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INVESTIGATION OF SEVERAL INTERPOLATION
FUNCTIONS FOR UNSTRUCTURED MESHES IN
CONJUNCTION WITH COMPOSITIONAL RESERVOIR
SIMULATION

Bruno Ramon Batista Fernandes1, Francisco Marcondes2, and
Kamy Sepehrnoori3
1Laboratory of Computational Fluid Dynamics, Federal University of Cear�aa,
Campus do Pici, Cear�aa, Brazil
2Department of Metallurgical Engineering and Material Science, Federal
University of Cear�aa Campus do Pici, Cear�aa, Brazil
3Department of Petroleum and Geosystems Engineering, The University of
Texas at Austin, Austin, USA

One of the key parameters in numerical simulation of fluid flow problems is the interpo-

lation function used for adjusting the numerical value from the position where it is evaluated

to the interface of the control volumes; for instance, if the finite-volume method is employed.

In this article, we present an investigation of several interpolation functions in conjunction

with the element based finite-volume method (EbFVM) using unstructured triangular

meshes. We investigate the mass weighted upwind (MWU) and a modified version of this

method, the upwind scheme, a streamline based upwind scheme, and a limited second order

upwind scheme. These interpolation functions are implemented in a compositional simulator

using vertex cell unstructured grids. The accuracy of these interpolation functions are

evaluated for several case studies. For some of them, we also compare the results with

the available analytical solutions.

1. INTRODUCTION

Interpolation functions are important key parameters for numerical methods,
such as finite difference, finite element method, and finite-volume method. The way
the physical properties are interpolated by the interpolation function will determine
the necessary mesh refinement, and can also originate numerical dispersion or physi-
cal oscillations and other type of errors. Hence, the use of interpolation function that
can take into account the correct variation of fluid flow and discontinuities can
reduce the computational time in order to obtain accurate numerical solutions.
Several interpolation functions have been developed in previous decades.
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Some upwind interpolation schemes were designed for advection and diffusion
problems by Baliga and Patankar [1]. Among them, is the exponential approach; the
exponential approach is achieved using exponential shape functions in the direction of
average velocity of the element. This scheme is called flow-oriented interpolation
(FLO). Later, Prakash [2] proposed another shape function for FLO taking in
account the source terms; this was called flow-oriented interpolation with source
terms (FLOS) and was shown to be exact solutions of certain restricted cases. Other
interpolation functions were developed with the goal of obtaining a better upwind
interpolation for skewed grids. The skew upwind was first proposed by Raithby [3,
4] for regular grids. Hassan et al. [5] constructed the skew upwind for unstructured
triangular meshes. Schneider and Raw [6] applied the skew upwind scheme for quadri-
lateral meshes. Swaminathan and Voller [7, 8] extended the streamline upwind
Petrov-Galerkin (SUPG) scheme of Brooks and Hughes [9] from the finite element
method (FEM) to the EbFVM approach. They called this scheme streamline upwind
control volume (SUCV). This scheme uses the streamline to evaluate the upwind influ-
ence. Hurtado et al. [10] improved the 2-D MWU (mass weighted upwind) scheme
for quadrilateral elements using a modified weighting factor. A more complete
study about this new family of positive coefficient (MWU) scheme was presented in
reference [11].

