exp
{
−β

[
U (V, n̄)− u′ (n̄) N̄

]}
×

∞

∏
r=1

(
1 + χ exp

[
−β

(
εr + δr + u′ (n̄)− µ

)])χ , (5.22)

which yields the so-called grand canonical potential

Φ = −T lnZ
= −Tχ ∑

r
ln
(
1 + χ exp

[
−β

(
εr + δr + u′ (n̄)− µ

)])
+ U (V, n̄)− u′ (n̄) N̄.(5.23)

As we shall see, the grand canonical potential Φ will play a crucial role in deriving the

following thermodynamic functions. Next, from these preliminaries, we will develop the

thermal quantities, i.e., mean particle number, entropy, mean total energy as well as pressure,

highlighting the contribution of parameters that account for Lorentz violation. In addition,

it is important to notice that the derivation of such quantities is fully carried out in an

analytical manner.

5.4 Thermodynamic state quantities

Certainly, whenever one considers the study of thermodynamic properties of a given sys-

tem, one seeks the derivation of the main thermal parameters as a traditional procedure.

Thereby, we devote our analysis to provide the development of mean particle number, en-

tropy, mean total energy and finally pressure. As a matter of fact, the terms that account

for the violation of Lorentz symmetry will be inferred for different cases. Moreover, if one

takes the limit when such terms vanish, one will recover the usual case being in agreement

with the literature [484, 485, 486] so that it corroborates our results. Now, we start off with
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the mean particle number given by

N̄ = − ∂Φ
∂µ

∣∣∣∣
T,V

,

= −V
∂u (n̄)

∂µ

∣∣∣∣
T,V

+ N̄
∂u′ (n̄)

∂µ

∣∣∣∣
T,V

+ u′ (n̄)
∂N̄
∂µ

∣∣∣∣
T,V

+

+Tχ ∑
r

χ exp [−β (εr + δr + u′ (n̄)− µ)]

1 + χ exp [−β (εr + δr + u′ (n̄)− µ)]
β

(
1− ∂u′ (n̄)

∂µ

∣∣∣∣
T,V

)
, (5.24)

and, from it, we obtain

N̄

(
1− ∂u (n̄)

∂µ

∣∣∣∣
T,V

)
= −V

∂u (n̄)

∂µ

∣∣∣∣
T,V

+ u′ (n̄)
∂N̄
∂µ

∣∣∣∣
T,V

+χ2βT

(
1− ∂u′ (n̄)

∂µ

∣∣∣∣
T,V

)

×∑
r

1
exp [β (εr + δr + u′ (n̄)− µ)] + χ

. (5.25)

Here, since u depends only on the particle number density, we obtain directly du = du
dn dn.

In this sense,
∂u (n̄)

∂µ

∣∣∣∣
T,V

= u′ (n̄)
∂n̄
∂µ

∣∣∣∣
T,V

=
u′ (n̄)

V
∂N̄
∂µ

∣∣∣∣
T,V

, (5.26)

and it is worth pointing out that the first two terms in Eq. (5.25) cancel out each other.

Regarding natural units, i.e., χ2 = βT = 1, then

N̄ = ∑
r

1
exp [β (εr + δr + u′ (n̄)− µ)] + χ

. (5.27)

We obtain such expression due to the fact that the brackets do not vanish in Eq. (5.25),

since u (n) can be an arbitrary function. Besides, the mean occupation number can be

immediately written as

n̄r =
1

exp [β (εr + δr + u′ (n̄)− µ)] + χ
. (5.28)

Here, when compared to the usual case, Lorentz-violating parameters only modify the single-

particle energy. Additionally, another further analysis can be done in such direction. Since

Lorentz violation will be treated perturbatively, we can expand n̄r at first order in δr, namely

n̄r ≈
1

exp [β (εr + u′ (n̄)− µ)] + χ
− δr

β exp [−β (εr + u′ (n̄)− µ)]

(exp [β (εr + u′ (n̄)− µ)] + χ)2 , (5.29)
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and, seeking a shorter expression, we define the following useful quantity

N̄r ≡
1

exp [β (εr + u′ (n̄)− µ)] + χ
.

As a result, the mean occupation number can be written as

n̄r ≈ N̄r − δrβN̄ 2
r exp

[
−β

(
εr + u′ (n̄)− µ

)]
. (5.30)

yielding therefore the mean particle number

N̄ ≈∑
r
N̄r −∑

r
δrN̄ 2

r β exp
[
−β

(
εr + u′ (n̄)− µ

)]
, (5.31)

where the second term represents the deviation from the standard result highlighting the

contribution due to the Lorentz violation. We can also notice that the interaction modifies

the mean particle number since the term u′ (n̄) is present in Eq. (5.28). This modification

is directly related to the fact that we chose a interaction energy that is a function of the

particle density.

Furthermore, looking toward to bring out the development to the calculation of the

entropy, we proceed as follows

S = − ∂Φ
∂T

∣∣∣∣
µ,V

= −V
∂u (n̄)

∂T

∣∣∣∣
µ,V

+ N̄
∂u′ (n̄)

∂T

∣∣∣∣
µ,V

+ u′ (n̄)
∂N̄
∂T

∣∣∣∣
µ,V

+χ ∑
r

ln
(
1 + χ exp

[
−β

(
εr + δr + u′ (n̄)− µ

)])

+χ2T ∑
r

(εr + δr + u′ (n̄)− µ)
(
− dβ

dT

)
− β

∂u′(n̄)
∂T

∣∣∣
µ,V

exp [β (εr + δr + u′ (n̄)− µ)] + χ
, (5.32)

and, in agreement with what happened to Eq. (5.26), we also realize that the first and third

terms cancel out each other. Now, regarding Eq. (5.27) in the numerator of the last sum, it

follows that the second term cancels out the last term in the sum. Here, using the fact that

− dβ
dT = 1

T2 , the result can be written as

S = χ ∑
r

ln
(
1 + χ exp

[
−β

(
εr + δr + u′ (n̄)− µ

)])
+

1
T ∑

r
n̄r
(
εr + δr + u′ (n̄)− µ

)
. (5.33)
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Expanding the above expression up to the first order in δr, we yield

S ≈ χ ∑
r

ln
(
1 + χ exp

[
−β

(
εr + u′ (n̄)− µ

)])
+

1
T ∑

r

(
εr + u′ (n̄)− µ

)
N̄r

−∑
r

δrβN̄r +
1
T ∑

r
δrN̄r

{
1−

(
εr + u′ (n̄)− µ

)
β exp

[
β
(
εr + u′ (n̄)− µ

)]
N̄r
}

,(5.34)

and, in particular, the last two terms represent the deviation from the standard result,

exhibiting clearly the contribution of Lorentz-violating parameters. Following these ap-

proaches, we derive the mean total energy

Ē =
∂ (βΦ)

∂β

∣∣∣∣
z,V

,

=
∂

∂β

[
βVu (n̄)− βN̄u′ (n̄)

]∣∣∣∣
z,V

−χ ∑
r

χz exp [−β (εr + δr + u′ (n̄))]

1 + χz exp [−β (εr + δr + u′ (n̄))]

(
−εr − δr −

∂

∂β

[
βu′ (n̄)

]∣∣∣∣
z,V

)
,

= U (V, n̄) + βV
∂u (n̄)

∂β

∣∣∣∣
z,V
− N̄

∂ [βu′ (n̄)]

∂β

∣∣∣∣
z,V
− βu′ (n̄)

∂N̄
∂β

∣∣∣∣
z,V

+ ∑
r

εr + δr

z−1 exp [β (εr + δr + u′ (n̄))] + χ
+ N̄

∂ [βu′ (n̄)]

∂β

∣∣∣∣
z,V

. (5.35)

It is important to mention that because of

∂u (n̄)

∂β

∣∣∣∣
z,V

= u′ (n̄)
∂n̄
∂β

∣∣∣∣
z,V

=
u′ (n̄)

V
∂N̄
∂β

∣∣∣∣
z,V

, (5.36)

the second term cancels out the fourth in Eq. (5.35) and, therefore we get

Ē = ∑
r

n̄r (εr + δr) + U (V, n̄) . (5.37)

As expected, the energy is the average of the kinetic term plus the interactions energy. As

an analogous procedure, we accomplish the expansion of the mean energy at first order in

δr. This yields

Ē ≈∑
r
N̄rεr + U (V, n̄) + ∑

r
δrN̄r

{
1− εrβ exp

[
β
(
εr + u′ (n̄)− µ

)]
N̄r
}

, (5.38)

with the identification that the third term is the Lorentz-violating contribution that differs,

thus, from the usual result. Finally, after all these features, we also provide the derivation
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of pressure as follows

P = − ∂Φ
∂V

∣∣∣∣
µ,T

= −u (n̄) + u′ (n̄)
∂N̄
∂V

∣∣∣∣
µ,T

+
χT
V ∑

r
ln
(
1 + χ exp

[
−β

(
εr + δr + u′ (n̄)− µ

)])
= −Φ

V
, (5.39)

where we have used Eq. (5.27), and the essential consideration that the respective particle

number density is independent of the volume; as a result, u (n̄) and u′ (n̄) do not depend on

the volume as well, as shown in Appendix 5.9. From the Eq. (5.39), we can also realize how

interaction plays an important role on the pressure. The first term in Eq. (5.39), - u (n̄), for

instance, is responsible for reduce the pressure of the system, while the second one, u′ (n̄),

plays the rule of increasing it. Now, as we did before, let us expand the pressure at first

order in δr. In doing so, we get

P ≈ −ΦStandard

V
− T

V ∑
r

δrβN̄r, (5.40)

where conveniently we define

ΦStandard = −χT ∑
r

ln
(
1 + χ exp

[
−β

(
εr + u′ (n̄)− µ

)])
. (5.41)

Moreover, it is worth to point out that in Refs. [273, 272, 487], in the context of Lorentz

violation, the authors also accomplished a similar analysis to the one encountered in this

chapter. However, they brought out rather the advantage of using the accessible states of the

system in order to derive the respective thermodynamic functions for higher-derivative elec-

trodynamics. Besides, considering other viewpoints, the thermal quantities were calculated

as well taking into account the canonical ensemble from its respective partition function

[488, 489, 490, 491]. In the next sections, we will provide an analysis concerning different

Lorentz-violating operators in order to verify their contributions when interacting quantum

gases are regarded. Particularly, we examine both fermion and boson sectors respectively.

For the first sector, we contemplate scalar, vector, pseudovector and tensor operators. On

the other hand, for the latter one, we explore both
(

k̂a

)κ
and

(
k̂c

)κξ
operators to com-

plete our discussion. We also point out that such analysis will bring out the behavior of

the thermodynamic functions that we have calculated so far. Furthermore, as we could

verify, the mathematical structure of those functions are quite complicated to explain in a

phenomenological manner. Nevertheless, we overtake this situation performing a numerical

analysis where we display the plots for the thermodynamic functions under consideration.
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5.5 Interacting fermions

In this section, we devoted our attention to study fermions concerning the minimal sector

of the Standard Model Extension. In doing so, we seek this analysis for knowing how such

coupling terms affect the interaction energy when a quantum gas is taken into account. In

order to carry out such investigation, we assume scalar, vector, pseudovector and tensor

operators respectively. Moreover, we summarize them in Table 5.1 for the sake of bringing

about a better comprehension to the reader. Now, we are on the verge of showing some

interesting dispersion relations that can be used from the background established in the

previous sections. Thereby, the general dispersion relation has the following structure for

both fermions and bosons

E ≈ E0 +
δr

E0
. (5.42)

Particularly, the subsequent specifications of δr are displayed in Table 5.1. In the last column

on the right hand, we have used the definition p̄α ≡ (E0,−p) so that it allows to obtain the

first order dispersion relation in a covariant way.

Operator δr Definition

Scalar −mψŜ Ŝ = S (d)α1...α(d−3) p̄α1 . . . p̄α(d−3)

Vector − p̄ · V̂ V̂κ = V (d)κα1...α(d−3) p̄α1 . . . p̄α(d−3)

Pseudovector ±
√(

p̄ · Â
)2 −m2

ψÂ2 Âκ = A(d)κα1...α(d−3) p̄α1 . . . p̄α(d−3)

Tensor ±
√

p · ˜̂T · ˜̂T · p. T̂ κξ = T (d)κξα1...α(d−3) p̄α1 . . . p̄α(d−3)

Tab. 5.1: This table summarizes four particular cases of δr, namely, scalar, vector, pseu-
dovector and tensor operators for the fermion sector. Their respective definitions are shown
as well.

In order to carry out the study of the main thermal properties discussed in section 5.4,

we need to perform the thermodynamic limit of Eqs. (5.31), (5.38) and (5.34) as developed

in detail in appendix 5.9. Since such limits give rise to complicated integrals in momentum

space, we provide numerical calculations for some particular backgrounds. Furthermore,

with the purpose of offering a better arrangement to this chapter, we display all numerical

outputs in Appendix 5.10.

Now, we start with a simple configuration for the scalar operator, namely S (4)0p0 =

S (4)0E0. This configuration belongs to the minimal SME and yields the following dispersion

relation

E ≈ E0 −mψS (4)0.

Now, with the dispersion relation above, we can replace the results encountered in the Eqs.
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(5.31), (5.38) as well as (5.34), and perform integrations over the momenta. In Table 5.3,

we exhibit numerical evaluations for different values of β.

The second case taken into account has a vector operator whose non null controlling

coefficient is V (4)33. With it, we can obtain the following dispersion relation, namely

E ≈ E0 −
V (4)33p3p3

E0
. (5.43)

Now, we need to perform numerical integrations in order to find out the contribution to

vector operator. The respective results are displayed in Table 5.4.

Another interesting case is the one related to pseudovector operators. We choose A(3)0

as the only non null controlling coefficient, which yields the following dispersion relation

E ≈ E0 ±

√(
E0A(3)0

)2 −m2
ψ

(
A(3)0

)2

E0
. (5.44)

Here, we notice that we have two different values to be considered. By inserting this result

in the expression involving mean particle number, energy and entropy, we get the results

shown in Table 5.5.

On the other hand, we will treat the tensor operator whose non null controlling coefficient

chosen is ˜̂T (4)010. This configuration gives rise to the dispersion relation given below

E ≈ E0 ± E0
˜̂T (4)010 (5.45)

Likewise, we need to perform numerical integrations for the sake of obtaining the information

about the quantities of interest. Table 5.6 shows how the thermodynamic quantities change

with β.

Although the previous Tables are quite useful to afford quantitatively our results, they

do not give us a reasonable visualization of what happens. In this sense, seeking to overtake

this situation, we display the plots for the mean particle number for all dispersion relations

treated in this section. In Fig. 5.1, it is interesting to notice that we have two different

solutions whenever we contemplate pseudovector and tensor operators. This occurs because

these operators break the spin degeneracy. In other words, it turns out that spin-up (+)

particles propagate differently if compared with spin-down (−) ones. This feature leads to

a remarkable consequence: the mean particle number of a full interacting quantum gas of

spin-down particles becomes greater in comparison with spin-up ones when we consider high

temperature regime, as shown in Fig. 5.1(c) and 5.1(d) . In addition, the other equation of

state will exhibit the same property.

Another important feature to mention is that independently of the configuration that we

have chosen for the spin-degenerate case, the global behavior remains the same as we can
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Fig. 5.1: This figure shows a comparison between mean particle number for different back-
ground configurations. These plots are normalized by the standard result, which means that
the value 1 is the behavior regardless Lorentz violation. In order to clarify the notation, we
should notice that δNi means the deviation from the standard result using the values 10−3,
10−5 and 10−7 for the controlling coefficient respectively.

check in Fig. 5.2. Analogously, the same behavior is shown for the spin-nondegenerate case

exhibited in Fig. 5.3.

