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Abstract 
 

In this paper, the performance of non-orthogonal multiple access (NOMA) dual-hop (DH) 
amplify-and-forward (AF) relaying networks is investigated, where Nakagami-m fading 
channel is considered. In order to cover more details, in our analysis, the transceiver hardware 
impairments at source, relay and destination nodes are comprehensively considered. To 
characterize the effects of hardware impairments brought in NOMA DH AF relaying networks, 
the analytical closed-form expressions for the exact outage probability and approximate 
ergodic sum rate are derived. In addition, the asymptotic analysis of the outage probability and 
ergodic sum rate at high signal-to-noise ratio (SNR) regime are carried out in order to further 
reveal the insights of the parameters for hardware impairments on the network performance. 
Simulation results indicate the performance of asymptotic ergodic sum rate are limited by 
levels of distortion noise.  
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1. Introduction 

With fifth generation’s (5G’s) massive connected devices and 1000x capacity increment 
targets, the exponentially increasing data traffic is becoming a challenging issue of wireless 
evolution [1]. To meet this demand, a myriad of technologies have been proposed, such as 
multiple-input multiple-output (MIMO) [2] [3], ultra-dense network (UDN) [4], small cell 
network (SCN) [5], cooperative cellular network [6], and non-orthogonal multiple access 
(NOMA) [7]. Recently, NOMA has received a great deal of interests from both academia and 
industry since it has the potential to improve spectral efficiency. In contrast to the traditional 
orthogonal multiple access (OMA), NOMA can simultaneously accommodate a plurality of 
users to multiplex within the same time and frequency resources by allocating different power 
to different user based on the channel conditions. Afterwards, the successive interference 
cancellation (SIC) is executed at the receiver side to decode packets that arrive simultaneously 
[8] [9].  

In literature, a great deal of research contributions in the fields of NOMA based on fading 
channels have been established in [10]-[16]. The performance of the cooperative NOMA 
relaying networks over independent Rayleigh fading channels was investigated in [10] and 
[11], where a suboptimal power allocation scheme for NOMA used at the source was proposed. 
Authors in [12] provided the analytical expressions for the outage probability and ergodic sum 
rate over frequency-flat block-fading channels, and it is shown that the proposed NOMA 
scheme provides remarkable performance gain compared with conventional ones. The 
closed-form expressions and asymptotic approximations for the ergodic sum rate and outage 
probability over independent Rayleigh fading channels were analyzed in [13]. In [14], the 
exact closed-form expressions for outage probability and throughput of NOMA-based 
dual-hop (DH) amplify-and-forward (AF) fixed gain relaying networks over Nakagami-m 
fading channels were derived. Authors in [15] derived the closed-form expressions on upper 
and lower bounds for the outage probability and ergodic sum rate of NOMA-based DH AF 
relaying networks over Nakagami-m fading channels. Considering imperfect channel state 
information (CSI), [16] presented closed-form expressions on the exact and tight lower bounds 
for the outage probability of NOMA-based downlink AF relaying networks over Nakagami-m 
fading channels. However, all those previous studies are built on the ideal hardware conditions. 
In practice, communication networks suffer from hardware impairments caused by phase 
noise, in-phase/quadrature- phase (I/Q) imbalance, high power amplifier non-linearities, and 
quantization errors [17]. Although the impact of these hardware impairments may be 
somehow mitigated by using compensation algorithms and calibration methods, they cannot 
be completely removed due to the estimation error, inaccurate calibration methods and 
different types of noise [18]. Therefore, the hardware impairments cannot be simply ignored. 

The aforementioned literature lays a solid foundation in terms of NOMA-based relaying 
networks with ideal radio frequency (RF). However, the impact of hardware impairments on 
the performance of NOMA relaying networks in terms of transceiver hardware impairments is 
not considered yet. Motivated by the previous discussion, we herein try to bridge this gap by 
exploring the performance of NOMA-based relaying networks in presence of hardware 
impairments, where Nakagami-m fading channel is considered since it is a versatile model that 
can be widely used to describe various fading channels, such as the Gaussian channel, 
Rayleigh channel and Rician channel, etc. In this NOMA DH AF relaying networks, the 
source transmits signals to far user through a relaying node, and there is no direct link between 
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the source and far receiver due to the severe shadowing fading and path loss. In contrast, the 
near user can receive the signals from both the source and relay. More particularly, we derive 
exact and approximate expressions for the outage probability and ergodic sum rate of NOMA 
relaying networks in the presence of aggregated transceiver hardware impairments. To get 
more insights, the asymptotic analyses for the outage probability and the ergodic sum rate are 
performed. The primary contributions of this paper are summarised as follows: 

1) Considering hardware impairments and Nakagami-m fading channels, we derive the 
exact analytical closed-form expressions of outage probability for the far and near users. In 
order to obtain more useful insights, the asymptotic expressions of the outage probability for 
the two users are derived. 

