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Critical Power in Three-Core
Photonic Crystal Fibers

Alanio Ferreira de Lima , Francisco Leonardo Bezerra Martins , José Cláudio do Nascimento ,
and Amarílio Gonçalves Coêlho, Jr.

Abstract— When a photonic crystal fiber has more than one
core, the switching capacity loss among the cores as of a
given power, called critical power, becomes a relevant effect for
switching applications. In this paper, we study the critical power
obtained when ultrashort pulses are propagated in a nonlinear
directional coupler. Here, we consider the specific example of a
three-core photonic crystal fiber in two possible arrangements:
one-dimensional and triangular array. In each core, the pulses
propagate in the anomalous dispersion regime, in which an input
pulse in the form of a hyperbolic secant is injected into one of the
cores, considering different input peak powers. By relating the
group velocity dispersion and the coupling coefficient with the
temporal width of the input pulse, we can observe some relations
between the fiber parameters and the critical power. In addition,
we show that when self-phase modulation is combined with
other effects, the critical power can be increased or decreased
depending on the combination of these effects.

Index Terms— Photonic crystal fiber, critical power, nonlinear
directional coupler.

I. INTRODUCTION

APHOTONIC Crystal Fiber (PCF) derives its properties
from the geometric composition of an arrangement of

small, slightly spaced, air-holes that pass through its entire
length. These fibers offer many degrees of freedom in its
design to achieve a variety of peculiar properties such as
photonic bandgap, [1], [2], dispersion control [3], endless
single-mode operation [4] and super-continuum generation [5].

Some interesting effects only appear in the PCF when
it has more than one core [6]–[10]. One of these effects
is the switching capacity loss that appears as of a given
power, called the critical power, PC . When propagating high
power pulses, self-phase modulation induces distinct phases
between the cores so that the high phase difference between
the cores confines the light in the same core in which it was
initially launched. This effect causes a symmetrical coupler to
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behave as an asymmetric coupler [11]. This phenomenon was
experimentally investigated in two-core fibers [12], [13]. When
considering the input beam as a constant signal, an analytical
solution for the critical power can be found [11]. When analyz-
ing ultrashort pulses in the presence of positive group velocity
dispersion (GVD), power-dependent switching between two
modes occurs only when the width of the input pulse is greater
than a fundamental lower limit [14].

In this paper we study the behavior of the critical power in
three-core PCFs under anomalous dispersion regime, (β2 < 0).
We related the group velocity dispersion, β2, and the coupling
coefficient, κ , to the temporal width parameter, i.e, T0 =
0.7625

√|β2| /κ . In these conditions we note that√
κ |β2|
γ

is directly related to PC .

This relation agrees with several known facts: (1) an increase
in the coupling constant (caused, for example, by the proximity
between the cores) and/or (2) in the group velocity dispersion,
causes an increase in the critical power of a PCF; on the other
hand, (3) the decrease of the effective area (and consequent
increase of the γ parameter, which refers to self-phase modu-
lation) decreases the critical power in a PCF. In addition, when
we combine self-phase modulation with other effects (Raman
scattering, self-steepening and coupling coefficient dispersion),
we note that the critical power increases or decreases depend-
ing on the combination of these effects.

The results obtained here are important for finding the
critical power in switching-dependent three-core PCF appli-
cations such as logic gates [15]–[17] and power bandwidth
controllers [18]. This is also useful for future investigations of
models that describe in more detail the critical power.

This paper is divided as follows. In Section II, we present
a theoretical model necessary for the understanding of the
formation of the critical power. In Section III, we present
the method for calculating the critical power. In Section IV,
we show how we obtain the relations of β2, κ and γ to the
critical power. In Section V, we show how other effects influ-
ence the value of the critical power along with the self-phase
modulation. In Section VI, we show how the temporal width,
independent of fiber parameters, also influences the critical
power. Finally, in Section VII, we present some conclusions.

II. THEORETICAL MODEL

The photonic crystal fiber (PCF) is formed by materials with
low and high refractive indexes. Generally, the material which
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Fig. 1. Schematic of the three-core photonic crystal fiber - (a) one-
dimensional array and (b) triangular array.

composes the core of the PCF is non-doped silica. The low
refractive index region is composed of a periodic array of air
holes with diameter d , distance between adjacent cores D, and
hole-to-hole spacing � = d/0.9 (see Figure 1).