5.6 Interacting bosons

Now, we perform a similar analysis that was done for fermions. In Table 5.2, we sum-

marize some definitions used from now on. The first case considered is related to a vector

coupling, whose non-null controlling coefficient is
(

k̂a

)0
. The dispersion relation associated

with it is given below

E ≈ E0 +
1
2

(
k̂a

)0
. (5.46)
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Fig. 5.2: This figure shows the general behavior of spin-degenerate case for fermions, where
the same notation as in Fig. 5.1 is used. As one can see, the deviation from the standard
results become relevant for high energy regime, which means small β. Here, it is worth to
remember that temperature is given in eV.

Operator δr Definition

Vector 1
2

(
k̂a

)µ
p̄µ

(
k̂a

)κ
= (ka)

(d)κα1...α(d−4) p̄α1 . . . p̄α(d−3)

Tensor −
(

k̂c

)µν
p̄µ p̄ν

(
k̂c

)κξ
= (kc)

(d)κξα1...α(d−4) p̄α1 . . . p̄α(d−4)

Tab. 5.2: This table summarizes two particular cases of δr, i.e., vector and tensor operators
for the boson sector. The respective definitions are exhibited as well.

Here, we can perform a numerical study for such configuration. In this sense, we proceed

analogously to what was accomplished in Sec. 5.5. In doing so, we obtain the results

displayed in Table 5.7.

Furthermore, the second case is the modification due to a symmetric tensor operator. We

choose the non-null controlling coefficient
(

k̂c

)00
, which gives rise to the following dispersion

relation shown below

E ≈ E0 −
(

k̂c

)00
E0. (5.47)

With it, we can perform again a numerical analysis that produces the respective values

displayed in Table 5.8. Besides, we also show in Fig. 5.4 the behavior of the particle number
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for both cases considered above.

5.7 Results and discussions

We focused on displaying the main aspects encountered in the study of relativistic inter-

acting quantum gases for both fermion and boson sectors when Lorentz violation was taken

into account. We provided some discussions based on the graphics exhibited throughout this

manuscript. In a complementary way, some tables were shown as well in order to offer the

reader a better comprehension of our results in Appendix 5.10. Here, we pointed out some

noteworthy remarks as proceeded.

Initially, we verified that only at high temperature regime, when Lorentz violation was

considered, there existed a change in the results in comparison with the standard ones.

Besides, if we had considered an opposite regime, the same behavior presented in the usual

case would be expected (without considering Lorentz violation). Furthermore, interesting

phenomena occurred when we took into account the analysis of the particle number as we

could see in Fig. 5.1. We realized that for the spin-degenerate operators the mean particle

number aroused when the temperature increased. The same occurred when Lorentz-violating

coefficients increased. Now, with the nondegenerate spin operators for a fermion gas, we

obtained an intriguing result. For spin-down particles, the mean particle number raised

when the temperature reached high values. However, if instead the spin-up particles were

regarded, the mean particle number would reach values below to the usual one at the same

temperature regime. Also, in this context of nondegenerate spin operators, we acquired

another remarkable feature. As a result, the spin-up modes had lower energy values in

contrast with those presented in spin-down cases, as seen in Fig. 5.3. It is also worth to

mention that these differences do not imply a disbalance between spin-up and spin-down

particles; it means that if we have a gas with spin-down particles, we will find a different

result encountered in spin-up ones. On the other hand, if we have a gas made of a mixture

of both, the effects turn out to be suppressed; this is because, in average, we have the same

amount of spin-up and spin-down modes.

In general, the behavior of all quantities converged to the standard values when low

temperature regime was regarded. Nevertheless, they differed from each other in the case

of high temperature scenario. Here, it is important to mention that these behaviors were

expected, since the Lorentz-violating coefficients are suppressed in low temperature cases.

In a complementary manner, the tables were displayed exhibiting the first order corrections,

which aroused from the deviations of the standard result. As a matter of fact, if we took

the non-relativistic and the non-interacting limits of our calculations, we would recover the

well-established results in the literature [283].
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Moreover, concerning boson modes, we saw that the mean particle number for the vector

case decreased, whereas increased for the tensor case at high temperatures. This could be

checked by examining the plot displayed in Fig. 5.4. A similar analysis was also accomplished

in Tables 5.7 and 5.7 to energy, entropy and pressure. Definitely, for our case, we noticed that

the dispersion relation emerged from a genuine scalar theory. On the contrary, in Ref. [283],

a spin-0 boson gas was described by combining two fermions into a singlet representation of

the spin group.

Furthermore, we analyzed the fermion case in the minimal SME regarding a system

having instead scalar, vector, pseudovector and tensor operators. Thereby, we observed that

the pseudoscalar operator played no role in the leading-order dispersion relation. From the

discussion above, it emerges a straightforward question: in which manner the parameters

of nonminimal SME could modify those respective thermal properties? We do not provide

the answer to this question because such investigation lies beyond the scope of the current

chapter. Nonetheless, we shall address it in an upcoming manuscript.

Here, since we were dealing with Lorentz and CPT violations, it is worth pointing out

that we can use the previous descriptions to address a study considering rather the analysis

of antiparticles. It is well known that the degeneracy between particles and antiparticles is

broken when any of these operators have nonzero CPT-odd components. Then, we expect

that there can be modifications of all properties studied previously for the antiparticle case.

Nevertheless, such analysis lies beyond the scope of the current chapter and will be addressed

in an upcoming one. Here we also would like to emphasize that the Eqs. (5.27), (5.33), (5.37)

and (5.39) were valid for different types of kinematic modifications3, like the ones that come

from the Very Special Relativity [492], for instance.

Now, we estimate the magnitude of Lorentz-violating background. To do that, we can

use the experimental data from [493]. In this reference, in the context of pions, we find

the fluctuations for both particle density and mean energy. Here, we chose u (n) = n̄,

which is the simplest interaction energy function to estimate our results. Particularly, we

use the following respective values to the temperature T = 115 MeV, the chemical potential

µ = 134.9 MeV and the pion mass mπ = 139 MeV. To get the bounds, we first calculate

the value of the thermodynamics functions that comes from our boson model considering the

background coefficients as free variables. Then, we are able to compare our outputs with the

available data4. In this direction, we can estimate the upper bound from the fluctuations of

the thermodynamic functions. Thereby, we look toward to obtain the relative mean-square

3It is important to mention that the only requirement is that δr can be written in terms of momenta.
4Here we point out that all the results below were calculated numerically. So, to avoid a plethora of

numerical terms, we decide to omit them and show just the important results.
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fluctuation in the particle density [486]:

(∆n)2

n̄2 =
kT
N̄2

(
∂N̄
∂µ

)
T,V

. (5.48)

Inserting Eq. (5.27) and the dispersion relation (5.46) in the above equation and comparing

the results with the experimental data present in [493], we get the following upper bound

for the vector background
(

k̂a

)0

|
(

k̂a

)0
| < 1.2 × 10−10. (5.49)

Now, we shall examine fluctuations for the energy of a system modified by the dispersion

relation (5.47). Following the usual procedure, we obtain

(∆E)2 = kT2
(

∂U
∂T

)
z,V

. (5.50)

Inserting now Eq. (5.35) into the above equation and comparing it with the available data

in [493], we obtain the following upper bound for the configuration
(

k̂c

)00
, namely,

|
(

k̂c

)00
| < 1.8 × 10−8. (5.51)

As we can see from both bounds obtained so far, the contribution that arises due to

Lorentz-violating coefficients are very slight. Such contribution becomes even smaller when

one takes into account a quadratic interaction energy u (n) = n̄2.

5.8 Applications

Here, we propose some feasible applications for our model concerning the quantum gases

developed in this manuscript. It is important to highlight that the only requirement estab-

lished is that the term δr, in Eq. (5.12), be dependent only on the momenta. In this way,

we can apply our model to address such applications. Particularly, we look forward to two

different scenarios involving phosphorene, and spin precession.

At the beginning, when one considers the measurements of some experimental physics,

inevitable one stumbles upon the observable operators. In our case, following the ideas

shown in Ref. [263], we consider the Hamiltonian operator in order to perform the following

investigations. In doing so, we implement the decomposition of the Hamiltonian in terms of

the spherical harmonics. With this, we can perform a coherent categorization of those pre-
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vious coefficients which influenced the dynamic of particle modes studied so far. Moreover,

it is opportune because rotation violations are a key signature of Lorentz violation.

Nevertheless, an exact expression to Hamiltonian is a challenge since we are dealing with

higher-order derivative operators. To overtake this situation, we consider the Hamiltonian

as being

H = H0 + δH, (5.52)

where the nonpertubatibed form of the Hamiltonian is

H0 = γ0(p · fl + mψ) (5.53)

and its respective perturbated version is written as

δH =
1
E0

[
mψŜγ5 − E0V̂0 − V̂ j pjγ5 + Â0pjγjγ0 + mψÂjγjγ0γ5 +

Âj pj pkγkγ0γ5

E0 + mψ

+ipjT̂ 0kγjγk + iT̂ 0j pj − E0
˜̂T 0jγ0 +

˜̂T 0j pj pkγkγ0

E0 + mψ

] . (5.54)

It is important to note that the, from the above expression, we shall only consider the leading

order, namely, δh. In this way, we can obtain therefore

δh = ha + hc + hg + hH,

=
1
E0

(
âν

eff − ĉν
eff − ˜̂gµν

eff τµ + ˜̂Hµν
eff τµ

)
pν,

(5.55)

where the explicit definitions of âν
eff, ĉν

eff, ˜̂gµν
eff and ˜̂Hµν

eff can properly be encountered in Ref.

[263]. In the subsection 5.8.2, we take into account the advantage of using such approach

to address an application involving the Lamor-like precession. As we shall see in what

follows, the components hg and hH gives rise to a remarkable phenomenon due to the Lorentz

violation, the birefringence.

5.8.1 Phosphorene

In this case, we can encompass both particle modes, namely, fermions (electrons) and

bosons (phonons), in order to address our possible applications. Given the existence of some

well-known approximations, the electrons of a metal can be assumed to be a gas, as they

are effectively free particles [131, 458, 133, 134, 135, 459]. Therefore, our model, concerning

the theory of ensembles, fits pretty well to this case.

Moreover, there can exist a promising aspect to be investigated in condensed matter

physics, which is the thermal properties of anisotropic systems considering Lorentz viola-
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tion. Such anisotropy may reveal new phenomena which might be in principle confronted

with experimental physics. In the case of phosphorene, one can assume electrons to have

an anisotropic effective mass [494], which raises many possibilities: if we confine these elec-

trons in a box, collisions with the walls will depend on the angle that the wall makes with

anisotropy direction. More so, phonons behave likewise in such systems.

Therefore, our proposal is to investigate how the coefficients, which triggers the Lorentz

violation pointed out in Eqs. (5.3a - 5.3e), (5.7) and (5.8), can disturb the system in order to

uncover some fingerprints of any signal of the Lorentz violation in the context of phosphorene.

5.8.2 Spin precession

Taken into account the expansion in terms of spherical harmonics as argued previously,

the application involving spin precession seems to be viable as well. Here, we aim at dis-

playing the group velocity, and the fermion spin precession in order to provide additional

information (parameters/data) for helping the detection of the Lorentz violation in the con-

text of quantum gases.

For a fermion wave packet, we can write its group velocity vg as

|vg| =
|p|
E0

+ ∑
n

(p2 + nm2
ψ)E−1−n

0 |p|n−1 ×
[

a(d)
n ∓mψg(d+1)

n − c(d)
n ±mψH(d+1)

n

]
, (5.56)

which might possibly be measured by the future experiments. Moreover, it is worth men-

tioning that the components hg and hH of the perturbative Hamiltonian also brings about

a new phenomenon, the so-called birefringence [495, 344, 263, 473, 496]. This means that,

depending on the direction under consideration, our system configuration may behave dif-

ferently; it entails that there can possibly exist some modifications in its respective thermal

properties.

Furthermore, it can also be perceived in another remarkable way; we shall interpret such

aspect as being a Larmor-like precession of the spin operator Ŝ. Thereby, its dynamics is

given by
d
dt
〈ψi| Ŝ |ψj〉 = −i 〈ψi| [h, Ŝ] |ψj〉 ≈ 2(hg + hH)× 〈ψi| Ŝ |ψj〉 , (5.57)

where we can interpret the term in the parenthesis 2(hg + hH) as precession frequency ω

[263]. Therefore, based on the advantage of using our thermodynamic model of quantum

gases, we propose the investigation of such frequency for the sake of probing the existence

of Lorentz violation.
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5.9 Are they still extensive state quantities?

Here, to corroborate our results, we proceed further for the sake of verifying the validity

of the derived relations in the thermodynamic limit. Indeed, we need to take N → ∞,

V → ∞ and N/V = const. Being proportional to the volume, the mean particle number,

the entropy and the mean energy turn out to be extensive quantities in the ordinary case.

Nevertheless, knowing whether the Lorentz violation removes such extensive property or

not is an intriguing question to be checked. With this purpose, we proceed making the

substitution in the following way

∑
r
→ gV

(2π)3

∫
d3p, (5.58)

where g is the degeneracy factor. Now, let us make some comments. Taking the thermo-

dynamic limit is only reasonably supported when u′ (n̄) and u (n̄) do not depend upon the

volume. Additionally, this also entails that the particle number density n̄ = N̄/V must not

depend upon it. Now, let us verify this assumption starting with

∂n̄
∂V

∣∣∣∣
µ,T

=
∂

∂V

(
N̄
V

)∣∣∣∣
µ,T

=
1
V

(
∂N̄
∂V

∣∣∣∣
µ,T
− N̄

V

)
, (5.59)

which yields

∂N̄
∂V

∣∣∣∣
µ,T

=
gV

(2π)3

∫
d3p

1
exp {β [εr (p) + δr (p) + u′ (n̄)− µ]}+ χ

+
gV

(2π)3

∫
d3p

{
−
[

1
exp {β [εr (p) + δr (p) + u′ (n̄)− µ]}+ χ

]2
}
×

× exp
{

β
[
εr (p) + δr (p) + u′ (n̄)− µ

]}
β

∂u′ (n̄)

∂V

∣∣∣∣
µ,T

. (5.60)

In this sense, we identify the first term as N̄/V; the second term we rewrite using

∂u′ (n̄)

∂V

∣∣∣∣
µ,T

= u′′ (n̄)
∂n̄
∂V

∣∣∣∣
µ,T

=
u′′ (n̄)

V

(
∂N̄
∂V

∣∣∣∣
µ,T
− N̄

V

)
, (5.61)

as

−∑
r

n̄r
β

V
u′′ (n̄)

(
∂N̄
∂V

∣∣∣∣
µ,T
− N̄

V

)
exp

{
β
[
εr (p) + δr (p) + u′ (n̄)− µ

]}
,



5.10 Numerical analyses 90

and to finish we obtain

∂n̄
∂V

∣∣∣∣
µ,T

=
1
V

(
∂N̄
∂V

∣∣∣∣
µ,T
− N̄

V

)

=
1
V

(
−∑

r
n̄r

β

V
u′′ (n̄) exp

{
β
[
εr (p) + δr (p) + u′ (n̄)− µ

]})
×

×
(

∂N̄
∂V

∣∣∣∣
µ,T
− N̄

V

)
. (5.62)

Additionally, this relation is verified if

1 = −∑
r

n̄r
β

V
exp

{
β
[
εr (p) + δr (p) + u′ (n̄)− µ

]}
u′′ (n̄) . (5.63)

Nevertheless, in a general case, this is not true for the reason that u (n) is an absolutely

arbitrary interaction potential density. As a matter of fact, it must hold that

∂N̄
∂V

∣∣∣∣
µ,T

=
N̄
V

, (5.64)

i.e., ∂n̄
∂V

∣∣∣
µ,T

must vanish. Finally, we should notice that, since δr (p) is a function only of p,

it does not mess up the extensive property. Therefore, for such thermal properties, even in

the presence of Lorentz violation, the extensive characteristic of the system is maintained as

well.

