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“All models are wrong, but some are useful.”

(George Edward Pelham Box)



RESUMO

A evolução dos sistemas de comunicações móveis associada com a heterogeneidade das redes e
o crescimento explosivo no número de dispositivos conectados transformaram a modelagem de
canal de comunicação móvel em uma tarefa desafiadora tanto para a atual, bem como para as
próximas gerações dos sistemas sem fio. Esse desafio consiste em desenvolver novas abordagens
que permitam aos modelos de canal fornecerem simulações realistas em uma grande variedade de
cenários enquanto se mantêm escaláveis com o aumento no número de nós e na área de cobertura
das redes sem fio. Simulações realistas envolvendo canal sem fio estão associadas com a acurácia
do modelo em descrever os efeitos de propagação que afetam as ondas eletromagnéticas, bem
como com a capacidade do modelo em prover características de modelagem de quinta geração
(5G), tais como antenas dualmente direcionais, MIMO (do inglês, multiple-input multiple-output)
massivo, ondas milimétricas, bloqueadores e consistência espacial. Além disso a implementação
de um modelo de canal precisa considerar limitações no tempo de execução (complexidade
computacional) e memória (complexidade de armazenamento). Nesse contexto, essa tese foca
no desenvolvimento e calibração de dois modelos de canal sem fio voltados para redes 5G,
incluindo enlaces terrestres e aéreos com mobilidade simples e dual. Diferentes abordagens são
consideradas para geração dos parâmetros de larga e pequena escala, em que cada abordagem
envolve uma relação distinta de custo-benefício entre acurácia, complexidade e armazenamento.
O primeiro modelo, denominado 5G-Remote é voltado para áreas rurais remotas e se beneficia
das características semi-determinísticas dos espalhadores nesse ambiente ao considerar perfis
fixos de potência-atraso e potência-ângulo. O modelo é de implementação relativamente simples
e apresenta baixa complexidade. O segundo modelo, denominado 5G-StoRM (do inglês, 5G
Stochastic Radio channel for dual Mobility), é um modelo de canal estocástico para redes
5G em geral e pode ser usado para realizar simulações sistêmicas e simulações ponto-a-ponto
de forma acurada com suporte para vários cenários e casos de uso. Um conceito chave no
5G-StoRM é o uso de um método soma-de-senóides (SoS, do inglês, sum-of-sinusoids) que
apresenta baixa complexidade computacional e de armazenamento. O método SoS permite
gerar variáveis aleatórias espacialmente consistentes considerando mobilidade simples e dual
em enlaces terrestres a partir de uma ACF (do inglês, autocorrelation function) predefinida. O
método SoS é generalizado para o espaço 𝑛-dimensional e é provado ser capaz de gerar qualquer
processo Gaussiano estacionário no sentido amplo em ℝ𝑛 que seja caracterizado por um modelo
de ACF positivo semi-definido. A generalização do método SoS para ℝ𝑛 permite estender o
modelo 5G-StoRM de modo a suportar enlaces aéreo e aéreo-terrestres. Assim, devido à sua
simplicidade, o modelo 5G-Remote é validado a partir da expressões analíticas de sua ACF,
enquanto o modelo 5G-StoRM é extensivamente validado por simulação numérica em 6, 30,
60 e 70 GHz usando resultados reportados por diferentes companhias em enlaces terrestres
e aéreo-terrestres, considerando ambientes indoor urbanos e rurais. Por fim, o consumo de
memória do 5G-StoRM é demonstrado ser invariante com o número de estações rádio-base,



sendo especialmente indicado para realizar simulações em redes 5G massivas.

Palavras-chave: 5G, modelagem de canal, SCRV, mobilidade dual, soma-de-senóides.



ABSTRACT

The evolution of mobile communication systems associated with the network heterogeneity and
the explosive growth in the number of connected devices have transformed channel modeling
in a challenging task for the current and future generation of wireless systems. This challenge
consists in developing new approaches that allow the channel models to provide realistic sim-
ulations in a broad range of scenarios and still remain scalable with the number of nodes and
coverage area in the network. A realistic channel simulation is associated with the accuracy of
the model in describing the propagation effects that affect the electromagnetic waves as well
as with the capability of the model on supporting fifth-generation (5G) features for channel
modeling, such as double directional arrays, massive multiple-input multiple-output (MIMO),
millimetre-wave (mmWave), blockage, and spatial consistency. Additionally, to be accurate, the
practical implementation of a channel model needs to deal with limitations in execution time
(or computational complexity) and storage (memory requirements). In this context, the focus
of this thesis is on the development and calibration of two channel models for 5G networks,
including terrestrial and aerial links considering both single mobility (SM) and dual mobility
(DM). Different approaches for generating the large scale parameters (LSPs) and small scale
parameters (SSPs) are investigated, which yield different trade-offs among accuracy, complexity,
and storage. The first model, namely 5G-Remote, is devoted to remote rural areas and takes
advantage of the semi-static characteristics of the scattering by considering fixed power delay
profile (PDP) and power angular profile (PAP). It is relatively simple to implement and has
low complexity. The second model, namely 5G Stochastic Radio channel for dual Mobility
(5G-StoRM), is a stochastic channel model (SCM) for 5G networks in general and can be used
to perform accurate system and link-level simulations with support for various 5G use case
scenarios. A key concept in 5G-StoRM is the use of a low complexity (in terms of computations
and storage) sum-of-sinusoids (SoS) method that allows generating spatially consistent random
variables (SCRVs) with DM in terrestrial links from a predefined autocorrelation function (ACF).
The SoS method is further generalized to the 𝑛-dimensional space and proved to be capable of
generating any wide-sense stationary (WSS) Gaussian process (GP) in ℝ𝑛 characterized by a
positive semi-definite (PSDe) ACF. The generalized SoS method is used to extend 5G-StoRM to
also support air-to-ground (A2G) and air-to-air (A2A) links. Due to its simplicity, 5G-Remote is
validated from a closed-form expression to its ACF while 5G-StoRM is extensively validated by
numerical simulations at 6, 30, 60, and 70 GHz using the results reported by different sources
in terrestrial and A2G links, considering indoor, urban, and rural environments. Finally, the
memory consumption of 5G-StoRM is proved to be invariant with the number of base stations
(BSs) deployed in the scenario, been especially useful to perform simulations in 5G massive
wireless networks.

Keywords: 5G, channel modeling, spatially consistent random variables, dual mobility, sum-of-
sinusoids, air-to-ground, urban and rural scenarios.
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UAV unmanned aerial vehicle
UDN ultra-dense network
UE user equipment
UHF ultra-high frequency
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UMa urban macro
UMi urban micro
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uRLLC ultra-reliable low latency communications
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XPR cross polarization power ratio
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ZSA zenith spread of arrival
ZSD zenith spread of departure



SUMMARY

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.2 Contribution and thesis organization . . . . . . . . . . . . . . . . . . . . 26
1.3 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2 A CDL-BASED CHANNEL MODEL WITH DP ANTENNAS FOR 5G

MIMO SYSTEMS IN REMOTE RURAL AREAS . . . . . . . . . . . . 30
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.2 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2.1 Rural channel models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2.2 Application of dual-polarized antennas . . . . . . . . . . . . . . . . . . . 33
2.3 Proposed channel model . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.3.1 Large scale parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.3.2 Small scale fading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.3.3 Channel generation procedure . . . . . . . . . . . . . . . . . . . . . . . . 37
2.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.4.1 Channel metrics evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.4.2 Analysis of the achievable data rate . . . . . . . . . . . . . . . . . . . . . 45
2.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3 A STOCHASTIC CHANNEL MODEL WITH DUAL MOBILITY FOR

5G MASSIVE NETWORKS . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.1.1 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.1.2 Main contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 Generation of a spatially correlated GP using SoS functions . . . . . . . 52
3.3 Description of the channel model . . . . . . . . . . . . . . . . . . . . . . 55
3.3.1 Correlated LSPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.3.2 Setup of the clusters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.3.3 Setup of the rays within a cluster . . . . . . . . . . . . . . . . . . . . . . . 58
3.3.4 Antenna modeling and XPR . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.3.5 Channel impulse response . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.4 Numerical results and channel calibration . . . . . . . . . . . . . . . . . 61
3.4.1 Correlated LSPs and SSPs for close BSs . . . . . . . . . . . . . . . . . . . 61
3.4.2 Memory requirements and computational complexity . . . . . . . . . . . . 62
3.4.3 Calibration for large bandwidth and large antenna arrays . . . . . . . . . 64
3.4.4 Calibration for spatial consistency . . . . . . . . . . . . . . . . . . . . . . 66
3.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67



4 A SPATIALLY CONSISTENT GAUSSIAN PROCESS FOR DUAL MO-
BILITY IN THE THREE-DIMENSIONAL SPACE . . . . . . . . . . . . 68

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2 SoS functions as a spatially consistent GP . . . . . . . . . . . . . . . . . 69
4.3 Derivation of the spatial frequencies . . . . . . . . . . . . . . . . . . . . 70
4.3.1 First ACF model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.3.2 Second ACF model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.3.3 Algorithm to generate the spatial frequencies . . . . . . . . . . . . . . . . 72
4.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5 A POSITIVE SEMIDEFINITE AUTOCORRELATION FUNCTION FOR

MODELING 3D GAUSSIAN PROCESSES . . . . . . . . . . . . . . . . 77
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Modeling of negative correlations using a PSDe ACF model . . . . . . . 78
5.3 Derivation of an SoS method to generate a spatially correlated GP in ℝ3 81
5.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
6 A SPATIALLY-CONSISTENT CHANNEL MODEL FOR DUAL MO-

BILITY IN THE THREE DIMENSIONAL SPACE . . . . . . . . . . . . 88
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 Generation of a WSS and spatially correlated GP in ℝ𝑛 using SoS func-

tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.2.1 Accuracy analysis of the approximation using SoS functions . . . . . . . . 93
6.3 The extended channel model . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.4 Numerical results and channel calibration . . . . . . . . . . . . . . . . . 95
6.4.1 Evaluation of the robustness of the SoS in high dimension . . . . . . . . . 95
6.4.2 Calibration of the 5G-StoRM for A2G links . . . . . . . . . . . . . . . . . 98
6.4.3 Spatial consistency for SM and DM in ℝ3 . . . . . . . . . . . . . . . . . . 100
6.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
7 CONCLUSIONS AND FUTURE WORKS . . . . . . . . . . . . . . . . . 104
7.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
7.2 Future research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
Appendices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
A APPENDIX – A: CLOSED-FORM EXPRESSION FOR THE ACF OF

THE 5G-REMOTE CHANNEL MODEL . . . . . . . . . . . . . . . . . 107
B APPENDIX – B: 5G-STORM ADDITIONAL CALIBRATIONS . . . . 111
B.1 Calibrations of LSPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
B.2 Calibrations of SSPs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
C APPENDIX – C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119



SUMMARY 21

C.1 Proof of the Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
C.2 Closed-form expression for the FT of the proposed ACF in (4.1) . . . . . 119
D APPENDIX – D: PROOF OF THE THEOREMS 2 AND 3 . . . . . . . . 121
D.1 Proof of the Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
D.2 Proof of the Theorem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
E APPENDIX – E: PROOF OF THEOREMS 5–8 . . . . . . . . . . . . . . 122
E.1 Proof of the Theorem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
E.1.1 Property i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
E.1.2 Property ii) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
E.1.3 Property iii) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
E.1.4 Property iv) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
E.2 Proof of the Theorem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
E.3 Proof of the Theorem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
E.4 Proof of the Theorem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128



22

1 INTRODUCTION

1.1 Motivation

Channel modeling for wireless communication is a research topic that has gained
attention during the past decade and is expected to remain a hot topic for the next generation of
wireless systems, as one may see from a large number of publications on this topic [1, 2, 3, 4, 5].
This increasing interest in channel modeling is mostly because:

1. The emergence of new scenarios: most of the simulations in the third-generation
(3G) and fourth-generation (4G) systems were often limited to urban environ-
ments with pedestrian user equipments (UEs) while in the fifth-generation (5G)
systems many other scenarios are considered [1], such as indoor, shopping malls,
high-speed trains, stadiums, air-to-ground (A2G), air-to-air (A2A), vehicle-to-
vehicle (V2V), device-to-device (D2D), and remote rural areas [6]. Each of these
scenarios present specif characteristics and may require a dedicated channel
model in order to provide reliable system-level and link-level simulations.

2. The evolution of the communication systems: the transition from the 4G to-
wards 5G is characterized by a significant improvement of the radio frequency
hardware being capable of operating in millimetre-wave (mmWave) and sub-THz
bands with large bandwidths and large antenna arrays which allows to exploit the
channel characteristics in time, frequency, and space domains with unprecedented
granularity.

Figure 1.1 – Evolution of the requirements for channel mod-
eling in 3G, 4G and 5G systems.
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Source: Created by the author.
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While the emergence of new scenarios contributed to the diversification of the channel models,
the evolution of the communication systems increased the requirements in terms of features
that such models need to offer to provide realistic simulations in the 5G systems as shown in
Figure 1.1. From this figure, one can see that smooth time evolution and the statistical distribution

of the fading were the relevant features already in 3G systems since they allow to characterize
the signal-to-noise ratio (SNR) on the receiver side, the coherence time, and also the coherence
bandwidth of channels. On the other hand, the emergence of new techniques and improvements
in the hardware and antenna arrays made features such as multiple-input multiple-output (MIMO)
and mmWave to gain attention in the 4G and 5G systems. Also, from Figure 1.1, one can see
that in the 5G there are additional features for channel modeling, such as spatial consistency
and three dimensional (3D) modeling, that need to be considered in the simulations in order
to accurately evaluate the key performance indicators (KPIs) of the networks (e.g., throughput,
outage probability, etc). Below, some of the key features for channel modeling in 5G networks
are listed and described:

a) Large bandwidth and frequency range: 5G channel models should support
frequency range from 0.50 to 100 GHz and bandwidths up to 2 GHz. Such re-
quirements, mainly the bandwidth one, increases substantially the computational
complexity since more rays will be needed in order to achieve larger resolutions
in both delay and frequency domains.

b) Frequency-dependent parameters: 5G channel models should support frequency-
dependent parameters such as path loss, building penetration loss (for outdoor-to-
indoor (O2I)), large scale parameters (LSPs) and, Doppler effect for diversified
environments, such as outdoor-to-outdoor (O2O), indoor, high-speed trains, high-
ways, etc.

c) 3D double-directional antennas with massive MIMO: 5G channel models
should support a full 3D antenna modeling in both transmitter and receiver with
realistic radiation patterns and diverse antenna geometry (e.g., conical, spherical,
and irregular). Moreover, massive MIMO with spherical wave modeling should
also be supported.

d) Smooth time evolution: 5G channel models should support smooth time evolution
of angles and delays of each ray leading to dynamic power delay profiles (PDPs)
and power angular profiles (PAPs) when mobility is supported. Dynamic PAP
allows for real time beam tracking in mmWave bands which is one of the 5G key
technologies.

e) Dual mobility: 5G channel models should support links with dual mobility (DM)
such as D2D, V2V, and A2A. For DM, LSPs and small scale parameters (SSPs)
change as a function of the transmitter and receiver locations causing fast changes
in the channel impulse response (CIR) and high Doppler effect.

f) Spatial consistency: The spatial consistency ensures the correlation of LSPs
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and SSPs for transmitters/receivers when they are close to one another. This
requirement is of utmost importance in the context of 5G systems, since its impact
on the system performance increases as the density of connected devices per
unit of area becomes larger. Spatial consistency demands a high computational
complexity, mainly when combined with smooth time evolution and DM links,
since the CIR changes as function of the transmitter and receiver locations.

g) Heterogeneity and scalability: The 5G channel models should provide generic
modeling capable of supporting heterogeneous networks and diverse scenarios.
Moreover, such models should be flexible by allowing to adjust their complex-
ity/accuracy to remain scalable with the number of nodes, number of antennas
and, coverage area in the network.

Realistic channel simulation is associated with the accuracy of the model in providing
a detailed modeling for the features mentioned above. However, the practical implementation
of a channel model also needs to deal with limitations of execution time (or computational
complexity) and storage (memory requirements) [7]. Hence, the correct balancing between
accuracy, complexity, and storage is a key concept in the development of channel models since
the combination of these three characteristics will determine which scenarios the model is
capable of providing reliable simulations.

The existing channel models are classified in three main categories, namely ray-
tracing (RT)-based models, geometry-based stochastic channel models (GBSCMs) and, stochastic
channel models (SCMs). The RT-based models solve Maxwell’s [5] equations using asymptotic
methods whenever the electromagnetic waves interact with any object in the environment (e.g.,
walls, cars, etc) when propagating from the transmitter (Tx) to receiver (Rx). This approach
presents the highest accuracy, meeting most of the 5G requirements for channel modeling.
However, due to the large amount of electrically active objects in the simulation scenario, the
complexity of the RT-based methods is also very high and imposes practical limitations on the
use of this approach. On the other hand, GBSCM models present a simplified characterization
of the object in the environment and do not need to deal directly with Maxwell’s equations.
Instead, this approach obtains the LSP from spatially consistent random variables (SCRVs) while
the delays, angles of arrival, and departure of each multipath component are obtained from
the geometry of the scenario. Therefore, this approach requires more memory (because of the
SCRVs), presents lower accuracy but it is also computationally less complex when compared
to RT-based models. Finally, the SCMs present the smallest accuracy and the highest memory
requirement since both LSP and SSP are generated from SCRVs. On the other hand, this approach
presents the smallest complexity and allows fast simulations, even when UDN are considered.
Figure 1.2 summarizes the trade offs between accuracy, complexity, and storage of these three
approaches of channel modeling1. It is worth mentioning that for some scenarios characterized
1 It is worth mentioning that there are different approaches of developing RT-based models and each one present

specific storage requirements. Some of this approaches demand a large storage requirement, mainly for outdoor
environments, where the number of scattering objects is larger
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by semi-static scattering (e.g., rural environments) and low mobility, semi-deterministic channel
models with fixed PDPs and PAPs may be enough for initial system and link-level evaluations.
The main advantage of this approach is its simplicity and low complexity. Furthermore, it is
analytically tractable allowing to develop closed-form expressions that can be used to calibrate
the model.

Figure 1.2 – Trade-off between different approaches of chan-
nel modeling.

Complexity

Accuracy

Storage

a RT-based a GBSCM a SCM

Source: Created by the author.

Due to the large diversity of scenarios and possible studies that can be considered,
channel models for 5G systems need to be flexible by allowing to adjust their complexity (by
turning on/off some features) according to the requirements of the simulation. Table 1.12 presents
the comparison between existing channel models (that will be discussed in Chapter 3) in terms
of 5G key features. From this table, one can see that none of the models contain all features or
support frequencies above 100 GHz. Moreover, with the exception of 5G-StoRM, none of the
SCMs and GBSCMs support DM with spatially consistent CIR, which brings limitations in the
use of such models to perform simulations in many scenarios, such as V2V, D2D, and A2A.

In this context, the focus of this thesis is on the development and calibration of two
channel models for 5G networks, namely 5G-Remote and 5G Stochastic Radio channel for dual
Mobility (5G-StoRM). Different approaches of generating the LSPs and SSPs are investigated
on each model and yield different levels of accuracy, complexity, and storage. 5G-Remote is
devoted to remote rural areas and takes advantage of the semi-static nature of the scattering to
consider fixed PDPs and PAPs, being relatively simple to implement with low complexity. On
the other hand, 5G-StoRM is an SCM that uses an existing SoS method to generate SCRVs with
DM for terrestrial links and allows for dynamic PDPs and PAPs. The SoS method is further
investigated and generalized to the 3D space, allowing 5G-StoRM to also support air-to-ground
2 5G Stochastic Radio channel for dual Mobility (5G-StoRM) is one of the models proposed in this thesis and will

later be discussed in detail in Chapter 3.
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Table 1.1 – Comparison between 5G channel models.
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(A2G) links.

1.2 Contribution and thesis organization

Summarizing, the main contributions of this thesis are i) the development and
calibration of two channel models for 5G networks, and ii) the analytical derivation of the
SoS method capable of generating a wide-sense stationary (WSS) spatially correlated Gaussian
process (GP)3 for any 𝑛-dimensional space, which is a key concept that allows SCMs and
GBSCMs to support simulations with spatial consistency and DM for both aerial and terrestrial
links. The outline of each chapter is presented in the following.

Chapter 2 proposes a clustered delay line (CDL)-based channel model for 5G
MIMO systems in remote rural areas with support for single-polarized (SP) and dual-polarized
(DP)4 antennas where the path loss (PL), the shadowing (SF), and the root-mean-square (RMS)
3 Although this thesis only considers WSS GPs, it is worth mentioning that there are scenarios in which a GP is

described by a non-WSS process [17, 18, 19].
4 Throughout the thesis, a DP antenna element denotes two colocalized antenna elements with polarization angles

(0◦,90◦) or (−45◦,45◦). Also, a DP array denotes a set of DP antenna elements.
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delay spread (DS) are obtained from measurements found in the literature. The autocorrelation
function (ACF) of the proposed model is derived analytically and allows to validate the model
by comparing the closed-form expressions with the ones obtained by numerical simulation.
Numerical simulations are carried out to analyze the channel eigenvalues and the achievable data
rate when the UE is in the cell-edge considering single-input single-output (SISO) and MIMO
(2×2 and 4×4) configurations with SP and DP antennas.

Chapter 3 proposes an SCM that extends the 3rd Generation Partnership Project
(3GPP)-SCM and supports DM in ℝ2 (xy-plane). A key concept in the proposed SCM is the
use of an SoS method to generate all the SCRVs required by the model. This approach solves
two limitations in the 3GPP-SCM allowing for efficient simulations in many 5G scenarios, i.e.,
i) the number of SCRVs required to generate the CIR does not depend on the number of base
stations (BSs) deployed in the scenario, and ii) LSPs and SSPs are spatially consistent at both Tx
and Rx sides. The model is flexible by offering a trade-off between computational complexity
and accuracy while keeps the overall consumed memory extremely low, even when challenging
scenarios are considered, such as ultra-dense networks (UDNs). The model is calibrated for
urban macro (UMa), urban micro (UMi), and Indoor scenarios at 6, 30, and 70 GHz and shows
good agreement with the calibration results reported by 19 sources.

Chapter 4 deals with the generation of spatially consistent GP described by an
exponential-decaying ACF and extends the SoS method used in Chapter 3 from ℝ2 to ℝ3. The
SoS method derived in this chapter allows to generate a SCRV that takes into account the Tx and
Rx coordinates in ℝ3 and is useful for SCMs and GBSCMs to support spatially correlated CIR
in many 5G scenarios with DM in ℝ3, such as A2A. In this context, the main contribution of this
chapter is the presentation of an analytical derivation of an SoS method capable of generating a
spatially consistent GP for single mobility (SM) and DM in the 3D space. Finally, the proposed
SoS method is compared to a state-of-the-art (SoA) solution and presents significant performance
gain in terms of mean square error (MSE).

Chapter 5 proposes an ACF that describes the spatial correlation of GP in ℝ3 and
extends the classical exponential-decaying ACF by allowing negative correlation. Differently
from many existing ACFs models that deal with negative correlation, the proposed ACF is proved
to be positive semi-definite (PSDe) in ℝ3, which a necessary condition required by the existing
methods that generate spatially correlated GPs. The proposed ACF shows a good agreement
with channel measurements in mmWave bands. Finally, Chapter 5 also provides an analytical
derivation of a SoS method capable of generating a GP in ℝ3 characterized by the proposed ACF.
The proposed SoS method is compared to a SoA solution and presents gains up to 13 dB and
1.50 dB in terms of spatial mean square error (SMSE) and MSE, respectively, while demanding
lower computational complexity.

Chapter 6 extends the SCM proposed in Chapter 3 to support spatially consistent
CIRs with DM in ℝ3 by using the SoS method derived in Chapter 4. Also, Chapter 6 extends
the SoS method employed in chapters 3 to 5 to the 𝑛-dimensional space, providing closed-form
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expressions for the SMSE and MSE metrics that have been numerically analyzed in chapters 4
and 5. The extended channel models is calibrated for A2G links in UMa, UMi, and rural macro
(RMa) scenarios using the results reported by four sources. Finally, numerical simulations
demonstrate the capability of the proposed channel model on providing spatially consistent CIRs
under line-of-sight (LOS) conditions for both SM and DM in ℝ3.

Chapter 7 concludes the thesis summarizing the main results and listing some future
research lines.
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2 A CDL-BASED CHANNEL MODEL WITH DP ANTENNAS FOR 5G MIMO SYS-
TEMS IN REMOTE RURAL AREAS

In the 5G mobile networks, it is expected that users experience high throughput with
an ultra-low-latency network, while a massive number of devices are connected to the network.
However, in remote rural areas, there is still a large number of people that do not have access
to broadband Internet. To overcome this issue, a possible strategy is to exploit the excellent
propagation conditions of very high frequency (VHF) and ultra-high frequency (UHF) bands
by allowing secondary spectrum reuse in the TV white space (TVWS) channels. But for that, a
reliable channel model is required to perform valid coverage and data rate prediction studies.
Hence, this chapter proposes a channel model for remote rural areas that takes into account the
large and small scale fading effects by combining measurements for PL, SF, and DS with the
CDL profiles from 3GPP. The model is a simple to implement and may be used in both link-level
and system-level simulations. The validation of the proposed model is performed by deriving
closed-form expressions of its ACF which allows to obtain the coherence time and coherence
bandwidth considering both LOS and non-LOS (NLOS) cases. Finally, a numerical evaluation
of the achievable data rate is carried out for SISO and MIMO configurations considering SP and
DP antennas.

2.1 Introduction

It is well known that mobile users demand higher throughput and better quality of
service every year. A study conducted by Qualcomm and Nokia [20] shows that since 2014 the
mobile traffic is almost doubling every year. The next generation of mobile networks, 5G, needs
not only to attend this demand for smartphones, but also bring to the society a new experience,
where “everything” is connected. The 5G mobile networks use cases can be classified into three
categories, according to the International Telecommunication Union (ITU) [21]: the enhanced
mobile broadband (eMBB) which consists in services that demand a high bandwidth, such as
videos in ultra-high definition; the ultra-reliable low latency communications (uRLLC) which
includes services that are sensitive to latency and delay, such as remote surgery, self-driving cars;
and the massive machine-type communications (mMTC), where a massive number of devices
are connected, bringing the concept of smart cities and Internet of Things (IoT). However, these
new experiences are usually projected for urban areas.

In this manner, one may think that the deployment and operational costs [22] of 5G
mobile networks in rural areas are not profitable (costs vs. incomes) and, therefore, do not attract
investments from operators [23], since, compared to urban areas, have a lower user density. With
the lack of investment in rural/remote areas, the number of unconnected people is still large,
which is a serious drawback for the digital inclusion and that limits the democracy in accessing
to mobile services and information. In [24], the authors discuss strategies to be employed in rural
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and remote areas to provide broadband access.
To overcome the possible high costs of these networks in rural areas, some alterna-

tives may be employed. For example, the virtualization of the network or some nodes, using the
software-defined network (SDN) and network function virtualization (NFV) concepts, in order to
have, e.g., a cloud-radio access network (C-RAN) [25, 26]; use new sources of renewable energy
and efficient solutions that switch-off the BS when there is no data traffic; and exploit the excel-
lent propagation conditions of VHF and UHF bands by enabling the spectrum sharing in TVWS
channels [27], so that secondary users reuse the licensed spectrum from primary users, without
causing harmful interference to the latter ones (namely, television (TV) broadcasters) [28].

In November 2017, a partnership project between Europe and Brazil, called 5G-
RANGE, was started, aiming to meet the broadband Internet demands in remote rural areas.
The 5G-RANGE project adopts the TVWS strategy, which not only significantly reduces the
deployment and operational costs (secondary use), but also makes it possible for the network
to cover a wider area with fewer BSs due to the lower signal attenuation in the VHF and UHF
bands. For this network design, the channel characterization is of utmost importance, since it
allows operators to perform valid coverage and data rate prediction studies.

The project specification considers a single cell with radius (coverage) up to 50 km
and frequency ranges from 170 to 400 MHz and from 450 to 700 MHz (VHF and UHF). The
bandwidth of each TVWS channel is 6 MHz in Brazil, while in Europe it is 8 MHz. More details
can be found in the first 5G-RANGE report on application and requirements [6]. Hence, given
the requirements of the 5G-RANGE project, the main contributions of this chapter are listed
below:

1. It proposes a CDL-based channel model, namely 5G-Remote, for 5G MIMO
systems in remote rural areas with support for SP and DP antennas, wherein the
large and small scale fading parameters are based on measurements performed
by Telstra and Ericsson [29] and in the rescaled values of CDL-A and CDL-D
models of 3GPP standards [12], respectively.

2. The ACF of 5G-Remote is derived analytically and allows to validate the model
by comparing the closed-form expressions with the ones obtained by numerical
simulation.

3. Numerical simulations are performed to analyze the channel eigenvalues and the
achievable data rate of cell-edge UEs considering SP and DP antennas in SISO
and MIMO (2×2 and 4×4) configurations.

The rest of the chapter is organized as follows: Section 2.2 presents a brief literature
review, wherein Section 2.2.1 discusses rural channel models for 5G networks, as well as a
measurement campaign in [29], and Section 2.2.2 discusses the benefits of employing DP
antennas and possible scenarios that would benefit from it. In Section 2.3, the proposed large
and small scale fading models are presented, which characterize the channel model for the
5G-RANGE project. Channel analysis and performance simulations are done and discussed in
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Table 2.1 – Specifications of channel models for rural areas.
3GPP [12] IMT-2020 [15] WINNER II [32] QuaDRiGa [10] COST 259 [33] Proposed

Max. distance (km) 10 21 10 10 20 50
𝑓c (GHz) 0.5–7 0.5–30 2–6 0.5–100 0.15–2 VHF and UHF

Bandwidth (MHz) 10% of 𝑓c 100 100 1000 5 24
Support for MIMO yes yes yes yes no yes (up to 4×4)

Support X-pol. antennas yes yes yes yes yes yes
3D model yes yes yes yes yes yes

Comput. complexitya high high medium high low low

a The models [10, 12, 15] demand a larger complexity because they support double-directional antennas modeling, mobility with smooth
time evolution, and also capture the spatial correlation of the channel parameters for nearly located UEs. The model [32] also includes the
spatial correlation of the channel parameters during the UE drop but presents a simplified mobility model. Finally, the models [33] and the
proposed one present a simplified mobility and no spatial correlation during the UE drop, which justifies their smaller complexity.

Source: Created by the author.

Section 2.4. Finally, in Section 2.5 the conclusions are drawn.

2.2 Literature review

As mentioned in Section 2.1, 5G networks will provide a new experience to users in
terms of connectivity. In this context, the channel characterization for different scenarios and
applications is a very important task. In the literature, several works have been proposed for
channel modeling in different applications. In a specific scenario, e.g., the works of [30, 31]
propose different channel models for vehicular-to-vehicular communications in 5G networks.
Nevertheless, for more general scenarios such as indoor/outdoor in a urban/rural environment,
there are many channel models proposed based on measurement campaigns such as 3GPP [12],
International Mobile Telecommunications (IMT)-2020 [15], Quasi Deterministic Radio channel
Generator (QuaDRiGa) [10], Millimetre-Wave Based Mobile Radio Access Network for Fifth
Generation Integrated Communications (mmMAGIC) [14], Mobile and wireless communications
Enablers for the Twenty-twenty Information Society (METIS) 2020 [11]. The work of [1]
compiles a complete survey over these models.

However, for the context of the present chapter, it is given attention to channel
modeling for remote rural areas. A closer look at this topic is briefly taken in the following
section, where the applicability of DP antennas is also discussed.

2.2.1 Rural channel models

Rural areas are usually characterized by high effective BS heights, small cities with
few buildings, or farms, natural scatters and low density of users [23]. In the literature related to
5G mobile networks, Wireless World Initiative New Radio (WINNER) II [32], QuaDRiGa [10],
and 3GPP TR 38.901 [12] can be cited as geometric-stochastic channel models (GSCMs) that
account for RMa areas. In Table 2.1 some specifications of these channels are shown. However,
none of these models can be directly applied in the 5G-RANGE project, due to coverage and/or
carrier frequency 𝑓c limitations.

As previously mentioned, in [29] a measurement campaign was performed by Telstra
and Ericsson for remote rural areas on 3G live cells (band 5: 850 MHz), with distances up to
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200 km. The path loss and the RMS DS were measured using connected UEs over 50 cells in
four different scenarios, with 500 to 600 m as the relative height difference between the BS and
the UEs. Based on these measurements, a path loss model is proposed in [34] for the remote
rural areas as:

PL(𝑑, 𝑓c) = FSPL(𝑑, 𝑓c) + 𝐾, (2.1)

where FSPL(𝑑, 𝑓c) = 32.45 + 20log10(𝑑) + 20log10( 𝑓c) is the free space path loss (FSPL) at
distance 𝑑 in km for a carrier frequency 𝑓c in MHz, and 𝐾 is an offset in dB. The values of the
offset 𝐾 and shadowing that the authors have recommended are in Table 2.2.

Table 2.2 – Offset and shadowing values for the FSPL model.

Offset (dB) Shadowing std. (dB) Range (km)

Ref. [34] 20 8 45–115
Proposed 29.38 4.47 1–50
Source: Created by the author.

It is important to mention that in [29] the authors considered as distance of interest
the range between 45 and 115 km in order to predict the value of offset 𝐾 in (2.1). Moreover, it
is well known that in the literature there are many models that could be applied to a large range
of frequencies and distances, such as the Longley & Rice model [35], ITU-P-1546 [36], and the
Hata-Davidson model [37]. Nevertheless, the authors in [34] argue that the path loss in (2.1) is
simpler than the other models and shows a good agreement with the measurement data.

Using the measurements from [29], the authors of [38] have used the CDL-A
from [12], which is valid for the NLOS case, to model the fast fading in link-level and system-
level simulations. Therein, it was concluded that the RMS delay spread does not change as
function of the distance and, due to the long distance and high effective antenna height, a small
angular spread is expected.