2) We investigate the ergodic sum rate performance of NOMA relaying networks in the 
presence of hardware impairments by deriving the approximate expression for the ergodic sum 
rate of NOMA relaying networks. We further pursue the asymptotic analysis for the ergodic 
sum rate and derive the asymptotic expression for the ergodic sum rate of NOMA relaying 
network over Nakagami-m fading channels. For ideal condition, the analytical upper bound of 
ergodic sum rate is derived. It indicates that in the case of hardware impairments, the ergodic 
sum rate approaches to a constant value as the average signal-to-noise ratio (SNR) increasing. 

The remainder of this paper is organized as follows: Section 2 describes the NOMA 
relaying network model with impaired hardware. In Section 3, the exact and asymptotic 
expressions of outage probability for the far and near users are derived in closed-form. In 
Section 4, the approximate analytical expression of the ergodic sum rate is derived, followed 
by our asymptotic analysis for impaired hardware and upper bound for ideal hardware. 
Numerical results are presented in Section 5 before we concluding the paper in Section 6. 

2. NOMA Relaying Networks Model 
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Fig. 1. System model of NOMA AF relaying network with transceiver hardware impairments 

 

In this work, we consider a NOMA DH AF relaying network that depicted in Fig. 1. The 
network consists of a source ( S ), a relay ( R ), a far user ( fD ) and a near user ( nD ), where all 
nodes are equipped with a single antenna, and fD  and nD  are paired together for transmission 
in the same resource slot using the NOMA protocol. We assume the direct link between S  and 
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nD  can be established, while the direct link between the S  and fD  is impossible due to 
obstacles and severe shadowing. The channel coefficients of S -to- R , R -to- fD , R -to- nD  and 
S -to- nD  links are denoted as , , ,

f n nSR RD RD SDh h h h , respectively. The transmission powers of S  
and R  are SΡ  and RΡ . For convenience, we assume Ρ = Ρ = ΡS R . Meanwhile, the additive white 
Gaussian noise (AWGN) in terms of all the links has zero mean and variance 0N  [14]. The 
communication processes are segregated into two time slots. 

The first time slot: leveraging the NOMA protocol, S  sends + ΡΡS f Sf n na s a s  to R  and nD , 
where fa  and na  are the power allocation coefficients satisfying with >f na a and 1+ =f na a . 
Meanwhile, fs and ns are the messages sending to fD and nD with 2 2[| | ] [| | ] 1Ε = Ε =f ns s , 
respectively. Thus, the received signals at R  and nD  are expressed as 

( ) { }, , , ,= Ρ + Ρ + + + =i i f S f n S n t i r i i ny h a s a s i SR SDη η ν                                  (1) 

where ,t iη and ,r iη  are distortion noises from the transmitter and receiver, respectively 
[19]-[21]. As stated [21], the distortion noises are termed as 

),0(～),,0(～
22

,,
2
,, iiriritit hCNCN ΡΡ κηκη                                      (2) 

where the design parameters , ,, 0≥t i r iκ κ  characterize the level of impairments at the 
transmitter and receiver, respectively. These parameters can be construed as error vector 
magnitude (EVM) [22]. As seen from (2), the impairment model in (1) is equivalent to 

( ) { }, ,= Ρ + Ρ + + =i i f S f n S n i i ny h a s a s i SR SDη ν                                       (3) 

where the independent distortion noise obeys )(0,～ 2
iΡκη CNi

, and it can be used to model the 
hardware impairments from both transmitter and receiver with definition 2 2

, ,= +i t i r iκ κ κ . Note 
that (3) reduces to be the ideal hardware expression for 0=iκ , , ni SR SD= , thus the ideal system 
is given by 

( ) { }, ,= Ρ + Ρ + =i i f S f n S n i ny h a s a s i SR SDν                                           (4) 

where iν  are AWGN at the relay and nD , respectively. Meanwhile, ih  follows Nakagami-m 
distribution, such that the channel gains ),(～

2

iiii Gh βαρ = . Therefore, the probability density 
function (PDF) and the cumulative density function (CDF) of the channel gains iρ  are 
expressed as 

( ) ( )
1
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−= ≥
Γ
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i i
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                                                        (5) 

( )
1

0
1 , 0

!

