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Até um pingo de agua em uma folha pode
se tornar algo incrivel quando visto de uma
perspectiva diferente.

Even a trickle of water on a leaf can become
something incredible when viewed from a dif-

ferent perspective.



RESUMO

Essa tese estd dividida em trés capitulos. No primeiro capitulo faz-se uma breve in-
troducgao das ferramentas necessarias para o desenvolvimento do trabalho. Por sua vez,
no segundo capitulo desenvolve-se a teoria de Jenkins-Serrin para os casos vertical e hor-
izontal. No tocante o caso vertical, prove-se apenas a existéncia de solucao do problema
de Jenkins-Serrin do tipo I, quando M é rotacionalmente simétrico e tem curvaturas sec-
tional nao-positiva. No entanto, com respeito ao caso horizontal, prova-se a existéncia
e unicidade global, naturalmente admitindo que o espaco base M tem uma particular
estrutura. A terceira, e ultima parte dessa tese é dedicada a prova de um resultado de
caracterizacao de translating solitons em R"*!1. Mais precisamente, prova-se que os tinicos
exemplos C''—assintéticos a dois meio-hiperplanos fora de um cilindro siao os hiperplanos
paralelos ao vetor e,;; e os elementos da familia associada ao cilindro grim reaper incli-

nado.

Palavras-chaves: Solitons de translacao. Problema de Jenkins-Serrin. Cilindro grim

reaper inclinado.



ABSTRACT

This thesis is divided into three chapters. In the first chapter, it is done a brief introduc-
tion of the main tools necessary for the development of this work. In turn, in the second
chapter it develops the Jenkins-Serrin theory for vertical and horizontal cases. Regarding
the vertical case, it only proves the existence of the solution of Jenkins-Serrin problem for
the type I, when M is rotationally symmetric and has non-positive sectional curvatures.
However, with respect to the horizontal case, the existence and the uniqueness is proved
in a general way, namely assuming that the base space M has a particular structure. The
third and last chapter of this thesis is devoted to proving a result of the characterization
of translating solitons in R™™!. More precisely, it is proved that the unique examples
C'!—asymptotic to two half-hyperplanes outside a cylinder are the hyperplanes parallel to

e,41 and the elements of the family associated with the tilted grim reaper cylinder in R"*!.

Keywords: Translating solitons. Jenkins-Serrin problem. Tilted grim reaper cylinder.
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1 INTRODUCTION

The techniques from the geometric flow has shown their power in the proof
of Thurston’s conjecture by PERELMAN]| (2008blla) using Ricci flow and Penrose’s in-
equality by HUISKEN and ILMANEN]| (2001) using the inverse of the mean curvature
flow. After that, the techniques coming from geometric flow have been turned one of the
most important tools of the differential geometry. Besides of the massive applications into
geometric problems, these techniques have shown their power into other areas as physic,
computation etc.

Under this optical of geometric flow, here we are interested to study a particular
type of extrinsic geometric flow, namely the mean curvature flow (or flow of the mean
curvature vector field). So before proceeding, let us define what means a hypersurface flow
by their mean curvature vector field. Let N be a Riemannian manifold and Fj : ¥ - N
be an immersion of ¥ into N. Suppose that F' : ¥ x [0,7) — N is an one-parameter
family of immersions of ¥ into N. Then we say that the family F': ¥ x [0,7) — N flow

by their mean curvature vector field with initial data Fj provided that

{ O F(p.t) = H(F(p,t)) peX
F(p,0) = Fo(p) pEX

where H(F(p,t)) denotes the mean curvature vector field of the hypersurface Fy(X) :=
F(X,t) at F(p,t). Here and after the mean curvature is the trace of the second fundamen-
tal form. When ¥ is a compact hypersurface in IV, the existence and the uniqueness for
short times can be seen in (ECKER) 2004), (HUISKEN and POLDEN| 1999) and (MAN-
TEGAZZA| 2010). It is important we point out here that HUISKEN and POLDEN]| (1999)
proved the existence and uniqueness in a large class of geometric flows that contains the
mean curvature flow.

Although we have defined the mean curvature flow in a general setting, actually
here we are interested to study the mean curvature flow in a Riemannian product M x R,
where M is a complete Riemannian manifold with a Riemannian metric o. Indeed to be
honest here we are interested in a particular solution of the mean curvature flow called
the translating soliton (or translator) in M x R.

We say that an oriented hypersurface ¥ in M x R is a translating soliton with
speed ¢(> 0) provided that

H = cd},

where | denotes the normal projection over the normal bundle of X..

The first fact about translating solitons are that they are eternal solution for

the mean curvature flow. Indeed, let F': M x R x R — M x R be the flux of vector field

c0y;, then the restriction of F' to ¥ x R flow by their the mean curvature vector field, up to
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intrinsic diffeomorphism on ¥ given by the tangent vector field ¢d,’. Thus, up to change
of coordinate on X, one has
O Fp,t) = co}-.

The second, in fact the most important fact about translating solitons, they
are as the blow up limit near the singularity of the mean curvature flow. At this moment
we will focus in R™! to define what means a singularity. Under this supposition, the
singularity come out naturally when we envelop a compact hypersurface in R"*! by mean
curvature. This means that there exists a maximum time, Ty, > 0, so that the flow
cannot be extended to a flow until T}, + € for all € > 0, see (ECKER), 2004)), (HUISKEN]|
1984} 11990), (MANTEGAZZA, 2010) and (WHITEL 2015). Indeed, as was proved by
HUISKEN]| (1984)) (see also HUISKEN] (1990) ) the behaviour of the flow near the singularity
is described by the form that the second fundamental form blow-up. More precisely, he
showed what follows: let ¥ be an embedded and compact hypersurface in R**! and
F ¥ x [0, Tax) — R™™ be the maximal flow (which means that T}, is the maximal
time that the flow exists), then if A; denotes the second fundamental form of ¥; := Fi(¥),
then maxy, |A;|? is unbounded as t — Tax. Actually, he proved that

1
20T — 1)

max |A;]* >
¢

Thus we classified the singularities according to the rate at which max,ey, |A;| blows up

as follows: if there is a constant C > 1 such that

mZaX\At|\/2(T —t) < C,

then we say that the flow develops a Type I singularity at instant T'. Otherwise, that is,
if

lim sup max |Ay|\/ (T — t) = 400,
t—T Bt

we say that is a Type II singularity.

Once defined what a singularity means we can come back to talk how trans-
lating solitons appear the blow up near the singularity of the mean curvature flow. In
dimension two, ANGENENT] (1991)) proved, in the case of self-intersect convex (in a cer-
tain sense) planar curves, that singularities of the shortening flow (the mean curvature flow
in R?) are asymptotic (after a subtle rescaling) to the grim reaper curve y = — log(cos z),
x € (—m/2,7/2), which is a translation curve with respect to translation along of the flow
of e;. In higher dimension n(> 2), HUISKEN and SINESTRARI (1999) proved that if
M has non-negative mean curvature and if the flow develops a type II of singularity, then
after a particular rescaling the limit flow is the evolution of a convex translating soliton

in R"™! along of a flow of a vector v € R*!,
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A remarkable property of translating solitons was obtained by ILMANEN
(1994). He proved that translating solitons are minimal hypersurfaces in M x R with
respect to a conformal metric called Ilmanen’s metric. In particular, we can use all local
tools from the theory of minimal hypersurfaces in this setting.

Under this perspective of seeing translating solitons as minimal hypersurfaces,
here we use this parallel in order to study of translating solitons into two different terms.
The Jenkins-Serrin problem in M x R and classification of translating solitons in R™*!,

In the Chapter |3| we study the Jenkins-Serrin problem in M x R. We start this
chapter by giving a brief digression of the problem. This is done turn our exposition more
didactic and for localize our problem in an optical of the theory already known. After
this digression, in the remaining part of this chapter we develop the results obtained in
(GAMA et al., 2019a) and (GAMA et all 2019b) in collaboration with Esko Heinonen,
Jorge H. Lira and Francisco Martin. In these two works, we obtained results of existence
of Jenkins-Serrin problem in the vertical case (graph along of the flow of 0;) and in the
horizontal case (graph Killing along of the flow of a Killing vector field in M).

In turn in the Chapter |4 we study translating solitons in R™™!. Similar what
we did in Chapter [3| we start this chapter by localizing our study in the perspective
what already known. After that, in the remaining part of the chapter, we develop the
results obtained in (GAMA and MARTIN| [2018) and (GAMA, 2019). In these two
works, been the first one in collaboration with Francisco Martin, we obtained a result of
characterization of two important families of translating solitons in R"*!, the hyperplanes
parallel to e, and the family associated with the tilted grim reaper cylinder. The ideas
here are detected the shape of the hypersurface knowing its behaviour at the “wings”
of the hypersurface. Doing a parallel with the minimal case in R*!, our results could
be seen as the “analogous” to the result of characterization due to [SCHOEN (1983b).
They proved that the catenoids and the hyperplanes are the unique examples of minimal
hypersurfaces with finite total curvature and two embedded ends in R"*. Although this
little comparative, the technique used here differ from the method used by SCHOEN
(1983b)), because here we essentially use the theory of varifolds to obtain our results,
however SCHOEN]| (1983b) used in a clever way the Alexandrov’s method to detect the
shape of the hypersurface.
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2 BACKGROUND

In this section we shall give a brief revision of the most important results that
we are going to use throughout the thesis. This review will be divided into three parts.
In the first one, we shall do a little revision about differential geometry that will be useful
later. In turn in the second one, we shall talk about Geometric measure theory, more
precisely, we are going to collect subject from the theory of varifolds that will be used
throughout the thesis. Finally, in the third and last part, we shall obtain the remaining

matter that we are going to need to develop the thesis about translating solitons.

2.1 Differential geometry

This section is devoted to give a little review of two important facts from the
differential geometry. The first is the classical analytic tool, the maximum principle. The
second fact is the existence of the Plateau problem in the piecewise convex Riemannian

manifold.

2.1.1 Minimal Hypersurfaces

Let N be a Riemannian manifold with a Riemannian metric g without bound-

ary and > < N be a hypersurface in N. Take any point g € 3, we denote by
D,(p)={veT,X : |v|<r}

the tangent ball around p of radius 7. Consider T,X as a vector subspace of T, N and let
v be an unit normal vector to T, in T, N. Fix a sufficiently small ¢ > 0 and denote by
W,.«(p) the solid cylinder around p, i. e.

W,(p) :== {expp(q+t1/) : g€ D.(p) and |[t]| < e},

)

where exp is the exponential map of N at p. Given a smooth function u : D,.(p) — R, the
graph of u over D, (p) is the set given by

Graph[u] := {exp,(¢ +u(q)v) : ¢ € D,(p)}.

Coming back to X now, it is known that if we take r and e small enough,
then ¥ N W, (p) is a graph of a smooth function u defined over D,(p). Endowing T, N
with the metric pull-back from g via exponential map exp, we can see Graph[u] as the
hypersurface in T,N given by Graph[u] = {q + u(¢)v € T,N : q € D,(p)}. We assume
this identification in the rest of the section.

Suppose now Y is another hypersurface in V. We say that Y’ lies locally one
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side of ¥ if either ¥’ N'YX = @ or for all p € ¥’ N'Y we have Ny(p) = Ny/(p), and if
YNW,(p) = Graph[u] on D,(p) and ¥'NW, .(p) = Graph[v] on D, (p), then either u > v
or v > u on D,(p), where here Ny, (respectively, Ny/) denotes a local unit normal along
Y (respectively, ).

The local description for ¥ as a graph shows its power when ¥ is a minimal
hypersurface in N. To be precise, consider the notation of the first paragraph, con-
sider the local coordinate {xy,..., 2,1} for D,(p) C T,X C T,N, and the coordinate
{z1,...,2y—1,2, = v} for T,N. Arguing as in (COLDING and MINICOZZI 1I, [2011)
we may conclude that the function u satisfies an uniformly elliptic quasilinear equation.
Besides of this, if v : D,(p) — R is another smooth function so that Graph[v] is a mini-
mal hypersurface in T, N too, then the function w = u — v satisfies an uniformly elliptic

differential equation with smooth coefficients
aij(?ijw + bl(?lw + cw = 0.

This last fact is the key point that we would want to mention here, because
of this PDE and the theory developed in (GILBARG and TRUDINGER)] [2001)) we can
conclude the following two versions of the maximum principle.

Theorem 2.1. Suppose that 31 and ¥y are minimal hypersurfaces in N. If X1 Ny # &
and Yy lies locally one side of Yo, then 31 = 3.

When the hypersurfaces and N have boundary, we have the following version of the
maximum principle.

Theorem 2.2. Let N be a Riemmannian manifold with non-empty boundary. Suppose
that 31 and o are minimal hypersurfaces in N with boundary so that 0%, and 0% lie
on ON. If 0¥, N 0%y # @ and X1 lies locally one side of Xy, then X1 = Y.

Remark 2.1. Note that we can omit the hypothesis that N has boundary above by as-
suming ¥ and Xo C ) and 0% and 035 C OS2, where Q0 C N is a smooth closed domain
m N.

In addition of these theorems, the local description as a graph also allows to
conclude the following result provided that N has dimension three, see (COLDING and
MINICOZZI 11, |2011) for the proof of this result.

Theorem 2.3. Suppose that ¥, and Xy are two minimal surfaces in N® which have
non-empty intersection and do not coincide on an open set. Then 31 and Yo intersect
transversely except at an isolated set of points A. Moreover, given any point p € A there
exists a integer k > 2 and a neighbourhood U > p where the intersection consists of 2k
embedded arc meeting at p.

Remark 2.2. This theorem tells that if two minimal surfaces are not equal and have non-
empty intersection, then the set of intersection of these surfaces has a particular structure

depending if X1 and Yo are transversal or not. More precisely, If the tangent planes of
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Y1 and Xy at p are transversal, then A is locally a smooth curve across p. On the other
hand, if 31 and ¥y are not transversal at p, then A is locally an even set of smooth curves
meeting at p. Geometrically, this last fact tells that the graphs of %1 and ¥y change of

side near p, and the smooth curves are exactly the arcs where the graphs change of side.

2.1.2 Schoen’s Estimate

In this part we are going to state Schoen’s theorem about the estimates of
the second fundamental form of stable surfaces. So before proceeding, let us define what
means hypersurface be stable in general setting. Let N be an n-dimensional oriented
Riemannian manifold with a Riemannian metric g and ¥ be a minimal hypersurfaces in
N.

Definition 2.1. We say that X is stable provided that if X is a vector field in N with
compact support in N so that X (p)LT,X for allp € ¥, and ¢ : (—e,€) x N — N is an
one-parameter family of diffeomorphisms so that ¢s(p) := ¢(s,p) = p for all p ¢ suppX,

do(p) =p and X = (¢s)« (%)I ;0¥ # @ we also assume X|ox = 0, then it holds

d2

dsz |5:0

Ag[s(2)] = 0.

Here A,[X] indicates the area of ¥ in N with the metric induced by g.

Next, we state the following result due to SCHOEN]| (1983a) about estimates
of the second fundamental form of stable surface.
Theorem 2.4. Let > be an immersed stable surface in an 3—dimensional Riemannian
manifold N. Given r € (0,1], and a point p € ¥ such that the geodesic ball B,(p) in
Y. has compact closure in 3. Then, there exists a constant ¢ which depends only on the

curvature of N in B.(p) so that

AR(p) < <.
AP < -

Furthermore, if B3(p) denotes a geodesic ball in N and B2(p) 'Y has compact support on
Y, then there exists a constant € > 0 depending on the curvature of N in B3(p) and the
injectivity radius of N at p in such a way B3 (p) 'Y is a union of embedded discs having
the square of the norm of the second fundamental form bounded by é/r* for a constant ¢
depending on the curvatures of N in B3(p).
Remark 2.3. Before proceeding we must say something about the previous theorem. The
previous theorem say that if we have a sequence of stable surfaces in {3,} so that B2(p)N
Y has compact support on ¥, for all n. Then, there exists a € > 0 depending on the
curvature of N in B3(p) so that |A,| < é/r? for a constant ¢ depending on the curvatures
of N in B3(p), where A, indicates the norm of the second fundamental form of B3(p)NX,.
This result and the following result we will be useful later. The proof of this
result follows a similar argument as in Lemma 2.4 in (COLDING and MINICOZZI 11,
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2011), see also SPRUCK and XIAO) (2018)).
Lemma 2.1. Let ¥ be an immersed stable surface in an 3—dimensional Riemannian
manifold N. Suppose that for same constant ¢ > 0 we have
sup |A]* < %
» r
Then, there exists a constant € > 0 depending on the curvature of N so that if dists(p, 0%) >
2¢, then Ba(p) is a graph of a function u over T,X with gradient and Hessian bounded

by a constant only depends on N and e.

2.1.3 Existence of minimal embedded disk

The most important problems in differential geometry in the last century was
to prove the existence of solutions of the Plateau’s problem. This problem asks the
following: given a finite family of simple closed curves in a three-dimensional Riemannian
manifold N3, then does it possible to find a minimal immersion in N with boundary this
family?

Although this problem was already known for Euler and Lagrange in the eigh-
teenth century, and by Plateau in the nineteenth century, the proof of the existence of
such solutions was given by RADO| (1930) and DOUGLAS (1931) at the beginning of the
last century, when M is either R? (RADO, [1930) or R™*! (DOUGLAS, [1931). After that,
in a deeply work, MORREY](1948) extended the existence when N is now a homogeneous
manifold. A hard extension of the Morrey’s work was carried out by MEEKS III and YAU
(1982alb). They proved the existence of solutions of Plateau’s problem when now N is a
piecewise convex manifold. So before we state this theorem, we need some notation.
Definition 2.2. A manifold N is called be piecewise convex, if N is a precompact domain
with boundary of a large Riemannian manifold N and ON s formed by a finite family
{N;} of convex (with respect to the unit inward pointing normal) smooth hypersurface with
boundary in N with boundary in ON, each N; is a compact domain of a smooth surface
Ni mn N, N, = NiﬂN and each 0]% C ON.

The main theorem can now be stated as follows.

Theorem 2.5 (Existence of minimal disk). Let N be a piecewise convexr manifold and ~y
be a Jordan’s curve on ON null-homotopic. Then there exists a minimal embedded disk
ito N with boundary .

Besides of this theorem, later we will need of the following variation when we
have two Jordan’s curves in ON. This result is also due to MEEKS III and YAU| (1982a,b))
Theorem 2.6 (Existence of least area cylinder). Let N be a piecewise convex 3—manifold
and vy and vy two disjoint Jordan’s curves on ON. Assume that exist a bounded cylinder

C with boundary v and vo and d{v1,ve} < d{y1} +d{~2}. Then there exists an immersed
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connected least area cylinder in N with boundary v and s.

Remark 2.4. Above d{~;} denotes the minimum of the area of all disk in N with boundary
vi and d{~y1,72} denotes the minimum of the area of all cylinder in N with boundary v
and s.

Remark 2.5. Notice that the solutions of the Plateau problem are stable surfaces in N.

2.2 Theory of varifolds

In this part we are going to follow the exposition given by ALLARD| (1972), |SI-
MON]| (1983) and FEDERER] (1996)) for theory of varifolds, see also appendix in (WHITE,
2009) for a brief explanation or the recent reference MAGGI (2012). Throughout this part
N denote an (n + 1)-dimensional Riemannian manifold with a Rimennian metric g, d in-

dicates the distance function in N and U C N is an open subset.