2.2.2 Application of dual-polarized antennas

The use of DP antennas to achieve a higher diversity or multiplexing gain in MIMO
systems is not new. In [39], a performance evaluation comparing the Alamouti orthogonal space-
time block (OSTBC) with uncoded spatial multiplexing is done. In [40], a channel model for
DP MIMO system with channel capacity evaluations is proposed. Other works addressing the
performance of polarized MIMO channels can be found, for instance, in [41] and [42].

For 5G mobile networks, where the transmitter and the receiver may be equipped with
antenna arrays that have a massive number of antenna elements, the physical spacing between
those elements is crucial. For these networks, in [43] the authors propose a DP MIMO channel
model for massive MIMO systems in the context of human-care IoT devices, while in [44], the
authors propose a beamforming scheme by exploiting the DP diversity in 5G mmWave systems.
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Now, taking into account lower frequencies (VHF and UHF bands), due to the
required space separation between the antenna elements in the array (usually, 𝜆/2, and 𝜆 ∝ 1/ 𝑓c)1,
there is a physical limitation in the number of antennas at the transmitter and receiver (especially
at the UE) and, consequently, in the channel capacity gain. In this case, the use of DP antennas,
both at the transmit and receive, virtually increases the array size by a factor of four. Thus, a
SISO configuration with DP antennas is actually a virtual 2×2 MIMO, since the antenna array
has two antenna ports, one for each polarization. Nevertheless, this case will be denoted as DP
SISO in the remainder of this chapter.

2.3 Proposed channel model

This section details the derivation of the proposed channel model, which includes
the characterization of LSPs, SSPs, and the channel generation procedure.

2.3.1 Large scale parameter

As in [34], the path loss model in (2.1) is here adopted due to its simplicity. However,
the value of 𝐾, in this case, is computed from the measurement data of the four different scenarios
in [29] as illustrated in Figure 2.1, covering only the distance of interest, i.e., from 1 to 50 km.
For this purpose, the unconstrained minimum mean square error method is used, which is given
by:

min
𝐾

{
𝑓 (𝐾) = 1

𝐼

𝐼∑︁
𝑖=1

(
𝑒(𝑑𝑖)

)2
}
, (2.2)

where 𝐼 = 171 is the number of measured points in Figure 2.1 and 𝑒(𝑑𝑖) = PL(𝑑𝑖, 𝑓c) − 𝑦(𝑑𝑖) is the
error between the measured point 𝑦(𝑑𝑖), which is an average of thousands of samples to remove
the fast fading fluctuations, and the proposed path loss model in (2.1). Thus, differentiating (2.2)
with respect to 𝐾 and equaling it to zero yields:

𝐾 =
1
𝐼

𝐼∑︁
𝑖=1

(
𝑦(𝑑𝑖) −FSPL(𝑑𝑖, 𝑓c)

)
= 29.38dB, (2.3)

which is the unique optimal solution of (2.2) since it is a convex function in 𝐾.
The extraction of the shadowing is done by subtracting the measured data from

the proposed path loss, i.e., SF(𝑑𝑖) = 𝑦(𝑑𝑖) −PL(𝑑𝑖, 𝑓c). But, since the distribution of the SF is
unknown, its histogram is plotted, as shown in Figure 2.2, where the number of bins is calculated
following a simple rule 𝑘bin =

⌈√
171

⌉
(𝐼 = 171 is the number of measured points after removing

the outliers). As it can be seen, the tendency is to follow a normal distribution. In fact, it is
what shows the empirical probability density function (PDF) of the SF(𝑑𝑖), obtained from the
kernel smoothing method [45], and the PDF of a normal distributed random variableN(𝜇SF, 𝜎

2
SF)

with 𝜇SF = avg{SF(𝑑1), . . . ,SF(𝑑𝐼)} = 0dB and 𝜎SF = std{SF(𝑑1), . . . ,SF(𝑑𝐼)} = 4.47dB, where
1 Note that, 𝜆 and 𝑓c are the carrier wavelength and frequency, respectively.
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Figure 2.1 – Proposed path loss model and measurements from [29]. Due to the low statistical rel-
evance, the measured points plotted as diamonds (outliers) were removed to derive
the proposed path loss and shadowing. Moreover, the 3GPP-RMa for NLOS [12]
and the Hata-Davidson [37] path loss models are also presented, showing that both
models do not fit well the measurements.
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Figure 2.2 – Empirical and theoretical PDFs of the estimated SF from the measurements in
Figure 2.1.
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avg{·} and std{·} denote the average and standard deviation operators, respectively. As shown in
Figure 2.2, there is a good agreement2 between the empirical and theoretical results.

Aiming to validate the proposed SF and path loss models, it was performed a random
drop of 10 000 UEs uniformly distributed in the cell area, i.e., the distance between the BS and
UEs ranges from 1 to 50 km. Next, for each UE, it was computed the path loss in (2.1) which
is combined with a random SF ∼ N(0,4.472) to provide the overall loss. Figure 2.3 shows the
cumulative distribution functions (CDFs) of the measurements in Figure 2.1 and the overall loss
obtained by simulation. From this figure, it is noted that the proposed path loss and SF models
2 The equality between both distributions in Figure 2.2 was confirmed by Kolmogorov-Smirnov test.
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Figure 2.3 – CDF of the overall propagation loss for the measurements in Figure 2.1 and the
proposed PL and SF.
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have a good agreement with the measurements. Finally, the values of the proposed offset 𝐾 and
shadowing standard deviation 𝜎SF are summarized in Table 2.2.

2.3.2 Small scale fading

The general CIR for the proposed channel model in remote rural areas considering
both LOS and NLOS conditions is given by [12, 46]:

ℎ𝑢,𝑠(𝑡, 𝜏) =
√︂

𝜖K

1+ 𝜖K
fT
UE,𝑢,0 X0 fBS,𝑠,0 𝑑UE,0(𝑡) 𝛿(𝜏−𝜏0)+√︂

1
1+ 𝜖K

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

(√︂
𝑃𝑛

𝑀
fT
UE,𝑢,𝑛,𝑚X𝑛,𝑚 fBS,𝑠,𝑛,𝑚𝑑UE,𝑛,𝑚(𝑡) 𝛿(𝜏−𝜏𝑛)

)
, (2.4)

where 𝑢 is the antenna element (AE) index of the UE, 𝑠 is the AE index of the BS, 𝜖K is the
Ricean K-factor, 𝑁 is the number of clusters and 𝑀 is the number of rays per cluster. 𝑃𝑛/𝑀 and
𝜏𝑛 denote the power and delay of each ray within the cluster 𝑛, respectively. fUE,𝑢,𝑛,𝑚 and fBS,𝑠,𝑛,𝑚

denote the AE response of the elements 𝑢 and 𝑠, respectively, considering the ray 𝑚 within the
cluster 𝑛. For the single LOS ray the antenna gains of the transmitter and receiver are denoted by
fBS,𝑠,0 and fUE,𝑢,0, respectively. In this context, the expression for fBS,𝑠,𝑛,𝑚 is given by:

fBS,𝑠,𝑛,𝑚 =

√︃
Ψ𝑠

(
𝜃d
𝑛,𝑚,𝜙

d
𝑛,𝑚

) [
cos(𝜉𝑠)
sin(𝜉𝑠)

]
exp

(
2𝜋𝑗
𝜆

rT
(
𝜃d
𝑛,𝑚,𝜙

d
𝑛,𝑚

)
d𝑠

)
, (2.5)

where Ψ𝑠 denotes the radiation power pattern of the AE 𝑠, 𝜃d
𝑛,𝑚 and 𝜙d

𝑛,𝑚 are the zenith angle
of departure (ZoD) and azimuth angle of departure (AoD) of ray 𝑚 within the cluster 𝑛, re-
spectively. 𝜆 is the wavelength, 𝜉𝑠 ∈ [−45°,0°,45°,90°] is the polarization angle of the AE 𝑠

which considers single-linear and cross-linear polarization (for details see [12], Section 7.3.2,
model 2), rT(𝜃d

𝑛,𝑚,𝜙
d
𝑛,𝑚) represents the pair of angles (𝜃d

𝑛,𝑚,𝜙
d
𝑛,𝑚) in the Cartesian coordinate

system and d𝑠 is a vector that points from the reference point of the antenna array to the AE 𝑠.
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fUE,𝑢,𝑛,𝑚 is also calculated using (2.5), but the AE index 𝑠 has to be replaced by 𝑢 and the pair
of angles (𝜃d

𝑛,𝑚,𝜙
d
𝑛,𝑚) has to be replaced by (𝜃a

𝑛,𝑚,𝜙
a
𝑛,𝑚), which are the zenith angle of arrival

(ZoA) and azimuth angle of arrival (AoA), respectively. In a similar manner, fBS,𝑠,0 and fUE,𝑢,0

are also calculated from (2.5), but considering the angles of arrival and departure of the single
LOS component, i.e., 𝜙a

LOS, 𝜃a
LOS, 𝜙d

LOS, and 𝜃d
LOS.

The losses due to the cross polarization power ratio (XPR) in (2.4), is modeled by a
2×2 matrix X that combines the antenna responses of the BS and UE for each ray. The XPR
matrix X is given by [12]:

X =



X0︷                                   ︸︸                                   ︷[
1 0
0 −1

]
exp

(
−2𝜋𝑗

|cBS− cUE |
𝜆

)
, LOS ray,

X𝑛,𝑚︷                              ︸︸                              ︷
exp

(
𝑗ΩVV

𝑛,𝑚

) exp( 𝑗ΩVH
𝑛,𝑚)√

𝜅𝑛,𝑚
exp( 𝑗ΩHV

𝑛,𝑚)√
𝜅𝑛,𝑚

exp
(
𝑗ΩHH

𝑛,𝑚

) , otherwise,

(2.6)

where cBS and cUE denote the coordinates of the BS and UE in the 3D space, respectively. ΩVV
𝑛,𝑚,

ΩVH
𝑛,𝑚, ΩHV

𝑛,𝑚, and ΩHH
𝑛,𝑚 denote random phases generated as an i.i.d. uniform random variable

in the range (−𝜋,𝜋] for each ray 𝑚 within the cluster 𝑛. 𝜅𝑛,𝑚 denotes the XPR component
that quantifies the polarization changes of the transmitted field throughout the propagation
path. 𝜅𝑛,𝑚 is generated independently for each ray as a log-normal random variable, i.e., 𝜅𝑛,𝑚 =

10𝜇XPR+𝜎XPR𝑧𝑛,𝑚 , where 𝜇XPR and 𝜎XPR denote the mean and standard deviation of the XPR,
respectively, and 𝑧𝑛,𝑚 ∼ N(0,1). Note that the XPR matrix X0 in (2.6) only introduces a random
phase shift in the single LOS component based on the distance between the BS and the UE
and does not contribute with any loss since the direct LOS path does not suffer reflections or
diffractions.

Still in (2.4), 𝑑UE,0(𝑡) and 𝑑UE,𝑛,𝑚(𝑡) denote the complex Doppler shift experienced
by the UE at time 𝑡 from the single LOS component and the ray 𝑚 within the cluster 𝑛, respec-
tively. The term 𝑑UE,𝑛,𝑚(𝑡) is given by

𝑑UE,𝑛,𝑚(𝑡) = exp
(
2𝜋𝑗𝑡
𝜆

rT (
𝜃a
𝑛,𝑚,𝜙

a
𝑛,𝑚

)
vUE

)
, (2.7)

where vUE denotes the UE velocity in the 3D space. Note that 𝑑UE,0(𝑡) is also obtained from
(2.7) by replacing the multipath wavefront r

(
𝜃a
𝑛,𝑚,𝜙

a
𝑛,𝑚

)
by the LOS wavefront r

(
𝜃a

LOS,𝜙
a
LOS

)
.

2.3.3 Channel generation procedure

In order to generate the angles and delays for both clusters and rays in the channel
model in (2.4), a scaled version of the CDL-A and CDL-D models of [12] (Section 7.7, tables
7.7.1-1 and 7.7.1-4) were used due to their low complexity and easy implementation. CDL
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models are useful for fast link and system-level simulations since they consider that the CIR
stays WSS during the simulation and there is no significant change in the angles or delays of
each cluster, i.e., the CDL models consider that the scenario is almost static and the fluctuation
in the CIR is due to the Doppler shift produced by the UE movement. Therefore, the use of
CDL models for channel modeling in remote rural areas is well justified since the scattering
objects (clusters) are mostly mountains that are located far from the receiver (transmitter), which
produces small delay and angular variations.

The CDL models from [12] are tables containing the powers, the delays, and the
angles of arrival and departure for both azimuth and zenith of each cluster for a generic scenario
and require to be scaled to produce the delay and angular spreads for a desired scenario. For the
proposed channel model, the delay and angular spreads in Table 2.3 were considered to rescale
the CDL models.

Table 2.3 – Delay and angular spreads for remote ar-
eas proposed by Telstra and Ericcson [38].

DS (ns) ASD (°) ASA (°) ZSD (°) ZSA (°)

100 1 30 0.10 1

ASD: azimuth spread of departure, ASA: azimuth
spread of arrival, ZSD: zenith spread of departure,
ZSA: zenith spread of arrival.
Source: Created by the author.

In this context, the DS of both CDL models of [12] can be calculated as [10]:

𝜎𝜏,cdl =

√√√
𝑁∑︁
𝑛=1

𝑃𝑛,cdl𝜏
2
𝑛,cdl−

(
𝑁∑︁
𝑛=1

𝑃𝑛,cdl𝜏𝑛,cdl

)2

, (2.8)

where 𝜏𝑛,cdl and 𝑃𝑛,cdl, 𝑛 = 1, . . . , 𝑁, denote the delays and normalized cluster powers from the
CDL models. Using (2.8), the delays of each cluster of the proposed model are obtained as
follows:

𝜏𝑛 =
𝜎𝜏

𝜎𝜏,cdl
𝜏𝑛,cdl, 𝑛 = 1, . . . , 𝑁, (2.9)

where 𝜎𝜏 is the desired DS given in Table 2.3. To scale the AoAs, a similar procedure as the one
described above is used, i.e., first it is computed the azimuth spread of arrival (ASA) for both
CDL models, as follows:

𝜎ASA,cdl =

√√√
𝑁∑︁
𝑛=1

𝑃𝑛,cdl

(
𝜙a
𝑛,cdl

)2
−

(
𝑁∑︁
𝑛=1

𝑃𝑛,cdl𝜙
a
𝑛,cdl

)2

, (2.10)

where 𝜙a
𝑛,cdl, 𝑛 = 1, . . . , 𝑁, denote the AoAs from CDL models. Next, it is used (2.10) to obtain

the scaled AoAs, as follows:

𝜙a
𝑛 =

𝜎ASA

𝜎ASA,cdl
𝜙a
𝑛,cdl, 𝑛 = 1, . . . , 𝑁, (2.11)
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Table 2.4 – Scaled angles and delays considering the CDL-A
model.

Cluster Delay (ns) AoD (°) AoA (°) ZoD (°) ZoA (°)

1 0 -2.422 15.482 0.177 6.009
2 38.19 -0.057 -46.083 0.328 4.375
3 40.25 -0.057 -46.083 0.328 4.375
...

...
...

...
...

...

21 500.66 -2.096 -30.782 0.605 6.996
22 530.43 1.720 -45.811 0.080 7.221
23 965.86 -0.764 16.659 0.510 7.480

Source: Created by the author.

Table 2.5 – Scaled angles and delays considering the CDL-D model.

Cluster Delay (ns) AoD (°) AoA (°) ZoD (°) ZoA (°)

1 (LOS ray) 0 0 -72.816 4.408 69.946
2 0 0 -72.816 4.408 69.946
3 3.5 5.714 36.084 3.827 74.580
...

...
...

...
...

...

12 942.4 3.369 -48.382 4.646 74.666
13 970.8 -8.462 -3.681 3.594 60.591
14 1252.5 4.945 -33.900 3.871 62.565

Source: Created by the author.

where 𝜎ASA is the desired ASA from Table 2.3. Note that, to scale the AoDs, ZoAs and, ZoDs
for each cluster in the proposed model, it is also used the equations (2.10) and (2.11) along with
the correspondent angles substitution. Finally, tables 2.4 and 2.5 show some of the values for
the delays and angles of the proposed channel model which were obtained by the procedure
described above.

Now, using the scaled angles and delays in Table 2.4, the procedure to generate the
CIR in (2.4) is described in six steps, as follows:

1. Define the Cartesian and spherical coordinate systems and the transformation

between them as follows [12]: let r =
[
𝑥 𝑦 𝑧

]T
be a vector in Cartesian coordi-

nate system and (𝜙,𝜃), 𝜙 ∈ (−180◦,180◦] and 𝜃 ∈ [0◦,180◦], be a pair of angles
in spherical coordinate system. Then the transformation between r and (𝜙,𝜃) is
related as:

r = |r|
[
cos(𝜙) sin(𝜃) sin(𝜙) sin(𝜃) cos(𝜃)

]T
, (2.12)

𝜙(r) = atan
( [

0 1 0
] r
|r| ,

[
1 0 0

] r
|r|

)
, (2.13)

𝜃(r) = cos−1
( [

0 0 1
] r
|r|

)
, (2.14)

respectively. Note that atan(·, ·) and cos−1(·) in (2.13) and (2.14), respectively,
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denote the arctangent function (which takes into account the sign of its input
arguments) and the arccosine function.

2. Set the network layout, i.e., the BS and UEs locations, the parameters of the
antenna arrays in (2.5) (e.g., radiation power pattern Ψ, system frequency and
polarization angle 𝜉) and compute the angles of the LOS component using (2.12)
to (2.14), as follows:

𝜙d
LOS = 𝜙 (cBS− cUE) , 𝜃d

LOS = 𝜃 (cBS− cUE) , (2.15)

𝜙a
LOS = 𝜙 (cUE− cBS) , 𝜃a

LOS = 𝜃 (cUE− cBS) . (2.16)

3. Using (2.9), (2.11), (2.15), and (2.16), it is determined the power, delays and
angles for each ray within each cluster as follows [12]:

𝑃𝑛,𝑚 = 𝑃𝑛,cdl/𝑀,∀(𝑛,𝑚), (2.17)

𝜏𝑛,𝑚 = 𝜏𝑛,∀(𝑛,𝑚), (2.18)

𝜙d
𝑛,𝑚 = 𝜙d

𝑛 +𝜙d
LOS + 𝑐ASD𝛼𝑚,∀(𝑛,𝑚), (2.19)

𝜙a
𝑛,𝑚 = 𝜙a

𝑛 +𝜙a
LOS + 𝑐ASA𝛼𝑚,∀(𝑛,𝑚), (2.20)

𝜃d
𝑛,𝑚 = 𝜃d

𝑛 +𝜃d
LOS + 𝑐ZSD𝛼𝑚,∀(𝑛,𝑚), (2.21)

𝜃a
𝑛,𝑚 = 𝜃a

𝑛 +𝜃a
LOS + 𝑐ZSA𝛼𝑚,∀(𝑛,𝑚), (2.22)

where 𝑃𝑛,𝑚 and 𝜏𝑛,𝑚 denote the power and delay of the ray 𝑚 within the cluster
𝑛, respectively. Moreover, 𝑐ASD, 𝑐ASA, 𝑐ZSD and 𝑐ZSA denote the specif per-cluster
angular spread defined in Table 2.6 and 𝛼𝑚 is the specific ray offset defined in
Table 2.7.

Table 2.6 – Per-cluster angular
spreads [12].

𝑐ASD (°) 𝑐ASA (°) 𝑐ZSD (°) 𝑐ZSA (°)

5 8 3 3
Source: Created by the author.

Table 2.7 – Offset for each ray within a cluster [12].
Ray index 𝑚 1, 2 3, 4 5, 6 7, 8 9, 10 11, 12 13, 14 15, 16 17, 18 19, 20

Offset 𝛼𝑚 ±0.0447 ±0.1413 ±0.2492 ±0.3715 ±0.5129 ±0.6797 ±0.8844 ±1.1481 ±1.5195 ±2.1551

Source: Created by the author.

4. Generate the initial phases and the XPR in (2.6) independently for each ray as
follows: the initial phases are uniformly distributed in the range (−180°,180°]
and the XPR 𝜅𝑛,𝑚 is given by [12]:

𝜅𝑛,𝑚 = 10𝜒, (2.23)
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Table 2.8 – Main simulation parameters.

Parameter Value/Info. Unit Ref.

Cell radius 50 km [6]
BS transmit power 49 dBm [6]

Eff. channel bandwidth 23.4 MHz –
PRB bandwidth 180 kHz [46]

Total number of PRBs 130 – –
Carrier frequency 700 MHz –
Path loss model Table 2.2 dB –
Shadowing std. Table 2.2 dB –

Fast fading model Tables 2.4–2.7 – –
Antenna config. Up to 4×4 – [6]

Rad. pattern (BS and UE) Isotropic – –
Antenna gain (BS and UE) 9 dBi [12]

Antenna elem. spaceing (BS and UE) half wavelength m –
Polarization (BS and UE) SP(0) and DP(0/90) ° –

Noise figure 5 dB [6]
Noise power per PRB -116.45 dBm –

Number of UEs 1 – –
Monte Carlo runs 5000 – –

PRB: physical resource block.
Source: Created by the author.

where 𝜒 follows a Normal distribution with mean and standard deviation given
by 𝜇XPR = 7dB and 𝜎XPR = 3dB [12], respectively.

5. Compute the path loss and shadow fading using the parameters from Table 2.2.
6. Finally, the channel coefficients are generated in (2.4) by combining the path

loss, the SF, and the scaled CDL profile from (2.17) to (2.23).

2.4 Simulation results

This section presents analytical results and numerical simulations exploiting different
characteristics of the 5G-Remote channel model. First, aiming to validate the model, its ACF
was computed numerically and analytically, showing a good agreement between both results.
Next, numerical simulations were performed for the MIMO case, using the eigenvalue decom-
position (EVD) to analyze the suitability of the channel to provide spatial multiplexing and/or
beamforming. Finally, an analysis of the achievable data rate considering the proposed channel
model is done for different MIMO configurations with SP and DP antennas to identify the best
configuration to achieve the target KPI of the 5G-RANGE project, i.e., to deliver 100 Mbps for a
single UE at the cell-edge.

Table 2.8 contains the main parameters used to perform the simulations in this paper.
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Figure 2.4 – Analytical and empirical ACF of the proposed channel model for both CDL-A and
CDL-D.

(a) Real part of the ACF in (2.24) vs. 𝑛𝜆 with
𝐹 = 0Hz.
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(b) Complex part of the ACF in (2.24) vs. 𝑛𝜆
with 𝐹 = 0Hz.
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(c) Real part of the ACF in (2.24) vs. 𝐹 with
𝑛𝜆 = 0.
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(d) Complex part of the ACF in (2.24) vs. 𝐹
with 𝑛𝜆 = 0.
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Source: Created by the author.

2.4.1 Channel metrics evaluation

Assuming a vertically-polarized antenna at both Tx and Rx, a closed-form expression
for the ACF of the proposed channel model for both CDL-A and CDL-D are derived (see
Appendix A), which gives:

𝑅(𝑛𝜆 , 𝐹) =
E

[
𝐻1,1(𝑡, 𝑓 )𝐻∗1,1(𝑡 +𝑇, 𝑓 + 𝐹)

]
√︃

E
[
|𝐻1,1(𝑡, 𝑓 ) |2

]
E

[
|𝐻1,1(𝑡 +𝑇, 𝑓 + 𝐹) |2

]
=

𝜖K

1+ 𝜖K
𝐽0

(
2𝜋𝑛𝜆 sin(𝜃a

LOS)
)
+
𝑁,𝑀∑︁
𝑛=1
𝑚=1

𝑃𝑛

1+ 𝜖K
𝐽0

(
2𝜋𝑛𝜆 sin(𝜃a

𝑛,𝑚)
)
exp( 𝑗2𝜋𝜏𝑛𝐹), (2.24)

where E[·] denotes the expectation operator, 𝐻1,1(·) denotes the CIR in frequency domain
obtained from the non-discrete Fourier transform (NDFT) [47], 𝐽0(·) denotes the zeroth order
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Figure 2.5 – Relation between coherence time and UE speed.
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Bessel function of first kind and 𝑛𝜆 corresponds to the number of wavelengths traveled by the
UE, defined as:

𝑛𝜆 =
|vUE |𝑇
𝜆

, (2.25)

where 𝑇 , 𝐹 and, 𝜆 denote the time shift, the frequency shift and, wavelength, respectively.
Figure 2.4 depicts the real and complex part of the analytical and empirical ACFs

in (2.24) considering both CDL-A (NLOS) and CDL-D (LOS) models. As it can be seen in
figures 2.4a, 2.4c and 2.4d, the correlation for the CDL-A model fluctuates much faster when
compared with the correlation of the CDL-D model. This is due to the distribution of the power
between the clusters on each CDL model, i.e., while in the CDL-A all the clusters present
similar powers, in the CDL-D model the LOS ray contains 𝜖K = 7.9 times more power than all
the clusters combined. This result indicates that in the CDL-A model the destructive and/or
constructive combinations of the rays can produce large fluctuations in the power of the received
signal. However, due to the LOS ray in the CDL-D model, the received power is approximately
constant and suffers small changes as observed in these figures. Also, from (2.24) it is easy to
verify that for 𝐹 = 0Hz, the complex part of 𝑅(𝑛𝜆 , 𝐹) is equals zero as depicted in Figure 2.4b.
Finally, it is noted that there is a good agreement between the analytical and empirical curves in
Figure 2.4.

Besides the real and complex part of the ACF in (2.24), it is also of interest to analyze
its magnitude which allows to obtain the coherence time and the coherence bandwidth of the
proposed channel model. The coherence time 𝑇c is defined in [48] as the largest time shift 𝑇 such
that the magnitude of the ACF in (2.24) stays above a given threshold 𝜖𝑇c , i.e., |𝑅(𝑛𝜆 , 𝐹) | ≥ 𝜖𝑇c

with 𝐹 = 0Hz. Note that 𝑇c can be obtained directly from Figure 2.4a since the complex part
of 𝑅(𝑛𝜆 ,0) is zero as depicted in Figure 2.4b. In this context, defining 𝜖𝑇c = 0.9 in Figure 2.4a,
it is obtained 𝑛𝜆 = 0.1 and 𝑛𝜆 = 0.37 for the CDL-A and CDL-D models, respectively. Finally,
replacing 𝑛𝜆 = 0.1 and 𝑛𝜆 = 0.37 into (2.25) it provides a relation between the UE speed |vUE |
and the coherence time 𝑇c for each CDL model, as depicted in Figure 2.5. From this figure it is
noted that when the UE speed increases by a factor 𝜂 > 0, the coherence time 𝑇c decays by the
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Figure 2.6 – Magnitude of the ACF in (2.24) vs. the frequency shift with 𝑛𝜆 = 0.
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same factor for both CDL models. Finally, from this figure it is also possible to see that 𝑇c for
the LOS conditions is around 3.70 larger than 𝑇c for the NLOS conditions.

Similarly to the coherence time, the coherence bandwidth 𝐵c is defined as the largest
frequency shift 𝐹 such that the magnitude of the ACF in (2.24) stays above a given threshold 𝜖𝐵c ,
i.e., |𝑅(𝑛𝜆 , 𝐹) | ≥ 𝜖𝐵c with 𝑛𝜆 = 0. In this context, Figure 2.6 shows the magnitude of the ACF in
(2.24) versus 𝐹 where it was used 𝜖𝐵c = 0.90. From this figure, one can see that for the CDL-D
model the correlation stays above 𝜖𝐵c for a frequency shift equal to the system bandwidth, i.e.,
the channel is considered as flat fading over the whole frequency range (i.e., 23.40 MHz). On the
other hand, for the CDL-A model, the correlation crosses the threshold 𝜖𝐵c in 𝐹 = 𝐵c = 0.78MHz
which is slightly larger than the bandwidth of 4 physical resource blocks (PRBs) (see Table 2.8).

Besides the ACF of the proposed channel model in (2.24), it is also of interest to
analyze the number of parallel data streams that can be supported in the MIMO case. To this end,
the CDF of the singular values of the proposed channel model, using equal-power allocation,
have been computed for a 4×4 MIMO system, as follows3:

s = EVD

(
H𝑘HH

𝑘

10−0.1(PL+SF)

)
, 𝑘 = 1, . . . , 𝑁PRB, (2.26)

where EVD denotes the eigenvalue decomposition operation, H𝑘 is the 4×4 channel matrix in fre-

quency domain at PRB 𝑘, (·)H denotes the complex transpose operation and, s=
[
𝑠21 𝑠22 𝑠23 𝑠24

]T

denotes a column vector composed of four eigenvalues sorted in descending order, i.e., 𝑠21 ≥
𝑠22 ≥ 𝑠

2
3 ≥ 𝑠

2
4. In this context, Figure 2.7 depicts the CDF of the eigenvalues in (2.26), in dB,

for both CDL-A and CDL-D models. As it can be seen in this figure, for the CDL-A model,
the gap between the CDF of the first and second eigenvalues is around 20 dB and becomes
larger than 50 dB for the other eigenvalues. On the other hand, for the CDL-D model, note that
the CDF of the first eigenvalue has a gain around 10 dB when compared with the CDF of the
second eigenvalue and this gain becomes larger than 30 dB in comparison with the third and
3 Note that the normalization by 10−0.1(PL+SF) in (2.26) is required to remove the effects of the large scale fading.
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Figure 2.7 – CDF of the eigenvalues in (2.26) for both CDL-A and CDL-D models.
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fourth eigenvalues. Moreover, note that the CDF of the first eigenvalue of the CDL-D is almost a
vertical line and suffers small fluctuations. This happens because the power of the received signal
is mostly composed by the single LOS component that suffers only slight variations caused by
constructive/destructive combinations of the other (weaker) multipath components.

In this context, from Figure 2.7 it is noted that the channel matrices of both CDL-A
and CDL-D models are ill-conditioned, with the difference that in the CDL-D model, the LOS
component concentrates most of the channel energy (first eigenvalue). A possible physical
explanation for this is that, due to the small angular spread in Table 2.3, the NLOS components
present a high correlation. In other words, the number of parallel streams supported by the
channel will be less than four. However, taking into account that the channel state information is
known at the transmitter side, capacity maximization techniques could be employed to improve
the spatial multiplexing gain, such as the water-filling.

2.4.2 Analysis of the achievable data rate

To analyze the achievable data rate and also the spatial correlation of the MIMO
channels, the CDF of the throughput was calculated considering SISO and MIMO (2×2 and
4×4) configurations using SP and DP antennas, without considering any coding and/or frame
structure, and with the UE placed at cell-edge. That metric was computed using Shannon’s
formula for both SISO and MIMO channels, i.e.:

𝑟 =

𝑁PRB∑︁
𝑘=1

𝐵 log2

(
det

[
I+

𝑃BSH𝑘HH
𝑘

𝑁PRB𝑁BS𝛾2

])
, (2.27)

where 𝑁PRB is the number of PRBs, 𝐵 is the bandwidth of each PRB, I denotes the identity
matrix of size 𝑁UE, 𝑁BS and 𝑁UE denote the number of antenna elements at the BS and UE,
respectively, 𝑃BS is the BS transmitted power and 𝛾2 is the noise power in a PRB.
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Figure 2.8 – Achievable data rate using the proposed channel model with the UE located at the
cell-edge.

(a) CDL-A channel model.
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(b) CDL-D channel model.
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Source: Created by the author.

In this context, figures 2.8a and 2.8b show the throughput in (2.27) assuming NLOS
and LOS cases, respectively, for SISO and MIMO (2×2 and 4×4) configurations considering
both SP and DP antennas with the UEs placed at cell-edge. As it can be observed in the 50th
percentile of Figure 2.8a, all DP configurations achieve at least 100 Mbps, while in the case
of SP antennas, this value is only achieved for the 4× 4 MIMO configuration. It can also be
observed that the DP SISO configuration outperforms the SP 2×2 MIMO case. These results are
in accordance with the fact that in rural and remote areas the propagation channel exhibits a poor
scattering and a small angular spread, leading to a high spatial correlation between the antenna
elements at both BS and UE. Therefore, the benefits of polarization diversity becomes more
effective than the array gain [40]. Now, analyzing the 50th percentile of Figure 2.8b, it is noted
that the throughput of DP SISO configuration is approximately the same as the SP 4×4 MIMO,
and even supersedes it for higher percentiles, indicating that the virtualization of the array using
DP antennas (thus creating parallel subchannels paths) is preferable than physically increasing
the array size by using more antenna elements. It is worth mentioning that, the simulations
presented in Figure 2.8 are upper-bound curves since they were generated from the Shannon’s
capacity formula.

Finally, to obtain a better understanding of the impact of the results of figures 2.8a
and 2.8b, Table 2.9 shows the percentage of time where the system achieves the KPI of 100 Mbps.
An interesting result that can be easily extracted from this table is that all the BS-UE transmissions
using DP antennas achieve the KPI at least on average, i.e., 50% of the time.

2.5 Chapter summary

In this chapter, a CDL-based channel model, namely 5G-Remote, was developed
for 5G MIMO systems (up to 4×4) for remote rural areas with a maximum distance of 50 km.
The model was derived by combining the measured data from [29] with the CDL-A and CDL-D
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Table 2.9 – Percentage of time in which the KPI of
100 Mbps is achieved for each scenario.

SISO MIMO 2×2 MIMO 4×4
SP DP SP DP SP DP

CDL-A 30 52 44.5 66.2 59.4 80
CDL-D 31.3 55.1 48 70.9 64.5 81.4

Source: Created by the author.

profiles from [12]. The model is simple to implement and useful to perform fast link-level and
system-level simulations.

To validate the proposed channel model, its ACF was derived analytically and com-
pared to a numerical simulation showing a good agreement between both results. Furthermore,
numerical simulations have shown that the proposed model as the potential to transmit one and
two data streams for the CDL-A and CDL-D profiles, respectively. Also, the system achievable
data rate at the cell-edge was evaluated for SISO and MIMO configurations (2×2 and 4×4)
considering SP and DP antennas. The results indicate that the DP SISO outperforms the SP 2×2
MIMO and also the DP 2×2 MIMO outperforms the SP 4×4 MIMO. These results corroborate
the use of DP arrays in MIMO systems operating in rural and remote areas, which is particularly
attractive in VHF and UHF bands, where the size of the array is large.