5.10 Numerical analyses

Here, we provide such Appendix to exhibit a concise explanation for the numerical calcu-

lations encountered throughout this manuscript. We show the thermal quantities, namely,

the energy, the mean particle number and the entropy per volume, for different values of

β. Besides, E , N and S are quantities representing the energy, the mean particle number

as well as the entropy per volume respectively. The outputs for fermions and bosons modes

are displayed as follows:
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β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3231.95 0.104598 0.00104598 0.0000104598 104.543 -0.0000416498 -4.16498 ×10−7 -4.16498 ×10−9 734.947 0.00522714 0.0000522714 5.22714 10−7

0.2 112.314 0.00736482 0.0000736482 7.36482 ×10−7 7.34833 -1.99713 ×10−7 -1.99713 ×10−8 -1.99713 ×10−10 51.5659 0.000734833 7.34833 ×10−6 7.34833 ×10−8

0.3 12.2594 0.00121608 0.0000121608 1.21608 ×10−7 1.20978 -1.58032 ×10−7 -1.58032 ×10−9 -1.58032 ×10−11 8.48027 0.000181467 1.81467 ×10−6 1.81467 ×10−8

0.4 2.13516 0.000284015 2.84015 ×10−6 2.84015 ×10−8 0.28138 -1.50433 ×10−8 -1.50433 ×10−10 -1.50433 ×10−12 1.97117 0.0000562759 5.62759 ×10−7 5.62759 ×10−9

0.5 0.480237 0.0000801838 8.01838 ×10−7 8.01838 ×10−9 0.0790277 -1.5763 ×10−9 -1.5763 ×10−11 -1.5763 ×10−13 0.553427 0.0000197569 1.97569 ×10−7 1.97569 ×10−9

0.6 0.126973 0.000025527 2.5527 ×10−7 2.5527 ×10−9 0.0250043 -1.75433 ×10−10 -1.75433 ×10−12 -1.75433 ×10−14 0.17507 7.50128 ×10−6 7.50128 ×10−8 7.50128 ×10−10

0.7 0.0375352 8.83081 ×10−6 8.83081 ×10−8 8.83081 ×10−10 0.00858928 -2.03663 ×10−11 -2.03663 ×10−13 -2.03663 ×10−15 0.0601324 3.00625 ×10−6 3.00625 ×10−8 3.00625 ×10−10

0.8 0.0120401 3.24695 ×10−6 3.24695 ×10−8 3.24695 ×10−10 0.00313348 -2.4398 ×10−12 -2.4398 ×10−14 -2.4398 ×10−16 0.0219358 1.25339 ×10−6 1.25339 ×10−8 1.25339 ×10−10

0.9 0.0041105 1.25082 ×10−6 1.25082 ×10−8 1.25082 ×10−10 0.00119682 -2.99456 ×10−13 -2.99456 ×10−15 -2.99456 ×10−17 0.00838577 3.70143 ×10−6 3.70143 ×10−8 3.70143 ×10−10

1.0 0.00147396 4.99909 ×10−7 4.99909 ×10−9 4.99909 ×10−11 0.000473931 -3.74665 ×10−14 -3.74665 ×10−16 -3.74665 ×10−18 0.00331758 2.36965 ×10−7 2.36965 ×10−9 2.36965 ×10−11

Tab. 5.3: The scalar operator concerning the fermion sector.

β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3231.95 3.23195 0.0323195 0.000323195 104.543 -0.00030446 -3.0446 ×10−6 -3.0446 ×10−8 734.947 0.107691 0.00107691 0.0000107691

0.2 112.314 0.112314 0.00112314 0.0000112314 7.34833 -7.03273 ×10−6 -7.03273 ×10−8 -7.03273 ×10−10 51.5659 0.00747586 0.0000747586 7.47586 ×10−7

0.3 12.2594 0.0122594 0.000122594 1.22594 ×10−6 1.20978 -3.62361 ×10−7 -3.62361 ×10−9 -3.62361 ×10−11 8.48027 0.00122158 0.0000122158 1.22158 ×10−7

0.4 2.13516 0.00213516 0.0000213516 2.13516 ×10−7 0.28138 -2.55114 ×10−8 -2.55114 ×10−10 -2.55114 ×10−12 1.97117 0.000282896 2.82896 ×10−6 2.82896 ×10−8

0.5 0.480237 0.000480237 4.80237 ×10−6 4.80237 ×10−8 0.0790277 -2.12168 ×10−9 -2.12168 ×10−11 -2.12168 ×10−13 0.553427 0.0000792604 7.92604 ×10−7 7.92604 ×10−9

0.6 0.126973 0.000126973 1.26973 ×10−6 1.26973 ×10−8 0.0250043 -1.95919 ×10−10 -1.95919 ×10−12 -1.95919 ×10−14 0.17507 0.0000250442 2.50442 ×10−7 2.50442 ×10−9

0.7 0.0375352 0.0000375352 3.75352 ×10−7 3.75352 ×10−9 0.00858928 -1.94491 ×10−11 -1.94491 ×10−13 -1.94491 ×10−15 0.0601324 8.59669 ×10−6 8.59669 ×10−8 8.59669 ×10−10

0.8 0.0120401 0.0000120401 1.20401 ×10−7 1.20401 ×10−9 0.00313348 -2.0361 ×10−12 -2.0361 ×10−14 -2.0361 ×10−16 0.0219358 3.13493 ×10−6 3.13493 ×10−8 3.13493 ×10−10

0.9 0.0041105 4.1105 ×10−6 4.1105 ×10−8 4.1105 ×10−10 0.00119682 -2.21989 ×10−13 -2.21989 ×10−15 -2.21989 ×10−17 0.00837801 1.19711 ×10−6 1.19711 ×10−8 1.19711 ×10−10

1.0 0.00147396 1.47396 ×10−6 1.47396 ×10−8 1.47396 ×10−10 0.000473931 -2.49878 ×10−14 -2.49878 ×10−16 -2.49878 ×10−18 0.00331758 4.739949 ×10−7 4.73994 ×10−9 4.73994 ×10−11

Tab. 5.4: The vector operator concerning the fermion sector.

β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3231.95 -0.209193 -0.00209193 -0.0000209193 104.543 0.0000829947 8.29947 ×10−7 8.29947 ×10−9 734.947 -0.010449 -0.00010449 -1.0449 ×10−6

0.2 112.314 -0.014728 -0.00014728 -1.4728 ×10−6 7.34833 3.93882×10−6 3.93882 ×10−8 3.93882 ×10−10 51.5659 -0.00146669 -0.0000146669 -1.46669×10−7

0.3 12.2594 -0.00243122 -0.0000243122 -2.43122 ×10−7 1.20978 3.07031 ×10−7 3.07031 ×10−9 3.07031 ×10−11 8.48027 -0.000361314 -3.61314 ×10−6 -3.61314 ×10−8

0.4 2.13516 -0.000567521 -5.67521 ×10−6 -5.67521 ×10−8 0.28138 2.87129 ×10−8 2.87129 ×10−10 2.87129 ×10−12 1.97117 -0.000111689 -1.11689 ×10−6 -1.11689 ×10−8

0.5 0.480237 -0.000160098 -1.60098 ×10−6 -1.60098 ×10−8 0.0790277 2.95182 ×10−9 2.95182 ×10−11 2.95182 ×10−13 0.553427 -0.000039061 -3.9061 ×10−7 -3.9061 ×10−9

0.6 0.126973 -0.0000509137 -5.09137 ×10−7 -5.09137 ×10−9 0.0250043 3.22144 ×10−10 3.22144 ×10−12 3.22144 ×10−14 0.17507 -0.0000147665 -1.47665 ×10−7 -1.47665 ×10−9

0.7 0.0375352 -0.000017589 -1.7589 ×10−7 -1.7589 ×10−9 0.00858928 3.66682 ×10−11 3.66682 ×10−13 3.66682 ×10−15 0.0601324 -5.8899 ×10−6 -5.8899 ×10−8 -5.8899 ×10−10

0.8 0.0120401 -6.45643 ×10−6 -6.45643 ×10−8 -6.45643 ×10−10 0.00313348 4.30756 ×10−12 4.30756 ×10−14 4.30756 ×10−16 0.0219358 -2.44322 ×10−6 -2.44322 ×10−8 -2.44322 ×10−10

0.9 0.0041105 -2.48233 ×10−6 -2.48233 ×10−8 -2.48233 ×10−10 0.00119682 5.18591 ×10−13 5.18591 ×10−15 5.18591 ×10−17 0.00837801 -1.04421 ×10−6 -1.04421 ×10−8 -1.04421 ×10−10

1.0 0.00147396 -9.8986 ×10−7 -9.8986 ×10−9 -9.8986 ×10−11 0.000473931 6.36654 ×10−14 6.36654 ×10−16 6.36654 ×10−18 0.00331758 -4.56876 ×10−7 -4.56876 ×10−9 -4.56876 ×10−11

Tab. 5.5: The pseudovector operator for fermions.
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β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3231.95 -9.6971 -0.096971 -0.00096971 104.543 -0.000916101 9.16101 ×10−6 9.16101 ×10−8 734.947 -0.323195 -0.00323195 -0.0000323195

0.2 112.314 -0.33712 -0.0033712 -0.000033712 7.34833 0.0000213616 2.13616 ×10−7 2.13616 ×10−9 51.5659 -0.0224627 -0.000224627 -2.24627 ×10−6

0.3 12.2594 -0.0368236 -0.000368236 -3.68236 ×10−6 1.20978 1.11777 ×10−6 1.11777 ×10−8 1.11777 ×10−10 8.48027 -0.00367781 -0.0000367781 -3.67781 ×10−7

0.4 2.13516 -0.00641989 -0.0000641989 -6.41989 ×10−7 0.28138 8.02973 ×10−8 8.02973 ×10−10 8.02973 ×10−12 1.97117 -0.000854066 -8.54066 ×10−6 -8.54066 ×10−8

0.5 0.480237 -0.00144586 -0.0000144586 -1.44586 ×10−7 0.0790277 6.83726 ×10−9 6.83726 ×10−11 6.83726 ×10−13 0.553427 -0.000240119 -2.40119 ×10−6 -2.40119 ×10−8

0.6 0.126973 -0.000382907 -3.82907 ×10−6 -3.82907 ×10−8 0.0250043 6.47963 ×10−10 6.47963 ×10−12 6.47963 ×10−14 0.17507 -0.0000761841 -7.61841 ×10−7 -7.61841 ×10−9

0.7 0.0375352 -0.000113414 -1.13414 ×10−6 -1.13414 ×10−8 0.00858928 6.61241 ×10−11 6.61241 ×10−13 6.61241 ×10−15 0.0601324 -0.0000262746 -2.62746 ×10−7 -2.62746 ×10−9

0.8 0.0120401 -0.0000364624 -3.64624 ×10−7 -3.64624 ×10−9 0.00313348 7.12401 ×10−12 7.12401 ×10−14 7.12401 ×10−16 0.0219358 -9.63211 ×10−6 -9.63211 ×10−8 -9.63211 ×10−10

0.9 0.0041105 -0.0000124805 -1.24805 ×10−7 -1.24805 ×10−9 0.00119682 7.99893 ×10−13 7.99893 ×10−15 7.99893 ×10−17 0.00837801 -3.69945 ×10−6 -3.69945 ×10−8 -3.69945 ×10−10

1.0 0.00147396 -4.48836 ×10−6 -4.48836 ×10−8 -4.48836 ×10−10 0.000473931 9.27651 ×10−14 9.27651 ×10−16 9.27651 ×10−18 0.00331758 -1.47396 ×10−6 -1.47396 ×10−8 -1.47396 ×10−10

Tab. 5.6: The tensor operator for fermions.

β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3465.22 -0.12049 -0.0012049 -0.000012049 120.39 0.000110936 1.10936 ×10−6 1.10936 ×10−8 837.793 -0.0060195 -0.000060195 -6.0195 ×10−7

0.2 116.632 -0.00794586 0.0000794586 -794586×10−7 7.92365 3.31996 ×10−6 3.31996 ×10−8 3.31996 ×10−10 55.3038 -0.000792365 -7.92365 ×10−6 -7.92365 ×10−8

0.3 12.5142 -0.00126748 -0.0000126748 -126748×10−7 1.26011 2.07175 ×10−7 2.07175 ×10−9 2.07175 ×10−11 8.80739 -0.000189017 -1.89017 ×10−6 -1.89017 ×10−8

0.4 2.15927 -0.000290522 -2.90522×10−6 -2.90522 ×10−8 0.287658 1.73861 ×10−8 1.73861 ×10−10 1.73861 ×10−12 2.01198 -0.0000575316 -5.75316 ×10−7 -5.75316 ×10−9

0.5 0.483186 -0.0000811842 -8.11842 ×10−7 -8.11842 ×10−9 0.0799761 1.70289 ×10−9 1.70289 ×10−11 1.70289 ×10−13 0.559591 -0.000019994 -1.9994 ×10−7 -1.9994 ×10−9

0.6 0.127398 -0.0000257007 -2.57007 ×10−7 -2.57007 ×10−9 0.0251657 1.82797 ×10−10 1.82797 ×10−12 1.82797 ×10−14 0.176119 -7.5497 ×10−6 -7.5497 ×10−8 -7.5497 ×10−10

0.7 0.0376033 -8.8636 ×10−6 -8.8636 ×10−8 -8.8636 ×10−10 0.00861908 2.08159 ×10−11 2.08159 ×10−13 2.08159 ×10−15 0.060326 -3.01668 ×10−6 -3.01668 ×10−8 -3.01668 ×10−10

0.8 0.012052 -3.25352 ×10−6 -3.25352 ×10−8 -3.25352 ×10−10 0.00313931 2.4682 ×10−12 2.4682 ×10−14 2.4682 ×10−16 0.0219737 -1.25572 ×10−6 -1.25572 ×10−8 -1.25572 ×10−10

0.9 0.00411269 -1.2522 ×10−6 -1.2522 ×10−8 -1.2522 ×10−10 0.00119801 3.01294 ×10−13 3.01294 ×10−15 3.01294 ×10−17 0.00838577 -5.39104 ×10−7 -5.39104 ×10−9 -5.39104 ×10−11

1.0 0.00147439 -5.00208 ×10−7 -5.00208 ×10−9 -5.00208 ×10−11 0.000474184 3.75879 ×10−14 3.75879 ×10−16 3.75879 ×10−18 0.00331922 -2.37092 ×10−7 -2.37092 ×10−9 -2.37092 ×10−11

Tab. 5.7: The vector operator in the boson sector.

β E δE1 δE2 δE3 N δN1 δN2 δN3 S δS1 δS2 δS3

0.1 3465.22 10.3973 0.103973 0.00103973 120.39 -0.00189399 -0.0000189399 -1.89399 ×10−7 837.793 0.346522 0.00346522 0.0000346522

0.2 116.632 0.350106 0.00350106 0.0000350106 7.92365 -0.0000313526 -3.13526 ×10−7 -3.13526 ×10−9 55.3038 0.0233264 0.000233264 2.33264 ×10−6

0.3 12.5142 0.037592 0.00037592 3.7592×10−6 1.26011 -1.37484 ×10−6 -1.37484 ×10−8 -1.37484 ×10−10 8.80739 0.00375425 0.0000375425 3.75425 ×10−7

0.4 2.15927 0.00649289 -0.0000649289 6.49289 ×10−7 0.287658 -8.98141 ×10−8 -8.98141 ×10−10 -8.98141 ×10−12 2.01198 0.000863707 8.63707 ×10−6 8.63707 ×10−8

0.5 0.483186 0.00145484 0.0000145484 1.45484 ×10−7 0.0799761 -7.26379 ×10−9 -7.26379 ×10−11 -7.26379 ×10−13 0.559591 0.000241593 2.41593 ×10−6 2.41593 ×10−8

0.6 0.127398 0.000384207 3.84207 ×10−6 3.84207 ×10−8 0.0251657 -6.6944 ×10−10 -6.6944 ×10−12 -6.6944 ×10−14 0.176119 0.0000764385 7.64385 ×10−7 7.64385 ×10−9

0.7 0.0376033 -8.8636 ×10−6 -8.8636 ×10−8 -8.8636 ×10−10 0.00861908 2.08159 ×10−11 2.08159 ×10−13 2.08159 ×10−15 0.060326 -3.01668 ×10−6 -3.01668 ×10−8 -3.01668 ×10−10

0.8 0.0376033 0.000113624 1.13624 ×10−6 1.13624 ×10−8 0.00861908 -6.7293 ×10−11 -6.7293 ×10−13 -6.7293 ×10−15 0.0219737 9.64159 ×10−6 9.64159 ×10−8 9.64159 ×10−10

0.9 0.00411269 0.0000124874 1.24874 ×10−7 1.24874 ×10−9 0.00119801 -8.03919 ×10−13 -8.03919 ×10−15 -8.03919 ×10−17 0.00838577 3.70143 ×10−6 3.70143 ×10−8 3.70143 ×10−10

1.0 0.00147439 4.48971 ×10−6 4.48971 ×10−8 4.48971 ×10−10 0.000474184 -9.30139 ×10−14 -9.30139 ×10−16 -9.30139 ×10−18 0.00331922 1.47439 ×10−6 1.47439 ×10−8 -2.37092 ×10−10

Tab. 5.8: The tensor operator for the boson sector.
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Fig. 5.3: These plots exhibit the general behavior to spin-nondegenerate case for fermions.
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Fig. 5.4: This figure shows a comparison between particle number to different background
configurations for bosons. Here, the normalization is also applied.