2.2.1 Hausdorff measure of dimension k

Let a(k) be the area of the unit ball in R¥. Whenever 0 < § < +oo and

A C U, we define
His(A) = inf | 3 alk) diam S\ "
No\A) =11 Q 5 )

SeC

where C' denotes a countable family of subset of U so that

AC U S and diam S := sup d(z,y) < 4.
sec 2.yeS

Each H%; is an outer measure which satisfies Hf; (A) < Mk, (A) whenever
6 < 6y and A C U. Moreover, if dist(A4, B) > ¢ one has H%;(AUB) = HE;(A) + H%5(B)
by definition. These properties together tells that the limit

Hiv(A) = sup His(4) = lim H3s(4)
there exists in [0, oo] for all A C U and by Caratheodory’s criterion HA; is a outer measure
on the algebra of Borel set of U.
Definition 2.3 (k-dimensional Hausdorff measure). The measure H% is called the k-
dimensional Hausdorff measure in U.

We have placed here the index N at H%,, differentiating of the usual notation
HE¥, to indicate that the measure H% depends on the geometry of N. The next result
clarifies what we are trying to say.

Theorem 2.7. The measure ’H}i,“ coincides with the Riemannian measure associated
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with the metric g. That is, we have

HYHA) = / duy for all A C U Borel set,
A
where duy denotes the element of volume Riemannian associated to g. Actually, for
all k € {1,...,n}, the measure H%, restricts to an k-dimensional submanifold %3 in U
coincides with the Riemannian measure associated with the metric g restricts on X.
The proof of this fact can be seen in SIMON]| (1983)) and MAGGI| (2012) for
R""! and FEDERER| (1996)) for any Riemannian metric in the chapter three. For sim-

plicity from now on, we will denote H%, by H* whenever this does not generate problems.

2.2.2 Rectifiable set

We start by defining the main concept of this part.

Definition 2.4 (k-dimensional rectifiable set). We say that a set E is an k—dimensional
rectifiable set provided E = My U (|J;=, M;), where each M; is a k—dimensional subman-
ifold of class C* and H*(M,) = 0.

Example 2.1. All submanifolds of dimension k in U are examples of k—dimensional
rectifiable sets.

Assume for instant that E is an k-dimensional rectifiable set in such a way
HE(ENK) < +oo for all K C U compact. Thus H*LE is a Radon measure in U defined
by H*LE(A) = H*(E N A). Another example of Radon measure can be obtained as
follows: let 6 be a non-negative locally finite H*-integrable function on E, then H*_ (0, E)
defined by

HEL (0, E)(A) := / 0(p)dH"(p)

ANE
is a Radon measure in U.

Next, we would like to define the tangent space to an k—dimensional rectifiable
set. Let E be an k-dimensional rectifiable set in U and p € U. Take r smaller than the
injectivity radius of p in N, hence exp,: B,(0) — B,(p) is a diffeomorphim, and thus
exp, '(E'N B,(p)) is an k-dimensional rectifiable set in B,(0) C T,N(= R"*"), here B,(0)
denotes the open ball of radius r in T, N and B, (p) is the geodesic ball of radius r and
center p. Whenever A > 0 we define the map 7, : T,N — T,N by setting 1, (¢q) = §.
With these notations we can state the next result about the existence of tangent spaces.
The proof of this result when N = R™"*! can be seen in MAGGI| (2012).

Proposition 2.1. Let E be an k-dimensional rectifiable set in U and § : E — R be a
locally finite H*-integrable function. Then for H* almost all p € E there exists an unique

k—dimensional subspace T,E of T,N such that as r — 0 it holds

(1p.0) 2 (exp,) 5 H (0, B) = 0(p)H" (T, E), (1)
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in T,N, here (np7,\)#(expp);7-lkL(9, E)(A) := H*L(0, E)((exp,)(AA)) and
(1p.0) 4 (exp,) 5 H (0, B) = 0(p)H* (T, E)

lim o $(a)d(1p,0) 4 (exp,) 5 Hir (0, E)(q) = 0(p) i ¢(q)dH (T, E)(q),
for all ¢ € CO(T,N).
Remark 2.6. Notice that the measure which we are adopting in T,N (= R™"*1) is the stan-
dard Hausdorff measure H* for R™1. Moreover, the measure ()4 (exp,), Hi(0, E)
in By-1,(0) C T,N is defined by

(11p.0) 1 (exp,) 5 Hie (0, E)(A) = i (6, E)((exp,) (A\A)) = / 0(d)dHz; (d).
(exp,)(AANE
Definition 2.5 (Tangent space). The unique k—dimensional subspace T,E given by the
last proposition s called the tangent space to E at p.
Remark 2.7. It is important to point out here that the definition above coincides with

the classical definition of tangent space when E is a smooth submanifold in N.

2.2.2.1 Co-Area Formulae

We would like to finish this part by reminding the Co-Area formulae. This
formula gives a simple way to compute the integral of an #*-integrable function in term
of the level-set of an C! function. More precisely, let p : U — R be a proper locally
Lipschtiz function and E be an k—dimensional rectifiable set in E, then for all H*-

integrable function u one has

[ o) Voo = [ [ s )

T

where E, := ENp~!(—o0,r]).
Remark 2.8. The proof and extension of this formula can be seen in|FEDERFER| (1996)),
SIMON, (1983) and MAGGI (2012).

2.2.3 Varifolds
Forall k € {1,...,n+ 1} let

Gr(U) :=={(p,lI) : p€ M and Il is an k—dimensional subspace of T,,M}
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be the Grassmann manifold of all unorientated k—dimensional subspace of T'N on U.
Definition 2.6 (Varifold). We say that V is an k-dimensional varifold in U, if V is a
non-negative Radon measure in G(U).

The space of all k—dimensional varifolds in U will be denoted by V. (U). The
topology that we will consider in Vi (U) is the weak*-topology which is defined as follows:
we say that V; converges weakly™® to V' on Vi (U) if for all ¢ € C.(G,(U)) it holds

tw [ o MA@ I) = [ (e I (eI,
o0 J G (U) Gr(U)

As {V;} converges weakly to V, then we will write V; = V.

Denote by 7 : G(U) — U the projection map of G(U) onto U defined by
7(p,II) = p. Let V be an k-dimensional varifold in U. From V' we obtain a Radon measure
py in U called the weight measure associated to V by setting uy (A) = V(771(A)).
Definition 2.7. We say that an k-dimensional varifold V has locally bounded area pro-
vided that py (F) < oo for all compact set F' in U. More generally, we say that a sequence
of k—dimensional varifolds {V;} has locally bounded area provided that for all compact

subset F'in U there exists a constant ¢ ( = c¢(F')) so that
py, (F) < ¢(F) for all i.

Next we define the support of an k—dimensional varifold V' denoted by spt V'
as the smallest closed set F' so that py (U \ F) = 0. In particular, the support of an
k-dimensional varifold V' is a subset of U. Notice this is not the support of V seen as
measure in G, (U).

Definition 2.8. An k-dimensional varifold V is called connected provided sptV is a
connected subset in U.

Turn out that if W is an open subset of U, then we can get a natural k-
dimensional varifold on G(W) from V denoted by Vig,w) by putting Vig, w)(A4) :=
V(AN GE(W)). Sometimes later in the proofs we are going to use the same notation for
V' and its restriction to Gi(W) without any comment. This omission of notation could
generate problems later, but whenever we were made to use of this convection, we shall
specify the sets.

In order get others important examples varifolds, let £ be an k-dimensional
rectifiable set in U and @ a non-negative locally finite H*-integrable function, we define

an k-dimensional varifold V' (6, E') by setting

Vo)) = [

{z€E: (z, T, E)€A}

0(x)dH () = / 0(z)dH (z) for all A € G\ (U).

Enm(A)

Remark 2.9. Notice that k—dimensional submanifolds in U are exzamples of k-dimensional
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varifolds.

Before we define two more important subspaces in V¥(U), we need some no-
tation. Let V be an k-dimensional varifold, we say that V' is an k-dimensional rectifiable
varifold if there exist k-rectifiable set F in U and non-negative locally finite H*-integrable
function # so that

V=V(E).

If 6 is an integer value function, thus we say that V' is an k-dimensional integral varifold.
With these new notations, we denote by RV, (U) the space of all k-dimensional rectifiable
varifolds and ZV(U) C RV (U) the space of all k-dimensional integral varifolds. These

two spaces, in fact the second ones, play an important role in this thesis.

2.2.4 First Variation

Let us begin this part by reminding the first variation formula for smooth
submanifolds. Let ¢ : U x (—¢,€) — U be an one-parameter family of proper diffeomor-
phims in U associated to the C! vector field X with compact support on U, if ¥ has
boundary we suppose that X|gs = 0. We know from the differential geometry, see for
example (LAWSON] (1980) or (LI, [2012), that the following expression holds

%tZOAma[@@ﬂ = %t:ﬁk[@@” - /Z divy, X (p)dH* (p).

On the other words, this tells that the function

() = 5 Arealon(S)] = | divs X(p)H! ()
tt=0 )

is a linear functional on the space of all C! vector field in U with compact support in
U so that X|sx = 0. This is the key point that we would want to comment here, this
expression motives we define the first variation of a k—dimensional varifold as a linear
functional on the set of all C* vector field in U with compact support.

Let V be an k-dimensional varifold on U and X be a C! vector field in U with
compact support. We define the first variation formulae on the space of C! vector fields

in N with compact support as the linear functional 6V defined by
V) = [ dive X(p)V(p. 0,
Gn(U)

where here
k

divn X (p) = Y g(VeX, E)

=1

and {E;} is an orthonormal basis for IT and V denotes the Levi-Civita connection of U
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associated with the Riemannian metric g.
Definition 2.9. We say that an k-dimensional varifold V is stationary provided that
oV =0.
Example 2.2. k-dimensional minimal hypersurfaces in U are examples of k-dimensional
stationary varifolds in U.

The importance of the k-dimensional stationary varifolds for us here is that
they satisfy the monotonicity formula. More precisely, one important consequence of

0V = 0 is that the function
Ar :UV(BT(p))
a(k)rk

is non-decreasing for all p € U when r is small enough, here the constant A depends

r—e

on the geometry of the ambient space N, see (SIMON| |1983)). In particular, for any
k—dimensional stationary varifolds the density ©%(V, p) always exists at each point p € U.
Definition 2.10. The s-dimensional density of V' at p, denoted by ©%(V,p), is defined by
©°(V,p) := lim v (Br(p))
r—0  a(s)rs

here B,(p) indicates the geodesic ball in U with center p.

We finish this part of our study by stating the following result about the density
of stationary varifolds whose proof can be seen in (SIMON] [1983).
Proposition 2.2 (Upper semicontinuous of density). Let {V;} be a sequence of k-dimensional
stationary varifold which converges weakly™ to V' and {p;} be a sequence of point in U

that converges to p € U, then one has
©"(V, p) > limsup OF(V;, p;).
2.2.5 Compactness theorems

At this moment, we obtain the compactness theorems for varifolds setting.
These theorems will be one of the most important tools of this thesis. Before we state
these theorems, we need to introduce some notations.
Definition 2.11. Let V be an n-dimensional varifold in U. We say that p € sptV is
a reqular point of V' provided there exists an open neighbourhood W of p in U so that
spt VN W is a smooth hypersurface without boundary in W. The set of all reqular points
of V' will be denoted by reg V. The set sing V := (spt V' \reg V)N U is called the singular
set of V.
Definition 2.12. An n-dimensional integral varifold V' is called stable provided it is
stationary and regV is stable in the sense of Definition |2.1) in U.
Example 2.3. All stable minimal hypersurfaces in N are examples of n-dimensional

stable integral varifolds.
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Next we need to come back to use the notations from Section for defining

what means convergence in an C'*°—topology.
Definition 2.13. Let {¥;} be a sequence of hypersurfaces in U. We say that {£;} con-
verges in C°— topology with finite multiplicity to a smooth embedded hypersurface ¥ if
i. X consists of accumulations points of {X;}, that is, for each p € X there exists a
sequence {p;} such that p; € ¥;, for each i € N, and p = lim; p;;
ii. For every p € 3 there exists r,e > 0 such that X NW, (p) can be represented as the
graph of a function u over B,(p);
iii. For i large enough, the set ¥; N W, (p) consists of a finite number, k, independent
of i, of graphs of functions u}, ..., u¥ over D,(p) in such a way for alll € {1,... k}
ut and any of its derivatives converges uniformly to u.
The multiplicity of a given point p € ¥ is defined by k. As {3;} converges smoothly to 3,
then we will write ¥; — 3.

Once defines this last ingredient, we finally can talk about one of the main
tools of this thesis, the compactness theorems. We begin the statement of these results
with the compactness theorem for stationary integral varifold due to |ALLARD) (1972)
(see also SIMON]| (1983)).

Theorem 2.8 (Compactness Theorem for Stationary Integral Varifold). Let {V;} be a
sequence of n—dimensional stationary integral varifolds in U whose area is locally bounded
in U, then a subsequence of {V;} converge weakly™ to an n—dimensional stationary integral
varifold V in U.

Remark 2.10. Notice that in the previous theorem we may have V = &. Indeed, if
Vi = {x € R"™ : (x,e,,1) = i}, then {V;} is a sequence of n-dimensional stationary
integral varifold in R" ™Y, endowed with the Euclidean metric, whose area is locally bounded
and V; = &.

Turn out that when we know that each varifold V; is stable too, and if the
singular set of each V; satisfies a subtle condition, then we can conclude that the con-
vergence above is stronger than weakly® convergence. This theorem is due to SCHOEN
and SIMON| (1981) when the singular set has “Hausdorff dimension” at most n — 2.
The strong version that we are going to start in a moment is due to WICKRAMASEK-
ERA (2014]))( see also BELLETTINI and WICKRAMASEKRA|(2018]) and BELLETTINI
and WICKRAMASEKRA (2019) for another extension when the varifold has “prescribed
mean curvature”). Before we state this theorem, we need one more definition.
Definition 2.14 (a—structure hypothesis). We say that an n—dimensional integral var-
ifold V' satisfies the a—structure hypothesis provided that for all p € singV there exist
nor > 0 in such a way that sptV N B,(p) is the union of a finite number of embedded
Che hypersurfaces with boundary in B,.(p), all having a common CY* boundary in B, (p)
containing p and no two intersecting except along of their boundary, here B.(p) denotes

the geodesic ball in U.
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Theorem 2.9 (Strong Compactness Theorem). Let {V;} be a sequence of n—dimensional
stable integral varifolds in U with locally bounded area. Suppose that if n > 7 then
H P (sing ViNU) = 0 for all B > 0, if n = 7 then sing V;NU and if 1 < n < 6
then sing V; N U = @ for all i and each V; satisfies the a—structure hypothesis. Then
there exist a subsequence {V;, } C {Vi} and an n—dimensional stable integral varifold V
in U so that:

i. Vi, >V inU;

ii. sing V satisfies H" " F(sing VNU) = 0 for all B > 0 if n > 7, sing VNU is

discrete if n =T and sing VNU =@ if 1 <n <6;
iii. sptV;, — sptV in U \ singV.

2.2.5.1 Area blow-up set

In general, it is not so easy task to prove that a sequence of n—dimensional
varifolds has locally bounded area. So we need to look for a criterion that ensures over
certain conditions the sequence must have locally bounded area. This criterion is due to
WHITE (2016), and it will be our focus of study now.

We begin our study with the following definition.

Definition 2.15. Let Z be a closed set in U. We say that Z is an (k,0) subset of U
provided the following property holds: if u : U — R is a C* function so that u|Z has a
local maximum at p, then

Tr, Vu < 0,

where V2u denotes the Hessian of u and Tr,V? denote the sum of the k lowest eigenvalues
of V2u with respect to the Riemannian metric g.

The subtlety of this definition is that (n,0) sets satisfy a kind of type of the
barrier principle, see WHITE| (2016) for another extension for (k,0) sets as k <n — 1.
Theorem 2.10 (Strong Barrier Principle). Let Z be an (n,0) set in U and K be a closed
region of U with smooth, connected boundary 0K such that Z C K and so that

g(ﬁam v) >0

everywhere on 0K, where ﬁaK(p) denotes the mean curvature vector field at p and v
denotes the unit normal at p to OK which point into K. If Z contains any point of 0K,
then it must contain all of OK.

The next result tells us that the (n,0) set comes out naturally as the area
blow-up set from the sequence of n—dimensional minimal hypersurface. It is important
we point out here that this theorem is true when each ¥; is in fact an n—dimensional
stationary varifold with “boundary”. We only enunciate this version because it is sufficient

for our future application, see WHITE]| (2016)) for such extension.
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Theorem 2.11 (Blow-up set structure). Let {V;} be a sequence of n—dimensional sta-

tionary integral varifold in U without “boundary” and define
B:={pe€U: limsupH"(%; N B,(p)) = +oo for every r > 0},

then B is an (n,0) set in U.

Definition 2.16. The set B above is called the area blow-up set of the sequence {V;}.
Remark 2.11. Although we have not defined what the boundary of an n—dimensional
varifold means, this will not cause problems for us, because all varifolds that we will use
here have no boundary. For example, we can prove that the weakly limit of a sequence of

varifolds without boundary has not boundary too.

2.2.5.2 Regularity type Allard

We finish this part by stating a regularity theorem type Allard due to|WHITE
(2016)). Before we state it, we need to introduce some notation.
Definition 2.17 (Converges of sets). We say that a sequence of subsets {S;} in U con-
verges as set to S C U if it holds

S:={p € U: limsupdist{p, S;} = 0} and so S = {p € U: liminfdist{p, S;} = 0}

Now the regularity theorem promised can be stated as follows.
Theorem 2.12 (Regularity type Allard). Let {3;} be a sequence of n—dimensional, prop-
erly embedded minimal hypersurface without boundary in U. Suppose that ¥; converges as
sets to a subset of an n—dimensional, connected, properly embedded hypersurface without
boundary ¥ in U. Assume also there exists a point p € ¥ and a neighbourhood W of p in
U so that 3X; N W converges weakly to X N W with multiplicity one. Then {3;} converges
smoothly to X and with multiplicity one everywhere.

Remark 2.12. Here X; N W converges weakly to X N'W with multiplicity one means
V(LEZNW) 2 V(LEnW).
2.2.6 Maximum Principle for Varifolds

In this part we shall obtain the last ingredient that we will need later. Here
we are going to obtain the versions of the Theorem and Theorem and principle
of barrier for varifolds setting. These results for varifolds and the compactness theorems
from the last section are the two most important tools of this thesis.

Before we go on, we need to define a subtle variation of a varifold be stationary.
Definition 2.18. Let K be a closed domain of U with smooth boundary OK. We say that
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an n—dimensional varifold V' in K minimizes the area to the first order in K if one holds
V(X)) =0,

for all C* wvector field X with compact support in U so that g(X,vpr) > 0 everywhere on
0K, where vgix denotes the unit normal to 0K which point into K.

Once define this, we can state the next barrier principle due to SOLOMON
and WHITE (1989) and WHITE| (2010).
Theorem 2.13. Let K be a closed domain of U with smooth, connected boundary 0K so
that

g(Hok, vox) > 0

everywhere on 0K, where ﬁaK(p) denotes the mean curvature vector field at p and v
denotes the unit normal at p to OK which point into K. Let V be an n-dimensional
varifold that minimizes to the first order in K. Thus
i. If spt V' contains any point of OK, then it must contain all of 0K and the mean
curvature of OK must be vanish everywhere on 0K ;
it. If V is a stationary integral varifold, then V' can be written as W + W' where W
and W' are stationary integral varifolds, the support of W is OK and the support of
W' is disjoint from OK.
Actually, later we will be interested in the following consequence of this theo-
rem.
Corollary 2.1. Let K be a closed domain of U with smooth, connected boundary 0K so
that

g(ﬁaKa Vor) > 0

everywhere on 0K, where ﬁaK(p) denotes the mean curvature vector field at p and v
denotes the unit normal at p to OK which point into K. Let V' be an n-dimensional
connected varifold that minimizes to the first order in K. Thus if sptV contains any
point of OK, then sptV = 0K.