NOMENCLATURE

A area, m2

Acc accumulation term

F advective plus diffusive transport

cf rock compressibility, Pa�1

d distance, m

D0 virtual vertex

f fugacity, Pa

K absolute permeability tensor, m2

Kij
dispersion tensor, m2=s

kr relative permeability

N number of moles per bulk volume,

mol=m3

Ni linear shape function

Ne total number of elements

Nv total number of vertices

nc number of components

np number of phases

P Pressure, Pa

q well volumetric rate, mol=s

r successive slope ratio

S saturation or binary flux direction

for MWU and MMWU

schemes

t time, s

Vb bulk volume, m3

Vp pore volume, m3

Vt total fluid volume, m3

�VVtk parcial molar volume, m3=mol

u Cartesian velocity in x direction, m=s

v Cartesian velocity in y direction, m=s

x phase mole fraction

z overall composition

a mass weighting factor

D any physical property evaluated at the

vertex

d any physical property evaluated

at the interface

n mole density, mol=m3

/ porosity

k phase mobility, (Pa.s)�1

U hydraulic potential, Pa

W nonlinear function of successive

slope ratio

c specific gravity, Pa=m

m viscosity, Pa.s

Superscripts

0 property evaluated at the previous

time

Subscripts

i control volume, vertex, or component

j phase

w water component

r reference phase
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Van Leer [12] developed the first higher-order scheme, showing that the
monotonicity for one dimension can be preserved by application of a flux-limiter that
may be able to capture the flow discontinuity. The principles of this monotonicity
preserving were later introduced by Harten [13] as the total variation dimishining
(TVD) property. The TVD region was formulated by Sweby [14] who proved that
the Van Leer’s limiter, the Roe’s limiter [15], and the Chakravarthy and Osher limiter
[16] follow the TVD definition. Sweby [14] also showed that the Lax-Wendroff [17]
and the Warming-Beam [18] schemes do not follow the TVD definition.

Several schemes have adapted the TVD interpolation function from structured
grids to unstructured grids [19–26]. All of the aforementioned works are based on
cell-center grids. Although some authors suggest that the scheme would also work
for cell-vertex grids, they were all constructed and applied to cell-center unstructured
grids. Therefore, to the best of our knowledge, TVD interpolation function has not
yet been used in conjunction with cell-vertex unstructured meshes. In this work, we
investigate the upwind, the mass weight upwind (MWU) and a modified version of this
scheme (MMWU), the upwind scheme, a streamline based upwind scheme, and a
second order TVD scheme. These interpolation functions are implemented in an
in-house compositional reservoir simulator called UTCOMP [27, 28]. UTCOMP was
developed at the Center for Petroleum and Geosystems Engineering at The University
of Texas at Austin for the simulation of enhanced recovery processes. UTCOMP is an
IMPEC, multiphase=multi-component compositional equation of state simulator
which can handle the simulation of several enhanced oil recovery processes.

2. PHYSICAL MODEL

Isothermal, multi-component, multiphase fluid flow in a porous medium can be
described using three types of equations: the component-material balance equation,
phase equilibrium equation, and equation for constraining phase saturations and
component concentrations [27, 28].

The material balance equation for the ith component for a full symmetric
permeability tensor using the Einstein notation can be written as follows.

q /Nið Þ
qt

�r �
Xnp
j¼1

nj xij kjK � rUj þ /
Xnp
j¼1

njSj Kijrxij

" #
� qi
Vb

¼ 0 ; i ¼ 1; 2; :: ; nc

ð1Þ

In Eq. (1), nc is the number of hydrocarbon components, np is the number of
phases present in the reservoir, / is the porosity, Ni is the moles of the ith component
per unit of volume, nj and kj are the molar density and relative mobility of the jth
phase, respectively, xij is the molar fraction of the ith component in the jth phase,

K is the absolute permeability tensor, Kij is physical dispersion tensor, qi is the molar

flow rate of the component i due to well injection=production, and Vb is a volume of
control-volume that could contain a well. Uj is the potential of the jth phase and is
given by the following.

Uj ¼ Pj � cj Z ð2Þ
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Where Pj denotes the pressure of the jth phase and Z is depth, which is positive in a
downward direction.

The first partial derivative of the total Gibbs free energy with respect to
the independent variables gives the equality of component fugacities among all
phases.

fi ¼ f ji � f ri ¼ 0 ; i ¼ 1; ::::; nc ; j ¼ 2; :::::; np ð3Þ

In Eq. (3), f ji ¼ ln xij /ij

� �
, where /ij is the fugacity coefficient of component i in

the jth phase, r denotes the reference phase, and nc is the number of components
excluding the water. The restriction of the molar fraction is used to obtain the
solution of Eq. (3).

Xnc
i¼1

xij � 1 ¼ 0 ; j ¼ 2; :: ; np ;
Xnc
i¼1

zi ðKi � 1Þ
1 þ n ðKi � 1Þ ¼ 0 ð4Þ

Where zi is the overall molar fraction of the ith component, Ki is the equilibrium
ratio for the ith component, and n is the mole fraction of the gas phase in the absence
of water. The closure equation comes from the volume constraint, i.e, the available
pore volume of each cell must be filled by all phases present in the reservoir. This
constraint gives rise to the following equation.