In Figure 1 we present two possible designs for the
three-core PCF: (a) one-dimensional array and (b) triangular
array. Both can be represented by a nonlinear directional
coupler (NLDC). This offers us possibilities for switching,
routing and modulation of optical signals when under non-
linear interaction in the coupling region between the wave
guides [19], [20]. For each core we consider the disper-
sive effects of second and third order and several nonlinear
effects such as self-phase modulation (SPM), cross-phase
modulation (XPM), self-steepening (SS), Raman scattering
and coupling dispersion. Like this, the propagation in the one-
dimensional array coupler is described by the coupled mode
equations 1-3, as shown below:
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Here, the PCF cores are considered to be identical. Further-
more, in Figure 1(b), the cores are considered to be equidistant
among themselves. The propagation in the triangular coupler

is described by the coupled equations 4-6, as shown below:
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Where t is the normalized retarded-time coordinate given by
t = t � − z/vg (z is the distance along the fiber, t � is the
current time and vg is the group velocity); a1, a2 and a3 are
the amplitudes of the pulses launched into cores A, B and C,
respectively; β2 is the group velocity dispersion (GVD);
β3 is the third order dispersion (TOD); γ is the nonlinear
parameter that accounts for the self-phase modulation (SPM);
the term multiplied by γ /ω governs the effect known as
self steepening (SS); TR is the Raman scattering coefficient;
κ is the coupling coefficient between identical and equally
spaced cores; κ1 is the coupling coefficient dispersion given by
κ1 = ∂κ/∂ω (ω is the angular optical frequency); η is a small
ratio that measures the relative importance of cross-phase
modulation (XPM) with regard to SPM, so this parameter will
be neglected in this work.

Since amorphous silica can be treated as a homogeneous
material, the third order susceptibility leads to an intensity-
dependent variation without material index [11]. Hence, in the
fiber design process, nonlinearity can be increased by limiting
the effective mode area. This limitation occurs through a
smaller core diameter and higher index contrast.

In conventional fibers, the numerical aperture (NA) is unsat-
isfactory to confine the mode when using smaller diameter
cores, this increases the effective area, resulting in compara-
tively small values of γ . On the other hand, due to its air-hole
cladding, in silica PCFs, we can have much larger NAs when
compared to conventional silica fibers [21].

By properly choosing the size and pattern (of the air hole
matrix) of the PCF, the effective area can be reduced. Like
this, the effective nonlinearity of the fiber can be increased by
increasing the intensity of light within the fiber. This increases
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the nonlinear phase variation during the propagation of the
pulse. In a PCF, the field in materials with different nonlinear
characteristics will overlap [22], and the modified definition
of the effective mode nonlinear area is given by:

Aef f = n2[
∫ ∫

E(x, y) · E∗(x, y)dxdy]2
∫ ∫

n̄2(x, y)[E(x, y) · E∗(x, y)]2dxdy
. (7)

Where E(x, y) is the transverse electric field, n̄2(x, y) is the
nonlinear index coefficient of the material at position (x, y).
Thus, the fiber effective nonlinearity, γ , is given by:

γ = 2πn2

λAef f
. (8)

Where Aef f is the effective mode area and λ is the wavelength
of light.

III. CRITICAL POWER CALCULATION

When propagating low-power pulses in short propagation
lengths, we can disregard the non-linear and dispersive effects
in the couplers. Like this, equations 1-3 and 4-6 become linear
and, assuming identical cores, the coupling constants are the
same between any adjacent cores. Hence, we can analytically
determine the transmissions of the pulses inserted into core A,

TP = 1

4
(cos(

√
2κz) + 1)2 and TT = 1

9
(4 cos(3κz) + 5)2.

Where TP and TT are the transmissions to the one-dimensional
and triangular array couplers, respectively. Here, we can note
that the transmission is periodic in terms of the propagation
length, so we are only interested in the first length, where
the energy transmission is maximum, which occurs when
TP = TT = 0. This length value is usually called coupling
length, denoted by LC . Under these conditions, we obtain
LC = π/

√
2κ for the one-dimensional array coupler and

LC = π/3κ for the triangular array coupler.
In possession of these LC values, we can now fix these

lengths in the fiber and vary the input pulse energy. At high
energies, the transmission does not only depend on fiber
length, but also on the pulse-intensity-dependent nonlinear
effects. Thus, when studying the transmission in non-linear
regime couplers, we must compare the input energy to the
output energy of the pulse.