We finish our exposition about varifolds setting with the following two results.
The first ones was proved by ILMANEN]| (1996). This result tells when the regular set of
an n—dimensional stationary varifold is connected.
Theorem 2.14 (Connectedness of the regular set). Suppose that V' an n—dimensional
stationary varifold in U so that sptV is connected in U and H" %(singV) = 0. Then
regV is connected in U.

The second result is a sharp generalization of Theorem to the varifolds
setting due to WICKRAMASEKERA| (2014).
Theorem 2.15 (Sharp Maximum Principle for Integral Varifold). Suppose that Vi and



30

Vo are n—dimensional stationary integral varifolds in U so that
M (spt Vi Nispt Va) = 0,
then spt Vi Nspt Vo = .

2.3 Translating solitons in M x R

In this part we obtain the remaining matter that we shall need later to develop
this thesis. Here we follow the exposition given by ALIAS, LIRA, and RIGOLI (2017)
and LIRA and MARTIN (2019) to this subject. For the sake of simplicity throughout this
section M denotes a complete oriented Riemannian manifold with a Riemannian metric

o and ¢ > 0 is a constant positive.

2.3.1 Translating Solitons

Let ¥ be a oriented hypersurface in M x R, we say that a hypersurface X is a
translating soliton with respect to the parallel vector field 9, with translation speed ¢ € R
provided that

H=cd},

where H is the mean curvature vector field of ¥ and L indicates the projection onto the
normal bundle of ¥. Hence, if N is the unit normal vector field along ¥, then the mean

curvature of X satisfies
H = cgo(0, N), (3)

where gy = o + dt? denotes the Riemannian product metric in M x R.
Remark 2.13. For us the mean curvature H of X is the trace of the second fundamental
form of X.
Before we go on, let us give one natural example of translating soliton in M xR.
Example 2.4. If Y is a minimal hypersurface on M, then ¥ X R is a translating soliton.
Remark 2.14. Notice that the hypersurface M x {t} is not a translating soliton in M x R.
As it was proven by ILMANEN]| (1994) translating solitons are minimal hyper-

surfaces with respect to the so-called Ilmanen’s metric
gc ‘= e%t(a + dt2)7 (4)

where m = dimM.
Lemma 2.2 (T. llmanen). Translating solitons with translation speed ¢ € R are minimal

hypersurfaces in the product M x R with respect to the llmanen’s metric g. = e%t(a—i-dtz).

Proof. Indeed, let {E;} be an orthonormal frame and N be an unit normal for ¥ seen
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as hypersurface in M x R endowed with the Riemannian metric gy, and consider the
orthonormal frame {e~m?E;} and unit normal e~m‘N for ¥ seen now as hypersurface in
M x R endowed with the Riemannian metric g.. Since g. is conformal to gy, then we have
the following relationship between the connections V¢ associated to g, and V° associated
to go

§X = VX + = {go(X.0)Y + go(Y. )X — go(X. V).

From this equality follows

Ve o, (e WE) = e mt [vo B + —{go(El,Gt) - at]}

e mtE;

Hence, one holds

“H, = divi(e #'N) =g, <Vz_%tE_(e’itN),e*ﬁtEi>
— £t
- ( © ooy (TR N)

= —Gc [VE Ei+ % {QO(EH at)E at]} ’6_%tN>

= —em! 9o <[VE1E$ + % {90(E;, Oy E; — at]} 7N>
= —e '[9 (VEEi, N) = cgo(d;, N)]
= —e mt [H — cgo(0y, N)],

where H. indicates the mean curvature of ¥ as hypersurface of M x R with respect
to the Riemannian metric g. and H denotes the mean curvature of ¥ as hypersurface
of M x R with respect to the Riemannian metric go. In particular, we have H, =

e~ [H — cgo(0y, N)]. This complete the proof of the lemma. O

Remark 2.15. Notice that Ilmanen’s metric is not a complete metric in M X R, however
we need that (M x R, go) be complete.

Actually, this lemma is not the original viewpoint of [LMANEN (1994), in this
moment we come back to endow M x R with the metric go. Doing this, ILMANEN] (1994))

saw translating solitons are critical points of the area functional

- [ [
2 by

where n = t|y and du§, = e’ duy, is the area element of ¥ induced by g.. A straightfor-
ward calculation shows that the Euler-Lagrange equation associated with this variational
problem is

H — Cg(](at7 N) =0.

Namely, assume that ¢ : ¥ X (—€,¢) = M x R is a normal variation of ¥ with support
compact on 2. Suppose that ¢, (%)| = v, where v € C°(X) and define X, = ¢5(2).
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From the first variation formulae (see Lemma 5 in (LAWSON| [1980) or (LI, [2012))) we
know that 4
—dps, = —vHs dus, .

ds *
Hence, one has
A= —i/dc—i/emd ——/(H — cgo(@h, Ns,))evdpiss (5)
dS Jec S - dS 5. /’LES - dS 5. qus - 5. s 90 ty s /’LE.H

where duy, indicates the Riemannian element of area of ¥ seen as hypersurface of M xR
with the metric go. This proof our claim.
Next we would like to figure out the second variation formulae at s = 0. We

can compute this as follows: differentiating at s = 0, then after simplification one gets

d? o d
a2, AelB = - /Ee”vgls_()(st—cgo(at,zvzs))duz.

Turn out that if Z is a vector field on X, then we have

0 = %go((%)*(z),]\fzs):go <V(¢5)*<%)(¢s)*(2),]\fgs)+g0 <Z,%N25>

— 0 ((0-(T02),Ns) + 0 (2,505,

= (V20,8 4 (2,5 Vs,

d d
= 9 (sz)*(Z)(cbs)* (5) 7 st) + 9o (Z7 @N&) :

Thus, using that (¢5). (&), = vN, we obtain that

‘S:O

d

& Ny, =-Vo.
ds‘s:O ZS v

Turn out that this implies that

d d
@ISZOQO(@’ Ns,) = g0 (atv &st) = go (O, Vv).
On the other hand, using that (see Theorem 32 in (LAWSON]| 1980) or (LI, 2012))

d
5. Hs = D+ (AP + Rie(N. M.
s=0

we conclude that the second variation of the area is given by

d? .
7 S = = [ ety pldps,
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where the Jacobi operator L, is defined by
Ly [v] = Av + cgo(0s, Vv) + (JA]? + Ricyrxr(N, N))v, v € C*(X),

where |A| is the norm of the second fundamental form of ¥ and Ricpsg is the Ricci
curvature of M x R, both calculated with respect to the Riemannian metric gy, and the
gradient and the divergent are computed with respect to the metric induces by gg on .
Definition 2.19. We say that a translating soliton X in M x R s stable provided that

— / vl [v]e“dus, > 0 for all v € CZ(X).
>

Remark 2.16. Perhaps the better notation for stability above should be g.—stable to
indicate the dependence of the metric g., but whenever we use this notion of stability we
shall specify what is the metric that the stability is being taken.

Remark 2.17. [t is important to point out here that this definition of stability coincides
with that given in Definition [2.19

2.3.1.1 Jacobi fields

Next, we would like to study a criterion for deciding when a certain translation
solution is stable. Motivated by what happens in the minimal case, this question of
deciding when this hypersurface is stable can be obtained by proving that a particular
function is a positive Jacobi field. So let us start by finding a particular Jacobi field.
Proposition 2.3. Let X be a translating soliton in M xR and Z be a Killing vector field
in M x R endowed with the metric go in such a way that go(Z,0;) is constant on M x R.
Define u := go(Z,N) on 3, then u is a Jacobi field for L, , i. e. u satisfies

Ly.[u] = Au+ cgo (0, Vu) + (|A|2 + Ricyxr(N,N))u =0

Proof. Indeed, from Proposition 1 in (FORNARI and RIPOLL; 2004) we know that u
satisfies
Au+ go(Z,VH) + (Ricyrxr(N, N) + [A]*)u = 0.

Next notice that Vu = —24Z"T — VyZ. Indeed,

go(X,Vu) = X(u)=g9o(VxZ,N)+go(Z,VxN) = —go(VNnZ,X) — go(Z, AX)
= —go(VNZ,X) — go(AZT, X).

On the other hand, using that go(Z,0;) is constant on ¥ and so go (VnyZ,0;) = 0, one
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obtains that

9(VH,Z) = Z(H)=cZgy(0, N) = cgo (9, VzN) = —cgo (8, AZT)
= ¢go (O, Vu).

Thus, it holds Ly, [u] = 0. O

Next we will see how we can get the stability from the previous result.
Proposition 2.4. Let Y be a translating soliton in M xR so that there exists Z a Killing
vector field in M x R endowed with the metric gy in such a way that go(Z,N)), > 0 and

90(Z,04) is constant on M x R.. Then X is stable.

Iz

Proof. Firstly note that for all p € C?(X) we have

A(pu) + cgo(h, V (pu)) + (Ric(N, N) + |A]*) (pu)
= pLg.[u] +ulp + cugo(9:, Vp) 4+ 290(Vp, Vu)
= u[Ap+cgo(Or, Vp)| + 290(Vp, Vu).

Ly, [pu]

In turn, this equality and the divergence theorem imply

1 1
0 = / div (§u266”Vp2> dpy, = 5/ [90(Vu?, Vp?) + cu’go (0, Vp?) + u*Ap*] edps;
> >

= / {2upgo(Vu, Vp) + cu’ pgo(8s, Vp) + u’[pAp + go(Vp, V)] } edps
by

- /g [(pu) Ly [ou] + g0 (Vp, Vp)| €.

Therefore
— /(pu)LgC [puleduy, = / u?go(Vp, Vp)edus > 0 for all p € C3(X). (6)
) )

Finally, whenever ¢ € C?(X) we also have p = ¢/u € C?(X), so putting this choice of p
onto @ one gets

- [ oLy lolemans > o
b
This completes the proof. O

Remark 2.18. This Proposition also was proved by |SHARIYARI (2015) and | ZHOU
(2018) when M has dimension two.
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2.3.2 Vertical translating graphs

Let X be a translating soliton in M x R. Suppose that X is a vertical graph,
that is
Y=A{(r,u(z)) e M xR : z€Q}

of a smooth function u defined in a domain 2 C M with boundary (possibly empty.) In
this case, we denote ¥ = Graph"[u] and we refer to those solitons as vertical translating
graphs.

As consequence of , we would like to conclude that u must satisfy the

following partial differential equation

divay (%) - % (7)

where W :=4/1 + |Vu|?, and the gradient and divergence operators are taken with respect
to the metric o of M. This can be done noting firstly that > can be oriented by the unit

upward pointing normal vector field

1

N
w

(815 — Vu)

with Vu translated from z € Q to the point (z,u(x)) € X. Now consider an orthonormal

frame {E;} to ¥ and a orthonormal frame {e;} to M we compute
H = —diVEN: —34o (VEZN7E1> = —4o (szNaEZ)_QO (VNN,N) = —diVMXRN
: 1 . 1 : 1

= —divixr (W(at - Vu)) = —divy«r <W8t> + divasxr (WVU>

= =g |V ! O | + \% = \% |+ \% ! Vu ), 0

= Y w9 9o eiWU>€z 9o 6that

1
= 4Jo (Vei (WVU> ,Gi) = leM (%) .

On the other hand, since H = cgo (0y, N) = ¢/W we get the claim.

Remark 2.19. The equation
di Vu H(
vy | — ) =
MAw

15 called the equation of the graphs with prescribed mean curvature H.

2.3.2.1 Homology inequality for vertical graphs

Let us continue assuming that 3 := Graph"[u] is a wvertical translating graph
and N indicates the upward unit normal to X, where u : Q — R is a smooth function.

Notice that since 0, is a Killing vector field in M xR endowed with the Riemannian metric
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go, and it holds go(N, 9;) = 1/W > 0, since |0|*> = 1 then we can apply Proposition [2.4] to
conclude that X is stable. As we will use of this fact many times throughout the thesis,
we enunciate it as a lemma.
Lemma 2.3. All vertical translating graphs are stable.

Indeed, as we shall prove now using ideas come from [SOLOMON]| (1986), ver-
tical translating graphs are in fact strictly area-minimizing inside the cylinder 2 x R.
Proposition 2.5. Let u : Q — R a smooth function over a smooth domain Q@ C M
so that Graph"[u] is a vertical translating graph in M x R. Assume that ¥ is any other
hypersurface in solid cylinder Q x R so that 0¥ = OGraph®[u]. Then, it holds

Ay [Graph®[u]] < Ay, [%].

Moreover, the equality is arrived if, and only if ¥ = Graph®[u].

Proof. Suppose first that X lies one-side of Graph”[u] and let U be the domain in Q x R
limited by ¥ and Graph®[u]. Next, consider the vector field X in  x R obtained from
the unit upward pointing normal Ngraphvf to Graph”[u] by parallel transport along the
flux of ;. That is, X is given by

X(p,t) =e" (% — %) for all (p,t) € Q x R.
We have
. . a0 Vu
divyyxrg X = divyxe {et (Wt - W)]

0 Vu ) 0 Vu
= CYo (8157 (Wt — W)) e + e divarxr (Wt — W)

Thus divy«g X = 0, and the divergence theorem applying to U and X implies, up to a
sign, that

0 = / gO(XaNGraph”[u])dHn_/go(X,NE)dHnZ/
Graph[u] b)) G
= A, [Graph®[u]] — A, [2].

etAdH™ — / et dH"
2

raph”[u]

This completes the proof when ¥ lies oneside of Graph“[u]. The general case can be
obtained by breaking the hypersurface ¥ into many parts so that each part lies one-side
of Graph”[u|. Finally, the fact about the equality follows remarking that we can not have
the equality if any part of ¥ does not lie in Graph®[u]. O

Remark 2.20. This proposition also was proven by | XIN, (2015) when M = R™.
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2.3.3 Horizontal translating graphs

Next we would like to define what means a horizontal in M x R. More pre-
cisely, in the context of DAJCZER, HINOJOSA, and LIRA|(2008), we would like to define
what means a graph over Killing. At this time we will suppose that M is the warped
product S™~ ! x, R, where the factor S"! is complete hypersurface endowed with a Rie-
mannian metric o and p is any positive smooth function in S"~!. With these notations

the Riemannian metric that we are assuming at M is
ho = 0+ p*(x)ds>. (8)
In particular the Riemannian metric in M X R is
go = o0+ p*(z)ds® + dt*. (9)

Remark 2.21. We know from (DAJCZER, HINOJOSA, and LIRA| 2008) that this
structure of the warped product in M is always obtained when M admits a complete
non-singular Killing field with integrable orthogonal distribution.

With this convention for M we define P = S"~! x R, with the Riemannian
metric hg = o+dt? and write M? xR = P x,R. By a horizontal graphin M x R(=P x,R)

over a domain {2 C PP means a hypersurface > C M x R given by
Y= {(p ulp) e Px,R(=MxR):pecQ},

where u: €2 — R is a smooth function. Sometimes, to simplify the notation, we will write
also Graph”[u] to mean the horizontal graph of u.
Remark 2.22. The horizontal graphs, that we are considering in this paper, are graphs in
the direction of the Killing field 0s. However, we are representing them as “vertical” graphs
since they are graphs in P x, R “over” a domain in P. Therefore the last coordinate is
the coordinate associated to the flow lines of Os. Moreover, for us a horizontal line means
a flow line of the vectorfield Os, i.e. {q} xR ={(q,s) e Px,R(=M xR): s € R}.

We have just seen at Lemma [2.2] that translating solitons in M xR are minimal
hypersurface in M x R endowed the metric g. := et go. In particular, since we are
considering the Riemannian metric gy = ho + p?ds* = o + dt* + p*(x)ds® in M x R, the

Ilmanen’s metric can be written as
ge = €' (0 + di* + p*(2)ds?) = he + €' p?(2)ds?,

where h. denotes the restriction of Ilmanen’s metric g. to P. Note that g. is still a warped
metric. Differentiating of the vertical case, in the remain part of this subsection we will

always consider the metric h. in P and the metric g, in P Xt o) R(= M x R). Also, to
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simplify the notation we will denote by f: M x R — R the function f(z,t) = em’p(z).
Suppose ¥ = Graph” [u] that is a horizontal translating graph in M x R, where
u:  C P — Ris a smooth function. Thus X can be oriented by the unit upward pointing
normal vector field
1 0Os

where W = /1 + f2h.(Vu, Vu) and to simplify the notation, we continue denoting by
Vu the translation Vu from z € Q to the point (z,u(z)) € ¥. Next notice that from

we can check that u satisfies the partial differential equation
divp (f2%> =0 in Q, (10)

where the gradient and divergence are taken with respect to the metric h. in P. Indeed,

observe that
1 0 Os Vu
No ol gyt Do VU
fw W fQWf W

where fW; = W. Since Graph|u] is a minimal hypersurface in (M x R, g.) we have

Os ?u)

. 0y . Vu
= divarxr f2—W/f —divarxr Wf
1 . 1 ) Vu
=y e 0 +0c (9 (7 ) ) e (57

Vu 1 _ Vu Vu
:—d % RN = ——(, - 783 _d R
s (g7 ) == (% (577) -2:) e (577

where Vu denotes the gradient of v on (P, h. = g.|[P), Vu indicates the gradient of u in
(M xR, g.) and we have used the fact that P is totally geodesic in M xR. As g.(9s, 9s) = f2,

one obtains
2fgc(Xa ?f) = X<f2) = X(Qc(as> as)) = 2gc(vXas> as) = —29c(?aﬁs, X),
for all X € X(M x R). Consequently,

Vo, 0s = —fVf (11)
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and therefore, using again that [P is totally geodesic, we conclude that

o (YEVUN i (YUY L i (VY 2 L i (2
oo () v () - ) - ()

Remark 2.23. Different of the vertical case, in the horizontal case seems more simple to
work with Ilmanen’s metric than the product metric in M x R. There are two facts that
motives this, the first is that we are seeing translating solitons are minimal hypersurfaces
i M X R and so we can apply the local theory of minimal hypersurfaces in this setting.
The second facts is for simplicity even. For example, in Section|3. 1 we will need to define
other metric in M x R conformal to g., and we will work with a so-called f—geodesic

throughout this section and this could generate confusion.

2.3.3.1 Homology inequality for horizontal graphs

Here we will adapt the computations done in subsection [2.3.2.1] above for
horizontal translating graphs setting. So suppose that ¥ := Graphh[u] is a horizontal
translating graph and N indicates the upward unit normal along of 3, where u : 2 — R
is a smooth function. Since 0; is a Killing vector field in P x R(= M x R) endowed with
the metric gg, and it satisfies go(IV,0s) = f/W > 0, then from Proposition we can
conclude the next result.

Lemma 2.4. All horizontal translating graphs are stable.

The analogous of Proposition for horizontal translating graphs setting can
be stated as follows.

Proposition 2.6. Let u : Q — R a smooth function over a domain @ C P so that
Graph” [u] is a horizontal translating graph in P x R(= M x R). Assume that ¥ is any
other hypersurface in the Killing cylinder Q x R such way that X = dGraph” [u]. Then,
one has

Ay [Graph"[u]] < A, [33].

Moreover, the equality is true provided that ¥ = Graph” [u].

Proof. Essentially the proof of this case follows a similar strategy of the proof of Proposi-
tion [2.5 but here we are using the metric g. in M x R. Suppose first that X lies oneside
of Graph"[u] and let U be the domain in Q x R limited by ¥ and Graph”[u]. Consider
the vector field X in Q x R obtained from the unit upward pointing normal Neraphtfu) Of
Graph” [u] by parallel transport across the along line of the flow of d;. That is, X is given
by

1 0s

Vu —
X(p,s) = ?W—fw for all (p,s) € 2 x R.
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Using that Graph”[u] is minimal one gets
diVIP’XR X =0.