Xnp
j¼1

Sj ¼ 1 ð5Þ

In UTCOMP simulator, the unknown primary variables are water pressure Pw,
N1, . . . , Nnc, and Nw. The water pressure is obtained through a volume balance and is
given by

/0cf �
1

Vb

qVt

qP

� �
qP
qt

¼
Xnc
k¼1

Vtk

Xnp
j¼1

r! � xkjnj
krj
mj

K � r!Uj þ r! � /njSj Kkjrxkj

 !

þ
Xnc
k¼1

Vtk
qk
Vb

ð6Þ

In this work, an implicity pressure, explicit composition (IMPEC) formulation [29] is
used to solve a set of nonlinear equations. In this formulation, the pressure is solved
at the new time level using all other variables at the old time level. The new pressure
is used to evaluate the mole balance, and then a flash calculation is performed to
evaluate the amount and compositions of phases at the new time-step.

3. NUMERICAL DISCRETIZATION

In our work, the approximate equations are obtained by using the EbFVM. In
the EbFVM, each element is divided into sub-elements, as shown in Figure 1. The
conservation equations and the pressure equation, Eqs. (1) and (6), need to be
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integrated for each sub-control volume. Here, except for case study 1 of the results
section, we have used only triangular elements. Figure 1 presents the sub-control
volumes and integration points for the advective and diffusive terms. Integrating
each term of Eq. (1), for instance, in space and time for each sub-control volume,
and applying the Gauss theorem for the advective and dispersion terms, we obtain
the following.

Z
t;V

q/Nk

qt
dtdV ¼

Z
t;A

Xnp
j¼1

xkjnj
krj
mj

K � r!Uj þ /njSjKkjrxkj

 !

� dA�! dtþ
Z
t;V

qk
Vb

dtdV ; k ¼ 1; nc

ð7Þ

Figure 1. Sub-control volumes and possible situations for fluid flow convective out of ip1. (a) Physical

property interpolated between vertex 2; and ip2 (b) physical property interpolated from ip2 (c) physical

property interpolated from vertex.
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Performing the integration of first and second terms of Eq. (7), and evaluating the
fluid properties through an explicit procedure, the following equations for the two
mentioned terms are obtained.

Accm;i ¼ Vscvm;i
/Nm

Dt

� �
i

� /Nm

Dt

� �o

i

� �
; m ¼ 1;Nv ; i ¼ 1; :: ; nc ð8Þ

Fm;i ¼
Z
A

Xnp
j¼1

kjnjxijK � rUj � /njSjKij � rxij

� �
� dA�!

¼
Z
A

�Xnp
j¼1

nj
0 x0ij k

0
j Knl

qUj

qxl
� /n0j S

0
j K

0
ijnl

qxij
qxl

�
dAn m ¼ 1;Ne; n; l ¼ 1; 2

ð9Þ

In the above equations Nv and Ne denote the number of vertices and number of
elements of the grid, respectively. A similar procedure is performed to the pressure
equation.

Inserting Eqs. (8) and (9) into Eq. (7), the following equation for each element
is obtained.

Accm;i þ Fm;i þ qi ¼ 0 ; m ¼ 1; . . . ;Ne ; i ¼ 1; . . . ; nc þ 1 ð10Þ

Equation (10) denotes the conservation for each sub-control volume of each
element. Now, it is necessary to assemble the equation of each control volume for
obtaining the contribution of each sub-control volume that shares the same vertex.
This process is similar to the assembling of the stiffness global matrix in the finite
element method. Further details of the methodology just described can be found
in Cordazzo [30] and Marcondes and Sepehrnoori [31, 32].

4. INTERPOLATION SCHEMES

Here, we present the mass weighted upwind scheme (MWU), a modified
version of the MWU scheme (MMWU), the streamline upwind scheme (SUCV)
and a TVD scheme.