In hyperbolic secant shaped pulses a(0, t) =√
P0sech(t/T0), the energy is given by E = 2P0T0,

so we must make amplitude and temporal width adjustments
in order to control the input pulse energy. Defining the
temporal width by T0 = 0.7625

√|β2| /κ , the energy of the
pulse is given by E = 1.525 P0

√|β2| /κ . Like this, we only
have to find out the relation between the fiber parameters and
the critical power, PC . For this, we vary the input power, P0,
between 0 and 8κ/γ , so we can study the transmission of
energy from one core to the others after a propagation of
length LC and then find the critical power.

For the numerical study of the transmission, we solve the
system of equations 1-3 and 4-6 through the Runge-Kutta
fourth order method. After obtaining the solution, we calculate
the energy of the pulses in the output cores to determine the

Fig. 2. Transmission vs peak power for a hyperbolic secant shaped pulse
inserted into core A: (a) one-dimensional array coupler with LC = 2.53cm
and (b) triangular array coupler with LC = 1.27cm.

transmission as defined below:

Tj =
∫ −∞
∞

∣∣a j (LC , t)
∣∣2

dt∫ −∞
∞ |a1(0, t)|2 dt

. (9)

Where j = 1, 2 and 3 is the numbering for each pulse in
equations 1-3 and 4-6 in which each of these pulses are
inserted into cores A, B and C , respectively. Here, signal
a j (LC , t) represents the output pulse j and Tj is its trans-
mission curve along the coupling length LC .

In Figure 2 we can observe the critical power points for the
analyzed three-core couplers. Here, we set the fiber parameters
as [7]: κ = 87.266m−1, β2 = −47 ps2/km, β3 = 0.1 ps3/km,
γ = 3.2 × 10−3W−1m−1. Under these conditions, self-phase
modulation is the only nonlinear effect considered. In the one-
dimensional array coupler, Figure 2 (a), the critical power
point occurs at the intersection between the transmission
curves of the cores A and B . After this point, the transmission
curve exhibits small variations indicating a tendency of the
energy to concentrate into core A, i.e., the light tends to remain
into the core in which it was inserted. On the other hand, in the
triangular array coupler, Figure 2 (b), the critical power point
is located at the intersection of the three transmission curves.
Here, after the point of intersection, the energy also exhibits a
tendency to remain into the core in which the pulse has been
inserted.



6400107 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 54, NO. 2, APRIL 2018

Fig. 3. PC vs κ . The fitting is performed using equation 10.
a = 0.2408Wm1/2 for the one-dimensional array coupler and a =
0.2961Wm1/2 for the triangular array coupler.

The knowledge of the critical power is essential to deter-
mine for which power values the coupler loses its switching
capacity. When we launch an ultra short pulse into core A,
SPM induces distinct phases between the cores so that the
phase difference is high enough that the input beam remains
confined to the same core in which it was initially launched.
In Figure 2, considering ultra short pulses, the one-dimensional
array coupler has PC = 2.26MW , whereas the triangular array
coupler has PC = 2.78MW .

IV. CRITICAL POWER CONSIDERING ONLY SPM
Now, in order to understand how critical power depends

on the fiber parameters, we vary the parameters of
equations 1-3 and 4-6. Initially, we consider SPM, γ ,
as the only nonlinear effect along with the dispersive effects
(β2 and β3) and the coupling constant, κ . The other nonlinear
effects expressed in equations 1-3 and 4-6 will be discussed
in the next section.

Taking the coupling constant, κ as the first parameter for
study, we record the critical power values when κ is multiplied
by the following factors: 0.1, 0.2, 0.4, 0.6, 0.8, 1, 2, 3, 4,
and 5. When analyzing the PC vs κ graph (see Figure 3),
we note a concavity in the curves of the one-dimensional and
triangular array couplers. We performed several tests using
genetic algorithms and determined the best fitting curve as
being the curve given by:

PC (κ) = a
√

κ. (10)

The obtained PC vs κ curve, according to equation 10,
is shown in Figure 3. As we can see, equation 10 gives us
a good approximation to the values of the critical power as a
function of κ . In this approach, the largest adjustment error
observed was in the order of 4.11% for the one-dimensional
array coupler and 4.73% for the triangular array coupler.