6. THERMODYNAMIC PROPERTIES IN HIGHER-

DERIVATIVE ELECTRODYNAMICS

6.1 Podolsky electrodynamics

6.1.1 The model

The four-dimensional Lagrangian density of the Podolsky electrodynamics is written as

[296, 320, 321]

L = −1
4

FµνFµν +
θ2

2
∂αFαβ∂λFλ

β − Aµ Jµ, (6.1)

where Fµν = ∂µ Aν − ∂ν Aµ is the usual Maxwell field strength, Aµ is the vector field and

θ is the Podolsky’s parameter with mass dimension -1, and Jµ is a conserved current. In

addition, in Refs. [322, 325] the authors accomplished remarkable classical analyzes of this

theory i.e., they studied interparticle potential between sources, quantization, generalization

of such theory in the framework of Dirac’s theory of constrained systems and others. From

Eq. (6.1), the equation of motion can be written as(
1 + θ22

)
∂µFµν = Jν. (6.2)

Here, it must be pointed out that there exists a distinguishing characteristic if compared

with the Proca’s theory which is the generation of a massive mode without losing its gauge

symmetry. Thereby, by adding a gauge fixing term to Eq. (6.1), namely − 1
2ς (∂µ Aµ)2,

with ς being the gauge-fixing parameter, we can immediately derive the propagator in the

momentum space as follows

∆µν(k) = − 1
k2(1− θ2k2)

{
θµν + ς(1− θ2k2)ωµν

}
, (6.3)

where θµν ≡ ηµν − ωµν and ωµν ≡ kµkν/k2 are the transverse and longitudinal projectors

respectively. Here, ηµν is the Minkowski metric with signature (+.−,−,−). Clearly, from

above expression, we verify the presence of both Maxwell k2 = 0 and Podolsky 1− θ2k2 = 0

94
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poles. From the pole of the propagator encountered in Eq. (6.3), we have

kµkµ(1− θ2kαkα) = 0. (6.4)

Furthermore, note that when one considers θ → 0, the standard dispersion relation is

recovered i.e., k2 = 0. Besides, Eq. (6.4) may be rewritten simply as

k2 =
2E2θ2 − 1∓ 1

2θ2 , (6.5)

where this equation shows that we have a different state equation which must change the

thermodynamic properties of our system due to the fact that the relation between energy

and momentum is no longer ascribed to be the usual one. It is worth to note that from

Eq. (8.19), we choose the -1 configuration, since otherwise we will not have the contribution

of parameter θ. Moreover, in what follows, we examine a photon gas in a volume Γ and

instead of dealing with a quantizing momentum due to the boundary conditions, rather we

assume a continuous momentum spectrum as it is commonly used in the literature [497,

498, 273]. We use the fact that the statistical mechanics tells us that the relation between

energy and momentum has a remarkable aspect in evaluating the dependence of the pressure

as a function of the energy density. In the next subsection, we proceed with the purpose

of obtaining the accessible states of the system in order to calculate the partition function

which suffices to address all thermodynamic properties. In addition, it is noteworthy that in

different contexts the thermodynamic functions were calculated as well [489, 488, 499, 490,

500].

6.1.2 Thermodynamic properties

We start with the construction of the partition function for the sake of obtaining the

following thermodynamic properties i.e., Helmholtz free energy, mean energy, entropy heat

capacity. In this sense, we use the traditional method for doing so; we use the concept of

the number of accessible states of the system [497]. Generically, it can be written as

Ω(E) =
ζ

(2π)3

∫ ∫
d3x d3k, (6.6)

where ζ is the spin multiplicity which in our case will be considered as the photon sector i.e.,

ζ = 2. However, for the sake of simplicity, the above equation may be rewritten as follows

Ω(E) =
Γ

π2

∫ ∞

0
dk|k|2, (6.7)
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where Γ is considered the volume of the thermal bath and dk being given by

dk =
θE√

E2θ2 − 1
dE. (6.8)

After substituting (8.19) and (6.8) in (6.7), we obtain

Ω(E) =
Γ

π2

∫ ∞

0

E(E2θ2 − 1)

θ
√

E2θ2 − 1
dE, (6.9)

and therefore we are properly able to write down the partition function analogously to what

the authors did in Ref. [273] as follows

ln [Z(β, Γ)] = − Γ
π2

∫ ∞

0

E(E2θ2 − 1)

θ
√

E2θ2 − 1
ln
(

1− e−βE
)

dE, (6.10)

where β = 1/kBT. Using Eq.(7.10), we can obtain the thermodynamic functions per volume

Γ, namely, Helmholtz free energy F(β, θ), mean energy U(β, θ), entropy S(β, θ) and heat

capacity CV(β, θ) defined as follows:

F(β, θ) = − 1
β

ln [Z(β, θ)] ,

U(β, θ) = − ∂

∂β
ln [Z(β, θ)] ,

S(β, θ) = kBβ2 ∂

∂β
F(β, θ),

CV(β, θ) = −kBβ2 ∂

∂β
U(β, θ).

(6.11)

At the beginning, let us consider the mean energy

U(β, θ) =
1

π2

∫ ∞

0

E2
√

E2θ2 − 1 e−βE

θ
(
1− e−βE

) dE, (6.12)

which follows the spectral radiance defined by:

χ(θ, ν) =
(hν)2

√
(hν)2θ2 − 1 e−βhν

π2θ
(
1− e−βhν

) , (6.13)

with E = hν where h is the Planck constant and ν is the frequency. Here, it is reasonable to

investigate how the parameter θ affects our theory in the spectral radiation. Additionally,

it has to be noted that, even though we explicit the constants h, kB, for performing the

following calculations, we set them h = kB = 1. In this way, the plot of this configuration is
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shown in Fig. 6.1. Here, we notice that the black body radiation spectra for different values

of θ are greater than one exhibited in the Maxwell case. On the other hand, when θ → 0,

we recover the usual Maxwell electrodynamics. Physically, such result reflects the existence

of an additional massive mode presented in Podolsky electrodynamics.
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χ
(ν
)

Fig. 6.1: The figure shows the behavior of the black body radiation as a function of the
frequency ν for different values of θ within Podolsky electrodynamics considering h = 1.

For the sake of obtaining the well-established radiation constant of the Stefan- Boltzmann

energy density i.e., uS = αT4, we consider (Eθ)2 � 1 which leads to

α =
1

π2

∫ ∞

0

E3 e−βE(
1− e−βE

)dE =
π2

15
, (6.14)

reproducing the well-established result in the literature [150]. On the other hand, in order to

check how the coupling constant θ affects the new radiation constant, we proceed as follows:

α̃ ≡ U(β, θ)β4. (6.15)

The analysis will be accomplished via numerical calculations. The plots are shown in Fig.6.2

taking into account three different circumstances i.e., when θ is either a small or a huge

number. Furthermore, the aspect of examining the limit when E2
√

E2θ2 − 1 � θ is also

regarded. The latter can be handily associated with the primordial inflationary universe,

since we may deal with high temperature regime i.e., β = 10−13 GeV−1. Another interesting

approach which it is worth being investigated is whether the thermodynamics functions

bear with CMB (Cosmic Microwave Background) analysis. Nevertheless, this approach

lies beyond the scope of the current chapter and will be addressed in a future upcoming
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manuscript though.
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Fig. 6.2: The figure shows the correction to the Stefan–Boltzmann law represented by pa-
rameter α̃ as a function of θ considering kB = 1 and the temperature in the early inflationary
universe i.e., β = 10−13 GeV−1.

Analogously, the remaining thermodynamic functions can be explicitly computed:

F(β, θ) =
1

θπ2β

∫ ∞

0
E
√

E2θ2 − 1 ln
(

1− e−βE
)

dE, (6.16)

S(β, θ) =
kB

θπ2

(
−
∫ ∞

0
E
√

E2θ2 − 1 ln
(

1− e−βE
)

+ β
∫ ∞

0

E2
√

E2θ2 − 1 e−βE

1− e−βE

)
dE,

(6.17)

CV(β, θ) =
kBβ2

θπ2

(
+
∫ ∞

0

E3
√

E2θ2 − 1 e−2βE(
1− e−βE

)2 +
∫ ∞

0

E3
√

E2θ2 − 1 e−βE

1− e−βE

)
dE, (6.18)

and the following results ascribed to them are displayed in Figs. 6.3, 6.4 and 6.5 respectively.
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Fig. 6.3: The figure exhibits the solutions to Helmholtz free energy F(θ) at high temperature
regime considering kB = 1.

6.2 Podolsky with Lorentz violation

6.2.1 The model

Here, we study the Podolsky electrodynamics modified by the traceless LV dimension-

6 term presented in Ref.[271]. In this work, the authors analyzed the classical aspects of

such theory taking into account unitariry and causality from the study of the respective

propagator proceeding analogously to it is already established in the literature [501, 502].

They consider the construction of a closed algebra using the prescription Dµν = (BµCν −
BνCµ)/2, where Bµ and Cν are constant background vectors which accounts for LV. In this

sense, the Lagrangian density which represents this model is given by

L = −1
4

FµνFµν +
θ2

2
∂αFαβ∂λFλ

β + η2Dβα∂σFσβ∂λFλα +
1

2ξ
(∂µ Aµ)2, (6.19)
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Fig. 6.4: These three graphics exhibit the behavior of the entropy S(θ) considering the
temperature in the primitive inflationary universe where kB = 1.

where θ is the same parameter defined previously, η is the constant coupling with dimen-

sion of mass [m]−1 and ξ is the gauge fixing parameter required to evaluate the respective

propagator. Nevertheless, we focus only on the investigation of its dispersion relation pre-

sented in the poles of the propagator for the sake of calculating the following thermodynamic

functions. Therefore, the poles are given by

k2(1− θ2k2)γ(k) = 0, (6.20)

where γ(k) = η4[(B · k)2− B2k2][(C · k)2−C2k2]−
[
1− θ2k2 − η2(B · C)k2 + η2(B · k)(C · k)

]2
.

Considering the complete isotropic sector in this theory, i.e., Dµν = −D00×diag(3, 1, 1, 1)µν,

Eq. (6.20) turns out to be written as

E =

√(
1− 8η2D00

θ2 + 2η2D00

)
k2 +

1
θ2 + 2η2D00

. (6.21)
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Fig. 6.5: The plots exhibit solutions to the heat capacity CV(θ) considering kB = 1 and the
temperature at the beginning inflationary universe.

As it was accomplished in the last section, in what follows, we calculate the accessible states

for this configuration which accounts for the Lorentz violation. Next, we proceed likewise.

6.2.2 Thermodynamic properties

The number of accessible states per volume is

Ω̄(E) =
1

π2

∫ ∞

0
E
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2

dE, (6.22)

and, from it, we can construct the respective partition function for such theory which follows

ln[Z̄(β, η, θ, D00)] = − 1
π2

∫ ∞

0
E
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2

ln
(

1− e−βE
)

dE

(6.23)

and using the definitions established in (9.8), we calculate Helmholtz free energy, mean

energy, entropy, and heat capacity. At the beginning, we devote our attention to the spectral
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radiance as we did before. The respective plot of χ̄ as a function of frequency ν for different

values of η is shown in Fig. 6.6. In agreement with the previous section, in which we

accomplished the correction to the Stefan–Boltzmann law exhibited in Eq. (8.25), we step

forward likewise

ᾱ ≡ Ū(β, η, θ, D00)β4. (6.24)

Again, this analysis will be performed via numerical approach in the context of primordial

temperature of the universe. To perform such calculation, we need to obtain the behavior

of the mean energy. In this way,

Ū(β, η, θ, D00) =
1

π2

∫ ∞

0
E2
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2 e−βE

1− e−βE dE,

(6.25)

with the spectral radiance (plotted in Fig. 6.6) being given by

χ̄(β, η, θ, D00) =
1

π2 E2
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2 e−βE

1− e−βE .

(6.26)

Here, the remaining thermodynamics functions are provided bellow: the Helmholtz free

energy

Fig. 6.6: The figure shows the behavior of the black body radiation in the generalized
Podolsky electrodynamics with Lorentz violation for fixed values of θ = 10 and D00 = 1.

F̄(β, η, θ, D00) =
1

π2β2

∫ ∞

0
E
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2

ln
(

1− e−βE
)

dE,

(6.27)
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the entropy

S̄(β, η, θ, D00) =− 1
π2

∫ ∞

0
E
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2

ln
(

1− e−βE
)

dE

+
β

π2

∫ ∞

0
E2
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2 e−βE

1− e−βE dE,

(6.28)

and finally, the heat capacity

C̄V(β, η, θ, D00) = +
β2

π2

∫ ∞

0
E3
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2 e−2βE(
1− e−βE

)2 dE

+
β2

π2

∫ ∞

0
E3
(

1− 8η2D00

θ2 + 2η2D00

)−3/2 [E2(θ2 + 2η2D00)− 1
θ2 + 2η2D00

]1/2 e−βE

1− e−βE dE.

(6.29)
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Fig. 6.7: The graphics show the correction to the Stefan–Boltzmann law ᾱ(η), entropy S̄(η),
Helmholtz free energy F̄(η) and heat capacity C̄V(η) regarding kB = 1.
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6.3 Results and discussions

Initially, let us focus our attention on the pure Podolsky electrodynamics. Indeed, we

determined the expression of the spectral radiance χ(ν) exhibited in (8.23) with its plot

displayed in Fig. 6.1. From it, we could see that χ(ν) was sensitive to changes of θ i.e., θ=

10, θ= 30, θ= 50, θ= 70, θ= 90. We made a comparison of these different values to the black

body radiation with the Maxwell theory. We noted that the latter had its spectral radiance

smaller than the Podolsky one. It is important to note that to accomplish such analysis, we

needed to consider the limit where E2
√

E2θ2 − 1 � θ. Next, we did the plot of Fig. 6.2

which showed the correction to the Stefan–Boltzmann law represented by parameter α̃(θ)

considering the temperature in the early inflationary universe i.e., β = 10−13 GeV−1. The

upper graph in the left side exhibited a very slow variation of α̃(θ) when θ varied. Moreover,

we considered small variations of θ, which entailed a constant behavior (it was displayed

in the lower graphic). On the other hand, we considered instead of the condition in which

E2
√

E2θ2 − 1 � θ and, therefore, we obtained a linear behavior of such graphic which was

shown in the upper graph in the right side.

In Fig 6.3, a similar analysis could be done. In this sense, we have exhibited three

configurations to Helmholtz free energy F(β, θ), considering the primitive temperature in

the early universe. The top left exhibited a very slow variation of F(β, θ) when θ changed.

Besides, we considered small variations of θ, and the graphic exhibited a constant behavior,

as shown in the bottom graphic. On the other hand, we rather regarded a situation where

E2
√

E2θ2 − 1 � θ. Thereby, we had a linear behavior with a negative angular coefficient,

though which was displayed in the top right.

