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ABSTRACT

This Thesis deals with the local null control of a free-boundary problem for the 1D
semilinear heat equation with distributed controls (locally supported in space) or bound-
ary controls (acting at x = 0). we prove that, if the final time T is fixed and the initial
state is sufficiently small, there exists controls that drive the state exactly to rest at
time ¢ = 7. Furthermore, we analyze the null controllability of a 1D nonlinear sys-
tem which models the interaction of a fluid and its boundary. The fluid is governed
by the viscous Burgers equation and the distributed controls. Lastly, we deal with the
3D Navier-Stokes and Boussinesq system, posed in a cube. In this context, we prove a
result concerning its global approximate controllability by means of boundary controls
which act in some part of cube faces.

Keywords: controllability, free-boundary, parabolic systems of PDEs.
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1 INTRODUCTION

This Thesis deals with the controllability of several systems governed by
nonlinear PDEs. First, the local null controllability of a free-boundary problem for the
1D semilinear heat equation. It is presented in Section 2, where the information are
from the recent work, Fernandez-Cara and De Sousa (in preparationa)).

We also are interested local null controllability of a free-boundary problem
for the viscous Burgers equation. This is explored in Section 3, where the material
comes from Ferndndez-Cara and De Sousa (in preparationb).

Finally, some remarks concerning the global approximate controllability of
the Boussinesq and Navier-Stokes systems are given in Section 4. This stems from
Ferndndez-Cara, De Sousa and De Brito Viera (in preparation).

This section is devoted to the controllability of systems governed by linear
heat equation. We will try to explain which is the meaning of controllability and which
kind of controllability properties can be expected. The main related results, together
with the main ideas in their proofs, will be recalled. Also, some controllability results
for several nonlinear systems from fluid mechanics, like the Burgers, Navier-Stokes
and Boussinesq systems, will be included. Finally, in Subsection 1.5, we review the
main contributions in Sections 2, 3 and 4.

1.1 Basic results for the linear heat equation

This subsection is dedicated to the controllability of the linear heat equa-
tions. I will try to explain which is the meaning of controllability and which kind of
controllability properties can be expected.

Let Q C RY be a bounded domain, with boundary I" of class C?. Let w be an
open and non-empty subset of 2 and 7" > 0. Let us consider the linear controlled heat
equation in the cylinder Q = Q x (0,7)

ye — Ay =01, in Q,
y=0 in X, (1)
y(z,0) =4°(z) on €.

In (1), ¥ = T x (0,T) is the lateral boundary of @, 1, is the characteristic
function of the set w, y = y(z,t) is the state and v = wv(z,t) is the control. As v is
multiplied by 1,,, the action of the control is limited to w x (0,7). Assume That ¢° €
L*(Q) and v € L*(w x (0,7)), so that (1) admits a unique solution

y € C°(10,T); L(2)) N L*(0, T HY()).

We will define R(T';y°) := {y(-,T) : v € L*(w x (0,T))}. Then,
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(@) It is said that system (1) is approximately controllable (at time T') if R(T’;3°) is dense
in L?(Q) for all ¢° € L?(Q).

(b) Itis said that system (1) is exactly controllable if R(T;y°) = L*(Q) for all y° € L*(Q2).

(c) Itis said that system (1) is null controllable if 0 € R(T;y") for all y° € L?(Q).

We will show below that approximate and null controllability hold for every
non-empty open set w C 2 and every 7' > 0. On the other hand, it is clear that exact
controllability cannot hold, except possible in the case in which w = . Indeed, due to
the regularizing effect of the heat equation, the solution of (1) at time 7" are smooth in
Q\ w.

Our first main result is the following:

Theorem 1.1. System (1)) is approximately controllable for non-empty open set w C €2 and
any T > 0.

Proof. This is an easy consequence of Hahn-Banach theorem. For completeness, we
will reproduce the argument here.

Let us fix wand 7' > 0. Then, it is clear that[l]is approximately controllable if
and only if R(T';0) is dense in L?(2). But this is true if and only if ©” in the orthogonal
complement R(T';0)" is necessarily zero.

Let o7 € L?(Q2) be given and assume that belongs to R(T’;0)*. Let us intro-
duce the following backwards in time system:

p=20 in X, @)
p(z,T)=¢"(z) on Q.

Then, if v € L?(w x (0,T)) is given and y is solution to (1)) with y° = 0, we
have

// pvdzdt = / " (2)y(z,T) dx = 0.
wx(0,T) Q

Consequently, approximate controllability holds if and only if the following
uniqueness property is true: If ¢ solve (2) and ¢ = 0 in w x (0,7’), then necessarily
0 =0,ie. o =0.

But this is a well known uniqueness property for the heat equation, a con-
sequence of the fact that the solution to (2) are analytic in space. This proves that
approximate controllability holds for (1)). O

Let us now analyze the null controllability of (I). The other important result
is the following:
Theorem 1.2. The following observability inequality for the adjoint system
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1ol 0oy < C // | Pl ¥ € 120) 3)

implies the null controllability of

Proof. We divide the proof into two steps. First, we build a sequence of controls v. €
L*(w x (0,T)) with e > 0 which provide the approximate controllability of (I). Second,
we pass to the limit when ¢ tends to zero and we conclude.

Step 1. Let y° € L?(Q2) and £ > 0 be given. Let us introduce the function J,,
with

1
=5[] leldedr el + (0. "
wx0,T

for every ¢ € L?*(Q). Here, ¢ is solution of associated to the initial
condition ¢”. Using , it is not difficult to check that J. is strictly convex, continuous,
and coercive in L*((2), so it possesses a unique minimum ¢! € L?(2), whose associated
solution is denoted by .. Let us now introduce the control v. = ¢.1,, and let us denote
by y. the solution (1) associated to v,.

Let y; be the final state of the solution to (1] . ) with vanishing control. Let us
remark that the unique interesting case to be studied turns out to be when ||y, || ,2) > ¢
since this is equivalent to ¢! # 0. See (FABRE, PUEL, and ZUAZUA, [1995) for more
details. Under this assumption, we can differentiate the functional J. at ¢! and obtain
a necessary condition for J. to reach a minimum at ¢! . Consequently,

T
// ppdrdt+e < ,w ) + (¢(0), ") r2() = 0 (5)
wx(0,T) ||<105 ||

for every o’ € L?(Q).

Using the above equation and for o7 = !, we obtain ||v.|luxor) <
VC|y°|| 12(), where C'is the observability constant of .

Since system (1) and (2) are in duality, we have

/ / g Ee = (D), )0 — 0, O, 6)
wXx (0

which, combined with (5), yields

1y (Tl 20 < e )

Step 2. Since the sequence {v.} is bounded in L?(w x (0,T)), it possesses a
weakly convergent subsequence to certain v € L?(w x (0,7')). Using classical parabolic
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estimates we deduce that, at least for a subsequence,

y. — y weakly in L2(0,T; Hé(Q)) N HI(O, T, H*I(Q)), (8)

where y is the solution of (1)) with control v. In particular, this gives weak convergence
for {y.(t)}(t € [0,T]) in L?(2) so we have y(T) = 0. O

Three important comments,

1. We have proved that (3) implies null controllability with a control that satisfies

[0]lox oy < VOI5° [l 2200

where (' is the observability constant.
Conversely, if we have null controllability with controls v € L*(w x (0,7)) that
satisfy

[0]loxco.r) < V40|12

for some constant C' > 0, then it can be checked that we have (3) with the same
constant C'.

2. It is possible to present a similar argument in a general frame. Let us consider
three Hilbert spaces U, H, E and two linear continuous operators L € L(U;E)
and M € L(H; E). Then we have

Im* @™l < CIL* @ |lvr, Vo' € E

for some positive constant C' if and only if R(M) C R(L) and, moreover,

vy’ € H,3v € U; Lv = My, ||vlly < C||y°| a-

Properties of this kind have been established and analyzed for the first time in the
framework of control theory in (RUSSELL) 1973). They have been successfully
used in many different contexts in recent years.

3. We have to know that the estimates (3 are implied by the so called global Carle-
man inequalities. These have been introduced in the context of the controllability
of PDEs by Fursikov and Imanuvilov; see IMANUVILOV|(1995); FURSIKOV and
IMANUVILOV|(1996a). When they are applied to the solutions to the adjoint sys-
tem (2), they take the form

J[ o tepaask [[ pepdsa vl er@. @)
Qx(0,T) wx(0,T)

where p = p(z,t) is an appropriate weight depending on ,w and 7" and the
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constant K only depends on €2 and w. Combining (9) and the and the dissipative
backwards heat equation (2), it is not difficult to deduce (3) for some C' only
depending on §2,w and 7.

1.2 Positive and negative controllability results for the Burgers equation

In this subsection, we will be concerned with the null controllability of the
following system for the viscous Burgers equation:

e+ YYe = Yor = 01w, (2,1) € (0,1) x (0,7
y(0,t) = y(1,t) =0, te(0,7) (10)
y(x,0) =y’(w), z € (0,1)

Some controllability properties of have been studied in (FURSIKOV and
IMANUVILOV, |1996a) (see Chapter 1, theorems 6.3 and 6.4). There, it is shown that, in
general, a stationary solution of with large L?-norm cannot be reached (not even
approximately) at any time T. In other words, with the help of one control, the Burgers
solutions cannot go anywhere at any time.

For each y° € L?(0,1), let us define

T(y°) = inf{T > 0: is null controllable at time 7'}.

Then, for each r > 0, let us define the quantity

T*(r) = sup{T(y") : 9°ll1201) < 7}

Our main intention is to show that 7%(r) > 0, with explicit sharp estimates
from above and from below. In particular, this will imply that (global) null controlla-
bility at any positive time does not hold for . Indeed, let us set ¢(rr) = (log 1)~!. We
have the following result from (FERNANDEZ-CARA and GUERRERO, 2007):
Theorem 1.3. One has

Cogp(r) <T*(r) < Cig(r) as r — 0, (11)

for some positive constants Cy and Cy not depending of r.

Remark 1.1. The same estimates hold when the control v acts on system through
the boundary only at z = 1 (or z = 0). Indeed, it is easy to transform the boundary
controlled system

Yt + Yo — Yaw = 0, (z,t) € (0,1) x (0,T)
y(0,t) =0, y(1,t) = w(t), te(0,7) (12)
y(l’,O) = yo(x)7 VS (07 1)
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into a system of the kind The boundary controllability of the Burgers
equation with two controls (+ = 0 and * = 1) was analyzed in (GUERRERO and
IMANUVILOV, 2007). This paper show that even in this more favorable situation null
controllability does not hold for small time. Moreover, it is proved in that work that

exact controllability does not hold for large time. 0

Remark 1.2. It is proved in (CHAPOULY, 2009) that the Burgers equation is globally
null controllable when we act on the system through two boundary controls and an
additional right hand side only depending on t. In other words, for any 4" € L*(0,1),
there exist wy, w, and h in L?(0,T') such that the solution to

Yt + YYz = Yzx = h(t)a (I,t) S (07 1) X (OvT)
y(0,t) = wi(t), y(1,t) =wq(t), te€(0,7) (13)
y((L’,O) = yO(x)’ ZAES (07 1)

satisfies

y(z, T) =0, z € (0,1).

However, it is unknown whether this global property is conserved when one of the
boundary controls w; or w, is eliminated. O

The proof of the estimate can be obtained by solving the null controlla-
bility problem for via a standard fixed point argument, global Carleman inequali-
ties to estimate the control and energy inequalities to estimate the state and being very
careful with the role of 7" in these inequalities.

The proof of the below estimate was inspired by the arguments from (ANITA
and TATARU, 2002) and implied by the following property: there exist positive con-
stants Cjy and C{, such that, for any sufficiently small » > 0, we can find initial data y°
and associated states y satisfying ||y°|| < r and

ly(z,t)| > Cyr for some z € (0,1) and 0 < ¢t < Cyo(r).

For more details, see (FERNANDEZ-CARA and GUERRERO, 2007).

1.3 Controllability results for Navier-Stokes and Boussinesq systems

In this subsection, N = 2 or N = 3. The controllability properties of the
Navier-Stokes system have been the subject of intensive research these last years. The
question was first treated by Lions in (1990), where approximate controllability was con-

jectured. This was followed by several papers, where many partial answers were
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furnished such as (CORON] 1996), (CORON and FURSIKOV), 1996) and (LIONS and
ZUAZUA, 1998). Concerning null controllability and exact controllability to the trajec-
tories, the first local results were given in (FURSIKOV and IMANUVILOV), 1996b). In
this part we deal with the local exact controllability of the Navier-Stokes system with
distributed controls.

Let Q C R” be a bounded connected open set. Let w C 2 be non-empty
open subset and let 7" > 0. We will use the notation ) = 2 x (0,7") and ¥ = 92 x (0,7)
and we will denote by n(x) the outward unit normal to (2 at the point z € 0€2. We have

the well known Navier-Stokes equations:

u — Au+ (u, V)u+ Vp=wvl,, in @,

V.-u=0, in @, (14)
u =0, on X,
u(0, z) = ug(x), in Q.

The pair (u, p) is the state (the velocity field and the pressure distribution)
and v is the control (a field forces applied to the fluid particles located at w).

Let us recall the definition of some usual spaces in the context of Navier-
Stokes system.

V={uec Hy(Q":V-u=0in Q}

and

H={uc (Y :V-u=0inQ, y-n=_0on dQ}.

Let us now introduce the concept of exact controllability to the trajectories for
the Navier-Stokes system. For any trajectory (@, p), i.e. any solution of the uncontrolled

Navier-Stokes system

u— Au+ (u,V)u+Vp=0, in @

V-u=0, in @ (15)
u =0, on X
u(0,z) = up(z), in Q.

Here, uy € H, there exist controls v € L?(w x (0,7))" and associated solution (u, p)
such that

u(z, T) =u(x,T), z € (16)

At the moment, we do not know any global result concerning exact control-
lability to the trajectories for (14). However, the following local result holds:
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Theorem 1.4. Let (,p) be a strong solution of (15), with

e L2(Q)N, u(-,0)eV.

Then, there exists § > 0 such that, for any u° € H N L*N~2(Q)N satisfying

HUQ - EO||L2N72(Q)N < 5,

we can find a control v € L*(w x (0,T))N and an associated solution (u,p) to such that
holds.

The proof of theorem can be obtained as an application of Liusternik’s
inverse mapping theorem in an appropriate framework.

A key in the proof is a related null controllability result for the linearized

Navier-Stokes system at (@, p), this is to say:

u —Au+ (@, V)u+ (v, V)u+ Vp=vl,, in @,

V-u=0 i
u =0, on X,
u(0, z) = ug(x), in Q.

This is implied by a global Carleman inequality of the kind (9) that can be
established for the solution to the adjoint of (17), which is the following

—or = Ap+ (Vo +VipJu+ Vr =g, in @,

V-p=0 i
p =0, on
p(0,T) = " (), in Q.

The details can be found in (FERNANDEZ-CARA et al., 2004).
Similar result can found in (GUERRERO, 2006) for The Boussinesq equa-

tions

u — Au+ (u, Viu+Vp=vl,+f0ey, V-u=0 in @,

0, — A0 +u-VO=nhl,, in Q, (19)
U = 07 0= 0, on 27
u(0,x) = ug(x), 6(0,x) = Oo(x) in Q.

Here, the state is the triplet (u, 6, p) (¢ is interpreted as a temperature distri-
bution) and the control is (v, h) (as before, v is a field of external forces; h is an external
heat source).