In Figure 4 we show the behavior of the critical power as a
function of parameters γ , β2, and β3. Here we apply a method-
ology analogous to that used to determine the relation between
the critical power and

√
κ . To determine the dependence of PC

on γ , we vary the value of γ using a multiplier parameter, α.

Fig. 4. Critical power normalized by PS . α multiplies parameters γ , β2,
and β3 one at a time in both couplers. The standard critical power is PS =
2.26MW for the one-dimensional array coupler and PS = 2.78MW for the
triangular array coupler.

TABLE I

NUMERICAL ERROR FOR TESTING THE HYPOTHESIS

RAISED IN EXPRESSION 11

In this analysis we normalized this variation and observed the
behavior of the PC (αγ )/PS curve. Here PS = PC (γ, β2, β3)
is the standard critical power, where the parameters γ , β2
and β3 are multiplied by 1. Each coupler has a different
standard critical power value, consequently the values of
PC (αγ )/PS depend only on the variation of α. Again, using
genetic algorithms, we repeated the search procedure for the
best fitting curve and we noted that PC (αγ )/PC (γ ) ≈ 1/α.
Therefore, we numerically verified that PC is related to 1/γ .
Finally, we repeated this same procedure for β2 and β3, and
we noted that PC is related to

√|β2|, but it is not affected
by β3, i.e., PC (αβ3)/PC (β3) ≈ 1.

So far, each test was performed by varying only one parame-
ter at a time. Finally, we varied the parameters simultaneously
and found evidences that

PC is related to

√
κ |β2|
γ

. (11)

To verify this hypothesis, we solve equations 1-3 and 4-6
using the following parameters: κ � = α1κ , γ � = α2γ , and
β �

2 = α3β2. We assume some arbitrary rational values for
α1, α2, and α3. Like this, we calculated the error of this
hypothesis by: error = |PC (κ �, γ �, β �

2)/PS − (
√

α1|α3|)/α2|.
The low numerical errors, presented in Table I, is an evidence
that the critical power is related to

√
κ |β2|/γ .

V. CRITICAL POWER AND OTHER EFFECTS

The influence of the nonlinear effects among the fiber
cores depends largely on the coupling coefficient, κ , which
is dependent on the distance between the cores. The greater
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Fig. 5. PC vs κ for the (a) one-dimensional and (b) triangular array coupler,
when considering a hyperbolic secant shaped pulse inserted into core A. Each
curve exhibits the behavior of PC when considering combinations of the
following nonlinear effects: coupling coefficient dispersion (CCD), self-phase
modulation (SPM), self-stepenning (SS) and intrapulse stimulated Raman
scattering (RAMAN).

the value of κ , the closer the cores are to each other and
stronger is the influence of the light intensity between them.
In Figure 5, we varied the coupling coefficient and added the
nonlinear effects of self-steepening and intrapulse stimulated
Raman scattering. We considered γ = 3.2 × W−1m−1 and
TR = T0/10, values adopted in [7] and [15]–[17]. Analyzing
the curves in Figure 5, we note small deviations between
the critical power vs coupling coefficient curves, which is
an indication that combinations of nonlinear effects can
decrease or increase the critical power.

In Figures 5 (a) and (b) we present the critical power
vs coupling constant curves for the one-dimensional and
triangular array couplers, respectively, when other effects
(self-steepening, Raman scattering and coupling coefficient
dispersion) are combined with SPM. Here, we note that the
combination of the SPM and SS effects did not cause apparent
changes in the critical power plot (due to the MW scale),
however the difference between the curves is of order of
154kW for the one-dimensional array coupler and 67kW for
the triangular array coupler. On the other hand, when we
consider the effect of stimulated Raman scattering, we note
a much more pronounced deviation. This can be observed

Fig. 6. Normalized critical power vs temporal width.

by comparing the SPM-SS-RAMAN curve to the SPM-SS
and SPM curves in both couplers. For the one-dimensional
array coupler, when considering the three effects (SPM-SS-
RAMAN), we observed lower critical power values whereas
for the triangular array coupler we observed higher critical
power values.