− −

=

 
= − ≥ 

 
∑

i
i i

i

i

gx

g i i

e xF x x
g

α β

ρ β
                                                       (6) 

where ( )Γ iα denotes the Gamma function [16]. The received signal-to-interference-plus-noise 
ratio (SINR) for nD  to decode fD ’s signal is given by 

( )2 1→
=

+ +


n

f n

n n

f SD
SD

n SD SD

a
a

γρ
γ

κ γρ
                                                   (7) 
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where 0= ΡS Nγ is the transmit average SNR at S . Therefore, the far user’s message fs  will be 
removed from the observation of nD  if it can be successfully decoded. If message ns  can be 
decoded successfully, then the received SINR at nD  will be 

2 1
=

+


n

n

n n

n SD
SD

SD SD

a γρ
γ

κ γρ
                                                             (8) 

The second time slot: the relay amplifies and forwards the received signal to the destination. 
Thus the received signal at fD and nD  can be expressed as 

( ) { }, ,= Ρ + Ρ + + + + =i i SR f S f SR n S n SR SR SR i i i f ny Gh h a s h a s h h i RD RDη ν η ν                       (9) 

where ( )( )2 2
01= Ρ Ρ + +R S SR SRG h Nκ  is the amplifying gain factor, )(0,～ 2

iΡκη CNi  is the distortion 

noise at the user fD  or nD , iν  represents the complex Gaussian receiver noise. When 0=iκ , 
(9) reduces to the ideal system as 

( ) { }, ,= Ρ + Ρ + + =i i SR f S f SR n S n SR i f ny Gh h a s h a s i RD RDν ν                               (10) 

For non-ideal conditions, the received SINR of the user fD  is given by 

( )

2

2
1 1 2 1

=
+ + + +



f

f

f f

f SR RD
RD

n SR RD SR RD

a

a d b b

γ ρ ρ
γ

γ ρ ρ γρ γρ
                                          (11) 

where 2 2 2 2 2 2
1 1 2, 1 , 1= + + = + = +

f f fSR RD SR RD SR RDd b bκ κ κ κ κ κ , the Eq. (11) consists of four components: 
(a) the desired user fD ’s signal component 2

ff SR RDa γ ρ ρ , (b) the interference from user nD ’s 
signal 2

f fn SR RD SR RDa γ ρ ρ γρ γρ+ + , (c) the hardware impairments component 
2 2 2

1 f f fSR RD SR SR RD RDd γ ρ ρ κ γρ κ γρ+ +  and (d) the normalized AWGN. We assume that perfect SIC is 
employed at fD  and nD  , then the SINRs for the two users are expressed as 

( )

2

2
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+ + + +
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γ
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where 2 2 2 2 2
2 3, 1= + + = +

n n nSR RD SR RD RDd bκ κ κ κ κ . Note that (7), (8) and (11)-(13) reduce to be the ideal 
hardware expressions of SINRs as 0= = = =

f n nSR RD RD SDκ κ κ κ . Finally, the selection combining 
(SC) algorithm is employed at nD .  

3. Outage Probability Analysis 
In this section, the outage probability and the asymptotic performance for the two users of 
NOMA relaying networks over Nakagami-m fading channel are investigated. Furthermore, 
regardless of non-ideal/ideal hardware, the method of outage probability is the same, but the 
difference is that when the aggregate level of impairments 0= = = =

n f nSR RD RD SDκ κ κ κ , the outage 
probability expressions simplify into the ideal ones at nD  and fD  on ideal system. Therefore, 
we are not going to elaborate on the classical process from the special case of ideal hardware in 
this section. 
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3.1 Exact Outage Behavior 
This section derives the closed-form expressions for the exact outage probability, so the 

outage probability at fD  and nD  are denoted by Ρ fD
out  and Ρ nD

out , respectively. In addition, we 
consider that the target SINRs of the two users are determined by their channel condition. In 
the following, the outage probability is derived for the two time slots over Nakagami-m fading. 