Again, a crucial point to prove the null controllability of certain linearized

systems, this time modified controls. For instance, when dealing with the task is
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reduced to prove that, for some appropriate weights p, py and some K > 0, the solution
satisfy the following Carleman estimate

// ool dedt < K // o210 + lpal?) dadt, W™ € H.
Qx(0,T) wx(0,T)

1.4 Free-boundary system and controllability of fluid-rigid body system

Free boundary problem is a partial differential equation to be solved for
both an unknown function y and an unknown domain 2. The segment I' of the bound-
ary of Q2 which is not known at the outset of the problem is the free boundary.

The classic example is the melting of ice (two-phase Stefan problem). Given
a ice block, one can solve the heat equation given initial and boundary conditions to
determine its temperature. However, if in any region the temperature is higher than
the melting point of ice, this domain will be occupied by liquid water instead. The
boundary formed from the ice-liquid interface is controlled dynamically by the solu-
tion of the PDE. We assume the melting point of ice to be a constant equal 0.

The melting of ice is a problem formulated as follows. Consider a medium
occupying a region (2 consisting of two phases, the liquid phase and the solid phase.
Let the two phases have diffusivity coefficient o; and «, where o; > 0 is the diffusivity
coefficient in water, and a, > 0 is the diffusivity coefficient in ice (in principle o, # as).

In the regions consisting solely of one phase, the temperature is determined
by the heat equation: in the liquid phase region (temperature> 0),

Y — oAy = f,

while in the solid phase region (temperature< 0),

Yy — asAy = f.

Here, f represents sources or sinks of heat. Let s(¢) be the position of the
interface at time ¢ (temperature = 0). Let n denote the unit outward normal vector to
the solid phase. The Stefan condition determines the evolution of the surface s by giving
an equation governing the velocity s’ of the free surface in the direction n, specifically

Ls'(t) = a0,y (s(t)+,t) — a10,y(s(t)—, 1), (20)

where L is the latent heat of melting.

In this problem, we know beforehand the whole region (2 but we only know
the ice-liquid interface s at time ¢ = 0. To solve the Stefan problem we not only have
to solve the heat equation in each region, but we must also track the free boundary
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s(t), t € (0,7).

Note that, we can have the case where one of the phases has at constant
temperature. Let assume the solid phase in at constant temperature equal 0. Thus
reduces to

Ls'(t) = —an0ny(s(t)—,1). (21)

It is therefore evident that on the free boundary both conditions y(s(t)) =
0 and should be prescribed in order to have a well posed problem. The basic
idea to prove the existence of solutions is we assign arbitrarily a free boundary S and
consider the solution y to the problem where y(s(¢)) =0, t € (0,T). Then we define a
transformed boundary 5 such that

L3 (t) = —a10,y(s(t)—, 1).

We may assume the problem is one dimensional. Assuming that 0 < s(t) <
B, t € (0,T) and denoting by « the space variable, the complete two-phases problem
can be written as:

p

Yi — Yee = 0, (2,1) € Q1

Yo — Q2Yez = 0, (7,1) € Qo

y(s(t)+,t) = y(s(t)—.t) =k, t € (0,T)

—1y.(0,t) = hu(t), t €(0,T)

—2y2(0,) = ha(t), t€(0,7)

—o Y (s(t)—, t) + agy.(s(t)+,t) = Ls'(t), t € (0,T)
y(z,0) =y°(z), = € (0,B)

[ s(0) =50

(22)

Here, 0 < s < B, T > 0 and oy, a9, k are given positive number. The
liquid phase occupies at the initial time ¢ = 0 the interval (0, sy), while the solid phase
occupies (sg, B). The problem is posed in the interval (0,7"). Moreover we have set

Q1 ={(z,t): 0 <z <s(t), te (0,7},
Qs ={(z,t) : s(t) <x < B, te(0,7)}.

Actually, we will deal mainly with the one phase version of where the
solid phase is at constant temperature. In other words, we will deal with the following
problem:
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Yt — Yau = 0, (z,t) € Qs,

y(s(t),t) =0, te (0,7),

—y.(0,t) = h(t), t e (0,7), 23)
—Ya(s(t),t) = s'(t), t€(0,T),

y(z,0) = y°(x), z € (0,B),

s(0) = so

\

Here, we have used the notation

Qs = {(:E,t) NS (O7S(t))7 le (OvT)}7

where s € C°([0,T).
Theorem 1.5. Let us assume (yo, h) € C°([0,T])*> and h > 0and 0 < yo < so. Then, there
exists a unique solution (y, s) to problem (23)) such that

s € CH(0,T)) nC°([0,T]), s(0)=sy, s(t)>0, tec(0,T);

y € CUQs) NC*'(Qs), yr € CUQs — {t =0}),

For further reading on the one-phase Stefan problem, see (ANDREUCCI,
2002; CANNON; [1984).

Now, we will present some control results for models of fluid-solid interac-
tion, Those results can be found in IMANUVILOV and TAKAHASKI, 2007),
(DOUBOVA and FERNANDEZ-CARA, 2005), and (LIU, 2011). This part is devoted to
the controllability of fluid-structure (or fluid-solid) system. Our goals is obtain knowl-
edge to resolve our controllability problem of a free-boundary Burgers system. The
fluid is viscous and incompressible and its motion is modeled by the Navier-Stokes
equation where the structure is a rigid ball, which satisfies Newton’s laws. We show
results the local null controllability for the velocities of the fluid and of the solid mass
and the exact controllability for the solid mass position.

Let C be an open boundary set of R?, containing the open ball S(t) of radius 1
moving into a viscous fluid which is occupying the domain §2(¢) = C\ S(t¢). Let w be an
open subset with@w C (t). The fluid-rigid body (fluid-solid mass) system is controlled
by a force field supported in w. Then, the equation of motion of the fluid-structure

system are:

ur — vAu+ (u-V)u+ Vp=wvl,, x€Qt), tel0,T], (24)
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V-ou=0, ze€Qt), tel0,T], (25)
u=0, z€dC, tel0,T], (26)
u(t,z) = W'(t) +0'(t)(z — h(t))*, ©€0S(t) te(0,T], (27)
MI/(#) = — / o(u, p)ndl, t € (0,T), (28)
5(t)
JO"(t) = —/ (x — h(t)* - o(u,p)ndl’, te (0,7), (29)
S(t)
u(z,0) = u’(z), =€ Q0), (30)
BO) = 10, H(0) = h', 6(0) = 6°, §'(0) =", (31)

where

1 (0w ou,
o(v,p) = —pld + 20D(u) and D(u)y; = (a_;f %)
J J

In the above system the unknowns are u(z, t) (the velocity field of the fluid),
p(x,t) (the pressure of the fluid), h(t) (the position of the center of the rigid ball) and

(t) (the angular of the rigid body). The function v(x,t) is the control of the system.
The domain S(t) is defined by:

where B = {z € R? : |z — ¢| < 1} denotes the open ball of R?. The constants M and J
are the mass and the moment of inertia of the rigid body. For sake of simplicity, assume
that the rigid body is homogeneous and thus we have that

M =276, J= 5/ ly|2dy,
S

where § > 0 is the rigid body density. The positive constant v is the viscosity
of the fluid.

Forallz = ('), we denote by x the vector z- = (2 ). Moreover we denote
by 0S5(t) the boundary of rigid body and by n(z, t) the unit normal to 0S5(¢) at the point
x directed to the interior of the rigid body.

Assume that

S(0)cC\w, (32)
then, for |hr — hY| small enough, we have that B(hy) C C \ w. Therefore, it is natural to
wonder if with some control v we can have S(7T') = B(hr). Indeed, we have a control
such that the velocities of the fluid and of the rigid body are equal to at time 7. This is
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the main result of IMANUVILOV and TAKAHASKI, 2007):
Theorem 1.6. Let T' > 0 and assume that holds true. Suppose also that u° € H'(2(0))
and that

V-u=0, ze€Q0),
u(z) = ht +0*(x — K%+, 2 € 85(0), (33)
u’(z) =0, x€aC.

Then there exists € > 0 such that if

12 oy + |1 = | + Y +16° — Oz] +10"] <e,

then the system (24)-(31) is null controllable at time T' in velocity and exactly controllable at
time T for the position of the rigid body. More precisely, there exists v € L*(0,T; L*(w)) such
that

W(T)=0, K(T)=0, 6(T)=0,

and

WT) = he, O(T) = 0r.

Another result is the null controllability of a one-dimensional nonlinear sys-
tem which models the interaction of a fluid and a particle. The velocity of the fluid is
governed by the Burgers equation at both sides of the point mass location y = h(t)
and the control is exerted at the boundary points. For simplicity, the fluid density was
defined constant and the solid particle has unit mass. The system is thus the following;:

Yt + YYo — Yoo = 0, (x,t) € Q\ h(t),
y(—=1,t) = a(t), y(1,t) = pB(1), te(0,7),
y(h(t),t) = W'(t), [yz](h(t),t) =h"(t), t€(0,T), (34)
y(z,0) = y°(z), re(—1,1),
[ 1(0) =h%, (0) =M

Here, Q@ = (—1,1) x (0,7), T > 0, y(z,1) is the velocity of the fluid particle
located at z at time ¢, h(t) is the position occupied by the particle at time ¢, & and 3 are
the controls (two functions at least in L>°(0, 7)) and the initial data satisfy

v’ € H'(—1,1), h® € (~1,1) and h' =°(Rn?), (35)

and [f(x)] denotes the jump of the function f at point =.
In (34), the spatial domain depends on ¢. |h(t)| < 1 — b where b is a pos-
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itive small constant, we can introduce the following change of variable: For any z €

(—1,h(t)) U (h(t),1), we put £ = (z — h)/(1 — kh), where £ is the sign of £&. The change
of variables allows us to rewrite the problem as

(1 —=rh)y — (1 = KM yo + Yy — ﬁym =0, (1) e, £#£0,

y(=1,1) = a(t), y(1,t) =), t€(0,7),
y(0,1) = I'(t), L _lﬁhym] (h(t),t) = h"(t), te(0,7), (36)
y(ga O) = yO(g)’ 6 € (_1’ 1)7

h(0) = h, K(0) = hy.

In (DOUBOVA and FERNANDEZ-CARA, 2005), one of the main results is
the following:
Theorem 1.7. The nonlinear system is locally null controllable. More precisely, there
exists ¢ > 0 depending on T' > 0 such that, wherever the initial data satisfy and

19| —1,0) + |A°] + [RY] < e,

we can find controls o, B € L>(0,T") and associated states

(y,h) € C°([0,T); L*(—1,1)) x C*([0,T)) satisfying

y(§7t) =0 in (_1? 1)7 h(T) =0 h/(T) =0.

Finally, in (LIU|, 2011) one of the main results is a local null controllability
of system with only one boundary control. In order to clarify the situation, let us
present the result:

Theorem 1.8. Let T' > 0. There exists ¢ > 0 such that, wherever the initial data satisfy

and

1y ooy + R+ R < e,

we can find a control a € C°[0, T and associated states

y € L*([0,7); H*((=1,1) \ {r(t)})) N C°([0, T); H'(—1,1)), h € C'([0,T]) satisfying

y(z,t) =0 in (=1,1), h(T) =0 K(T) = 0.
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It has considered a one-dimensional model for a compressible fluid con-
taining a solid represented as a point particle of mass m > 0 which floats with fluid.
The fluid density was assumed to be constant and the fluid velocity governed by the
viscous Burgers equation on both sides of the point mass location x = h(t) and the

boundary control a € C°([0, T]). The complete system of equation and data is

Y + YYo= Yoz = 0, (z,t) € @\ h(?),
y(—1,t) = a(t), y(1,t) =0, t e (0,7),
y(h(t),t) = h(t), [y|(h(t),t) =mh"(t), te€ (0,T), (37)
y(z,0) = 13°(x), x € (—1,1),
\ h(O) - h07 h’(O) = hy

1.5 Main results of the Thesis
1.5.1 Main result of section 2
Let T > O be given and L € C'([0,71]) be a function with

0<L,<L(t)<B, te(0,T).

Define @ = {(z,t) : @ € (0,L(t)), t € (0,7)} and assume that f : R — R
is a globally Lipschitz continuous function. We will consider free-boundary problems
for semilinear parabolic systems of the form

yt_yxx+f(y) :U]-w) (l’,t) S QL)
y(0.0) =0, y(L{t),1) =0, te(0,T), -
y(x,0) = y°(x), z € (0, Lo),
L(0) = Ly,
with the additional boundary condition

Here, y = y(z,t) is the state and v = v(z, t) is a control; it acts on the system
at any time through the nonempty open set w = (a,b) with 0 < a < b < L,; 1,, denotes
the characteristic function of the set w; we will assume that y° € H}(0, Ly) and L(0) =
Ly.

The main goal of Section 2 is to analyze the null controllability of (38). It
will be said that is null-controllable at time T if, for each y° € H}(0,T), there exists
v € L*(w x (0,7T), a function L € C'([0,7T]) and an associated solution y = y(z,t)

satisfying (38§), and
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y(x,T) =0, x € (0,L(T)). (40)

Denote by y* the extension of y by 0. The main result in the Section 3 is the
following;:
Theorem 1.9. Assume that f is globally Lipschitz continuous, f(0) =0, T > 0and B > 0.
Also, assume that 0 < a < b < L, < Ly < B. Then is locally null-controllable. More
preciselly, there exists ¢ > 0 such that, if ||y°|| 3 (0,1) < € there exists triplets (L, v, y) with

{ L e CY([0,T)), L.<L(t)<B, (41)
, yred

v € L*w % (0,7)) °([0,T1; H; (0, B)),
satisfying (38), and ([40).

1.5.2 Main result of section 3

In Section 3, we will consider a 1D nonlinear system which models the inter-
action between a fluid and its boundary. We will assume that the velocity of the fluid
is governed by the viscous Burgers equation and, for simplicity, that the fluid density

is constant. Thus, the proposed system is the following:

( Yt Y YYz — You = Ulwa (l’,t) c QZ?
y(0,2) =0, y(l(t),t) =(t), t(0,T),
v (€(t), ) = —L"(t) te (0,7), (42)
y(SU,O) = yO(l.)’ LS (0760)7

[ £(0) =1lo, €(0) =1,

Here, 7 > 0,0 <a <b<l, <lp < Band Q; = {(x,t) : x € (0,£(t)), t €
(0,7)}. Also, 1, is the characteristic of w = (a,b), y(z, t) is the velocity of fluid particle
located at z at time ¢, v is a distributed control with support in the cylinder w x (0,7T)
which can be interpreted as an external force field acting on the fluid, / is a function in
the set

X ={teC*[0,T): 0 <l < L(t) < B,Yt € (0,T)},

and the initial data satisfy

v’ € H'(0,1y), 0 <. <ty < Band y°(ly) = 1.

We define Q = (0, B) x (0,T'). Let i be the extension of y defined below:
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y(l‘,t), in QZ
y($7t) =
C'(t), in @\ Q

It will be said that is null controllable at time 7' if, for every (y°,lo,1;) €
H(0,1y) x (I, B) x R, there exist v € L*(w x (0,7T)) and an associated solution (7,1) €
C°([0,T); L*(0, B)) x C?([0,T]) satisfying

y(x, T)=0, z€(0,B).

The first main result of the section 3 is the following;:
Theorem 1.10. Let us assume 0 < a < b < {, < {y < B. Then is locally null-
controllable. More precisely, there exists € > 0 such that, if (y°,¢;) € H'(0,4) x R
and || (y°, 01) || i 0,00 xr < €, we can find controls v and associated solutions (y, () satisfying

ve L*wx (0,T)), yeC%0,T); H(0,B)). £ € X

and
y(x, T) =0, =€ (0,B). (43)

1.5.3 Main result of section 4

Let T > 0 and let €2 be the open set

Q={r R 2,259,235 € (0,1)},

whose boundary is denoted by 02. We will use the notation ) := 2 x (0,7") and X :=
o0 x (0,7).