In the following chapter, it is proposed a SCM that considers diverse terrestrial links
and presents dynamic power-delay and power-angular profiles, as well as spatial consistency.
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3 A STOCHASTIC CHANNEL MODEL WITH DUAL MOBILITY FOR 5G MAS-
SIVE NETWORKS

In this chapter, a new SCM is proposed for 5G systems. By means of the SoS method
to generate SCRVs, the proposed model extends the 3GPP-SCM by considering three important
features for accurate simulations in 5G, i.e., support for DM, spatial correlation at both ends
of the link, and considerable reductions of the required memory consumption when compared
with existing models. A typical problem presented in existing channel models, namely the
generation of uncorrelated LSPs and SSPs for close BSs, is solved, then allowing for more
realistic numerical evaluations in most of the 5G scenarios characterized by a large density
of BSs and UEs per unit of area, such as UDNs, indoor environments, D2D and V2V. The
proposed model emerges as the first SCM, and therefrom with lower complexity when compared
to RT-based models, that comprise all the following features: support for SM and DM with
spatial consistency, smooth time evolution, dynamic modeling, large antenna array, frequency
range up to 100 GHz, and bandwidth up to 2 GHz. Some of the features are calibrated for SM in
selected scenarios and have shown a good agreement with the calibration results found in the
literature.

3.1 Introduction

Recently, a forecast reported by [49] has shown that the number of networked
devices around the world will increase from 18 billion in 2017 to 28.5 billion in 2022. Such
devices mostly comprise smartphones, laptops, TVs, IoT devices or tablets and are expected
to increase the global mobile data traffic sevenfold in this period. To attend the demand for
throughput, latency and connectivity request from such devices, the 5G systems will employ a
set of prominent technologies, such as mmWave, beamforming and massive MIMO with large
bandwidth [50] in a wide range of frequencies (up to 100 GHz) for several different scenarios
such as indoor, urban, highway, airports, train stations, etc. To support such technologies, the
5G channel models need to provide realistic simulations and support a large set of highly
complex features. Moreover, the growth in the number of devices and cells per unit of area
(e.g., 100 cells/km2 and 600 UEs/km2 [51]) imposes a new challenge for the 5G channel models,
which may face problems related to scalability as never seen before. The main limitation for
GBSCMs and RT-based models in dealing with scalability is the high complexity demanded
by such models while SCMs may face problems due to their high storage requirements. In
this context, 5G channel models should not only provide realistic modeling of the propagation
effects that affect radio wave but also need to take into account aspects related to computational
complexity and management of memory resources.
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3.1.1 Literature review

To provide reliable and realistic simulations in the 5G systems, existing channel
models such as 3GPP Spatial Channel Model [52] and WINNER [32] have been improved
with new features such as mobility, spatial consistency, wide band support and spherical wave
propagation, and also new models have been proposed [9, 10, 11, 12, 14, 53, 54].

Among the new models, COST 2100 [8, 54] is a GBSCM for frequency bands below
6 GHz. In this channel model, the characterization of different propagation conditions in the
environment is introduced by dividing the clusters into three subgroups: single bounce-clusters,
twin clusters, and local clusters. Many of these clusters are dispersed in the scenario at fixed
locations from where parameters such as angles, delays and, cluster powers are drawn from the
geometry. To perform simulations with smooth time evolution and a non-stationary CIR, COST
2100 uses the concept of visibility region (VR). A VR is a two dimensional (2D) circular area in
the scenario which defines the visibility of only one cluster, i.e., each cluster has its own VR.
Therefore, when a UE moves through the scenario and pass by different VRs, it simulates the
process of birth and death of clusters. Besides the frequency range limitation (below 6 GHz),
COST 2100 does not support communication links with DM such as V2V and D2D. Moreover,
COST 2100 is widely characterized by the cluster parameters which are difficult to be obtained
from measurements [55].

QuaDRiGa [10] is an open source GBSCM which covers a large number of sce-
narios with SM for frequencies ranging from 0.45 to 100 GHz and bandwidth up to 1 GHz. In
QuaDRiGa, the correlated LSPs and the initial cluster parameters are generated using a stochastic
approach [56] while the rays are drawn geometrically. QuaDRiGa also supports smooth time
evolution with mobility by splitting the trajectory of the UEs into multiple segments and then
interpolating the CIR of consecutive segments. This approach of smooth time evolution requires
the prior knowledge of the trajectory for all UEs to ensure spatial consistency. However, despite
the efforts to reduce the memory consumption required to generate correlated LSPs [56], the
approach of time evolution used by QuaDRiGa still has a high memory consumption when
simulations involving multi-user MIMO (MU-MIMO) systems with mobility are required and it
is expected to be intractable for massive 5G networks, i.e., tens of BSs and hundreds of UEs.
Moreover, the correlated LSPs and SSPs experienced by a UE seen from different BSs are always
uncorrelated even when the BSs are close to each other. This limitation will bring optimistic
results for simulations in scenarios where the BSs are closely positioned.

To balance performance and computational complexity, METIS [11] project provided
an SCM, a map-based channel model (MBCM) and also a hybrid model, by merging the SCM
and MBCM. In the MBCM, many of the requirements for 5G channel modeling are present,
such as specular reflection, diffuse scattering, blocking, diffraction, spherical wave propagations,
smooth time evolution and spatial consistency for both SM and DM. In fact, this model allows
high accurate simulations to evaluate many of the 5G technologies, such as beamforming,
mmWave, and massive MIMO. However, the computational complexity to compute the CIR in
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this model is still high, since it is RT-based, mainly in outdoor environments where the number
of interacting objects is large. In contrast with the MBCM, the SCM proposed by METIS is
less accurate and also demands a smaller complexity to compute the CIR. The SCM supports
frequencies ranging up to 70 GHz and bandwidth up to 1 GHz. This model also supports DM, but
it still has many limitations such as no support for large antenna arrays and dynamic modeling.
Moreover, the modeling for mmWave and spatial consistency are limited since the model only
covers frequencies up to 70 GHz and the spatial consistency is restricted to the SF which is
obtained from a SoS method [57], such as in QuaDRiGa.

The 3GPP technical report (TR) 38.901 [12] describes an SCM and also an MBCM.
Both models support frequencies ranging from 0.50 to 100 GHz and bandwidth up to 2 GHz. As
in METIS’s models, the MBCM proposed by 3GPP leads to accurate simulations at the cost of
high complexity while the SCM provides a better trade-off between accuracy and complexity.
The 3GPP-SCM does not support communications with DM but accounts for many of the 5G
features for channel modeling. It has a WINNER-like core that can be used for simple drop-based
simulations followed by the description of several additional modeling components such as
blockage, oxygen absorption, spatial consistency, large bandwidth and also large antenna arrays.
For simulations with large bandwidth and large arrays, the 3GPP-SCM assumes an individual
time of arrival (ToA) and dynamic offset angles for each ray within a cluster, allowing to achieve
high resolution in both delay and angular domains.

The number of rays per cluster in 3GPP-SCM is determined according to the sce-
nario design and depends on the size of the antenna array, system bandwidth and per-cluster de-
lay/angular spreads. The model describes two spatial consistency procedures, namely procedure-
A and procedure-B. In procedure-A, the angles, delay, and power of each cluster are updated
using linear approximations [58] based on the previous realization of each parameter while the
rays have fixed delays and angle offsets. In procedure-B, the delay, angles, and power of clusters
and rays are updated using SCRVs obtained from a 2D-map. This procedure is recommended for
simulations with large bandwidth and large arrays, but it requires many SCRVs and has a high
memory consumption, as it will be shown in Section 3.4.2.

IMT-2020 [15] and mmMAGIC [14] projects have proposed a GBSCM for commu-
nication with SM. The mmMAGIC model combines the stochastic approach from WINNER
with the QuaDRiGa methodology to generate clusters to ensure a geometrical description while
the IMT-2020 model has adopted the 3GPP channel model (for frequencies above 6 GHz [59])
and the IMT-Advanced [60] channel model as a baseline. Both models cover a large frequency
range and consider many of the 5G requirements for channel modeling.

Millimetre-Wave Evolution for Backhaul and Access (MiWEBA) [9] and IEEE
802.11ay [16] channel models support SM and DM communications but restricted to the fre-
quency range from 57 to 66 GHz and from 57 to 68 GHz, respectively. Both models are based on
a quasi-deterministic model which considers that deterministic rays contribute to almost all the
power of the CIR and a few random rays are used to characterize reflections from surrounding
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objects. Both models have limited support for dynamic modeling and no support for high speed.
Additionally, the IEEE 802.11ay channel model supports neither spatial consistency nor large
arrays. Besides MiWEBA and IEEE 802.11ay, several channel models have been proposed for
V2V communication [61, 62, 63, 64, 65], but they are quite limited in terms of 5G modeling
components. In [66] a more sophisticated geometry-based model is proposed for both SM and
DM, but it has no support for spatial consistency.

Besides the RT-based models MiWEBA, IEEE 802.11ay and METIS, several other
RT-based models have been proposed for V2V communication [67, 68]. However, due to their
high complexity [5], mainly for outdoor environments where the number of interacting objects
is usually large, graphics processing units (GPUs) are required to make the modeling tractable.
Finally, a more detailed review of channel models and measurements can be found in [55].

3.1.2 Main contributions

From the works found in the literature and discussed above, there are three main
points which motivate the proposition of a new channel model:

1. The models that contain some 5G features for DM are RT-based (e.g., MiWEBA,
IEEE 802.11ay, and METIS) and demand a high computational complexity.
Moreover, MiWEBA and IEEE 802.11ay only support a very restricted frequency
range and limited dynamic modeling;

2. The GBSCMs and SCMs that generate correlated LSPs and SSPs individually
for each BS (e.g., 3GPP, QuaDRiGa, and IMT-2020) will have too optimistic
results for many 5G scenarios characterized by close proximity between the BSs,
such as UDNs;

3. The SCMs that support DM (e.g., METIS-SCM) are quite limited and only few
5G features are considered.

Given the limitations of existing channel models, the main contributions of this
chapter are listed below:

1. The proposed model—under the acronym 5G Stochastic Radio channel for dual
Mobility (5G-StoRM)—is an extension of the 3GPP-SCM and supports DM.
Moreover, it has solved two of the main limitations in the 3GPP-SCM allowing
efficient simulations in many 5G scenarios, i.e., the number of SCRVs required to
generate the CIR does not depend on the number of BSs deployed in the scenario
and close BSs generate correlated LSPs and SSPs;

2. It offers a trade-off between computational complexity and accuracy while it
keeps the overall consumed memory extremely low, even when challenging
scenarios are considered, such as UDNs;

3. It has simplified the 3GPP procedure to generate the CIR allowing to remove
some empirical coefficients employed in the 3GPP model [12, cf. tables 7.5-2,
7.5-4 and, 7.5–5];
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4. To the best of the author’s knowledge, this is the first SCM that contains all
the following 5G features: support for SM and DM with spatial consistency,
smooth time evolution, dynamic modeling, large antenna array, frequency range
up 100 GHz and bandwidth up to 2 GHz.

Finally, the remaining of the chapter is organized as follows: Section 3.2 describes a
low complexity SoS-based procedure to generate SCRVs for SM and DM that will be widely
used in the proposed channel model. Section 3.3 provides a detailed description of the proposed
channel model. In Section 3.4, the main calibration results are presented and compared with the
baseline results. Finally, in Section 3.5, the conclusions of the chapter are presented.

3.2 Generation of a spatially correlated GP using SoS functions

In the proposed channel model, all of its stochastic parameters (e.g., LSPs, SSPs,
LOS-to-NLOS transitions and O2I transitions) are characterized by a set of distributions which
are modeled as SCRVs. In this context, this section describes a low computational complexity
and also low memory consumption method to generate SCRVs for both SM and DM.

In [69], a method based on SoS functions is proposed to approximate a 2D spatially
correlated GP with zero-mean and unit variance to model the SF for communication links with
SM, i.e., either the Tx or Rx moves. Assuming (for while) that only the receiver moves, the GP
approximation N̂ (·) using a set 𝕃 = {1,2, . . . , 𝐿} of cosine functions1 is given by

N̂ (c2) =
√︂

2
𝐿

∑︁
𝑙∈𝕃

cos
(
2𝜋fT

2,𝑙 c2 +𝜑𝑙

)
, (3.1)

where c2 =
[
𝑥 𝑦

]T
denotes the position of the Rx on the xy-plane, (·)T is the transpose operation,

𝜑𝑙 is a random phase generated from the uniform distributionU(·) as follows:

𝜑𝑙 ∼U(−𝜋,𝜋), 𝑙 ∈ 𝕃, (3.2)

where f2,𝑙 =
[
𝑓

x,𝑙
𝑓

y,𝑙

]T
is the vector of spatial frequencies obtained from the ACF 𝑅N (·) of the

Gaussian process. 𝑅N (·) is typically modeled by an exponential function [32, 46, 59] as follows:

𝑅N
(
Δc2

)
= exp

(
−
��Δc2

��
𝑑xy

)
, (3.3)

where Δc2 =
[
Δ𝑥 Δ𝑦

]T
is the receiver displacement, |·| is the Euclidean norm and 𝑑xy is the

correlation distance which is defined as the distance from where any two points of the SF process
correlate equal to exp(−1) ≈ 36.80%. In this context, the authors in [69] derived from the ACF
1 If not stated otherwise, throughout the chapter the subscript 𝑙 belongs to 𝕃, i.e., 𝑙 ∈ 𝕃, where 𝕃 is a set of 𝐿 cosine

functions used to generate a SCRV.
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in (3.3) a Monte Carlo sampling method to generate the spatial frequencies in (3.1) as follows:

f2,𝑙 = 𝑓𝑙

[
cos(𝛽𝑙) sin(𝛽𝑙)

]T
, (3.4)

𝑓𝑙 =
1

2𝜋𝑑xy

√︄
1

(1−𝑈𝑙)2
−1, (3.5)

𝑈𝑙 ∼U(0,1), and 𝛽𝑙 ∼U
(
−𝜋

2
,
𝜋

2

)
. (3.6)

In [70], the SoS presented above was generalized to also consider links with DM.
For this case, the ACF 𝑅N (·) of the joint SF process is given by the product of two independent
exponential ACFs as follows:

𝑅N (Δc) = 𝑅N (Δc2) 𝑅N
(
Δc2

)
, (3.7)

where Δc2 =
[
Δ𝑥 Δ𝑦

]T
is the Tx displacement and Δc =

[
ΔcT

2 ΔcT
2

]T
denotes the joint dis-

placement vector comprising both the transmitter and receiver displacements. The approximation
to the SF process with DM using the SoS coefficients is given by:

N̂ (c) =
√︂

2
𝐿
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𝑙∈𝕃

cos
(
2𝜋 fT

𝑙 c+𝜑𝑙

)
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where c =
[
cT

2 cT
2

]T
is the joint position vector, f𝑙 =

[
f

T
2,𝑙 fT

2,𝑙

]T
denotes the joint spatial fre-

quency vector comprising both Tx and Rx spatial frequencies, respectively, and are independently
generated according to (3.4) to (3.6). Finally, 𝜑𝑙 denotes a random phase generated according to
(3.2).

It is worth mentioning that the SoS method in (3.8) can also be used to generate
SCRVs following different distributions by applying the corresponding transformation in the SF
process. Such transformations are especially useful to generate the stochastic parameters of the
proposed channel model which are not characterized by a normal distribution, such as angles
and delays. In this context, using the error function erf (·), the zero-mean and unit-variance SF
process in (3.8) can be transformed into a uniform SCRV in the range [0,1] as follows:

Û(c) = 1
2
+ 1

2
erf

(
N̂ (c)
√

2

)
. (3.9)

Also, using (3.9), an exponential SCRV (with unit mean and unit variance) and a Laplacian
SCRV (with zero mean and unit variance) are obtained using the following transformations:

Ê (c) = − ln
(
Û(c)

)
, (3.10)

L̂(c) = 1
√

2
ln

(
1−2

����Û(c) − 1
2

����) sgn
(
Û(c) − 1

2

)
, (3.11)

respectively, where sgn(·) is the signum function.
The scenario depicted in Figure 3.1 is used to exemplify how the SoS method in

(3.8) is used to generate an SF process for both SM and DM. In this figure, the SoS method was
applied for three configurations as follows:
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Figure 3.1 – Communication link with SM and DM.
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Source: Created by the author.

1. SM on the transmitter side (Tx-mobility): in this configuration, the receiver stays
at the position c2,init and the transmitter moves a distance equal to 𝑑xy from the
position c2,init to c2,end;

2. SM on the receiver side (Rx-mobility): in this configuration, the transmitter stays
at the position c2,init and the receiver moves a distance equal to 2𝑑xy from the
position c2,init to c2,end;

3. DM (Tx-Rx-mobility): in this configuration, both transmitter and receiver move,
i.e., the transmitter moves from c2,init to c2,end and the receiver moves from c2,init

to c2,end.

In this context, the trajectories of the Tx and Rx are composed of 𝐽 + 1 samples,
where c2 [ 𝑗] ranges from c2,init to c2,end and c2 [ 𝑗] ranges from c2,init to c2,end as the index 𝑗 ranges
from 0 to 𝐽, respectively. Hence, let 𝑑joint [ 𝑗] be the 𝑗th sample of the normalized magnitude of
the joint displacement vector Δc in (3.7), defined as

𝑑joint [ 𝑗] =


|c2 [ 𝑗]−c2 ,init |

𝑑xy
, for Tx-mobility,���c2 [ 𝑗]−c2 ,init

���
𝑑xy

, for Rx-mobility,
|c2 [ 𝑗]−c2 ,init |+

���c2 [ 𝑗]−c2 ,init

���
𝑑xy

, for Tx-Rx-mobility.

(3.12)

Figure 3.2 depicts a single realization of the SF process in (3.8) vs. 𝑑joint [ 𝑗], 𝑗 ∈ {0, . . . , 𝐽}, for
each of the three configurations described above. As it can be observed in this figure, when
𝑑joint = 0, the generated SF is the same (≈ −0.50dB) for all configurations since they present the
same starting point (see Figure 3.1). Moreover, when 𝑑joint increases, the SF changes smoothly
and its fluctuations become different for each configuration since all the trajectories also present
a different profile.
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Figure 3.2 – Spatially correlated SF for SM and DM using the generalized SoS method in (3.8).
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Figure 3.3 – Steps to generate the channel coefficients. The steps (5) and (7) of the 3GPP model
were changed in 5G-StoRM and also the step (6) was added to combine the changes
in the 3GPP steps.
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3.3 Description of the channel model

5G-StoRM is an SCM that uses the SoS method described in Section 3.2 to generate
all of its stochastic parameters (i.e., LSPs and SSPs) and it has extended the 3GPP-SCM described
in the TR 38.901 [12] by providing a spatially correlated CIR with smooth time evolution for
communication links with SM and DM in a wide frequency range. Figure 3.3 shows an overview
of the steps to generate the channel coefficients.

3.3.1 Correlated LSPs

The angles, delay and power for each cluster are determined using seven LSPs:

1. Shadowing (SF);
2. Ricean K-factor (K);
3. Delay spread (DS);
4. Azimuth spread of departure (ASD);
5. Azimuth spread of arrival (ASA);
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6. Zenith spread of departure (ZSD);
7. Zenith spread of arrival (ZSA).

Each LSP 𝜖̃𝑖, 𝑖 ∈ {SF, K, DS, ASD, ASA, ZSD, ZSA}, is generated in two steps. First, they are
generated individually from a normal SCRV using the SoS method described in Section 3.2 and
correlated to each other using a 7×7 correlation matrix R as follows:

𝜖̃SF
...

𝜖̃ZSA

 =

𝜇SF
...

𝜇ZSA

 +

𝜎SF

. . .

𝜎ZSA

 R


𝑧1
...

𝑧7

 , (3.13)

where R, 𝜇𝑖 and 𝜎𝑖, 𝑖 ∈ {SF,K,DS,ASD,ASA,ZSD,ZSA}, are scenario-dependent configuration
parameters loaded to the simulation in step (1) of the channel generation procedure depicted in
Figure 3.3 and 𝑧𝑖 ∼ N̂ (c), 𝑖 = 1, . . . ,7. Next, the correlated LSPs in (3.13) are converted to linear
scale as follows:

𝜖𝑖 = 10𝜖̃𝑖 , 𝑖 ∈ {SF,K,DS,ASD,ASA,ZSD,ZSA}. (3.14)

3.3.2 Setup of the clusters

Some of the steps to generate the cluster’s parameter in 5G-StoRM are different
from the ones adopted by 3GPP. In the 3GPP-SCM, the delays are used to determine the power
of the clusters while the angles of arrival and departure for both azimuth and zenith are obtained
from the cluster power using empirical scaling factors [12, cf. pp. 34 and 35]. In 5G-StoRM, the
delay and angles of each cluster are generated individually using the SoS method described in
Section 3.2 and then coupled randomly to form a cluster. After the coupling is performed, the
power for each cluster is determined using its delay and angles. In this context, the delay of each
cluster in 5G-StoRM is generated using an exponential SCRV as follows2:

𝜏̃𝑛 = −𝑟𝜏𝜖DS𝑋𝑛, (3.15)

where 𝑟𝜏 is the empirical proportionality factor [32] used to correct the small delay spread
generated by (3.15), 𝜖DS is the correlated DS from (3.14), ℕ = {1,2, . . . , 𝑁} is the set of clusters
and 𝑋𝑛 ∼ Ê(c). Next, the delays in (3.15) are normalized as follows:

𝜏𝑛 = 𝜏̃𝑛−min{𝜏̃1, . . . , 𝜏̃𝑁}. (3.16)

The ZoA and ZoD are generated as a wrapped Laplacian SCRV as follows:

𝜃a
𝑛 = arg {exp ( 𝑗𝑟𝜏𝜖ZSA𝑌𝑛)} , (3.17)

𝜃d
𝑛 = arg {exp ( 𝑗𝑟𝜏𝜖ZSD𝑍𝑛)} , (3.18)

2 If not stated otherwise, throughout the chapter the subscript 𝑛 belongs to ℕ, i.e., 𝑛 ∈ ℕ, where ℕ is a set of 𝑁
clusters used to generate the CIR.
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respectively, where arg{·} is the argument operator, 𝜖ZSA and 𝜖ZSD are the correlated zenith
spread of arrival (ZSA) and zenith spread of departure (ZSD), respectively, determined in (3.14)
and (𝑌𝑛, 𝑍𝑛) ∼ L̂(c). In a similar manner, the AoA and AoD are generated as a wrapped normal
SCRV as follows:

𝜙a
𝑛 = arg {exp ( 𝑗𝑟𝜏𝜖ASA𝑊𝑛)} , (3.19)

𝜙d
𝑛 = arg {exp ( 𝑗𝑟𝜏𝜖ASD𝐺𝑛)} , (3.20)

respectively, where 𝜖ASA and 𝜖ASD correspond to the correlated ASA and azimuth spread of
departure (ASD) calculated in (3.14), respectively, and (𝑊𝑛,𝐺𝑛) ∼ N̂ (c). Finally, the per-cluster
SF is generated individually for each cluster as follows:

𝑞𝑛 = 10−𝜎cl
𝑄𝑛
10 , (3.21)

where 𝑄𝑛 ∼ N̂ (c) and 𝜎cl corresponds to the standard deviation of the per-cluster SF. Next, the
angles, delays, and SFs generated in (3.15) to (3.21) are coupled with the clusters, as shown in
Figure 3.3 (step (6)). The coupling C𝑛 consists in associating the cluster 𝑛 with each one of its
six parameters in (3.15) to (3.21). To this end, for each cluster 𝑛, the set of indices {𝑛𝑖}6𝑖=1 are
chosen randomly such that

C𝑛 = {𝜏𝑛1 ,𝜙
d
𝑛2 ,𝜙

a
𝑛3 ,𝜃

d
𝑛4 ,𝜃

a
𝑛5
, 𝑞𝑛6}, (3.22)

C𝑞∩C𝑖 = ∅, ∀(𝑞, 𝑖) ∈ ℕ and 𝑞 ≠ 𝑖. (3.23)

Note that constraint (3.23) ensures that each cluster has a unique set of indices {𝑛𝑖}6𝑖=1. In order
to simplify the notation, w.l.o.g., it is assumed that the index of the cluster 𝑛 matches the index
of its six parameters, i.e.,

C𝑛 = {𝜏𝑛,𝜙d
𝑛,𝜙

a
𝑛,𝜃

d
𝑛,𝜃

a
𝑛, 𝑞𝑛}. (3.24)

Finally, the power of each cluster is determined by the product of the individual
PDFs of the cluster delay and angles in (3.24) as follows:

𝑃̃𝑛 = 𝜉exp
©­­«−

𝜏𝑛
𝜎DS
𝜂1

−
��𝜃d
𝑛

��
𝜎ZSD

𝜂2
√

2

−
��𝜃a
𝑛

��
𝜎ZSA

𝜂2
√

2

− (𝜙
d
𝑛)2

2𝜎2
ASD
𝜂3

− (𝜙
a
𝑛)2

2𝜎2
ASD
𝜂3

ª®®¬𝑞𝑛, (3.25)

where 𝜂1, 𝜂2 and 𝜂3 are empirical factors proposed in [12, cf. section 7, (7.6.30b)–(7.6.30f)] to
correct the small angular spread generated by this procedure due to the wrapping performed
over the angles in (3.17) to (3.20), and 𝜉 is a positive constant. Next, the powers in (3.25) are
normalized so that the sum of all cluster powers is equal to one, i.e.,

𝑃𝑛 =



𝑃̃𝑛∑
𝑛∈ℕ

𝑃̃𝑛
, for NLOS,

1
𝜖K +1

𝑃̃𝑛∑
𝑛∈ℕ

𝑃̃𝑛
+𝛿(𝑛−1) 𝜖K

𝜖K +1
, for LOS,

(3.26)

where 𝑛 ∈ ℕ and 𝛿(·) is the Dirac delta function, 𝜖K is the correlated Ricean K-factor in (3.14)
and the ratio 𝜖K/(𝜖K +1) corresponds to the power of the single LOS ray.
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3.3.3 Setup of the rays within a cluster

Since many 5G scenarios employ massive MIMO and high bandwidth (larger than
1 GHz), realistic modeling of the rays within a cluster is required. To support realistic simulations
in such scenarios, in 5G-StoRM the modeling described in the 3GPP channel model was
assumed, i.e., each ray within a cluster has a unique delay, power and dynamic angles of
arrival and departure for both azimuth and zenith. In this context, the relative delay of each ray
𝑚 ∈ 𝕄 = {1,2, . . . , 𝑀} with respect to the delay of its cluster 𝑛 ∈ ℕ is generated as a uniform
SCRV3 as follows:

𝜏̃′𝑛,𝑚 = 2𝑐DS𝑋delay,𝑛,𝑚, (3.27)

where 𝑋delay,𝑛,𝑚 ∼ Û(c), and 𝑐DS is the scenario-dependent cluster DS. Next, the relative delays
in (3.27) are normalized as follows:

𝜏̃𝑛,𝑚 = 𝜏̃′𝑛,𝑚−min{𝜏̃′𝑛,1, . . . , 𝜏̃
′
𝑛,𝑀}. (3.28)

Following a similar procedure as in (3.27), the angles Φa
𝑛,𝑚, Φd

𝑛,𝑚, Θa
𝑛,𝑚 and Θd

𝑛,𝑚

which correspond, respectively, to the offset AoA, AoD, ZoA and ZoD angles of each ray 𝑚 ∈𝕄
within the cluster 𝑛 ∈ ℕ are generated from uniform SCRVs as follows:

Φd
𝑛,𝑚 = 4𝑋AoD,𝑛,𝑚−2 and Φa

𝑛,𝑚 = 4𝑋AoA,𝑛,𝑚−2, (3.29)

Θd
𝑛,𝑚 = 4𝑋ZoD,𝑛,𝑚−2 and Θa

𝑛,𝑚 = 4𝑋ZoA,𝑛,𝑚−2, (3.30)

where 𝑋AoD/AoA/ZoD/ZoA,𝑛,𝑚 ∼ Û(c). Next, each ray 𝑚 within the cluster 𝑛 is coupled with its
relative delay and offset angles specified in (3.28) to (3.30), i.e., the coupling of rays R𝑛,𝑚, 𝑛 ∈ ℕ
and 𝑚 ∈𝕄, consists in selecting randomly the indices {𝑚𝑖}5𝑖=1 such that

R𝑛,𝑚 = {𝜏̃𝑛,𝑚1 ,Φ
a
𝑛,𝑚2 ,Φ

d
𝑛,𝑚3 ,Θ

a
𝑛,𝑚4 ,Θ

d
𝑛,𝑚5
}, (3.31)

R𝑛,𝑞∩R𝑛,𝑖 = ∅, ∀(𝑞, 𝑖) ∈𝕄 and 𝑞 ≠ 𝑖. (3.32)

Likewise in (3.23), (3.32) ensures that each ray within the cluster 𝑛 has a unique set of indices.
Moreover, w.l.o.g., it is assumed that the indices {𝑚𝑖}5𝑖=1 in (3.31) match the indices of the ray,
i.e.,

R𝑛,𝑚 = {𝜏̃𝑛,𝑚,Φa
𝑛,𝑚,Φ

d
𝑛,𝑚,Θ

a
𝑛,𝑚,Θ

d
𝑛,𝑚}. (3.33)

Based on that, the power of each ray is calculated as function of its parameters specified in (3.33)
using an exponential mapping function, as follows:

𝑝̃𝑛,𝑚 = exp

(
−
𝜏̃𝑛,𝑚

𝑐DS
−

��Φd
𝑛,𝑚

��
𝑐ASD√

2

−
��Φa

𝑛,𝑚

��
𝑐ASA√

2

−
��Θd

𝑛,𝑚

��
𝑐ZSD√

2

−
��Θa

𝑛,𝑚

��
𝑐ZSA√

2

)
, (3.34)

3 If not stated otherwise, throughout the chapter the subscript 𝑚 belongs to 𝕄, i.e., 𝑚 ∈𝕄, where 𝕄 is the set of
𝑀 rays within each cluster 𝑛 ∈ ℕ.
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where 𝑐ASD/ASA/ZSD/ZSA corresponds to the scenario-dependent cluster angular spreads for both
azimuth and zenith. Next, the power of the rays in (3.34) is normalized so that the sum of their
powers is equal to the power of the cluster they belong to, i.e.,

𝑝𝑛,𝑚 = 𝑃𝑛
𝑝̃𝑛,𝑚∑

𝑚∈𝕄
𝑝̃𝑛,𝑚

. (3.35)

Finally, from the coupling of clusters in (3.24) and the coupling of rays in (3.33), it
is possible to determine the angles and delay for each ray 𝑚 ∈𝕄, within each cluster 𝑛 ∈ ℕ, as
follows:

𝜏𝑛,𝑚 = 𝜏LOS +𝜂delay𝜏𝑛 + 𝜏̃𝑛,𝑚, (3.36)

𝜙d
𝑛,𝑚 = 𝜙d

LOS +𝜂angle𝜙
d
𝑛 + 𝑐ASDΦ

d
𝑛,𝑚, (3.37)

𝜙a
𝑛,𝑚 = 𝜙a

LOS +𝜂angle𝜙
a
𝑛 + 𝑐ASAΦ

a
𝑛,𝑚, (3.38)

𝜃d
𝑛,𝑚 = 𝜃d

LOS +𝜂angle𝜃
d
𝑛 + 𝑐ZSDΘ

d
𝑛,𝑚, (3.39)

𝜃a
𝑛,𝑚 = 𝜃a

LOS +𝜂angle𝜃
a
𝑛 + 𝑐ZSAΘ

d
𝑛,𝑚, (3.40)

where 𝜏LOS, 𝜙d
LOS, 𝜙a

LOS, 𝜃d
LOS and 𝜃a

LOS represent the delay, the AoD, the AoA, the ZoD and
the ZoA of the single LOS ray, respectively, 𝜂delay and 𝜂angle are empirical scaling factors used
to correct the delay and angular spreads generated for this procedure when there is LOS, i.e.,
𝜂delay = 𝜂angle = 1 for NLOS and 𝜂delay =

√︁
1+ (𝜖K/2) and 𝜂angle =

√
1+ 𝜖K [12, cf. section 7.6]

for LOS.

3.3.4 Antenna modeling and XPR

The antenna array modeling in 5G-StoRM was designed to support three main
realistic antenna effects [12, cf. sections 7.1 and 7.3 (model-2)]:

1. 3D rotations;
2. Single-linear and cross-linear polarization;
3. Directive radiation power pattern (RPP).

Such effects are combined to generate the AE response a expressed in spherical coordinates with
respect to the wavefront vector r as follows:

a =

Rotation︷︸︸︷
F

Polarization︷                  ︸︸                  ︷[
cos(𝜓) sin(𝜓)

]T

RPP︷ ︸︸ ︷√︁
𝑅(r) exp

(
2𝜋𝑗
𝜆

rTd
)
, (3.41)

where r corresponds to the pair of angles 𝜃 (zenith) and 𝜙 (azimuth) transformed to Cartesian
coordinates as follows

r =
[
sin(𝜃) cos(𝜙) sin(𝜃) sin(𝜙) cos(𝜃)

]T
, (3.42)

d is a 3D vector that points from the reference point of the antenna array to the position of the
AE, 𝜆 is the wavelength, 𝑅(·) represents the directive RPP of the AE, 𝜓 is the polarization angle
and F describes 3D rotations.



Chapter 3. A Stochastic Channel Model with Dual Mobility for 5G Massive Networks 60

In order to model the losses due to XPR of the NLOS rays while propagating from
the transmitter to the receiver, 5G-StoRM uses the same approach as in [12, 32], i.e., a 2×2
rotation matrix X combines the AE responses of transmitter and receiver as

𝐴𝑢,𝑠,𝑛,𝑚 = fT
UE,𝑢,𝑛,𝑚XfBS,𝑠,𝑛,𝑚, (3.43)

where fBS,𝑠,𝑛,𝑚 and fUE,𝑢,𝑛,𝑚 are the response of the AE 𝑠 and 𝑢 of the transmitter and receiver,
respectively, with respect to the ray 𝑚 within the cluster 𝑛. The matrix X is given by (2.6) where
the random phases 𝜔𝑛,𝑚 ∈ {ΩVV

𝑛,𝑚, ΩVH
𝑛,𝑚, ΩHV

𝑛,𝑚, Ω
HH
𝑛,𝑚} are independently generated for each ray as

a uniform SCRV as follows:

𝜔𝑛,𝑚 = −𝜋+2𝜋𝑈𝑛,𝑚, 𝑈𝑛,𝑚 ∼ Û(c). (3.44)

Moreover, the XPR term 𝜅𝑛,𝑚 is generated independently for each ray as a lognormal SCRV as
follows:

𝜅𝑛,𝑚 = 10𝜇XPR+𝜎XPR𝑧𝑛,𝑚 , 𝑧𝑛,𝑚 ∼ N̂ (c), (3.45)

where 𝜇XPR and 𝜎XPR denote the scenario-dependent mean and standard deviation of the XPR,
both expressed in dB.