1) Outage Probability for fD  
The outage events will occur at fD  if fD  fails to decode its own signal. In this case, the 

outage probability at fD  can be expressed as 

( )PrΡ = <

f

f

D
out RD thfγ γ                                                       (14) 

where thfγ denotes the outage threshold at fD . 
The following theorem provides new closed-form expressions for fD  in the presence of 

transceiver hardware impairments. 
Theorem 1: For Nakagami-m fading channels, the exact closed-form expression for the 

outage probability of fD  in presence of hardware impairments is given as 
• Non-ideal condition ( 0= ≠

fSR RDκ κ ) 
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where ( )2 1= − −thf f n thf thfb c a a dλ γ γ γ  with ( )1+ <thf n fa d aγ , and 1=c γ . ( )⋅Kν denotes the vth-order 
modified Bessel function of the second kind as defined in [23].  

Proof: See Appendix A. 
• Ideal condition ( 0= =

fSR RDκ κ ) 
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where ( )= −thf f n thfc a aλ γ γ  with a necessary condition <n thf fa aγ . If the condition is not satisfied, 
the user fD  cannot decode its signal successfully irrespective of the channel SNR. 

Proof: Follows trivially by substituting (11) into (14) and letting 0
fSR RDκ κ= = .

  
Remark 1: As seen from Theorem 1, we observe that owing to the impact of hardware 

impairments, the outage probability of (15) is determined by the distortion noise and fading 
parameters, while result of (16) is only determined by the fading parameters. In addition, the 
outage performances of (15) and (16) are limited by the relay. 

2) Outage Probability for nD  
At nD , the received signals are processed by using SC algorithm, which the maximal SINR 

is selected between 
nRDγ  and 

nSDγ . The outage event will occur for nD  if nD cannot decode 

fD ’s signal or also cannot decode its own signal during the two time slots. Therefore, the 
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outage probability of nD  can be expressed as follows: 

( ) ( )
2 3

1 Pr , 1 Pr ,  
→ →

Ι Ι

   Ρ = − ≥ ≥ − ≥ ≥   
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f n n f n nout SD thf SD thn RD thf RD thnγ γ γ γ γ γ γ γ                         (17) 

where thnγ  denotes the outage threshold at nD . 
• Non-ideal condition ( 0= = = ≠

f n nSR RD RD SDκ κ κ κ ) 
The following theorem provides new closed-form expressions for nD  in the presence of 

non-ideal hardware impairments. 
Theorem 2: For Nakagami-m fading channels, the exact closed-form expression for the 

outage probability of nD  in presence of hardware impairments is given as  
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where ( ) ( )( ) ( ) ( ) ( )( )2 2
1 2 1 2 1 2 1 3 1 2 2max , , , ; max , ,= = − + = − = = − −

n nthf f n SD thf thn n SD thn thf thfc a a c a b c a a dτ τ τ τ γ κ γ τ γ κ γ θ θ θ θ γ γ , 
( )2 3 2 2= −thn thnb c a dθ γ γ . Note that (18) is obtained by assuming the following condition holds 

( )2 2,+ > >
n nthf n SD f thn SD na a aγ κ γ κ . 

Proof: See Appendix B. 
• Ideal condition ( 0= = = =

f n nSR RD RD SDκ κ κ κ ) 
The following theorem provides new closed-form expression for nD  in the presence of ideal 

hardware. 
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                (19) 

where ( ) ( ) ( ) ( )1 2 1 2 1 2 1 1 2 2 2max , , , ; max , , ,= = − = = = − =thf f n thf thn n thf thf thnc a a c a c a a c aτ τ τ τ γ γ τ γ θ θ θ θ γ γ θ γ . 
Note that (19) is obtained by assuming the following condition holds >n thf fa aγ . 

Proof: Follows trivially by substituting (7), (8), (12) and (13) into (17) and letting 
0

f n nSR RD RD SDκ κ κ κ= = = = . 
Remark 2: Although the results of Theorem 1 and Theorem 2 can be expressed in 

closed-form and can be efficiently evaluated, they do not offer the insights of fading 
parameters and distortion noise on the outage probability. In the following, the asymptotic 
outage behaviors for fD and nD are examined.  

3.2 Asymptotic Outage Behavior 
In order to gain more insights, we focus on the asymptotic analysis for the outage probability 
at high SNR regime by characterizing the CDF of the channel gains in the high SNR regime. 
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For high SNR regime, the asymptotic CDF of the channel gain iρ  can be given by [14] 

( ) 1
!