Thus the divergence theorem applying to U and X implies, up to a sign, that

0 = / gC(X7 NGraphh[u])dMGraphh[u] - / gC(X7 NE>dIU’H
Graph”[u] by

> / dbiGraphiu) — / dps = A, [Graph[u]] — A, [2].
Graph” [u] z

This completes the proof when ¥ lies oneside of Graph”[u]. The general case can be
obtained by breaking the hypersurface > into many parts so that each part lies one-side
of Graph”"[u]. Finally, the fact about the equality follows remarking that we can not have

the equality if any part of ¥ does not lie in Graph™[u]. ]
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3 JENKINS-SERRIN THEORY FOR TRANSLATING GRAPHS

Let M™ be a complete Riemannian manifold and 2 C M be a domain (not
necessarily bounded) with piecewise smooth boundary. Assume that the boundary can
be composed as 02 = I'g U I';y U 'y, where the sets I'y and I'y are disconnected so that
any smooth connected component of I'; does not intersect any other smooth connected
component of I'; for i € {1,2}. A classical problem in differential geometry is to find
sufficient and necessary conditions for the existence of prescribed mean curvature surfaces
with possibly infinite boundary data. More precisely, we want to solve the Dirichlet

problem

)
div <f2\/%w> = H(z,u,Vu), in

U =g, on Dp; (12)
u = 400, on I'y;
U = —00, on [,

where H: M x C**(M)xTM — R is a locally Lipschitz function, f: M — R is a known
smooth function and ¢: 'y — R is a given continuous function called the continuous data.

The most famous and most important example of solutions of the equation
(12) in M = R? with Q = [—7/2,7/2] x [-7/2,7/2] and f = 1 was given by H. Scherk
in 1834. Namely, he showed that the function u = log(cosz/ cosy) is a solution of
with I'g = @ and H = 0. After this graph becomes known as Scherk’s minimal surface.

Passing a hundred years, JENKINS and SERRIN]| (1966) associated the exis-
tence of solutions of when H =0 and f =1 in M = R? over bounded domain with
algebraic conditions involving the length of “admissible polygons” in the domain. The
central idea in (JENKINS and SERRIN| 1966 was using part of Scherk’s surface as bar-
rier to study the divergence set associated with a monotone sequence of solution of .
As consequence of this local analysis over the divergence set and the algebraic conditions
over the “admissible polygons” they guaranteed that the divergence set is empty. That
way they ensured that a subsequence of a sequence of solution of must converge to a
function which is a solution of with prescribed data on I'y. After that, the Dirichlet
problem becomes known as the Jenkins-Serrin problem.

An important extension of Jenkins and Serrin ideas was carried by SPRUCK
(1972) when H is constant. He extended the results of Jenkins and Serrin in R3, when
f =1, M = R? and over bounded domains. Besides this, he gave local existence for
general domain in R"™. Unfortunately, his approach does not work well for domains with
complicated topology in R".

Using a very different method, MASSARI| (1977) and [ TOMAINI| (1986)) studied

the case of prescribed mean curvature when f = 1, but now H is not constant. They
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extended the results of (JENKINS and SERRIN| [1966) for solutions of when H
satisfies some “structural conditions”. Their idea was to replace the algebraic conditions
involving the length of “admissible polygons” found out by JENKINS and SERRIN| (1966))
for conditions on certain functional defined on Caccioppoli sets. An elegant exposition of
Massari’s ideas in the case H =0 and f = 1 can be found in GIUSTI (1984).

More recently the Jenkins-Serrin problem has been studied in many different
settings and we mention here the works that we have found. Beginning with NELLI
and ROSENBERG, (2002) who studied the existence of solution of in H? x R, when
) C H? is a bounded domain, H = 0 and f = 1. They results was extended firstly
by ROSENBERG] (2002) for S? x R, and it also was extended by PINHEIRO| (2009) in
a general way for M? x R, when now M? denotes a complete Riemannian surface and
Q) C M? is a geodesically convex and bounded domain. MAZET, RODRIGUEZ, and
ROSENBERG] (2011)) remarked that the results obtained by PINHEIRO] (2009)) can be
extended to more general domains than geodesicaly convex by using the Perron’s method.
Furthermore, they proved the existence of solutions of when H =0, f =1 and Q
could be an unbounded domain in M.

Using ideas close to the approaching of PINHEIRO| (2009), NGUYEN]| (2014)
extended results further into the case of Sol3; when H = 0 and f is a subtle known
function. Her idea was to see Sols as the warped space H? x, R. After that, she proved
that is possible to carry out the Nelli, Rosenberg and Pinheiro ideas into this new ambient.
Another interesting extension of now the original viewpoint of JENKINS and SERRIN
(1966)) ideas was given by YOUNES (2010). They proved the existence of minimal sections
of the Riemannian bundle 7 : J/DB'EQ(R) — H? over any “admissible domain” in HZ.

A very interesting application of Jenkins and Serrin ideas was obtained by
COLLIN and ROSENBERG] (2010). They proved the existence of solution of with
f=1and H =0, and now Q is an “ideal polygon” in H?. After that, as application of
them results they constructed a harmonic diffeomorphism of H? into the complex plane
C. Later these results was generalized by GALVEZ and ROSENBERG (2010) for any
Hadamard surface. In fact, almost all results that we have mentioned until now have a
natural extension when f = 1 and H is a constant, but in this setting the domain must
satisfy some conditions over the “reflection” of the edges. As an example of these exten-
sions, we can quote the results obtained by HAUSWIRTH, ROSENBERG, and SPRUCK
(2009); FOLHA and MELO) (2011)); [FOLHA and ROSENBERG] (2012) and KLASER and
MENEZES (2019).

Using a different approach, EICHMAIR and METZGER] (2016|) studied the
existence of Scherk type solutions for the Jang’s equation in Riemannian manifolds with
dimension at most 7. Moreover, as application their techniques, they proved the existence
solution of with 'y = @, H constant and f = 1 when now M could be a Riemannian

manifold of dimension at most 7.
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Once we have done this brief digression about the Jenkins-Serrin problem, we
can finally say what was our contribution in this setting. In this chapter, we study the
Jenkins-Serrin problem for translating graphs in M x R in the vertical direction and the
horizontal direction. As we have seen at the subsection [2.3.2]and the subsection 2.3.3], the
equation also describe the equation of vertical translating graphs, with f = 1 and
H=c m by , and the equation of the horizontal translating graphs, with f
a known function which depends on the horizontal (Killing) vector field and H = 0 by
(10).

Here we will divide our studied into two parts. Firstly, we work in the hori-
zontal case. The problem in this setting comes out because of no completeness of Ilma-
nen’s metric. However, we overcome this difficulty by using ideas which were developed
by [EICHMAIR and METZGER (2016) and by HOFFMAN, ILMANEN, MARTIN, and
WHITE (2019)). In the second part of this chapter we study the equation of vertical
translating graphs. This can be carried out by using minimal graphs as a barrier. Unfor-
tunately, this procurement only allows to prove the existence of Jenkins-Serrin solution of
type 1. Essentially, the problem when we try to execute the whole Jenkins and Serrin ideas
in this setting lies in the fact that we must understand which means H =1 /\/m
on the equation (12). This term comes out because the vector field g, is only conformal
in M x R endowed with Ilmanen’s metric. However, we would like to point out here that
HOFFMAN, MARTIN, and WHITE (2019) have proven the existence of Scherk vertical
translating graphs in R? when Q is a rhombus domain in R2.

This chapter is structured into two parts. In the first part, we develop the
Jenkins-Serrin theory for horizontal translating graph. Besides this, we finish this first
part by giving some special examples of “admissible domains” in R? and H? x R. In turn,
in the second part we carry out the Jenkins-Serrin theory for vertical translating graph

setting.

3.1 Horizontal case

Let us remember some notations from Section [2.3.3] In what follows, we will
fix ¢ > 0. Notice that since we are working at dimension two, then M = S x, R, where
S is either S' or R and p : S — R is a positive smooth function. Moreover, as we are
seeing M x R = P x, R, where P = S x R with the metric hy = p(2)?dz? + dt?. Thus
the Ilmanen’s metric can be written as g. = h. + f2ds?, where h. = e (p(x)*dz? + dt?)
is the metric induces on P by g. and f? = e“p?(x). From now on we always adopt the
Riemannian metric g. in M x R and the Riemannian metric h. in P. Moreover V will
denote the Riemannian connection associated to g..

We know from that the graph of a function u : 0 — R is a horizontal
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translating graph provided that

divp <f2%> =0 in §,

where W = \/ 1+ f2h.(Vu,Vu), and the gradient and divergence are taken with respect
to the metric k. in P, and © is a domain in P. Moreover, we orient Graph”[u] by the unit
normal

1 0

3.1.1 A conformal geometry in M x R

Our interest here is to collect some computations from a conformal geometry
of (M xR, g.) that we will be used later.

Let v: [0,1] = M X R be a parametrized curve in M x R. We define the
f-length of 7, denoted by £¢[7], as the length of v with respect to the conformal metric

f?g.. That is
1
:/ f \/gc (T) dr. (13)
0

We will work with a special type of curves that will play the role of geodesic

in this horizontal case.
Definition 3.1. Let v be a curve in M x R . We say that v is an f-geodesic provided ~y
is a geodesic in M x R with respect to the metric f2g..
By differential geometry we know that
Proposition 3.1. Let v be a curve in M x R. Then 7 is an f—geodesic, if and only if,

Vo = ge(v, v )% — 2g. (VTf '/) v, (14)

where V,~' denotes the covariant derivative of o' along y with respect to g..

Proof. We just need to use the following relationship between the connections associated

to the metric g, and f2g,
Vf
f b

VyX =Vy X +g. (X, ?ff)w <Y V7f>X—gc(X7Y)

where V (respectively, V) denotes the Levi-Civita connection in M x R with the metric

= f2g. = e*!°¢/ g, (respectively, g.) and the definition of f—geodesic. O

Definition 3.2 (f-curvature). Let v be a curve in P. The (scalar) f-curvature of v is

ke[y] = kn.[7] = ke (VTf,N) : (15)
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where ky, [y] denotes the geodesic curvature of v in (P, h.) and N € TP denotes the unit
normal along 7.

Remark 3.1. Using again the formulae

vf

f )

VyX =VyX +g. (X, VTf) Y +g. <Y, V7f> X —g.(X,Y)
where N (respectively, V) denotes the Levi-Civita connection in M x R with the metric
o. = f2g. = €287 g. (respectively, g.), we see that the definition above is exactly the
definition of geodesic curvature in M x R with the metric o.. Notice also that P continues
been totally geodesic in P x R(= M x R) with the metric o..

Before proceeding, we will remark some properties of f-geodesics that will be
used later.

Proposition 3.2. We have the following properties
(i) Let v be a curve in P. If y xR = {(p,s) e Px,R(=M xR):p € 7,5 € R}

denotes the cylinder over vy, then

kfh/] = HWXR7

where Hxr denotes the mean curvature of v x R in (M x R, g.).
(i) A curve v on P is an f-geodesic in P, if and only if, v is an f-geodesic in M x R.
(iii) Lety be a curve in P and consider the Killing rectangle over «y, with height h, defined
by vy x[0,h] ={(p,s) e Px,R: per,sel0,h]}, where h > 0. Then we have

1 h
Ay [y x [0, 4] = / / FONV (P ()7 (0)) drdz = heg ),

where Ay, [y % [0, h]] denotes the area of vy x [0, h] with respect to the metric g.. Note
that the length of a segment {((z,t),s): s € [0,h]} of a flow line through the point
(x,t) € P is given by hf(z,t).

Proof. Regarding (i) notice that {7, ds/f} is an orthonormal frame for v x R, so one has

Hyxr = (67’7, + v8s/f(88/f))L

_ AN
=V ’7/ - _> >
(7=
here we are using the fact that V5 0, = — fV f which was proved in . Now if N € TP

denotes the unit normal to ~, then the horizontal left of N defined by N(p, s) := N(p) is

an unit normal vector field along v x R. Therefore, the scalar mean curvature of v x R is
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given by

_ \V4
H’yXR = Gc (V’Y”YaN) — Jc (Tf7N>

= 9e(Vy7', N) — ge (VTf N> = ky[7].

This concludes the proof of item i. About (ii), we can see it from , since P is totally
geodesic in M x R. Finally, (iii) can be checking by computing the metric induced by g,
in v x R and the definition of area. ]

Remark 3.2. From (ii) above, we see that there is a correspondence between f-geodesics
and minimal cylinders over P in M x R.

We finish this part by recalling some properties from the classical theory about
the existence of geodesics and exponential mapping that will be used later, see for example
DO CARMO, (2011)) or PETERSEN]| (2006) for more information about this subject.
Proposition 3.3. The f-geodesics are critical points of the f-length with respect to proper
variations. Moreover, the f-geodesics are local minimizers of the f-length.
and
Proposition 3.4. Given any point p € P, then there exists a neighbourhood U > p such
that given any qi,q2 € U then there is a unique f-geodesic joining qi and ¢, and the
interior of this f-geodesic lies in U.

Remark 3.3. The neighbourhood given by Proposition will be called geodesically f-

convex neighbourhood.

3.1.2 Local existence

Here we would like to prove the local existence for the equation
Vu
div ( f*— ) =0 16
iv ( f i ) (16)

over admissible domains that are geodesically f—convex too. So we start by defining
what means a domain be admissible.

Definition 3.3 (Admissible domain). Let Q C P be a precompact domain. We say that
Q is an admissible domain if 02 is a union of f-geodesic arcs Aq,...,As, B1...,B,,
f-convex arcs C1,...,Cy, and the end points of these arcs and no two arcs A; and no two
arcs B; have a common endpoint, see Figure

Definition 3.4 (Admissible polygon). Let Q be an admissible domain. We say that P
is an admissible polygon if P C Q, the boundary of P is formed by edges of O and f-

geodesic arcs on §2, and the vertices of P are chosen among the vertices of ), see Figure

[
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Figure 1 — Admissible domain (left) and an admissible domain with an admissible
polygon (right).

Suppose now that € C P is an admissible domain with 02 = U,J;, where
the family {J;} C 0 is a closed cover of 02 and satisfies J; N J;1 = « for all i €
{1,...,v =1}, and J, N J; = «,, where {a;} denotes the set of endpoints of the arcs
Ji. Let ¢ = {¢;: J; = R} be a family of bounded continuous functions. Consider the
curve 7. C 02 x R given by 7.(z) = (z,¢;(z)) if x € int J; and ~, is a (horizontal) line
joining (o, ¢;(;)) and (o, cip1(ay)) if © = ;. As we shall see now it is always possible to
get a solution of with boundary data 7. over a geodesically f-convex domain. Here
bounded data 7, means that the solution equals to ¢; on int J;.

Theorem 3.1 (Local Existence). Let €2 be a geodesically f-convexr domain which is also an
admissible domain in P as above. Let ¢ = {¢;: J; = R} be a family of bounded continuous
functions and . the curve associated to c. Then there exists an unique solution of

with boundary data ¢; on J;.

Proof. By Proposition (i) the domain bounded formed by the part of the solid cylinder
over () between P+ inf; ¢; and P+ sup;, ¢; is piecewise convex in the sense of Definition
with respect to the metric g.. Therefore, we can solve the Plateau problem with boundary
data 7. by Theorem [2.5] So it remains to prove that this Plateau’s solution is a graph
over the domain 2 C PP.

Firstly, let us prove that the tangent space at any point of > does not contain
0s. In fact, suppose that there exists a point (pg,7) =p € £ (py € Q) so that 9, € T,%.
Admit {0s,v} is an orthonormal basis for 7,2, where v € T,P,, where P, := {(p,r) €
P xR : p e P}. By Proposition and Proposition there exists an f—geodesic
a through p at 0 and o/(0) = v. Moreover, since € is geodesicaly f—convex, then «
does not accumulate inside €2 and goes out to €2. This means that a must go out €2, and
clearly « intersects 0f) just at two points. Consider now A := a X R the cylinder over
« which is minimal in M x R by Remark (i). By our assumption A and ¥ have the

same tangent space at p. Therefore, near p, I = ¥ N A contains at least two curves that
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intersect transversely at p by Theorem . If there exists a closed curve 5 in I\ 0%, then
[ is the boundary of a minimal disk D in . Thus we could choose a geodesic curve ( in
D so that the totally geodesic surface ( x R touches D at an interior point. But this is
impossible by Theorem

Since I does not contain a closed curve, each of the branches leaving p must
go to 0X. Moreover, v intersects 9€) at two points so at least two of these branches
must go to the same point or horizontal segment on 0%. However, this fact yields again
closed curve that bounds a minimal surfaces and we get a contradiction with Theorem
2.1l Therefore T, does not contain Js.

With this information in mind we would like to show that int} is a graph.
We can work out this as follows: suppose there exist two consecutive points p and ¢ in
>} which lie in the same horizontal line passing through a point of 2. We know that
Y divides 2 x R at two connected components. So by our hypothesis, we can orient %
so that g.(N,0s) > 0, where N is the unit normal along ¥. On the other hand, since
p and ¢ are consecutive we must have either g.(N(p),0ds) > 0 and g.(N(q),0s) < 0 or
ge (N(p),0s) < 0 and g¢.(N(q),0s) > 0 which is impossible. Therefore, any vertical line
over any point of €2 intersects X just in an unique point. In particular, ¥ must be a graph
over () of a smooth function u : 2 — R.

The uniqueness of Graph”[u] can be obtained as follows: consider the foliation
{Graph”[u + s]}s of Q x R(C P x R). If there exists other v : @ — R solution of
so that v|;, = ¢; different of u, then Graph”[v] must intersect some Graph”[u + s] at an
interior point which is impossible by Theorem O

Remark 3.4. [t is important to point out here that the Theorem (and then Theorem
is mot in contradiction with Proposition 30 of (CHINI and MOLLER, 2018) because
the cylinder over the domain considered by them is neither f-convex nor an admissible
domain in the sense of Definition . They proved that in R = [e3]* xR there are convex
domains with respect to the Euclidean metric on [es]t which does not admit horizontal

translating graph solution.

3.1.3 Interior gradient estimate

The next step to study the Jenkins-Serrin problem is to understand how we
can get the solutions of for more general domains, once that the Theorem is only
local. As it is classical, this can be done by using Perron’s method. However, for use it we
need to get a compactness theorem for solutions of . In turn, this can be obtained by
getting an interior gradient estimate. So allow us to begin by getting the interior gradient
estimate.

Proposition 3.5 (Interior gradient estimate). Let {u,} be a sequence of solutions of

(16) on a domain Q2 C P, not necessarily admissible neither geodesically f—convex. Let
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p € Q and r > 0 be small enough so that the go-geodesic ball Ba.(p) CC Q. Assume that
lun(q)| < K for alln € N and q € Bs,.(p). Then there exists a constant ¢ > 0 such that

sup he(Vun(q), Vu,(q)) < c for all n e N.

q€B-(p)

Proof. The proof will be done by contradiction. Assume that

sup he(Vu,(q), Vu,(q)) = +o0.
q€Br(p)

Thus, up to extracting a subsequence, we would find a sequence {z,} C B,(p) such that
he(Vuy(xy,), Vug(x,)) — 0o

as n — oo. Since B,(p) is compact in (M x R, gy) (see Remark we could assume
that z,, = Zoo in (M X R, g.). On the other hand {u,(x,)} is a bounded sequence, so we
could also assume wu,(z,) = @ as T, = Tx.

Let X, = {(z,us(z)) € Px R(= M x R): x € By.(p)} be the horizontal
translating graph of u, over the ball By,.(p). Then {¥,} is a sequence of stable g.-minimal
surfaces, by Proposition [2.4] with locally bounded area in {(z,s) € PxR(= M xR): z €
By, (p) and s € R} since we have

Af5a] < SALK)

for all compact subset K of B, (p) so that K is C' by Proposition . Therefore
all conditions of Theorem are satisfy, so we could assume, up to a subsequence,
that ¥, — Y., where ¥ is a smooth stable minimal surface inside of the cylinder
By, x R(C P x R), since the singular set is empty at dimension 2. Note that ¥, is not

empty because (s, ) € Y.
Claim 3.1. Fach connected component of X is a smooth horizontal graph.