3.3.5 Channel impulse response

The CIR is generated by combining the angles, delay and power of each ray in (3.35)
to (3.40) with the antenna patterns in (3.43) as follows:

ℎ𝑢,𝑠
(
T𝑞,𝑏

)
=

√︂
𝑔

𝜖K +1

∑︁
𝑛∈ℕ
𝑚∈𝕄

(√
𝑝𝑛,𝑚 𝐴𝑢,𝑠,𝑛,𝑚 𝑑𝑛,𝑚(𝑡)𝛿

(
𝜏−𝜏𝑛,𝑚

) )
+

√︂
𝑔𝜖K

𝜖K +1
𝐴𝑢,𝑠,LOS 𝑑LOS(𝑡)𝛿 (𝜏−𝜏LOS) , (3.46)

where T𝑞,𝑏
Δ
= {c𝑞,𝑏, 𝑡, 𝜏} is the domain of the CIR, i.e., it is composed of time domain 𝑡, the delay

domain 𝜏 and the space domain c𝑞,𝑏, which represents the joint position vector that is composed
of the transmitter antenna 𝑏 and the receiver antenna 𝑞, 𝑠 and 𝑢 denote the index of the AE in
the transmitter antenna 𝑏 and the receiver antenna 𝑞, respectively, 𝑔 is the large scale gain which
comprises the PL, the penetration building loss (for O2I) and the SF in (3.14), 𝜖K is the Ricean
K-factor also generated in (3.14), 𝐴𝑢,𝑠,LOS denotes the combined antenna patterns in (3.43) for
the LOS ray and 𝑑𝑛,𝑚 quantifies the joint Doppler shift defined as

𝑑𝑛,𝑚(𝑡) = exp
(
2𝜋𝑗𝑡
𝜆

(
vT
𝑏 r𝑏,𝑛,𝑚 +vT

𝑞 r𝑞,𝑛,𝑚
))
, (3.47)

where v𝑏 and v𝑞 represent the 3D velocity of the antenna 𝑏 and antenna 𝑞, respectively. Finally,
𝑑LOS in (3.46), represents the joint Doppler shift due to the LOS ray which is also determined
using (3.47) by replacing the multi-path wavefronts by the LOS wavefront.
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3.4 Numerical results and channel calibration

This section presents numerical simulations showing some of the advantages of 5G-
StoRM over existing channel models. Also, it presents the calibration of the proposed channel
model using the results reported by 19 companies in the scenarios UMa, UMi and indoor for
different frequencies. It is worth mentioning that this section covers only the SM case since
neither the calibration results nor the scenario-dependent parameters that are available in the
literature include scenarios with DM.

The configuration of each scenario (e.g., all the scenario-dependent parameters, the
scenario layout, etc.) is specified in [59] and the calibration results reported by the companies
are available on the 3GPP website [71, 72, 73]. Since many results were reported, four groups of
calibration results were chosen to be reproduced using 5G-StoRM. The selected groups and the
calibration metrics for each group are summarized in Table 3.1. The two first calibration groups
aim to show that 5G-StoRM supports some of the main features for channel modeling in 5G
systems while the last two groups aim to show the correctness of the proposed model. In this
context, the first group in Table 3.1 will be discussed in this section, while the last two groups
are discussed in appendices B.1 and B.2.

Table 3.1 – Calibration metrics.
Group Metric

Large bandwidth and large antenna
arrays

CDF of the 1st singular value

Spatial consistency Cross-correlation coefficient (CCC) of the CIR vs. dis-
tance

LSPs CDF of the coupling loss (CL) and signal to interfer-
ence plus noise ratio (SINR)

SSPs CDF of the DS, ASA and ZSD
Source: Created by the author.

Moreover, for each metric in Table 3.1, the 19 curves provided by 3GPP were
replaced by an area-plot, i.e., such results are plotted as a filled area, which correspond to the
smallest area (boundary) that contains all the curves provided by 3GPP. As such, if a calibrated
result using 5G-StoRM falls within that area, it means this result is in concordance with 3GPP
calibrations. Finally, the main simulation parameters for all calibrations are depicted in Table 3.2.

3.4.1 Correlated LSPs and SSPs for close BSs

As previously mentioned, in 5G-StoRM, close BSs generate correlated LSPs and
SSPs since they share common clusters. To evaluate this feature in 5G-StoRM, the open-
source channel model QuaDRiGa was chosen for comparison purposes. The simulated scenario
comprises a fixed UE and two BSs (i.e., BS1 and BS2). The two BSs—initially co-localized—
move in opposite directions following a straight trajectory. Let 𝐷 be the distance between the
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Table 3.2 – Main simulation parameters from [59, cf. tables 7.8-1, 7.8-2 and 7.8-4] to perform
the channel calibration.

Group
Large band. and large ant. arrays Spatial consistency LSP SSP

Scenarios UMi UMa, UMi and indoor
Scenario layout Hexagon grid for UMa and UMi composed of 19 BSs, and rectangular grid for indoor composed by 12 BSs
System frequency 30 GHz 6, 30 and 70 GHz
Bandwidth 2 GHz 100 MHz 20 MHz for 6 GHz and 100 MHz above 6 GHz
BS sectorization 3 sectors per BS
BS transmit power 35 dBm for UMa and UMi above 6 GHz. 49 dBm and 44 dBm at 6 GHz for UMa and UMi, respectively,

and 24 dBm for indoor in all frequencies
BS antenna pol. Cross-polarized (45 and −45°) Vertical Cross-polarized (45

and −45°)
BS antenna config. 4 URAs each one with 8×8 AEs 2 URAs each one

with 4×4 AEs
Single ULA with 10

AEs
2 URAs each one with

4×4 AEs
BS ant. port mapping All the AEs for each polarization on each ULA and each URA are mapped to a single

cell-specific reference signal (CRS) port
UE antenna pol. Cross-polarized (0 and 90°) Vertical Cross-polarized (0 and

90°)
UE placement Uniform for indoor scenario. For UMa and UMi the UE dropping is described in [46, cf. table 6.1]
UE antenna config. Single AE with isotropic radiation power pattern
N. of rays per cluster 40 20

Pa
ra

m
et

er

UE attachment Based on the RSRP obtained from antenna port 0
(fast fading is enabled)

Based on the single
LOS ray (fast fading is

disabled)

Based on the RSRP
obtained from antenna

port 0
(fast fading is enabled)

Source: Created by the author.

two BSs ranging from 0 to 95 m. Hence, the CCC 𝜌SF(𝐷) of the SF 𝜖SF of link BS1-UE with the
SF 𝜖′SF of link BS2-UE is given by

𝜌SF(𝐷) =
E

[
𝜖SF𝜖

′
SF

]
−E [𝜖SF]E

[
𝜖′SF

]√︃
E

[
𝜖2

SF

]
E

[
𝜖′2SF

] , (3.48)

where E [·] denotes the expectation operator. In a similar manner, the CCC 𝜌𝜏3 (𝐷) of the third
cluster delay 𝜏3 of link BS1-UE with the third cluster delay of link BS2-UE is also calculated
using (3.48) by replacing 𝜖SF by 𝜏3 and 𝜖′SF by 𝜏′3, respectively4.

Figure 3.4 shows the aforementioned CCCs vs. distance 𝐷. As it can be observed, in
5G-StoRM, both coefficients decay smoothly, showing that the fading processes of the two links
are highly-correlated. Moreover, the decaying rate of such CCCs in Figure 3.4 is characterized by
the correlation distance described in Section 3.2, which is scenario-dependent and can be found
in [59, cf. Table 7.5-6]. On the other hand, when the QuaDRiGa channel model is considered,
both CCCs obtained from (3.48) are approximately zero for any distance 𝐷. This limitation in
QuaDRiGa (and also in the 3GPP-SCM model) provides optimist results (e.g., in terms of system
capacity) in many 5G scenarios characterized by the presence of close BSs, such as UDNs [51].

3.4.2 Memory requirements and computational complexity

The amount of computational resources, i.e., memory and processing, spent to
construct an SCM is vastly dependent on the number of SCRVs used to generate its CIR and also
the procedure used to generate them. The grid-based [7, Section 5.3.1] and filtering methods [10]
4 With exception of the first cluster, which has its delay normalized to zero, any of the other clusters will provide

the same CCC, since they are generated as i.i.d. SCRVs.
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Figure 3.4 – CCCs of SF and delay of 3rd cluster versus distance between two BSs, using 5G-
StoRM and QuaDRiGa. The considered scenario is UMa-NLOS specified in [59, cf.
Table 7.5-6] and system frequency of 6 GHz.
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store each SCRV as a grid of points equally spaced in xy-plane that covers all the simulated
scenario. The grid-based method allows fast channel calculations by interpolating four points
from a lookup table while the filtering method needs to perform a weighted-sum considering all
the points of the grid to compute each SCRV. Both methods do not present support DM and also
demand large memory consumption (described in the next paragraphs). In this context, it will
be compared the required memory to generate all the SCRVs in a UMa scenario for 5G-StoRM
and the 3GPP-SCM. Since 3GPP-SCM only supports SM and does not specify its procedure to
generate SCRVs, it will be assumed the grid-based method and the SoS method for SM described
in Section 3.2.

To represent an SCRV, the SoS methods for SM in (3.1) and DM in (3.8) require the
storage of 3𝐿 and 5𝐿 real numbers, respectively; while the grid-based method stores d𝑆UMa/𝑑xye2

real numbers, where 𝑆UMa is the size of the considered UMa squared layout and d𝑥e denotes the
largest integer smaller than 𝑥.

In addition, to a given scenario, the number of SCRVs required by 5G-StoRM
to compute the CIR in (3.46) is directly determined from the channel generation procedure
described in Section 3.3: each LSP in (3.13) is characterized by one SCRV; each cluster requires
six SCRVs as shown in (3.15) and (3.17) to (3.21), i.e., four for angles of arrival and departure,
one for delay and one for SF; and each ray within a cluster requires ten SCRVs as shown in
(3.27), (3.29), (3.30), (3.44) and (3.45), i.e, one for the relative delay, four for the offset angles,
four for the initial phases and one for the XPR. Therefore, 5G-StoRM requires, approximately, a
total of

𝑁′ =


7+6𝑁 +10𝑁𝑀, for indoor and O2O,

(7+6𝑁 +10𝑁𝑀)𝑁f, for O2I,
(3.49)

SCRVs to generate the CIR, where 𝑁f is the number of floors in the O2I scenario, i.e., the SCRVs
are generated independently for each floor, since they are assumed to be uncorrelated [12].
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Finally, combining the storage needs discussed above with (3.49), the amount of real
numbers demanded by 5G-StoRM and 3GPP-SCM to compute the CIR in (3.46) is given by

𝑁̃StoRM =5𝐿𝑁′, (3.50)

𝑁̃3GPP =


3𝐿𝑁BS𝑁

′, for SoS SM,⌈
𝑆UMa
𝑑xy

⌉2
𝑁BS𝑁

′, for grid-based,
(3.51)

where 𝑁BS denotes the number of BSs deployed in the scenario, i.e., all the SCRVs are generated
individually for each BS in the 3GPP-SCM.

Figure 3.5 shows the required memory by 5G-StoRM and 3GPP-SCM versus the
number of BSs deployed in a UMa scenario for a different number of rays per cluster. To plot the
curves, it was assumed that each real number in (3.50) and (3.51) is expressed in single precision,
i.e., it requires four bytes.

As it can be observed in Figure 3.5, both strategies used to generate the SCRVs in
the 3GPP-SCM present a limited capability to simulate scenarios with more than 10 BSs due to
its high memory demand. For simulations with 100 BSs, the memory required by 3GPP model
using the methods in (3.51) is around 28, 50 and 85 gigabytes for 20, 40 and 60 rays per cluster,
respectively. For simulations with massive MIMO and large bandwidth, the number of rays per
cluster can be larger than 60 which brings practical limitations in the 3GPP model. Furthermore,
challenging scenarios such as UDNs are expected in 5G systems. In this case, when 400 BSs
are deployed in the system, 3GPP-SCM requires between 100 and 300 gigabytes to store all the
SCRVs while 5G-StoRM does not require more than 1.5 gigabytes.

Considering the analyzed scenario in Figure 3.5, the 5G-StoRM needs to compute 𝐿
cosine functions to determine any stochastic parameter in (3.46), while the grid-based method
only needs to interpolate four points from a lookup table. This means that 5G-StoRM demands
a computational complexity which increases linearly with 𝐿 and it is 𝐿 times higher than the
grid-based method. One may consider it as a disadvantage of the proposed model over the
3GPP model. However, note that 150 ≤ 𝐿 ≤ 300 is enough to provide good accuracy in the SoS
method [70]. Thus, this justifies why 5G-StoRM can still be considered of low complexity.

At last, although 5G-StoRM may provide a less accurate channel response than
RT-based models, the proposed model—and any stochastic one—turns out to be much less
complex, specially in outdoor dense networks such as UDNs [51].

3.4.3 Calibration for large bandwidth and large antenna arrays

This calibration analyzes the fast fading fluctuations around the average channel
power through EVD of the channel matrix in the frequency domain. For this purpose, the scenario
is configured according to Table 3.2, i.e., each sector of a BS (from now on, named as BS-sector)
is equipped with four uniform rectangular arrays (URAs) 8×8 cross-polarized and each UE has
a single isotropic AE, which is also cross-polarized. The system bandwidth is 2 GHz and 40 rays
per cluster were used in order to achieve a high resolution in delay and angular domains.
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Figure 3.5 – Required memory to generate the set of SCRVs in a full-UMa scenario, i.e., there
are communication links O2O (LOS and NLOS) and also O2I (LOS and NLOS),
simultaneously. It was used 𝐿 = 500 SoS coefficients, 𝑑xy = 50m and 𝑆UMa = 2km.
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Let ℚ = {1,2, . . . ,𝑄} and 𝔹 = {1,2, . . . , 𝐵} be the sets of UEs and BS-sectors de-
ployed in the scenario, respectively. For each BS-sector, the received and transmitted signals on
each URA for each polarization are virtualized to a single antenna port, resulting in eight ports.
The reference signal received power (RSRP) from antenna port 0 is used as criterion to define
connection between each UE 𝑞 ∈ ℚ and its serving BS-sector 𝑏′ ∈ 𝔹 in three steps: first, the
RSRP from antenna port 0 between the UE 𝑞 and each BS-sector is determined as follows [46,
cf. section 8]:

RSRP𝑞,𝑏 =
𝑃T

𝑁U

∞∫
0

©­«
𝑁U∑︁
𝑢=1

����� 𝑆∑︁
𝑠=1

ℎ𝑢,𝑠
(
T𝑞,𝑏

) �����2ª®¬𝑑𝜏, (3.52)

where 𝑁U = 2 is the number of virtual AEs on each UE, i.e., a single AE dual-polarized, 𝑆 = 64
is the number of virtual AEs that comprises the antenna port 0 on each BS-sector and 𝑃T is the
BS-sector transmitted power, in Watt, defined in Table 3.2. Next, each UE 𝑞 ∈ ℚ is connected
with the BS-sector 𝑏′ that provides the largest RSRP, i.e.,

𝑏′(𝑞) = argmax
𝑏∈𝔹

{
RSRP𝑞,1, . . . ,RSRP𝑞,𝐵

}
, 𝑞 ∈ ℚ. (3.53)

Finally, the vector of eigenvalues v =

[
𝑣2

1 𝑣2
2

]T
is obtained from the virtualized

channel matrix H, in the frequency domain, for a PRB within the considered bandwidth, using
the eigenvalue decomposition EVD (·), as follows:

v = EVD
(
HHH

𝑔

)
, (3.54)

where 𝑔 is the overall large scale gain defined in (3.46) and (·)H denotes the conjugate transpose
operation. Note that H has dimensions 2×8 since each UE has a single AE dual-polarized and
each BS-sector has four panels also dual-polarized.
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Figure 3.6 – CDF of the 1st singular value of the channel matrix for UMi scenario at 30 GHz.
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In this context, the CDF of the 1st singular value 𝑣2
1, expressed in dB, is depicted in

Figure 3.6. As it can be observed from this figure, the received power of a transmitted data stream
using this eigenmode fluctuates from −10 to 30 dB around the large scale gain 𝑔. Moreover,
most of the CDF is above 0 dB due to the high array gain obtained from the directive AEs that
comprise each panel [59, cf. table 7.1-3], showing why massive MIMO systems are widely used
in literature to combat the frequency-dependent path loss and also frequency-selective channels
in mmWave. Finally, from Figure 3.6, the reader may notice that calibration using 5G-StoRM
agree well with the 3GPP curves.

3.4.4 Calibration for spatial consistency

As shown in Table 3.2, for this calibration, there is a single BS composed of three
BS-sectors. Each BS-sector is equipped with two URAs 4× 4 cross-polarized and the UEs
have a single isotropic AE, also cross-polarized. In this context, the calibration was done in
two steps: firstly, two UEs are placed randomly around the BS separated by a fixed distance
𝐷 ∈ 𝔻 = {0,0.5,1, . . . ,40}, in meters, and then the serving BS-sector 𝑏′ ∈ 𝔹 = {1,2,3} for each
UE 𝑞 ∈ ℚ = {1,2} is determined according to (3.52). Next, the cross-correlation coefficient
between the CIR of each UE was calculated as follows:

𝜌(𝐷) =
�����E [𝐻1𝐻2

∗] −E [𝐻1]E [𝐻2
∗]√︁

E [𝐻1𝐻1
∗]E [𝐻2𝐻2

∗]

����� , (3.55)

where 𝐻𝑞, 𝑞 ∈ {1,2}, is the CIR in the frequency domain between the first AE of the UE 𝑞 and
the first AE of its serving BS-sector and (·)∗ is the conjugate complex operator.

Figure 3.7 depicts the cross-correlation coefficient defined in (3.55) versus the
separation distance between the UEs. One can see a good agreement between the 5G-StoRM
and the 3GPP results. Still in this figure, one can also observe a large variation of the area-plot
in the results reported by 3GPP. For instance, when 𝐷 = 0m, 𝜌 ranges from 0.25 to 1. For
𝜌 = 0.36, 𝐷 ranges from 0 to 7.50 m. Some implementation details that are left open in the 3GPP



Chapter 3. A Stochastic Channel Model with Dual Mobility for 5G Massive Networks 67

Figure 3.7 – CCC of the CIR vs. the distance for UMi scenario at 30 GHz.
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TR 38901 [12], such as initial phases of rays, might explain this large variation. That is, the
initial phases of each ray in (3.44) can be generated using different approaches, e.g., as SCRVs
or i.i.d. random variables and each one yields different levels of correlation.

3.5 Chapter summary

In this chapter, a new channel model was proposed for 5G systems under the acronym
5G-StoRM. By means of the SoS method to generate SCRVs, the proposed model has extended
the 3GPP-SCM by considering three main features: support for DM, spatial correlation at both
ends of the communication link and a considerable reduction of the required memory when
compared with other channel models.

The problem of uncorrelated LSPs and SSPs from close BSs that is present in
3GPP-SCM, QuaDRiGa, IMT-2020 and METIS-SCM, was solved in 5G-StoRM allowing more
realistic simulations in many 5G scenarios, characterized by a large density of BSs and UEs per
unit of area, such as UDNs, indoor environments, D2D and V2V.

To the best of author’s knowledge, the proposed model is the first SCM, and therein
with low-complexity when compared with RT-based models, which contains all the following
5G features: support for SM and DM with spatial consistency, smooth time evolution, dynamic
modeling, large antenna array, frequency range up 100 GHz and bandwidth up to 2 GHz. More-
over, some of these features were calibrated in the scenarios UMa, UMi and indoor and have
shown a good agreement with the results reported by 19 companies.

In the following chapter, it is derived a SoS method capable of generating a GP with
dual mobility in the 3D space, which is an extension of the SoS method descried in Section 3.2.
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4 A SPATIALLY CONSISTENT GAUSSIAN PROCESS FOR DUAL MOBILITY IN
THE THREE-DIMENSIONAL SPACE

SCRVs have been used in many channel models to ensure a smooth time evolution
and correlation of the channel coefficients among closely located terminals. However, most of
the existing methods which generate SCRVs are restricted to mobility in the 2D space and those
that cover the 3D space are still limited in terms of accuracy and/or complexity of processing and
memory usage. This chapter proposes an SoS method to generate a GP described by two different
spatial ACFs considering SM and DM in the 3D space. The method was derived analytically for
each of the considered ACFs and extends existing methods from 2D to 3D space. Comparisons
with an existing baseline solution is carried out showing that the proposed method presents gains
in terms of MSE up to 20 dB. Furthermore, the proposed method using only 100 coefficients
presents an MSE around 10 dB smaller when compared with the baseline solution using 1000
coefficients.

4.1 Introduction

SCRVs have been used as the core of many channel models in the last years [12, 13,
32, 53, 74] as an approach to ensure smooth time evolution and spatial correlation of the channel
parameters among closely located devices. In the current 5G systems, these channel models need
to deal with an increasing demand of processing and memory usage due to the emergence of a
new set of scenarios such as UDNs, comprising SM (e.g., A2G [75]) and DM (e.g., A2A) in 3D
space. In this context, low-complexity procedures (in terms of computations and memory usage)
that generate SCRVs according to a predefined ACF [76] are fundamental to allow the existing
channel models to provide fast and accurate simulations in these new 5G challenging scenarios.

The filtering-based [10] and grid-based [7, 77] methods have been used for years
in channel simulators [32, 74] to generate SCRVs. Both methods present large consumption
of memory and do not support dual mobility. An alternative approach of generating SCRVs is
presented in [78, 79], where the authors derive an SoS-based method to generate a GP with
smooth temporal correlation considering different ACFs. Since both SoS methods demand
a relatively low memory consumption, they were generalized to consider spatial correlation
assuming SM [69] and also DM [70] in the 2D space. However, the methods in [69, 70] cannot
be applied to 5G scenarios with mobility in the 3D space. A 3D SoS-based method was proposed
in [57, 80] to generate a spatially consistent GP considering both SM and DM. The method
proposed in [80] was initially derived assuming SM and due to its high computational complexity,
the authors proposed a simpler modification in the original method to also support DM. This
however is obtained at the cost of a large performance loss as it will be shown later in this chapter.
The authors in [57] did not provide enough implementation details about the considered method
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which makes comparisons not possible1.
As it is seen from the works discussed above, a low complexity procedure that

generates SCRVs for dual mobility in the 3D space based on a predefined ACF is still an open
problem. In this context, the main contribution of this chapter is the presentation of an analytical
derivation of an SoS method capable of generating a spatially consistent GP for SM and DM in
the 3D space. Such process can be characterized by two different exponential-decaying ACFs.
The proposed SoS method is compared with the SoA and presents gains in terms of MSE up to
20 dB.

Finally, the rest of this chapter is organized as follows: Section 4.2 presents the
considered system model composed of the proposed SoS method and two different ACFs.
Section 4.3 presents the derivation of the spatial frequencies that allows the SoS method to
accurately approximate the GP for both ACFs. In Section 4.4, it is discussed the performance
gains of the proposed SoS method vs. the SoA solution in terms of SMSE and MSE. Finally, in
Section 4.5 the conclusions of the chapter are presented.

4.2 SoS functions as a spatially consistent GP

It is considered a GP N(·) with zero-mean and unit-variance described by a spatial
ACF 𝑅N (·) which can assume two different models, as follows2:

𝑅N (Δc6) =


exp (−𝑎 |Δc3 |) exp
(
−𝑎

��Δc3
��) , 1st,

exp
(
−𝑏 |Δc2 | − 𝑏

��Δc2
��) exp

(
−𝑐|Δ𝑧 | − 𝑐|Δ𝑧 |

)
, 2nd,

(4.1)

where c2 =

[
𝑥 𝑦

]T
, c2 =

[
𝑥 𝑦

]T
, c3 =

[
𝑥 𝑦 𝑧

]T
, c3 =

[
𝑥 𝑦 𝑧

]T
with c2 ∈ {c2,c2} and

c3 ∈ {c3,c3} denoting the Tx/Rx locations in the 2D and 3D spaces, respectively. | · | and

(·)T represent the norm and transposition operators, respectively, and Δc2 =
[
Δ𝑥 Δ𝑦

]T
, Δc2 =[

Δ𝑥 Δ𝑦
]T

, Δc3 =

[
Δ𝑥 Δ𝑦 Δ𝑧

]T
, Δc3 =

[
Δ𝑥 Δ𝑦 Δ𝑧

]T
with Δc2 ∈ {Δc2,Δc2} and Δc3 ∈

{Δc3,Δc3} denoting the Tx/Rx displacements in the 2D and 3D spaces, respectively. Also,

Δc6 =
[
ΔcT

3 ΔcT
3

]T
denotes the joint displacement vector and the terms 𝑎, 𝑏 and, 𝑐 are scenario-

dependent constants defined as: 𝑎 = 1/𝑑xyz, 𝑏 = 1/𝑑xy, and 𝑐 = 1/𝑑z with 𝑑xyz, 𝑑xy, and 𝑑z denoting
the correlation distance in 3D space, 2D space, and z-axis, respectively.

It is worth mentioning that the first ACF model in (4.1) corresponds to the general-
ization of the results in [70] from 2D to 3D space. Also, the second ACF model (4.1) is proposed
here based on the recent measurements [81] which indicate that the normally distributed SF
process for some urban areas may be characterized by two distinct correlation distances in the
3D space, i.e., a correlation distance for the horizontal plane (𝑑xy) and another for the vertical
one (𝑑z). In this context, it is desired to generate an approximation N̂ (·) for N(·) using 𝐿 cosine
1 It is missing the derivation of Eq. (2) in [57] and also the considered ACF of their SoS method.
2 Throughout the chapter, the overlined and underlined variables are related to the Tx and Rx, respectively.
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functions as follows:

N̂ (c6) =
𝐿∑︁
𝑙=1

𝑢𝑙 cos
(
2𝜋cT

6 f6,𝑙 +𝜓𝑙

)
, (4.2)

where {𝑢𝑙}𝐿𝑙=1 are constants defined as 𝑢𝑙 =
√︁

2/𝐿,∀𝑙, to ensure that N̂ (·) presents unit-variance,
{𝜓𝑙}𝐿𝑙=1 and {f6,𝑙}𝐿𝑙=1 denote the initial random phases and the vector of spatial frequencies
which are i.i.d. random variables (RVs) with PDFs 𝑝Ψ (·) and 𝑝F6 (·), respectively. Moreover,

{f6,𝑙}𝐿𝑙=1 is further expressed as f6,𝑙 =
[
f

T
3,𝑙 fT

3,𝑙

]T
, where f3,𝑙 =

[
𝑓 x,𝑙 𝑓 y,𝑙 𝑓 z,𝑙

]T
, and f3,𝑙 =[

𝑓
x,𝑙

𝑓
y,𝑙

𝑓
z,𝑙

]T
. Also, it is assumed that {𝜓𝑙}𝐿𝑙=1 ∼U(0,2𝜋), i.e., 𝑝Ψ (𝜓) = 1/2𝜋. Under these

assumptions, the joint PDF of {f6,𝑙}𝐿𝑙=1 and {𝜓𝑙}𝐿𝑙=1 is given by 𝑝F6,Ψ (f6,𝜓) = 𝑝F6 (f6)/2𝜋.
Therefore, the approximation N̂ (·) in (4.2) needs to have two properties: i) it is a GP

with zero-mean and unit-variance, and ii) its spatial ACF, denoted by 𝑅N̂ (·), should be equal to
𝑅N (·). The first property is met by making 𝐿 large [78] (e.g., 𝐿 ≥ 100), as stated by the central
limit theorem (CLT). The second property is met when 𝑝F6 (·) is equal to the power spectral
density (PSD) of N(·), as demonstrated in Theorem 1.

Theorem 1. The equality 𝑅N̂ (Δc6) = 𝑅N (Δc6) is satisfied when 𝑝F6 (·) is equal to ΦN (·), which

is the PSD of N(·).

Proof. See Appendix C.1. �

4.3 Derivation of the spatial frequencies

The six-dimensional (6D) joint CDF 𝑃F6 (·) of {f6,𝑙}𝐿𝑙=1 in (4.2) can be obtained
directly from ΦN (·) as demonstrated in Theorem 1. In Appendix C.2 it is derived analytical
expressions for ΦN (·) which will be used to obtain a closed-form expression for 𝑃F6 (·), as
follows:

4.3.1 First ACF model

For this case, 𝑃F6 (·) is obtained from (C.4), as follows:

𝑃F6 (f6) =
f6∫

−∞

𝑝F6 (f′6)𝑑f′6 =
f3∫

−∞

ΦF3 (f
′
3)𝑑f

′
3

f3∫
−∞

ΦF3 (f′3)𝑑f′3

= 𝑃F3

(
f3

)
𝑃F3

(
f3

)
, (4.3)

where 𝑃F3 (·) is the 3D CDF of the spatial frequencies for both Tx and Rx. Using spherical
coordinates, 𝑃F3 (·) is obtained by replacing (C.10) into (4.3), as follows:

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
𝑓𝑟∫

0

𝜃∫
0

𝜙∫
0

8𝜋𝑎 𝑓 ′2𝑟 sin(𝜃′)
(𝑎2 +4𝜋2 𝑓 ′2𝑟 )2

𝑑𝜙′𝑑𝜃′𝑑 𝑓 ′𝑟 , (4.4)
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where the mapping of the spatial frequencies in (4.4) from spherical to Cartesian coordinates is
given by:

f3 = 𝑓𝑟

[
cos(𝜙) sin(𝜃) sin(𝜙) sin(𝜃) cos(𝜃)

]T
. (4.5)

The integrals over 𝜙′ and 𝜃′ in (4.4) are easily solved, which allows to rewrite 𝑃F3 (·) as follows:

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
8𝜋𝜙(1−cos(𝜃))

𝑎3

𝑓𝑟∫
0

𝑓 ′2𝑟[
1+(2𝜋 𝑓 ′𝑟/𝑎)2

]2 𝑑 𝑓
′
𝑟 . (4.6)

By changing the integration variable in (4.6) to 𝑥 = 2𝜋 𝑓 ′𝑟/𝑎 and combining the integral formulas
in [82, pp. 76, eq. (2.147)] for 𝑛 = 𝑚 = 2 with [82, pp. 77, eq. (2.148)] for 𝑛 = 2, a closed-form
expression for 𝑃F3 (·) is then obtained as follows:

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
𝜙(1− cos (𝜃))

𝜋2

[
1
2

atan
(
2𝜋 𝑓𝑟
𝑎

)
− 𝜋𝑎 𝑓𝑟

𝑎2 +4𝜋2 𝑓 2𝑟

]
. (4.7)

To generate each of the RVs in (4.7) it is required to compute their marginal CDFs, given by:

𝑃Φ (𝜙) = lim
𝜃→∞
𝑓𝑟→∞

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
𝜙

2𝜋
, (4.8)

𝑃Θ (𝜃) = lim
𝜙→∞
𝑓𝑟→∞

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
1− cos (𝜃)

2
, (4.9)

𝑃𝐹𝑟 ( 𝑓𝑟)= lim
𝜙→∞
𝜃→∞

𝑃F3 (𝜙,𝜃, 𝑓𝑟) =
2
𝜋

atan
(
2𝜋 𝑓𝑟
𝑎

)
− 4𝑎 𝑓𝑟
𝑎2+4𝜋2 𝑓 2𝑟

, (4.10)

and then using the inverse CDF transformation over (4.8) and (4.9), closed-form expressions to
generate 𝜙 and 𝜃 are found as:

𝜙 ∼U(0,2𝜋) and 𝜃 = arccos (1−2𝑈0) , (4.11)

respectively, where 𝑈0 ∼ U(0,1). Finally, 𝑓𝑟 is obtained from (4.10) by solving the following
equation regarding 𝑓𝑟:

𝑃𝐹𝑟 ( 𝑓𝑟) = 𝑈1, where 𝑈1 ∼U(0,1), (4.12)

which can be efficiently solved using the bisection method since 𝑃𝐹𝑟 (·) is strictly increasing in
𝑓𝑟.

4.3.2 Second ACF model

For this case, 𝑃F6 (·) is obtained from (C.5) as follows:

𝑃F6 (f6) =
f6∫

−∞

𝑝F6 (f′6)𝑑f′6 =
f2∫

−∞

ΦF2 (f
′
2)𝑑f

′
2

f2∫
−∞

ΦF2 (f′2)𝑑f′2

𝑓 z∫
−∞

Φz( 𝑓
′
z)𝑑 𝑓

′
z

𝑓
z∫

−∞

Φz( 𝑓 ′z)𝑑 𝑓
′
z

= 𝑃F2

(
f2

)
𝑃F2

(
f2

)
𝑃Z

(
𝑓 z

)
𝑃Z( 𝑓 z

), (4.13)
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i.e., 𝑃F6 (·) is given by the product of four independent CDFs, where 𝑃F2 (·) and 𝑃Z (·) denote
the CDF of the spatial frequencies for both Tx and Rx in the 2D space and in z-axis, respectively.
𝑃F2 (·) is obtained from (C.11) and was already solved in [69, cf. eq. (20)] allowing to obtain a
closed-form expression to f2 and f2 as follows3:

f2 = 𝑓𝑟

[
cos(𝛽) sin(𝛽)

]T
, f2 ∈ {f2, f2}, (4.14)

where 𝑓𝑟 and 𝛽 denote the polar representation of f2, i.e.:

𝑓𝑟 =
𝑏

2𝜋

√︄
1

(1−𝑈2)2
−1 and 𝛽 ∼U(0,2𝜋), (4.15)

where 𝑈2 ∼U(0,1). Finally, 𝑃Z (·) is obtained from (C.12) as follows:

𝑃Z ( 𝑓z) =
∫ 𝑓z

−∞
Φz( 𝑓 ′z)𝑑 𝑓 ′z =

1
2
+ 1
𝜋

atan
(
2𝜋 𝑓z
𝑐

)
, (4.16)

and then taking the inverse CDF mapping over (4.16), i.e., 𝑃−1
Z ( 𝑓z), it yields a closed-form

expression for 𝑓z as follows:

𝑓z =
𝑐

2𝜋
tan

[
𝜋

(
𝑈3−

1
2

)]
, 𝑓z ∈ { 𝑓 z, 𝑓 z

}. (4.17)

where 𝑈3 ∼U(0,1).