Likewise, Figs. 6.4 and 6.5 exhibited different behaviors of entropy S(θ) and heat capacity

CV(θ) for diverse values of θ analogously to what we did in the analysis accomplished for

α̃(θ) and F(θ) considering high temperature regime. Specifically, in Fig. 6.4 the upper

graph on the left hand showed a variation of S(β, θ) when θ started to increase. Moreover,

having regarded rather a situation where there existed the limit when E2
√

E2θ2 − 1 � θ,

one possessed a linear behavior with a positive angular coefficient which was shown in the

upper graph on the right hand. In addition, the bottom one exhibited how entropy S(β, θ)

behaved for close values of θ. Furthermore, in Fig. 6.5, the top left showed a variation of

CV(β, θ) when θ started to increase drastically and if one rather regarded a situation where

there was the limit when E2
√

E2θ2 − 1 � θ, one would have a constant behavior which

was shown in the top right. Besides, the bottom one revealed how heat capacity CV(β, θ)

behaved for close values of θ.

Now, let us focus on the generalization of the Podolsky electrodynamics with the Lorentz-

symmetry violation. Fig. 6.6 displayed the behavior of the black body radiation as a function
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of η and ν for fixed values of θ and D00 i.e., θ = 10 and D00 = 1, in the generalized Podolsky

electrodynamics. Next, we analyzed Fig. 6.7, which was the compilation of all thermody-

namic functions in order to provide a concise discussion on this recent electrodynamics.

Considering the plot to ᾱ(η) for huge values of η, we obtained a strong positive inclination

of such curve, which differed from the pure Podolsky theory due to its increasing charac-

teristic. A similar analysis was shown in S̄(η), but for a different range of η though i.e.,

0 ≤ η ≤ 100. Additionally, it had the same behavior encountered in the plot of S(θ). In the

same range of η, we verified that there existed a negative curve for Helmholtz free energy

F̄(η) as well being in agreement with the usual Podolsky case. Next, for the case of heat

capacity C̄V(η), it was displayed a linear increase with a positive angular coefficient when

η started to increase. Also, the behavior of this curve was completely different from heat

capacity CV(θ) exhibited in the Podolsky electrodynamics.



7. LORENTZ-VIOLATING SCENARIOS IN A THER-

MAL RESERVOIR

7.1 Graviton with Lorentz violation

In this section, we begin with the action responsible for the dynamics of the bumblebee

field Bµ written as

SB =
∫

d4x
√
−g
[
−1

4
BµνBµν +

2ξ

κ2 BµBνRµν −V(BµBµ ∓ b2)

]
, (7.1)

where Bµν = ∂µBν − ∂νBµ, ξ is a positive parameter which allows the nonminimal coupling

between the bumblebee field and the Ricci tensor Rµν, and κ2 = 32πG is the gravitational

coupling constant. Here, it is worth mentioning that, considering the natural units, the

mass dimension of such fields and parameters are [Bµ] = 1, [Bµν] = 2, [κ2] = −2, [ξ] = −2.

Next, seeking for simplicity, we adopt the smooth quadratic potential which triggers the

spontaneous Lorentz symmetry breaking

V =
λ

2

(
BµBµ ∓ b2

)2
, (7.2)

where the vector bµ is the vacuum expectation value of the bumblebee field Bµ having its

minimum when gµνBµBν ± b2 = 0. In Ref. [503], regardless torsion, the authors examined

the graviton spectrum using the weak field approximation for the Einstein-Hilbert grav-

ity in the context of Lorentz violation. For the sake of obtaining its respective Feynman

propagator, we focus only on the kinetic part

Lkin = −1
2

hµνÔµν,αβhαβ, (7.3)

where Ôµν
λσ is the wave operator associated to the theory. Following the definitions en-

countered in Ref. [504], the graviton propagator is defined as follows

〈0|T[hµν(x)hαβ(y)]|0〉 = Dµν,αβ(x− y). (7.4)

106
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Here, the main issue is finding a closed tensor algebra in order to obtain such operator

Dµν,αβ(x− y) which satisfies the Green’s function

Ôµν
λσ Dλσ,αβ(x− y) = iIµν,αβδ4(x− y), (7.5)

where Iµν,αβ plays the role of the identity operator being defined as Iµν,αβ = 1
2(ηµαηνβ +

ηµβηνα). Now, after many algebraic manipulations seeking the inversion of the wave operator

Ôµν
λσ , we get

Dµν,αβ =
i

�(k)

{
N1

κ2ξ2(b · k)2�
P(1)

µν,αβ + P(2)
µν,αβ −

1
2

P(0−θ)
µν,αβ +

N4

2λκ2ξ2(b · k)2�2 P(0−ω)
µν,αβ

+
k2

�
Π(2)

µν,αβ +
N5

2ξ(b · k)2�
P̃(0−θω)

µν,αβ +
k2

ξ(b · k)�
Π̃(1)

µν,αβ +
N8

4ξ(b · k)�
Π̃(θΣ)

µν,αβ

−
√

3k2

2�
Π̃(θΛ)

µν,αβ +
k4

2�2 Π̃(ΛΛ)
µν,αβ +

N11

8ξ2(b · k)2�2 Π̃(ωΛ−a)
µν,αβ

+
N12

2ξ(b · k)2�2 Π̃(ωΛ−b)
µν,αβ +

N13

4κ2ξ2(b · k)3�2 Π̃(ωΣ)
µν,αβ +

N14

4ξ(b · k)�2 Π̃(ΛΣ)
µν,αβ

}
,

(7.6)

with �(k) and �(k) being given by

� (k) = k2 + ξ(b · k)2, (7.7)

and

� (k) = (b · k)2 − b2k2, (7.8)

where our attention will be devoted. Moreover, such propagator1 was verified to be physical

reasonable, since it is in agreement with causality and unitarity. Nevertheless, there is no

necessity of working with the full expression in our case, since all we need is fully contained

in the pole of the propagator, i.e., �(k). More so, it is important to mention that the pole

�(k) will be overlook due to the fact that it does not represent a physical mode, since it gives

rise to nonunitary dispersion relation in the spacelike configuration, and it has no positive

defined energy in the timelike configuration as well.

In possession of this, the following calculations will be performed in order to derive all

the main thermodynamic functions. For doing so, we proceed further seeking the number of

the available states of the system in order to build up the so-called partition function. Here,

we start with the following dispersion relation given by

k2 + ξ(b · k)2 = 0,

1If one is interested in any missing definitions of Eq. (7.6), see Ref. [503] for further details.
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and, in this sense, we take the unitary time like configuration for bµ, namely bµ = (1, 0),

which yields the accessible states of the system written as

Ω(ξ) =

�
Γ

π2

∫ ∞

0
(1 + ξ)3/2E2 dE, (7.9)

where
�
Γ is the volume of the thermal reservoir. Now, let us remind here that the link between

the thermal behavior and the macroscopic world is carried out by the partition function.

Then, we are properly able to write it down

ln [Z(β, Γ)] = −
�
Γ

π2

∫ ∞

0
(1 + ξ)3/2E2ln

(
1− e−βE

)
dE, (7.10)

where β = 1/κBT and T is the temperature of the Universe. The above expression is

similar to Bose-Einstein statistics but rather having a modification due to parameter ξ. In a

straightforward manner, using the advantage of taking into account Eq.(7.10), we can obtain

the thermodynamic functions per volume
�
Γ, namely, the Helmholtz free energy F(β, ξ), the

mean energy U(β, ξ), the entropy S(β, ξ) and the heat capacity CV(β, ξ), defined as follows:

F(β, ξ) = − 1
β

ln [Z(β, ξ)] ,

U(β, ξ) = − ∂

∂β
ln [Z(β, ξ)] ,

S(β, ξ) = kBβ2 ∂

∂β
F(β, ξ),

CV(β, ξ) = −kBβ2 ∂

∂β
U(β, ξ).

(7.11)

At the beginning, let us consider the mean energy

U(β, ξ) =
1

π2

∫ ∞

0

(1 + ξ)3/2E3 e−βE(
1− e−βE

) dE, (7.12)

which follows the spectral radiance given by:

χ(ξ, ν) =
(hν)3(1 + ξ)3/2 e−βhν

π2
(
1− e−βhν

) , (7.13)

where we have regarded E = hν, as h being the Planck constant and ν the frequency. The

plot of the above equation is exhibited in Fig. 7.1 concerning three different cases when

parameters ξ and β vary. This and other comments are better explained and discussed in

Section 7.3. Looking towards to recover the radiation constant of the Stefan-Boltzmann
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Fig. 7.1: The plots exhibit how the spectral radiance χ(ν) changes as a function of frequency
ν for different scenarios with h = 1.

energy, i.e., uS = αT4, we consider ξ −→ 0 leading to

α =
1

π2

∫ ∞

0

E3 e−βE(
1− e−βE

)dE =
π2

15
, (7.14)

which reproduces the well-established result in the literature [505]. Now, for the sake of

completeness, it is important to point out that hereafter, unless stated otherwise, all the

following computations will be performed having the temperature β = 10−13 GeV−1, κB = 1,

as well as the density per volume
�
Γ approach. In this sense, in order to check how the

coupling constant ξ affects the new radiation constant and all the remaining thermodynamic

functions, we proceed as follows:

α̃ ≡ U(β, ξ)β4, (7.15)

and we calculate the Helmholtz free energy

F(β, ξ) =
1

π2β

∫ ∞

0
(1 + ξ)3/2E2 ln

(
1− e−βE

)
dE, (7.16)
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the entropy

S(β, ξ) =
κB

π2

(
−
∫ ∞

0
(1 + ξ)3/2E2 ln

(
1− e−βE

)
+ β

∫ ∞

0

(1 + ξ)3/2E3 e−βE

1− e−βE

)
dE, (7.17)

and the heat capacity

CV(β, ξ) =
κBβ2

π2

(∫ ∞

0

(1 + ξ)3/2E4 e−2βE(
1− e−βE

)2 +
∫ ∞

0

(1 + ξ)3/2E4 e−βE

1− e−βE

)
dE. (7.18)

Now, having obtained these expressions, we can solve them and their following results are

displayed in Fig. 7.2. Notably, within the context of a linearized theory of gravity, there

exists a corresponding intrinsic entropy ascribed to any distribution of gravitational radiation

[506] and a well-behavior conjecture having the absence of an ultraviolet catastrophe [507].
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Fig. 7.2: The figure shows the correction to the so-called Stefan–Boltzmann law represented
by parameter α̃(ξ), the entropy S(ξ), the Helmholtz free energy F(ξ) and the heat capacity
CV(ξ), considering κB = 1 in the high temperature regime of the universe, namely, β = 10−13

GeV−1.
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7.2 Generalized model with Podolsky and Lee-Wick terms

Recently, in the literature, the authors proposed an effective model of higher-derivative

electrodynamics in the context of Lorentz violation which studies some classical aspects

regarding unitarity and causality from the propagator, i.e., it is proposed a generalized

model involving anisotropic Podolsky and Lee-Wick terms [271]. In such reference, it is

used the advantage of regarding the spin-projection operators [502, 239], seeking a closed

algebra in order to calculate the propagator of this respective theory. For doing so, the

prescription of a rank-2 symmetric tensor Dβα = (BβCα − BαCβ)/2 (where Bβ and Cα are

constant background four-vectors which account for Lorentz violation) has been invoked. In

this sense, it was considered a more general dimension-6 higher-derivative Lagrangian

L = −1
4

FµνFµν +
θ2

2
∂αFαβ∂λFλ

β + η2
1 Dβα∂σFσβ∂λFλα + η2

2 Dβα∂σFσλ∂βFαλ +
1

2ξ̃
(∂µ Aµ)2

(7.19)

where θ, η1 and η2 are coupling constants with positive defined values and ξ̃ is the gauge

fixing parameter to invert the wave operator associated with the Lagrangian of this theory.

Besides, Eq. (7.19) leads to the corresponding propagator2

Ξ̃να(k) = − i
k2∆(k)

{Γ̃(k)Θνα + [b′ − ξ̃∆(k)]Ωνα − iF̃(k)(Bνkα + Bαkν)

− 2η2
1 Dναk2Π̃(k)− iH̃(k)(Cνkα + Cαkν)

+ η4
1 BνBα[(C · k)2 − C2k2]k2 + η4

1CνCα[(B · k)2 − B2k2]k2},

(7.20)

where Γ̃(k) = η4
1 [(B · k)2 − B2k2][(C · k)2 − C2k2]− {1− θ2k2 − η2

1k2(B · C) + [η2
1 − 2η2

2 ]

× (B · k)(C · k)}2 and ∆(k) = [1− θ2k2 − η2
2(B · k)(C · k)] Γ̃(k). In addition, Eq. (7.19)

gives rise to the following dispersion relation

k2
[
1− θ2k2 − η2

2(B · k)(C · k)
]

Γ̃(k) = 0. (7.21)

Here, let us regard a timelike isotropic configuration characterized by Bµ = (B0, 0) and

Cµ = (C0, 0). This assumption gives rise to three independent dispersion relations to Eq.

(7.21) [271] as follows

E2
1 =

1
1 + 2η2

2 B0C0/θ2
k2 +

1
θ2 + 2η2

2 B0C0
, (7.22)

2Likewise in the previous section, for any missing definitions of Eq. (7.20), see Ref.[271] for further
details.
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E2
2 =

θ2

θ2 + 2η2
2 B0C0

k2 +
1

θ2 + 2η2
2 B0C0

, (7.23)

and

E2
3 =

θ2 + 2η2
1 B0C0

θ2 + 2η2
2 B0C0

k2 +
1

θ2 + 2η2
2 B0C0

, (7.24)

where, notably, the term 1 + 2η2
2 B0C0/θ2 may be identified as a dielectric constant mod-

ifying the usual Podolsky electrodynamics. In order to perform a complete analysis of the

thermal aspects of this theory displayed in Eq. (7.21), we shall examine our system consid-

ering all dispersion relations shown in Eqs. (7.22), (7.23), and (7.24). To do so, we consider

the following approach to acquire our results, namely, E2 = E2
1 + E2

2 + E2
3.

In possession of Eqs. (7.22), (7.23), (7.24) and considering a photon gas in a thermal

bath, the number of available states can be derived in a straightforward way:

Ω̄(θ, η1, η2, B0, C0) =
1

π2

∫ ∞

0
E

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

dE, (7.25)

yielding the partition function, which may be properly written as

ln[Z̄(θ, β, η1, η2, B0, C0)] = − 1
π2

∫ ∞

0
E

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

ln
(

1− e−βE
)

dE.

(7.26)

Additionally, it is important to mention that in different contexts, many works have been

made in such direction [272, 490, 489, 488, 356, 384] and a Podolsky term can be generated if

quantum corrections are taken into account regarding a condensation of topological defects

[332]. Here, from Eq. (7.26), an analogous process to calculate all those thermodynamic

quantities presented in the previous section can be performed as well. In this way, we have

the mean energy

Ū(θ, β, η1, η2, B0, C0) =
1

π2

∫ ∞

0
E2

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

(
e−βE

1− e−βE

)
dE,

(7.27)

which follows the spectral radiance

χ̄(θ, β, η1, η2, B0, C0) =
1

π2 E2

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

(
e−βE

1− e−βE

)
,

(7.28)

plotted in Fig. 7.3 for different values of η2. Again, the same procedure of inferring how the

new radiation constant of the Stefan–Boltzmann law behaves, namely ᾱ(θ, β, η1, η2, B0, C0),

is performed as well in what follows. Next, we derive all the remaining ones: the Helmholtz
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Fig. 7.3: This figure shows the behavior of the spectral radiance χ̄(ν) for different values of
η2 and ν. We consider fixed values of B0, C0 and θ, i.e., η1 = B0 = C0 = 1 and θ = 10,
in the context of the temperature in the inflationary era of the universe, i.e., β = 10−13

GeV−1.

free energy

F̄(θ, β, η1, η2, B0, C0) =
1

β2π2

∫ ∞

0
E

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

ln
(

1− e−βE
)

dE,

(7.29)

the entropy

S̄(θ, β, η1, η2, B0, C0) =− 1
π2

∫ ∞

0
E

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

ln
(

1− e−βE
)

dE

+
β

π2

∫ ∞

0
E2

(
2θ2 + 2η2

1 B0C0

θ2 + 2η2
2 B0C0

)−3/2√
E2 − 3

θ2 + 2η2
2 B0C0

(
e−βE
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and, finally, the heat capacity

C̄V(θ, β, η1, η2, B0, C0) = +
β2

π2
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(7.31)

Furthermore, the graphics of these quantities are displayed in Fig. 7.4. It is worth

mentioning that even though there exists the appearance of a minus sign in all those square

roots, as long as the positive defined values of θ and η2 are considered, the theory does not

possess any disturbing issues ascribed to imaginary energies. In addition, considering also

the CPT-even scenario, the authors calculated the contribution to the free energy in the

rotationally invariant Lorentz-violating quantum electrodynamics as well as the correction

to the pressure for one-and two-loop approximations at high temperature regime [508].