Finally, the SPM-CCD curve in the Figures 5 (a) and (b)
analyzes the influence of the coupling coefficient disper-
sion (CCD) on the critical power when this effect is com-
bined with SPM. This analysis is relevant because when the
pulse is ultrashort or the fiber is long enough, the coupling
coefficient dispersion can cause pulse distortion or even pulse
breakup [23]–[28]. These effects have been confirmed exper-
imentally [29], [30]. Furthermore, it has been found that the
coupling coefficient dispersion in a two-core PCF much shorter
than one meter is sufficient to cause significant distortion
for ultrashort input pulses [7]. In our simulations, we note
(Figure 5 (a) and (b)) that the SPM-CCD curve tends to
show greater concavity than the SPM curve when the power
exceeds 3MW . This is noted in the one-dimensional array to
κ > 160.75m−1 and in the triangular array to κ > 110m−1.

As to the physical reasons for the behavior of SPM-CCD
curve, firstly, we should emphasize that coupling coefficient
dispersion effects are wave overlapping dependent, therefore
the coupling geometry makes these effects stronger in trian-
gular array than in one-dimensional array (see equations 1-6).
Secondly, it should be noted that by varying the coupling
constant κ , the coupling coefficient dispersion is also varied,
since κ1 = ∂κ/∂ω. Thus, the walk-off length, where we
observe the first order coupling dispersion effects, decreases
as much as κ grows [7], [23]. Therefore, when κ grows
in Figures 5 (a) and (b), exceeding 160.75m−1 in the one-
dimensional array and 110m−1 in the triangular array, the
walk-off length gets close to the coupling length and the
SPM-CCD concavity becomes stronger by revealing a lower
growth of the critical power. Thus, we conclude that the
CCD can decrease the switching capacity. This result is
consistent with the transmission curves presented in [8], where
the transmission curves are altered by coupling coefficient
dispersion.
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VI. CRITICAL POWER AND TEMPORAL WIDTH

It has been demonstrated in [14] that there is a limit
time width for which the coupler performs power-dependent
switching. This is a clear evidence that the temporal width
alters the critical power. In this section we show how, after
this limit, the critical power varies for each time width. As a
demonstration, we take four temporal widths T0 between
10.61 f s and 35.39 f s, independent of

√|β2| /κ. In Figure 6
we show the variations observed for the one-dimensional and
triangular array couplers. Here, we note that when varying
only T0 (and no other parameters), the PC curve is crescent
with T0, which proves that the temporal width changes the
critical power.

VII. CONCLUSIONS

In multi-core photonic crystal fibers, when the power of the
input pulse exceeds the critical power, the coupler loses its
switching capacity, i.e., the pulse tends to remain into the core
in which it was inserted. In this work we performed a study
of how the critical power relates to the parameters of coupling
constant, group velocity dispersion and self-phase modulation
when ultrashort pulses are inserted into the fiber. Considering
the anomalous dispersion regime (β2 < 0), we initially related
the GVD parameter, β2, and the coupling coefficient, κ , to the
temporal width parameter, i.e, T0 = 0.7625

√|β2| /κ . Under
these conditions we found numeric evidences that√

κ |β2|
γ

is directly related to PC .

We also demonstrated that third order dispersion does not
affect the critical power and that other nonlinear effects, such
as self-steepening and intrapulse stimulated Raman scattering,
can increase or decrease the critical power when combined
with self-phase modulation. In addition, we have demonstrated
that the critical power growth becomes smaller when the
coupling constant is increased and the coupling coefficient
dispersion is considered. Finally, we considered the case in
which the temporal width T0 is an independent variable and
verified that PC is crescent with T0. As there is no analytical
solution for the determination of the critical power when
using ultrashort pulses, this result is useful to estimate it
in applications such as logic gates and power bandwidth
controllers, where the nonlinear effects are determinant to
define the power-dependent switching. In addition, our results
provide useful information for the construction of a more
detailed model of the critical power in multi-core nonlinear
coupler theory.
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