4.3.3 Algorithm to generate the spatial frequencies

Based on the derivations in sections 4.3.1 and 4.3.2, algorithms 1 and 2 show the
steps that allow to generate the spatial frequencies {f6,𝑙}𝐿𝑙=1 for each ACF in (4.1).

There is a remark regarding the practical implementation of both algorithms: the
radial spatial frequency 𝑓𝑟 in (4.12) and (4.15), and 𝑓z in (4.17) should be generated using a
uniform distributionU(𝑝,1− 𝑝), with 𝑝 > 0 (e.g., 3% ≤ 𝑝 ≤ 5%). Note that if 𝑝 = 0 numerical
errors may occur since 𝑓𝑟 and 𝑓z can go to infinity.

Algorithm 1 Generation of the spatial frequencies considering the 1st ACF model.
1: Input: 𝐿 and 𝑎
2: for 𝑙← 1 to 𝐿 do
3: Generate (𝜙,𝜙) and (𝜃,𝜃) from (4.11) and ( 𝑓 𝑟, 𝑓 𝑟) from (4.12)

4: Compute f3,𝑙 using (𝜙,𝜃, 𝑓 𝑟) and f3,𝑙 using (𝜙,𝜃, 𝑓
𝑟
) from (4.5)

5: f6,𝑙←
[
f

T
3,𝑙 fT

3,𝑙

]T
and 𝜓𝑙 ∼U(0,2𝜋)

6: end for
7: return {f6,𝑙,𝜓𝑙},∀𝑙 ∈ {1, . . . , 𝐿}

3 The expressions (4.14) and (4.15) were previously shown in Section 3.2 and have been repeated to keep the
current chapter self-contained.



Chapter 4. A spatially consistent Gaussian process for dual mobility in the three-dimensional space 73

Algorithm 2 Generation of the spatial frequencies considering the 2nd ACF model.
1: Input: 𝐿, 𝑏, and 𝑐
2: for 𝑙← 1 to 𝐿 do
3: Generate ( 𝑓 𝑟, 𝛽) and ( 𝑓

𝑟
, 𝛽) from (4.15)

4: Compute f2,𝑙 using ( 𝑓 𝑟, 𝛽) and f2,𝑙 using ( 𝑓
𝑟
, 𝛽) from (4.14)

5: Generate 𝑓 z,𝑙 and 𝑓
z,𝑙

from (4.17)

6: f6,𝑙←
[
f

T
2,𝑙 𝑓 z,𝑙 fT

2,𝑙 𝑓
z,𝑙

]T
and 𝜓𝑙 ∼U(0,2𝜋)

7: end for
8: return {f6,𝑙,𝜓𝑙},∀𝑙 ∈ {1, . . . , 𝐿}

4.4 Simulation results

To evaluate the performance of the proposed SoS method, it was used the SMSE
𝜎2
𝜉
(·) defined as:

𝜎2
𝜉 (Δc6) = E

{[
𝑅̂N̂ (Δc6) − 𝑅N (Δc6)

]2
}
, (4.18)

where 𝑅̂N̂ (·) is an approximation of 𝑅N (·) obtained by the spatial averaging of N̂ (·), given by4:

𝑅̂N̂ (Δc6) = lim
𝑆→∞

1
𝑆6

∫
c6∈S
N̂ (c6)N̂ (c6 +Δc6)𝑑c6

=

𝐿∑︁
𝑙=1

𝑢2
𝑙

2
cos

(
2𝜋ΔcT

6 f6,𝑙

)
, (4.19)

where S is a hypercube in ℝ6 centered in the origin with each of its dimensions ranging from
−𝑆/2 to 𝑆/2. Note that (4.19) provides the ACF of N̂ (·) considering a single realization of
{f6,𝑙}𝐿𝑙=1 using one of algorithms discussed in Section 4.3.3.

In this context, aiming to provide a 3D visualization of the SMSE in (4.18) vs. the
normalized Tx and Rx displacements, (4.18) will be rewritten as 𝜉(𝛿,𝛿′), where 𝛿 =

��Δc3
��/𝑑xyz

and 𝛿′ = |Δc3 | /𝑑xyz, for the first ACF model, and 𝛿 = ( |Δc2 | +
��Δc2

��)/𝑑xy and 𝛿′ = ( |Δ𝑧 | +
��Δ𝑧��)/𝑑z,

for the second ACF model.
In figures 4.1a and 4.1b it is shown the SMSE in (4.18), expressed in dB, vs. 𝛿 and 𝛿′

considering the first and second ACF models, respectively. Both figures were made by averaging
10 000 SMSE surfaces. Each SMSE surface is composed of 80×80 points with 𝛿 and 𝛿′ ranging
from 0 to 3. For a fixed 𝛿 and 𝛿′, each SMSE surface was computed considering random
displacements in the 3D space for both Tx and Rx. Although the ACFs in (4.1) present different
structure, one can see that the SMSE surface is almost the same in figures 4.1a and 4.1b, i.e., it
increases from −36 dB to −27.70 dB until the off-diagonal described by 𝛿+𝛿′ ≈ 1.5 and remains
4 To obtain the closed-form expression in (4.19), it was used N̂ (·) from (4.2) followed by the trigonometric

identity cos(𝑥) cos(𝑦) = (cos(𝑥 + 𝑦) + cos(𝑥 − 𝑦))/2. With that, the integral over ℝ6 is interpreted as the mean
value of a sum of two cosine functions. The only one non-zero mean term is the one that does not depend on c6
which is the final expression in (4.19).
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Figure 4.1 – SMSE expressed in dB of the proposed method computed according to (4.18). The
spatial frequencies used to obtain the SMSE in (a) and (b) were generated according
to algorithms 1 and 2 considering 𝐿 = 300, respectively. For both figures, SMSE
values smaller than −34 dB are shown as −34 dB.

(a) SMSE for the 1st ACF in (4.1).
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(b) SMSE for the 2nd ACF in (4.1).
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approximately constant for 𝛿+𝛿′ > 1.5. Note that as 𝛿→ 0 and 𝛿′→ 0, 𝜎2
𝜉
(𝛿,𝛿′) → −∞ for both

figures. This is because independently of the spatial frequencies, the equality 𝑅̂N̂ (0) = 𝑅N (0) = 1
always holds. Finally, from figures 4.1a and 4.1b, one can see that the largest SMSE is around
−27.70 dB which shows that the approximation 𝑅̂N̂ (Δc6) ≈ 𝑅N (Δc6) is accurate for all the
analyzed spatial directions.

Figure 4.2 presents the relative SMSE gain, in dB, of the proposed SoS method in
Figure 4.1a over the baseline method in [80], with 𝛿 and 𝛿′ ranging from 0 to 5 in a grid with
80×80 equally spaced points. As it can be seen from this figure, the proposed solution presents
an SMSE up to 21 dB smaller than the baseline solution [80]. Moreover, while the proposed
solution presents a near-uniform5 SMSE with largest value around −26 dB, the baseline solution
presents an SMSE that depends on the values of 𝛿 and 𝛿′. For instance, in Figure 4.2, all the
configurations of (𝛿,𝛿′) that fall in the gray/purple/green/orange shaded areas, the baseline
solution presents larger errors. The blue shaded area is the only region where there is a similar
performance between the proposed and baseline solutions.

Besides the SMSE, it was also compared the MSE of the proposed solution consider-
5 From figures 4.1a and 4.1b, one can see that the SMSE is uniformly distributed in the region delimited by

𝛿+𝛿′ ≥ 1.5.
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Figure 4.2 – Relative SMSE gain in dB of the proposed
SoS method in Figure 4.1a over the baseline
method in [80].

Source: Created by the author.

ing the first ACF with the baseline solution in [80], expressed in dB, defined as:

MSE = 10log10

(
1

80×80

79∑︁
𝑚=0

79∑︁
𝑛=0

𝜎2
𝜉

(
𝛿𝑚, 𝛿

′
𝑛

))
, (4.20)

where 𝛿𝑚 = 5𝑚
80 and 𝛿′𝑛 =

5𝑛
80 . Rigorously, the MSE should be obtained by performing a numerical

integration in ℝ6 over 𝜎2
𝜉
(·). Due to the infeasible complexity of this approach, it was performed

the averaging of the SMSE in (4.18) for both proposed and baseline solutions, which are
composed of 80×80 points each. Given this remark, Figure 4.3 depicts the MSE plotted in dB
vs. the number of SoS functions for the proposed solution considering the first ACF model and
the baseline solution [80]. From this figure, it is possible to see that the MSE of the proposed
solution decays around 10 dB when the number of SoS coefficients increase from 100 from 1000
while the MSE of the baseline solution stays approximately constant around −13 dB. Moreover,
it is also noted that the MSE of the proposed solution using only 100 coefficients presents a
better performance than the baseline result using 1000 coefficients. This significant performance
gain is because the baseline solution [80] was initially derived considering only SM and due to
its large computational complexity, the authors proposed a simpler approach for the DM case,
which sacrificed substantially the performance of their solution.

4.5 Chapter summary

This chapter presented an SoS-based method capable of generating a spatially
consistent GP process characterized by two different exponential-decaying ACFs considering
SM and DM in the 3D space. The method was derived analytically for each ACF and generalized



Chapter 4. A spatially consistent Gaussian process for dual mobility in the three-dimensional space 76

Figure 4.3 – MSE of the baseline result in [80] and the MSE of the proposed SoS method in
(4.20), both expressed in dB, vs. number of SoS coefficients.
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existing methods from the 2D space to the 3D space. Numerical results showed that the largest
SMSE of both ACFs is always below −27.70 dB when 300 coefficients are used. Moreover, in
terms of MSE, the performance gain of the proposed SoS method over the SoA solution ranges
from 10 to 20 dB when the number of SoS coefficients ranges from 100 to 1000, respectively.
Also, the analytical contributions of the chapter were simplified in two algorithms which can be
easily implemented into channel simulators.

Exponential functions have been widely used in the literature to describe the spatial
correlation of a normally distributed SF. However, there are scenarios where the SF presents
negative correlation and, therefore, the use of exponential ACFs may not be recommended. In
this context, in the following chapter, it is proposed an ACF that extends the classical exponential
decaying ACF by allowing also negative correlations.
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5 A POSITIVE SEMIDEFINITE AUTOCORRELATION FUNCTION FOR MODEL-
ING 3D GAUSSIAN PROCESSES

The generation of SCRVs in ℝ2 and ℝ3 described by a predefined ACF is an
important feature for channel modeling in 5G systems. However, most of the existing ACF
models only provide strictly non-negative (SNN) correlation and the ones that provide negative
correlation are mostly non-PSDe. Motivated by this and also by measurements found in the
literature, this chapter proposes an ACF model that extends the exponential decaying ACF by
allowing negative correlations. The model is proved to be PSDe in ℝ2 and ℝ3 and its capability
to fit channel measurements in mmWave bands is also analyzed. Furthermore, it provides an
analytical derivation of an SoS method capable of generating a GP in ℝ3 characterized by the
proposed ACF. The proposed SoS method is compared to a SoA solution and presents gains up to
13 and 1.50 dB in terms of SMSE and MSE, respectively, while demanding lower computational
complexity.

5.1 Introduction

The generation of SCRVs is of utmost importance for channel modeling [13, 74] in
5G systems due to its capability to ensure smooth time evolution and spatial correlation of the
channel parameters among closely located nodes. Moreover, due to the emergence of new 5G
scenarios, such as air-to-ground [75] and ultra-dense network, the existing channel models need
to deal with an increasing demand of complexity and memory storage which makes the efficient
generation of SCRVs a critical task.

To characterize the spatial correlation of a GP many ACFs have been proposed [76,
83, 84, 85, 86, cf. Table I]. The exponential decaying model [83] is often used in simulations due
to its simplicity and good agreement with measurements when the correlation of the GP is SNN.
However, when the GP presents negative correlation with mobility in1 ℝ2 [84, 85, 86, 87] and
ℝ3 [81], this model fits the measurements with low accuracy [87] and also provides larger errors
in the estimate of the correlation distance when compared with other models [84, 85, 86]. On the
other hand, only few works have considered ACF models that provide negative correlation in
ℝ2 [84, 85, 86, cf. Table 4], but none of them were proved to be PSDe. Non-PSDe models are
limited for many applications (e.g., generation of the process from its ACF and studies where its
covariance matrix is required) since they generate non-PSDe covariance matrices [76].

In literature different methods have been proposed to generate SCRVs, but most of
them just consider an ACF that provides SNN correlation [69, 70, 77, 88]. The filtering-based and
grid-based [77] methods have been used for years in channel simulators [74] to generate SCRVs.
Both methods allow fast channel computations but present large memory consumption which
1 Throughout this chapter, ℝ2 and ℝ3 refer to the number of spatial dimensions in which the Rx is allowed to

move.
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limits their applicability for simulations with mobility in ℝ2 and mainly in ℝ3. In [79] it was
proposed an SoS-based method to generate a GP in ℝ considering different ACFs and due to its
relatively low memory consumption, the method was generalized to consider spatial correlation
in ℝ2 [69, 70] and also in ℝ3 [88]. Finally, in [80] it was proposed an SoS-based method that
generates a GP assuming mobility in ℝ3 for a generic radial ACF. Differently from [69, 70,
79, 88] that consider an analytical modeling to generate the spatial frequencies for each cosine,
in [80] it was used a non-convex optimization problem to obtain the spatial frequencies. Due to
its flexibility and accuracy in terms of MSE, the method proposed in [80] also results in high
complexity.

Considering the works discussed above, the main contributions of this chapter are
summarized as follows. First, it proposes an ACF model capable of fitting measurements with
mobility in ℝ3 characterized by correlation values that can also be negative. The proposed model
extends the exponential decaying ACF [83] and is proved to be PSDe. Second, it provides an
analytical derivation of an SoS method capable of generating a spatially correlated GP in ℝ3

characterized by the proposed ACF. Comparisons with the SoA solution from [80] are carried out
in terms of SMSE and MSE. Numerical results show that the proposed SoS method presents a
gain up to 13 and 1.50 dB compared to the SoA solution in terms of SMSE and MSE, respectively,
while still demanding a lower complexity.

Finally, the remainder of this chapter is organized as follows: Section 5.2 presents
the motivation and advantages of the proposed ACF model. In Section 5.3, it is presented
an analytical derivation of an SoS method capable of generating a GP in ℝ3 described by
the proposed ACF model. The performance gains of the proposed SoS method over the SoA
from [80] are discussed in Section 5.4, and finally, the conclusions of the chapter are presented
in Section 5.5.

5.2 Modeling of negative correlations using a PSDe ACF model

One considers a zero-mean wide-sense stationary GP N(·) with unit-variance de-
scribed by the following spatial ACF:

𝑅N (𝑟) = exp (−2𝜋𝑎𝑟) sinc(2𝑏𝑟), 𝑟 = |Δc| , 𝑎 > 0, 𝑏 ≥ 0, (5.1)

where sinc(𝑢) = sin(𝜋𝑢)/𝜋𝑢,c =
[
𝑥 𝑦 𝑧

]T
and Δc =

[
Δ𝑥 Δ𝑦 Δ𝑧

]T
denote the Rx position

and displacement in 3D space, respectively. | · | and (·)T represent the norm and transpose
operators, respectively. Also, 𝑟 denotes the magnitude of the Rx displacement and the terms 𝑎
and 𝑏 are scenario-dependent constants.

A practical motivation to use the ACF model in (5.1) is shown in Figure 5.1. It
depicts the empirical ACF of a SF process obtained from measurements [87] in mmWave for
a Street Canyon scenario and the best fit of four ACF models: the proposed one in (5.1), the
exponential ACF [83] (Baseline–1), and its combination with trigonometric functions comprises
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Figure 5.1 – Fitting of the measurements in [87] for a Street Canyon scenario considering
the proposed ACF in (5.1) and three ACF models from literature, i.e., Baseline–
1 [83], Baseline–2 [85] and Baseline–3 [84]. The scenario-dependent parameters
that provide the best fitting for the Baseline–(1, 2, and 3) solutions can be found
in [87]. For the proposed ACF, the best fitting was obtained with 𝑎 = 9.30×10−4

and 𝑏 = 8.20×10−3.
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the models Baseline–2 [85] and Baseline–3 [84]. As it can be seen in Figure 5.1, the Baseline–1
has no capability to model negative correlation and presents the largest root-mean-square error
(RMSE) when compared with the other ACF models. On the other hand, in terms of RMSE, the
proposed model provides a gain around 3.30 and 0.50 dB vs. Baseline–1 and Baseline–3 models,
respectively, and a loss of 1.50 dB vs. Baseline–2.

Besides the RMSE, it was also analyzed the accuracy of each model to estimate
the correlation distance 𝑑xyz (in number of traveled wavelengths) of the GP which is defined
as the shortest distance from where the ACF crosses the threshold 𝑒−1 ≈ 0.37 [88]. For the
measurements depicted in Figure 5.1, it was obtained 𝑑xyz = 36.20 and for the proposed and
Baseline–(1, 2, and 3) models it was obtained 𝑑xyz = 38.60, 𝑑xyz = 28.40, 𝑑xyz = 35.80, and
𝑑xyz = 31.00, respectively. Analyzing the estimate of 𝑑xyz in terms of absolute relative error
𝜖rel

2, one obtains 𝜖rel = 0.01 for the Baseline–2, 𝜖rel = 0.07 for the proposed ACF model and a
significantly larger 𝜖rel is obtained for the Baseline–1 (𝜖rel = 0.22) and Baseline–3 (𝜖rel = 0.14)
models. Therefore, from Figure 5.1 it is noted that Baseline–2 model has the best performance
in terms of RMSE and also in the estimate of 𝑑xyz(𝜖rel = 0.01). However, the Baseline–(2 and 3)
ACF models are often non-PSDe (see theorems 2 and 3 below) while the proposed ACF in (5.1)
is always PSDe (see Theorem 4 below). Therefore, from these results it is clear that the proposed
ACF extended the exponential decaying model3 (Baseline–1) by allowing negative correlation,
improves the estimate of 𝑑xyz while still being a PSDe function.

2 𝜖rel is given by: 𝜖rel =
��𝑑cor, measured− 𝑑cor, ACF

��/𝑑cor, measured.
3 The exponential decaying model is also PSDe [76].
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Theorem 2. The Baseline–2 ACF model, given by

𝑅′N (𝑟) = exp
(
− 𝑟

𝐷3

) [
cos

(
𝑟

𝐷𝑟

)
+ 𝐷4
𝐷3

sin
(
𝑟

𝐷4

)]
, (5.2)

where 𝐷3 > 0 and 𝐷4 > 0 are scenario-dependent parameters, is non-PSDe in ℝ𝑛, 𝑛 ≥ 2.

Proof. See Appendix D.1. �

Theorem 3. The Baseline–3 ACF model, given by

𝑅′′N (𝑟) = exp
(
− 𝑟

𝐷3

)
cos

(
𝑟

𝐷4

)
, (5.3)

where 𝐷3 > 0 and 𝐷4 > 0 are scenario-dependent parameters, is non-PSDe in ℝ𝑛, 𝑛 ≥ 2.

Proof. See Appendix D.2. �

Theorem 4. The ACF model in (5.1) is PSDe in ℝ𝑛, 𝑛 ∈ {1,2,3}.

Proof. To demonstrate the Theorem 4, it suffices to show that 𝑅N (·) in (5.1) is PSDe in ℝ3

since the set of all covariance matrices generated from 𝑅N (·) in ℝ3 contains the sets of all
covariances matrices generated from 𝑅N (·) in ℝ2 and ℝ. Hence, to this end it will be used
Bochner’s theorem [89, cf. pp. 58] which states that 𝑅N (·) is PSDe in ℝ3 if and only if its Fourrier
transform (FT), denoted by ΦN (·), satisfies the inequality ΦN ( 𝑓 ) ≥ 0,∀ 𝑓 , where 𝑓 = |f | with

f =
[
𝑓x 𝑓y 𝑓z

]T
denoting the vector of spatial frequencies in ℝ3. To obtain ΦN (·), consider

the following identity derived in [90, cf. Theorem 1.1]:

F𝑛+2{𝑔}( 𝑓 ) = −
1

2𝜋 𝑓
𝑑

𝑑 𝑓
F𝑛{𝑔}( 𝑓 ), (5.4)

i.e., the FT F {·} of a radially symmetric and absolutely integrable function 𝑔(·) in ℝ𝑛+2 is
obtained from its FT in ℝ𝑛. Hence, letting 𝑛 = 1 and 𝑔(𝑟) = 𝑅N (𝑟) in (5.4), it is obtained:

ΦN ( 𝑓 ) = −
1

2𝜋 𝑓
𝑑

𝑑 𝑓
𝜔N ( 𝑓 ) , (5.5)

where 𝜔N ( 𝑓 ) = F1{𝑅N (𝑟)}( 𝑓 ) denotes the FT of 𝑅N (·) in ℝ. Note that 𝜔N ( 𝑓 ) is given by the
convolution of the FT of exp(−2𝜋𝑎𝑟), denoted by ℎ1( 𝑓 ), with the FT of sinc(2𝑏𝑟), denoted by
ℎ2( 𝑓 ). Since ℎ1( 𝑓 ) = 𝑎/[𝜋(𝑎2+ 𝑓 2)] and ℎ2( 𝑓 ) = rect( 𝑓

/
2𝑏)

/
2𝑏, then 𝜔N (·) in (5.5) is obtained

as:

𝜔N ( 𝑓 ) =
∞∫

−∞

ℎ1(𝜏)ℎ2( 𝑓 −𝜏)𝑑𝜏 =
𝑓+𝑏∫

𝑓−𝑏

ℎ1(𝜏)𝑑𝜏

=
1

2𝑏𝜋

[
atan

(
𝑓 + 𝑏
𝑎

)
− atan

(
𝑓 − 𝑏
𝑎

)]
, (5.6)

Finally, replacing (5.6) into (5.5) allows to obtain the FT of the proposed ACF model
in (5.1), given by:

ΦN ( 𝑓 ) =
𝑎

𝜋2 [𝑎2+( 𝑓−𝑏)2] [𝑎2+( 𝑓+𝑏)2]
≥ 0,∀ 𝑓 , (5.7)

which completes the demonstration, since ΦN ( 𝑓 ) in (5.7) satisfies the conditions of Bochner’s
theorem, i.e., ΦN ( 𝑓 ) ≥ 0. �
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5.3 Derivation of an SoS method to generate a spatially correlated GP in ℝ3

It is desired to approximate the GP N(·) using 𝐿 SoS functions, as follows [79]:

N̂ (c) = 𝑘
∑︁𝐿

𝑙=1
cos

(
2𝜋fT

𝑙 c+𝜓𝑙

)
, (5.8)

where 𝑘 =
√︁

2/𝐿 to ensure that N̂ (·) presents unit-variance, {𝜓𝑙}𝐿𝑙=1 are uniformly i.i.d. RVs,
i.e., {𝜓𝑙}𝐿𝑙=1 ∼ U(0,2𝜋) and {f𝑙}𝐿𝑙=1 denote the vectors of spatial frequencies defined as f𝑙 =[
𝑓x,𝑙 𝑓y,𝑙 𝑓z,𝑙

]T
,∀𝑙, which are assumed to be i.i.d. RVs with PDF 𝑝F (·).

As stated by the CLT, for 𝐿 sufficiently large, N̂ (·) in (5.8) tends to a normal
distribution with zero-mean and unit-variance for any location c. Hence, one wants to obtain a
closed-form expression to generate {f𝑙}𝐿𝑙=1 in (5.8) that ensures the equality between the ACF
generated from N̂ (·), denoted by 𝑅N̂ (·), and the ACF of the GP in (5.1). This condition is
satisfied when it is possible to have an equality between the PDF of {f𝑙}𝐿𝑙=1 and the PSD of
𝑅N (·) [88, cf. Theorem 1], i.e.4, 𝑝F (f) = ΦN (f). Note that this equality holds only if ΦN (f) ≥
0,∀f, which was proved to be true in Theorem 4.

From the identity 𝑝F (f) = ΦN (f) , the CDF of the spatial frequencies {f𝑙}𝐿𝑙=1 in (5.8),
expressed in spherical coordinates, is obtained as follows:

𝑃F (𝜙,𝜃, 𝑓 ) =
∫ 𝑓

0

∫ 𝜃

0

∫ 𝜙

0
ΦN ( 𝑓 ′) 𝑓 ′2 sin(𝜃′)𝑑𝜙′𝑑𝜃′𝑑 𝑓 ′

= 𝜙(1− cos(𝜃))
∫ 𝑓

0
ΦN ( 𝑓 ′) 𝑓 ′2𝑑 𝑓 ′︸                  ︷︷                  ︸

𝑆( 𝑓 )

, (5.9)

where the mapping from (𝜙,𝜃, 𝑓 ) to f is given by:

f = 𝑓
[
cos(𝜙) sin(𝜃) sin(𝜙) sin(𝜃) cos(𝜃)

]T
. (5.10)

Next, replacing (5.5) into (5.9) and using integration by parts, i.e.,
∫
𝑢𝑑𝑣 = 𝑢𝑣−

∫
𝑣𝑑𝑢 with

𝑑𝑣 = [ 𝑑
𝑑 𝑓 ′𝜔( 𝑓

′)]𝑑 𝑓 ′⇒ 𝑣 = 𝜔( 𝑓 ′) and 𝑢 = 𝑓 ′⇒ 𝑑𝑢 = 𝑑 𝑓 ′, the term 𝑆(·) in (5.9) is rewritten as:

𝑆( 𝑓 ) = 1
2𝜋

[∫
𝜔( 𝑓 ′)𝑑 𝑓 ′−𝜔( 𝑓 ′) 𝑓 ′

] 𝑓
0
. (5.11)

Finally, replacing (5.6) in (5.11) and using the following identity from [82, cf. pp. 242], i.e.,∫
atan

(
𝑥
𝑘

)
𝑑𝑥= 𝑥 atan

(
𝑥
𝑘

)
− 𝑘

2 ln(𝑘2+𝑥2), 𝑆(·) in (5.11) is analytically obtained as follows:

𝑆( 𝑓 )=
atan

(
𝑓+𝑏
𝑎

)
+atan

(
𝑓−𝑏
𝑎

)
+ 𝑎

2𝑏 ln
[
𝑎2+( 𝑓−𝑏)2
𝑎2+( 𝑓+𝑏)2

]
4𝜋2 . (5.12)

4 Note that when the variance 𝜎2 of the GP N(·) is different than one, ΦN (·) needs to be normalized by 𝜎2 to
allows the equality 𝑝F (f) = ΦN (f).
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From the joint CDF in (5.9), it is possible to generate each of the spatial frequencies
in (5.8) by computing their marginal CDFs in spherical coordinates, i.e.:

𝑃Φ (𝜙) = lim
𝜃→∞
𝑓→∞

𝑃F (𝜙,𝜃, 𝑓 ) =
𝜙

2𝜋
, (5.13)

𝑃Θ (𝜃) = lim
𝜙→∞
𝑓→∞

𝑃F (𝜙,𝜃, 𝑓 ) =
1− cos(𝜃)

2
, (5.14)

𝑃𝐹 ( 𝑓 ) = lim
𝜙→∞
𝜃→∞

𝑃F (𝜙,𝜃, 𝑓 ) = 4𝜋𝑆( 𝑓 ). (5.15)

Then using the inverse CDF mapping in (5.13) and (5.14), it is obtained a closed-form expression
to generate 𝜙 and 𝜃, i.e.,

𝜙 = 2𝜋𝑢1 and 𝜃 = arccos(1−2𝑢2), (5.16)

respectively, where (𝑢1,𝑢2) ∼ U(0,1). The generation of 𝑓 from (5.15) is performed by finding
the unique zero of the function 𝐺(·) below:

𝐺( 𝑓 ) = 𝑃𝐹 ( 𝑓 ) −𝑢3, where 𝑢3 ∼U(0,1), (5.17)

which can be efficiently obtained using the bisection method.

5.4 Simulation results

The performance of the SoS method derived in Section 5.3 was evaluated considering
the SMSE and MSE, defined as:

𝜎2
𝜉 (Δc) = E

{(
𝑅N (Δc) − 𝑅̂N̂ (Δc)

)2
}
, (5.18)

MSE =
1
𝑄3

∫ 𝑄/2

−𝑄/2

∫ 𝑄/2

−𝑄/2

∫ 𝑄/2

−𝑄/2
𝜎2
𝜉 (Δc) 𝑑(Δc), (5.19)

respectively, where E {·} denotes the expectation operator and 𝑅̂N̂ (·) is an approximation for
𝑅N (·) obtained from N̂ (·) in (5.8), given by5 [88, cf. eq. (19)]:

𝑅̂N̂ (Δc) = 1
𝐿

∑︁𝐿

𝑙=1
cos

(
2𝜋 fT

𝑙 Δc
)
. (5.20)

Note that 𝜎2
𝜉
(·) in (5.18) allows to analyze the error of the approximation in (5.20) for any

Rx displacement in ℝ3 while the MSE in (5.19) averages 𝜎2
𝜉
(·) within a cube centered in the

origin and side 𝑄. To generate the spatial frequencies {f𝑙}𝐿𝑙=1 in (5.20) it was considered two
different approaches based on the derivations in Section 5.3. In the first approach (Proposed–A),
{f𝑙}𝐿𝑙=1 are RVs initially generated in spherical coordinates from (5.16) and (5.17) and then
5 Note that N̂ (·) in (5.8) is a wide-sense stationary process since the approximation to its ACF using 𝐿 SoS terms

in (5.20) only depends on Δc.
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transformed to Cartesian coordinates using (5.10). In the second approach (Proposed–B), {f𝑙}𝐿𝑙=1
are semi-deterministic, i.e., the 𝑙-th radial spatial frequency 𝑓 ′

𝑙
is initially obtained from (5.17)

by taking 𝑢3,𝑙 = 𝑢0 + 𝑙−1
𝐿−1 (1−2𝑢0), with6 𝑢0 = 0.03, while the angles {(𝜙′

𝑙
,𝜃′

𝑙
)}𝐿

𝑙=1 are numerically
determined to ensure 𝐿 equally distributed points in the surface of a sphere with unit radius. Next,
each radial frequency in { 𝑓 ′

𝑙
}𝐿
𝑙=1 is matched randomly with one pair of angles in {(𝜙′

𝑙
,𝜃′

𝑙
)}𝐿

𝑙=1
and then transformed to Cartesian coordinates using (5.10) to obtain {f′

𝑙
}𝐿
𝑙=1. Finally, {f𝑙}𝐿𝑙=1 are

obtained by rotating randomly {f′
𝑙
}𝐿
𝑙=1 over x, y, and z axes, i.e.:

f𝑙 =


cos(𝛾) −sin(𝛾) 0
sin(𝛾) cos(𝛾) 0

0 0 1

 ×


cos(𝛽) 0 sin(𝛽)
0 1 0

−sin(𝛽) 0 cos(𝛽)

 ×
1 0 0
0 cos(𝛼) −sin(𝛼)
0 sin(𝛼) cos(𝛼)

 f′𝑙 , 𝑙 = 1, . . . , 𝐿, (5.21)

where (𝛼, 𝛾) ∼ U(−𝜋,𝜋) and 𝛽 ∼ U
(
−𝜋2 ,

𝜋
2
)
. Besides the proposed approaches, it was also

analyzed the performance of the SoA solution in terms of SMSE and MSE. The method proposed
in [80] is a numerical algorithm that optimizes the spatial frequencies in (5.20) aiming to
minimize the MSE in (5.19). To this end, the algorithm assumes that the ACF in (5.1) is sampled
in 𝑃 points from 𝑟 = 0 to 𝑟 = 𝑟max along with the number of test directions 𝑇 which comprise
𝑇 random trajectories in ℝ3 with length 𝑟max each. The algorithm initializes { 𝑓𝑙}𝐿𝑙=1 in (5.10)
randomly while the angular directions {(𝜙𝑙,𝜃𝑙)}𝐿𝑙=1 are numerically determined to provide 𝐿

points equally distributed in a surface of a sphere. Next, the algorithm updates { 𝑓𝑙}𝐿𝑙=1 iteratively
to minimize the MSE over all 𝑇 trajectories and only stops when no further improvement is
achieved. It is worth mentioning that the best performance obtained by the authors in [80] in
terms of MSE was achieved with 𝑇 =104 and 𝑟max≈5𝑑xyz. Besides these values, results with
𝑟max=10𝑑xyz are also provided in this chapter.

In this context, aiming to provide a 3D visualization, the SMSE in (5.18) was rewrit-
ten as 𝜎2

𝜉

(
𝛿xy, 𝛿z

)
, where 𝛿xy =

√︁
(Δ𝑥)2 + (Δ𝑦)2/𝑑xyz and 𝛿z = |Δ𝑧 | /𝑑xyz denote the normalized

Rx displacements in xy-plane and z-axis, respectively. Also note that the magnitude of the Rx
displacement in (5.1) normalized by 𝑑xyz is given by 𝑟norm =

√︃
𝛿2

xy +𝛿2
z .