4.1. Mass Weighted Upwind Scheme

The MWU scheme ensures that the convective property carried out of the con-
trol volume is equal or smaller than the one convected into the control volume. This
condition ensures that the coefficients of the linear system being solved are always
positive. As shown in Figure 1, for the convective flow carried at integration point
1 (ip1), three situations can occur. The first one is shown in Figure 1a, where the
inflow into sub-control volume 2 (ip2) is smaller than the one carried out through
ip1. For this situation, the property at ip1 should be interpolated between the ones
at vertex 2 and ip1. The situation presented in Figure 1b is similar to Figure 1a, but
now the outflow through ip1 is smaller than the inflow through ip2. For this case, the
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property at ip1 should be equal to the one at ip2. The last case is presented in
Figure 1c. For this case, the property at ip1 should be equal to the one at vertex 2.

Considering a generic physical property at the integration point (d), all three
cases illustrated in Figure 1 can be a written as follows.

d1 ¼ 1� a12ð ÞD2 þ a12d2 ð11Þ

Where D denote a property evaluated at vertex, and a12 is the MINMOD function of
the mass flow ratio defined as follows.

aij ¼ max 0;min 1;
_mmj

_mmi

� �� �
ð12Þ

Three other possibilities are possible when the flux is convective into ip1. Now,
the property at ip1 can be a function of vertex 1 or ip3. All six possibilities can be
summarized as follows.

d1 ¼ 1� S1ð Þ 1� a12ð ÞD2 þ a12d2½ � þ S1 1� a14ð ÞD1 þ a14d3½ � ð13Þ

where,

Si ¼ max 0;
_mmij j
_mmi

� �
ð14Þ

For triangle elements, a set of three equations and three variables for d in each
element is obtained.

d1 ¼ 1� S1ð Þ 1� a12ð ÞD2 þ a12d2½ � þ S1 1� a13ð ÞD1 þ a13d3½ �
d2 ¼ 1� S2ð Þ 1� a23ð ÞD3 þ a23d3½ � þ S2 1� a21ð ÞD2 þ a21d1½ �
d3 ¼ 1� S3ð Þ 1� a31ð ÞD1 þ a31d1½ � þ S3 1� a32ð ÞD3 þ a32d2½ �

ð15Þ

4.2. Modified Mass Weight Upwind Scheme

In order to ensure that the influence of upwind vertex will cease only when the
mass flow ratio goes to infinity, Hurtado et al. [10] proposed a modified equation to
the a coefficient given in Eq. (12). The new function for this coefficient is given by the
following.

aij ¼ max 0;

_mmj

_mmi

1þ _mmj

_mmi

 !
ð16Þ

4.3. Streamline Upwind Control-Volume

The streamline upwind uses the phase velocity at each control volume face. The
phase velocity components for a 2-D porous medium is given by the following.

980 B. R. B. FERNANDES ET AL.



uj;ip ¼ �Kxx
krj
mj

qUj

qx

�����
ip

�Kxy
krj
mj

qUj

qy

�����
ip

vj;ip ¼ �Kyx
krj
mj

qUj

qx

�����
ip

�Kyy
krj
mj

qUj

qy

�����
ip

ð17Þ

The velocity is used to compute a linear streamline at the integration point. The
point on the edge of the element which the streamline crosses upstream the flow is
used as the upwind point. Figure 2 presents an illustration of such a case for the inte-
gration point 2 (ip2). Therefore, the value of the physical property is calculated
through a linear combination of the vertex values where the interception occurs.
For the situation showed in Figure 2, we have the following.

d2 ¼
d1

d1 þ d2
D2 þ

d2
d1 þ d2

D3 ð18Þ

Some spurious oscillations can occur when this interpolation function is used due to
the inclusion of some downstream vertices [33, 34]. As shown in Figure 2, the vertex
2 is included into the linear interpolation even though a downstream point. Although
the contribution can be small, it can lead to oscillations when a discontinuity arises
due to a large jump in the value. For solving this issue, the downstream points are
removed and the scheme is reduced to an upwind scheme.