∞  
≈  

 

i

i
i i

xF x
α

ρ α β
                                                      (20) 

Based on (6), the CDF ( )
i

F xρ  can be approximated dominant term ( )∞
i

F xρ . Therefore, the 
asymptotic outage probability for fD  and nD  are presented in Corollary 1 and Corollary 2, 
respectively. 
• Non-ideal condition ( 0

f n nSR RD RD SDκ κ κ κ= = = ≠ ) 
Corollary 1: For Nakagami-m fading channels, the asymptotic closed-form for the outage 

probability of fD  is given as 
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Proof: See Appendix C. 
Corollary 2: For Nakagami-m fading channels, the asymptotic closed-form for the outage 

probability of nD  is obtained as 
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Proof: See Appendix D. 
• Ideal condition ( 0= = = =

f n nSR RD RD SDκ κ κ κ ) 
The following theorem provides the asymptotic outage probabilities for fD and nD  in the 

presence of ideal hardware. 
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Proof: The proof follows trivially by taking 0κ κ κ κ= = = =
f n nSR RD RD SD  in (21) and (22), we 

can obtain (23) and (24) after some simplifications. 
Remark 3: From (22)-(24), we can observe that at high SNR regime, the effect of fading 

parameters on the outage probability can be decomposed. In addition, the above results 
indicate that the outage probability of the user fD  only  depends on the fading parameters of 
relay link ( SRα  , fRDα  , SRβ , 

fRDβ )， while the outage probability of user nD  is limited by the 
fading parameters of both direct and relay links ( SRα , fRDα , 

nSDα , SRβ , 
fRDβ , nSDβ ). 

4. The Ergodic Sum Rate of NOMA 
In this section, the ergodic sum rates of NOMA relaying networks over Nakagami-m fading 
channels with ideal hardware and hardware impairments are investigated. 
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4.1 Approximate Analysis 
We consider that the target SINRs of two users are determined by the users’ channel condition. 
In this case, 

f n nRD RDγ γ
→
≥  may not be correct when <

n fRD RDρ ρ  [24]. Therefore, the achievable 
rate of fD  and nD  can be written as 
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The ergodic sum rate of the two users can be expressed as 
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1 log 1
2

 = Ε + 


f

f

D
ave RDR γ                                                          (27) 

( ) ( )

( ) ( )

,1

,2

2

2

1Pr log 1 max ,
2

1Pr log 1
2

  = > Ε +   

 + < Ε +  

 







n

n f n n

Dn
ave

n f n

Dn
ave

D
ave RD RD SD RD

R

RD RD SD

R

R ρ ρ γ γ

ρ ρ γ
                                        (28) 

By applying the approximation ( ){ } { } { }( )log 2 1 log 2 1+ ≈ + Ε ΕΕ x y x y , the ergodic sum rate 
over Nakagami-m fading channels by extracting out the average fading power as { }Ε =

i i i iρ ρ α β  
is provided in the following theorem. 

Theorem 3: Considering
fRDρ and

nRDρ  independent identically distributed random variables, 

we have ( ) ( )Pr Pr 1 2> = < =
f n f nRD RD RD RDρ ρ ρ ρ . Therefore, for Nakagami-m fading channels, the 

approximate closed-form expression for the ergodic sum rate of NOMA relaying network in 
the presence of hardware impairments is expressed as 
• Non-ideal condition ( 0= = = ≠

f n nSR RD RD SDκ κ κ κ ) 
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                      (29) 

where ˆ =i i iρ α β  for { }∈ f n ni  SR, RD , RD , SD . 
• Ideal condition ( 0= = = =

f n nSR RD RD SDκ κ κ κ ) 
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Remark 4: Although the result of Theorem 3 can be expressed in closed-form and can be 
efficiently evaluated, it does not offer the insights of fading parameters and distortion noise on 
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the sum rate. In the following, the asymptotic ergodic sum rate for NOMA DH AF relaying 
networks in presence of hardware impairments is examined. For comparison, the upper bound 
with ideal conditions is also analysed. 

4.2 Asymptotic and Upper Bound Analyses 
In this subsection, we focus on the asymptotic analysis in terms of the ergodic sum rate with 
hardware impairments and the upper bound for ergodic sum rate of ideal hardware as follows.  

Corollary 3: Under the assumption of i.i.d. Nakagami-m channel, when →∝γ , the ergodic 
sum rate of NOMA DH AF relaying networks can be obtained as 
• Non-ideal condition ( 0= = = ≠

f n nSR RD RD SDκ κ κ κ ) 
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where ( )2
2

ˆ min ,=
nSDk dκ . 