Proof of the Claim[3.1]. If the contrary of this is true, then we could suppose that there
exists a connected component S C ¥, that is not a graph over a subset of By, (p). Because
each ¥, is a graph over By, (p), and 3,, — ¥, smoothly, we obtain that any horizontal line
(¢,R), q € Bs.(p), intersects S in a connected subset on S. Since we are assuming that S
is not a graph, there exists a horizontal line (¢,R), ¢ € By, (p), such that (g, [a,a+¢€]) C S
for some € small.

Let S(0) = {((z,t),s+0) € PxR: ((z,t),s) € S} be a translation of S by € in
the direction of 0s. Since (g, [a,a + €]) C S, Theorem [2.1) would imply that S(0) = S for
all 6 € (0,¢) and it would follow that S is a cylinder S” x R C P x R, where S’ is a curve
in By, (p). But this is impossible since each ¥, C {(z,[-K, K]): © € By,(p)}. Therefore
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S is a horizontal graph of a continuous function .
To conclude that S is a graph of a smooth function, we will use a Radoé-

Alexandrov type argument. For this, we denote by

As = {((2,8).8): (x,t) € P, B € R}

a foliation of M x R by surfaces. Define

S¢(8) = {((x,1),s) € S s < B} and S_(B) = {((x,1),s) € 5= s > f}

to be the parts of S that lies on different sides of Ag, and

ST(B) = {((x,1), 6 — ) ((2,1),5) € 54}

the reflection of S, with respect to Ag. Since S is a graph of a continuous function, S7 (3)
and S_(f) can intersect only along the boundary lying on the plane Ag.

Now assume that there exists a point ¢ = ((x,t), us(z,t)) € S so that the
normal to S at ¢ is perpendicular to d,. Then, reflecting with respect to the plane
Ay (z) through ¢, we would obtain that S% (us(x,t)) and S_(uw(z,t)) would intersect
along the plane A, (s, and they would have a common tangent plane at ¢ so that
locally they lie on different sides of this tangent plane. So Theorem implies that
S (too(z,t)) = S_(uso(x,t)) but this is a contradiction since S is a graph. Therefore S

is a graph of a smooth function. n
Claim 3.2. X, s connected.

Proof of the Claim[3.4 Indeed, notice that the projection of 3., over Bs.(p) is onto,
because each horizontal line across the point of Bs,(p) intersects ,,. Now if ¥, was not
connected, then we could find a simple closed curve o in Bs,.(p) X R that intersects ¥
at an unique point, since each connected component of ¥, is a horizontal graph. So this
curve would intersect ¥, at a unique point for all n large enough, but this arrives at a
contradiction because each simple closed curve in Bs,(p) X R must intersect « at an even

number of points counting the multiplicity. This proves that ., is connected. O

Now the assumption h.(Vu,(z,), Vu,(z,)) = 0o as n — oo implies that the
normal to Y, at (4, @) is perpendicular to dy. But this is a contradiction with X, being

a graph of a smooth function over an By,.(p). Therefore, there exists a constant ¢ so that

sup he(Vun(q), Vu,(q)) < cfor all n € N.

q€Br(p)

]

We finish this part by showing how the compactness theorem follows from the
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interior gradient estimate. Here (2 continues to be a domain, not necessarily admissible
domain neither geodesically f—convex.

Proposition 3.6 (Compactness Theorem). Let {u,} be a sequence of solutions of
on a domain Q C P. Suppose that {u,} is locally bounded on compact subsets of 2. Then

there exists a subsequence of {u,} that converges smoothly on compact subsets of Q to a
solution u of .

Proof. First of all we have to observe that the Proposition tells that for all compact
subset K CC 2, there exists a constant ¢(K) > 0 (depending on K) so that

he(Vuy,, Vu,) < ¢(K) on K for all n.

Now the Di Giorgi-Nash-Moser estimate implies that for all compact subset K C €2 the
Ch®—norm of {u,} is bounded by a constant that depends only K. In turn, Schauder’s
estimates implies that the C*—norm of {u,} on compact subset K C € is bounded by a
constant that depends only K.

Now Arzelda-Ascoli’s Theorem and the Diagonal argument show that there
exist a function u : 2 — R so that a subsequence of {u,} converges uniformly on compact
subsets of € to u and u is a solution of . Here we are using that the restriction of the

metric g. to © x R is complete, so we can use Arzela-Ascoli’s theorem O]

3.1.4 Perron’s method

As we have mentioned earlier in this part we want to extend Theorem [3.1] over
more general domains. Here we will follow the elegant exposition given by GILBARG
and TRUDINGER] (2001) for Perron’s method.

Given u € C°(Q), we say that u is a subsolution in Q C P if for all A CC Q and
every solution v of in A such that u < v on 0A, we have u < v in A. A supersolution
is defined in a similar way but with opposite inequality.

As we will see now this flexible version of subsolution (respectively, supersolu-
tion) for enjoys of the following useful properties.

(i) A function u € C?() is a subsolution (respectively, supersolution) if and only if

divp (f2%> >0 (divp (f2%) < 0> :

Proof. Namely the maximum principle implies that if divp ( f 2%) > 0, then u is a
subsolution. Suppose now that u is a subsolution and divp (fQ%) < 0atp e Q. Take
a geodesic ball B, (p) CC Q which is geodesicaly f—convex and divp ( f2%) <0 on

B,.(p). By Theorem there exists a function v : B,(p) — R solution of S0
that v = w on 0B, (p). In turn the maximum principle implies that v < u in B,(p)
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which is impossible since u is a subsolution. Therefore, it holds divp ( fQ%) >0. O

Suppose that Q is a bounded domain. Let u € C°(Q2) be a subsolution and v € C°(Q)

be a supersolution such that u < v on 0f), then u < v in ;

Proof. Admit there exists p € Q so that supg(u — v) = u(p) — v(p) > 0 and call
M = u(p) —v(p) > 0. Let B,(p) CC Q be a geodesic ball in a such that way u # v
on 0B, (p). By Theorem [3.1| there exist functions u,v : B,(p) — R solutions of
so that « = v on 9B,(p) and v = v on dB,(p). By our hypothesis over u and v we
must have

u<uand v <wvin B,(p).

In particular,

M > azug)(ﬂ —v) = (u(p) — v(p)) = (u(p) —v(p)) = M.

Hence, by the maximum principle, one has @ — v = M in B,(p), consequently we

also must have u —v = u — v = M on 0B, (p) which is impossible. O

Let u be a subsolution in €2 and A be a subset strictly contained in 2. Assume that
v € C?(A) is a solution of with v = u on JA. Define a function U € C°()
(called lifting of u in A by v) given by

v(p), peA
u(p), peN\A.

Then U is a subsolution in €. Similar result holds also for supersolutions;

Proof. Notice first of all that U > w in €, since v > u in A by definition of subsolu-
tion. Now let B C Q) be a domain and w be a solution of in B such that w > U
on 0B. This implies that w > U > u in 0B. Consequently, since u is subsolution
it holds w > w in B. Therefore, one has w > U in B\ A. In turn, as we also have
w>U1in 90BN A and U = v is a solution of in BN A, then we must have

w > U in BN A too, by the maximum principle. O]
If uy,...,u, are subsolutions in Q, then u := max{u;,...,u,} is a subsolution in .
On the other hand, If u,...,u, are supersolution in Q, then u := min{uy, ..., u,}

is a supersolution in Q.

Proof. In fact, take any domain B C ) and any solution v of in B so that
v > max{ui,...,u,} on dB. Then one has v > u; for all i on B, consequently
it holds v > wu; for all ¢ in B. In particular, v > max{us,...,u.} in B. About
the second statement, if we put v; = —u;, then the first part implies the second

part. ]
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Now suppose that € is a bounded domain (not necessarily admissible domain)
and let ¢ : 9Q — R be a bounded function. We say that a function v € C°() is a
subfunction (superfunction) relative to ¢ if u is a subsolution (supersolution) in € and
u < c(u > c)on df). Observe that by (iii) inf ¢ is a subfunction relative to ¢ and sup ¢ is a
superfunction relative to c. Denote by S, the set of all subfuctions relative to c. Essentially,
as we shall see now, the Perron’s method gives a constructive way to construct solutions

of from S,.

Theorem 3.2 (Perron’s method). The function u(p) = sup,cs. v(p) s a smooth solution
of on ).

Proof. The proof follows the same strategy as in (GILBARG and TRUDINGER] 2001]).
Firstly, notice that inf ¢ < u < sup ¢ by (ii). Secondly, take any point p € Q and let {u,}
be a sequence in S, such that u,(p) — u(p). If replacing u,, by max{u,,infc} we can
suppose that u, is bounded. Thirdly, choose a geodesic ball B,(p) CC 2 so that 0B, (p)
is f—convex. This f—convexity allows to get for all n a smooth function v, : B.(p) = R
so that v, = u, on dB,(p), by Theorem [3.1] In turn, by (i) and (ii) we must have u,, < v,,.
In particular, if V,, denotes the lifting of u,, in B,(p) by v, then V,(p) — u(p).

On the other hand, by Proposition up to a subsequence {V,,} converges on
compact subset of B, (p) to a solution V' of in B,(p), observe that V(p) = u(p). So
if we could conclude that V' = w in B,(p) we finish the proof. Namely, we already have
V < win B.(p), so we need to prove that V' > w in B,(p). Suppose, then there exists
q € B,.(p) so that V(q) < u(q), therefore there exists u € S, so that V(q) < u(q). If we
define w,, = max{V,,, u} then w, € S, by (iv). Now let W,, be the unique solution of
with W,, = w,, on B, (p) and call W, the lifting of w,, in B,(p) by W,,. By Proposition
we can suppose {W,,} converges to a solution W of in B,(p) and such function satisfies
V < W < wuin B,(p). Moreover, as V(q) < 1(q), we have V(q) < W(q) and W (p) = V(p),

since V(p) = u(p) Hence, by the maximum principle we arrive at a contraction. ]

Suppose that 2 is a bounded admissible domain (not necessarily geodesicaly
f—convex) with 02 = UJ;, where J;’s are connected f-convex arcs on 92 so that J; N Jy
is either an endpoint of both arcs or is empty, and let ¢ = {¢; : J; — R} be a family of
bounded continuous functions. Then, as we will see now the Perron’s solution has the
specific boundary behaviour.

Theorem 3.3 (Perron’s method-boundary data). Suppose that u is the solution given by
Theorem [3.9. Then u satisfies u = ¢; on int J;.

Proof. Fix an f—convex arc J;. Take any point p € intJ; and let B,(p) a geodesic ball
which is f—convex. If we call ' = B,(p) N Q, then for r small enough we conclude
that ' is geodesicaly f—convex and €2’ does not intersect any vertices of €2, see Figure
. Moreover, by “smoothly” the corner of €, we get an C? domain " C Q which is also
geodesicaly f—convex such that a part of J; centred at p lies in 99", see Figure[2| In turn
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Figure 2 — Representation of Q'(left) and Q" (right).

J;

using this domain and by Theorem there exist w™,w™ : Q" — R such that w* = ¢
in 0" N J;, w* > max;{sup,, ¢;} and w™ < min;{inf;, ¢;}. Thus we shall have by the

maximum principle and (ii) that
w- <u<w'in Q.

In particular, we must have u(p) = ¢;(p) and u continuous at p. O

3.1.5 Maximum principle

This part of the section is devoted to obtain a particular variation of the
maximum principle. Here the admissible domains are these according to the definition
3.4
Theorem 3.4 (Maximum principle). Let Q C P be a bounded admissible domain. Suppose
that uy and ug are solutions of such that

o B S
lggé?zf(ug(:c) u(x)) >0

with possible exception of finite number of points {q1,...,q.} = E C 0Q. Then uy > uy

in § with strict inequality unless us = u;.

Proof. The proof follows a similar strategy of the proof given by (SPRUCK] [1972). We
start by defining a function ¢: {2 — R given by

K—E, if Ul—UQZK;
=S u —uy—e, if e<u; —uy < K;
0, if up — ug <,

where K, e > 0 are constants, K large and € small. We have that ¢ is a locally Lipschitz
function with 0 < ¢ < K, Vo = Vu; — Vuy in the set {z € Q: € < ui(x) — ug(z) < K}
and V¢ = 0 almost everywhere in the complement of this set.

For each point ¢; € FE, let Bc(g;) be an open geodesic disk with center ¢;
and radius e. Denote Q. = Q\ U;B.(¢;) and suppose that 9, = 7. U p,, where p. =
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Ui(0B(q;) N Q) and 7. = 992 N 0. Since liminf(ug — u1) > 0 in 90N \ E, we have p =0

in a neighbourhood of 7.. Define

- Vur )\ _ Vu,
= /p i [hc <f2 Wi 71/) e <f2 W ’V)] ’ 1"

where v is the unit outer normal to €. and W; :\/1 + f2he(Vu;, Vu;). From , and
0 < p < K, we obtain from that

J < 2K Z £,[0B.(¢:)]. (18)

=1

On the other hand, since ¢ is a locally Lipschitz function, we have

) Vuy Vus Vuy Vus
d 2Vl 2 ¥V 2 — h 2Vl 2 V2
ve fo (P50 = P )| = e (Ve - )
) \Y% . \V4
T+ {dlvp (fZW”D — divp (f2W”22>} ,

almost everywhere in 2. Therefore, by the divergence theorem, one obtains

_ 2V _ 2 Vit v (24 iy (2 Y2
J_/Qe [hc (v%f Wy / W2>+(p(dlvp (f Wl) dive (f W2>>}

Vu1 VUQ
> [ V,Z——2—). 19
_/gk(@lesz (19)
Now if N; = f%/i — fzvuii, then
he (VU1 — Vug, fQE — fQE) = ge (N1 — No, Wi Ny — W5Ny)
W, Wy
= W1 — (Wi + Wa)ge(N1, No) + Ws
1
== §(W1+W2)QC(N1 —NQ,Nl —Ng) (20)
From ([1§), and we get
: 1
2K 3" (0B, w) = 5 [ Wy + Wa)ge( N — Ny, Ny — Ny) > 0,
i=1 Qen{0<ui—uza<K}

and in particular, letting ¢ — 0 we arrive that
/ (W1 + W3)ge(Ny — No, Ny — Np) = 0.
{0<u1—u2<K}

Therefore Ny = Ny in {z € Q: 0 < u; — uy < K}, and consequently also Vu; = Vusy in
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the same set. As K was arbitrary, we conclude that Vu; = Vuy whenever uy > us.

To finish the proof, assume that {0 < u; —us} contains a connected component
with non-empty interior. Then, by the previous argument, u; = us+c, where c is a positive
constant, and consequently by maximum principle we have u; = us 4 ¢ in €2. On the other
hand, as lim inf(us—u;) > 0 for any approach of 902\ E, ¢ must be a non-positive constant,

which is impossible, and therefore uy > u;. O

3.1.6 Scherk’s translator barrier

The next step to extend the Jenkins-Serrin theory to the horizontal translating
setting it is to construct a specific solution that looks like a part of Scherk’s surface. This
is the natural generalization of the barriers used by JENKINS and SERRIN| (1966)) to
get information about monotony sequences of solutions of . Our proof follows a
similar strategy as in (NELLI and ROSENBERG, [2002)), (PINHEIRO, [2005, 2009) and
(NGUYEN; [2014)).

Proposition 3.7 (Scherk’s surface). Let Q C P be a geodesically f-convex and admissible
domain whose boundary 052 is an union of four f-geodesic arcs Ay, As, C7 and Cy so that

Ay and Ay do not have common endpoints. Assume also that
£f[A1] + Sf[Ag] < Sf[Cl] + £f[02]

Then, given any bounded continuous data c;: C; — R, there exists a solution u of
such that u = ¢; on C; and u — oo along Ay U As.

Proof. The proof will be divided into two cases depending on the continuous boundary

data c¢;.
Case ¢y = ¢ = 0.

Consider the sequence of curves {v,} C 9Q x R, where 7, (x) = (x,0) for all z € C; UCs,
Yn(z) = (x,n) for allz € A;UA; and 7, is a “horizontal” segment joining the vertices (z, 0)
and (x,n) when z is a vertex of 992. By Theorem there exists a solution w,: 2 —+ R
of with the continuous curve -, as the boundary. Moreover, by Theorem the
sequence {u,} is monotone increasing. So we need to prove that {u,} is locally bounded
on compact subsets of Q and hence, by Theorem [3.6] we can obtain a subsequence of
{u,} converging smoothly on compact subsets of 2 to a solution u of satisfying the
required properties.

In order of control the sequence on compact subsets of €2, we construct a
minimal cylinder, and for this, consider the minimal disk D! = C; x [0, h], that is the
rectangle over C; with height h. Then D! is an area-minimizing, that means that it has

least area. Indeed, suppose that Y is any minimal disk with boundary 9D,
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As we are considering the metric g. in M x R, and so we equip % with the
Riemannian metric that is the restrictions of g. onto X. If we write hy = s|y as the

“height function” of 3, we see that

th = (vS)T = % — Jc (NE, %) NE- (21)

Taking the divergence we can conclude that

Azhz = leg(th) leg <f2 — (NE, ?2) NE>

_ dive (?2> . (Ng, J‘? ) divs: (Ns) = g <(93,V2 (;2))

- _2gc (VE log f7 Vzhz) )

in the second line we have used that ¥ is minimal and 0, is a Killing vector field. Thus,
one has A*hy + 2g. (VZ log f, Vzhg) = 0, and hence hy is harmonic with respect to
the weighted Laplacian, so the maximum principle implies that the maximum and the

minimum of hy are attained at the boundary of X. Therefore, the co-area formulae ({2

duy, = / / dsdt.
/ e e th, V9:(Vhs, Vhs) t
From (21)) one obtains

e~ (2 () )
0, O, Ds Os
= %gc (7 — g (N27 f) Ny, — f <NE, 7) NE) < %

Consequently, by Proposition and Remark (iii) we have

Z/Oh/h;(t) fdstdt_/ohi}f[hz ()]t

> /h Lr(Cildt = A, [Ci x [0, h]] = Agc[Dzh]

gives

and D! is an area-minimizing with respect to the area functional.

Now, to construct the cylinder, consider first the piecewise cylinder

Ch =0 U Qh U (Al X [0, h]) U (AQ X [O,h]),
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where Q, = {(p,h) € P x R(= M x R): p € Q}. As
Ag (Ch) = 24, [ + A, [Ay % [0, ] + A, [As x [0, R]],
it holds
Ag.[Cr] = Ag [Dy] = Ag [D3] = 2A[Q] + h(L4[Ar] + £4[A2] — £4[C1] = £¢[C]) <0,

provided that h > hg for some hq large enough. Fix some h > hg, then by Theorem
there exists a stable minimal cylinder O, inside 2 x R with boundary D% and dD}.

Observe that ©, is above Graph” [u,] for all n. In fact, if we translate © to
height n we see by Theorem that ©,, does not intersect Graph” [ty,]. Furthermore, if
we translate O, comes back we see that ©;, does not intersect Graph”[u,] until we arrive
in the original position of ©; by Theorem . Consequently, O, is above Graph”[u,] for
all n.

Next, denote by T the connected component of 2 x R\ ©, which is non-
compact. Notice that the set T, = {(p,s) € T: |s| < k} is piecewise convex for all K > h
in the sense of Definition . So for all kK > h there exists a stable minimal cylinder
C. in T, with boundary 9(Cy x [0, ]) U 9(Cs x [0, £]) by Theorem [2.6 Notice also that
the family {C.} has locally bounded area in © x R since each solution of the Plateau’s
problem is also a minimum of the area functional amount our hypersurface with the same
boundary.