Let us introduce the Hilbert spaces

HQ)={weLl*()?:V-w=01in Q, w-n=0 on 9N}
(where n = n(z) is the outward unit normal vector at x € 02) and
Vo(Q) ={w € Hy(Q2)*: V-w=0 in Q}.
We consider the three-dimensional Navier-Stokes and Boussinesq systems

w—Au+ (u, Viu+Vp=f, V-u=0 in Q,
w(0, 22, 23,t) = 0, in (0,1)% x (0,7), (44)
u(x,0) = uo(x) in Q
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and
u—Au+ (u,Viu+Vp=fex+f, V-u=0 in Q
O, — A0 +u-VO=g in Q 45)
(0, x9, 23,t) =0, 0(0,29,23,t) =0 in (0,1)%x (0,7)
(u(z,0),0(x,0)) = (up(z),0o(z)) in Q.

Here, f € L*(0,T;L*(Q)?%), g € L*(0,T; L*(Q2)) are given source terms, ug €
H(Q) and 6y € L*(Q).

The first main result in the section 4 is the following;:
Theorem 1.11. Assume that (ug,0y) € Vo(2) x HY(Q) and (f,g) € L*(Q)3 x L*(Q). Then,
there exists a sequence {(fe, g:) }eso in L*(Q)* x L*(Q) such that

(fer9e) = (fog) in L7(0, T3 HH(Q)%) x L(0,T5 H™(Q))

forall r € (1,4/3) and there exist solutions (u., p-, ;) to the null controllability problems

(

ue,t_Aus+(usav)ua+vPs :06€N+f€7 V'ue =0 in Qa
0., — N0 +u. - VO = g. in Q
8 u(0, 29,23, t) =0, 0.(0,29,23,1) =0 in (0,1)>x(0,7),
(u5<$,0)7@€(l’,0)) = (UO('I)’QO(’I)) in Q7
| (ue(z,T),0-(2,T)) = (0,0) in Q,
with
u. € LX(0, 73 V() N L2(0, T H(Q)
and

6. € L*(0,T; H3(Q)) N L>=([0, T); L*(£2)).

As in (GUERRERO, IMANUVILOV, and PUEL| 2012), the proof of Theo-
rem [4.1| will take four steps. Thus, we divide our time interval (0, 7) in four subinter-
vals, where different strategies are used.

The following two results concern generalizations of Theorem 1 in (GUER-
RERO, IMANUVILOV, and PUEL| 2012). In the first one, we prove that the approxi-
mate boundary controllability can also be obtained with controls acting only on three
faces of the unit cube. In the second one, we show that {2 can be a much more gen-
eral set, namely a bounded domain of R* whose boundary contains a piece of a plane
entirely located inside one of the associated semispaces.

Theorem 1.12. Assume that ug € H(Q) and f € L*(Q x (0,T)) are given. Then, there exists
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a sequence {(f.)}e=0 in L*(Q)? such that
fe— fin L"(0,T; H'(Q)?)

forall r € (1,4/3) and there exist solutions (u., p.) to the null controllability problems

Uet — Aug + (ue, V)ue + Vp. = f. in Qx(0,T),
V-u. =0 in Qx(0,7),
ue(0, 29, 23,1) = us(1, 09, 23,1) = ue (w1, 22,0,¢) =0 in (0,1)% x (0,7),
us(x,0) = up(x), ue(x,T)=0 in Q.

Now, let II be a plane in R?, let IT" be one of the semispaces determined

by II and let Qi C R be a bounded domain satisfying
Qn C II'", Qu N1II is a non-empty open set
and let us consider the Navier-Stokes system

u — Au+ (u, Vu+Vp=f in Qpx (0,7),

V-u=0 in Qpx (0,7),
u(z,t) =0 in (0QnNII) x (0,7),
u(z,0) = up(x) in Q.

Theorem 1.13. Assume that ug € H(Qn) and f € L*(Qqn x (0,T)). Then, there exists a
sequence {(f-)}eso in L*(Qq x (0,T))3 such that

fe— fin L0, T; H(Qn)%)
forall r € (1,4/3) and there exist solutions (u., p.) to the null controllability problems

Uet — Aue + (ue, V)u. + Vp. = f. in Qp x (0,7,

V-u. =0 in Qpx(0,7T),
us(x,t) =0 on (0Qn NII) x (0,1),
ue(2,0) = ug(x), u(z,T)=0 in Q.

A similar result can be deduced for the Boussinesq system in gy x (0, 7).
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2 LOCAL NULL CONTROLLABILITY OF A FREE-BOUNDARY PROBLEM FOR
THE SEMILINEAR 1D HEAT EQUATION

2.1 Introduction

Let T > O be given and L € C'([0,T]) be a function with

0<L,<L(t)y<B, te(0,T).

Define Q;, = {(z,t) : x € (0, L(t)), t € (0,T)} and assume that f : R — R
is a globally Lipschitz continuous function. We will consider free-boundary problems

for semilinear parabolic systems of the form

yt_yx$+f(y) :Ulbw (l‘,t) € Q[n
y(0.0) =0, y(L{t),1) =0, t€(0,T), o
y(.’E,O) :yO(x)’ LS (07L0)7
L(0) = Ly,
with the additional boundary condition
() = =y (L(b). 1), te (0,T). (47)

Here, y = y(z,t) is the state and v = v(z, t) is a control; it acts on the system
at any time through the nonempty open set w = (a,b) with 0 < a < b < L,; 1., denotes
the characteristic function of the set w; we will assume that y° € H}(0, Ly) and L(0) =

Ly, see Fig. (1).

i L(t)

Qr

»

0 ab L.Ly B
Figure 1: The situation in 1}

The main goal of this paper is to analyze the null controllability of (46). It
will be said that is null-controllable at time T if, for each y° € H}(0,T), there exists
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v € L*(w x (0,7T), a function L € C'([0,T]) and an associated solution y = y(z,t)

satisfying (46), (47) and

y(x,T) =0, x= € (0,L(T)). (48)

On the other hand, it will be said that is approximately controllable
in L?(0, L(T)) at time T if, for any y° € H;(0, Ly) and any ¢ > 0, there exists a control
v e L*(wx(0,T)),afunction L € C'([0,T]) and an associated state y = y(z, t) satisfying

(46), @7) and

ly(, Tl L2 o,Lr)) < e (49)

The controllability of linear and semilinear parabolic systems has been ana-
lyzed in several papers. Among them, let us mention (FURSIKOV and IMANUVILOV,
1996a), (BARBU, 2000), (FERNANDEZ-CARA and ZUAZUA, 2000) and (DOUBOVA
et al., 2002).

On the other hand, free-boundary problems similar to (46)-(47) have been
motivated by different applications such as:

e Tumor growth and other problems from mathematical biology; see (FRIEDMAN
and Aguda, 2006) and (2012).

e Fluid-solid interaction; see (DOUBOVA and FERNANDEZ-CARA, 2005),
(VAZQUEZ and ZUAZUA,2003) and (LTU, TAKAHASHI, and TUCSNAK)2013).

e Gas flow through porous media; see (ARONSON, 1983), (FASANO, 2005) and
(VAZQUEZ, 2007).

e Solidification and related Stefan problems; see (FRIEDMAN)| 2010).

e The analysis and computation of free surface flows; see (HERMANS, 2010),
(STOKER, 1957) and (WROBEL and BREBBIA) |1991)).

Denote by y* the extension of y by 0. The main result in this paper is the
following:

Theorem 2.1. Assume that f is globally Lipschitz continuous, f(0) =0, T > 0and B > 0.
Also, assume that 0 < a < b < L, < Ly < B. Then is locally null-controllable. More
preciselly, there exists ¢ > 0 such that, if ||y°|| g3 0,,) < € there exists triplets (L, v, y) with

{ LeCY[0,T)), L.<L(t)<B, (50)

v e L(w x (0,7)), y* € CO(0,T); HY(0, B)),

satisfying (40)), and (4]).

Remark 2.1. Theorem is still true when we consider, instead of , a boundary
controlled system with the control acting just at z = 0. This can be deduced in a simple
way as follows:

1. Take § > 0 and solve the following control problem
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Yt — You + f(Y) = vl(_s/2,0), (z,1) € CN?L,
y(0,t) =0, y(L(t),t) =0, te(0,7),

(51)
y($a ) ( )7 S (_57 L0)>
L(0) = Lo,
L/(t) = _gm<L(t>7t)7 te (O>T)7 (52)
y(x,T) =0, x € (=6, L(T)). (53)

Here, ° is the extension of y° by 0, v is a distributed control with support in the
cylinder (—6/2,0) x (0,T) and Q; = {(z,t) : x € (=6, L(t)), t € (0,T)}.

2. Denote by y the restriction to (), of the function y and set h(t) = y(0,t). The
triplet (L, h, y) is the solution of the boundary null controllability problem. O

Remark 2.2. An even more interesting case is found when the control acts on the free

boundary:
yt_yxx+f<):0 (mat)eQLa
y(0,1) =0, y(L(1),t) = h(t), t<(0,T),
y(z,0) = 3°(x), x € (0, Ly),
L(O) == Lo,
together with and (48). This control problem needs a deeper analysis. O

The rest of this paper is organized as follows. In Subsection 2.2, we prove
a global Carleman inequality, whence we deduce an observability inequality needed
to prove the null controllability of a linear variant of (@6)-(#7). We also establish a
regularity property for y,(L(t), t). In Subsection 2.3, we give the proof of Theorem
Subsection 2.4 deals with some additional comments.

2.2 A controllability result for the linear heat equation in a non-cylindrical domain

2.2.1 The problem and the result

Our final goal is to prove Theorem We will use a fixed point argument
and, for this purpose, we must first study the null controllability problem for the linear

system:
Yo = Yo + a2, )y = vy, (2,1) € O,
y(0,t) =0, y(L(t),t) =0, te (0,T), (54)
y(z,0) = y°(2), z € (0, Ly),

where a € L*((0,B) x (0,7)) and the function L € C'([0,71) is given and satisfies,
0<a<b< L,<L(t) <B.
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After an appropriate change of variable, can be rewritten in the form

ws — wee + B(E, s)we + C(§, s)w =h, (£, 5) € (0, Lo) x (0,5),
w(0,s) =0, w(Ly,s) =0, s € (0,9), (55)
w(ga O) = yO(g)’ 5 € (07L0>7

with B,C € L*((0, Ly) x (0,5)) and h € L*((0, Ly) x (0,5)).
We can easily verify that there exists a unique solution y to (54), with y* €
L*(0,T; H*(0, B)) and y; € L*(0,T; L*(0, B). Consequently,
y" € C°((0,T; H; (0, B)).

Theorem 2.2. Forany y° € H; (0, Lo) and £ > 0, there exist pairs (v, y.) with

v, € L*(w x (0,T)), yeC0,T); Hy(0, B))

satisfying and

Ny, T L2 (0,L(1y) < €. (56)

Furthermore, the control v. can be found such that

V|| 2(x 0,1)) < C1||y0||L2(0,L0), (57)

where Cy > 0 only depends on L., B,w, || L'| s, ||a|| e (@, and T
The proof follows rather standard arguments. The main tool is a global
Carleman estimate for the solution to the adjoint system of (54), that is given by

—pr — som +a(r,t)p=u, (v,t) € Qy,
©0(0,t) =0, o(L(t),t) =0, te (z,T), (58)
p(x,T) = (fﬂ)a z € (0, L(T)),

where u € L*(Qp) and ¢° € L?(0, L(T)).

An immediate consequence of Theorem [2.2]is the following:
Corollary 2.1. Forany y° € Hg (0, Ly), there exists pairs (v,y), with

v e L} wx (0,T)), y* €C°0,T]; Hy(0,B)),

satisfying (54) and ([#8). Furthermore, v can be found such that

0]l 2w 0.7 < Cally® |l 0,z0)
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where Cy only depends on L., B, w, ||L' ||, ||a]| L(q,) and T

This will be recalled in the next section.

2.2.2 A global Carleman inequality for the linear heat equation and its consequences

Let us first introduce some weight functions. Let us denote the lateral bound-
ary of 1, by

Yr={(z,t):x=0or x=1L(t), 0<t<T}.
Lemma 2.1. Let wy be a non-empty open set with Wy C (a,b). There exists a function n, €

CY(Qp) with no 4, € C°(Qy) such that

no(xz,t) =0, (x,t) € X,
oz >0, (x,t) € Qp \ (wo x (0,T)),

mo(z,t) =1 — zé);_bb (z,8) € (b, L(t)) x (0, T).

The proof of this Lemma can be found in (FERN ANDEZ-CARA, LIMACO,
and MENEZES), 2016), Lemma 2.1. We introduce now the weight functions

o2Alnlloe _ (1)

alx,t) = 50 :
- 6/\17(36,15)
£<x7t) T W;

where 5(t) = t(T —t), n(x,t) = no(z,t) + Land A > 0.

The following result contains a Carleman estimate for the solutions to the
adjoint systems (58); it is inspired by the ideas in Fursikov-Imonolov (1996a) and the
proof is identical to the proof of Theorem 2.2 in (FERNANDEZ-CARA, LIMACO, and
MENEZES, 2016).

Theorem 2.3. Let 1, o, B and & be the functions defined above. There exist positive constants
Ao, S0 and Cy, only depending on L., B, w, || L||ss, || 2|/ (qo) and T, such that, for any s > s

and any X\ > Ao, we have
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// < (el + [02al?) "‘)\255‘901|2+)\453§3|(p]2) dz dt
L

v " a0 ) ge (1), ) oa (L), D di
0
59)

T
+/ e~ 2500 \s£(0, 1) |0, (0, 1)|? dt
0

<y (// e~ 2% u|? dx dt + // e~ 2\ 33 o] da dt)
L UJX(O,T)

In a second step, we will prove an observability inequality for the solutions
to the adjoint systems. This is a consequence of the previous Carleman inequality.
Proposition 2.1. There exists a constant C' > 0, only depending on L., B, w, || L’ ||, || 2|/ o< (o)
and T, such that for any ©° € L*(0, L(T))), the associated solution to with v = 0 satisfies

Lo
[iemopa e [ jaa (60)
0 wx(0,T)

Proof. Let us take A = \¢ and s = s in (3.4). Then

// 250153’@‘2 dox dt < C// —250453‘(70’2 dx dt
L x(0,T)

and, consequently,

3T/4  pL(b) 3T/4  pL(t)
/ / lplPdzdt < / / e~ 253 | da dt
0 0
C // || dx dt.
wx (0,7

On the other hand, if we introduce the auxiliary function ¢ = elell~y, we
find that

RN AZC N L(1) )
i UL ks ) [ P e [ el + @l ds = o
0 0 0

forallt € (0,7"), whence

(61)

IN
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This implies

L(0) L(t)
[ e opas <l [ o vee 0.7)
0 0

and

L(O) 3T/4
—/ o(z,0)* dx < eT”a“oo/ / o(x,t)|? du dt. (62)
From and (62), we conclude the proof. O

The observability inequality leads to the approximate controllability re-
sult in Theorem The argument is well known; see (FABRE, PUEL, and ZUAZUA,
1995) for more details. Thus, let y° € L*(0, Ly) and £ > 0 be given and let us introduce
the functional J.(-, a, L), with

(¢ a, L) = // ol dt el o simy + (90,010

for all ©° € L*(0, L(T)).