4.4. Second-Order TVD Scheme

For TVD schemes, the flux-limiter can be interpreted as a switch between lower
and higher order schemes to ensure a monotonic solution. The expression for a pro-
perty at the integration point is defined by Darwish and Moukalled [21] as follows.

df ¼ DC þ w rf
� � DD � DCð Þ

2
ð19Þ

Figure 2. Illustration of streamline crossing the edge formed by vertices 2 and 3.
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Where subscripts C and D denote the upwind and downwind control volumes,
respectively, and w is a nonlinear function of the successive slope ratios (rip) to
control the second order contribution. The successive slope ratios are defined by
Darwish and Moukalled [21] as follows.

rf ¼
2~rrDC � D~rrCD � DD � DCð Þ

DD � DC
ð20ÞÞ

Where ~rrDC is the upwind vertex gradient, and D~rrCD is the distance vector between
the upwind and downwind vertices.

In the case of a cell-center scheme, the downwind property is formally the con-
trol volume that shares the face with the upwind vertex. Although this is also true for
the EbFVM approach, the control volume face is too far from middle distance
between the upwind and downwind vertices. Therefore, the mean value that would
be evaluated at the face, which yields a central difference scheme, is not a good
approach. One can substitute the downwind property into Eq. (19) for a virtual
downwind (D0) vertex property, and then substitute it by the face value evaluated
through the shape functions considering it a central difference scheme.

dCDS
f ¼ DD0 þ DCð Þ

2
ð21Þ

Thus,

DD0 ¼ 2dCDS
f � DC ð22Þ

where,

dCDS
f ¼

Xnve
i¼1

NiDi ð23Þ

Substituting Eq. (23) into Eq. (19), we obtain the following.

df ¼ DC þ w rf
� �

dCDS
f � DC

� �
ð24Þ

The face CDS value minus the upwind node value can also be written as a func-
tion of the face gradient as follows:

dCDS
f � DC

� �
¼ ~rrdf :D~rrCf ð25Þ

Finally,

df ¼ DC þ w rf
� �

~rrdf :D~rrCf ð26Þ

The face gradient can be evaluated using the shape functions. The slope ratio needs
to be adjusted as well. Substituting Eqs. (22) and (25) into Eq. (20), and substitut-
ing the distance vector, D~rrCD0 by D~rrCf which is half of the first vector, gives the
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following:

rf ¼
2~rrDC :D~rrCf � ~rrdf :D~rrCf

~rrdf :D~rrCf
ð27Þ

The node gradient is based on the element shape functions. This gradient reconstruc-
tion is based on the method by Tran et al. [35]. This approach uses the element shape
functions to determine the vertex gradient. The gradient of a vertex will change for
every element that shares the same vertex; therefore a volumetric mean is used to
evaluate the gradient at vertex C. In this work, Eqs. (26) and (27) are used together
to evaluate the high-resolution scheme. We also investigated two flux-limiters: The
MINMOD [36], which is the most diffusive TVD limiter; and the Koren’s limiter
[37], which is a very compressive limiter. The expressions used to evaluate both limit-
ers in this work are given by the following.

MINMOD : wðrf Þ ¼ max 0;min 1; rf
� �� �

ð28Þ

Koren : wðrf Þ ¼ max 0;min 2; 2rf ;
rf þ 2

3

� �� �
ð29Þ

Other forms of flux-limiters also called by slope-limiters are available in the literature
[38, 39].

5. RESULTS

The first case study presented is one-dimensional water injection displacement.
For this case, the parameters were adjusted in such way that the water front profile
into the reservoir is exactly a step function. All the reservoir and fluid data for this
case are shown in Table 1. This case is described by the Buckley-Leverett equation

Table 1. Fluid and reservoir data — case 1

Property Value

Length, width and thickness 304.8m, 91.44m and 6.096m

Porosity (fraction) 0.15

Water viscosity 10�3 Pa � s
Oil viscosity 10�3 Pa � s
Reservoir pressure 34.474MPa