Fix ¢ > k. Translating the cylinder C, to height ¢ — x and coming back to the
original position we see that C, and C. do not have point contact in 2 x R. Moreover,
along of the horizontal segment across the endpoints of the arc Cj;, we see by Theorem
that C,, and C. cannot have the same tangent plane. So the tangent plane of C. on
the common part of the horizontal segment across the endpoints of C; is controlled by the
tangent plane of Cp,.

Now for all n > h(n € N) let ¥,, the cylinder obtained by translating Cs,, down
by height —n. Then {¥,} is a sequence of stable hypersurfaces with locally bounded
area. At that time we cannot use Theorem to conclude that 3, — Y., because
>, has boundary. However, from Theorem and Lemma [2.1, we may conclude what

follows.
Claim 3.3. After passing to a subsequence we have ¥, — (A3 x R) U (A3 x R).
Proof of the Claim[3.3. The proof of this fact can be done as follows. Let B,(p) be a

geodesic ball in €2 x R what does not intersect 9(Q2 x R). If we take r small enough we
can ensure that each connected component of 3, N B,(p) is a graph of its tangent plane,
by Theorem and Lemma 2.1} If there is one component, then a similar argument as

in Proposition [3.6| proves that, after passing to a subsequence, we may assume that this
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sequence converges as graphs to a function defined over a open subset of the plane tangent
plane limit of the sequence of tangent plane. If there are more than one component, then
we apply this argument to each component.

On the other hand, if B,.(p) intersects (€2 x R), then as the tangent plane
of Cy. at the boundary control the range of the tangent plane of X, this implies that
we have uniformly estimates at the boundary. Consequently, we can apply the previous
argument, with the boundary now, to conclude that, after passing to a subsequence, we
can suppose that the sequence {3, N B,(p)} converges. Now, the diagonal argument joint
with a covering of Q x R imply that {3, } must converges in Q x R to a smooth surfaces
Yoo with boundary 9(A; x R) Ud(As x R).

To conclude that ¥, = (A; Xx R)U (A3 x R), we parametrize C; by ¢; : [0,1] —
C;. Taking the correct orientation in C;, we can find a foliation of €2 by f—geodesic
satisfies what follows: if ¢ € [0, 1] then we denotes by \; the unique f—geodesic in € joint
(1(t) and (o(t), Ao = Ay and A\ = Ay. Next, we consider the family of minimal surfaces
{A X R}y in @ x R.If ¥og is not (A; x R) U (Ay x R), then we can find a t € (0,1)
so that A\; X R touches Y either at a finite point or at a infinite point.

Turn out that Theorem implies that the first case is impossible. Regarding
the second case, it implies that dist(X., A; X R) = 0, consequently there exists a sequence
of point {p,} in X, so that limdist(p,, \; x R) = 0, notice that {p,} is away from the
boundary of ¥. Let A, be ’Elhe surface obtained from the translation of ¥, by —x,.
Then by the previous argument {A,}, after passing to a subsequence, must converges to
smooth surface with boundary ¥’ in Q x R. Furthermore, ¥’ touches A\, x R at a finite
point, so by Theorem [2.2] we must have ¥/ = \; x R which is impossible since the boundary
of A, is away from \; x R. O

In particular, this claim says that the sequence of {m(Cs,)} is an exhaustion
of ), where m denotes the projection over P. Finally, in order of finish the proof, we must
observe that the same argument of the proof of Theorem allows us to conclude that

U’|01U02 = 0
General case (¢; and ¢y are a bounded function).

Suppose that |¢;] < K and let v: QU C; U Cy — R be the function of the first case. Let
{7 C 02 x R} be the sequence of curves, where 7, (z) = (z, min{n, ¢;(z)}) for all z € C;,
Yn(x) = (2,n) for all z € A; U A, and 7, is a horizontal segment joining the vertices (z,0)
and (z,n) when x is a vertex of 092. By Theorem there exists a solution u,: 2 — R
of with continuous boundary curve ~,. Moreover, by Theorem the sequence {u,}
is monotone non-decreasing and —K < u, < v+ K in ). Hence, by Theorem [3.6] we
obtain that {u,} converges smoothly on compact subsets of €2 to a solution u of with
the required properties. As it was mentioned earlier, this last claim about the continuous

data can be obtained by using the same strategy of the proof of Theorem [3.3] [
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Now let us do some applications of the previous result.
Proposition 3.8. Let Q2 C P be a bounded domain such that 0S) is a union of an f-
geodesic arc A and an f-convex arc C with their endpoints. Assume there exists a geodesi-
cally f-convexr domain Q' C P so that Q C Q' and its boundary 0 is a union of four
f-geodesic arcs Ay, As, Cy and Cy so that Ay and As do not have common endpoints and

A C Ay. Moreover assume that
LrlAi] + £4[Ao] < £4[Ch] + £4[Co].

Then, given any bounded continuous function (: C' — R, there exists a solution of

in § such that u — oo on A and has the continuous boundary data ¢ on C.

Proof. Let {v,} C 09 x R be a sequence of curves, where 7, () = (x, min{{(z),n}) for
all z € C, v,(x) = (x,n) for all x € A and =, is a horizontal segment joining the vertices
(x,0) and (x, min{((x),n}) when x is a vertex of Jf2, then by Theorem |3.1| there exists a
solution u,: Q — R of with continuous boundary curve ~,. Moreover, by Theorem
the sequence {u,} is an increasing. Now, if v denotes the function over ' given by

the previous result with continuous data 0, then we must have
inf( <u, <sup(+v in
¢ c

by Theorem 3.4l Thus, Theorem yields that u,, converges on compact subsets of €2 to
a solution wu of . Finally, if we argue as in the proof of Theorem we can conclude

that u has the specific continuous data. O

Until now we have proven that the continuous data of the limit of a convergent
sequence of solution of can be controlled, if the sequence is defined over specific
geodesicaly f—convex domains. Now we will extend this fact to encompass the general
domains.

Proposition 3.9. Let Q C P be a domain. Suppose that v is an f-convex arc in 0S). Let
{u,} be a sequence of solutions of that converges uniformly to a solution u of
on compact subsets of Q. Suppose that u, € C*(QU~) and u,|, converge uniformly on
compact subsets of v to a function (: v — R that is continuous or ( = too. Then u is

continuous in QU and ul, = ¢.

Proof. Given p € ~, assume that ((p) > K, where K is a fixed constant. After of all,
let us observe that if we prove that there exists a neighbourhood U of p in 2 U~ so that
u > K in U to conclude that u is continuous at p. The same argument works if we want
to prove the existence of this neighbourhood when ((p) < K. In particular, these claims
tells that we can argue as in the proof of Theorem to conclude that u has the specific

continuous data.
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In order of proof the previous claim, fix a constant K € (K, {(p)). Since u,|7y
converge uniformly to ¢ on compact subsets of v, there exists a subarc A C 7 containing p
in its interior so that u, > K for all n > ng on )\, for some ng large enough. Moreover, we
can assume that A lies in a neighbourhood of p which is geodesically f-convex by taking
A small enough. Notice also that, if A is small enough, we have two cases to analyse:
(i) Ais an f-geodesic;
(ii) there exists a sequence {p,} C A\ {p} so that p, — p and k¢[\](p,) > 0.
Suppose A is an f-geodesic, then we can construct an admissible domain A C €2 with
four edges A, Ay, N and X\ so that A; and As; do not have common endpoints, and
Lr[A1] + £4[As] < £4[N] + £4[A]. By Proposition [3.7] there exists a solution v of SO
that v — oo along A; U Ay, v = K on A and v = K on N, where K = infy u, > —o0,
since u,, converge on compact subset to u. Now by Theorem we conclude v < uw in A.
On the other hand, if there exists a sequence {p,} C A\ {p} so that p, — p
and k;[A](p,) > 0, then we can get a domain A C  so that 9A = n U X, where )\ is a
subarc of A which contain p in its interior and 7 is a f—geodesic arc joining the endpoints
of . By Proposition there exists a solution v : A — R of so that v — oo along 7
and v = K on ). Again by Theorem we must have v < u in A. In particular, in both
cases there exists a small neighbourhood U of p in Q U~ so that u > K > K in U. O

Notice that the previous proof motives the proof of the following proposition.
Proposition 3.10. Let Q2 C P be a bounded domain and v C OS2 be a strictly f-convex
curve with respect to inner unit normal to 0X). Suppose that {u,} is a sequence of solutions
of in Q such that u, > K (respectively u, < k) on ~y, where K is a constant. Then
given any compact subarc X C 7y there exists a neighbourhood U(7y) (depending of ) in
Q and a constant K(v) > 0 (depending of v) such that u, > r — K(v) (respectively
un < k+ K(v)) for all nin U(vy).

Proof. The proof can be done as follows: since 7 is strictly f—convex we can break up
7 into some small subarcs {71,...,7;} so that v = Uy;, v,_1 N7, is a small not empty
subarc on < and each 7; lies in a geodesicaly f—convex neighbourhood of P. For each
~; let n; the f—geodesic arc in €2 joining the endpoints of «; and call A; the subdomain
in  with boundary ~; U n;. Turn out that if we are careful, we can assume that every
domain A; satisfies the condition of Proposition , so for every j there exists a solution
vj : A; = R so that v; = k on 7; and v; — —oo (respectively v; — +00) on 7;. Using
these functions are barrier we construct the neighbourhood U(7) and find the constant
K(7). O

3.1.7 Straight line lemma

This section is devoted to give a geometric proof of the straight line lemma by

using tools get from geometric measure theory. This lemma says that the unique possibil-
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ity of a solution of blow-up (respectively down) along of 7 is if v is an f—geodesic.
The ideas that we will develop here are inspired on the argument of (EICHMAIR and
METZGER)] 2016)).

Lemma 3.1 (Straight line lemma). Let Q C P be a domain such that v C OS2 is an open
arc and suppose that u: 2 — R is a solution of . If u(x) — +oo when x — 7, then

v 15 an f-geodesic.

Proof. Let us suppose that u — +oo along 7. Fix any p € v and let B,.((p,0)) a geodesic
ball in P x R (= M x R) with center (p,0) and radius small so that B,.((p,0)) N (9(Q x
R)\ (y xR)) = @. Take any sequence {p,,} C Q with p,, — p and p,, € B,((p,0)), we also
will suppose that p,, # py, if n # m. Consider the sequence of surface in Px R (= M x R)
given by {3,, = Graph[u — u(p,)]} Our hypothesis says that ¥, N B,((p,0)) is not empty
for all n. Let S,, be the connected component which contains p,,. We know by Proposition
and Proposition that {S,} is a sequence of stable surfaces with bounded area in
B, ((p,0)), so by Theorem we may assume, after passing to a subsequence, S, — S,
where S, is a smooth not empty surface in B,((p,0)) because (p,0) € Ss. In order of
conclude the proof, we would like to prove that S, would lie in v x R. In particular, this
last claim implies that v is smooth on a subarc centred at p.

If there exists any point ¢ € Sy \ v x R C Q x R, then by definition of C>
convergence there exists a sequence of point {g,} so that ¢, € S, and ¢, — ¢. Bringing
back this information to w, this says that ¢, = (Gn, u(¢,) — u(pn)), consequently it holds
u(gn) — +oo too. Hence, since we are assuming B,.((p,0))N9(y x R) = &, then {§,} can
not accumulate neither in any other part of 92 unless v nor inside 2 too. Thus ¢, — ~
which arrives at a contradiction since ¢ ¢ v x R. Therefore S,, C v x R. In particular

~ must be smooth too. Furthermore, the condition S, C 7 x R also implies that v is a
f—geodesic by Remark (1). O

Before proceeding to prove the next proposition we need to observe the fol-
lowing consequence of the previous proof.
Escélio 3.1. Let Q C P be a domain and v C 92 be an f—geodesic. Assume that
u: Q = R is a solution of so that u(x) — £oo when x — ~. Thus, if B.((p,0)) is
a sufficiently small geodesic ball in P x R (= M x R) with center (p,0) € v X R so that
B ((p,0))N(O(2xR)\ (yxR)) = &, then there exists ny so that if n > ny then the number
of connected component of ¥, N B.((p,0)) is exactly one, where ¥, = Graph”[u — u(p,)].

Proof. We start by defining A = B,.((p,0)) N (y x R) and for ¢ << r we define U, := {x €
B,((p,0)): dist{z, A} <€}, Tc:= B.((p,0)) \ Uec and A, := 9U, \ A (the other connected
component of U, inside B,((p,0))).

Claim 3.4. Given e << r there exists ng so that if n > ng, then 3, N B.((p,0)) does not

intersect Y.
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Proof of the Claim[3.4 In fact, notice that the projection K, of T, over P is a compact
subset of Q. Hence, the portion of corresponded of the image K, in Graph[u] is a compact
subset of P x R. Therefore, since we are assuming u(p,) — +00, there exists ny so that

n > ng implies Y, does not intersect intersects .. O

Now we would like to conclude that the number of connected component is
exactly one for n large enough. Otherwise, we could form two sequences {®;} and {¥,}
so that ®; and Uy lie in ¥, N B,((p,0)). By Claim for all € << r there exists kg
so that k > ko implies @, and ¥, must lie in U,. This fact joint with the condition of
{®,} and {WU,} are sequences of stable surfaces with locally bounded area implies that,
up to a subsequence, ®; and ¥, converge smoothly to A, by Theorem perhaps with
multiplicity.

Now take € << Area[AN Bz ((p,0))] so that the cylinder C, in dB: ((p,0)) with
boundary 0{ AN Bz ((p,0)) }UI{ANB: ((p,0))} satisfies Ay, [C] < Ay [NB:((p,0))]. Using
the previous information about the convergence of ®;, and ¥, we may conclude that there
exists kg so that if k > kg then &, and ¥, lie in U, and

[ Ag [AN By ((p,0))] — A, [®x 0 By ((p,0))]] <

and

[Ag[AN B3 ((p 0))] = Ag. [T 0 By (. 0)]] <

N

In particular, if & > kg the cylinder By in 0B,.((p,0)) with boundary 0®; and 0V}, satisfies
A[Bil < A[C] < S ALIAN By ((7.0)
< S{ABN B (0 0)] + A By (O]} + 5 (22)
On the other hand, by Proposition [2.6| it holds
Ag.[Br] > Ag[®r N By ((p, 0))] + Ag. [¥r N Bs ((p, 0))]
for all k. So from (22)), if k& > ko one has
€ > Ay [®r N Bz ((p, 0))] + Ag.[¥x N By ((p, 0))],

which is impossible. Therefore, there exists n; > ng so that if n > n; then the number
of connected component on %, N B.((p,0)) is exactly one. It is important we point

out here that the strategy above also proves that the multiplicity of the convergence



64

Y, N B,((p,0)) — A is one. O

Before we state the next proposition we need some notation. Let v C €2 be
a smooth open arc. We know that in a small neighbourhood U of v in Q the distance
function dist(v,-) is smooth function and (r,q) € [0,€) X v — exp,(¢ — 7v(q)) is a local
coordinate to U, where exp, denotes the exponential map at ¢ and v denotes the unit
outer normal to v with respect to Q.
Proposition 3.11. Suppose that u: 2 — R is a solution of and v C 0S) is an
f-geodesic. Then for every 6 € (0,1) and every compact arc X C ~y there ezists n(d, A) > 0
so that if dist(p, \) <, then

1> h, (f%,y) (p) >1—=46, if u— +oo along

and -
_]—Shc (fWuaV) (p)§_1+6a qu-)-OO (llOTLg’}/,

where W2 = 1+ f29.(Vu,Vu) and v denotes the unit outer normal along 9. = {x €
Q : dist(z,0Q) = €} for all e € (0,n(),6))

Proof. Assume that u — +00, the same proof works when u — —oo. If our claim is not
true, then there exist § € (0, 1) and a sequence {p,} C U C Q so that dist(\, p,) — 0 but

Vu

~ He¥ o apa) ) = he (1

) ) <135, (23
where N denotes the unit upward normal to Graph[u]. Thus, up to a subsequence, we
may assume that p, — p € 7. Now we are going to use the argument of the last proof to
conclude the proof. Let B,((p,0)) be a geodesic ball in P xR (= M x R) with center (p,0)
and radius small so that B,.((p,0)) N {9(2 x R) \ (v x R)} = @. Consider the sequence
of surface {¥,, = Graphju — u(p,)]} C P x R (= M x R). By the previous argument,
we may assume that 3, has one unique connected component S, inside B,.((p,0)), and
therefore (p,,0) € S,. So {S,} is a sequence of stable surfaces with locally bounded area
in B,((p,0)), and consequently it holds S,, — S, where Sy, = (v x R) N B,((p,0)), but
this contraction unless he(N(pn, u(pn)), v(pn)) — 1. However, this is not the case,

because N is the unit upward normal to Graphlu]. O

3.1.8 Flux formula

This subsection is dedicated to the study of the flow formula. So first of all,
let us start by defining what means that. Let Q C P be a domain such that 9 is C*
smooth. Suppose u : 2 — R is a solution of , then by the divergence theorem, one
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has f )
oo W

where v is unit outer normal to 9€2. This motivates us to define a flux

he(Vu,v) =0,

Fubl = [ & h(vu) 21

We would conclude that makes sense ever when w is not smooth on ~.
Namely, let o be a curve in €2 with the same endpoint of v and call D the domain in €2

with boundary vy U a, motivated by the divergence theorem applied to D, we define

/YfWth(Vu V) = — / «(Vu,v)

where v denotes the unit outer normal to D. It remains to conclude that the previous
definition independent of the «. In fact, let 5 be another curve with the same endpoints

of v and D the 2—chair in 2 with boundary o U . The divergence theorem applied to D

L
—h(Vu,v) = — / (Vu,v)
s W

where v denotes here the unit outer normal to D. In particular, regarding the orientation

allows us to conclude

on « and 3 endowed by v one gets

[
“—h.(Vu,v) = / (Vu,v),
5W

Now we will collect some properties of the flux formula that it will be useful
later.
Lemma 3.2. Let u be a solution of i an admissible domain €.

(i) Then, for all piecewise smooth polygon P (not necessary admissible) in 2 we have
F.[0P] =0,
(i) Then for every curve vy in Q we have

[Ful7]] < £,

(#ii) Then, if v C 09 is an f-geodesic such that u tends to +o00 on 7y, we have

Fu[v] = £,
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(i) Then, if v C 0 is an f-geodesic such that u tends to —oo, we have

Fulv] = —£;[],

v) Then, if v C 0 is an f-convex curve , i.e. k¢ly] > 0 along v, such that u is
f

continuous and finite on vy, then

[FulY]] < £70]-

Proof. The divergence theorem and imply (i). Moreover, since |%hc(Vu,V)‘ =
|he(N,v)| < 1, where N denotes the unit upward normal to Graph[u] it holds |F,[y]| <
£¢[7y]. Thus, we have (ii).

Regarding (iii), let n be an arc of v and 7, be a curve in 2 which distant e of
n. Call af and af the curves that connected the endpoints of n and 7. If we denote by
P the domain with boundary nUn. U a§ U o, then by (i) and (ii) one holds

Fuln] = =Fulnd = Fulaf] = Fulas] = —Fuln] — L¢lei] — £[af], (25)

where v denotes the unit outer normal to OP. On the other hand, given ¢ € (0, 1) if we
take € is small enough (¢ < ¢) then by Proposition one has

~Fuln) = - [ Lrvun) > [ ra-0=a-sgn) (20)

since the unit outer normal to v is minus the unit outer normal to 7. in the orientation
considered by Proposition [3.11] Since £¢[a§] — 0 as e — 0, then from and it
holds

Fuln] > (1= 0)L¢n — L¢[af] — £4[ai]

Letting 0 — 0 we obtain F,[n] > £¢[n]. Therefore F,[n] = £¢[n]. Since n was arbitrary,
then the same conclusion is true by . Notice that essentially the same argument proves
(iv) up to a sign.