Here, ¢ is the solution to (58). Using (60), it is relatively easy to check that
J-(:;a, L) is strictly convex, continuous, and coercive in L?(0, L(T')), so it possesses a
unique minimum ¢Y € L*(0, L(T)), whose associated solution is denoted by ¢.. Let
us now introduce the control v. = ¢.1,, and let us denote by y. the solution to (54)
associated to v.. Then, either ¢? = 0, or we can differentiate the functional at ¢©? and

obtain a necessary condition to reach a minimum at ¢?:

// pepdrdt + 5( )
x(0,T) H%HL? (0,L(T))

+ (¢(-0),9") 20,L0) = 0
Vol € L*(0, L(T)),

(63)

From this and for ¢° = 0, we get the estimate (57). On the other hand,
since the systems and are in duality, we also have
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/] g £ = (D)0 ~ (610 1) (64)
wx(0,T
which, combined with (63), yields (56).

2.2.3 The uniform Hélder-continuity of vy,

We introduce here a class of functions of standard use in the regularity
theory of parabolic equations, see (LADYZHENSKAIA, SOLONNIKOYV, and URAL-
CEVA, 1988).

Let us fix an integer m > 0 and « € (0,1). Let us set Qy = (0, B) x (0,7'), let
G C Qo be a non-empty open set and let us assume the D} D3u is continuous in G for
2r + s < m + a. Then, we set

e} \u(:c,t) — u(mlvt)l m+a r s a
wie = swp s g = Y (DD
(z,t),(2' t)EG 2r+s=m
a/2 u(z,t) — u(z,t')] (me) r s\ (5)
<u>§,G/’ ) = sup o |t _ t/‘a/Q ) <u>t,G2 = Z <Dt Dzu>t,2G .

m—+ta r S m—+o (7)
& = > Dy Diull ey + (e + (u)y g,

2r+s<m

The space of the functions v = u(x,t), such that |u| g” ) < 4o will be

denoted by
K™*(@).

This is a separable Banach space for | - |;*“. Furthermore, it is easy to check
that K™°(G) = C™(G) and, if m + a < m’ + o/, the embedding K™ (G) — K™*(G)
is compact.

Let us denote by N, the norm of y° in L?(0, L) and let (v,y) be a control-
state pair furnished by Theorem[2.2] Let 0’ be given with b < b’ < Ly and let us set

Ry =QrNn{(x,t):x>1b'}.
From Theorems 10.1 and 11.1 in (LADYZHENSKAIA, SOLONNIKOYV, and

URALCEVA)| 1988, pp. 204 and 211), we can affirm that y € K for all « € [0,1/2), the
function V;, with Vi, (t) := y,(L(t), t) satisfies V;, € C%(]0, T]) and, furthermore,
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IVLllcoeqor < Cllyllzeqr) (65)

where the constant C' > 0 only depends on C'; and N, and « only depends on L, and
B.

Let us write y = y + y where j is the solution to with 3° = 0 and 7 is the
solution to with v = 0.

Using Gronwall’s Lemma, one can easily prove that

91l @u) < Cllallze @y [1L']ls0; B, T) 0]l L2 0:1))- (66)

On the other hand, from the Maximum Principle, we have

191l @1y < Cllalloe(@oys 1L Nloos TYY oo 0,10)- (67)

Consequently, we see that

Vil coaqoryy < Cslly°]l L= o,5) (68)

where the constant C'; > 0 only depending on ||al|z(qy), || L/||oc: B, T, Ly, w and N.
The estimate (68) will be crucial in the proof of Theorem 2.1 in the next

section.

2.3 Proof of Theorem

In a first step, let us assume that f € C'(R) and |f’| is uniformly bounded.
We define the function g : R — R as follows:

9(s) = @

For any (z,¢) € L>=(Qo) x C*([0,T]) with L, < ¢ < Band any y° € H;(0, L),
we consider the following controllability problem

for s #0 and ¢(0) = f'(0).

Yt — Yoz + g(z)y = vly, (ZE,t) € Qé’
y(0,t) =0, y(l(t),t) = te(x,T), (69)

y(:l:,()) =Y (ZZJ), VS (O,LO),
ly(-, Tl 20,00y < € (70)

Let us introduce the set

N ={z€ L7(Qo) : |2llL=(q0) < R},
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where R > 0 will be defined later. Let R, > 0 be given and let us set

M={0eC (0,T]): L, < £ < B, £(0) = Lo, |||l <Ry}

We will consider the mapping A, : N' x M — L®(Q,) x C'([0,T]) defined

by A. = (yi, L.), where y. satisfies and for v = @.|wx(01), P- is the unique
minimum of J.(+; g(z),¢) and

Lo(t) = Lo— / Yeu(l(s), 5) ds 71)

We will apply a fixed point technique to prove Theorem 2.1] First, note that
in view of the results in Section 2, A, is well defined. Moreover, one has

1921 L (@0) < Cally®llzoo(0,L0)

where Cy only depends on L., B,w, Ry and T,

1L < Cslly g 0,20)

and, consequently,

|Le(t) — Lol < CsTlly g0y, Yt €10, 7]

Therefore, if we take

R = Cully’|| L= (0,10)

and, we assume that

B—-L, Ly— L,
Hyo”Hl(OL ) < min R17 ) ° )
010 Cs' CsT CsT

we find that A maps A/ x M into itself.

Let us now prove that, for some o € (0,1), A. maps the bounded sets of
L>®(Qo) x C'([0, T]) into bounded sets in K%*(Q,) x C**([0, T]). We will use the results
from (LADYZHENSKAIA, SOLONNIKOV, and URALCEVA| 1988, see Theorems 7.1
and 10.1, Ch. III). Thus, there exists o € (0,1/2) (only depending on L., B and T') such
that y. € K%(Q,) and there exists a constant C' > 0, only depending on L., B, T, a and
19”1 73 0,20y Such that

O+«
|5 < ¢
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more details can be found in (FERNANDEZ-CARA, LIMACO, and MENEZES, 2016)).

On the other hand, from we already knew that

| Le|lcre < C, (72)

where C' > 0 only depends on the previous data and Ny. As a consequence, A. maps
N x M into a compact set of L=(Q,) x C*([0,T)).

Now, we will show that (z,¢) — A(z, ) is a continuous mapping. Thus, let
the (z,, £,) be such that

(Zny ) = (2,0), in L>(Qo) x C*(]0,T7]) (73)

and let us set (v, Len) = Ac(2n, 0n).
Obviously, A.(z,, {,) converge strongly to some (y}, L.). We must prove that
(yr, Le) = Ac(2,0).

To this purpose, the following result will be used:
Proposition 2.2. Let M be the mapping

M : N x M L*(0,1),

where M (z,0) = 42, v2(¢) = ©2(CU(T)) and ¢ is the minimizer of J.(-; g(z), {).

If zo = 2z € L™(Qo) and {, — ( strongly in C*([0,T]), then ¥2, converges
strongly in L*(0,1) to 4.

The proof can be obtained as in
(FERNANDEZ-CARA, LIMACO, and MENEZES, 2016).

A direct use of Proposition shows that the controls v, ,, associated to the
(2n, £,) converge strongly in L*(w x (0,7')) to the control v, associated to (y, £):

Ve — v. strongly in L*(w x (0,7)).

Thus, it is straightforward to check that the (y?,,, L. ,) converge to A.(z,/)

and consequently is continuous.

A consequence of these propositions of A, is that there exists 6 > 0 (inde-
pendent of ¢) such that, if ||y°[| 2o, 1,) < 9, Schauder’s Theorem can be applied to the
fixed point equation (y, L) = A.(y, L).

Let (y., L.) be a fixed point of A for each ¢ > 0. Then it is clear that (y., L.)
satisfies, together with v., (6), (#7), and (57). Moreover, L. and v. are uniformly
bounded in C**([0,T]) and L*(w x (0,T)), respectively. Consequently, our assertion
is proved.
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Now, at least for a subsequence, one has

L. — L strongly in C'(]0,7]) and v. — v, weakly in L*(w x (0,7))

as ¢ — 0. Obviously, (y, L, v) satisfies and ([@7). Also, it is clear that y satisfies (48).
This proves the result when f is of class C".
The general case can be easily obtained through a simple approximation
process. Hence, The proof of Theorem [2.1|is completed.

2.4 Additional comments and questions

The global null controllability of (#6)—({#7) is an open question. As noticed
in (FERNANDEZ-CARA, LIMACO, and MENEZES, 2016), it is open even in the case
f = 0. It s not clear at all how the existence of a fixed point of A, can be obtained for
large °.

On the other hand, for higher spatial dimensions, the local null controlla-
bility is also open. In view of the previous results and arguments, a natural strategy
would be to introduce a mapping of the form

(z,0) € L= A(z,0) = (y*,L) € L,

where v is a minimal L*-norm control that produces a state satisfying

ly(T)| L2y <&, x € QT).

and {Q(t) }scp0,r is a family of sets whose boundaries are parameterized by ¢ and try to
prove the existence of a fixed point. But, again, this does not seem easy.

On the other hand, it is not difficult to prove a result similar to Theorem
under spherical symmetry hypotheses. Indeed, it suffices to adapt the assumptions on
the data w and y° and define the weights appropriately.
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3 LOCAL NULL CONTROLLABILITY OF A FREE-BOUNDARY PROBLEM FOR
THE VISCOUS BURGERS EQUATION

3.1 Introduction

We will consider a 1D nonlinear system which models the interaction be-
tween a fluid and its boundary. We will assume that the velocity of the fluid is gov-
erned by the viscous Burgers equation and, for simplicity, that the fluid density is con-

stant. Thus, the proposed system is the following:

Yi + Yo — Yoo = V1, (z,1) € Qu,

y(0,t) =0, y(l(t),t) =0(t), te€(0,7T),

yo(L(t),t) = —0"(t t € (0,7), (74)
y(z,0) = y°(2), z € (0,4),

0(0) = Lo, £(0) =1y,

3

Here, T > 0,0 <a <b< {, <ty < Band Q = {(z,t) : x € (0,((t)), t €
(0,7)}. Also, 1, is the characteristic of w = (a,b), y(z, t) is the velocity of fluid particle
located at = at time ¢, v is a distributed control with support in the cylinder w x (0,7)
which can be interpreted as an external force field acting on the fluid, ¢ is a function in
the set

X :={cC¥[0,T]):0 <t <Lt <B,Vtec(0,T)},

and the initial data satisfy

yo S Hl(O,éo), 0</l,</ly< B and yo(fo) = /.

Note that two conditions are required. Since y is the velocity of the fluid,
we have to assume y(¢(t),t) = ¢'(t) and each boundary particle at /() is accelerated by
Y (U(1), 1)

A model similar to for the interaction between a fluid and a solid repre-
sented by a point mass is considered and analyzed in (VAZQUEZ and ZUAZUA, 2003)
and (VAZQUEZ and ZUAZUA, 2006) and investigated from the viewpoint of the null
controllability in (DOUBOVA and FERNANDEZ-CARA, 2005) and (LIU), 2011).

The modeling and analysis of fluid-solid interaction have attracted a lot
of attention in recent years. In particular, in the case of two- and three-dimensional
Navier-Stokes fluids in contact with one or more rigid or elastic bodies, this has been
the goal for instance of (DESJARDINS, 2000), (TAKAHASHI, 2003) and
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TAKAHASHI and TUCSNAK](2004).
We define QQ = (0, B) x (0,7). Let y be the extension of y defined below:

y(z,t), in Q
ylo,t) =
2(t), in Q\ Qp
It will be said that is null controllable at time T if, for every (y°, (o, (1) €
HY(0,4y) x (., B) x R, there exist v € L*(w x (0,7")) and an associated solution (7,1) €
C°([0,T); L*(0, B)) x C?%([0,T]) satisfying

J(z,T) =0, z€(0,B).

The controllability of PDE has also been the object of extensive research dur-
ing the last years. Since the pioneering papers such as (LIONS, [1988b) and (1988a),
where systems governed by linear wave and heat equations were considered, a lot of
works has been done in this area, such as (FABRE, PUEL, and ZUAZUA, 1995), (FUR-
SIKOV and IMANUVILOV, 1996a), (ZUAZUA, 1991)) and (2007) for the approximate,
exact and null controllability of semilinear parabolic and hyperbolic PDEs.

The first main result of this paper is the following:

Theorem 3.1. Let us assume 0 < a < b < ¢, < ly < B. Then is locally null-
controllable. More precisely, there exists ¢ > 0 such that, if (y°,¢1) € H'(0,05) x R
and ||(y°, €1)|| 12 (0,.00)xr < €, we can find controls v and associated solutions (y, £) satisfying

ve L*wx (0,T)), y€C%0,T); H(0,B)), (€ X

and
y(x, T) =0, z€(0,B). (75)

Q

Figure 2: The situation in Theorem
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For the proof, in a first step, we must consider a linearized system:

;

Yt + YYr — Ygz = Ulun (SE,t) € QZ;
y(0,8) = 0, y(l(t),t) = (1), te(0,T),
y.(0(t),t) = —0"(t) t e (0,7), (76)
y(x70) = yO(l,)’ x € (0,&)),
\ E(O) - 607 g’(O) - gl,

with potential 7 € L>*(Q) and £ € X such that £(0) = /,, Z/(O) —fand |0 <1 given.
The following result holds:
Theorem 3.2. For any v € L*(w x (0,T)) and any (y°,¢,) € H'(0,4y) x R, there exists a

unigue solution (y, () to (76) satisfying

y € C°([0,T1; L*(0, B)) N L*(0,T; H'(0, B)), % € L*(0,T H~'(0, B)) (77)

and

(e H*0,T). (78)

Furthermore, there exists a positive constant C, only depending on (.., B, T, ||7|| ()
and ¢y, such that

Yl 220,300 0,8)) + Wl 20,7501 0,8)) + 1€ ]| 2 0,1 79)

< C(I(y° )l 2 (0,00)x= + V]| L2 (0,7))) -

Remark 3.1. It is interesting to note that Theorem [3.1|is still true for similar boundary
controllability problem, with the control » € L*(0,T) acting at # = 0. This can be
deduced from the case shown in this paper by simple extension process. O

This Section is organized as follows. In Subsection 3.2, we state and prove a
uniform approximate controllability result. This will rely on useful global Carleman es-
timates and some related observability inequalities. We will also establish a regularity
property for the states. In Subsection 3.3, we give the proof of Theorem Subsection
3.4 deals with some additional comments and the Appendix contains the proof of the

Carleman estimates.

3.2 A controllability result and a regularity property

In the section, we assume that /; > 0,7 >0and 0 < a < b < /l, < ly < B are
given. We fix (°, ;) € H'(0,4y) x Rand 7 € X with ¢(0) = fyand || < 1.
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3.2.1 A uniform approximate

We will need an estimate for the velocity of the fluid at time 7" and the con-
trol of the system (76), such that the control keeps an explicit dependence with respect
to (y°, £1). The precise result is the following.

Theorem 3.3. For any (y°,¢;) € H'(0,4y) x R and any ¢ > 0, there exist a control v. €
L*(w x (0,T)) such that the corresponding solution (y., {.) of (7€) verifies

“(yf:‘(T)v€;<T))||L2(O,Z(T))><R <, Vo € (O,Z(T)), (80)

Moreover, v, can be chosen satisfying the estimate

Vel z2x o) < Cull(W°, €)1 £2(0,00) xR (81)

where C4 is a positive constant, only depending on (., B, w, ||§|| L (q) and T.
The proof follows rather standard arguments. The main tool is a global
Carleman estimate for the solution to the adjoint system of (76), that is given by

;

—pr = (Yp)z — Paz = g(z, 1), (z,1) € Qp

p(0,8) =0, @(l(t),t) = m'(t), t€(0,7),

. (0(t), 1) =m"(t) —5((t), t)m'(t), te€ (0,T), (82)
p(,0) = " (2), z € (0,4(T)),

m(T) = (T), m'(T) =m',

\

where g € L?(Q;) and (¢”,m') € L?(0,4(T)) x R.