Proof: See Appendix E. 
From Corollary 3, we can acquire that _sum ni

aveR  is a constant and independent of the channel 
condition. In addition, the value of _sum ni

aveR  depends on the power allocation coefficients and the 
level of impairments in the high SNR regime.  

In the case of ideal hardware, it is difficult to obtain the asymptotic expression for the 
ergodic sum rate of ideal hardware due to the high complexity of integrals. Therefore, an upper 
bound for the ergodic sum rate is given in the following corollary. 
• Ideal condition ( 0= = = =

f n nSR RD RD SDκ κ κ κ ) 
Corollary 4: In the case of ideal hardware, when →∝γ with a finite non-zero ratio, the 

upper bound for the ergodic sum rate will be 
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Proof: See Appendix F.  
Remark 5: For non-ideal conditions, there is a rate ceiling for the ergodic sum rate, which 

is irrelated to the average transmit SNR. It means that it is not always beneficial to the ergodic 
sum rate by increasing the average transmit SNR. For ideal conditions, the ergodic sum rate 
increases when the average grows into infinity. 

5. Numerical Results 
In this section, the correctness of the theoretical analytical results is verified by a set of 
numerical simulations. Meanwhile, the performance of NOMA relaying networks with ideal 
hardware is also provided. Unless otherwise specified, we set the power allocation coefficients 

3 / 4, 1 / 4, 1, 3= = = =f n thf thna a γ γ . In addition, we consider the variance of AWGN 0 1N = , and 
the design parameters = = = =

f n nSR RD RD SDκ κ κ κ κ . 
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Fig. 2.  Outage probability against transmit SNR 

  
Fig. 3.  Outage probability against the level of impairments 

 
Fig. 2 shows the outage probability of NOMA relaying networks versus the transmit SNR 

with different levels of impairments { }0, 0.1, 0.17∈κ , where the value of fading parameters are 
set as: 4, 2; 1, 4= = = = = = = =

f n n n n fSR RD RD SD SR RD SD RDα α α α β β β β . In addition, we set the transmit 
power Ρ = Ρ = ΡS R . It is noticed that the curves of analytical expressions in (15), (16), (18) and 
(19) are perfect agreement with Monte-Carlo simulation results, which demonstrate the 
correctness of our analyses in Section 3. Furthermore, we compare the asymptotic outage 
probability of (21)-(24) with the analytical outage probability for different level of 
impairments. For fD , we can observe that the curves of ideal analytical outage probability and 
impaired analytical outage probability overlap with the asymptotic outage probability when 



4306                 Deng et al.: Performance Analysis of NOMA-based Relaying Network with Transceiver Hardware Impairments 

SNR>10dB. For nD , we can observe that the outage probability gap between ideal hardware 
and hardware impairments curves becomes larger as average SNR get larger. All these reasons 
are that hardware impairments can degrade the performance of communication systems. In 
addition, it can be readily noticed from Fig. 2 that the asymptotic outage probability curve is 
sufficiently tight across the analytical expressions in the high SNR. When the aggregate level 
of hardware impairments κ  becomes large, the gap between ideal analytical and impaired 
analytical outage probability curves becomes large for the same average SNR due to the large 
distortion noise. 

Fig. 3 shows the impact of hardware impairments on the outage probability for NOMA DH 
AF relaying network when 7, 6, 3; 3, 1 7

n f n n f nSR SD RD RD SR SD RD RDα α α α β β β β= = = = = = = =， , and the 
transmit SNR=15. In addition, the outage threshold at fD  and nD  are denoted by 2thfγ =  and 

3.5thnγ = . A specific observation is that the performance of outage probability decreases as the 
level of impairments increasing. When κ  is larger than 0.2, the outage probability of the two 
users are zeros due the severe hardware impairments. Fig. 3 also indicates that the outage 
probability of the user fD  is better than the user nD  in the low level of the impairments due to 
the large power allocation factor. 