It remains to prove (v). In order to prove that, fix any p € v and let B,.(p) be
a geodesic ball in P so that B,(p)N(9Q2\ ) = @ and B,(p) lies in a geodesicaly f—convex
neighbourhood. By Theorem [3.1| there exists a solution v : B.(p) N2 — R of so that
v=uond(B,(p)NQ)\ (yNB.(p)) and v =u+ 1 on yN B,.(p). Using that

1
hc (V'U - VU, f2 ;/U - f2%) = §(WU + Wu)gc(N'u - Nu7 N’u - Nu)a

v

where W, ::\/1 + f?9.(Vu,Vu) and N, =

f%/u — VVV—Z, by the proof of Theorem and
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v and w are solutions of one has

Vo Vu Vv Vu
div | {v—u f2——f2—}) :/ he (VU—Vu,f2—— 2—) > 0.
/Br(p)ﬁﬂ ({ } { Wv Wu Br(p)NQ2 Wv Wu

In turn, by the divergence theorem, we have

Vv Vu
0 < / hc<v—u {f2 —fQ—},I/)
a(B,(p)NQ) { J W, W,

B /Br(mm e (fQVWz - fz%’ V) = F.,[y N B.(p)] — Fu[y N B,(p)].

Thus, £¢[y N B.(p)] > Fu[yN B.(p)] > Fu[y N B.(p)]. In turn, if w: QN B,(p) - Ris a
solution of so that w = won 9(B,(p)NQ)\ (yNB,.(p)) and w = u—1 on yN B, (p) one
obtains —£¢[yNB,(p)] < Fu[yNB,(p)]. Therefore it holds £;[yN B, (p)]] > |Fu.[B-(p)Nv]|,
and consequently £/[v] > |F,[7]]. O

We finish this subsection with the following variation of the items (iii) and
(iv).
Lemma 3.3. Let {u,} be a sequence of solutions of on a domain Q2 C P so that u,,’s
are continuous up to vy, where v is an f—geodesic on 2. Then
(i) If {u,} diverges uniformly to +o00 on compact subset of v, while remaining uniformly

bounded on compact subset of 2, then

lim ., [7] = £;[7],

n—oo

(i) If {u,} diverges uniformly to —oo on compact subset of Q, while remaining uniformly

bounded on compact subset of v, then

lim F,,[7] = £¢[],

n—00

Proof. We will prove (i) firstly. The proof of this item follows of the following claim joint

with the argument used for prove item (iii) in Lemma

Claim 3.5. Given e € (0,1) there exists a 6 > 0 depends only on € so that if dist(p, ) < 4,

then
Vu,

he (f(p) W

where W2 = 1+ f?|Vu,|? and v(p) indicates the outer unit normal to Q\{q € Q: dist(q,7y) >
dist(p,v)} at p.
Proof of the Claim[3.5. To prove this fact we need of Theorem 2.4 and Lemma [2.1] Here

we will use the fact that horizontal graphs are stable by Lemma [2.4]
Suppose that this claim is not true, then there could € € (0,1) so that the

(p), V(p)) > 1 — € for all n,
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claim is not true for all n. This means that we could find a sequence of point {px} € 2

so that py — p € inty and a sequence of index {n;} in such that way that

e (Nt 00 700)) = e (S0 J2 ) ) < 1 ol b, (20
where Ng,,op» [unk](pk) indicates the unit upward normal to Graph”[u,,,].
In turn, using that {u,, } is unbounded on v and bounded on compact subset of
2, then we could find a r > 0 small enough so that the intrinsic geodesic ball By = B,(px)
in Graph”[u,,, ] belong to Graph”[u,, ]\ dGraph”[uy, ] for all k and this ball is a graph over
the tangent plane T(pk,unk(pk))Graphh [tn,]. Now, up to a subsequence, we could assume
that the sequence of geodesic ball { By} converges to a graph B, over the tangent plane
T = h}gﬂ T(pwnk(pk))(}raphh [u,,]. However, implies that —h. (Np_(p),v(p)) > 1 —e.
In particular, there are points in the projection of B, over P outside 2, consequently it
also there are points in the projection of By, over P outside €2 for all £ large enough which

is impossible. This proves the claim O

Regarding the item (ii). The proof of it follows from the following claim, which
the proof is exactly the same of the previous proof, joint with the argument used for prove
item (iii) in Lemma [3.2]

Claim 3.6. Given e € (0,1) there exists a 6 > 0 depends only on € so that if dist(p, ) < 4,

then
he <f(p) Z;/Ln (p), l/(p)) > 1 — € for all n.

3.1.9 Divergence and convergence sets

The next step to extend the Jenkins-Serrin theory to our setting is to know
which are the structure of the divergence and convergence sets of a monotonic sequence
of solutions of . This study we will be done in this subsection. We will begin by
establishing the next result about the structure of convergence set.

Proposition 3.12 (Structure of convergence set). Let {u,} be an increasing (respectively
decreasing ) sequence of solutions of over a domain € C P. Then there exists an
open set C C Q, called the convergence set, such that {u,} converges on compact subsets
of C to a solution of and diverges uniformly to +oo (respectively —oo) on compact
subsets of D = Q\ C. The set D will be called the divergence set of {u,}. Moreover, if

{u,} is bounded at a point p € ), then the convergence set C is non-empty.

Proof. Suppose that {u,} is an increasing sequence. In fact, up to a reflection in Px R (=

M x R), we can always suppose this without loss of generality. Given any point p € QNC
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and suppose that u,(p) — a € R. Take € small enough so that 0B.(p) is a strictly f-
convex curve, i.e. k¢[0B(p)] > 0, where B.(p) denotes the geodesic ball with center p
and radius € on P. Consider the sequence of surfaces {3, = Graph[u,|p, )]} in the solid
cylinder B(p) x R. As {3,,} is a sequence of stable surfaces with locally bounded area, by
Proposition and Proposition [2.6] then after passing to a subsequence, we may suppose
that {¥,} converges smoothly to ¥, in B.(p) x R, here we are using the fact that we are
working in a 3—dimensional manifold M x R and so we have regularity at Theorem [2.9]
i. e. there is not singular set.

As uy < u, for all n, we can use the approaching of Proposition to obtain
that Y., is a smooth graph us, over B,(p). Hence u,| B,(p) converges on compact subsets
t0 U, here is the whole sequence {u,} since it is increasing. Therefore B,(p) C C and
this completes the proof that C is open and non-empty if there exists a point p € {2 such
that {u,(p)} is a bounded sequence. O

Now we are going to see how we can determine the structure of divergence set
by using what we have just developed until now.
Proposition 3.13 (Structure of divergence set). Let  C P be an admissible domain
whose boundary is a union of f-conver arcs C;. Let {u,} be either an increasing or a

decreasing sequence of solutions of over ) such that for all open arcs C; the functions

u,, extend continuously to C; and either u,|c, converge uniformly to a continuous function
or +00 or —oo, respectively. If D denotes the divergence set of {u,}, then D satisfies the
following properties.

(i) OD consists of a union of a set of non-intersecting interior f-geodesics in Q, joining
two points of ), and arcs on OS). These arcs will be called chords. Moreover, a
component of D cannot be an isolated point;

(i) No two interior chords in 0D can have a common endpoint at a convex corner of
D:

(iii) A component of D cannot be an interior chord;

(iv) The endpoints of interior f-geodesic chords are among the vertices of 0S).

Proof. Let us assume that {u,} is an increasing sequence. If D = Q there is nothing
to prove, so we can suppose that D # (). Under this hypothesis, Lemma [3.1] implies
that 9D consists of interior f-geodesics in €2 and arcs of 9€2. We will prove initially
that D cannot have isolated points. Indeed, if p is an isolated point of D, then we can
construct a quadrilateral domain €' C Q satisfying the condition of Proposition SO
that p € int ©'. Moreover, we can suppose that Q' does not intersect D\ {p}. Now consider
M = supg, ¢, |un| < 00, where Cy and Cy denotes the large edges of €2'. If v denotes the
function given by Proposition 3.7 then by Theorem 3.4 one gets —M —v < u,, < M + v
in Q" which is impossible since u,(p) — +oo. This contradiction shows that D cannot

have isolated points. Note that this argument proves also that a chord of 9D cannot have
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an endpoint in the interior of €2, since we can get a domain 2’ satisfying the conditions
of Proposition so that the endpoint of this chord lies in €)' and a part of this chord
lies in .

Next we prove that the interior f-geodesics are non-intersecting. In fact, if the
contrary of this was true, then we can construct a triangle A with edges aq, as and a3 so
that a1,as C 0D and A lies either in C or in D. Assume first that A lies in C. Then by
Lemma |3.2] (i) we have

Since a; and as lies on D we have lim,, F,,, [a;] = —£/[a;] for i = {1,2}, by Lemma[3.3 On
the other hand, again by Lemma (3.2 we have |F,,, [as]| < £[as], so we get a contradiction
with (28). Therefore we must have A C D. In turn, we must have lim, F, [a;] = £¢[a;]
for i = {1,2}. To see this, note that since a; C 9C for i = {1, 2}, then by Lemma[3.3] we
must have lim, F,, [a;] = —£f[a;] for i = {1,2} in C. Now using the previous argument
we arrive again to a contradiction, and this proves (i).

In order to get (ii), assume that there exist two interior chords ~; and 7, with
a common endpoint p € 9. Again, we can construct a triangle A with edges aq, a; and
as so that ay,as C 0D and A lies either in C or in D. Then the same argument as above
proves (ii).

To prove the assertion (iii), suppose that 7 is an interior chord that is a con-
nected component of D. Fix any point p € v which lies in int €2. Clearly we can construct
a quadrilateral domain Q' such that it satisfies the properties of Proposition [3.7 If
0 = Ay U Ay U Cp U Oy, then v only intersects A; and A at an unique interior point
on these arcs and €' does not intersect D \ 7. Consider M = supg, ¢, |us| < co and
let v: ' — R be the function given by Proposition [3.71 Using Theorem one obtains
—M —v < u, <M-+wvin Q' which is impossible since an arc of v lies in 2'. This concludes
the proof of the (iii).

Finally, assume that there exists a chord v with endpoint p € int C; for some
Ci. If k¢[Ci](p) > 0 then Lemma gives us a contradiction. On the other hand, if
kr[C;](p) = 0, then we have two cases to check: either there is a sequence {p,} C C;
so that p, — p and k¢[C;](p,) > 0 or there is a subarc 7 of C; so that ks[n] = 0 and p
lies in the interior of n. The first case would imply that it is possible to find a domain A
satisfying the condition of Proposition [3.8| so that p lies in the interior of the arc of A
which is not an f-geodesic and A C Q. Suppose first that {u,} is unbounded on C; and
let v: A — R be the function given by Proposition [3.8 with continuous data 0 satisfying

v — —oo along «, where « is the part of A which is f—geodesic. If K is an arbitrary
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fixed constant, then by Theorem [3.4] one has
—v+ K <u, in A for all nlarge enough .

Thus, since K was arbitrary, this implies that a small neighbourhood of p lies in D,
but this is impossible because v C dD. On the other hand, if {u,} is bounded on C;
and v: A — R is the function given by Proposition [3.8 with continuous data K, where
K = supg |u,l|, then by Theorem one obtains u, < v in A, which again leads at a
contradiction.

Hence, there exists a subarc n of C; so that k¢[C;] = 0 on 7 and p lies in the
interior of 7. Again, we have two cases to check: either {u,} is unbounded or {u,} is
bounded on C;. If {u,} is unbounded on Cj, then we can find a triangle A with edges
ai,as and as so that a; C 7, as C C; and ag lies in C, and a similar argument as in the
proof of i. would lead at a contradiction. In turn, if {u,} is bounded on v, we can find a
triangle A with edges a1, as and a3 so that a; C v, as C DN C; and ag lies in D which is
impossible. This finish the proof of (iv). O

The next proposition summarizes what we shall need about the structure of
divergence set later.
Proposition 3.14. Let Q C P be an admissible domain whose boundary is the union of
J-convez arcs C;. Let {u,} be either an increasing or a decreasing sequence of solutions
to over §2 such that for every open arc C;, u, extends continuously to C; and either
Unlc; converge uniformly to a continuous function or +00 or —oo, respectively. Let D be

the divergence set of {u,}. Then each connected component of D is an admissible polygon

in €.
3.1.10 Existence of Jenkins-Serrin graphs

Finally, in this subsection we are going to prove the existence and uniqueness
of Jenkins-Serrin solution of . Before stating the main result, we need some notations.

Henceforth € will denote an admissible domain in P so that

! t 2
#-(Us)u(Us)u(Ue)
i=1 j=1 k=1
where the arcs A; and B; are f-geodesics and the arcs C, are f-convex.
Definition 3.5. A function u: Q — R is called a Jenkins-Serrin solution of over ()
with continuous boundary data c: Cy — R if u is a solution of such that uw = cj on
Cy, for all k, w — 400 on A; for all i, and u — —oo on Bj for all j. If {Cy} = @, then

we only require that uw — +o00 on A; for all i and uw — —oo on B; for all j.

Moreover, we will need of the following notation. Let P be an admissible
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polygon in €2, we define

= Y &[A] and Br(P)= ) £(B

A;COP B;COP

Theorem 3.5 (Existence of Jenkins-Serrin graph). Let 2 C P be an admissible domain
such that for any admissible polygon P C Q we have

2af(73) < Sf[ﬁP] and 2510(73) < Sf[GP] (29)

Then
(a) If {Cx} # @ and cx: Cx, — R are given continuous functions, then there exists a
Jenkins-Serrin solution of with continuous boundary data cy.
(b) If {Cx} = @ and ap(Q) = Bf(2), then there exists a Jenkins-Serrin solution of

(16).

Furthermore, if u is a Jenkins-Serrin solution of with continuous boundary data
Ck: Ck — R

and if {Cr} # O, then inequalities hold for all admissible polygon P in €2, and if
{CL} = @ then we also have af(Q) = Bf(£2).

Proof. The proof will be divided into three cases depending on the structure of 0.

1st Case: Assume that {B;} = @ and each function ¢ is continuous and bounded from

below.

By Theorem and Theorem there exists a solution w,, of satisfying u,|A; =n
and u, |Cy = min{n, ¢t }. Moreover, by Theorem 3.4 the sequence {u,} is increasing. Let
D be the divergence set of {u,}. If D # &, then by Proposition each connected
component of D is an admissible polygon to 2. Taking any connected component P C D
and using Lemma and Lemma we conclude that

0=F,[0P]= Y  F,[A]+F,

A;COP

2 FulA

A;COP

oP\ |J A,

A;COP

< ay(P)

and

= —Sf[ﬁP] + Oéf('P), (30)

limF,,, |97\ U A =-¢ [073\ U 4

AiC(?'P AiCBP

where the first equality in holds due to the argument that we used to prove the asser-
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tion (i) in Proposition [3.13] This would imply £¢[0P] < 2as(P), which is a contradiction,
and therefore we must have D = @. Now by Proposition a subsequence of {u,} (in
fact, all sequence since it is increasing) converges uniformly on compact subsets of € to a
solution u of . Furthermore, Proposition says that u has the required properties.

Now we prove that the existence of a solution implies the structural conditions
(29). For this, suppose that u: 2 — R is a Jenkins-Serrin solution of with boundary
data ¢i: Cy — R, where ¢ is continuous and bounded from below. Take any admissible

polygon P in Q2. By Lemma [3.2] we have

o'/f(/P) =F, U A;

=-F, |0P\ |J 4
LA; COP A;COP
< & 0P\ |J Ai| = &[0P] — ay(P),
L A;COP

since there exists at least one arc 1 of 0P so that either n lies in Q or 1 coincides with an
arc Cy. Therefore 204(P) < £4[0P] for each admissible polygon P in Q.

2nd Case: Assume that {4;} # @, {B;} # @ and {C}} # @.

By the first case there exist solutions u™ and u~ of so that
um =0 on {B,}, u"|Cr = max{0,c;} and u* — +o00 on {4;}

and
v~ =0 on {4;}, v |Cy = min{0,¢;} and v~ — —oo on {B,}.

Moreover, by Proposition [3.2| and Proposition for each n there exists a solution u,, of

so that

u, =n on {4;}, u,|Cy =& and u, = —n on {B,},
where
n, if ¢ > n;
=19cp if —n<c <n;

—n, if g < —n.

Since u~ < u, < u™, by Theorem , then by Proposition and Proposition
a subsequence of {u,} must converge uniformly on compact subsets of {2 to a solution
u of with the required boundary data.

To conclude this case, we prove that the existence of a solution implies the
structural conditions . Suppose that u: Q2 — R is a Jenkins-Serrin solution with
continuous boundary data cj: Cy — R. Take any admissible polygon P in Q. If P # Q,
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then there exists an edge of 9P which lies in €2, and from Lemma [3.2] we obtain

B;(P)=-F.| |J B;j| =Fu.|0P\ |J B

B;COP B;CoP

< g |oP\ | Bj| = £/0P] - Bs(P).

B;COP
Therefore 26;(P) < £4]0P], and by the first case, we have also
2()4f(73> < Sf[ép]

for each admissible polygon P # €). As these conditions are satisfied also when P = €,
by Lemma [3.2] (v) we finish the proof the second case.

3rd Case: Assume that {C}} = @.

Firstly, notice that the hypothesis on €2 implies that [ = ¢, i.e. there are equal number
of arcs A; and B;. For each n let v, be the solution of satisfying v,|A; = n and
v,|B; = 0. Clearly by Theorem [3.4] we must have 0 < v, < n. Given any ¢ € (0,n), we
denote

E.={peQ:v,(p) >c} and F.={peQ:v,(p) <c}.

Let E! be the connected component of E, whose closure contains A;, and similarly let F?
be connected component of F,, whose closure contains B;. Notice that if E, # (J; £, then
v, is a constant by maximum principle. Hence E. = |J, E!, and similarly we conclude
that F, = {J; FY.

Let now ¢ be so close to n that {E'}’s are pairwise disjoint. This is possible

by our assumption on §2 and u,,. Define
p(n) =inf{c € (0,n): E‘'NE’ =2 for all i# j}.

Since Q is compact, there exists at least one pair 7 and j so that

=t

=7
By N By # 2

Moreover, for each i there exists j so that

i J
Fumy N E,

m =9
because if this was not the case, then U;F ;(n) would be connected, and consequently
=~
By N By = 2
Now, for every n, we define the function w, = v, — u(n). We would like to
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prove that {u,} is locally bounded on compact subsets of 2. To do this, we note that by

the first case there exist auxiliary functions u;” and u; that satisfy

uf =0 on N\ A;, uf

7

A; = 100

and
u; |, = —oo for j#i, and u; =0 on 8Q\UBj.
J#i
Then, given any p € (), we define the functions

ut(p) = max{f (p)} and w(p) = maxc{u; (p)},

and claim that

holds in €.

Let p € Q, and note first that if u,(p) = 0, then we have the claim. Therefore,
we suppose that u,(p) > 0, which implies that v,(p) > u(n), and consequently we must
have p € Ei(n). Since u, < uj on aE;(n), then by Theoremwe must have u,, < uj <u't
in E;(n). As u™ is negative, we have the desired inequality u,(p) > 0. Finally, if u,(p) < 0
we can apply the same argument replacing Ei(n) by Fﬁ(n). Therefore {u,} is locally
bounded on compact subsets of 2.