This will be established in the next subsection.

3.2.2 An observability inequality

In this subsection, we will establish a technical result needed in this section.
More precisely, we will present and prove the required Carleman estimates for the
systems (82).

In this technique it is fundamental to use some weight functions.

Lemma 3.1. Let wy be a non-empty open set with wy, C (a,b). There exists a function 1, €
CY(@Qy) with 1o 40 € C°(Qy) such that

M0.al >0, (2,t) € Qg \ (wo x (0, 7)),
77090<O t) :O7
«

no(z,t) = )~

E()—b

For the proof, it suffices to take (for instance)

(z,t) € (b,L(t)) x (0,T).
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—, if 0<z<a
a
L)) i azecep
No\x, 1) = 2(b—x) b—a : a+b
a+pl==" ,—2@(2‘/)%)) ,if R <a <
A -
S if b<z<lI(t)
\ ot)—0b
where
p(x,y) = 2y + (10 — 6y)z® + (8y — 15)2* + (6 — 3y)2°.
Let A > 1 large enough and | - |l := || - ||~(q,)- Let us introduce the weights
n(at) e2Mnlloe _ ()
€let) = o and alet) =

where 7(z,t) = no(z,t) + 1. Then we have the following Carleman estimate:

Theorem 3.4. Let 1), & and o be the functions defined above. There exist positive constants
Ao, S0 and Cy only depending on ||g|lw1.(q,), l, w, B and T such that for any s > so, A > Ao
any g € L*(Q;) and any o € L*(0,4(T)), one has

1
//em <—(g0t + Qaz) + SN2 |0 )? + 53)\4£3|g0|2> dx dt
QY Sf

+sA / ' e~ 252D E((1), 1) | (0(1), )] dt
0
(83)

T 7 p—
48303 / e~ 2 COD (L), )2 |m! ()| dt
0

< Co (Hesagn% s [ emglapa dt) |
wx(0,T)

where  is the corresponding solution of (82).
The prof of this Theorem is given in the Appendix.

We now prove the observability inequality for the solutions to the adjoint
system. Observe that it is a consequence of the Carleman Inequality presented above.
Proposition 3.1. There exists C' > 0, only depending on (., B,w, ||Y||e and T', such that for
any T € L?(0,(T)), the associated solution to with g = 0 satisfies

Lo
/\so<x7o>|2dx+rm'<o>\2sc // of? de dt (84)
0 wx(0,T)
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Proof. Let us take A = \g and s = s, in Theorem 3.4} Then

T T a—
J[ emiapavs [ e 00gww, o0 o) d
Q¢ 0

< C// e~ 2563 ol da dt
wx(0,T)

and consequently

(85)

3T/2  pE(t) 3T/2
/ / |g0|2dxdt+/ I ()2 dt
0 T/2 (86)

< C// l|? da dt.
wx(0,T)

Let us multiply the equation by ¢ and let us integrate with respect to
in (0, £(t)). Then we see that

1a ([0 . W uw
~5% / lo]” dx + |m/| +/ |0z dw+/ Y, dr = 0.
0 0 0

Consequently,

d Z(t) 2 /2 —112 Z(t) 2
il et ) < ey [ ledo
0 0

We deduce that

9 £(t)

% <€t“y”L°°<Q£)/ |(P|2 de+ |m/|2> Z 0 \V/t c (O,T)
0

and, consequently,

J4) _2 Z(t)
/ o, 0)[2 da + ! (0)2 < & T7Vi1an (/ o, t)]? da + |m'<t>|> !
0 0

forall t € (0,7") and

no| N

( @ 0Pdr + O

151 3T/2  pl(t) 3T/2
<M ([ ] e ot [ S )
0 T/2

(87)
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From and (87), the proof of Proposition 3.1]is done. O
3.2.3 Proof of Theorem

This controllability result, Theorem 3.3} is implied by the observability esti-
mate (84). Let (y°, 1) € L*(0,¢,) xR and £ > 0 be given. Let us introduce the functional
J., with

1
sty = 3 ] el el i
wXx (0,
+(((0),m’(0)), (yo, 51))L2(0,eo)xR

for " € L*(0,4(T)). Here, ¢ is solution of with o(T) = ¢'. Using it is not
difficult to check that J. is strictly convex, continuous, and

T 1
lim inf Je(o ,m’)

1T D)l 20 70 xx =00 [1(OTs M) | 120701y <

> e (88)

This implies that the functional J. is coercive.

Consequently, J. achieves its minimum at a unique point

(g2 me) € L*(0,((T)) x R

Let (., m.) be the solution of associated to (¢!, m!). Let us now intro-
duce the control v. = ¢.1,, and let us denote by (., £.) the solution of associated
to v.. Let us remark that the unique interesting case to be studied turns out to be when
ol # 0; see (FABRE, PUEL, and ZUAZUA, 1995) for more details. Under this assump-
tion, we can differentiate the functional J. at (p!,m!) and obtain a necessary condition

for J. to reach a minimum at (!, m})

T mY) (T m!) = // oo di di
wx(0,T)

((QDZa m;)» (@Ta ml))LZ(O,ZO)X]R

+e
(o, m}) HL?(O,Z(T))xR (89)

+((90<0)7 ml(o))v (y07 El))LQ(O,Zo)XR

=0,
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for every (o7, m') € L?(0,/(T)) x R. From this equality and written for (¢, m!) =
(o', m}), we obtain

[0l 22 w079y < CLIW®, )Nl 20 20y e (90)

where C; > 0 only depends on /., B,w, |||/« and T'. Since systems and are in
duality, we have

/ / pepdudt = (97, m), (5e(T), C(T))) paogery e
wx(0,T) (91)

= (((0),m(0)), (4°, £1)) L2 (0,60) <

which, combined with (89), yields

1(we(T), €Tl 20 50y <m < & Vo € (0,€(T)).
3.2.4 A regularity property

We introduce here a class of functions of standard use in the regularity
theory of parabolic equations, see (LADYZHENSKAIA, SOLONNIKOV, and URAL-
CEVA| 1988)).

Let us fix an integer m > 0 and « € (0,1). Let us set Q = Q x (0,7, let
G C @ be a non-empty open set and let us assume the D} D3u is continuous in G for
2r + s < m + «a. Then, we set

|u, t) — u2’, 1)|

@) _ (mta) _ D' D? (@)
<u>x,G ( t)s(u/pt)eé ‘33' . {E/’a ) <u>az,G Z < t xu>x,G7
T,t),\T", 2r4+s=m

o/2 ju(z, t) — u(z,t')| (mfe) s\ (2)
<u>§G/ = ( t)S(uIt)) - [t — o2 , (uhd = Z (D Dyu), & -
z,t),(z,t')€E

2r4+s=m

mro r NS mto (m+a)
[ul ™ =Y D7 Diull e + () + (w6
2r+s<m
The space of the functions u = u(z,t), such that [u|l"" < oo will be de-

noted by

K™ (G).

This is a separable Banach space for | - |;“. Furthermore, it is easy to check
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that K™°(G) = C™(G) and, if m + o < m’ 4 o the embedding K™ (G) — K™(G) is
compact.

Let us denote by N, the norm of y° in L?(0, L) and let (v,y) be a control-
state pair furnished by Theorem [3.3] Let i’ be given with b < b’ < Ly and let us set

R; = QN {(z,t): x>V}

Let § > 0 be sufficiently small to have b < ¥’ —§ < b'+6 < {,. From Theorem
10.1 in (LADYZHENSKAIA, SOLONNIKOV, and URALCEVA, 1988, p. 204), we can
say that

y. € K[ — 86,0 + 6] x (0,T)),

where a € [0,1/2).

Let us now introduce the following change of variables in R;:

V() = 2) + Loz = V) =N
Sat) = o) — v ’ S(t)_/o <Z(T)—bf> ar

and let us set z(¢, s) = y(x,t). Then, we have

—2s — 2z — 2¢¢ = 0, in R,

2(0,s) =0, z(ly,s) =1'(t(s)), s€(0,5),

ze(ly, s) = —=L"(t(s)), s €(0,9),

2(8,0) =y°(€), € (V)
where R = (V',£y) x (0, .5) with S = s(T)and Z € L>((V', o) (0,5)) and ||Z|| Lo ((t/,00)x(0,5))
is bounded a constant only depending on ||7||, /., fp and b'. Taking again into ac-
count Theorems 10.1 and 11.1 of (LADYZHENSKAIA, SOLONNIKOYV, and URAL-
CEVA, 1988, p.211), we can verify that the function z satisfies

(92)

z € K*(R).

Consequently, we can verify that the function ¢”(¢) := —y. ,(¢(t), t) satisfies

1" lcorz o,y < Call (0", Gl (0,60)x2: (93)

where the constant C; > 0 only depending on ||7||, ¢x, {0, B,w and T

3.3 The local null controllability of the nonlinear system

To prove that is null controllable, we proceed as follows. Let us set
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7 =L*Q) x Xo, Xo:={l€ X :0(0)="ly, £'(0) =1, |{|lc <1}

Let Z5 be the closed convex set

Zr=A{(z0) € Z: |Zllt~) < R, [0 <1}

(R will be chosen below).

We will denote by || - || 7 the usual norm in Z:

Iz Ollz = 1z, Ol 2@ x ooy

Let ¢ > 0 be given. For any (z,¢) € Z, let us denote by v. the minimal L?
norm control satisfying, together with the state (y., k.), the following:

.

Yo + 2Yeuw — Yeur = Velw, (z,1) € Q
Ye(0,8) =0, ye(l(t),t) = k=(t), t€(0,T)
Yeu(L(t), 1) = —KL(1), te(0,7)
y.(z,0) = y%(2), z € (0, /)

[ k-(0) =4y, k:(0) =44,

1(We(T), k(T 20,0y < < €

We will set
O.(z,0) == v,
and
AS(ng) = (?/J\saLE)

where

yg(ﬂf,t), in QE

yg(x, t) = { .

k-(t), in Q\ Qq

and

L.(t) =4y + /t ke(s)ds.

We will try to apply Schauder’s Fixed-Point Theorem to the mapping A.
in Zg. To this end, we note for the moment that, in view of Theorems [3.2]and the
following estimates hold:

||Us||L2(w><(O,T)) < 01||(y0;€1)||L2(0,1zo)xR
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and
1@z, ke)llz < Csll(y°, €0) || 22(0,00) x>

where C3 > 0 only depend ons /., B, |||/ 1=(g), w and T

It is clear that (z,l) — A.(z,1) is a well defined mapping from Z into a
bounded set of L>(Q) x C°([0,T]). On other hand, we have by construction L. €
C?([0,T7), L.(t) = k.(t) and L.(0) = £, whence

ILL()] < Call(y°,01) || 0,00 xr and [Le(t) — Lo| < TCs][(y%, €1) || 1 (0,60) xR

Therefore, if we choose ||(y°, €1)]| #1(0,60)x& Such that

] R B—tly bh—L
"Cy’ TC3 ' TCy )

10, )l 010 < min
the property A.(Zr) C Zg holds.
We denote by X?(Q) the following Banach space:
X2(Q) := L*0,T; H'(0, B)) n W(0, T; L*(0, B)).

Let us prove that A. maps bounded sets in Z into bounded sets in X?(Q) x
C*([0,T)), for some o € (0,1/2). This will suffice to our purpose, since this space is
compactly embedded in L?(Q) x C*([0,T7]). But this is clear: indeed, combining (79),
and (93), we deduce that

191 x2(@) + Ikellorarzqoryy < Call@®, 00| 1 (0,60 xR

where C} is a positive constant, only depending on /., B, ||z|| (), w and T
Now, we will show that (z,¢) — A.(z,¢) is a continuous mapping on Z.
Thus, let the (z,, ¢,) be such that

(zn, ln) = (2,0) in Z, (94)

and let us set (Yen, Lepn) = Ac(2n, 1) for all n. We must prove that (y., L.) = A.(z,{).
Proposition 3.2. Let us consider the mapping M : Z — L*(0, £y)xC°([0, T)), with M (z,¢) =

(oI, m}), where (o', m}) is the minimizer of J. and

1
Je(etmt) = 5 // [of* dz dt + e[| (", m") | L2 0.y <
wx(0,T)

+((§0(0>7 m,<0))7 (yO’ gl))LQ(O,Zo)XR
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forall (¢T,m') € L2(0,4(T)) x R (here, (¢, m') is solution of (82) with potential = and initial
condition (T, mb)).
One has the following:
i If {2,} is a bounded sequence in L>(Q) and the {,, € X,, there exists a constant C' > 0
independent of n such that
2 20,00y < C, Vn,

where (¢!, ml,) is the minimizer of the functional J.,, corresponding to z, and Q.
ii If z, — 2z € L™(Q) weak-+ and {,, — ( € C°([0,T]), then @I, converges strongly
in L*(0,1(T)) to .
After this proposition, it is not difficult to check that, indeed,
(Yes Len) = (Yo, Le) strongly in Z

and, consequently, A. is continuous.

We can apply Schauder’s Theorem to A.. Let (y., L.) be a fixed point of A,
for each € > 0. Then, the v. are uniformly bounded in L*(w x (0,7)) and it is clear that,

at least for a subsequence,

v. — v, weakly in L*(w x (0,T)) as € — 0,
where v satisfies, together with some (y, L), the following:

(

Yt + YYz — Yoz = Ulwa (l’,t) € QLa

y(0,2) =0, y(L(t),t) = L'(t), te(0,T),

ym<L(t>’t) = _L”(t)7 te (07T)7 (95)
y(l‘, 0) = yo(x)v LS (0760)7

L(0) =4y, L'(0) =1

and
y(z,T) =0, = €(0,4), L'(T)=0.

3.4 Additional comments and questions

e A global null control result is, to our knowledge, unknown.

e It is also interesting to analyze a similar model with two fluids and an external
force field only acting on one of the fluids. The objective would be in this case
to see whether the system can be driven exactly to zero with only one control

starting from an arbitrary state, see (LIU, 2011) for a local result.
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e Consider the following inviscid Burgers free-boundary problem:

( Yt + YYr = Ulwu (x7t) € Qéa
y(0,8) =0, y(l(t),t) = £(t), te(0,T),
Y. ((t),t) = =0"(¢t), te (0,7), (96)
y($,0) = yO(x)’ LS (0760)7

L 4(0) =4y, ('(0) = 44.

On the other hand, for each v > 0, consider the following system, similar to (46):

( Y+ Yye — Ve = vl (z,1) € Qe
y(0,8) =0, y(l(t),t) =1'(t), te(0,T),
y=(L(1), 1) = —L"(t), t€(0,7), 97)
y(z,0) = y°(z), z € (0,4),
0(0) = £y, ¢'(0) =4,.

\

Assume that (y°, () € H'(0,4y) x Rand 0 < a < b < {, < {y < B and let v, be a
null control for (97) and (y,, £) an associated state satisfying

v, (2, T) =0, x € (0,0), £.(T)=0

Is it possible to prove convergence result, at least for a subsequence, of the v, and
the (y,, ¢,) respectively to v and (y, ¢) ?
e Asasystem in higher spatial dimension, consider the Navier-Stokes free-boundary

problem
Y — Ay + (y, V)y + Vp =vl,, (z,t) € Q(t) x (0,T),
V.y=0, (x,t) € Q(t) x (0,7,
y(l(t7s)at) = lt(t S) te (O7T)7 s € ( 7]-)7
y(I,O):yO I), erOu

together with

on
[(t,0) =1(t, 1), 1s(t,0) =1s(t, 1), te(0,T)
where Q(t) C R",n =2 or 3and 9Q(t) = I(t,s), t € (0,T), s € (0,1).
The local null controllability is open in this case (in fact, even for the Stoles sys-

{ % (1(t,5),1) = —lu(t, ) -, t€(0.T), s € (0,1)

tem, the answer is unknown).
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4 REMARKS CONCERNING THE APPROXIMATE CONTROLLABILITY OF THE
BOUSSINESQ AND NAVIER-STOKES SYSTEMS

In this Section, we deal with the 3D Navier-Stokes and Boussinesq systems
in a cube. We prove some extensions and variants of a result by Guerrero, Imanuvilov

and Puel that concerns the (global) approximate boundary controllability.