 

 
Fig. 4.  Ergodic sum rate against transmit SNR 

 
Fig. 4 plots the ergodic sum rate of the NOMA DH AF relaying networks with ideal 

hardware and hardware impairments where the values of parameters are set as: 
2, 7, 4; 7, 4= = = = = = = =

n f n f n nSR RD RD SD SR RD SD RDα α α α β β β β  and { }0, 0.05, 0.17=κ .  
From Fig. 4, we note that hardware impairments have a small impact on the sum rate at low 

SNRs, but have a significant difference at high SNRs. In addition, we note that for non-ideal 
conditions, there are rate ceilings for the sum rate, which are irrelated to the average SNR. For 
ideal conditions, the sum rates grow logarithmically with the average SNR. The upper bound 
of the sum rate is shown to be tightly bound in the high SNR regime. Moreover, for the same 
SNR, as the coefficient of hardware impairments becomes smaller, the ergodic sum rate 
achieves large.  
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Fig. 5.  Ergodic sum rate against the level of impairments 

 
Fig. 6.  Ergodic sum rate against transmit SNR 

 
Fig. 5 investigates the impact of hardware impairments on the ergodic sum rate for NOMA 

DH AF relaying network with different average SNR { }30, 40∈ . For comparison, the ideal 
hardware impacts to the ergodic sum rate are also taken into consideration. In this simulation, 
we set 2, 7; 2, 7, 1= = = = = = = =

n f n n f nSR RD RD SD SR RD RD SDα α α α β β β β . We can observe that the curves 
of impaired rate ceiling for ergodic sum rate between the average SNR=30dB and SNR=40dB 
are almost overlapped for all values of κ  except 0κ =  which is irrelevant to the SNR. In 
addition, the ergodic sum rate of ideal hardware is a fixed value, and the impaired ergodic sum 
rate approaches to zero when the level impairments get larger due to the severe hardware 
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impairments. The figure also points out that the impaired ergodic sum rate decrease rapidly 
when the level of impairments is below 0.5. 

Fig. 6 shows the ergodic sum rate of the NOMA DH AF relaying networks versus the 
average SNR. In this simulation, we set 2, 7, 4; 7

n f n f nSR RD RD SD SR RD SDα α α α β β β= = = = = = = , 
4

nRDβ =  and 0.17κ = . For comparison, the performance with ideal conditions is also taken into 
account. More precisely, It is noticed from Fig.6 that the ideal sum rate of fD  approaches to a 

constant value in the high SNR regime which is saturating and approaching 2
1 log 1
2

f

n

a
a

 
+ 

 
, as 

proved by Corollary 4. The ideal sum rate of user nD  increases linearly with the transmit SNR. 
Finally, we can also observe that there are rate ceilings for the sum rate of user fD  and nD  due 
to the hardware impairments, which means that add the average SNR is not always beneficial 
to the system performance. 

5. Conclusion 
In this paper, the performance of relaying networks using NOMA under the condition that 
ideal and impaired hardware were investigated. The exact closed-form expressions for the 
outage probability and ergodic sum rate were derived. Based on the analytical results, the 
upper bound for the outage probability have been obtained. Additionly, the asymptotic 
analyses at high SNR for the outage probability and ergodic sum rate are examined. It is 
observed that the ergodic sum rate degraded in NOMA relaying networks due to the exist of 
hardware impairments. Moreover, the performance of these two users was compared in terms 
of outage performance and ergodic sum rate, it is noteworthy that the outage probability of the 
user without the direct link to the source is better than the user with a direct link to the source 
in the low SNR due to the allocated power, which means that NOMA can improve the fairness 
among serviced users.  
 
 

APPENDIX A 
PROOF OF THEOREM 1 

Substituting (11) into (14), the outage probability of fD  turns out to be 
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                    (A.1) 

where 1 ,= Ρ fD
outc γ  is based on the condition of ( )1< +thf f na a dγ . (A.1) follows Binomial 
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theorem, 1Ι  is obtained by using [Eq.(3.471.9)] in [25], so 1Ι can be rewritten as 

( ) ( )
1

2
1 1

1 1
2 2

2 2

− +

− +

  + +
  Ι =
     f f

j n

SR
j n

RD SR RD

b c b c
K

b b
λβ λ λ λ

β β β
                                    (A.2) 

Substituting (A.2) into (A.1), we can obtain (15). 
 

APPENDIX B 
PROOF OF THEOREM 

Substituting (7), (8), (12) and (13) into (17), the outage probability of nD  is expressed as 
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2Ι  and 3Ι are calculated as follows: 
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                        (B.3) 

4Ι  is obtained by using [Eq.(3.471.9)] in [25], so 4Ι can be rewritten as 

( ) ( )
1

2
1 1

4 1
3 3

2 2

− +

− +

  + +
Ι = Κ   

     n n

j n

SR
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RD SR RD

b c b c
b b

θβ θ θ θ
β β β

                                      (B.4) 

Substituting (B.4) into (B.3), then substitute (B.3) and (B.2) into (B.1), we can obtain (18). 
 