Hence, Figure 5.2 depicts the SMSE as a contour surface for the approaches discussed
above, expressed in dB, vs. 𝛿xy and 𝛿z considering 𝐿 = 100 SoS coefficients with 𝛿xy and 𝛿z

ranging from 0 to 10. As it is observed in Figure 5.2a, the SMSE of the Proposed–A approach
increases from −30 dB to −23 dB for 0 ≤ 𝑟norm ≤ 1 and stays approximately constant and equal
to −23.40 dB for 𝑟norm > 1. On the other hand, when 𝑟norm = 1 the SMSE of the Proposed–B
approach shown in Figure 5.2b is still below −30 dB and only achieves −23.40 dB when 𝑟norm = 8.
6 Note that the bisection method obtains 𝑓 in (5.17) under the constraint 𝑢0 ≤ 𝑃𝐹 ( 𝑓 ) ≤ 1−𝑢0. Hence, for practical

purposes 𝑢0 ≈ 0 (e.g., 0.03) suffices to accurately sample 𝑃𝐹 ( 𝑓 ) and avoid numerical overflows, e.g., if 𝑢0 = 0
the solution for 𝑃𝐹 ( 𝑓 ) = 1 is 𝑓 =∞, which is not practical.
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Figure 5.2 – (a), (b), (c), and (d) denote the SMSE in (5.18), expressed in dB, vs. 𝛿xy and 𝛿z
with 𝐿 = 100. Each SMSE was obtained from 600 realization of 𝑅̂N̂ (·) in (5.20)
considering 𝑎 = 9.30×10−4 and 𝑏 = 8.20×10−3. Also, SMSE values smaller than
−30 dB and larger than −8 dB are shown as −30 dB and −8 dB, respectively.

(a) Proposed–A.
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(c) SoA solution with 𝑟max = 5𝑑xyz.
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(d) SoA solution with 𝑟max = 10𝑑xyz.
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Source: Created by the author.
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Also, its largest SMSE (−21.20 dB), is achieved in the region 8 < 𝑟norm ≤ 11 which decays to
−23.40 dB for 𝑟norm > 11.

Figures 5.2c and 5.2d depict the SMSE of the SoA solution considering (𝑇, 𝑟max) =
(104,5𝑑xyz) and (𝑇, 𝑟max) = (104,10𝑑xyz), respectively. As observed in Figure 5.2c, the SoA
solution presents a better performance when compared with the proposed approaches until the
off-diagonal 𝛿xy +𝛿z ≤ 4, but its SMSE reaches −16.80 dB in different locations (green shaded
areas) and increases up to −8 dB in the region 8 ≤ 𝛿xy ≤ 10 and 0 ≤ 𝛿z ≤ 1. Differently of the
Proposed–(A and B) approaches, the distribution of the SMSE in the SoA solution depicted
in Figures 5.2c and 5.2d is radially asymmetric. This asymmetric distribution is caused by the
procedure that generates the angular components of the spatial frequencies {f𝑙}𝐿𝑙=1 in (5.10). In
Proposed–(A and B) approaches these components are RVs that fill uniformly the 3D space over
several Monte Carlo realizations while in the SoA solution they are fixed. Also, from Figures 5.2c
and 5.2d it is noted that the SoA solution presents a significant better performance in terms of
SMSE when 𝑟max = 5𝑑xyz is considered, mainly in the region 𝛿xy +𝛿z ≤ 4. This may be explained
due to the non-convex characteristics of the optimization problem solved by the authors in [80]
which increases the number of local-optimum solutions as 𝑟max grows.

Figure 5.3 depicts the MSE in (5.19) vs. number of SoS coefficients for Proposed–(A
and B) and SoA solutions. As observed from this figure, the MSE of Proposed–B approach
decays around 12 dB as 𝐿 increases from 100 to 1000 while the Proposed–A and SoA solutions
decay around 10.50 dB for the same range. Also note that MSE of all approaches presents a
larger decaying when 100 ≤ 𝐿 ≤ 325 as compared with 325 < 𝐿 ≤ 1000. Finally, note that the
Proposed–B approach provides the smallest MSE for 𝐿 > 325.

Besides the performance in terms of SMSE and MSE, it was also analyzed the
computational complexity demanded by each solution to generate the spatial frequencies {f𝑙}𝐿𝑙=1
in (5.20). Since the proposed approaches present closed-form expressions, their complexity is
mostly due to the bisection method used to generate { 𝑓𝑙}𝐿𝑙=1 in (5.17). On the other hand, the
SoA solution presents two loops that demand a variable number of iterations to converge which
makes infeasible to obtain a closed-form expression for its complexity. Instead, it was performed
a numerical simulation to evaluate the average time (AT) required by each solution to generate
{f𝑙}𝐿𝑙=1 in (5.20). To make fair comparisons, all the considered solutions were implemented in
the same programming language (Octave) and executed in the same computer7. For the SoA
solution, it was used the implementation available in the authors’ webpage [74]. In this context,
Figure 5.4 depicts the AT required by each solution to generate {f𝑙}𝐿𝑙=1 vs. 𝐿. As observed in this
figure, for a fixed 𝐿 the AT required by the SoA solution is around 103 and 105 times larger when
compared with Proposed–(A and B) approaches, respectively. Also, note that the AT required
by Proposed–B approach is at least ten times smaller when compared with the AT required by
the Proposed–A approach. This is because { 𝑓𝑙}𝐿𝑙=1 in (5.17) are deterministic for Proposed–B
7 The simulations were performed in a computer with the following configurations: processor Intelr Core™

i5-4460, RAM of 16GiB and CPU operation frequency of 3.2GHz with single thread architecture. No parallelism
was used.
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Figure 5.3 – MSE in (5.19), in dB, vs. 𝐿. Each point in the simulated curves was obtained by
averaging 4× 105 samples generated randomly within cube of side 𝑄 = 10𝑑xyz
considering 102 i.i.d. realizations of 𝑅̂N̂ (·) in (5.18), i.e., 4×103 points for each
𝑅̂N̂ (·). The results for the SoA solution were obtained by considering 𝑇 = 104 and
𝑟max = 5𝑑xyz.
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Figure 5.4 – AT (in seconds) required to generate {f𝑙}𝐿𝑙=1 in (5.20) vs. 𝐿. Each point in the simu-
lated curves was obtained by averaging the measured time to generate {f𝑙}𝐿𝑙=1 over
102 and 104 realization for SoA and Proposed–(A and B) approaches, respectively.
The results for the SoA were obtained by considering 𝑇 = 104 and 𝑟max = 5𝑑xyz.
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and only need to be generated once using the bisection method while for Proposed–A they are
generated for each Monte Carlo realization.

5.5 Chapter summary

This chapter presented an ACF model capable of fitting measurements characterized
by SNN and also negative spatial correlations. The model extended the exponential decaying
ACF and was proved to be PSDe in ℝ2 and ℝ3. Furthermore, it was also provided an analytical
derivation of a SoS-based method to generate a spatially consistent GP characterized by the
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proposed ACF. Two different approaches, namely Proposed–A and Proposed–B, were provided
to generate the spatial frequencies of the proposed SoS method and their performance was
compared to the SoA solution in [80] in terms of SMSE and MSE. Numerical results for
𝐿 = 100 SoS coefficients showed that the SMSE of the proposed approaches always stayed below
−21.20 dB while the SoA solution presented a maximum SMSE of −8 dB. In terms of MSE, the
Proposed–B approach presented a slightly better performance (up to 1.50 dB) when compared
with Proposed–A and SoA solutions. Finally, numerical results showed that the Proposed–(A and
B) approaches demand less computational complexity when compared with the SoA solution,
i.e., the AT required by the Proposed–(A and B) approaches to generate the spatial frequencies is
around 103 and 105 times, respectively, lower when compared with the AT required by the SoA
solution.

In the following chapter, it will be discussed the generalization of the SoS method
presented in chapters 3 to 5 for the 𝑛-dimensional case, as well as the extension of the 5G-StoRM
channel model (Chapter 3) to support SM and DM in ℝ3.
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6 A SPATIALLY-CONSISTENT CHANNEL MODEL FOR DUAL MOBILITY IN
THE THREE DIMENSIONAL SPACE

Unmanned aerial vehicles (UAVs) have gained attention during the past years due to
its several applications in the 5G systems, involving civil, commercial, and military purposes.
However, due to the limitations of the existing methods of generating SCRVs in ℝ𝑛, 𝑛 ≥ 3, most
of the SCMs and GBSCMs that have been proposed for UAVs do not provide spatially correlated
CIR for SM or DM in ℝ3. Motivated by such limitations, this chapter proposes an SCM capable
of providing spatial correlation with mobility in ℝ3 at both ends without a significant increase
in computation complexity when comparing with existing models. The proposed SCM is an
extension of the 3GPP A2G and 5G-StoRM—presented in Chapter 3—models and relies on
the use a SoS method—derived in Chapter 4—to generate all the SCRV required by the model.
Furthermore, in this chapter, it is also demonstrated how to use the SoS method to accurately
approximate any WSS GP in ℝ𝑛 characterized by a PSDe ACF with a MSE that depends neither
on the dimension of ℝ𝑛 nor on the ACF of the GP. The proposed SCM is calibrated for A2G links
in UMa, UMi, and RMa scenarios using the results reported by four sources. Finally, numerical
simulations demonstrate the capability of the proposed model on providing spatial consistency
under LOS conditions for both SM and DM in ℝ3.

6.1 Introduction

UAVs, commonly referred as drones, have gained attention from the research com-
munity during the last years due to their several applications for civil, commercial, and military
purposes [91, 92]. According to statistics provided by Tractica [93], the shipment of commercial
UAV units is expected to reach 2.70 million in 2025 with the services offered rising to U$8.70
billion in the next decade.

Motivated by the perspective of massive adoption of UAV technology in many areas
including wireless communications, a set of measurements was performed by different companies
to better characterize propagation mechanisms of the channels in A2G [94, 95, 96] and A2A [97,
98] links. In the works [99, 100, 101] it was proposed geometry-based A2G channel models for
MIMO systems where both Tx and Rx are equipped with a uniform linear array (ULA). More
specifically, in [99, 100] it was considered a 3D wideband ellipsoid A2G model that considers
simultaneously single and multi-bounced propagation paths, while in [101] it was considered a
3D elliptic-cylinder geometry to derive the channel coefficients. Although [99, 100, 101] provide
a 3D modeling, they are still limited since they only support a ULA at both Tx and Rx without
taking into account the antenna polarization, XPR, spatial consistency and multiple rays within a
cluster.

A more realistic A2G channel model is proposed by the 3GPP [75] for UMi, UMa
and RMa scenarios. The model in [75] considers three different approaches to describe the LSPs
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and SSPs. The first approach uses height-dependent LSP to scale the CDL models to characterize
both delay and angular domains of the multipath components. Due to its simplicity, this approach
is only recommended for simple system and link-level simulations since it does not support the
5G key features, e.g., large bandwidth, large arrays, spatial consistency, mobility and smooth time
evolution. In the second approach, the delays and angles of arrival and departure for each cluster
are generated based on the 3GPP channel model described in the TR 38.901 [12, cf. Section 7.5]
and uses the same height-dependent LSP as in the first approach. Finally, the third approach uses
essentially the other 3GPP channel model [12] which was proposed for BS-to-terrestrial-UEs.
Although the second and third approaches provides more realistic modeling by dynamically
generating the angles and delays, they do not support mobility or spatial correlation throughout
the z-axis.

Moreover, the A2A UAV channel models are even more limited in terms of 5G
features since they are harder to be characterized by measurements and also require DM (i.e.,
both Tx and Rx can move) while the A2G (and terrestrial) models only require SM, i.e., only
Rx (or Tx) can move. Hence, due to the challenging measurement setup, most of the existing
A2A models consider only the characterization of the LSPs [97, 98, 102] while a few models
consider the SSPs [103, 104]. The authors of [103] performed measurements in A2A links at
different altitudes and found out that the Ricean and Nakagami PDFs can accurately characterize
the distribution of the fading, while in [104] it is considered a wideband 3D non-stationary
A2A channel. The model in [104] assumes a cylinder-based geometry with single and double-
bounced components to obtain the channel coefficients. Even though the model provides a full
3D characterization and a realistic Gauss-Markov mobility modeling, it presents some unrealistic
assumptions such as an infinite number of scattering and isotropic radiation power patterns for
the AEs. Finally, a detailed review of channel modeling and measurements involving UAVs can
be found in [2, 3, 4].

As observed from the works mentioned above, the existing A2G and A2A channel
models for UAVs are still limited in terms of 5G features for channel modeling when compared
with terrestrial models [11, 12, 13, 74]. One approach to deal with this issue is to use ray-
tracing based models to obtain an accurate characterization of the channel. However, the large
computational complexity demanded by this approach associated with the network densification,
increasing number of AE at both Tx and Rx and a large number of scattering objects in urban
environments make this approach infeasible. Instead, a more reasonable approach is to extend one
of the existing SCMs or GBSCMs by allowing SM and DM in ℝ3. However, while significantly
less computationally complex when compared to ray-tracing models, SCMs and GBSCMs may
present as drawback a large memory consumption due to the generation of the SCRV required
by both models. Thus, it is important to consider a channel model that is efficient in terms of
memory consumption, especially in high dimensions, i.e., SM and DM in ℝ3.

In this context, the 5G-StoRM [13] was adopted as the channel model to be extended
since it has low memory consumption by exploiting the SoS method in [70] to generate the
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SCRVs (e.g., SF, delays, angles of arrival and departure, etc.) required by the model. The SoS
from [70] allowed 5G-StoRM to support SM and DM in ℝ2 (i.e., mobility throughout xy-plane),
which still limits its use in ℝ3. To this end, its SoS-based SCRV generation procedure needs to
be extended to ℝ3. In this context, the work in [88] presents an SoS that allows SM and DM in
ℝ3. However, as pointed out in [69], one may expect that the SoS in [88] may demand a larger
number of coefficients to keep a low MSE as the number of dimensions increases. This issue
was not investigated by any of the works in [69, 70, 88, 105] and may have a significant impact
on the computational complexity of a SCM that exploits the SoS to generate all of its SCRVs.

Hence, considering the open problems related to the generation of SCRVs using SoS
and the limitation of the existing channel models for providing realistic simulations with SM and
DM in ℝ3, the contributions of this chapter are presented below:

• It demonstrates that by using 𝐿 coefficients, the SoS proposed in [88], when
applied for any 𝑛-dimensional space can accurately approximate any WSS GP
characterized by a PSDe ACF. Furthermore, the accuracy of this approximation
in terms of MSE is demonstrated to be equal to 1/2𝐿 and neither depends on the
dimension of the space ℝ𝑛 nor on the ACF of the GP.

• 5G-StoRM [13] is extended by plugging the SoS proposed in [88] into its SCRV
generation procedures, which yields a spatially-consistent channel model with
mobility in ℝ3 at both ends without any significant increase in computation
complexity.

• The extended 5G-StoRM is calibrated for UAV A2G links in UMa, UMi and
RMa scenarios in sub-6 GHz using the calibration results from [106]. Additionally,
the spatial consistency of the extended 5G-StoRM is demonstrated by means of
numerical simulations for UMa, UMi and RMa scenarios under LOS conditions
for both SM and DM in ℝ3.

Finally, the rest of the chapter is organized as follows: Section 6.2 analytically
demonstrates how an SoS using 𝐿 coefficients can be used to approximate a WSS GP defined in
ℝ𝑛. Section 6.3 describes the extension 5G-StoRM using the novel SoS from [88] that allows
SM and DM in ℝ3. In Section 6.4 it is presented the calibrations of the 5G-StoRM extension
as well as numerical simulations to evaluate its spatial consistency for both SM and DM in ℝ3

under LOS conditions. Finally, in Section 6.5 the conclusions of the chapter are carried out.

6.2 Generation of a WSS and spatially correlated GP in ℝ𝑛 using SoS functions

Consider a spatially correlated GPN : ℝ𝑛→ℝ characterized by an ACF 𝑅N (·) that
satisfies the following properties:
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i) N(·) is WSS, i.e.,

E {N (c)} = 0, ∀c ∈ ℝ𝑛, (6.1)

E
{
N(c)2

}
= 1, ∀c ∈ ℝ𝑛, (6.2)

𝑅N (Δc) = 𝑅N (c,Δc) = E {N (c)N (c+Δc)} , (6.3)

where E {·} denotes the expectation operator.
ii) 𝑅N (·) is an even function, i.e.,

𝑅N (Δc) = 𝑅N (−Δc) , ∀Δc ∈ ℝ𝑛. (6.4)

iii) 𝑅N (·) has a defined FT, i.e., it is absolutely integrable:

𝐼N =

∫
Δc∈ℝ𝑛

|𝑅N (Δc) | 𝑑(Δc) <∞. (6.5)

Since −1 ≤ 𝑅N (Δc) ≤ 1, then 𝑅N (Δc)2 ≤ |𝑅N (Δc) | ,∀Δc ∈ ℝ𝑛, i.e., if the condi-
tion in (6.5) holds, then 𝑅N (·) is also square integrable:∫

Δc∈ℝ𝑛

𝑅N (Δc)2 𝑑(Δc) ≤ 𝐼N . (6.6)

iv) 𝑅N (·) is a PSDe function, i.e., its PSD ΦN (·) obeys the Bochner’s theorem [89,
cf. pp. 58]:

ΦN (f) = F {𝑅N (Δc)} ≥ 0, ∀f ∈ ℝ𝑛, (6.7)

where F {·} denotes the FT operator. Note that the existing condition for ΦN (·)
in (6.7) is guaranteed by property iii). Also, from property ii) one can see that
ΦN (·) is always an even real-valued function. Finally, from Parseval’s theorem, it
is noted that ΦN (·) satisfies the following relation:∫

f∈ℝ𝑛

ΦN (f) 𝑑f = 𝑅N (0) = 1. (6.8)

In this context, one wants to approximate the GP N(·) by N̂ (·) using 𝐿 cosine
functions, as follows:

N̂ (c) =
∑︁𝐿

𝑙=1
𝑢𝑙 cos

(
2𝜋fT

𝑙 c+𝜓𝑙

)
, (6.9)

where 𝑢𝑙 =
√︁

2/𝐿, 𝑙 ∈ 𝕃, {𝜓𝑙}𝐿𝑙=1 are uniformly i.i.d. RVs with PDF 𝑝Ψ (𝜓) = 1/2𝜋, and {f𝑙}𝐿𝑙=1
denote the vectors of spatial frequencies in ℝ𝑛 which are assumed to be i.i.d. RVs with PDF
𝑝F (·). Moreover, the RVs in {f𝑙}𝐿𝑙=1 and {𝜓𝑙}𝐿𝑙=1 are assumed to be independent, i.e., their joint
PDF is expressed as 𝑝F,Ψ (f,𝜓) = 𝑝F (f)𝑝Ψ (𝜓) = 𝑝F (f)/2𝜋. Finally, 𝑝F (f) is assumed to be square
integrable, i.e.,

𝑆 =

∫
f∈ℝ𝑛

𝑝F (f)2𝑑f <∞, (6.10)
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which holds for most of the known distributions.
Given these assumptions regarding the SoS in (6.9), some conditions need to be met

to ensure that N̂ (·) approximates the GP N(·) with sufficient accuracy, which is demonstrated
in the following theorem:

Theorem 5. The SoS process in (6.9) satisfies the properties i)–iv).

Proof. See Appendix E.1. �

More specifically, Theorem 5 shows that:

1) N̂ (·) is a WSS process with ACF 𝑅N̂ (·) given by

𝑅N̂ (Δc) = E
{
N̂ (c)N̂ (c+Δc)

}
=

∫
f∈ℝ𝑛

𝑝F (f) cos(2𝜋fTΔc)𝑑f, Δc ∈ ℝ𝑛, (6.11)

and as 𝐿→∞, N̂ (·) tends to a Normal distribution with zero-mean and unit-
variance for any c ∈ ℝ𝑛. Also, from (6.11) one can see that 𝑅N̂ (Δc) = 𝑅N̂ (−Δc).
Therefore, one can conclude that N̂ (·) satisfies properties i) and ii).

2) The ACF of N̂ (·) in (6.11) is square integrable, i.e.,∫
Δc∈ℝ𝑛

𝑅N̂ (Δc)2 𝑑(Δc) ≤ 𝑆, (6.12)

where 𝑆 is given by (6.10). From (6.12) one can see that N̂ (·) satisfies property
iii) and presents a defined FT.

3) 𝑅N̂ (·) in (6.11) is a PSDe function, i.e., its PSD, denoted by Φ̂N (·), obeys the
Bochner’s theorem [89, cf. pp. 58] and it is given by

Φ̂N (f) =
1
2

[
𝑝F (−f) + 𝑝F (f)

]
≥ 0, f ∈ ℝ𝑛. (6.13)

From (6.13), one can see that N̂ (·) satisfies property iv).

Note that the SoS process N̂ (·) tends to a GP with zero-mean and unit-variance as
𝐿→∞ and this result does not depend on 𝑝F (·). On the other hand, the ACF and the PSD of
N̂ (·) in (6.11) and (6.13), respectively, depend on 𝑝F (·), i.e., they are uniquely determined from
𝑝F (·). In this context, the following theorem provides a necessary condition involving ΦN (·)
and 𝑝F (·) to ensure the equality between the ACFs of N(·) and N̂ (·).

Theorem 6. The condition 𝑅N̂ (Δc) = 𝑅N (Δc), Δc ∈ ℝ𝑛, is satisfied if, and only if the PDF of

the spatial frequencies and the PSD of the GP satisfy the following identity:

ΦN (f) =
1
2
[𝑝F (f) + 𝑝F (−f)], f ∈ ℝ𝑛. (6.14)

Proof. See Appendix E.2. �
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Note that the solution for 𝑝F (·) in (6.14) is not unique. The easiest solution is to
impose 𝑝F (·) to be an even function which simplifies the result in (6.14) to ΦN (f) = 𝑝F (f).

In this context, the results in theorems 5 and 6 provide the conditions to ensure that
N̂ (·) tends to N(·). However, for practical implementation 𝐿 is finite and a single realization
of N̂ (·) provides only an approximation for N(·) in the same manner as 𝑅N̂ (·) provides an
approximation for 𝑅N (·). It is well known that for 𝐿 ≥ 50 the SoS process in (6.9) tends to a
Normal distribution with zero-mean and unit-variance accurately. However, the approximation of
𝑅N (·) by 𝑅N̂ (·) for a given 𝐿 was investigated numerically only for radial-symmetric functions
which are particular cases of the model in (6.4). Hence, the ACF of a single realization of N̂ (·),
denoted by 𝑅̂N̂ (·), is obtained by spatial averaging of N̂ (·) as follows:

𝑅̂N̂ (Δc) = lim
𝑠→∞

1
𝑠𝑛

∫
c∈S
N̂ (c)N̂ (c+Δc)𝑑c, (6.15)

where S is a hypercube in ℝ𝑛 with each of its sides ranging from −𝑠/2 to 𝑠/2. It is worth
mentioning the difference in the definitions of 𝑅̂N̂ (·) in (6.15) and 𝑅N̂ (·) in (6.11). 𝑅N̂ (·) is
obtained by taking the expectation over N̂ (c)N̂ (c+Δc) to remove the random fluctuations of
the RVs {f𝑙}𝐿𝑙=1 and {𝜓𝑙}𝐿𝑙=1, while 𝑅̂N̂ (·) is obtained by averaging N̂ (c)N̂ (c+Δc) throughout
the spatial domain and, therefore, might be affected by the RVs {f𝑙}𝐿𝑙=1 and {𝜓𝑙}𝐿𝑙=1. Hence, the
following theorem provides a closed-form expression for 𝑅̂N̂ (·) and shows that 𝑅̂N̂ (·) depends
only on {f𝑙}𝐿𝑙=1.

Theorem 7. The spatial averaging of N̂ (·), as defined in (6.15), is given by:

𝑅̂N̂ (Δc) =
∑︁
𝑙∈𝕃

𝑢2
𝑙

2
cos

(
2𝜋fT

𝑙 Δc
)
, ∀Δc ∈ ℝ𝑛. (6.16)

Proof. See Appendix E.3. �

6.2.1 Accuracy analysis of the approximation using SoS functions

Finally, the error 𝜉(·) between the ACF of the GP and its approximation generated
from the 𝐿 SoS functions can be analyzed. Since 𝑅N̂ (Δc) = 𝑅N (Δc), as stated by Theorem 6,
then 𝜉(·) is expressed as:

𝜉(Δc) = 𝑅N (Δc) − 𝑅̂N̂ (Δc) . (6.17)

The accuracy of the approximation of 𝑅N (·) by 𝑅̂N̂ (·) can be obtained from the mean, SMSE
and MSE of 𝜉(·) in (6.17), defined as:

𝜇𝜉(Δc) = E {𝜉(Δc)} , (6.18)

𝜎2
𝜉(Δc) = E

{[
𝜉(Δc) − 𝜇𝜉(Δc)

]2
}
, (6.19)

MSE = lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S

𝜎2
𝜉(Δc) 𝑑(Δc), (6.20)

respectively. The following theorem provides closed-form expressions for 𝜇𝜉(·), 𝜎2
𝜉
(·) and the

MSE.
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Theorem 8. The mean, SMSE and MSE of 𝜉(·) defined in (6.18)–(6.20) are given by:

𝜇𝜉(Δc) = 0, Δc ∈ ℝ𝑛, (6.21)

𝜎2
𝜉(Δc) = 1+ 𝑅N (2Δc) −2𝑅N (Δc)2

2𝐿
, Δc ∈ ℝ𝑛, (6.22)

MSE =
1
2𝐿
, (6.23)

respectively.

Proof. See Appendix E.4. �

As observed from Theorem 8, 𝜇𝜉(Δc) = 0,∀Δc ∈ ℝ𝑛. This result shows that the
expectation of 𝑅̂N̂ (·) in (6.16) is equal to 𝑅N (·) and this result does not depend on 𝐿 or the
structure/shape of 𝑅N (·). On the other hand, the SMSE 𝜎2

𝜉
(·) in (6.22) depends on both 𝐿 and

𝑅N (·). Also, one can see that as 𝐿 tends to infinity, 𝜎2
𝜉
(·) tends to zero for any Δc ∈ℝ𝑛. Moreover,

for a fixed 𝐿, when |Δc| = 0 (or, equivalently, Δc = 0) it is obtained the variance 𝜎2
𝜉
(Δc) = 0, which

shows that the equality 𝑅̂N̂ (Δc) = 𝑅N (Δc) always holds when Δc = 0. Finally, since 𝑅N (·) was
assumed to be absolutely integrable in property iii), one can see that when |Δc| ranges from zero
to infinity, both 𝑅N (2Δc) and 𝑅N (Δc)2 in (6.22) range from one to zero. This implies that 𝜎2

𝜉
(·)

increases from zero to 1/2𝐿, which is the MSE in (6.23).
It is worth mentioning that 𝜎2

𝜉
(·) in (6.19) was introduced in [88] to analyze the

spatial behavior of the error 𝜉(·) in (6.17) considering that the GP was characterized by a
radially symmetric ACF in ℝ6. However, the authors in [88] only provided results with numerical
simulations to evaluate 𝜎2

𝜉
(·) for a particular ACF, instead this work provides a closed-form

expression for 𝜎2
𝜉
(·) (see Theorem 8) which is valid for any GP that satisfy the properties i)–iv).

Moreover, many works have used the MSE, as defined in (6.20), as a manner to
evaluate the performance of the SoS process to approximate a GP defined in ℝ [79], ℝ2 [69],
ℝ3 [105], ℝ4 [70] and ℝ6 [88]. From these works, only [79] and [69] provided some analytical
results for the MSE assuming that the GP was described by an exponential ACF in ℝ and ℝ2,
respectively. The authors in [79] found the result in (6.23) while the authors in [69] only provided
a lower and upper bounds for the MSE.

Finally, the result in (6.23) shows that the MSE only depends on 𝐿. This result
has two important implications. First, the SoS in (6.9) can accurately approximate any GP
that satisfies the properties i)–iv) and its MSE, as defined in (6.20), does not depend on the
structure/shape of 𝑅N (·). Second, the result in (6.23) also does not depend on the dimension
of the considered space, i.e., the SoS in (6.9) using 𝐿 coefficients approximates a GP defined
in ℝ𝑛 and ℝ𝑛+𝑚,𝑚 ≥ 1, with the same accuracy. This shows that the computational complexity
demanded by the SoS in (6.9) to approximate a GP in ℝ𝑛 and ℝ𝑛+𝑚 only increase because of the
inner product between c and f𝑙, 𝑙 ∈ 𝕃, but the number of coefficients 𝐿 in both cases is the same.
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6.3 The extended channel model

The extension of the 5G-StoRM to support SM and DM in ℝ3 lies in the use of the
SoS method derived in Chapter 4 combined with the channel generation from Figure 3.3. This
allows the extended 5G-StoRM to provide a realistic modeling for many 5G scenarios while
the existing SCMs could not be consistently used due the limitations of current methods of
generating SCRVs. It is worth mentioning that although the 5G-StoRM’s extension provides
a generic model that can be used in many scenarios and presents a good trade-off between
complexity (memory/storage) and accuracy. The model presents as drawback the demand for
a large number of scenario-dependent parameters (which are obtained by measurements) to
correctly characterize each scenario. Therefore, the study considered in this chapter is limited
for scenarios where the parameters required by the model are available. Taking into account this
limitation, it was considered the 3GPP A2G channel model described in the TR 36.777 [75] as
reference model used to demonstrate the 5G-StoRM’s extension for SM and DM in ℝ3.

6.4 Numerical results and channel calibration

This section presents numerical simulations to demonstrate the correctness of Theo-
rem 8 as well as the calibration of the extended 5G-StoRM for A2G links.

6.4.1 Evaluation of the robustness of the SoS in high dimension

Aiming to demonstrate the correctness of the results regarding the SoS derived in
Section 6.2, especially the Theorem 8, consider the three following radially-symmetric ACFs:

𝑅N𝑖 (Δc)=


exp (−𝑎 |Δc|) , Δc ∈ ℝ3, 𝑖 = 1,

exp (−2𝜋𝑏 |Δc|) sinc(2𝑐 |Δc|), Δc ∈ ℝ3, 𝑖 = 2,

𝐽0(2𝜋𝑑 |Δc|), Δc ∈ ℝ2, 𝑖 = 3,

(6.24)

which were proposed in [80], [105], and [86], respectively, to describe the spatial correlation of a
GP. In (6.24), 𝐽0(·) denotes the zeroth order Bessel function of first kind and the terms 𝑎, 𝑏, 𝑐,
and 𝑑 are scenario-dependent constants. Figure 6.1 depicts the ACFs in (6.24) vs. displacement
normalized by the correlation distance.

Using the Theorem 6 and the closed-form expressions for the PSDs of the ACFs
in (6.24) derived in [88], [105] and [107], respectively, one obtains the PDF for the spatial
frequencies that allows to approximate the GP N(·) by the SoS in (6.9), as follows:

𝑝F𝑖
(f) =


8𝜋𝑎

(𝑎2+4𝜋2 |f |2)2
, f ∈ ℝ3, 𝑖 = 1,

𝑏
𝜋2 [𝑏2+(|f |−𝑐)2] [𝑏2+(|f |+𝑐)2] , f ∈ ℝ3, 𝑖 = 2,

1
2𝜋𝑑𝛿 ( |f | − 𝑑) , f ∈ ℝ2, 𝑖 = 3.

(6.25)
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Figure 6.1 – ACFs in (6.24) vs. normalized displacement with 𝑎 = 1×10−1 m−1, 𝑏 = 1×10−4 m−1,
𝑐 = 2.50×10−2 m−1, and 𝑑 = 1.75×10−1 m−1.
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Figure 6.2 – CDF of 1×105 samples obtained from three different SoS in (6.9), i.e., N̂𝑖(·), 𝑖 ∈
{1,2,3}, where the spatial frequencies of the 𝑖th SoS are generated from the 𝑖th
PDF in (6.25) with 𝐿 = 150. The sample coordinates c are taken randomly from
a cubic and a squared region of side 100𝑑cor, 𝑑cor ∈ {𝑑xy, 𝑑xyz}, when c ∈ ℝ2 and
c ∈ ℝ3, respectively. The curve with triangle markers denote the CDF of a Normal
distribution with zero-mean and unit variance.
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Therefore, generating the spatial frequencies from the PDF in (6.25), the SoS in (6.9) allows
to generate three different approximations N̂𝑖(·), 𝑖 ∈ {1,2,3}, for a GP with zero-mean and unit
variance characterized by each of the ACFs in (6.24). Figure 6.2 shows the analytical CDF of
a Normal distribution (green line with triangle marker) with zero-mean and unit-variance and
also the numerical evaluation of the CDF of 1×105 samples of each SoS N̂𝑖(·), 𝑖 ∈ {1,2,3}. The
results in this figure show that the SoS in (6.9) in fact generates a GP with zero-mean and unit-
variance (for 𝐿 large enough) and it depends neither on the distribution of the spatial frequencies
𝑝F𝑖
(·) nor on the dimension of the considered space ℝ𝑛, as demonstrated in Theorem 5.

Figure 6.3 depicts the numerical and analytical evaluations of 𝜎2
𝜉𝑖
(·), 𝑖 ∈ {1,2,3},

given by (6.19) and (6.22), respectively, for each ACF in (6.24). From this figure, one can
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Figure 6.3 – Numerical and analytical evaluations of 𝜎2
𝜉𝑖
(Δc), 𝑖 ∈ {1,2,3}, in (6.19), expressed

in dB, vs. normalized displacement. The analytical expression of 𝜎2
𝜉𝑖
(Δc) is given

by (6.22) where 𝑅N𝑖 (·) is taken from (6.24). The numerical evaluation of 𝜎2
𝜉𝑖
(Δc)

requires the generation of 𝑅̂N̂𝑖 (·) in (6.16) which is performed by generating the
spatial frequencies from 𝑝F𝑖

(·) in (6.25) with 𝐿 = 150.
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Table 6.1 – Main simulation parameters for the 5G-StoRM calibration in A2G links [75].
Scenario UMa UMi RMa
Scenario layout Hexagonal grid composed of 19 sites
Intersite distance 500 m 200 m 1732 m
System frequency 2 GHz 2 GHz 700 MHz
Bandwidth 10 MHz
BS sectorization 3 sectors per site
BS transmit power 46 dBm 41 dBm 46 dBm
BS antenna configuration Single ULA with 8 AE cross-polarized (±45◦) equally spaced by 0.80𝜆
BS antenna port mapping All the AE of each polarization are mapped to a single cell-specific reference signal (CRS) port
BS electric tilting angle 100◦ 104◦ 96◦
Placement of aerial UEs Uniformly distributed with minimum and maximum height of 1.50 and 300 m, respectively
Placement of terrestrial UEs According to [46, cf. Table 6.1] Uniform in the cell are and height ℎUE = 1.50m
UE antenna configuration Single ULA with 2 AE cross-polarized (0◦/90◦) spaced by 0.50𝜆
BS/UE downtilting angle 0◦, i.e., the AE on each ULA are located in the z-axis
Penetration loss According to [12, cf. Section 7.4.3]
UE attachment Based on the RSRP from the antenna port 0 considering the single LOS ray [46, cf. eq. (8.1-1)]

UE ratio

Case1: 12 terrestrial-indoor and 3 terrestrial-outdoor
UEs per sector and no UAVs. Case5: 8 terrestrial-
indoor UEs, 2 terrestrial-outdoor UEs and, 5 UAVs
per sector

Case1: 15 terrestrial-outdoor UEs (in cars) per
sector and no UAVs. Case5: 10 terrestrial-
outdoor UEs (in cars) and 5 UAVs per sector

Metrics CDF of the CL and SINR for the serving cell considering Case1 and Case5

Source: Created by the author.

see that as the normalized displacement ranges form 0 to 10, 𝜎2
𝜉𝑖
(·) ranges from −∞ (zero in

linear) towards the MSE obtained in the Theorem 8. However, how fast 𝜎2
𝜉𝑖
(·) converges towards

the MSE depends of the considered ACF, e.g., the approximation 𝜎2
𝜉1
(Δc) ≈MSE holds for

|Δc| /𝑑cor ≥ 2 while the approximation 𝜎2
𝜉3
(Δc) ≈MSE requires that |Δc| /𝑑cor � 10. Finally,

from Figure 6.3, one can see that there is a good match between the numerical and analytical
evaluations of 𝜎2

𝜉𝑖
(·), 𝑖 ∈ {1,2,3}, for the considered ACFs in (6.24).