4.1 Introduction

Let T > 0 and let €2 be the open set

Q={zeR®: z,29,25 € (0,1)},

whose boundary is denoted by 0f2. We will use the notation () := Q x (0,7") and ¥ :=
o x (0,7).

Let us introduce the Hilbert spaces

HQ)={wel*(Q)°’: V- w=01in Q, w-n=20 on 90N}
(where n = n(z) is the outward unit normal vector at x € 0f2) and
Vo(Q) ={w € Hy(2)?: V-w=0 in Q}.

We consider the three-dimensional Navier-Stokes and Boussinesq systems

u—Au+ (u,VJu+Vp=f, V-u=0 in Q
u(0, x9, x3,t) = 0, in (0,1)% x (0,7) (98)
u(z,0) = ug(x) in €
and
—Au+ (u,VYu+Vp=0fey+f, V-u=0 in Q

0 —AN0+u-Vl=g in Q (99)

(0, x9, 23,t) =0, 0(0,29,23,t) =0 in (0,1)%x (0,7)

(u(z,0),0(x,0)) = (up(z),bo(z)) in Q.

Here, f € L*(0,T;L*(Q)?%), g € L*(0,T; L*(2)) are given source terms, ug €
H(Q) and 6y € L*(Q).

In a recent work, Guerrero, Imanuvilov and Puel (GUERRERO, IMANUVILOV,
and PUEL, 2012) have established a result concerning the approximate controllability
of (98). Specifically, they have proved that, for any v, and f, there exists a sequence
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{f.} in L*(0,T; L*(Q)?) such that f,, — f in an appropriate sense and, for each n, the
corresponding system is null-controllable, with controls supported by the faces on
the boundary where z; # 0.

This paper is devoted to present some extensions and variants that include
in particular a result of the same kind for the Boussinesq system (99).

Note that, in view of the time irreversibility of and (99), we cannot ex-
pect the exact controllability to hold to an arbitrary target function. On the other hand,
recall that the global approximate controllability is an open question for these systems,
due to the presence of a Dirichlet condition at z; = 0.

Let us now recall some (partial) results concerning the controllability of
and (99).

Global controllability results can be proved using the arguments in (FUR-
SIKOV and IMANUVILOV, [1999) if the control is exerted on the whole boundary. On
the other hand, the local exact controllability to bounded trajectories with distributed
controls was first established in (FERNANDEZ-CARA, GUERRERO, IMANUVILOV,
and PUEL) 2004) and GUERRERO (2006), respectively for the Navier-Stokes and Boussi-
nesq systems. This has been revisited and improved in a set of papers, where it was
shown that N —1 or even less scalar controls suffice; see (FERNANDEZ-CARA, GUER-
RERO, IMANUVILOV, and PUEL, 2006; CARRENO, 2012; |ICARRENO and GUER-
RERO, 2013; CORON and LISSY| 2014). In (CORON, 1996), the global approximate
controllability of the 2D Navier-Stokes equations completed with Navier slip bound-
ary conditions was proved. Then, in (CORON and FURSIKOV, 1996), a global exact
controllability result was established for the same system in a 2D manifold without
boundary.

The first main result in this paper is the following:

Theorem 4.1. Assume that (ug,0) € Vo(2) x H'(Q) and (f,g) € L*(Q)? x L*(Q). Then,
there exists a sequence {(f-, g.) }eso in L*(Q)* x L*(Q) such that

(fer9e) = (fog) in L7(0, T3 H'(Q)%) x L7(0,T5 H™())

forall r € (1,4/3) and there exist solutions (u., p., 0-) to the null controllability problems

;

Uer — At + (ue, V)ue + Vp. = ey + fo, Voue=0 inQ
0.1 — A0, +u. - VO =g, inQ
ue(0, 29, 23,t) =0, 0-(0,29,23,t) =0 in (0,1)2x(0,T)
(ue(z,0),0-(x,0)) = (ug(x), () in

( (ue(z, T),0:(x,T)) = (0,0) in Q,

with
ue € L*(0,T;V(Q)) N L>([0,T]; H(Q))
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and
0. € L*(0,T; Hy(Q)) N L>=([0, T); L*(£2)).

As in (GUERRERO, IMANUVILOV, and PUEL| 2012), the proof of Theo-
rem {4.1| will take four steps. Thus, we divide our time interval (0, 7) in four subinter-
vals, where different strategies are used:

e In the first interval (0,7}) no control is needed, so we let the Boussinesq sys-
tem evolve from our initial condition (ug, §y) to same (u., 6.) with zero Dirichlet
boundary conditions.

e In the second time interval, we explicitly give our solution (u., ). This way, we
drive (u, #) to some compactly supported state (u; .,, 61, ) at a time T5.

e In the third time interval, we construct our solution (u.,f.) in a much more in-
trinsic way. Indeed, we write (u., 6.) as the sum of three and two functions: a
very particular solution (U, ©) to the Boussinesq system constructed multiplied
by a large parameter plus a solution (y, i) to a transport equation plus acouple of
the form (W, 0), where IV solves a linear Stokes system.

This allows to drive the (u., 6.) to a solution to a heat equation.

e In the last time interval, we reduce the question to drive (u., 6.) to zero, that is, a
null controllability problem for a system composed of two coupled 1D parabolic
equations. In view of well known results, this is easy to achieve and allows to
conclude.

The following two results concern generalizations of Theorem 1 in (GUER-
RERO, IMANUVILOV, and PUEL| 2012). In the first one, we prove that the approxi-
mate boundary controllability can also be obtained with controls acting only on three
faces of the unit cube. In the second one, we show that {2 can be a much more gen-
eral set, namely a bounded domain of R?* whose boundary contains a piece of a plane

entirely located inside one of the associated semispaces, see Fig. (3).

Figure 3: The situation in Theorem

Theorem 4.2. Assume that uy € H(Q) and f € L*(0,T; L*(2)?) are given. Then, there exists
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a sequence {(f.)}e=o in L*(0,T; L*(Q0)?) such that
Je= [ in L(0,T; H™H(Q))

forall r € (1,4/3) and there exist solutions (u., p.) to the null controllability problems

Uet — Aue + (ue, V)ue + Vp. = f. in Qx(0,7T)
V-u. =0 in Qx(0,7)

U (0, 22, 23,1) = uo(1, 29, 23, 1) = u(x1,72,0,¢) =0 in (0,1)2 x (0,7)
ue(2,0) = up(x), uc(z,T)=0 in Q.

Now, let II be a plane in R?, let IT" be one of the semispaces determined

by II and let Qi C R be a bounded domain satisfying
Qn C I, Qu N1II is a non-empty open set
and let us consider the Navier-Stokes system

uw—Au+ (u, VYu+Vp=f in Qp x (0,7)

V-u=0 in Qpn x (0,7)
u(z,t) =0 in (0QpNII) x (0,7)
u(z,0) = ug(x) in Q.

Theorem 4.3. Assume that ug € H(Qq) and f € L*(Qn x (0,T)). Then, there exists a
sequence {(f:)}eso in L*(Qq x (0,T))3 such that

fe— [ in L0, T; H(Qn)%)
forall r € (1,4/3) and there exist solutions (u., p.) to the null controllability problems

Uer — A + (ue, V)ue + Vp. = f. in Qp x (0,7
V-u.=0 in Qpx(0,7)
us(x,t) =0 on (0Qn NII) x (0,t)
ue(2,0) = ug(x), u(x,T)=0 in Q.

A similar result can be deduced for the Boussinesq system in Qp; x (0,7).
For brevity, we leave the details to the reader.

This section is organized as follows. In the next subsection, we construct
some intermediate functions and we prove some crucial estimates.
In the Subsection 4.3} the proof of Theorem |4.1|is given, following the ideas in (GUER-
RERO, IMANUVILOYV, and PUEL, 2012). Subsection deals with the proofs of Theo-
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rems[4.2land 4.3] Finally, in Subsection .5, we present some additional comments and

questions.

4.2 Some auxiliary problems and estimates

In this subsection, we will construct a specific solution (U, P, ©) to the Boussi-
nesq system with boundary conditions, with (U, V)U = 0.

4.2.1 The Navier-Stokes system with a boundary control acting on three faces
Let z = z(z1, x3,t) be solution to the following system for the 2D heat PDE:

= ('ZJ»‘NM + 2963963) = ( ) (xlvmfﬂ’t) € (Ov 1)2 X (O’T)
2(0,z3,t) = 2(1, 23,t) = 2(x1,0,t) =0, 21,23 € (0,1), t € (0,T)
Z(xhlat)_w()? (z1,¢) € (0,1) x (0,T)

2(xq,23,0) = ($1,9€3) e (0,1)>.

Here, ¢ € C?([0,T7) is a positive function with positive ¢(0) (as large as needed) and w

is a nonnegative function satisfying

w(t) € C=([0,T]), w(0) =0, ' (0)=c(0), w"(0)=c(0). (100)

Figure 4: The situation in Theorem

Thanks to the compatibility condition (100), we can argue as in (GUER-
RERO, IMANUVILOV, and PUEL), 2012) and check that

z€ C*([0,1 — 6] x [0,T]) V6 > 0.

On the other hand, thanks to Taylor’s formula, we can obtain functions S5, 7, As and ufsj
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in C°([§,1 — 4]* x [0, T]) such that

= c(0)t + Bs(x1, z3, t)t?
2o, (21, 3, 1) = (1, 23, )%, 7 € {1,3}
zi(x1, 23,t) = ¢(0) + As(21, 23, )t

Zaya; (T1, 23, 1) = [ng<$1,.flf3,t)t, i,7 € {1,3}.

2(x1, z3,1)

(101)

Let G and 7 be given by
G = { (w1, 19,73) : 13 €R, (w1,33) € (0,1)*},

Z=({0,1} x Rx (0,1)) U ((0,1) x R x {0}).

Now, we introduce the functions U and ¢, with U(z,t) := (0, 2(z1, x3,1),0)
and ¢ := —c(t)z2. Note that the couple (U, ¢) satisfies

U —AU+Vqg=0, in Gx(0,7)

V.U =0, in Gx(0,7)
U(x,t) =0, on Zx (0,7T)
U(z,0)=0, in g

Later, we will look for a solution to the Navier-Stokes system of the form
u=NU+y+ W,

where N is a large constant, y is the solution to a transport equation, W solves a Stokes
system and ¢ € C?[0,2/N] is a cut-off function.

4.2.1.1 Transport equation

For an arbitrary initial condition y € V5(2) N C§(N2) extended by zero on G

we consider the system

Yo+ N*(U,V)y + N*(y, V)U =0,  (x,t) € Qayn,
y('rv t) = 07 (.Z’,t) € 22/N; (102)
y(ﬂ?,O) = yﬂ(a:)a T e Qa

Here, we have used the notation

Qan =G x (0,2/N), Sy =1 x (0,2/N).
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Let us introduce the constant

Cs == SU-p{HgHCO((5,1—6)2><[O,T]) RS {55,737,“?}}-

We will look for a particular estimate for y, with an explicit dependence on Nj that is
satisfied when it is large enough. It is given in the following lemma:

Lemma 4.1. Let yo € C}(2) N V,(2). Then, there exists N5 = N(§) such that, for any
N > Ns, there exist a solution y to and a positive constant K (independent of N), with
the following properties:

1Yl @, < Ksllvollor @ (103)

and
y(x,t) =0, t €[1/N,2/N], = € Q.

Proof. Let us consider the Banach space

Y ={y € C'(Qyn) : y(2.0) = yo(2)}.

Let us assume that suppyo C (4,1 — §)3.
There exists N; such that, for any N > Nj, the existence of y can be estab-
lished by applying Banach’s Fixed-Point Theorem to the mapping A, where

Ay)(z,t) = yo(z — N*Z(z,1)) — N2/0 (y, V)U(x — N*Z(x,s), s) ds,

t
Z(x,t) = (0,/ z(xl,xg,s)ds,0> , (x,t) € Qon
0
Let us denote yo = (Yo.1,%0.2,Y0.3) and U = (Uy, Us, Us). Then, we have
yl(x7t) = yO,l('r - N2Z(l‘7t))a

¢
Yo(z,t) = yoo(z — N2Z(x,t)) — NQ/ y - VUs(x — NZZ(s,x), s)ds,
0

ys(x,t) = yos(x — N?Z(x,t)).

From these formulae, it is easy to check that, for NV large enough, one has:

1Ylloo @) < Cllvollco@
IVyillco@yw) < ClVYoillcom) (104)
HV?/SHC’O(QQ/N) < CHVyO,gHCO(ﬁ)'
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On the other hand, we also have

IVyallco@un)y < TlIVY02llcom) + Csllyollcom
Cs C? (105)
+ 357 IVilleo@ym) + 157751 Villeo @y m)-

From (104) and (105), the inequality (103) holds (for N large enough). This
ends the proof. O

4.2.1.2 The solution W to a Stokes-like system with V.- W = -V -y

Consider the following Stokes problem:

(

Wy — AW +Vr =0, (z,t) € Qo

V-W=-V-y, (x,t) € QN

W(zx,t) =0, x,t) € Yo/, (106)
W(z,0) =0, x €,

W(z,t) — 0 as |z3| — +00.

The following result holds:
Proposition 4.1. Let W be the solution to problem (106)). Then, for any p € (1, 00),
C(p)

W llzr@ap) < i %0l ca @) (107)

Furthermore, there exists a positive constant C' > 0 independent of N such that

C
W lleogomizz@y + 100 Wlleooz/mizz@y + 100 Wlleoqoznyinz@y < 7z (108)

The proof can easily be obtained arguing as in (GUERRERO, IMANUVILOV,
and PUEL, 2012) (see the proof of Proposition 1).

4.2.2 Boussinesq system

We will construct a specific solution (U, ©) to the Boussinesq system. Let
us first introduce the functions z, = 25(x1,t), 23 = 23(21,t) and © = O(xy,t): 2 is the

solution to the system

Oyzo — 02, 20 = (1), (z1,t) € (0,1) x (0,T),
(0. =0, (L 1) = walt), € (0.7), (109)
Zg(xl,()) =0 T € (0,1),
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where ¢ € C?([0,T)) is a positive function and w, is a nonnegative function satisfying
wa(t) € CF0,T], w2(0) =0, wy(0) =c(0), wy(0)=c'(0);
on the other hand, (z3,©) solves

( Oy — 2., 25 = c(t) + Oz, 1), (x1,) € (0,1) x (0,T)

at@ 8511:11@ = 0, (ZL‘ht) S (0, 1) X (0, T)
23(0,t) =0, =z3(1,t) =ws(t), te€(0,T
©(0,t) =0, O(1,t) =w(t) te(0,7)

\ 23( ) 07 @(x17 ) 0 T - (O, ].)

(110)

~—

with
ws € C[0,T], ws(0) =0, ws(0) = ¢(0), w5(0) =c(0),
w € C*>[0,T], w(0) =w'(0) =w"(0) =0.