Water injection rate 6.22� 10�4m3=s

Producer’s bottom hole pressure 34.474MPa

Water initial saturation 0.363

Water residual saturation 0.363

Oil residual saturation 0.25

Water permeability end point 1.0

Oil permeability end point 1.0

Water permeability exponent 1.0

Oil permeability exponent 1.0

INTERPOLATION FUNCTIONS FOR UNSTRUCTURED MESHES 983



and an analytical solution is available [40]. In order to simulate this problem we have
used a quadrilateral mesh that allows us to mimic exactly the 1-D fluid flow inside
the reservoir. The results are compared in terms of water saturation front at 100 days
of simulation. The results of MWU, modified MWU and SUCV schemes are not
shown for this case because for the type of grid and fluid flow these schemes are
reduced to upwind scheme. Figure 3 presents the results of saturation front obtained
with the upwind and the TVD scheme using the MINMOD and Koren flux-limiters
with two meshes: one with 100 elements and another one with 2,000 elements.

As one can observe in Figure 3, the Koren’s flux limiter is the more accurate
scheme for the methods tested here. Also, we can observe that the front obtained

Figure 3. Water saturation front at 100 days — case 1. a) Coarse mesh, and b) refined mesh.
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with the coarse mesh using the Kroren’s flux limiter is approximately the same as
the one obtained with the upwind scheme using the refined mesh. The L1 norm
for methods investigated is shown in Figure 4, also for 100 days of simulation.

As we can see in Figure 4, the upwind scheme presented the largest errors and
an order of accuracy of 0.5019, although this scheme is formally first-order accurate.
However, this behaviour is expected, since for problems with discontinuity the
observed order for L1 norm is one half when using upwind the scheme [41]. For
second-order and third order schemes, the expected order of the error is 2=3 and
3=4, respectively [41]. Thus, for this case, the MINMOD flux-limiter was second
order accurate, and the Koren’s flux-limiter was at least third-order accurate.

For validating the two dimensional flux limiter, a tracer injection case was
tested. The reservoir and fluid data are shown in Table 2.

The tracer is injected through water flow until the water injected volume is
equal to 0.2 of the reservoir pore volume (PV). Subsequently, no tracer is injected
and the water injection continues until 1.6 PV. The analytical solution for this case
is presented in reference [42].

Figure 5 presents two triangle grids that were used. These grids are similar to
the convectional diagonal and parallel grids commonly employed in petroleum
reservoir simulation to verify grid orientation effects. The lower-left and upper-right
points in this figure denote the injector and producer wells, respectively. Although
the physical solution is independent of mesh configuration, it well known in the
literature that these type of meshes are extremely useful for testing interpolation
functions. Figure 6a shows the normalized tracer concentration at the producer well
comparing all the equal-order schemes, and Figure 6b shows the same for the higher-
order scheme. The results are also compared to the analytical solution.

As it can be seen in Figure 6a, for the diagonal grid the MWU was the most
accurate scheme, followed by MMWU, SUCV, and upwind schemes. For the paral-
lel grid, however, the best scheme was the SUCV, followed by upwind, MMWU, and

Figure 4. L1 norm error at 100 days — case 1.
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MWU scheme. However, results from the aforementioned schemes, in general, were
not too different, since the order of accuracy may be the same. More importantly,
taking into account the computation cost of all the first order schemes, there is no
reason to use other first order scheme rather than the upwind scheme. In
Figure 6b, it can be seen that the TVD using the MINMOD and Koren’s flux-
limiters was much better than all equal-order schemes tested. Also, for both grids
used, the Koren’s flux-limiter displaced much less mesh orientation effect than the
MINMOD flux-limiter.

The third case study is CO2 injection flooding. The hydrocarbon mixture is
composed of three hydrocarbon components, but only CO2 and C1 are injected in
a volumetric constant rate into the reservoir. At initial condition, we have a satu-
rated reservoir. All reservoir and fluid data are presented in Table 3.

Two 40� 40 sets of grids similar to the ones presented in Figure 5 are used
here. Figure 7a shows the comparison of the oil production rate for the two grids
for all equal-order schemes. These results are compared with the fine-grid solution,
a randomized triangle grid with 10,114 vertices. Figure 7b is similar to Figure 7a, but
it compares the TVD scheme associated to MINMOD and Koren’s flux-limiters.
Once again, the results of all investigated interpolations functions were similar to
the results presented for case 2.