7.3 Results and discussions

At the beginning, we started off with the subsequent discussion regarding the thermo-

dynamic aspects of the graviton with Lorentz violation. In this sense, we proceeded the

calculations seeking the number of available states of the system which came from the given

dispersion relation exhibited in Eq. (7.7). From it, the so-called partition function was built

up in Eq. (7.10) which sufficed to provide all the required thermodynamic functions, i.e.,

the spectral radiance χ(β, ξ), the mean energy U(β, ξ), the Helmholtz free energy F(β, ξ),

the entropy S(β, ξ) and the heat capacity CV(β, ξ).

Next, in Fig 7.1, the spectral radiance was plotted for three different cases, namely, on the

top left, the graphic exhibited how χ(ν) changed as a function of ν for a fixed temperature

β = 10−13 GeV−1; on the top right, it was shown how χ(ν) evolved for diverse values of ξ and

β; on the other hand, on the bottom one, the plot presented the behavior of χ(ν) for distinct

temperatures considering ξ = 1. Besides, in Fig 7.2, it was displayed the modification

to the Stefan–Boltzmann law represented by parameter α̃(ξ) exhibiting the characteristic

of a monotonically increasing function. The same behavior was also presented when one

considered the entropy S(β, ξ) and the heat capacity CV(β, ξ). However, having a different

behavior from the other ones, the Helmholtz free energy F(β, ξ) showed a monotonically

decreasing function when ξ started to increase.

Now, let us take into account the theory of generalized Podolsky with Lee-Wick terms.

Likewise, we calculated the same thermodynamic functions for this case. In Fig. 7.3 is
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Fig. 7.4: The figure displays the correction to the so-called Stefan–Boltzmann law repre-
sented by parameter ᾱ(η2), the entropy S̄(η2), the Helmholtz free energy F̄(η2) and the
heat capacity C̄V(η2) considering κB = 1 in the inflationary epoch of the universe, i.e.,
β = 10−13 GeV−1.

displayed how the spectral radiance evolved when η2 and ν changed for fixed values of β,

B0, C0 and θ, i.e., β = 10−13 GeV−1, η1 = B0 = C0 = 1 and θ = 10 respectively. In such

direction, it is worth mentioning that there was an intriguing point due to the fact that when

one considered η2 > 9, one obtained a sudden behavior of such plot, namely, the flatness

characteristic of the spectral radiance χ̄(η2, ν).

Furthermore, in Fig. 7.4, the correction to the Stefan–Boltzmann law characterized by

ᾱ(η2) was shown to have an expressive positive curvature of such curve for huge values

of η2. This differed from the analysis accomplished by the study of the graviton modified

by Lorentz violation, since the latter showed a very smooth curvature. Now, considering

both the entropy S̄(η2) and the heat capacity C̄V(η2), we verified that they presented a

monotonically increasing function with a very smooth curvature when η2 changed, being

similar to those aspects concerning the study of the thermodynamic properties of the graviton

in the context of Lorentz violation. Finally, having an analogous behavior of such theory, the
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Helmholtz free energy F̄(η2), showed a monotonically decreasing curve when η2 changed.



8. HIGHER-DERIVATIVE LORENTZ-BREAKING

DISPERSION RELATIONS: A THERMAL DE-

SCRIPTION

8.1 Thermodynamical aspects of CPT-even higher-derivative

LV theory

Here, let us consider the higher-derivative LV theories. To study their thermodynamical

aspects, we will define the dispersion relations of these theories in which are generally suffi-

cient to obtain various related quantities such as free energy [353]. Our first example is the

following dispersion relation [509]:

E2 = k2 + σ4k6. (8.1)

Clearly, if we consider σ → 0, the usual dispersion relation E2 = k2 is recove. Physically,

such a relation can arise in Horava-Lifshitz-like theories involving both z = 1 and z = 3
terms in the spatial sector, e.g. in a scalar field model characterized by the Lagrangian

L = 1
2 φ(2+ σ4(∇2)3)φ, in a spinor model involving terms with these values of z [510], and

perhaps for some degrees of freedom of a certain LV gauge theory or, a Horava-Lifshitz-like

gravity model involving z = 3 and z = 1 terms [511]. Let us briefly discuss the possible

physical significance of these relations. It must be noted that the usual Lorentz-breaking

extensions of various field theory models conside within phernomenological context – their

full list is given in [344] – have rather a different form since they involve the same orders in

space and time derivatives until we choose the special form of Lorentz-breaking parameters.

More so, the models involving the dispersion relations like (8.1) can also be regarded for

studies of various physical problems; for instance, one of the most important applications of

this model has been developed in [512] where it was used for an investigation of gamma-ray

bursts in the Lorentz-breaking context and allowed to estimate the characteristic energy of

quantum gravity mass. It is easy to see that the dispersion relation in Eq. (8.1) gives rise

to six solutions. Nevertheless, only one of them allows us to work on a positive defined real

117
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spatial momentum. In this sense, we can write the solution of Eq. (8.1) as being

k =

 3
√√

3
√

4σ12 + 27σ16E4 + 9σ8E2

3
√

2 32/3σ4
−

3
√

2
3

3
√√

3
√

4σ12 + 27σ16E4 + 9σ8E2

1/2

. (8.2)

Next, we take the advantage of using the formalism of the partition function in order to derive

all relevant thermodynamic quantities i.e., Helmholtz free energy, mean energy, entropy and

heat capacity. Initially, we calculate the number of accessible states of the system [513, 56,

53, 514]. By definition, it can be represented as

Ω(E) =
ζ

(2π)3

∫ ∫
d3x d3k, (8.3)

where ζ is the spin multiplicity whose magnitude in the photon sector is ζ = 2 [357]. More

so, Eq. (8.3) can be rewritten as

Ω(E) =
V
π2

∫ ∞

0
dk|k|2, (8.4)

where V is the volume of the thermal reservoir and the integral measure dk is given by

dk =

3
√
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(
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Next, we substitute (8.2) and (8.5) in (8.4), which yields

Ω(σ) =
V
π2

∫ ∞

0
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(8.6)
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and, therefore, we can explicitly write down the partition function in a manner similar to

Refs. [357, 515] as follows:

ln [Z(β, Γ, σ)] =− V
π2

∫ ∞

0
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(8.7)

where β = 1/(kBT) is the inverse of the temperature. From Eq. (8.7), the thermodynamic

functions can be derived. It is important to mention that all our calculations will provide

the values of these functions per volume V. The thermal functions of interest are defined as

F(β, σ) = − 1
β

ln [Z(β, σ)] ,

U(β, σ) = − ∂

∂β
ln [Z(β, σ)] ,

S(β, σ) = kBβ2 ∂

∂β
F(β, σ),

CV(β, σ) = −kBβ2 ∂

∂β
U(β, σ).

(8.8)

Primarily, let us focus on the mean energy

U(β, σ) =
V
π2

∫ ∞

0
dEE
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which implies the following spectral radiance:

χ(σ, ν) =
hν

π2
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Here, E = hν where h is the well-known Planck constant and ν is the frequency. Now, let

us examine how the parameter σ affects the spectral radiance of our theory. In addition, it

must be noted that, despite of showing explicitly the constants h, kB, to obtain the following

calculations, we choose them as being h = kB = 1. At the beginning, we examine how

the black body spectra can be modified by the parameter σ. Moreover, we consider three

different configurations of temperatures for our system, namely, CMB (T = 10−13 GeV),

electroweak epoch (T = 103 GeV) and inflationary era (T = 1013 GeV).

The results displayed at Fig. 8.1 show that the only one configuration of the black

body radiation took a proper place in a prominent manner (in terms of shape of the curve)

– it was with the CMB temperature. Furthermore, taking into account the electroweak

scenario, we see that the graphics started to increase reaching maxima peaks and, then,

tended to attenuate their values until having a constant behavior. On the other hand, to

the inflationary temperature, the plots show a behavior closer to Wien’s energy density

distribution [176].

Another interesting aspect to be verified is the correction to the Stefan–Boltzmann law

ascribed to the parameter σ. In order to do this, let us define the constant:

α̃ ≡ U(β, σ)β4. (8.11)

As it can easily be noted, the above expressions are unsolvable analytically. Thereby,

the calculations will be performed numerically. Analogously, we regard the same previous

configurations of temperature and the plots are exhibited in Fig. 8.2. For the CMB tem-

perature, the curve exhibits a constant behavior of α. Moreover, to the electroweak epoch,

we have a decreasing function α̃ when σ started to increase. The inflationary era, on the

other hand, shows an increasing function of α̃ for positive changes of σ. To this latter case,

for α̃ < 20, the system seems to show instability. Next, we shall acquire all the remaining
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Fig. 8.1: The plots exhibit the spectral radiance χ(ν) changing for different values of fre-
quency ν and the Lorentz-breaking parameter σ (its unit is GeV−1). The top left (dotted)
is the configuration to the cosmic microwave background, i.e., β = 1013 GeV−1; the top
right (dot-dashed) is ascribed to the electroweak configuration, i.e., β = 10−3 GeV−1; the
bottom plot shows the black body radiation to the inflationary period of the Universe, i.e.,
β = 10−13 GeV−1.

thermodynamic properties in what follows.

Using the expressions above, we can first obtain the Helmholtz free energy as being

F(β, σ) =
V

βπ2
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Fig. 8.2: The figure shows the correction to the Stefan–Boltzmann law ascribed to parameter
α̃ as a function of σ (its unit is GeV−1) for the temperatures of cosmic microwave background
(top left), electroweak scenario (top right) and the early inflationary universe (bottom).

the entropy
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and, lastly, the heat capacity

CV(β, σ) =
VkBβ2
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Their behaviors are shown in Figs. 8.5, 8.6, and 8.7 respectively. Moreover, the thermal

quantities were also calculated [469, 470, 384, 516, 517, 518] into different contexts. In the

context of CMB, all of them turned out to have no contribution to our calculations. For

Helmholtz free energy, we obtained decreasing curves with an expressive curvature when σ

increases for both electroweak and inflationary cases. The entropy, on the other hand, showed

a decreasing behavior for different values of σ for both electroweak and inflationary cases.

It is worth mentioning that such behavior does not imply an instability since the entropy is

still an increasing function when it is analyzed against the temperature for fixed values of

σ – as it should be. Lastly, the heat capacity exhibited a strong increasing behavior when

σ started to change for both cases as well, i.e., the CMB and the inflationary temperatures.

In principle, this fact might signalize the possibility of some phase transition at some large

σ; nevertheless, this hypothesis requires further investigation.

Whenever we are dealing with the thermodynamic systems, one question naturally arises:

what is the form of the equation of state when the parameter σ, which characterizes the

magnitude of Lorentz symmetry breaking, is taken into account? To answer such a question,
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we must start with the following relation:

dF = −S dT − p dV, (8.15)

which, immediately, implies
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Here, we focus on the study of the behavior of pressure – which leads to the equation of

states. After introducing new dimensionless variable t = σE, we get

p =
1

σ3βπ2

∫ ∞

0
dt ln(1− e−

β
σ t)F(t);

F(t) = −21/63−7/6 t√
4 + 27t4

[
(χ(t))−1/3 +

1
3
√

18
(χ(t))1/3

]
·

√
(χ(t))2/3 − 121/3

(χ(t))1/3 ;

χ(t) =
√

3 ·
√

4 + 27t4 + 9t2. (8.17)

With these above expressions, let us examine some limits. Initially, at the very high temper-

ature limit, namely
β
σ = 1

σT � 1, we perform the expansion in the Taylor series. After that,

only the first two terms are considered, which yields p = 1
σ3βπ2

β
σ

∫ ∞
0 dtF(t)t = ch

σ4π2 , where

ch =
∫ ∞

0 dtF(t)t, i.e., at T → ∞ (β → 0), the pressure tends to a constant. Such behavior

is displayed in Fig. 8.3; next, at the natural limit of low Lorentz symmetry breaking or low

temperature, one has
β
σ � 1. In this case, the exponential is strongly suppressed, and one

has p = cl
σ3βπ2 , where cl =

∫ ∞
0 dtF(t), i.e., the pressure grows linearly with the temperature.

Thereby, its corresponding behavior is shown in Fig. 8.4.
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Fig. 8.3: This figure shows the behavior of the equation of states when the high temperature

limit, namely
β
σ � 1, is taken into account.

Fig. 8.4: This figure shows the behavior of the equation of states when the low temperature

limit, namely
β
σ � 1, is taken into account.

8.2 Thermodynamical aspects of CPT-odd higher-derivative

LV theory

In this section, let us consider the theory described by the following dispersion relation

[519]:

E2 + αlE3 + βlEk2 = k2 + m2. (8.18)

where l is a parameter characterizing the intensity of the Lorentz symmetry breaking. It

is clear that in the limit l → 0, the standard massive dispersion relation E2 = k2 + m2 is

recovered. Such a relation, being similar to relations studied in Ref. [377], can arise e.g. in a

scalar field theory with the higher-derivative quadratic Lagrangian of the scalar field looking

like L = 1
2 φ(2 + m2 + ρµνλ∂µ∂ν∂ρ)φ, with ρµνλ being a completely symmetric third-rank
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Fig. 8.5: The figure shows the modification of the Helmholtz free energy F(σ) due to the pa-
rameter σ (its unit is GeV−1) considering the temperatures of cosmic microwave background
(top left), electroweak scenario (top right) and the early inflationary universe (bottom).

tensor whose only non-zero components are ρ000 = βl, and ρ0ij = 1
3 αlδij. In principle, it is

natural to expect that such a relation, in the massless case, can also arise in a specific higher-

derivative LV extension of QED. In particular, the dispersion relation displayed in Eq. (8.18)

can be applied to understand how Planck-scale effects may affect translation transformations.

This is relevant due to the fact that it carries the information on the distance between source

and detector, and it factors in the interplay between quantum-spacetime effects and the

curvature of spacetime [520, 519]. In the literature, some propositions are addressed in the

context of gamma-ray-burst neutrinos and photons [521], and IceCube and GRB neutrinos

[520].

Thereby, we restrict ourselves to a particular massless case, i.e., we set m = 0, α = 1 and

β = 1. In this sense, it is convenient to rewrite Eq. (8.18) as

k2 =
E2 + lE3

1− lE
, (8.19)

where, analogously with the previous section, the accessible states can be derived:

Ω̄(l) =
Γ

2π2

∫ ∞

0

(
E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
dE. (8.20)
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Fig. 8.6: The plots show the modification to the entropy S(σ) as a function of σ (its unit
is GeV−1) considering the temperatures of cosmic microwave background (top left), elec-
troweak scenario (top right), and the early inflationary universe (bottom).

With this, we are able to write down the corresponding partition function as follows

ln [Z̄(β, l)] = (8.21)

= − Γ
π2

∫ ∞

0

(
E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
ln
(

1− e−βE
)

dE.