Proposition 4.2. Under the above assumptions on w, and c, there exist a unique solution to

(109) with
z € L*(0,T; H(0,1)) N L>®((0,1) x (0,T)), 2, € L*(0,T; H*(0,1)).

Furthermore, for all small § > 0, we have that z, € C*([0, 1] x [0, T|) and there exist functions
Ba, Y2, p2and Xy such that
(i) z2(z1,t) = c(0)t + Ba(1,8)t%, o] < C5,
(ii) Oy, z2(w1,t) = Ya(21, )12, |72| < Cj,
(iii) Oyz5(w1,t) = (0) + pa (w1, )¢, 2| < C,
(iv) 02, 20(w1,t) = Na(a1, 1), [Ao| < Cs.
The proof is not difficult. For instance, let us see how (i) can be proved.
We simply write that

¢
2o(x,t) = ZQ(xl,O)—l—/ 294(x1,8)ds
0

= 294(x,0)t + (/t 204(x1,8) ds — tzgs(x, O))
0
= C(O)t + 62(.1'1, t)tQ

with 0 < £ < t, where we have used the notation 3y (71,t) := (294(, ) — 224(21,0)) ¢t 71,
The proof of (ii), (iii) and (iv) follows through analogous computations.

A similar result can be established for the solution (23, ©) to the system (110):

Proposition 4.3. Under the above assumptions on ws, wy and c, there exists a unique solution
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(z3,0) to (110) with

29 € L2(0,T5 HY(0,1)) N L((0,1) % (0,T)), 25, € L2(0, T3 H™(0,1)),

© € L2(0,T; H'(0,1)) N L=((0,1) x (0,T)), ©, € L*(0,T; H~1(0, 1)).

Furthermore,, for all small 6 > 0, we have that 23,0 € C*([6,1] x [0,T])* and
there exist functions s, vs, ps, As, 3, v and ju such that
(i) z3(w1,t) = c(0)t + Bs(xy, )2 and O(xy,t) = By, )2, with |B], | B3] < Cs,
(ii) Oy, 29(w1,t) = y3(21, 1)t and 0,,O(x1,t) = y(x1, t)t2, with ||, |3 < Cs,
(iii) Opza(x1,t) = c(0)+pus(xy, t)tand 0,0(x1,t) = 0y 0, O(21, 1) = p(xy, t)t, with |p|, |us| <
Cs,
(iv) 02

1T

Zz(ml,t) = )\3(1}1,75)25, with ‘)\3‘ S 05.
Now, consider the functions U(x,t) = (0, zo(x1,t), 23(21,t)), © = O(x,t) as
before and ¢(z,t) = —(x3 + z3)c(t). Observe that (U, ¢, ©) solves the following Boussi-

nesq problem:

U,— AU+ (U,V)U + Vg =Oes,  in Gx(0,T)
V.-U=0 in G x (0,7)
0, —AO+U-VO =0 in Gx(0,7T) (111)
U(0,x9,23,t) =0, O(0,29,23,t) =0 in G x (0,7)
[ U(z,0) =0, ©(z,0)=0 in G.

In the proof of Theorem 4.1} the construction of the solution to (99) is divided
into four steps. In one of them, (u, 6, p) is written in the form

u(x,t) = N2U(z,t) + y(z,t) — W(z,t), (z,t) € Qx (T}, Ts)
O(x,t) = N?*O(z,t) + h(z,t), (x,t) € Q x (T, T7)
plx,t) = N2q(x,t) +r(x,t), (z,t) € Q x (T}, Ty)

where (y, h) is the solution to a transport equation and W is the solution to a linear
Stokes system. In the next two paragraphs, we construct (y, h) and W and we prove
some estimates.

For any § > 0, we define
C5(G % [0,2/N])* == {(y, h) € C°(G x [0,2/N])*; y =0, h =0 for z; € [0,4]}.
4.2.2.1 Transport equation

For an arbitrary initial condition extended by zero on G and for some NV € N
large enough, which will be defined precisely later, we solve the following null con-
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trollability problem for the transport equation

Yo+ N*(U,V)y + N*(y, V)U = hes, in Qyn,
hi + N2U -Vh+ N?y-VO =0 in Qan,
y(0, 29, w3,t) =0, h(0,79,73,t) =0 in R?x (0,2/N),
y(x,0) = yo, h(z,0) = hg in reg,

(112)

where Qo/n =G x (0,2/N).

Lemma 4.2. Let us assume that (yo, ho) € (C3 () NV,(Q)) x CL(Q). Then there exists Ny(d)

such that, for any N > Ny(6), there exists a solution (y, h) to problem (112|) and a positive
G x

constant C'(8) independent of N, such that (y,h) € C(G x [0,2/N]),
1yller@y,n) + 1hller @,y < C0), (113)
19ellcz(@am) + 1l ez (@yn) < C0) (114)

and
y(x,t) =0, h(z,t)=0 (x,t) € Qx[1/N,2/N].

Proof. Since (vg, ho) € (Ca(Q) NVH(Q)) x C3(Q), then there exist § > 0 such that
supp vo U supp ho C [d,1] x [0, 1]>.
The existence of the solutions is established by the Banach’s Fixed Point
Theorem. Let us consider the Banach space
Y = {(y,h) € C3(G x [0,2/N])*%; y(x,0) = yo(x), h(z,0) = ho(x)}

and let us introduce Z = (0, Z,, Z3), with

Zg(arl,t):/O 2o(x1,8)ds, Z3(x1,t) /Oz(xl, s)ds, (x1,t) € (0,1)x(0,7).

We will define the mapping A : Y — Y as follows: for each (§,h) € Y,
A(@, h) = (y, h) if and only if
t ~
vot) = i = V22 + ([ o= 82019050 d5) o
0

t (115)
- NQ/O((g,V)U)(x—NzZ(;El, s), s)ds,
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h(z,t) = ho(x — N*Z(zy1,t)) — N? /Ot(y VO)(x — N*Z(x1,5),s) ds. (116)

Let us see that, if Ny(¢) is large enough, we can apply Banach’s Fixed Point Theorem to
A and deduce the existence of a fixed point. For (yi, k1), (y2, ha) € Y, by propositions

(4.2) and (110) we have
t
N? [ (0 VU)o = N2 o1, 5), ) ds
0
t
N [ V)0 - N2 (1,9, 5) ds
0
Cs
< NHyz = Y1llco@xfo.2/ms

and .
N? /(yg VO)(z — N*Z(z1,5),s)ds
0

—N? /Ot(yl VO)(x — N*Z(z1,5),s)ds

Cs
WHyz ylHCQ(g’x[o,z/N])S-

Then, we obtain

C,
1Ay, ha) = Ay o)y < 52 (92, h2) = (1) loge@xio.zimye-

Therefore, for N, large enough A possesses at least one fixed point (y, ). Obviously,
A(y,h) = (y, h) is a solution to (112).

Now let us verify the estimates (I13) and (114).

First, note that

IN?2VU| < CN%*?, in [§,1] x [0,2/N],
IN?VO| < CN%*? in [d,1] x [0,2/N].

We can verify that

t t
W <C+ [ b= NZ(18),9)ds + C [ ly(o — NZ(w1,5),9)] ds,
0 0

t
Ih] §C+C/ (@ — N2Z(z1,5), )| ds.
0

Now as ¢ € [0,2/N], we immediately obtain
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Cy
1Yllco@yyn) + 1llcoGyyn) — W(Hyﬂcg(c}w) + 1Al coGy n)) < Co.

Therefore, choosing N large enough, we have

1yllco@s,n) + 1Bllco@,,y) < 2Co. (117)

Taking the derivatives of (115) and (116) with respect to x; and using Propo-
sitions 4.2 and after some computations, we deduce that

c c C
102yl < C + w5 + 10 lleg@ym) + Fz102hllc(@a )
C C C
+m||5x3h||cg@2m) + N||3xly||cg(Q2/N) + m”azzyﬂcg((g?m)
C
+ﬁ\|3xsy“cg(c‘32m)

and

c C C C
102 bl < Ot 5+ 710019l 00(Qa ) + 2 10229l 09(@a ) + 32 1929 09 @0 ) -

With a similar argument, we obtain estimates of the same kind for 0,,y, ..y,
Oy, h and 0,,h. Then, we can write

Ch Ch
IVUlleo@,n) + VRl 0@, 0 — WHVQHCQ(QW) - N”Vthg(Qz/N) <G
and, for NV large enough, we have
IVylleoGyn) + [IVARllco@,,y) < 2C:. (118)

Taking the derivative of (115) and (116) in time, thanks the properties of
(y,h) in (117) and (118), we get:

lyeller(@yn) + 1ellc2(ga ) < C-
Now, our objective is to elect a [V such that
yi(ta) =0, ()€ [1/N,2/N] x Q. (119)

Notice that
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y1(z,t) = you(x — N*Z(z1,1))

t
Yo(t, z) = yoo(z — NQZ(:cl,t)) - N2/ Oy, 22(x1, $)y1 (z — N2Z(x1,s), s)ds
0

t
ys(t, x) = yos(z — N2Z(x1, t)) — N2/ O, 23(21, 8)y1 (x — NQZ(:El, s),s)ds
0

t
+/ h(z — N*Z(z1,5),5)ds
0
t
h(t,z) = ho(z — N*Z(z1,t)) — NQ/ y1(z — N?Z(x1,5),5)0,,0(x1, 5) ds.
0
For z; € [0,6/2], we have that y; = 0 and h = 0. Recall that ¢(¢) is a positive function.
Without loss of generality we way assume that

c(0) > 3.

Observe that by Proposition 4.2l we have
t t
—N2/ 29(w1, 8)ds = —N2/ (5¢(0) + Ba(x1, 8)s?) ds
" 0" 8

S— 5 TN

for N enough large we can assume that
To — NQZQ(xlu t) < O’ (‘Tlu t) S [5/27 1] X [1/N7 2/N]7 (120)

consequently, we obtain (119).
Let check that

yo(t, x) = ys(t,x) = h(t,2) =0, t € [1/N,2/N], z € Q.

To this purpose, we consider the curve

(Z2(t), 25(t)) = (Nz/ zQ(xl,s)d8+a1,N2/0 z3(x1, 8) ds + ),

0

with a; and as constant such that (25 (¢), Z3(¢)) € (0,1)2. Denoting

Cay (t) = y2(371, j?(t% j?»(t)’ t)a
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we have that

. (1) = Orya + N?290,,y0 + N?23055y2 = — N0y, 22(21)v0 1 (21, 1, ).

1

Then, for any fixed z; € [0,0/2] we have that ¢, (t) = 0, wich implies that c,, (1) =
2, (0) = ya(x1, a1, a2, 0) = vg 2(21, a1, a2) and therefore y, = 0, z1 € [0,0/2].
Now if (21, 29, 23) € (6/2,1) x (0,1)?, by (120)

t
NQ/ 2o(x1, 8)ds > 1,
0
which implies that oy < 0. Then, ¢, (t) = 0, which gives ¢, (t) = ¢, (0) = y2(z1, a1, 22,0) =

UO,Q(-Tl; aq, 042) =0 and, therefore, Yo = O, (Ll'l, T2, .1'3) € (%, 1) X (O, 1)2

We can get similar properties for h, consequently for y;. This ends the proof.

[l
Finally, consider the Stokes problem
([ OW — AW +Vr =0 in QN
W(O,:CQ,.T:J,,t) :W(l,l'g,l'g,t) =0 in R?x (O, 2/N>
W(xy1, 2, 23,t) = 0 as |za| + |xs| = 00 (121)
V-W=V- Yy in Q2/N
W(z,0) =0 in g,

where y is the function furnished by Lemma
Proposition 4.4. Let W be the solution to problem (121)). Then, for any p € (1, 00), one has
(107). Furthermore, there exists a positive constant C' > 0 independent of N such that is
satisfied.

The proof is given in (GUERRERO, IMANUVILOV, and PUEL, 2012) (see
Proposition 1).

4.3 Proof of Theorem

As mentioned above, the proof of Theorem 4.1 closely follows Theorem 1
in (GUERRERO, IMANUVILOYV, and PUEL), 2012) and, as there, is divided in several
steps, each them related to a time subinterval.

e FIRST STEP:
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We know there exists at least one weak solution (u, p, f) to the problem

u—Au+ (u, VIu+Vp=~fes+ f, V-u=0 in Q,

Oy —A0+u-Vb=g in Q,
u=0, =0 on 00 x (0,7T),
(u(z,0),0(z,0)) = (uo, bh) in €,

with
we L*(0,T; Vo(Q)NL¥([0,T]; H(R)), € L*(0,T; Hy(2))NL>([0, T]; L*(2)).

Let Ty € (T — 8y, T) be such that (@, 6,) = (u(T}),0(T1)) € Vo(Q) x HL(Q)
and

ot ™

| fllzer—svyc)y + gl c2—smm—1(0) <

For a small interval (7,7} + n) with T} + n < T, there exists a unique strong so-
lution (u, p, ) to the Boussinesq problem, such that (u(T}),6(T1)) = (i;,6:) (see for
instance [VISKIK and FURSIKOV/|(1988)) and there exists T € (Tl, T + n) with

(u(Th), 0(T3)) € ((H*(2)* N Vo(Q)) x (H*(Q) N Hy ().
On the interval (0,7}) we do not exert any control and take

Ue = Uy, Pe =D, fE::f7 95::97 ge = G-

e SECOND STEP:
Write (uy,61) = (u(T1),60(T1)) and take u;, € V() N C°(Q)% and 6, €
C5°(92) such that

(ulyaﬁl,a) — (Ul,el) in ‘/()(Q) X H&(Q) as o — O+

and

lur,allvoi) + 101allmy@) < 2 (Juallvo) + 1011y ()-

Let T, € (11, T) be a time; its precise value will be given below. We introduce
now (ue, pe, 0:) in (11, T3), with

(t—T1) (Tp — t)
utf:—ua —u7 6:07 8:£5_05 9
(T —T1) 1, (Th —T1) L P I u €3
(t—T1) (Ty — t)
O = oy 0+ by, g. = M.6.
(G-T) " -1y " Y
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where
Lu. = Owe — Au. + (ue, V)u. and

M. = 00, — A0, + u. - V0..

Then, it is clear that
(ue(T1), 0:(T1)) = (u1,61),  (ue(12),0:(T2)) = (Ura:0h0), V- u.=0
and the couple ([, g.) satisfies
(fer9e) € L0, T L*(2))° x L*(0, T L*()),

C
[ fellzer mvy) < \/ﬁﬂul,a—ulﬂwmﬁ
CVTE =T (Ilurllsgiop + Il oy + 101 iy )

and

lgellz2er i1 < WHQM Ol t
VT =T (101 gy + 161l 0 s Ly ) -

Accordingly, we can choose first 75 close enough of 77 and then « small enough to have

OTI(‘H

I fellez e mvy ) + 1 9ell 2y 10 <

e THIRD STEP:
Now, we will work in the interval [T, T, + 2/N|, where N > N(d) and N (6)
is furnished by Lemma[4.2l The initial data are:

Ug ‘= UE(T2> € %(Q) N CSO(Q)B, 92 = 9€(T2> € C?(Q)
In this step, we will take

uc(z,t) = N2U(x,t) + j(x,t) — £t — To)W(x,t),
pe(w,t) = —N*(xo+ x3)c(t —To) + 7(x,t),
0.(x,t) = N2O(x,t)+ h(z,t)

and

g- = —Ah+(j— VV) vﬁ N2 - V6,
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where U, ©, etc. are respectively U, O, etc. written at time ¢ — 73, (U, 0) is the solution
to (111), (y, k) is the solution to (112) with initial data (yo, ho) = (u2,62), (W,r) is the
solution to (121) and £ € C?([0,2/N]) is a cut-off function satisfying

£(t)=11int € [0,1/N] and £(t) =0 in a neighborhood of 2/N.