Figure 6.4 depicts numerical and analytical evaluations for the MSE in (6.20) and
(6.23), respectively, vs. the number of SoS coefficients 𝐿 for each ACF in (6.24). From this
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Figure 6.4 – Analytical and numerical evaluations for the MSE (in dB) in (6.20) and (6.23),
respectively, vs. number of SoS coefficients considering the ACFs in (6.24).
The numerical evaluation of the MSE in (6.23) was performed considering
𝑠 = 100𝑑cor, 𝑑cor ∈ {𝑑xy, 𝑑xyz}, which provides a maximum normalized displace-
ment of 100 and ensures that 𝜎𝜉𝑖 (·), 𝑖 ∈ {1,2,3}, in Figure 6.3 converges to the MSE,
i.e., 𝜎2

𝜉𝑖
(Δc) ≈MSE for |Δc| /𝑑cor ≥ 100.
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figure, one can see that for a fixed 𝐿 all the considered ACFs present the same MSE and this
result does not depends on the shape/structure of each ACF or on the dimension of the space
ℝ𝑛 (as demonstrated in Theorem 8). Hence, the results in Figure 6.4 highlights the importance
of the Theorem 8 in the 5G-StoRM extension, i.e, the Theorem 8 shows that the SoS derived
in [70] (DM in ℝ2) and in [88] (DM in ℝ3) demands the same number of SoS coefficients for a
given MSE. Therefore, the computational complexity of the 5G-StoRM extension suffers only a
slightly increase that comes, as said before, from the inner product between c and f𝑙, 𝑙 ∈ 𝕃, in
(6.9).

6.4.2 Calibration of the 5G-StoRM for A2G links

The calibration of the 5G-StoRM extension for A2G links is performed for UMa,
UMi and RMa scenarios for different frequencies using the results reported by four different
sources. The configuration for each scenario is specified in [75, Table A.1-1] and the calibration
results reported by each source can be found in [106].

As it is shown in Table 6.1, the calibration for each scenario considers 19 sites
deployed in a hexagonal grid with three sectors per site and system bandwidth of 10 MHz. Each
sector is equipped with a single ULA composed of 8 AEs cross-polarized equally spaced by
0.80𝜆 and radiation pattern given by [12, cf. Table 7.3-1]. Both terrestrial and aerial UEs are
equipped with a single ULA composed of 2 AEs also cross-polarized with isotropic radiation
power pattern and spaced by 0.50𝜆. After the terrestrial and aerial UEs (or UAVs) are dropped
into the considered scenario it is performed the UE attachment based on the RSRP formula [46,
cf. Eq. (8.1-1)], i.e., each UE is connected to the BS that provides the largest RSRP. Using the
RSRP, one obtains the CL metric [13, cf. eq. (56)] and the SINR [13, cf. eq. (57)].
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Figure 6.5 – CDF of the CL experienced by each UE deployed in the scenario considering
Case5, i.e., 10 terrestrial UEs and 5 aerial UEs. The curves of the four sources that
comprises the 3GPP results were combined to compose a single curve for each
scenario.
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Figure 6.6 – CDF of the SINR experienced by the UEs deployed in the scenario considering
Case1 (only terrestrial UE) and Case5 (10 terrestrial UEs and 5 aerial UEs). The
curves of the four sources that comprises the 3GPP results were combined to
compose a single curve for each scenario.

(a) UMa scenario.
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(b) UMi scenario.

−10 −2 6 14 22 30
0

0.25

0.5

0.75

1

SINR (dB)

C
D

F

StoRM-Case1 3GPP-Case1
StoRM-Case5 3GPP-Case5

(c) RMa scenario.
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Figure 6.5 depicts the calibration of the 5G-StoRM for the CL considering the UMa,
UMi and RMa scenarios defined according to [12]. In this figure, the CL values in the right tail
of the CDF correspond to the UEs which are close to the BS under LOS condition. In a similar
manner, the CL values in the left tail of the CDF correspond to the indoor UEs in the boundary
of adjacent sites under NLOS conditions. Besides the strong path loss due to the large distance
from the serving cell, these UEs also experience 20 dB of building penetration loss and up to
12.50 dB of indoor PL which put them in the worst condition of received signal strength. Finally,
from Figure 6.5 one can see that the smallest and largest overall loss experienced by a UE from
its serving BS due to the large scale fading is around 60 and 150 dB, respectively.

Figure 6.6 depicts the calibration of 5G-StoRM for the SINR considering the UMa,
UMi and RMa scenarios. In a similar manner as the calibration for the CL, the SINR values
in the left tail of the CDF correspond to the UEs which are near to the serving BS under LOS
condition and the values in the right tail of the CDF correspond to the UEs in the boundary of
adjacent sites experiencing a large interference. Also, note that there is a significant difference
between the CDFs of the SINR of Case1 and Case5 for each scenario, i.e., the UE in Case5
experience worse SINR conditions (5, 2 and 4 dB at the 50th percentile of the CDF for UMa,
UMi and RMa scenarios, respectively) when compared with the ones in Case1. This is due the
aerial UEs, i.e., such UEs experience a significant larger interference level when compared with
the terrestrial ones since they are mostly under LOS conditions for all BSs.

Finally, from figures 6.5 and 6.6, one can see that there is a good agreement between
the calibrations and results reported in [106].

6.4.3 Spatial consistency for SM and DM in ℝ3

To demonstrate the spatial consistency of the 5G-StoRM extension for SM and DM
in ℝ3, consider the scenarios depicted in Figure 6.7. As observed from this figure, the UAV
moves throughout z-axis while the BSs stay at a fixed location in Figure 6.7a (scenario with SM)
and moves throughout the y-axis in Figure 6.7a (scenario with DM).

Therefore, taking into account Figure 6.7, the trajectories (in ℝ3) of the UAV and
BSs are given:

c(𝑖)3 [ 𝑗] = cinit
3 +Δc(𝑖)3 [ 𝑗], 𝑖 ∈ {SM, DM}, (6.26)

c(𝑖)3 [ 𝑗] = cinit
3 +Δc(𝑖)3 [ 𝑗], 𝑖 ∈ {SM, DM}, (6.27)

respectively, where 𝑗 ∈ 𝕁,𝕁 , {0,1, . . . , 𝐽}, denotes the 𝑗th sample coordinate with 𝐽 = 200. cinit
3

and cinit
3 denote the UAV and (UMa/UMi/RMa)-BS coordinates, respectively, when they are

dropped into the scenario. From figures 6.7a and 6.7b, one can see that cinit
3 =

[
50 0 50

]T
and

cinit
3 =

[
0 0 ℎBS

]T
with ℎBS = 25m for UMa, ℎBS = 10m for UMi and ℎBS = 35m for RMa.
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Figure 6.7 – Layout of the scenario used to demonstrate the feature of spatial consistency in the
extended 5G-StoRM considering SM and DM in ℝ3. The UAVs and BSs in (a) and
(b) are equipped with a single isotropic antenna element vertically polarized. It is
assumed LOS state between the UAVs and each BS for both figures.
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(b) Layout with DM.
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Finally, Δc(𝑖)3 [ 𝑗] and Δc(𝑖)3 [ 𝑗] in (6.26) and (6.27), are given by:

Δc(𝑖)3 [ 𝑗] =


[
0 0 𝑗

2

]T
, 𝑖 = SM,[

0 0 3 𝑗
8

]T
, 𝑖 = DM,

(6.28)

Δc(𝑖)3 [ 𝑗] =


[
0 0 0

]T
, 𝑖 = SM,[

0 𝑗

8 0
]T
, 𝑖 = DM,

(6.29)

respectively. Next, by replacing (6.28) and (6.29) into (6.26) and (6.27), respectively, one obtains
the joint position vector

c(𝑖) [ 𝑗] =
[(

c(𝑖)3 [ 𝑗]
)T (

c(𝑖)3 [ 𝑗]
)T]T

, 𝑖 ∈ {SM, DM}, (6.30)

which allows to obtain the CIR ℎ1,1
(
c(𝑖) [ 𝑗], 𝑡, 𝜏

)
in (3.46) to each sample index 𝑗 ∈ 𝕁. Using the

FT, one obtains ℎ1,1
(
c(𝑖) [ 𝑗], 𝑡, 𝜏

)
at the center frequency as follows:

𝐻 (𝑖) [ 𝑗] = F
{
ℎ1,1

(
c(𝑖) [ 𝑗],0, 𝜏

)}
, 𝑖 ∈ {SM, DM}. (6.31)

Note that 𝐻 (𝑖) [ 𝑗] is obtained from ℎ1,1

(
c(𝑖) [ 𝑗], 𝑡, 𝜏

)
with 𝑡 = 0s, i.e., the evaluation of the spatial

consistency of the CIR in (3.46) takes into account only the contributions of the SCRVs (e.g., SF,
delays and, angles) that comprise the CIR for each sample 𝑗 of the joint position vector c(𝑖) [ 𝑗]
and does not consider the Doppler shift [12, cf. Table 7.8-5].
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Figure 6.8 – Correlation coefficient in (6.32) vs. magnitude of the joint displacement for (a)
UMa (b) RMa and (c) UMi. The Ricean K factor is fixed and equal to 15 dB. Each
point in the curves involving the 5G-StoRM simulations was obtained by averaging
5×103 independent realization of the correlation coefficient in (6.32).

(a) UMa scenario.

0 20 40 60 80 100
0

0.25

0.5

0.75

1

Mag. of the joint displacement (m)

C
o
rr

el
a
ti

o
n

co
effi

ci
en

t

StoRM-SM StoRM-DM
ACF-SF 3GPP-SM/DM

(b) RMa scenario.
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(c) UMi scenario.
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Therefore, consider the cross correlation coefficient between 𝐻 (𝑖) [0] and 𝐻 (𝑖) [ 𝑗] as
the metric to evaluate the spatial consistency of the 5G-StoRM extension, i.e.:

𝜌(𝑖) [ 𝑗] =

���������
E

{(
𝐻 (𝑖) [ 𝑗] − 𝜇 (𝑖) [ 𝑗]

) (
𝐻 (𝑖) [0] − 𝜇 (𝑖) [0]

)∗}√︂
E

{��𝐻 (𝑖) [ 𝑗]��2}E
{��𝐻 (𝑖) [0]��2}

��������� , (6.32)

where (·)∗ denotes the complex conjugate operation, 𝜇 (𝑖) [ 𝑗] = E
{
𝐻 (𝑖) [ 𝑗]

}
, 𝑖 ∈ {SM, DM} and

𝑗 ∈ 𝕁.
Figure 6.8 depicts the correlation coefficient in (6.32) vs. the magnitude of the joint

displacement, defined as:

𝑟(𝑖) [ 𝑗] =
���Δc(𝑖)3 [ 𝑗]

���+ ���Δc(𝑖)3 [ 𝑗]
��� . (6.33)

Note that 𝑟(SM) [ 𝑗] = 𝑟(DM) [ 𝑗],∀ 𝑗 ∈ 𝕁, i.e., for the SM case the UAV moves 100 m and the BS
does not move and for the DM case, the UAV moves 75 m and the BS moves 25 m. Hence,
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from Figure 6.8, one can see that the correlation coefficient obtained considering the 5G-StoRM
channel model assuming SM and DM is approximately the same for each scenario. This is due to
the ACF that is used to characterize each SCRV for A2G links, i.e., the first ACF in (4.1). Note
that this ACF can be expressed as exp(−𝑎𝑟) where 𝑟 = |Δc3 | +

��Δc3
�� corresponds to the magnitude

of the joint displacement defined in (6.33). In other words, for any displacement performed by
the Tx and/or Rx that results in the same 𝑟, the first ACF in (6.33) provides the same level of
correlation which explains the approximation 𝜌(SM) [ 𝑗] ≈ 𝜌(DM) [ 𝑗], 𝑗 ∈ 𝕁, for the results using
the 5G-StoRM in Figure 6.8.

Figure 6.8 also depicts the analytical ACF of the SF (solid red lines) for each
considered scenario and corresponds to an upper bound for the correlation coefficient in (6.33).
Note that the LOS ray of the CIR in (3.46) is purely determined from the scenario geometry
while the other multipath components are characterized by a set of SCRV (e.g., delay, angle
of arrival and of departure). Therefore, as the Ricean K factor increases, the single LOS ray
becomes the dominant term in the CIR which makes the correlation coefficient in (6.32) tend to
the ACF of the SF. On the other hand, as the Ricean K factor decreases, the channel fluctuations
that come from the non-LOS rays become stronger which increases the gap between 𝜌(𝑖) [ 𝑗] and
the ACF of the SF. Finally, from Figure 6.8 one can see that the 3GPP A2G channel model
presented in [75] neither supports DM nor SM when the UAV moves throughout z-axis.

6.5 Chapter summary

In this chapter, it was presented the 5G-StoRM extension to SM and DM in ℝ3 by
using the SoS approach from [88]. It was derived a general procedure that describes how to
use 𝐿 SoS coefficients to accurately approximate a WSS GP defined in ℝ𝑛 and characterized
by a PSDe ACF. Moreover, it was also derived a closed-form expression for the MSE between
the ACF of the GP and its approximation provided by the SoS. The MSE depends neither on
the dimension of the considered space ℝ𝑛 nor on the ACF of the GP. This result shows that
no significant increase in the computational complexity is observed by using the SoS in higher
dimensions to describe all the SCRVs required by 5G-StoRM.

By plugging the SoS from [88] into 5G-StoRM, the extended channel model was
calibrated for A2G links in UMa, UMi and RMa scenarios and accurately matched the results
reported by 3GPP. Finally, numerical simulations demonstrate the 5G-StoRM capability of
providing spatial consistency under LOS conditions for SM and DM in ℝ3. The simulations
results are in accordance with the considered ACF used to described each SCRV, i.e., for a fixed
joint displacement the correlation coefficients of the CIR for SM and DM are approximately the
same.

In the following chapter, it is presented the conclusions of the thesis.
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7 CONCLUSIONS AND FUTURE WORKS

7.1 Conclusions

This thesis addressed the development and calibration of a semi-deterministic and
a stochastic channel model devoted to remote rural areas and general 5G mobile networks,
respectively. Due to the semi-static characteristics, it was possible to derive a closed-form
expression for the ACF of the first model while the second one has been extensively validated by
numerical simulations in terrestrial and A2G links using results reported by different sources.
Also, an important contribution of this thesis is the extension of an existing SoS method used to
generate SCRVs from ℝ2 to ℝ3. The method was further extended for the 𝑛-dimensional space,
where its performance in terms of SMSE and MSE was described by closed-form expressions.
Therefore, the extended SoS method can be used by both SCMs and GBSCMs to generate
SCRVs with SM and/or DM in ℝ3, allowing such models to provide spatially consistent CIRs
for 5G challenging scenarios, such as A2G and A2A links. More specific conclusions regarding
each chapter are presented below.

In Chapter 2, it was proposed a CDL-based channel model for 5G MIMO systems
in remote rural areas, namely 5G-Remote, with support for SP and DP antennas, where the PL,
the SF and the RMS DS where obtained from measurements found in literature. The ACF of the
proposed model was derived analytically and allowed to validate the model and also to obtain
closed-form expressions for coherence time and coherence bandwidth considering both LOS and
NLOS conditions. Numerical simulations showed that SISO DP antennas outperform MIMO
2×2 SP in terms of achievable data rate for a UE in the cell-edge. A similar result was observed
when comparing MIMO 2×2 DP and MIMO 4×4 SP. These results show that, the use of DP
antennas can be an attractive solution to increase the throughput for the considered scenario
while still allowing to reduce the physical dimension of the array.

In Chapter 3, it was proposed an SCM, namely 5G Stochastic Radio channel for
dual Mobility (5G-StoRM), that extended the 3GPP-SCM by considering spatially consistent
CIRs with support for DM in ℝ2. A key concept in 5G-StoRM was the use of an SoS method
to generate both LSPs and SSPs. This approach presented two main advantages: i) the number
of SCRVs required to generate the CIR does not depend on the number of BSs deployed in the
scenario, and ii) LSPs and SSPs remain spatially correlated at both Rx and Tx sides. Finally, 5G-
StoRM was extensively calibrated for UMa, UMi and Indoor scenarios using results reported by
19 different sources. The model was demonstrated to be flexible by offering a trade-off between
computational complexity and accuracy while presenting negligible storage requirements, even
when challenging scenarios are considered, such as UDNs.

Chapter 4 extended the SoS method presented in Chapter 3 from ℝ2 to ℝ3. The
extended SoS method allowed to generate an SCRV that takes into account the Tx and Rx
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coordinates in ℝ3 and is useful for SCMs and GBSCMs to support spatially correlated CIRs in
many 5G scenarios with DM in ℝ3, such A2A. The proposed SoS method was compared to a
SoA solution and presented significant performance gains in terms of MSE.

Chapter 5 presented an ACF that describes the spatial correlation of a GP in ℝ3 and
extended the classical exponential-decaying ACF by allowing negative correlation. Differently
of many existing ACF models that deals with negative correlation, the proposed ACF was
proved to be PSDe in ℝ3, which is a necessary condition required by the existing methods that
generate spatially correlated GPs. The proposed ACF showed a good agreement with channel
measurements in mmWave bands. Finally, it was proposed an analytical derivation of an SoS
method capable of generating a GP in ℝ3 characterized by the proposed ACF. The proposed SoS
method was compared to a SoA solution and presented marginal gains in terms of SMSE and
MSE, but demanded a significant lower computational complexity.

Chapter 6 extended 5G-StoRM proposed in Chapter 3, allowing the model to
support spatially consistent CIRs with DM in ℝ3 by using the SoS method derived in Chapter 4.
Also, Chapter 6 extended the SoS method employed in chapters 3 to 5 to the 𝑛-dimensional
space, providing closed-form expressions for the SMSE and MSE metrics that have been
numerically analyzed in chapters 4 and 5. The 5G-StoRM extension was calibrated for A2G links
in UMa, UMi, and RMa scenarios using the results reported by four sources. Finally, numerical
simulations demonstrated the capability of the extended model on providing spatially consistent
CIRs under LOS conditions for both SM and DM in ℝ3.

7.2 Future research

In the context of the SoS method and different ACFs addressed in this thesis, there
are some directions that can be investigated:

• It is well know that the zero level crossing rate (ZLCR) of a GP depends on
the second derivative of its ACF at the origin. Since the exponential and the
exponential-sinc ACFs discussed in chapters 4 and 5, respectively, do not have sec-
ond derivative define at the origin, the ZLCR of a stochastic process characterized
by such ACFs is undefined. As a consequence of this limitation on both ACFs, a
practical realization of a spatially correlated GP using the SoS method eventually
presents quick fluctuations which are larger than those observed in measurements.
Hence, an adaptation on both ACFs should be investigated in order to obtain an
ACF with second derivative defined at the origin. However, the adapted ACFs
should i) keep most of the structure/shape of the original ACFs, and ii) remain as a
PSDe function, which is a property required by the SoS method, as demonstrated
in Chapter 6.

• In Chapter 6 it was derived closed-form expressions for the SMSE and MSE when
the spatial frequencies of the SoS are generated from the PSD of the GP. However,
one may ask if it is possible to generate the spatial frequencies using a different
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approach (e.g., using optimization) that provides a better performance in terms of
SMSE and also MSE.

In the context of channel modeling, currently, 5G-StoRM has been extended to also
support the 3GPP self-block and non-self-blockages models. Moreover, the following features
for channel modeling are foreseen to be added into the model:

• Improve the Doppler model to support high-speed scenarios. Currently 5G-StoRM
only considers a linear Doppler shift and does not take into account the mobility
of the clusters.

• Add support for Intelligent Reflective Surfaces (IRSs). IRS is a beyond 5G concept
and is currently being investigated for some research groups. IRSs present dual
characteristics, i.e., it in part acts as a scattering in the environment (e.g., a
cluster) and in part as an array of antennas that allows to perform phase shifts
on the wavefront to improve the link quality. Currently, the studies involving this
technology into channel models is still simplified and needs further improvements.

• Support for gaseous absorption and rain attenuation. These concepts are currently
part of many channel models and can be efficiently added into 5G-StoRM using
the SoS method described in this thesis.

Finally, considering the trends and challenges for the sixth generation (6G) of
wireless systems [108, 109], one can identify important characteristics in 5G-StoRM that indicate
the model will be useful to perform system and link-level simulations in 6G: i) 5G-StoRM can
simulate multiple scenarios simultaneously (e.g., terrestrial, A2G and, A2A links) with low
memory requirement, ensuring smooth time evolution and spacial consistency for each scenario.
ii) 5G-StoRM is flexible by allowing to turn on/off some features of channel modeling which
increase/reduce the computational complexity of the simulations. Such features are configured
individually for each scenario and may be useful to simulate dense networks in 6G, which are
expected to be up to 10 times denser when compared to 5G systems. iii) 5G-StoRM has been
extended to support simulations with single and dual mobility in the 3D space with no significant
increase in its complexity in terms of storage and computations. This feature is highly relevant for
6G due to the increasing interest in A2G and A2A links (e.g., satellite-to-drone, satellite-to-BS,
BS-to-drone, drone-to-drone, etc).
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A APPENDIX – A: CLOSED-FORM EXPRESSION FOR THE ACF OF THE 5G-
REMOTE CHANNEL MODEL

Considering a single AE vertically polarized in both Tx and Rx, the general form for
the CIR in (2.4) can be expressed as:

ℎ1,1(𝑡, 𝜏) =
𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

√
𝑝𝑛 exp

(
2𝜋𝑗𝑡
𝜆

rT (
𝜃a
𝑛,𝑚,𝜙

a
𝑛,𝑚

)
vUE

)
×

exp
(
𝑗ΩVV

𝑛,𝑚

)
𝛿(𝜏−𝜏𝑛)+exp

(
2𝜋𝑗𝑡
𝜆

rT (
𝜃a

LOS,𝜙
a
LOS

)
vUE

)
×

√
𝑝LOS exp ( 𝑗ΩLOS) 𝛿(𝜏−𝜏0), (A.1)

where 𝑝𝑛 = 𝑃𝑛/[𝑀 (1+𝜖K)], 𝑝LOS = 𝜖K/(1+𝜖K) and, ΩLOS =−2𝜋 |cBS− cUE | /𝜆 is the initial phase
of the LOS ray obtained from (2.6). Assuming that the mobility of the UE is in the horizontal
plane, the inner product rT (𝜃,𝜙) vUE in (A.1), with (𝜃,𝜙) ∈ {(𝜃a

𝑛,𝑚,𝜙
a
𝑛,𝑚), (𝜃a

LOS,𝜙
a
LOS)}, can

be rewritten as:

rT(𝜃,𝜙)vUE = |vUE |
[
cos(𝛽) sin(𝛽) 0

] 
cos(𝜙) sin(𝜃)
sin(𝜙) sin(𝜃)

cos(𝜃)


= |vUE | sin(𝜃) cos(𝜙− 𝛽), (A.2)

where 𝛽 denotes the direction of the UE velocity in the horizontal plane. Replacing (A.2) into
(A.1) yields:

ℎ1,1(𝑡, 𝜏) =
𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

√
𝑝𝑛 exp

(
𝑗𝑡

𝜈𝑛,𝑚 (𝛽)︷                                   ︸︸                                   ︷
2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝜙a
𝑛,𝑚−𝛽)

)
×

exp
(
𝑗ΩVV

𝑛,𝑚

)
𝛿(𝜏−𝜏𝑛) +

√
𝑝LOS exp ( 𝑗ΩLOS) 𝛿(𝜏−𝜏0)×

exp
(
𝑗𝑡

2𝜋
𝜆
|vUE | sin(𝜃a

LOS) cos(𝜙a
LOS− 𝛽)︸                                      ︷︷                                      ︸

𝜈LOS (𝛽)

)
. (A.3)

Next, applying the Fourier transform in (A.3) yields:

𝐻1,1(𝑡, 𝑓 )=
∞∫

−∞

ℎ1,1(𝑡, 𝜏) exp(− 𝑗2𝜋𝜏 𝑓 )𝑑𝜏=
𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

√
𝑝𝑛×

exp
(
𝑗𝑡𝜈𝑛,𝑚(𝛽)

)
exp

(
𝑗ΩVV

𝑛,𝑚

)
exp(− 𝑗2𝜋𝜏𝑛 𝑓 )+

√
𝑝LOS exp

(
𝑗𝑡𝜈LOS(𝛽)

)
exp ( 𝑗ΩLOS) exp (− 𝑗2𝜋𝜏0 𝑓 ) , (A.4)
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and its corresponding ACF 𝑅(𝑡,𝑇, 𝑓 , 𝐹) is given by:

𝑅(𝑡,𝑇, 𝑓 , 𝐹) =
E

[
𝐻1,1(𝑡, 𝑓 )𝐻∗1,1(𝑡 +𝑇, 𝑓 + 𝐹)

]
√︃

E
[
|𝐻1,1(𝑡, 𝑓 ) |2

]
E

[
|𝐻1,1(𝑡+𝑇, 𝑓+𝐹) |2

]
= E

[
𝐻1,1(𝑡, 𝑓 )𝐻∗1,1(𝑡 +𝑇, 𝑓 + 𝐹)

]
, (A.5)

where

E
[
|𝐻1,1(𝑡, 𝑓 ) |2

]
=E

[
|𝐻1,1(𝑡 +𝑇, 𝑓 + 𝐹) |2

]
=

𝑁∑︁
𝑛=1

𝑃𝑛 = 1.

Next, replacing (A.4) into (A.5) allows to expand 𝑅(𝑡,𝑇, 𝑓 , 𝐹) which is given by
(A.6).

𝑅(𝑡,𝑇, 𝑓 , 𝐹) = E
{[ 𝑁∑︁

𝑛=1

𝑀∑︁
𝑚=1

√
𝑝𝑛 exp

(
𝑗𝑡𝜈𝑛,𝑚 (𝛽)

)
exp

(
𝑗ΩVV

𝑛,𝑚

)
exp(− 𝑗2𝜋𝜏𝑛 𝑓 ) +

√
𝑝LOS exp

(
𝑗𝑡𝜈LOS (𝛽)

)
exp ( 𝑗ΩLOS) ×

exp (− 𝑗2𝜋𝜏0 𝑓 )
] [ 𝑁∑︁

𝑥=1

𝑀∑︁
𝑦=1

√
𝑝𝑥 exp

(
− 𝑗𝑡𝜈𝑥,𝑦 (𝛽)

)
exp

(
− 𝑗𝑇𝜈𝑥,𝑦 (𝛽)

)
exp

(
− 𝑗ΩVV

𝑥,𝑦

)
exp( 𝑗2𝜋𝜏𝑥 𝑓 ) exp( 𝑗2𝜋𝜏𝑥𝐹)+

√
𝑝LOS exp

(
− 𝑗𝑡𝜈LOS (𝛽)

)
exp

(
− 𝑗𝑇𝜈LOS (𝛽)

)
exp (− 𝑗ΩLOS) exp ( 𝑗2𝜋𝜏0 𝑓 ) exp ( 𝑗2𝜋𝜏0𝐹)

]}
=

𝐴︷                                                                                                                                                                    ︸︸                                                                                                                                                                    ︷
𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

𝑁∑︁
𝑥=1

𝑀∑︁
𝑦=1

E
{√

𝑝𝑛𝑝𝑥 exp
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𝑥,𝑦 )
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exp [ 𝑗2𝜋 𝑓 (𝜏𝑥−𝜏𝑛)] exp
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− 𝑗𝑇𝜈𝑥,𝑦 (𝛽)

)
exp( 𝑗2𝜋𝜏𝑥𝐹)

}

+
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𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1
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𝑗
(
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) ]
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(
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exp ( 𝑗2𝜋𝜏0𝐹)

}

+

𝐶︷                                                                                                                                                                ︸︸                                                                                                                                                                ︷
𝑁∑︁
𝑥=1

𝑀∑︁
𝑦=1

E
{√

𝑝𝑥 𝑝LOS exp
[
𝑗𝑡(𝜈LOS (𝛽)−𝜈𝑥,𝑦 (𝛽))

]
exp

[
𝑗(ΩLOS−ΩVV

𝑥,𝑦 )
]
exp [ 𝑗2𝜋 𝑓 (𝜏𝑥−𝜏0)] exp

(
− 𝑗𝑇𝜈𝑥,𝑦 (𝛽)

)
exp( 𝑗2𝜋𝜏𝑥𝐹)

}
+

𝐷︷                                                  ︸︸                                                  ︷
E
{
𝑝LOS exp

(
− 𝑗𝑇𝜈LOS (𝛽)

)
exp ( 𝑗2𝜋𝜏0𝐹)

}
. (A.6)

Due to the static characteristics of the CDL model, the only random variables in
the terms 𝐴, 𝐵,𝐶 and, 𝐷 in (A.6) are the initial random phases ΩVV

𝑛,𝑚,∀(𝑛,𝑚), and the direction
of the UE velocity especified by the angle 𝛽. Besides that, it is assumed that 𝛽 and ΩVV

𝑛,𝑚 are



Appendix A. Appendix – A: Closed-form expression for the ACF of the 5G-Remote channel model 109

independent. Under this assumptions, 𝐴, 𝐵 and, 𝐶 can be reorganized, respectively, as follows:

𝐴 =

𝑁,𝑀∑︁
𝑛=1
𝑚=1

𝑁,𝑀∑︁
𝑥=1
𝑦=1

√
𝑝𝑛𝑝𝑥 E

{
exp

[
𝑗𝑡(𝜈𝑛,𝑚(𝛽) −𝜈𝑥,𝑦 (𝛽))

]
×

exp
(
− 𝑗𝑇𝜈𝑥,𝑦 (𝛽)

)} 𝐴′︷                          ︸︸                          ︷
E
{

exp
[
𝑗(ΩVV

𝑛,𝑚−ΩVV
𝑥,𝑦 )

] }
×

exp [ 𝑗2𝜋 𝑓 (𝜏𝑥−𝜏𝑛)] exp( 𝑗2𝜋𝜏𝑥𝐹), (A.7)

𝐵 =

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

√
𝑝𝑛𝑝LOS E

{
exp

[
𝑗𝑡(𝜈𝑛,𝑚(𝛽)−𝜈LOS(𝛽))

]
×

exp
(
− 𝑗𝑇𝜈LOS(𝛽)

)} 𝐵′︷                           ︸︸                           ︷
E
{

exp
[
𝑗
(
ΩVV
𝑛,𝑚−ΩLOS

) ] }
×

exp [ 𝑗2𝜋 𝑓 (𝜏0−𝜏𝑛)] exp ( 𝑗2𝜋𝜏0𝐹) , (A.8)

𝐶 =

𝑁∑︁
𝑥=1

𝑀∑︁
𝑦=1

√
𝑝𝑥 𝑝LOSE

{
exp

[
𝑗𝑡(𝜈LOS(𝛽)−𝜈𝑥,𝑦 (𝛽))

]
×

exp
(
− 𝑗𝑇𝜈𝑥,𝑦 (𝛽)

)} 𝐶′︷                           ︸︸                           ︷
E
{

exp
[
𝑗(ΩLOS−ΩVV

𝑥,𝑦 )
] }
×

exp [ 𝑗2𝜋 𝑓 (𝜏𝑥−𝜏0)] exp( 𝑗2𝜋𝜏𝑥𝐹). (A.9)

Since the initial phases are independent and identically distributed uniform random variables,
the terms 𝐴′ , 𝐵′ and, 𝐶′ in (A.7) to (A.9) are given by:

𝐴′ =


1, if 𝑛 = 𝑥 and 𝑚 = 𝑦,

0, otherwise.
(A.10)

𝐵′ = 0 and 𝐶′ = 0. (A.11)

From (A.11) it is noted that 𝐵 = 𝐶 = 0 and using (A.10) allows to rewrite 𝐴 as follows:

𝐴 =

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

𝑝𝑛

𝐴′′︷                      ︸︸                      ︷
E
{

exp
(
− 𝑗𝑇𝜈𝑛,𝑚(𝛽)

)}
exp( 𝑗2𝜋𝜏𝑛𝐹), (A.12)
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and recalling that 𝜈𝑛,𝑚(𝛽)= 2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝜙a
𝑛,𝑚− 𝛽), 𝐴′′ in (A.12) is simplified to:

𝐴′′ = E
{
cos

[
𝑇

2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝜙a
𝑛,𝑚− 𝛽)

]}
− 𝑗E

{
sin

[
𝑇

2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝜙a
𝑛,𝑚− 𝛽)

]}
=E

{
cos

[
𝑇

2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝛽)
]}

︸                                           ︷︷                                           ︸
𝐽0

(
2𝜋 |vUE |𝑇

𝜆
sin(𝜃a

𝑛,𝑚)
)

− 𝑗E
{
sin

[
𝑇

2𝜋
𝜆
|vUE | sin(𝜃a

𝑛,𝑚) cos(𝛽)
]}

︸                                          ︷︷                                          ︸
=0

. (A.13)

where 𝐽0(·) is the Bessel function of first kind and zero-order. Finally, replacing (A.13) into
(A.12), yields a compact form for 𝐴 as function of the known channel parameters, i.e.:

𝐴 =

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

𝑝𝑛𝐽0

(
2𝜋
|vUE |𝑇
𝜆

sin(𝜃a
𝑛,𝑚)

)
exp( 𝑗2𝜋𝜏𝑛𝐹). (A.14)

Note that the result from (A.13) can also be used to simplify the term 𝐷 in (A.6), i.e.:

𝐷 = 𝑝LOS𝐽0

(
2𝜋
|vUE |𝑇
𝜆

sin(𝜃a
LOS)

)
, (A.15)

where it was assumed 𝜏0 = 0s. Therefore, recalling that 𝐵 = 𝐶 = 0 and the terms 𝐴 and 𝐷 are
given by (A.14) and (A.15), respectively, a closed for expression for 𝑅(𝑡,𝑇, 𝑓 , 𝐹) in (A.6) is
obtained as follows:

𝑅(𝑡,𝑇, 𝑓 , 𝐹) = 𝜖K

1+ 𝜖K
𝐽0

(
2𝜋
|vUE |𝑇
𝜆

sin(𝜃a
LOS)

)
+

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

𝑃𝑛

1+ 𝜖K
𝐽0

(
2𝜋
|vUE |𝑇
𝜆

sin(𝜃a
𝑛,𝑚)

)
exp( 𝑗2𝜋𝜏𝑛𝐹),

which can be simplified to 𝑅(𝑛𝜆 , 𝐹):

𝑅(𝑛𝜆 , 𝐹) =
𝜖K

1+ 𝜖K
𝐽0

(
2𝜋𝑛𝜆 sin(𝜃a

LOS)
)
+

𝑁∑︁
𝑛=1

𝑀∑︁
𝑚=1

𝑃𝑛

1+ 𝜖K
𝐽0

(
2𝜋𝑛𝜆 sin(𝜃a

𝑛,𝑚)
)
exp( 𝑗2𝜋𝜏𝑛𝐹), (A.16)

where 𝑛𝜆 denotes the number of wavelengths traveled by the UE, defined as:

𝑛𝜆 =
|vUE |𝑇
𝜆

. (A.17)

Note that the proposed channel model is a WSS process since its ACF in (A.16) only
depends on 𝑇 (or 𝑛𝜆) and 𝐹.
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B APPENDIX – B: 5G-STORM ADDITIONAL CALIBRATIONS

For completeness, this appendix resumes Section 3.4 with the calibration results of
LSPs and SSPs.