Figure 8 shows the gas saturation field at 100 days. As the fields for equal order
schemes are very similar, only the results for upwind scheme are presented. Figures 8a

Table 2. Fluid and reservoir data — case 2

Property Value

Length, width and thickness 50.292m, 50.292m, and 0.3048m

Porosity (fraction) 0.2

Water viscosity 2.49� 10�4 Pa � s
Reservoir pressure 13.79MPa

Water injection rate 20.39mol=s

Producer’s bottom hole pressure 13.79MPa

Water initial saturation 1.00

Longitudinal dispersion coefficient 0.2012m

Transversal dispersion coefficient 0.0201m

Injected tracer’s concentration 200 ppm

Table 3. Fluid and reservoir data — case 3

Property Value

Length, width and thickness 170.688m, 170.688m, and 30. 48m

Porosity (fraction) 0.3

Water viscosity 8� 10�4 Pa � s
Reservoir pressure 20.68MPa

Gas injection rate 6.55m3=s

Producer’s bottom hole pressure 20.68MPa

Water initial saturation 0.25

Reservoir initial

compositions (CO2, C1, C10)

0.01, 0.19, 0.80

Injector well composition (CO2, C1, C10) 0.95, 0.05, 0
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Figure 5. Grids used for case 2. a) Parallel configuration, and b) diagonal configuration.

Figure 6. Tracer concentration — case 2. a) Equal-order schemes, and b) Higher-order schemes (color

figure available online).
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and 8b show the field for parallel and diagonal grids, respectively, for upwind
scheme. Figures 8c and 8d show the field for parallel and diagonal grids, respectively,
for Koren’s scheme. Although, we can observe a large grid orientation effect for both
interpolation functions, the solution obtained with TVD and Koren’s flux-limiter is
much sharper than the one obtained with the upwind scheme.

In order to show the flexibility of the unstructured grids, an irregular reservoir
is tested. For this case, 6 components are considered, and gas is injected into wells in
the reservoir. All reservoir and fluid data are shown in Table 4.

The gas saturation field at 4,000 days for upwind and TVD scheme with
Koren’s flux-limiter is shown in Figures 9a and 9b, respectively. In Figure 9, one

Figure 7. Oil production rate for case study 3. a) Equal-order schemes, and b) higher-order schemes (color

figure available online).
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Figure 8. Gas saturation field for case study 3. a) Upwind parallel, b) upwind diagonal, c) Koren parallel,

and d) Koren diagonal (color figure available online).

Table 4. Fluid and reservoir data — case 4

Property Value

Porosity (fraction) 0.35

Water viscosity 1� 10�3 Pa � s
Reservoir pressure 10.34MPa

Gas injection rate 0.655m3=s

Producer’s bottom hole pressure 8.96MPa

Water initial saturation 0.17

Reservoir initial compositions

(C1, C3, C6,

C10, C15, C20)

0.5, 0.03, 0.07, 0.2, 0.15, 0.05

Injector well composition

(C1, C3, C6, C10, C15, C20)

0.77, 0.20, 0.01, 0.01, 0.005, 0.005
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can observe that the solution obtained with TVD and Koren’s flux-limiter is much
more compressive than the one obtained with upwind scheme, as expected. Even
using an irregular geometry, the TVD approach is a much better choice since the
saturation gradients are better captured, as can be seen in Figure 9.

Figure 9. Gas saturation field for case study 4. a) Upwind, and b) TVD with Koren’s flux-limiter (color

figure available online).
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7. CONCLUSION

We presented the implementation of MWU, MMWU, SUCV, and a TVD
scheme using MINMOD and Koren flux-limiters in conjunction with petroleum
reservoir simulation using cell-vertex unstructured meshes. The TVD implementation
was adapted to EbFVM approach. The results of presented case studies were vali-
dated with available analytical solutions. The results suggested that the SUCV is more
accurate than the upwind for the cases presented. The MWU and MMWU showed
grid dependence on the accuracy. For the TVD scheme in conjunction with unstruc-
tured grids, it was found that the scheme can produce numerical solution as accurate
as the ones for structured grids. For the other cases, bothMINMOD andKoren’s flux
limiters were far more accurate than the other first order schemes investigated.
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