From the properties of (y, h) deduced in Lemma [4.2]and the definitions of U
and W, we have the following;:

(uz,0.)(Ty +2/N) = N*(U,©)(2/N), V-u.=0

and
ue(0, w9, 23, 1) =0, 0.(0,29,23,t) =0 in (0,1)? x (Ty, Ty + 2/N).

Our goal is to verify that, for N large enough, we get

(SN0

I fello2 (o mro/nivi ) + 19l L2 mre i1 <
First, note that Lemma[4.2]yields

N ~ C
IAG 22 ooy + 1AM 20 1v2/35-10)) < 775

Let us decompose (2 in two parts
Qp:=(0,8/2) x (0,1)* and Q, := (§/2,1) x (0,1)2.

Recallthat V-y =V -W in Qynandy =0 in ;. Consequently,

IN*(W - W)Uy = sup N2(W,V)Ub dx
beVH(Q),[bllvy(2)=1 v

+ sup N2(W,V)Ubdx

beVo (), [1bllvy () =1 v/ Q2

= — sup N>W - Vb U dz

beVo (Q),[1bllvy )=1 J

+ sup N2(W,V)Ubdz.

bEVo (), bllv ey =1 /2

The first term is bounded by C||[NW||12(q)|| NU|| . (q). On the other hand,

NQ(W, V)Ub dx < ‘|NVUHL°°((6/2)><R2)HNWHLz(Q)

Qo
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Thanks to Propositions 4.2]and 4.3} there exists C'(6) > 0 such that

INVU|| oo (2 14 2/3: L ((5/2,1) x2) < C.
Therefore, we see from (108) that

T2+2/N

IN2(W, v)ﬁ||L’"(Tg,Tg+2/N;VO’(Q)) <C /

T
< CN3/471/T.

1/r
INW |72 dt)

Similarly, the following estimate can be obtained:

IN*W - VOl Lt 2/n:m-1(0) + IN*(U - V)W | (s 52/ ()
S ON3/4_1/T.

Next, using (107, we deduce that

—-1/r

W | Lr (1o m2/8;22(2)3) S IW | e (1, 11283, 12(02)) S C(1) N ™7 [z e ()

From Lemma 4.2|and (107), the following is found:

1@ = W) - V)@ = Wll2mmerzivmg < ClNT = WilEs m2/viza @y = 0

and

(7 = W) - VA L2(1 1542/N:5-1)
< O\ iy mor2/n oo 1§ — Wl Lagry mot2/n:02(0)3) — 0

as N — +o0. This concludes the step.

e FOURTH STEP:
Finally, we set 15 := T, + 2/N and we work in the interval [T3, T']. Note that
(ue, pe, 0-) arrives to time T3 with the structure

us(z,T3) = (0, N%25(x1,2/N), N223(x1,2/N)),
0.(x,T3) = N?*(Oiz3 + Azz)(z1,2/N),

which leads to a heat equation and a system of two coupled one-dimensional parabolic
equations. The second component of . can be driven to zero at time ¢ = 7" by solving
a standard null controllability problem for a linear heat equation. On the other hand,
the third component and 6. can be driven to zero by solving a (less standard) null
controllability problem for a system of two coupled 1D parabolic PDEs.

Indeed, in the interval [T3, 7T, we take f. = 0 and g. = 0. It is well-known
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that the boundary null controllability holds for the linear equation, see (IMANUVILOV,
1995). Hence, there exists p = p(t) € L>(0,T7 — T3) such that the solution to
8152—851112 7 in (0,1) X (O,T—Tg)
z(0,t) =0, Z(1,t) =p(t), in (0,7 —1T5)
z(Il,O) :NQZQ(:E172/N) in (071)

satisfies
Z(x1, T —T5) =0 in (0,1).

On the other hand, it is proved in (FERNANDEZ-CARA, GONZALEZ-
BURGOS, and de TERESA|, 2010) that, if A € £(R?) and B € R?, yu; and us are the
eigenvalues of A, rank[B|AB] = 2, (T'/7)(p1 — pe) is not a integer of the form 4(m + 1)
or 2m+1withm > 1and 5, € H'(0,1)?, there exists a control v = v(t) € L*(0,T — T3)

such that the associated solution to the system

8@ a 1331y Ay, in (O, ].) X (O,T — Tg)
7y(0,t) =0, y(1,t)=Bv, in (0,7 —Tj3) (122)
Y(21,0) = Yo(21) in (0,1)
satisfies
Yy(z, T —T3) =0 in (0,1). (123)

Then, it suffices to define u. and 6. in (T3, T) as follows:

{ us(z,t) = (0,2(z,t — T3), Gy (1, t — Ty))
O (x,t) = o1, t — Ts),

where (7,,7,) is, together with some v, a solution to the problem (122)—(123) with

01 1
A= (O O), B= (0> and gO :N2(2’3,8t23+AZ3)(£L'1,2/N).

Finally,

and we clearly have

1f = fellzromvy) + lg = gellrorm-1) <
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4.4 Proofs of Theorems and

The proof of Theorem 4.2]is similar. Again, it is composed of several steps,
each of them related to a time subinterval and, for brevity, we will only give an idea of
what is actually different from the proof of Theorem

The first and second steps are almost identical (of course, there is no 6. now).
In the third step, we take again 75 = 75 + 2/N and we introduce

u(w,t) = N*U(x,t —To) +y(z,t — Tp) + 0t — To)W (2, t —Ty),

pe(x,t) = N2xoc(w, t — Tp) — r(z,t — Td),

where the functions U, y, 8, W, r and c are as in Subsection 4.2
It is easy to check that (u., p.) solves

Uet — Aue + (ug, V)ue = fe, in Q x (Ty, T3)
V-u. =0, in Q x (T3, T3)
ue(0, 29, 23,1) = u(1, 09, 23, ) = u(x1,72,0,¢) =0 on (0,1)% x (Ty, T3)
us(x,0) = uo(Ty), in Q,

where we have set T3 = T, + 2/N, with

fo(xt) = (=Ay+ N2U, V)W + N2(OW,V)U + 0,W)(x,t — T5)

+ ((y+0W),V)(y + W) (z,t —T3).

From (101), Lemma [4.1|and Proposition[4.1} we can verify that, for N large enough, we
have

[ fell L2 (o r2/nivic)) <

(SN0

and
u.(x, Ty +2/N) = N*U(x,2/N).

In the fourth step, we take 75 := 75 4+ 2/N and we note that u. possesses at
time T3 the structure

U,&-(ZE,TQ + Q/N) = (O’ N22(2E17{1’,‘372/N),0).

The second coordinate of u. can be driven to zero at time ¢ = 7' by solving a null
controllability problem for a linear 2D heat equation. More precisely, let us take f. = 0
in [T3, T). It is well-known that there exist controls p = p(xy,t) in L>((0,1) x (0,7 —T3))
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such that the associated solution to

2 — (2931331 +z€6313) ( ) (1'1,1’3, ) (0 1)2 (0 T_T3)
Z(0,x3,t) = Z(1, x3,t) = Z(21,0,t) = 0, t, € (0,T —T3), x1,23 € (0,1)

Z(z1,1,t) = p(z1,1), (21,t) € (0,1) x (0,1 — T3)
E(xl,xg, 0) = N%z(zy1,73,2/N), (z1,73) € (0,1)?

satisfies
E(ZEhT - Tg) =0 in (0, ].)

(see IMANUVILOV/|(1995)). Then, it is sufficient to take in (73, 7T)
us(z,t) = (0,Z(x1, 3,t — T3),0).

This way, we get
us(+,T) =0

and
If — szL’“OTV/ ) S E.

We now give the proof of Theorem

In fact, Theorem [4.3| can be viewed as a Corollary of Theorem 1 in GUER-
RERO, IMANUVILOV, and PUEL| (2012). Indeed, let R € R3 be a cube, with edges
not necessarily parallel to the axes and let us denote by I'; one of its faces. It is
clear that, after appropriate rotation and tranlation, we can construct right hand sides
f- € L*(R x (0,T)) satisfying

fe— fin L'(0,T; H™'(R)),
forall r € (1,4/3) and solutions (v., p.) to the corresponding Navier-Stokes systems

Vet — Ave + (v, V)v. + Vp. = fo, in R x (0,7)

Vv, =0, in Rx(0,T)
ve =0, on Iy x (0,7)
ve(z,0) = up(x) in R

that satisfy
us(x,T)=0 in R.

Let R be such that 2y C R. Then, we just take

Ue = Ve ‘Qn x(0,T)
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and we immediately conclude.

Remark 4.1. Let us set I'; = 9Q \ ({0} x (0,1)*) and let O be a neighborhood of I'y
in . It is not difficult to obtain from Theorem 1 in (GUERRERO, IMANUVILOV,
and PUEL) 2012) a global controllability result of the same kind for the Navier-Stokes
system with distributed controls, supported by O x (0,7"). However, a similar result

for the Boussinesq system is, to our knowledge, unknown. O

4.5 Final comments and questions

The previous results do not imply actually global approximate controllabil-
ity, since the right hand sides f and g to be modified slightly (the same can be said on
the results in (GUERRERO, IMANUVILOV, and PUEL, 2012)). What we would need
is a uniform bound of the controls in some Banach space B allowing to take limits as €
to 0. But, at present, this is missing.

Thus, it would be interesting to be able to modify the constructions of u.
and 6. paying special attention to the behavior of their traces.

Another possible approach relies on the following idea:

1. Solve the exremal problems

Minimize J.(h) = |||z
Subjectto h € B

where B is the family of boundary null controls for the Boussinesq system with f
replaced by f. that belong to B.
2. Then, prove that the solutions satisfy

Observe that, with a suitable choice of B, all these problems are solvable.
Therefore, one can probably use an optimality characterization to get some informa-

tion.
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APPENDIX

For completeness, let us sketch the proof of Theorem We will closely follow the
arguments in (DOUBOVA and FERNANDEZ-CARA, 2005)

Let (¢, m’) € C?(Q;) x C1([0,T]) be such that

_¢t_90xx:g( t) (ZE t>€Q€

p(0,1) =0, @(f(t),t) = -m/'(t), t€(0,T) (124)
wa(L(t), ) m”(t) = y(L(t),t)m'(t) t € (0,T)
and s > 1. Let us introduce
Y =e "
Notice that
W(z,0) =z, T) =0, ¢¥(0,t) =0 (125)
and
W), 1) = e O/ (1), (126)

We have the following equality:

Yy + Ype — 28A0,E0, + SENN2E%Y — sSA(10€) 0 + sah = e %%,

We can rewrite in the form

My + My = g5t (127)
where
Mith = gy + S N026%) + sy
Mytp = vy — 28 A0, &1,
g5t = €79 + sA(1:€) 2t
We have fron that

[ M| + (| Mot)]|5 + 2(Maip, Maw)s = ||gst0l3, (128)

where || - ||z and ((+, -))2 denote the usual norm and scalar product in L*(Q;),

respectively.

Let us compute the scalar product on the left-hand side of (128). We can write

(Myap, Ma))g = Ity + Lo + Iog + Iog + 131 + I39,



where [;; denote the scalar products of the terms of M1 and M.

After some manipulation, we get

1M + | Mol + 252 / / e da di
Qf

+653\1 //anif?’hbfdxdt

T 1 B B ,
#20h [ @, 00, 0

T
1 —2sa(l v /
425303 /0 O 2oallODE(0(t), 8)* | (1)] dt

+2 [ b (0(t), ) (0(t), ) dt

T 1 _ _ _
92 —2sa((t),t) / 2
i o (), o (0(8), ) (1)

250 [ | ol dvit - 203 [ [ peafof? aode
Qe Qe

—232)\// nxfazt]w?dxdt—i-s// || da dt
Qe Qe

252 / / a2 da dt + [ 9,011
Qi

—25%\ // Neaoy [V dx dt
Qe

—65)\? //ninmég’\W du dt
Q7

On the other hand, it is easy to verify that

1] < AC(|0 oo, buy w0, T)EZ,

84

(129)

(130)
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< A\ TE?
o < A€ + T (131
< AC( |0y bey w, T)E?,
s (£(t),1)] < AC(T |oo, £, TIE(E(E), 1), (132)
| < N2C(0 |os, by w, T)E (133)
and
|| < N2C(|C | e, £y, w0, T)E?. (134)
Remember that g1 = e™**g + sA(1.£),1¢. Then, we can obtain:
lgdlZ < 2l + 26232 / / (01202 e i
“ (135)

< 2feg|2 + Cs2AS / / P2 de dt,
Q7

where C = C({,,w, B).
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From the previous estimates and (129), the following is found:

M) + [ M| + 2572 / / €|l e dt
Qr

+653\1 //n§§3|¢|2dxdt
Q1

+25>\/ 7 EC0(t), 1) (0(2), )2 dit

313 g 1 —25a t),t) (7 Sm/ 2
252 / T T 0 -

42 / GaT(8), ) (0(2), ) dt
T —

< 20T ., T) 2N / 2 TONE(F(1), 1) (1) dt
0

— 925\ //%x§|1/1x|2 dx dt + 2||e *“g||3
Qr

+053A4/ | du dt
Qe

with C' = C(||0 |0, b, w, T, B).

Notice that |n,| > vin Q7 \ (wy x (0,7)), where

1 max {a, {(t) — b}.

v 0<t<T
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With this in mind, we get from (136) that

IMIE + | Mo+ 20 / S dudt
QF

t)lea(E(t), ) dt

N / e~ 2o EONE(T(1), 1) (1) 2

0

(137)
42 / L 0(E), (B, ) e
< 2||le~*g||3 — 2sA //nmf|¢z|2dx dt
Qr
OB // 1|2 da dt,
wx(0,T)
with C' = C(||Z/||Oo, l,,w,T,B), sand X sufficiently large.
Using the fact that MY = v, + s*A?126%¢) + sau1), we obtain
| gl dwar < a1 + 03 / S dra (138)
Q7

On the other hand, by integrating by parts, we see that

s)\Q/ £, | do dt = —3)\2/@ §wmwd:cdt—s)\3//Q NEY) dx dt
Tt / | el ou. . 0.

Qg
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We deduce that

AQ// §|¢$|2dxdt§// i|¢m!2dxdt+s3)\4// Eep|? da dt
Q7 Q7 Sg Q7
+3A4// n2E|* da dt

Q7

+sA/Q (L), 1) |0 (L(2), )| dt

(139)

+sA3/Q §(0 ), t)[2dt
[

and

| M]3 + //( %x+s)\2§!%\2—|—83)\4§3w|2) dx dt
vor [ €000l o), 0
reit [ e C OO0, ') (140)

+2/ BalT(0), 00T, 1)

<C (||e_5ag||§ + 304 // Y d dt> ,
wx(0,T)

with C' = C(||0 |0, £, w, T, B).

Using the fact that My = 1, — 25An, £, we find

// ithl%lxdt§2||J\42¢||§+03A2 // &by |? dx dt. (141)
Q; 5§ o,
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Consequently,

// ( (Yt + Vaz) + SAZE|Ya|® + 53A4§3|w12) dx dt
QL

+sA/ E(E), D) (E(0), 1) dt

57N /0 e 2o CODE(D (), 0% m' (1) dt (142)

+2/ G (), Dy (0(2). 1)t

<c (ue—sagua voxt [ glupasa)
wx(0,T)

fo some C' = C(HZIHOO,E*,UJ,T, B).

Returning to the original variables, it is not difficult to deduce and conclude.
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