APPENDIX C 
PROOF OF COROLLARY 1 

Based on (14), a high-SNR approximation of fD  is defined as 
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                    (C.1) 

Note that 5Ι is supposed to the classical integration formulas in (C.2) when →∝γ . 
1

6 0

−∞ − −Ι = ∫ SR SR

y
ny e dyα β                                                           (C.2) 

Taking integer values on [25], we can obtain the 7Ι  as follows: 
( )7 1 ! −Ι = − − SR j

SR SRj αα β                                                          (C.3) 
Substituting (C.3) into (C.1), we can obtain (21). 
 

APPENDIX D 
PROOF OF COROLLARY 2 

Based on (17), a high-SNR approximation of 2Ι  and 3Ι  are defined as 

( )
( )( )

2 1 222
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1
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Note that 6Ι is supposed to the classical untegration formulas in (D.2) when →∝γ , and it is 
lucky to get a formula equals to the (C.2). Therefore, substituting (C.3) into (D.2), then (22) is 
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obtained by combining (D.1) and (D.2). 
 

APPENDIX E 
PROOF OF COROLLARY 3 

At high SNRs ( )→ ∞γ , the asymptotic ergodic sum rate fD
aveR and nD

aveR  can be rewritten as 

( )

2
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2 2
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2
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where 2
2

ˆ min , =  nSDk dκ  
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2 2
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2
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                                                (E.3) 

Finally, combining (E.1), (E.2) and (E.3), the asymptotic ergodic sum rate can be 
derived as (31). 

 
APPENDIX F 

PROOF OF COROLLARY 4 
In the high-SNR regime, we have 

2
,
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where ,1 ,nD id
aveR  is obtained by the inequality [24] 

2

min ,
1

 ≤  + +
n

n

n

SR RD
SR RD

SR RD

γ ρ ρ
γρ γρ

γρ γρ                                                   (F.3) 

Denote ( )max , min , =  n nSD SR RDW ρ ρ ρ , the upper bound for ,1 ,nD id
aveR  can be calculated as 
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To approximate the ultimate expression, we need to calculate the CDF of W , which is given 
by the following analysis. 
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It is noted that by substituting (F.5) into (F.4), and defining nv a wγ= , ,1 ,nD id
aveR can be attained 

as 
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Defining 1 2 31 , 1 , 1= = =
n nn SD n SR n RDf a f a f aγβ γβ γβ , then with the aid of [25] [Eq. (3.352.4)] and 

[Eq.(3.353.5.7)], we can arrive the expressions of 1 2,Φ Φ  and 3Φ . 
( )

( ) ( ) ( ) ( ) ( )

1

1

1

1 1
1 1

1

i , 0

1 i 1 ! 1 , 0
−

− −

=

− − =
Φ = 
− − + −

Ε


Ε − >


∑

n

SDnSDn
SDn

n

f
SD

g Lg
g Lf

SD
L

e f g

e f L f g
                      (F.7) 

( )

( ) ( ) ( )

( ) ( )

1 3

2 3

2 3

1
2 2 3

1

2 3

i , 0

1 i 1 !

1 , 0

+

+
+ − +

=

+ − −

− − − + =



Φ = − − − + −

 × − + >

Ε

+

Ε ∑

n

SR RDn
SR RDn

SR RDn

n

f f
SR RD

g g
g g f f

L
g g L L

SR RD

e f f g g

e f f L

f f g g

                                    (F.8) 
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                (F.9) 

Next, we note that ,2 ,nD id
aveR can be expressed as follows: 
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ave n SDR a γρ                                                 (F.10) 

Denote =
nSDW ρ , and W follows the Nakagami-m distribution , the CDF of W turns out to be 
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Therefore, ,2 ,nD id
aveR can be rewritten as 

( ),2

4

1

,

0
2

1

0

1
2ln 2 1

1 1
! 1

∞

−
−

∞

Φ

−
=

+

 
=    + 

∫

∑ ∫


n

SD n SD SDn n n

SD n nn

D id Wn
ave

v
g a g

g SD n SD

F waR dw
a w

e v dv
g a v

α γβ

γ
γ

γβ

                                  (F.12) 

According to (F.7), ,2 ,nD id
aveR is obtained. Finally, combine (F.1), (F.6) and (F.12), we can 

acquire the upper bound for ergodic sum rate of ideal hardware in (32). 
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