B.1 Calibrations of LSPs

As it is shown in Table 3.2, each BS-sector is equipped with a ULA composed of 10
AEs and the UE has a single AE, both vertically polarized. The first LSP metric to be evaluated is
the CL, which is defined as the strongest signal strength received on each UE from all BS-sectors
in the system. In this context, let 𝔹 = {1, . . . , 𝐵} and ℚ = {1, . . . ,𝑄} be the sets of BS-sectors and
UEs deployed in the system, respectively. The strength Υ𝑏,𝑞 of the received signal between the
BS-sector 𝑏 ∈ 𝔹 and the UE 𝑞 ∈ ℚ is then given by

Υ𝑞,𝑏 =
10∑︁
𝑠=1

��ℎ1,𝑠
(
T𝑞,𝑏

) ��2 , (B.1)

where ℎ𝑢,𝑠 is the CIR in (3.46) evaluated only for the single LOS ray, i.e., T𝑞,𝑏 = {c𝑞,𝑏,0, 𝜏LOS}.
Finally, the coupling loss CL𝑞 of each UE 𝑞 ∈ ℚ is obtained from (B.1) as follows:

CL𝑞 = max{Υ𝑞,1, . . . ,Υ𝑞,𝐵}, 𝑞 ∈ ℚ. (B.2)

The 5G-StoRM calibrations of the CL for UMa, UMi, and indoor are shown in figures B.1 to B.3,
respectively. For all these curves, the CL values in the right tail of the CDF correspond to the
UEs which are close to the BS under LOS. Similarly, the CL values in the left tail of the CDF
corresponds to the UEs in the boundary of adjacent cells and are in NLOS. Also, in these figures,
it is noted a considerable frequency-dependent CL. It can be observed in 50th percentile of each
CDF, when the overall loss has increased around 40 dB and 20 dB from 6 GHz to 70 GHz for
UMa/UMi and indoor scenarios, respectively. In comparison with the CL of the three scenarios
depicted in figures B.1 to B.3 for each frequency, it is noted that the scenarios UMa and UMi
experience an overall loss larger than 50 dB with respect to the indoor scenario. This large loss is
a composition of two main factors: 1) the indoor scenario is most comprised by LOS due to the
small distance between adjacent BSs, while the scenarios UMa and UMi are most characterized
by NLOS propagation, and 2) 80% of the UEs in the scenarios UMa and UMi are indoor and
experience a large frequency-dependent building loss.

Besides the calibration of the CL, the calibration of the SINR provides a more
detailed characterization of each scenario since it considers some additional parameters, such as
transmitted power, noise power, and system bandwidth. For this calibration, the SINR for each
UE 𝑞 ∈ ℚ is determined using its CL in (B.2) as follows:

SINR𝑞 =
CL𝑞

𝜂+ ∑
𝑏∈𝔹

Υ𝑏,𝑞−CL𝑞

, 𝑞 ∈ ℚ, (B.3)
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Figure B.1 – CDF of the CL for UMa scenario.
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Figure B.2 – CDF of the CL for UMi scenario.
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Figure B.3 – CDF of the CL for indoor scenario.
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Figure B.4 – CDF of the SINR for UMa scenario.
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Figure B.5 – CDF of the SINR for UMi scenario.
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where 𝜂 is the ratio between the noise power in the system bandwidth and the BS-sector
transmitted power. In this context, the calibration of the SINR using 5G-StoRM in the scenarios
UMa, UMi and indoor are depicted in figures B.4 to B.6, respectively. Analyzing figures B.4
and B.5, it is noted very poor SINR conditions around the 50th percentile of the CDF for UMa
and UMi at 30 and 70 GHz, while it stays in good conditions at 6 GHz for both scenarios. It
happens due to three reasons: 1) the high frequency-dependent CL shown in figures B.1 and B.2;
2) from Table 3.2, it is possible to see that the system bandwidth at 6 GHz is five times smaller
than the system bandwidth in 30 and 70 GHz and 3) the transmitted power at 6 GHz is 14 and
9 dBm larger than the transmitted power above 6 GHz for UMa and UMi, respectively. Hence,
the scenarios UMa and UMi are mainly limited by interference at 6 GHz and by noise above
6 GHz. Now, analyzing Figure B.6, it is noted that the SINR for indoor scenario is almost the
same for all frequencies. It happens because the interference term in (B.3) is much larger than
the noise term 𝜂, which characterizes a scenario limited by interference. Finally, it is noted that
all calibrated LSPs metrics using 5G-StoRM, depicted in figures B.1 to B.6, are in accordance
with 3GPP results.
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Figure B.6 – CDF of the SINR for indoor scenario.
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B.2 Calibrations of SSPs

As it is shown in Table 3.2, each BS-sector in the scenario is equipped with two
URAs 4×4 with cross-polarized AEs, and the UEs have a single cross-polarized isotropic AE.
To perform the SSP calibrations, each UE 𝑞 ∈ℚ is connected with the BS-sector that provides the
strongest RSRP from antenna port 0, as expressed in (3.53). After the connection is established,
the different SSP calibrations presented in Table 3.1 are performed. The first SSP calibration to
be analyzed is the DS, given by

𝜎𝜏 =

√√√√√√√∑︁
𝑛∈ℕ
𝑚∈𝕄

𝑝𝑛,𝑚𝜏
2
𝑛,𝑚−

©­­«
∑︁
𝑛∈ℕ
𝑚∈𝕄

𝑝𝑛,𝑚𝜏𝑛,𝑚
ª®®¬

2

, (B.4)

and its CDF is depicted in figures B.7 to B.9 for different frequencies in UMa, UMi and indoor
scenarios, respectively. The CDFs for UMa and UMi presented in figures B.7 and B.8 are 80%
composed of O2I links which do not have frequency-dependent LSPs [59, cf. table 7.5-6]. As a
consequence of that, the only difference between such CDFs comes from the 20% remaining
O2O links which are characterized by frequency-dependent LSPs. On the other hand, the CDFs
of the DS for indoor scenario presented in Figure B.9 are most composed of links under LOS
conditions due to small distance between BSs and UEs and have slightly frequency-dependent
LSPs [59, cf. table 7.5-6].

The second metric to be evaluated for SSP calibrations is the CDF of the ZSD. The
ZSD is determined according to the circular angle spread presented in [52, cf. pp. 39]. Its CDFs
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Figure B.7 – CDF of the DS for UMa scenario.
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Figure B.8 – CDF of the DS for UMi scenario.
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Figure B.9 – CDF of the DS for indoor scenario.
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for different frequencies in UMa, UMi, and indoor scenarios are depicted in figures B.10 to B.12,
respectively. As it can be noted, the CDF of the ZSD for UMa and UMi scenarios in figures B.10
and B.11, respectively, are almost the same for all frequencies. In fact, the ZSD for UMa and
UMi scenarios is mostly characterized by the difference between the BS’s and UE’s heights
and the 2D distance between them rather than system frequency [59, cf. tables 7.5-7 and 7.5-8].
On the other hand, the CDF of the ZSD for indoor scenario, depicted in Figure B.12, has a
considerable dependence on the system frequency [59, cf. table 7.5-10]. Finally, from figures B.7
to B.12 is noted that there is a good agreement between all SSP calibrations using 5G-StoRM
and the results reported by 3GPP.
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Figure B.10 – CDF of the ZSD for UMa scenario.
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Figure B.11 – CDF of the ZSD for UMi scenario.
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Figure B.12 – CDF of the ZSD for indoor scenario.
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C APPENDIX – C

C.1 Proof of the Theorem 1

𝑅N̂ (·) is obtained from (4.2) as follows:

𝑅N̂ (Δc6) = E
{
N̂ (c6)N̂ (c6 +Δc6)

}
=

𝐿∑︁
𝑙=1

𝐿∑︁
𝑚=1

𝑢𝑙𝑢𝑚E
{
cos

(
2𝜋cT

6 f6,𝑙 +𝜓𝑙

)
cos

[
2𝜋 (c6 +Δc6)T f6,𝑚 +𝜓𝑚

]}
=

𝐿∑︁
𝑙=1

𝑢2
𝑙

2
E

{
cos

(
2𝜋ΔcT

6 f6,𝑙

)}
=

∫
ℝ6

cos
(
2𝜋ΔcT

6 f6

)
𝑝F6 (f6) 𝑑f6, (C.1)

and 𝑅N (·) is related to the PSD of N(·) by the inverse Fourier transform F −1{·}, as follows:

𝑅N (Δc6) = F −1 {ΦN (f6)} =
∫
ℝ6

ΦN (f6) exp
(
2𝜋𝑗ΔcT

6 f6

)
𝑑f6

=

∫
ℝ6
ΦN (f6)cos

(
2𝜋ΔcT

6 f6

)
𝑑f6 + 𝑗

∫
ℝ6
ΦN (f6) sin

(
2𝜋ΔcT

6 f6

)
𝑑f6

=

∫
ℝ6

cos
(
2𝜋ΔcT

6 f6

)
ΦN (f6) 𝑑f6, (C.2)

where the complex part of the integral in (C.2) is zero since 𝑅N (·) is a real function. As it can
be seen, the equality between (C.1) and (C.2) can be guaranteed by taking

𝑝F6 (f6) = ΦN (f6) . (C.3)

C.2 Closed-form expression for the FT of the proposed ACF in (4.1)

The 6D PSD ΦN (·) of N(·) is obtained by taking the Fourier transform of its ACFs
in (4.1). Since 𝑅N (·) is given by the product of separable functions, ΦN (·) can also be separated
into the product of separable functions, as follows:

ΦN (f6) =
{
ΦF3 (f3)ΦF3 (f3), (C.4)

ΦF2 (f2)ΦF2 (f2)Φz( 𝑓 z)Φz( 𝑓 z
), (C.5)

where the functions ΦF3 (·),ΦF2 (·), and Φz(·) denote Fourier transforms given by:

ΦF3 (f3) = F {exp (−𝑎 |Δc3 |)} and ΦF3 (f3) = F
{
exp

(
−𝑎

��Δc3
��)} , (C.6)

ΦF2 (f2) = F {exp (−𝑏 |Δc2 |)} and ΦF2 (f2) = F
{
exp

(
−𝑏

��Δc2
��)} , (C.7)

Φz( 𝑓 z) = F {exp (−𝑐 |Δ𝑧 |)} and Φz( 𝑓 z
) = F

{
exp

(
−𝑐

��Δ𝑧��)} , (C.8)
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with f2 =
[
𝑓 x 𝑓 y

]T
and f2 =

[
𝑓

x
𝑓

y

]T
. To obtain a closed-form expression for each term in

(C.6)–(C.8), consider the following result derived in [110]:

F {exp (−2𝜋𝛼 |c𝑛 |)} = 𝛼Γ
(
𝑛+1

2

) [
𝜋

(
𝛼2 + |f𝑛 |2

)]− 𝑛+12
, (C.9)

where 𝛼 is a positive constant, c𝑛 and f𝑛 denote the vector of Cartesian coordinates and the
vector of frequencies both in ℝ𝑛, respectively, and Γ(·) is the gamma function. By letting 𝑛 = 3
and 𝑎 = 2𝜋𝛼, 𝑛 = 2 and 𝑏 = 2𝜋𝛼, and 𝑛 = 1 and 𝑐 = 2𝜋𝛼, (C.6)–(C.8) are obtained from (C.9),
respectively, as:

ΦF3 (f3) =
8𝜋𝑎(

𝑎2 +4𝜋2 |f3 |2
)2 , f3 ∈ {f3, f3}, (C.10)

ΦF2 (f2) =
2𝜋𝑏(

𝑏2 +4𝜋2 |f2 |2
) 3

2
, f2 ∈ {f2, f2}, (C.11)

Φz( 𝑓z) =
2𝑐

𝑐2 +4𝜋2 𝑓 2z
, 𝑓z ∈ { 𝑓 z, 𝑓 z

}. (C.12)
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D APPENDIX – D: PROOF OF THE THEOREMS 2 AND 3

D.1 Proof of the Theorem 2

To show that the ACF model in (5.2) is non-PSDe in ℝ𝑛, 𝑛 ≥ 2, it suffices to provide
a counterexample where the covariance matrix M generate from 𝑅′N (𝑟) in (5.2) is non-PSDe in
ℝ2 [76]. To this end, let 𝐷3 ∈ {67,68, . . . ,100} and 𝐷4 = 15 in (5.2) and then consider four dif-

ferent locations in ℝ2, i.e., x1 =
[
−0.33 9.26

]T
, x2 =

[
−28.4 −24.1

]T
, x3 =

[
−27.6 22.5

]T
,

and x4 =
[
0.23 −35.81

]T
with 𝑟𝑖, 𝑗 =

��x𝑖−x 𝑗
�� denoting the distance between x𝑖 and x 𝑗, (𝑖, 𝑗) ∈

{1,2,3,4}. The covariance matrix M associated with these locations is then obtained as [76, cf.
Section III] M , {𝑅′N (𝑟𝑖, 𝑗) | (𝑖, 𝑗) ∈ {1,2,3,4}}. To show that M is a non-PSDe matrix, consider

the vector v =

[
1 1 1 1

]T
and then verify that vTMv < 0 [76, cf. Definition 2]. For instance,

considering 𝐷3 = 70, it is obtained vTMv = −0.57.

D.2 Proof of the Theorem 3

To show that the ACF model in (5.3) is non-PSDe it will be used the same procedure
as in Appendix D.1, i.e., let 𝐷3 ∈ {67,68, . . . ,100} and 𝐷4 = 20 in (5.3) and then consider

four locations x1 =
[
20.1 −36.3

]T
, x2 =

[
−7.23 14.23

]T
, x3 =

[
−27.7 −29.2

]T
, and x4 =[

43.79 4.49
]T

. The covariance matrix M associated with these points is obtained from (5.3),
i.e., M , {𝑅′′N (𝑟𝑖, 𝑗) | (𝑖, 𝑗) ∈ {1,2,3,4}}. To show that M is a non-PSDe matrix, consider the

vector v =

[
1 1 1 1

]T
and then verify that vTMv < 0. For instance, considering 𝐷3 = 70, it is

obtained vTMv = −0.33.
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E APPENDIX – E: PROOF OF THEOREMS 5–8

E.1 Proof of the Theorem 5

E.1.1 Property i)

To show that N̂ (·) in (6.9) tends to a GP with zero-mean and unit-variance, one
defines 𝑍𝑙 , 𝑎𝑙 cos(2𝜋fT

𝑙
c+𝜓𝑙), 𝑙 ∈ 𝕃, and then notice that N̂ (·) can be expressed as:

N̂ (c) =
∑︁
𝑙∈𝕃

𝑍𝑙, (E.1)

where {𝑍𝑙}𝐿𝑙=1 corresponds to a set of 𝐿 i.i.d. RVs. Hence, as stated by the CLT, as 𝐿 grows the
summation in (E.1) tends to Normal distribution with mean 𝜇N̂ = 𝐿×E {𝑍𝑙} ,∀𝑙 ∈ 𝕃, and variance
𝜎2
N̂
= 𝐿×E

{
(𝑍𝑙 − 𝜇N̂ )2

}
,∀𝑙 ∈ 𝕃. 𝜇N̂ and 𝜎2

N̂
are obtained as follows:

𝜇N̂ = E {𝑍𝑙} = 𝐿𝑢𝑙E
{
cos

(
2𝜋fT

𝑙 c+𝜓𝑙

)}
=
√

2𝐿
∫

f∈ℝ𝑛

∫ 2𝜋

0
cos

(
2𝜋fTc+𝜓

)
𝑝F,Ψ (f,𝜓)︸      ︷︷      ︸
𝑝F (f)/2𝜋

𝑑𝜓𝑑f

=
√

2𝐿
∫

f∈ℝ𝑛

𝑝F (f)
2𝜋

∫ 2𝜋

0
cos

(
2𝜋fTc+𝜓

)
𝑑𝜓𝑑f = 0, (E.2)

𝜎2
N̂ = 𝐿E

{
𝑍2
𝑙

}
= 𝐿

∫
f∈ℝ𝑛

2𝜋∫
0

𝑍2
𝑙 𝑝F,Ψ (f,𝜓)︸      ︷︷      ︸

𝑝F (f)/2𝜋

𝑑𝜓𝑑f =
1
𝜋

∫
f∈ℝ𝑛

𝑝F (f)
2𝜋∫

0

cos
(
2𝜋fTc+𝜓

)2︸               ︷︷               ︸
1
2+

cos(4𝜋fTc+2𝜓)
2

𝑑𝜓𝑑f

=

∫
f∈ℝ𝑛

𝑝F (f)𝑑f = 1, (E.3)

respectively. Note that when the expectation operator E {·} was replaced by its integral form in
(E.2) and (E.3), the index “𝑙" was removed from f and 𝜓. This was done because these RVs are
i.i.d., which yields E {𝑍𝑚} = E

{
𝑍𝑝

}
and E

{
𝑍2
𝑚

}
= E

{
𝑍2
𝑝

}
,∀(𝑚, 𝑝) ∈ 𝕃.

Therefore, from (E.2) and (E.3) one can see that for any c ∈ ℝ𝑛 and 𝐿 sufficiently
large, the SoS in (6.9) tends to a Normal distribution with zero-mean and unit-variance.
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Finally, the ACF of the SoS in (6.9) is obtained as follows:

𝑅N̂ (c,Δc) = E
{
N̂ (c)N̂ (c+Δc)

}
=

∑︁
𝑙∈𝕃
𝑚∈𝕃

𝑢𝑙 𝑢𝑚×

E
{
cos

(
2𝜋fT

𝑙 c+𝜓𝑙

)
cos

[
2𝜋fT

𝑚 (c+Δc) +𝜓𝑚

]}
=

∑︁
𝑙∈𝕃
𝑚∈𝕃

𝑢𝑙𝑢𝑚

2

{
E

{
cos

(
2𝜋(fT

𝑙 + fT
𝑚)c+2𝜋fT

𝑚 Δc+𝜓𝑙 +𝜓𝑚

)}
︸                                                   ︷︷                                                   ︸

=0, ∀(𝑙,𝑚), since 𝑝F,Ψ (f,𝜓)= 𝑝F (f)/2𝜋.

+

E
{
cos

[
2𝜋(fT

𝑙 − fT
𝑚)c−2𝜋fT

𝑚 Δc+𝜓𝑙 −𝜓𝑚

]}︸                                                   ︷︷                                                   ︸
For 𝑙 ≠ 𝑚 it is zero since 𝑝F,Ψ (f,𝜓)=𝑝F (f)/2𝜋.
For 𝑙 = 𝑚 it simplifies to E

{
cos(−2𝜋fT

𝑙
Δc)

}
.

}
=

∑︁
𝑙∈𝕃

𝑢2
𝑙

2
E

{
cos(2𝜋fT

𝑙 Δc)
}
=

∑︁
𝑙∈𝕃

𝑢2
𝑙

2︸︷︷︸
=1.

∫
f∈ℝ𝑛

𝑝F (f)×

cos(2𝜋fTΔc) 𝑑f =
∫

f∈ℝ𝑛

𝑝F (f) cos(2𝜋fTΔc) 𝑑f. (E.4)

Note that the last integral in (E.4) is function of Δc and does not depends on c. Therefore, one
can conclude that:

𝑅N̂ (c,Δc) = 𝑅N̂ (Δc) , ∀(c,Δc) ∈ ℝ𝑛, (E.5)

which shows that the SoS in (6.9) is a WSS process. Note that a large 𝐿 value is only required to
ensure that N̂ (·) tends to a GP with zero-mean and unit-variance. However, the result in (E.6)
holds for any 𝐿.

E.1.2 Property ii)

From the result in (E.4) one can see that 𝑅N̂ (·) is an even function since cos(2𝜋fTΔc) =
cos(−2𝜋fTΔc),∀(f,Δc) ∈ ℝ𝑛. Therefore, the following equality holds:

𝑅N̂ (Δc) = 𝑅N̂ (−Δc) , ∀Δc ∈ ℝ𝑛. (E.6)
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E.1.3 Property iii)

To show that 𝑅N̂ (·) in (E.4) has a defined FT it suffices to show that 𝑅N̂ (·) is square
integrable. To this end, first note that 𝑅N̂ (·)

2 is expressed as:

𝑅N̂ (Δc)2 =
[∫

f∈ℝ𝑛

𝑝F (f) cos(2𝜋fTΔc) 𝑑f
]
×

[∫
f ′∈ℝ𝑛

𝑝F (f′)×

cos(2𝜋f′TΔc) 𝑑f′
]
=

∫
f∈ℝ𝑛

∫
f ′∈ℝ𝑛

𝑝F (f)𝑝F (f′)
2

{
cos

[
2𝜋×

(
fT + f′T

)
Δc

]
+ cos

[
2𝜋

(
fT− f′T

)
Δc

]}
𝑑f′𝑑f, (E.7)

and then integrating (E.7) regarding Δc, one obtains:∫
Δc∈ℝ𝑛

𝑅N̂ (Δc)2 𝑑(Δc) =
∫

f∈ℝ𝑛

∫
f ′∈ℝ𝑛

𝑝F (f)𝑝F (f′)
2

×∫
Δc∈ℝ𝑛

{
cos

[
2𝜋

(
fT+f′T

)
Δc

]
+cos

[
2𝜋

(
fT−f′T

)
Δc

]}
𝑑(Δc)︸                                                              ︷︷                                                              ︸

𝛿
(
f+f ′

)
+𝛿

(
f−f ′

) 𝑑f′𝑑f

=

∫
f∈ℝ𝑛

𝑝F (f)
2

∫
f ′∈ℝ𝑛

𝑝F (f′)
[
𝛿
(
f + f′

)
+𝛿

(
f − f′

) ]
𝑑f′︸                                       ︷︷                                       ︸

𝑝F (−f)+𝑝F (f)

𝑑f

=
1
2

∫
f∈ℝ𝑛

𝑝F (f)𝑝F (−f)𝑑f︸                     ︷︷                     ︸
Use Cauchy–Schwarz inequality (see below).

+1
2

∫
f∈ℝ𝑛

𝑝F (f)2𝑑f

≤ 1
2

[∫
f∈ℝ𝑛

𝑝F (f)2𝑑f︸       ︷︷       ︸
=𝑆, see (6.10)

∫
f∈ℝ𝑛

𝑝F (−f)2𝑑f︸         ︷︷         ︸
=𝑆, see (6.10)

] 1
2

+ 1
2

∫
f∈ℝ𝑛

𝑝F (f)2𝑑f︸       ︷︷       ︸
=𝑆, see (6.10)

= 𝑆⇒
∫
Δc∈ℝ𝑛

𝑅N̂ (Δc)2 𝑑(Δc) ≤ 𝑆. (E.8)

Note that 𝛿(c) in (E.8) denotes the Dirac delta funtion in ℝ𝑛, i.e., 𝛿(c) = 0,∀c ∈ ℝ𝑛\{0}, and
𝛿(c) =∞ otherwise.
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E.1.4 Property iv)

First recall that the result in (E.8) shows that the FT of 𝑅N̂ (·) is defined. Therefore,
Φ̂N (·) it is obtained as follows:

Φ̂N (f) =
∫
Δc∈ℝ𝑛

𝑅N̂ (Δc) exp
(
−2𝜋𝑗fTΔc

)
𝑑(Δc) =

∫
Δc∈ℝ𝑛

𝑅N̂ (Δc) ×

cos
(
2𝜋fTΔc

)
𝑑(Δc) + 𝑗

∫
Δc∈ℝ𝑛

𝑅N̂ (Δc) sin
(
2𝜋fTΔc

)
𝑑(Δc)︸                                  ︷︷                                  ︸

It is zero according to (E.6)

=

∫
Δc∈ℝ𝑛

∫
f ′∈ℝ𝑛

𝑝F (f′) cos(2𝜋f′TΔc) cos(2𝜋fTΔc)𝑑f′𝑑(Δc)

=

∫
f ′∈ℝ𝑛

𝑝F (f′)
2
×∫

Δc∈ℝ𝑛

{
cos

[
2𝜋

(
f′T + fT)Δc

]
+ cos

[
2𝜋

(
f′T− fT)Δc

]}
𝑑(Δc)︸                                                                ︷︷                                                                ︸

𝛿(f ′+f)+𝛿(f ′−f)

𝑑f′

=
1
2

[
𝑝F (−f) + 𝑝F (f)

]
≥ 0, ∀f ∈ ℝ𝑛. (E.9)

Note that Φ̂N (f) is an even function, however the result in (E.9) does not require 𝑝F (·) to be an
even function.

E.2 Proof of the Theorem 6

Since ΦN (f) =F {𝑅N (Δc)} and Φ̂N (f) =F
{
𝑅N̂ (Δc)

}
and recalling the uniqueness

of the FT, then the following relation holds:

𝑅N̂ (Δc) = 𝑅N (Δc) ⇔ Φ̂N (f) = ΦN (f) . (E.10)

Next, replacing (E.9) into (E.10) it is obtained the relation that ensures the equality between the
ACFs of N̂ (·) and N(·), i.e.,

𝑅N̂ (Δc) = 𝑅N (Δc) ⇔ ΦN (f) = [𝑝F (f) + 𝑝F (−f)]/2. (E.11)
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E.3 Proof of the Theorem 7

Replacing (6.9) into (6.15), one obtains:

𝑅̂N̂ (Δc) = lim
𝑠→∞

1
𝑠𝑛

∫
c∈S
N̂ (c)N̂ (c+Δc)𝑑c =

∑︁
𝑙∈𝕃
𝑚∈𝕃

𝑢𝑙𝑢𝑚×

lim
𝑠→∞

1
𝑠𝑛

∫
c∈S
cos

(
2𝜋fT

𝑙 c+𝜓𝑙

)
cos

[
2𝜋fT

𝑚 (c+Δc) +𝜓𝑚

]
𝑑c

=
∑︁
𝑙∈𝕃
𝑚∈𝕃

𝑢𝑙𝑢𝑚

2

{
lim
𝑠→∞

1
𝑠𝑛

∫
c∈S
cos

[
2𝜋(fT

𝑙 + fT
𝑚)c+2𝜋fT

𝑚Δc+𝜓𝑙 +𝜓𝑚

]
𝑑c︸                                                            ︷︷                                                            ︸

It provides the mean value of cos(·) in ℝ𝑛 which is 0.

+

lim
𝑠→∞

1
𝑠𝑛

∫
c∈S

cos
[
2𝜋(fT

𝑙 − fT
𝑚)c−2𝜋fT

𝑚Δc+𝜓𝑙 −𝜓𝑚

]
𝑑c︸                                                                ︷︷                                                                ︸

For 𝑙 ≠ 𝑚 it provides the mean value of cos(·) in ℝ𝑛 which is 0.
For 𝑙=𝑚 it is simplifies to cos

(
−2𝜋fT

𝑙
Δc

)
.

}

=
∑︁
𝑙∈𝕃

𝑢2
𝑙

2
cos

(
2𝜋fT

𝑙 Δc
)
, Δc ∈ ℝ𝑛. (E.12)

E.4 Proof of the Theorem 8

Replacing (6.16) into (6.17) and (6.17) into (6.18), it is obtained:

𝜇𝜉(Δc) = E

{
𝑅N (Δc) −

∑︁
𝑙∈𝕃

𝑢2
𝑙

2
cos(2𝜋fT

𝑙 Δc)
}

= 𝑅N (Δc) −
∑︁

𝑙∈𝕃

𝑢2
𝑙

2
E

{
cos(2𝜋fT

𝑙 Δc)
}

= 𝑅N (Δc) −
∑︁

𝑙∈𝕃

𝑢2
𝑙

2︸    ︷︷    ︸
=1.

∫
f∈ℝ𝑛

cos(2𝜋fTΔc)𝑝F (f) 𝑑f︸                             ︷︷                             ︸
=𝑅N (Δc), see (E.4).

= 0, Δc ∈ ℝ𝑛. (E.13)

Defining 𝑍𝑙 ,
𝑢2
𝑙

2 cos
(
2𝜋fT

𝑙
Δc

)
, 𝑙 ∈ 𝕃, and using the result from (E.13), one obtains
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𝜎2
𝜉
(Δc) in (6.19) as follows:

𝜎2
𝜉(Δc) = E

{
𝜉(Δc)2

}
= E

{
𝑅N (Δc)2

}
−2𝑅N (Δc)E

{∑︁
𝑙∈𝕃

𝑍𝑙

}
︸      ︷︷      ︸

𝑅N (Δc)

+E
{ (∑︁

𝑙∈𝕃
𝑍𝑙

)2

︸    ︷︷    ︸∑
𝑙∈𝕃

𝑍2
𝑙
+2

𝐿−1∑
𝑗=1

𝐿∑
𝑖= 𝑗+1

𝑍𝑖𝑍 𝑗

}
(E.14)

=
∑︁
𝑙∈𝕃

E
{
𝑍2
𝑙

}
+2

𝐿−1∑︁
𝑗=1

𝐿∑︁
𝑖= 𝑗+1

E
{
𝑍𝑖𝑍 𝑗

}︸   ︷︷   ︸
𝑅N (Δc)2

𝐿2

−𝑅N (Δc)2

=
∑︁
𝑙∈𝕃

E
{
𝑍2
𝑙

}
− 𝑅N (Δc)2

𝐿
=

1
𝐿

∫
f∈ℝ𝑛

cos
(
2𝜋fTΔc

)2
𝑝F (f)𝑑f − 𝑅N (Δc)2

𝐿

=
1
𝐿

∫
f∈ℝ𝑛

(
1
2
+ 1

2
cos

(
4𝜋fTΔc

) )
𝑝F (f)𝑑f − 𝑅N (Δc)2

𝐿

=
1
2𝐿

∫
f∈ℝ𝑛

𝑝F (f)𝑑f︸      ︷︷      ︸
1

+ 1
2𝐿

∫
f∈ℝ𝑛

cos
(
4𝜋fTΔc

)
𝑝F (f)𝑑f︸                         ︷︷                         ︸

𝑅N (2Δc), see (E.4).

−𝑅N (Δc)2

𝐿

=
1
2𝐿

(
1+ 𝑅N (2Δc) −2𝑅N (Δc)2

)
. (E.15)

To obtain the MSE from (E.15), first recall that 𝑅N (·) in (6.5) is absolutely integrable
and since −1 ≤ 𝑅N (Δc) ≤ 1, then the inequalities 𝑅N (Δc) ≤ |𝑅N (Δc) | and 𝑅N (Δc)2 ≤ |𝑅N (Δc) |
are true for any Δc ∈ ℝ𝑛. Hence, the following integrals are upper bounded by (6.5):∫

Δc∈ℝ𝑛

𝑅N (2Δc) 𝑑(Δc) ≤ 𝐼N
2
,

∫
Δc∈ℝ𝑛

𝑅N (Δc)2 𝑑(Δc) ≤ 𝐼N ,

and the two following limits involving the integrals above are zero:

lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝑅N (2Δc) 𝑑(Δc) = 0, (E.16)

lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝑅N (Δc)2 𝑑(Δc) = 0. (E.17)

Finally, the MSE is obtained from 𝜎2
𝜉
(Δc) in (E.15), as follows:

MSE = lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝜎2
𝜉(Δc)𝑑(Δc)= 1

2𝐿

[
lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝑑(Δc)︸             ︷︷             ︸

1

+

lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝑅N (2Δc)𝑑(Δc)︸                          ︷︷                          ︸

=0, see (E.16).

+2 lim
𝑠→∞

1
𝑠𝑛

∫
Δc∈S
𝑅N (Δc)2𝑑(Δc)︸                         ︷︷                         ︸

=0, see (E.17).

]

=
1
2𝐿
. (E.18)
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