Using Eq. (8.22), we can obtain the thermodynamic functions per volume Γ as well. Here,

we provide the calculation of Helmholtz free energy F̄(β, l), mean energy Ū(β, l), entropy

S̄(β, l), and heat capacity C̄V(β, l). Let us start with the mean energy

Ū(β, l) =
1

π2

∫ ∞

0
E
(

E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
e−βE(

1− e−βE
)dE,

(8.22)

which implies the spectral radiance given by:

χ̄(l, ν) = (hν)

(
(hν)2 + l(hν)3

1− l(hν)

)1/2 [
(2(hν) + 3l(hν)2)(1− l(hν)) + l((hν)2 + l(hν)3)

(1− l(hν))2

]
×

× e−β(hν)(
1− e−β(hν)

) . (8.23)
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Fig. 8.7: The plots show the modification to the heat capacity CV(σ) as a function of σ
(its unit is GeV−1) considering the temperatures of cosmic microwave background (top left),
electroweak scenario (top right), and the early inflationary universe (bottom).

The respective plots of these thermal quantities are presented in Fig. 8.8. Here, we show the

black body radiation spectra for different values of l corresponding to the Cosmic Microwave

Background, electroweak epoch and inflationary era of the Universe. Moreover, the black

body radiation shape is maintained for the three of them, differently what happened in our

first example in the previous section. Note that when l → 0, we recover the usual radiation

constant of the Stefan–Boltzmann law, namely, uSB = αT4. In other words, we have

α =
1

π2

∫ ∞

0

E3 e−βE(
1− e−βE

)dE =
π2

15
. (8.24)

Furthermore, for the sake of examining how the parameter l affects the correction to the

Stefan–Boltzmann law, we also consider

ᾱ ≡ U(β, l)β4. (8.25)

The plots are exhibited in Fig. 8.9 taking differently into account three scenarios, i.e., the

temperatures of: CMB, electroweak epoch and the early inflationary era of the universe.

Furthermore, the high-energy limit 2E + 3lE2 � 1− lE is also regarded. Here, when the

CMB temperature is considered, we see a constant behavior of the curve. On the other hand,
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Fig. 8.8: The plots show how the spectral radiance χ̄(ν) changes as a function of frequency
ν and l(whose dimension is m · kg−1/2 · s−1) for three different cases. The top left (dotted)
is configuration to the cosmic microwave background, i.e., β = 1013 GeV−1; the top right
(dot-dashed) is ascribed to the electroweak configuration, i.e., β = 10−3 GeV−1; the bottom
plot shows the black body radiation to the inflationary period of the Universe, i.e., β = 10−13

GeV−1.

to the electroweak scenario, we obtain a monotonically increasing function as l changes.

Finally, in the inflationary era, we also have a stable model showing a rising behavior when

l increases.

In the same manner, the remaining thermodynamic functions can be explicitly computed:

F̄(β, l) =
1

π2β

∫ ∞

0

(
E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
ln
(

1− e−βE
)

dE,

(8.26)

S̄(β, l) =
kB

π2

∫ ∞

0

{
−
(

E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
ln
(

1− e−βE
)

+E
(

E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
e−βE

1− e−βE

}
dE,
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Fig. 8.9: The figure shows the correction to the Stefan–Boltzmann law represented by param-
eter ᾱ as a function of l(whose dimension is m · kg−1/2 · s−1) considering the temperatures
of cosmic microwave background (top left), electroweak scenario (top right), and the early
inflationary universe (bottom).

C̄V(β, l) =
kBβ2

π2

∫ ∞

0
dE× (8.27)

×
{

E2
(

E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
e−2βE(

1− e−βE
)2

+ E2
(

E2 + lE3

1− lE

)1/2 [
(2E + 3lE2)(1− lE) + l(E2 + lE3)

(1− lE)2

]
e−βE

1− e−βE

}
.

Initially, we provide the analysis of the Helmholtz free energy displayed in Eq. (8.26); it

is considered within three different scenarios of the Universe: CMB, primordial electroweak

epoch, and inflationary era. All these results are demonstrated in Fig. 8.10, which displays

a trivial contribution to the first case, and a decreasing characteristic for the latter two

ones. Next, we examined the entropy which was shown in Eq. (9.9); we investigated such

thermal function in the same different scenarios of the Universe. All these considerations

were shown in Fig. 8.11, which exhibited the same trivial contribution to the first case,

despite of showing an increase characteristic to the latter two ones. Finally, we studied

the heat capacity exhibited in Eq. (8.28); we also examined this thermal function in the

same different scenarios of the Universe. All these considerations were shown in Fig. 8.12,
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exhibiting a trivial contribution to the first case as well, and increasing curves for the next

two ones.
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Fig. 8.10: The figure shows the modification of the Helmholtz free energy F̄ as a function
of l(whose dimension is m · kg−1/2 · s−1) considering the temperatures of cosmic microwave
background (top left), electroweak scenario (top right), and the early inflationary universe
(bottom).

Here, just as we did in the previous section, we also present the analysis of the equation

of state. Moreover, since there is no analytical solution to perform our analysis, we have

to consider a particular limit to obtain its magnitude as we did before. The limit that we

study is (E2 + lE3)1/2/(1− lE)2 � 1. With it, we obtain the following expression

p =
1

45π2 T6
[

270l2ζ(5) + 4π4 l
T

+ 90
1

T2 ζ(3)

]
, (8.28)

where ζ(s) is the Riemann zeta function defined by

ζ(s) =
∞

∑
n=1

1
ns =

1
Γ(s)

∫ ∞

0

xs−1

ex − 1
dx, Γ(s) =

∫ ∞

0
xs−1e−xdx. (8.29)

The behavior of Eq. (8.28) is displayed in Fig 8.13. Differently with what happens to the

model involving σ, the dispersion relation coming from Eq. (8.18) has a fascinating feature:

the shape exhibited to the equation of states turns out to be sensitive to the modification of
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Fig. 8.11: The figure shows the modification of the entropy S̄ as a function of
l(whose dimension is m · kg−1/2 · s−1) considering the temperatures of cosmic microwave
background (top left), electroweak scenario (top right) and the early inflationary universe
(bottom).

the values of l. Furthermore, note that, if we consider l → 0, we obtain

p =
90ζ(3)

45π2 T4. (8.30)
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Fig. 8.12: The figure shows the modification of the heat capacity C̄V as a function of
l(whose dimension is m · kg−1/2 · s−1) considering the temperatures of cosmic microwave
background (top left), electroweak scenario (top right) and the early inflationary universe
(bottom).
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Fig. 8.13: The figure shows the equation of states for different values of p, T, and
l(whose dimension is m · kg−1/2 · s−1).



9. BOUNCING UNIVERSE IN A HEAT BATH

9.1 Modified dispersion relations and their thermodynamical

impacts

Here, we start from a general modified dispersion relation in the context of doubly special

relativity (DSR) [522, 523, 524, 525]

E2 f 2(lPE) = k2g2(lPE) + m2 (9.1)

where E is the energy, lP is the Planck length, defining the fundamental energy scale playing

the key role within the DSR, and m is the mass; more so, f (lPE), g(lPE) are arbitrary func-

tions and k is the momentum of the particle. The key idea of this concept (for motivations

and more detailed discussions, see f.e. [522]) is that the dispersion relations are assumed

to be characterized by an additional constant, describing the characteristic energy scale –

the Planck energy. As a result, the dispersion relations, at small energies, behave as usual

ones, while at higher energies, their deformation, and consequent difference from the usual

relativistic scenario, becomes to be the crucial effect. Due to the presence of two constants,

that is, the speed of light and the energy scale, this concept was defined as doubly special

relativity. It is worth mentioning that the modified dispersion relation coming from Eq.

(9.1) has been used as a basis for investigations of black holes [376] and rainbow spacetimes

[526, 527, 528]. Note that, if one considers the limit where f (lPE) = g(lPE) ≈ 1, i.e., within

a low energy domain 1� lPE, one naturally recovers the usual massive dispersion relation

E2 − k2 = m2. An example of a specific choice of the parameters f (lPE) and g(lPE), was

done in Ref. [362, 529], explicitly,

g(lPE) = 1, f (lPE) =

√
sin2(η2lPE)

η2l2
PE2

(9.2)

which implies
1

η2lP
sin(η2lPE) =

√
k2 + m2 (9.3)

135
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where η is a dimensionless parameter. The specific choices of the functions g(lPE), and

f (lPE) presented in Eq. (9.2), as well as in the modified dispersion relation (9.3) are mainly

motivated by the study of black hole thermodynamics [527, 530, 531]. Furthermore, as

argued in [362], such a choice of the modified dispersion relation can generate bouncing so-

lutions through a thermodynamical approach of general relativity with an apparent horizon.

With this, the accessible state of the system, namely, Ω(E), can properly derived as

Ω(E) =
Γ

π2

∫ 1
η2l2

P
sin2(η2lPE) cos(η2lPE) dE (9.4)

where Γ is the volume of the reservoir1. Here, we are able to proceed with calculations

derived from Eq. (9.4) in a analytical manner. It is worth mentioning that such analytical

studies involving thermodynamic properties in the context of Lorentz symmetry violation

were performed only in rare cases. Moreover, from Figs. 9.1, 9.2, 9.3, we accomplish an

analysis taking into account low through high-energy temperatures to the accessible states

of the system, e.g., we consider three distinct periods of the universe: the inflationary period

(T = 1013 GeV), the electroweak epoch (T = 103 GeV), and cosmic microwave background

radiation (T = 10−13 GeV).

Fig. 9.1: The accessible states of the system to the inflationary period.

We see that the plots displayed in Figs. 9.1, and 9.2 have a similar behavior differing from

each other mainly in the energy scale. On the other hand, in the CMB scenario exhibited

in Fig. 9.3, the accessible states of the system turn out to be sheets having, therefore, their

behavior less complex than the two previous cases. Here, for a better comprehension, let us

introduce a generic definition of the partition function for an indistinguishable spinless gas

[53]:

Z(T, Γ, N) =
1

N!h3N

∫
dq3Ndp3Ne−βH(q,p) ≡

∫
dE Ω(E)e−βE, (9.5)

where q is the generalized coordinates, p is the generalized momenta, N is the number of

1For the sake of simplicity, hereafter, we will consider the following calculations in a per volume approach.
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Fig. 9.2: The accessible states of the system to the electroweak period.

Fig. 9.3: The accessible states of the system to the cosmic microwave background.

particles, H is the Hamiltonian of the system, h is the Planck’s constant. Nevertheless, Eq.

(9.5), does not account for the spin of the particles that we are dealing with. In our case,

we have considered photons (bosons) which reads:

ln[Z] =
∫

dE Ω(E)ln[1− e−βE], (9.6)

where the factor ln[1− e−βE] accounts for the Bose-Einstein statistics. Next, after using Eq.
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(9.4), the partition function can be written in a straightforward manner as

ln[Z(β, η, lP)] =− 1
π2

∫ ∞

0

1
η2l2

P
sin2(η2lPE) cos(η2lPE) ln

(
1− e−βE

)
dE

=− π2

η2l2
P

βeβE+iη2lPE
2F1

(
1, ilPη2+β

β ; ilPη2+2β
β ; eβE

)
−8η4l2

P + 8iβη2lP

+
1

72l2
Pη4

+
3iβη2lPeE(β+3iη2lP)

2F1

(
1, 3ilPη2

β + 1; 3ilPη2

β + 2; eβE
)

β + 3iη2lP

−
9βη2lPeE(β−iη2lP)

2F1

(
1, 1− ilPη2

β ; 2− ilPη2

β ; eβE
)

η2lP + iβ

−
3iβη2lPeE(β−3iη2lP)

2F1

(
1, 1− 3ilPη2

β ; 2− 3ilPη2

β ; eβE
)

β− 3iη2lP

−18β cos
(

η2lPE
)

+ 2β cos
(

3η2lPE
)

+ 18η2lPln
(

1− e−βE
)

sin
(

η2lPE
)

−6η2lPln
(

1− e−βE
)

sin
(

3η2lPE
)]} ∣∣∣∣∣

∞

0

= −
π2
{

8β + 3πη2lP

[
coth

(
3πη2lP

β

)
− 3 coth

(
πη2lP

β

)]}
72η6l4

P
,

(9.7)

where β = 1/κBT and F1 is the hypergeometric function. Here, with the partition function,

all quantities of interest can be derived using the definitions below:

F(β, η, lP) = − 1
β

ln [Z(β, η, lP)] ,

U(β, η, lP) = − ∂

∂β
ln [Z(β, η, lP)] ,

S(β, η, lP) = kBβ2 ∂

∂β
F(β, η, lP),

CV(β, η, lP) = −kBβ2 ∂

∂β
U(β, η, lP).

(9.8)

It is worth mentioning that regarding the thermal aspects, other previous studies were

derived in different scenarios [469, 470, 532, 533, 384, 360] as well. In other to accomplish
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our investigation, we begin to analyze the mean energy which takes the form

U(β, η, lP) =
1

π2

∫ ∞

0

1
η2l2

P
sin2(η2lPE) cos(η2lPE)

e−βE

1− e−βE dE

=
1

72l4
Pπ2η6

×
{(
−9 sin

(
Eη2lP

)
− 9i cos

(
Eη2lP

)) [
Eη2lP 2F1

(
1,− ilPη2

β
; 1− ilPη2

β
; cosh(βE) + sinh(βE)

)
−i 3F2

(
1,− ilPη2

β
,− ilPη2

β
; 1− ilPη2

β
, 1− ilPη2

β
; cosh(βE) + sinh(βE)

)]
+
(
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Here, notice that this expression displays a fascinating effect: after considering the limits

of integration, the mean energy does not yield any contribution besides the trivial one.

Moreover, from Eq. (9.9), we immediately obtain the spectral radiance given by

χ(η, lP, ν) =
1

π2η2l2
P

sin2(η2lPhν) cos(η2lPhν)
e−βhν

1− e−βhν
, (9.10)

where we have considered E = hν, being h the Planck constant2 and ν the frequency. The

plots of such a radiance are displayed in Figs. 9.4, and 9.5. Specifically, for the Fig. 9.4,

we examine how the parameter lP modifies the accessible states of the system. Further, in

Fig. 9.5, we perform the same examination for the parameter η though. Intriguing, for

2For the sake of simplicity, we shall consider κB = h = 1.
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both scenarios, the behavior of the spectral radiance turned out to be unusual. This occurs

because they exhibited a fluctuation between positive and negative values of frequency as

a mirror. Moreover, this might indicate instability from the starting model mainly perhaps

due to the periodic characteristic of the dispersion relation of Eq. (9.3).
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Fig. 9.4: The spectral radiance to inflationary (top left), electroweak (top right) and cosmic
microwave back ground (the bottom) periods of the universe for different values of lP.
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Fig. 9.5: The spectral radiance to inflationary (top left), electroweak (top right) and cosmic
microwave back ground (the bottom) periods of the universe for different values of η.

Next, we calculate the Helmholtz free energy

F(β, η, lP) =
1

βπ2
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(9.11)
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Differently from the result encountered in the mean energy, for the case of the Helmholtz

free energy, we arrive at a nontrivial solution after substituting the limits of integration.

The behavior of such thermodynamic function is displayed in Fig. 9.6 and Fig. 9.7. In Fig.

9.6, we plot such thermal function for different values of lP. Likewise, in Fig. 9.7, we study

the behavior for rather distinct values of the parameter η.

In general, these curves totally agree with the known results, except in the case when we

consider the temperature of the cosmic microwave background, i.e., T = 10−13 GeV. The

graphics indicate that there exist oscillations between positive and negative values. In this

case, it might indicate that our system is close to the bouncing region and, therefore, some

disturbing/unusual consequences might take place.
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Fig. 9.6: The Helmholtz free energy for different values of lP.

Furthermore, one important thermodynamic function to be taken into account is the
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Fig. 9.7: The Helmholtz free energy for different values of η.

entropy. In this sense,

S(β, η, lP) =
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The behavior of the entropy agrees with the previously known results from low through

high-temperature regimes; in other words, this means that the second law of the thermo-

dynamics is maintained, as it is natural to expect. Nevertheless, additionally of what was

discussed in Refs. [362, 524], a confusing behavior was also revealed in Figs. 9.8 and 9.9

for the very low temperatures (the cosmic microwave background temperature): negative

values of the entropy aroused. This might also be related to the bouncing region.

The critical temperature for both configuration of entropy and Helmholtz free energy

was T ≤ 3.5× 10−5 GeV. In this regime, the system seems to display instability since the

thermal quantities entropy and Helmholtz free energy showed fluctuation between negative

and positive values.

0 2.× 10-144.× 10-146.× 10-148.× 10-141.× 10-13

-2.× 10-10

-1.× 10-10

0

1.× 10-10

2.× 10-10

T



lP=15

lP=20

lP=30

lP=40

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010

0

5.× 10-11

1.× 10-10

1.5× 10-10

2.× 10-10

T



lP=15

lP=20

lP=30

lP=40

0 2 4 6 8 10

0

2.× 10-6

4.× 10-6

6.× 10-6

8.× 10-6

T



lP=15

lP=20

lP=30

lP=40

0 2× 1012 4× 1012 6× 1012 8× 1012 1× 1013
0

2.× 10-6

4.× 10-6

6.× 10-6

8.× 10-6

T



Fig. 9.8: Entropy for different values of lP.
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Fig. 9.9: Entropy for different values of η.
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Finally, the heat capacity is found to look like

CV(β, η, lP) =
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Therefore, just as occurred for the mean energy, the heat capacity turned out to yield only

the trivial contribution after performing the limits of integration.



10. CONCLUSION AND PERSPECTIVES

This thesis was aimed at investigating the thermodynamic properties of diverse field

theories concerning high-energy and condensed matter physics. More so, we used the theory

of ensembles to derive our calculations. Initially, we provide the thermodynamic properties

based on the formalism of canonical ensemble to the Aharonov-Bohm quantum ring. Next,

we constructed a model in order to study quantum gases. In this context, we studied bosons,

fermions and spinless particles within the grand-canonical ensemble taking into account two

different approaches: interacting and noninteracting particles. To corroborate our results,

we applied them to the Bose-Einstein condensate and to the helium dimmers 3He and 4He.

The same model was applied considering rather the Lorentz violation. Moreover, to the latter

case, we also proposed two applications to support our theoretical calculations: phosphorene

and spin precession. Next, the thermal aspects were investigated as well to a variety of

models/theories (regarding different dispersion relations) when the Lorentz symmetry was

no longer maintained within the canonical ensemble. To these cases, three distinct scenarios

were consider to the universe: the cosmic microwave background, the electroweak epoch, and

the inflationary period. Particularly, all these features are precisely highlighted as follows:

In chapter 2, we had the purpose of investigating the thermodynamic properties of an

Aharonov-Bohm quantum ring in a heat bath regarding both relativistic and non-relativistic

cases in the canonical ensemble at finite temperature. Initially, we calculated the energy

spectrum and the eigenfunctions for the relativistic case, and we took a low-energy limit

where the nonrelativistic energy spectrum was recovered. In both cases, the energy spec-

trum turned out to be non-degenerate. Since the exact partition function did not have a

closed form for carrying out our calculations, we assumed the strong field approximation and

we employed the Euler-Mclaurin summation formula to evaluate numerically the partition

function. Once determined the partition function, all the main thermodynamic quantities

could be derived, namely the Helmholtz free energy F, the mean energy U, the entropy S
and the heat capacity CV . Their respective graphics were plotted for several values of T
and different magnetic fluxes Φ’s. As a result, we noticed that the well-known Dulong-Petit

law was satisfied and the relativistic specific heat was twice in comparison with the non-

relativistic limit. Finally, we expect that our results may be used as a useful tool to study

these thermal properties in agreement with experiments.

147



148

In chapter 3, we examined the behavior of the thermodynamic functions for different

geometries, i.e., spherical, cyllindrical, ellipsoidal and toroidal ones; we primarily used the

canonical ensemble for spinless particles. Moreover, noninteracting gases were also taken into

account for the same geometries with the usage of the grand canonical ensemble description.

A study of how geometry affected the system of spinless particles, fermions and bosons

was provided as well. Moreover, two applications were given to corroborate our results:

the Bose-Einstein condensate and the helium dimer. Furthermore, for the bosonic sector,

independently of the geometry, the entropy and internal energy turned out to be greater than

for the fermionic case; a standard ordering of the sizes of the computed quantities repeatedly

occurred for both systems: Ellipsoid > Cylinder > Sphere. Also, it is worth mentioning

that, for the toriodal case, there was an “inversion point” at 3 K due to the winding number.

Thereby, we saw a modification in the thermal properties due to the topological parameter

α. Finally, we constructed a model to provide a description of interacting quantum gases;

it was implemented for three different cases: a cubical box, a ring, and a torus. Such an

interaction sector turned out to be more prominent since all results were derived analytically.

Another promising aspect to be investigated in condensed-matter physics, is the thermal

properties of anisotropic systems (with or without considering Lorentz violation [534]). Such

anisotropy may reveal new phenomena which can be confronted with experimental physics

afterwards. In the case of phosphorene, one can assume electrons to have an anisotropic

effective mass [494], which raises many possibilities: if we confine these electrons to a box,

collisions with the walls will depend on the angle that the wall makes with the preferred

direction that describes the anisotropy. More so, phonons behave likewise in such systems.

The chapter 5 aimed at studying the thermodynamic aspects of interacting quantum

gases when Lorentz violation took place. We investigated the physical consequences of

taking into account both fermion and boson sectors. In order to proceed further, we have

utilized the grand canonical ensemble as the starting point. Next, we obtained the so-

called grand canonical partition function to address analytically all calculations of interest,

namely, the particle number, the mean total energy, the entropy and the pressure. Moreover,

the first three ones turned out to behave as extensive quantities although the presence of

Lorentz-violating terms.

For fermion modes, we considered a system provided by scalar, vector, pseudovector

and tensor operators. Particularly, the latter two scenarios exhibited an absence of the spin

degeneracy. In this way, the system turned out to acquire greater energy and particle number

for spin-down particle modes in comparison with spin-down ones. Besides, pseudoscalar

operator played no role at the leading order dispersion relation studied here. On the other

hand, for boson particles at high temperature regime the system showed that the particle

number for the vector case decreased, while increased for the tensor case. More so, we
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analysed the magnitude of Lorentz-violating coefficients estimating the upper bounds for

the bosonic case; we proposed some possible applications in order to corroborate our results

in two different contexts: phosphorene and spin precession.

The physical consequences of such thermal analysis of relativistic interacting quantum

gases involving fermion and boson particles might possibly reveal new fingerprints of a hidden

physical experimental data which might be measured by future experiments in the existence

of Lorentz violation. Thereby, this theoretical proposition can lead to a toy model for further

promising studies to search for any trace of Lorentz violation. In addition, being expected

to go beyond the current analysis presented in this chapter, our procedure of treating a

modified relativistic energy for an arbitrary quantum state, as long as there exist only

momenta involved, may lead to further different investigations and applications depending

on the scenario worked out.

As future perspectives, an analogous study for the thermodynamic functions regarding

rather the nonminimal SME appears to be worthy to examine. Additionally, analyzing how

the phase transition occurs for the minimal and nonminimal SME as well as investigating

the implications of a system having an ensemble of antiparticles seem to be interesting open

questions to be studied. These and other ideas are now under development.

The chapter 7 focused on investigating the thermodynamic properties of the graviton and

a modified photon gas, which came from a generalized electrodynamics including anisotropic

Podolsky and Lee-Wick terms, in a thermal reservoir when Lorentz violation is taken into

account. In this direction, we determined the number of accessible states of the system which

played a crucial role in obtaining the partition function. It sufficed to supply all the main

thermodynamic functions, namely, spectral radiance, mean energy, Helmholtz free energy,

entropy and heat capacity. Again, it is important to be noticed that the entire study was

performed dealing with a high temperature regime, i.e., β = 10−13 GeV−1. Additionally, we

proposed a correction to the black body radiation spectra as well as to the Stefan–Boltzmann

law in terms of ξ and η2.

Next, in the context of graviton thermodynamics with Lorentz violation, the parameter

α̃(ξ) expressed the particular feature of being a monotonically increasing function. The

same property was also displayed when one regarded the entropy S(ξ) and the heat capacity

CV(ξ). In contrast, being the distinct one, the Helmholtz free energy F(ξ) indicated a

monotonically decreasing function when parameter ξ increased.

On the other hand, considering the generalized Podolsky with addition of Lee-Wick

terms, the ᾱ(η2) possessed significant positive curvature for huge values of η2. Notably,

taking into account the entropy S̄(η2) and the heat capacity C̄V(η2), one verified that

such plots had a monotonically increasing function with an attenuated curvature. In a

complementary way, the Helmholtz free energy F̄(η2) showed a monotonically decreasing
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curve.

Lastly, the physical implications of the thermodynamic properties presented by the gravi-

ton might address some new fingerprints of a hidden physics which might be confronted with

observatory data in the existence of Lorentz violation. In such direction, these proposals can

address a toy model for further studies involving gravitation and cosmology. Besides, with

respect to the generalized theory of Podolsky with Lee-Wick terms, these properties might

be advantageous in either forthcoming approaches regarding condensed matter physics or

statistical thermodynamics. As a future perspective, examining the thermal features of very

recent models, which appeared in the literature involving the Stückelberg electrodynamics

modified by a Carroll-Field-Jackiw term [535], and the graviton-dark photons in cosmological

scenarios [536], seem to be interesting open questions to be investigated.

The chapter 6, we studied the thermodynamic properties of a photon gas in a heat bath in

the context of higher-derivative electrodynamics. We calculated the accessible states of the

system in order to obtain the partition function that allowed us to investigate the behavior

of the main thermodynamic functions, i.e., Helmholtz free energy, mean energy, entropy, and

heat capacity. It is worth to be mentioned that all analyses were performed in the context of

the primordial temperature of the universe, i.e., β = 10−13 GeV−1. Moreover, we proposed

a correction to the black body radiation in terms of the parameters θ and η, which accounted

for Podolsky and its generalization with Lorentz violation, respectively.

Besides, we suggested corrections to the Stefan–Boltzmann law for both theories. In the

case of α̃(θ), we saw that, depending on the considerations ascribed to the mean energy,

we might find different behaviors of such curves. Likewise, Helmholtz F(θ), entropy S(θ),

and heat capacity CV(θ) could also have three different curves depending on the initial

circumstances ascribed to them.

On the other hand, the parameter ᾱ(η) showed that there existed an accentuated increase

as far as positive values of η were taken into account. The Helmholtz free energy F̄(η) started

to decrease when η increased. Both S̄(η) and C̄V increased for positive changes of η, but

the latter exhibited an increase with a constant angular coefficient though.

Finally, the physical consequences of the thermodynamic functions of such theories should

be taken into account in order to possibly address some new fingerprints of a hidden exper-

imental physics. Such analysis could be confronted by future experiments in the existence

of Lorentz symmetry breaking. With this theoretical background, we can address a toy

model for further investigations stepping towards to discover any trace of Lorentz violation.

Furthermore, this thermal study might also be useful in future applications considering

condensed matter physics for instance. Within the context of Lorentz violation, as future

perspective, we could analyze the behavior of the thermodynamic properties for the gen-

eralized Podolsky with Lee-Wick terms. Additionally, knowing whether such theory is in
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agreement with either Cosmic Microwave Background regime or the electroweak epoch of

the Universe seem also to be interesting investigations.

In the chapter 8, we considered the thermodynamical aspects of two higher-derivative

Lorentz-breaking theories, namely, CPT-even and CPT-odd ones. Within our study, we

focused on the dispersion relations rather than the specific form of the Lagrangians. In this

way, we expect that our results can be applied not only to scalar field models as we assumed,

but also to specific gauge or spinor field theories.

We calculated the modification to the black body radiation spectra and to the Ste-

fan–Boltzmann law due to the parameters σ and l. For these theories, we explicitly ob-

tained the corresponding equation of states and the thermodynamic functions as well, i.e.,

the mean energy, the Helmholtz free energy, the entropy, and the heat capacity. More-

over, all the calculations presented in this chapter were performed taking into account three

different scenarios of the Universe: cosmic microwave background, electroweak epoch, and

inflationary era.

Furthermore, since the heat capacity rapidly increased with the Lorentz-breaking param-

eters at high temperatures, perhaps one might expect a phase transition in those scenarios.

Nevertheless, a further investigation in this direction might be accomplished in order to

provide a proper examination. Thereby, as a further perspective, we suggest the detailed

study of the whole field of Horava-Lifshitz gravity model and the possible phase transitions

in our models. Another feasible continuation of this study can consist in its application to

other higher-derivative Lagrangians of certain known field theories, f.e. those ones discussed

in [349].

In this chapter 9, we focused on examining the thermal behavior of a photon gas within

the context of bouncing universe. To accomplish this, we started from a modified dispersion

relation which accounted for modified Friedmann equations with a bounce solution. All of

our results were derived analytically. Furthermore, we considered three different scenarios

of temperature of the universe: inflationary epoch, electroweak era and cosmic microwave

background. Initially, we calculated the accessible states of the system. With it, we per-

formed an analysis of the impact of the parameters lP and η on the modification of the

thermodynamic properties of interest.

The spectral radiance χ(ν) turned out to have an intriguing behavior, i.e., it had a

fluctuation between positive and negative frequencies. Perhaps, it could be a consequence

of either an disturbing issue due to the bouncing solution or for the periodic aspect of the

trigonometric function which came from the dispersion relation.

More so, we calculated the mean energy, the entropy, the Helmholtz free energy, and

the heat capacity as well. Nevertheless, one intriguing aspect also brought out: after ap-

plying the integration limits, the mean energy and the heat capacity turned out to have



152

no contribution in our calculations. On the other hand, the Helmholtz free energy and the

entropy demonstrated to be consistent with previous studies, i.e., the second law of the ther-

modynamics was maintained. However, when we considered the low temperature regime,

such thermal functions exhibited a fluctuation aspect as appeared in the spectral radiance.

The critical temperature for both configurations of entropy and Helmholtz free energy were

T ≤ 3.5× 10−5 GeV. In this regime, the system seemed to have instability since such quan-

tities showed fluctuation between negative and positive values. Such a phenomenon might

have happened due to proximity to the bouncing point. Nevertheless, further investigation

might be accomplished in order answer properly this issue.
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[66] Wolfgang Pauli. “Über den Zusammenhang des Abschlusses der Elektronengruppen

im Atom mit der Komplexstruktur der Spektren”. In: Zeitschrift für Physik 31.1

(1925), pp. 765–783.

[67] Ralph H Fowler. “On dense matter”. In: Monthly Notices of the Royal Astronomical

Society 87 (1926), pp. 114–122.
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[391] AA Araújo Filho and A Yu Petrov. “Higher-derivative Lorentz-breaking dispersion

relations: a thermal description”. In: The European Physical Journal C 81.9 (2021),

pp. 1–16.

[392] Walter Greiner et al. Relativistic quantum mechanics. Vol. 2. Springer, 2000.

[393] Yakir Aharonov and David Bohm. “Significance of electromagnetic potentials in the

quantum theory”. In: Physical Review 115.3 (1959), p. 485.

[394] David J Griffiths and Darrell F Schroeter. Introduction to quantum mechanics. Cam-

bridge University Press, 2018.

[395] Richard W Robinett. “Quantum mechanics”. In: Classical Results, Modern Systems,

and Visualized Examples (Oxford: Oxford University Press) ch 11 (1997), p. 1974.
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[445] Srećko Kilić, Eckhardt Krotscheck, and Leandra Vranješ. “Binding of two helium
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6. Araújo Filho, A. A., and Maluf, R. V.“Thermodynamic properties in higher-derivative

electrodynamics.” Brazilian Journal of Physics, 51, 820–830 (2021).

(doi.org/10.1007/s13538-021-00880-0) – IF(2021): 1.364;
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19. Araújo Filho, A. A. “Graviton and Kalb-Ramond field with Lorentz violation” – book

author – (ISBN nº 978-65-00-44382-0) – Amazon.com;
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24. Araújo Filho, A. A.; B. A. Aguiar “The Genesis of Statistical Mechanics.” Editora
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