By construction
uplA; =n—p(n) and  u,|B; = —p(n),

and to finish the proof, we show that {n — u(n)} and {u(n)} are diverging to infinity.
Then we would have that a subsequence of {u,} converges uniformly on compact subsets
of € to a solution u of with the desired properties. We show that {n—u(n)} diverges,
and similar argument proves the claim also for {u(n)}. On the contrary, suppose that
there exists a subsequence of {n — u(n)} converging to a finite limit 7. This implies that

p(n) — 400 and hence
u, =n—p(n) =7 on A; and w, = —p(n) - —oo on B,
Let u be the solution obtained from a convergent subsequence of {u,} so that

vw—7 on A; and wu, — —oo on Bj.
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From Lemma [3.2] one has

+ Fy

Y

0=F,[00] =F,

Uz

J

U

but other the hand Lemma [3.2] also gives

F, UAZ» <ap() and F,

U

J

= —B7(%2),

which is a contradiction with our hypothesis on 2. Consequently {n — u(n)} is diverging
to infinity.

Finally, let us prove that the existence implies the structural conditions
in €). Really, recall that we proved in the previous case that the existence of Jenkins-
Serrin solution implies the structural conditions for each admissible polygon P # €.
Therefore, it remains to prove the last structural condition when P = (). But the last
condition follows now by Lemma [3.2] since

6:(Q) = -F. ||UB,
j

:Fu :Oéf(Q).

=F, laQ\UBj A

]

The uniqueness of Jenkins-Serrin solution will follow from a little variation of
the ideas of the proof of Theorem (3.4}
Theorem 3.6 (Uniqueness of Jenkins-Serrin graph). Let  C P be a bounded admissible
domain and suppose that uy; and uy are solutions of . Then, if {Cr} # @ and uy = us

on {Cyx}, we have u; = uy in Q. In turn, if {Cx} = &, then uy — uq is a constant.

Proof. Consider
K, if uy —uy > K
Y =9qu —uy, Iif —K <wu;—u <K,
—K, if uy —uy < —K,
where K is a large constant. Then ¢ is a Lipschitz function such that —K < ¢ < K,
V¢ = Vu; — Vuy in the set {x € Q: — K < uy(x) —uz(x) < K} and Ve = 0 almost
everywhere is the complement of {x € Q: — K < uy(x) —ug(z) < K}. Let

Qs = {z € Q: dist(z,00) > e} \ | Bs(p).

peY

where €, > 0 are small constants with 6 > ¢ and T denotes the set of endpoints of A;
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and B;. Define also a function

7= fo () () &

where v denotes the outer unit normal to 02 5. Since ¢ is a Lipschitz function, the
divergence theorem and give

_ &_ 2 Viz
J_/Qea (v f Wi f )

= / §(W1 + W3)g.(N1 — Nayy, N; — Na), (32)
QE(S

where N; = — [ V“’

On the other hand, observe that the boundary 02 is formed by arcs A;, B,
C). and parts of 0B;(p) when p moves along Y. Here A, = 0Q. sN{x € Q: dist(x, A;) < e}
and similarly for B} and Cj..

Next we define
r=o0.\JAaUsUcr
i j k

With this notation we obtain

) ] e
L) ()
b () ()]
LB (5 (5]

Since ¢ = 0 in {C;} if 0 is small enough, the first and the last terms of can be
estimated by

Lolne () - (PT20) || s2x om0

2 peT

fu? L) = ().

Regarding the second and third term of , note that the arcs A} and B; are e-close to

and

<26 L[Cy. (35)
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A; and Bj, respectively. By Proposition [3.11} if € is small enough,

Vu, : .
1> h, <fmg ,y) >1—4§ on v, if u— +oo along 7" anddisty(v,7) < e

i
and

i

,1/) <—1+40 on 7, if u— —oo along+" anddisty(y,7) <e€
where 7/ is an arc of 02 and disty denotes the Hausdorff distance. In particular, these

ol () e (e)

7

Jyr b () = (55).

Finally from , , , , and one has
Wi + Wa)ge(N1 — Noy Np — Na) < 2¢ £:[Ci] + 2K £¢[0Bs(

/9652(1 2)ge(N1 — Nay, N1 — No) Zf Zf 5(p)]

peY

+ Y KL [A) 4+ Kogy(B)).
( J

inequalities yield

< K58,[Al (36)

and

< K6%4[B)). (37)

Letting 6 — 0 above, we conclude that Ny = Ny in {—K < u; —uy < K}.
Thus Vu; = Vuy in {—K < u; —us < K}, but since K was arbitrary constant, then we
shall have u; = ug + ¢ in Q, where ¢ is a constant. In turn, if {C;} # @ we must have
c=0. [

3.1.11 Exzamples of admissible domains in R?® and H? x R

We finish this part of our work by giving some examples of domains that satisfy

in R? and in H? x R.
3.1.11.1 Ezamples in R?

In this case P is a vertical plane (R?) containing the vector es in R3, so after
to rotation, we can suppose that P = R? := {(0, 29, 23) : 7o and z3 € R}. Moreover, the

[Imanen’s metric is given by g. = e®3(-,-), where (-,-) denotes the Euclidean metric of
3

R3, and consequently the function f is given by f = ez .
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Next we are going to obtain the expression of the f—geodesic equation in term
of the Euclidean metric in P = R? . To do this, recall that as we are assuming the metric

he = ge|p in P and the equation of f—geodesic is

ko [] — B (%fN) o,

here N denotes the unit normal to v in P and the gradient V[ is taken with respect to
he. As the metric h,. is conformal to the Euclidean metric in (-, ), then for all vector field

X we have

AV LX) = he (VX)) = X(f) = (V/, X),
where V f indicates the gradient of f with respect to the Euclidean metric (-, -). Therefore

VI _ces

In turn, it is known that we have the following relationship between the metric h. in P

and the Euclidean metric (-, -)
ﬁxyzvxy+gﬂxﬁgy+ax@X—@&Ymg,

where V denotes the Levi-Civita’s connection associated to h. and V denotes the Levi-

Civita’s connection associated to (-,-). Hence,

he (@w’, N) <@r7’, N>

kn.[v] = he (7, 7) - R
(T s ey (et — ()} )
- )
_ LN e
L) Qﬂ&m’ (39)

where V,7 (respectively V,7) denotes the covariant derivative of 4/ with respect to h

(respectively (-,-)) and N denotes the unit normal to -, notice that N = N/f.

From and one obtains

0 = kbl -k (vaN) -

1
Vi, N) \
{mw C@W%'

(V./,N) ¢ c
TR AR A

<63,N>— 2f
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Thus, it holds
k[v] = ¢(N, e3), (40)

where k[v] denotes the scalar curvature of 7 in P, N denotes the unit normal to v and
(-,-) is the Euclidean metric of P = R?. In particular, f-geodesic are translating curves
in R2.

It remains to compute all translating curves in R?. Let us assume now that
¢ > 0 and notice that if v is a line in P parallel to es, then v is a translating curve in P
by ({0). In turn, if we suppose that v = {(0,z,¢(z)) € P : z € (a,b)}, where a < b,
then 7/ = (0,1, ¢/(z)) and N = ©=2@D 4 one has

1+(¢')?
¢// c
kl[y] = —— and ¢(N = —
[V 1+ (¢/>2)% and ¢(N, e3) 1+ (9)?
Thus, ¢ satisfies the ODE
¢//
(AT )

However, z € (—n/(2c),7/(2¢)) = ¢(z) = —1logcos(cz) is a solution of and ¢ =
tan(cz) — 400 as x — £7/(2¢). These conditions say that the lines parallel to e; and
the grim reaper curve G, = (0,2, —1logcos(cz)) (z € (—m/(2¢c),7/(2¢))) are the unique
translating curves in P, up to translation in PP, since they are geodesics with respect to a
conformal metric.

Now we are going to see how we can produce admissible domains 2 C P that
are bounded by vertical line segments and parts of the grim reaper curves, see Figure[3] If
we assign boundary data +oo on the parts of the grim reaper curve (corresponding to the
edges Ay, Ay in Theorem and continuous data (0 in Fig. [3) on the vertical segments

(corresponding to the edges C4, Cy), the condition for the existence of solutions becomes
Sf[Al] + Sf[AQ] < Sf[cl] + gf[CQ]

Consider the following parametrizations

1

Al =a; = {(O,x,a— Elogcos(cx)) cx e (r s)},
1

Ay =g = {(O,x,b— Elogcos(cx)) tx € (r,s)},

1 1
Ci=¢= {(O,r, x):x € (a — —logcos(cs), b — —log cos(cs)) } , and
c

== 0

Cy=0(= {(O,S,x): x € <a — %logcos(cr),b — Elogcos(cr))}

for the edges of 2 in the plane P C R3, where —7/(2¢) < s <7 < 7/(2¢), a,b € R and
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Figure 3 — Basic solution.

+o0

+o0

a < b. Then from ((13)) we have

L] = Lla] = / flaaV ge(r; an),, do = / el croseosten) [1 4 tan? (ca)da

— eca/ sec’(cx)de = ¢ 'e* (tan(cs) — tan(cr)).

Analogously, we conclude

£i[As] = ¢ 'e®(tan(cs) — tan(cr))
£[C1] = ¢ 'sec(cs)(e® — e)
£4[Cy] = c'sec(er)(e® —e)
In particular, it holds
L[AL] + £¢[Ag) = ¢ H(e? + e“)(tan(cr) — tan(cs)) (42)
£4[C1] + £4[C5]) = ¢ (e — ) (sec(er) + sec(cs)).

If we fix @ < b, then choosing r — s > 0 small enough, we ensure that £;[A;] + £7[As] <
Lr[C1] + £4[Cs).

On the other hand, if » > s are fixed, then choosing b — a > 0 small enough
in (42), we can guarantee that £[A;] + £;[As] > £4[C1] + £4[C,]. In particular, if we
rename C; by B;, there are b > a and r > s so that £[A;] + £/[As] = £4[B1] + £4[Ba,
and we obtain the structural condition of the case (b) in Theorem [3.5]
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3.1.11.2 Examples in H? x R

At this time we are going to consider the hyperbolic plane H? as a warped
product H?> = R x. R with the metric

dz® + e**ds*, (43)

Then the vector field d; is a Killing field with norm [0,|(,s) = €, and the x-axis is an
integral curve of the distribution orthogonal to Js. In this case we can take the vertical

plane P in H? x R to be the vertical plane over x-axis
P={(x,ts): z,t € R, s =0},

and with this choice we have f = e°2¢®. Recall that we are endowing P with metric
h. = e (dxz?® + dt?). Furthermore, by we have that o is a f-geodesic provided that

th[O'] = he (vaaN> )

where N is the unit normal along ¢ and V£ is taken with respect to the metric h. in P.

Using the metric h, is conformal to the Euclidean metric hg = dx? + dt?, we conclude

VY
f f

On the other hand, it also holds

— et (gat + ax> .

he (@ra’,]\?) B ho (@,ﬂ’,N)

k = =
relo] he (07, 07) ho (o', 0")
= ;ho VTO'/ + E {ho(O’l at>0'/ + hQ(O'/ 8t)a' - ho(O'/ 0/)(9t} ﬁc
ho(o’, c’) 2 ’ ’ ’ " et

1 h "N
o (vr0'7 ) CC ho(at,N) _ e—ct/Qkho [O’] . efct/ZhO (gat7 N) :

est ho(o',0')  2est

where @ra (respectively V,o) denotes the covariant derivative of o’ with respect to h.
(respectively hg) and N denotes the unit normal to o and N = e~“//2N, where N denotes
the unit normal along o with respect to hg = dz? + dt* and ky,[o] denotes the scalar

geodesic curvature of ¢ with respect to hy. Therefore, we have

kho [O’] = ho (c@t + 8:1:7 N) y (44)
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From this equality, we may conclude that lines in the direction c0; + 0, are f-geodesics
in P.

To compute the other f-geodesics, let us denote 7 = 9, + ¢d; and ¢'= ¢d, — 0,
and notice that {<) 7'} is a positive frame of P. As the curve cannot be tangent to 7, write
o(xz) = 25+ ¢(x)7, where x € R and ¢ is a smooth function. As ¢/ = {'+ ¢/(2)7, then
N=—L__(—¢(2)T+7) and V,0' = " = ¢/ (x)7. From ({44]) we can conclude that

ITh/1+(¢" (2))?

O = kho[U]—ho(Cat+ax,N)
1
= — "' N) — N
ho(U’,J/)hO(vrg’ ) = ho(7, N)
1 ¢’ (x) B 1

FEA+ (@) TN+ (¢ @)? 7V +(0(@)?

Therefore, one holds

N

1+ (¢)?
Consequently ¢(z) = —|7|?log cos(|7|?z) for x € (—=/(2|7|?), 7/(2|7]?)). Using trans-
lation of o we can conclude that f-geodesics of P are either lines in the direction of 7
or translating the curve o above, which is the grim reaper curve in the direction of 7.
Finally, the argument of the subsection [3.1.11.1] allows us to conclude the existence of

similar basic domains.

3.1.11.2.1 A new example of translating soliton in H"*1 x R

Notice that since we are assuming H? = R x.. R, then by Remark one
concludes what follows.

Proposition 3.15. The hypersurface o X R is a complete, properly embedded translating
soliton in H? x R with respect to 0, with speed c. Moreover, a X R is a complete, properly
embedded translating soliton in H? x R, where o is any line parallel to 7 = 0, + cO;.
Remark 3.5. We say that a translating soliton 3 in M x R is complete provided that it
18 complete as hypersurface in M x R with the product metric.

Actually, this ingenuous trick of seeing translating solitons as Killing cylinder
it does not a punctual fact for surfaces. We shall see now that it is possible to get one
example of translating soliton that looks like the grim reaper cylinder in H"™! x R by
seeing it as a Killing cylinder over on a specific curve.

Consider the following model for the hyperbolic space as a warped product in

H"t! = R**! endowed with the metric

et (dat + -+ dal) + dak
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and in H""! x R we adopt the Riemannian metric
g =¥ (dat + - +dal) + dxl | + dt*

Assuming these, we choose P? := R? = {0,...,0} x R? endowed with the
——

n
Riemannian metric h := dz? | + dt?, notice that P is totally geodesic in H"™! x R. Next,

consider the family of Killing vector fields {01, 05, ..., 0,}, observe that P is a leaf of the
normal distribution associated to this family.

Now let o,, be a curve on P? so that the Killing cylinder R™ x 7, is a translating

soliton in R™ x P? (= H"™! x R) with respect to d; and speed ¢, and N denotes the unit
normal vector field along o,. In particular, we can get a unit normal vector field N in
R™ X o, by defining N(x,p) := N(p), for all (z,p) € R* x %.
Remark 3.6. Notice that we are considering the coordinate {xy,...,T,,p} in R™ X a,,
because of this, we wrote R™ x a,, in the place of o, X R™ to denote the Killing cylinder
over o,.

Assume that o, is a parametrization by arclength of o,,, and consider the local

orthonormal frame {0, 0,/e***,...,0,/e"+} for R" x ¢,,. Thus, one has

—ch(N,9;) = —cg(N,d,) _diVRXO N

;i
— g V N (7 + Z ( 95n+1 emn+1)
0; 0;
= —h (N, VTO-;L) + Zg <v Iiil N VN <6xn+1) ’ 633n+1)

=1

O
— —k[p2 on, +Zg (|: 7695"*1} 7€xn+1)
i
= —k[pa Un Zg <|:6$”+1 :| etcn+1>
= —k]p2 [Un] - Zg (‘CN (emn+1) ’ ezn+1>

i=1

i
- _kPQ o'n Zg ( (emn+1> 8i’ ezn+1>

= _kIP’Q[ n] + ng(N, 8n—i—l)
= —kp2[o,] +n-h(N,0pi1)

Therefore
kpz[o,] = (N, cOp + n0p11). (45)

In particular, o, must be a translating curve in P? with respect to the vector 7, :=
Cat + nan+1.
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Now we would like to compute all translating curves with respect to 7,,. Nat-
urally the lines parallel to 7, are translating curves in P? with respect to 7,. To compute
the remains translating curves we argue as early: define ¢, = —nd; + ¢d,,1 and suppose

that o, = &, + ©n(x)7,. Arguing as early we shall conclude that
on(z) = —|7,| 2 log cos(|7,|*x) for x € (—7r/(2|7_"n|2),7r/(2|7_"n|2)) )

In particular, using that the translating curves are geodesics with respect to a con-
formal metric in P?, we may conclude that all translating curves with respect to 7,
in P are the lines parallel to 7, and B,(z) = zg, — |7| 2 log cos(|7,|2x)T,, for = €
(—m/(2|7]?), 7/ (2|T0|?)) , up to translation. This fact and imply the next result.
Proposition 3.16. The hypersurface R™ X (3,, is a complete, properly embedded translating
soliton in H" x R with respect to 0, with speed c. Moreover, R™ x «v, is also a complete,
properly embedded translating soliton in H"™ x R, where a, is any line parallel to 7, =
NOpy1 + €Oy.

Remark 3.7. The example R" X o, already appeared in (LIRA and MARTIN, |2019),
however the first one R" x [3,, is a new example of a complete, properly embedded translating
soliton in H"™ x R. For n = 1, the ezample R' x B, already has appeared in (GAMA
et al., [20190)).

3.2 Vertical case

We start this part by fixing some notation and recalling some notation from
the subsection [2.3.2] Henceforth in this part M will be a complete Riemannian surface
endowed with a rotationally symmetric metric ¢ whose sectional curvatures are non-
positive. Let 2 be a domain in M and u : 2 — R be a smooth function.

We know from subsection that Graph”[u] is a translating soliton provided

Vu c
di — | == 46
vy (W) < (46)
where W :=4/1 + |Vu|?, and the gradient and divergence operators are taken with respect

to the metric o on M. Besides this, we orient Graph”[u] by the unit normal vector field

that

1

N
w

We finish this introduction we the following lemma.
Lemma 3.4. Suppose that v is a curve in M. Then the mean curvature ITIWR of v x R
in (M xR, g.) is given by

Hxg(z,t) = e 2'k[y](x) (47)

up to a sign, for all (x,t) € v x R. Here k[y| is the scalar curvature of v in (M, o).
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Proof. Indeed, in Lemma [3.3| we have proved that the mean curvature of a hypersurface X

in M x R with the product metric and the Ilmanen’s metric has the following relationship
H.=e ' [H — cgo(dy, N,

here H. (respectively H) denotes the mean curvature of ¥ in M x R with the metric g.
(respectively o + dt?). From this equality, using that the mean curvature of the cylinder

is equal to the scalar curvature of the curve, we conclude the proof of the lemma. O

3.2.1 Local Existence

Following what we have done in the horizontal case, in this part we shall prove
the local existence of solution of over admissible domains. So, before proceeding, we
will define what is an admissible domain in the vertical case.

Definition 3.6 (Admissible domain). Let © be a connected domain in M. We say that
Q is an admissible domain provided that it is geodesicaly convexr and bounded domain,
and 0S) is a union of geodesic arcs Ay, ..., As, By ..., B, convex arcs Cy,...,Cy, the end
points of these arcs and that no two arcs A; and no two arcs B; have a common endpoint.
Remark 3.8. Here the geodesic and convexity are taken with respect to the metric o in
M.

Definition 3.7 (Admissible polygon). Let Q2 be an admissible domain. We say that P is
an admissible polygon provided that P C €2 and the vertices of P are chosen among the
vertices of €.

Remark 3.9. Recall that a domain §2 is called to be a geodesicaly convex domain, if two
any points in €2 can be joined by a geodesic segment contained in Q.

Now suppose that 2 C M is an admissible domain with 02 = U;J;, where

the family {J;} C 0 is a closed cover of 002 which satisfies J; N J;11 = «; for all
ied{l,...,v—1}, and J, N J; = a,, where {e;} denotes the set of endpoints of the arcs
Ji. Let ¢ = {¢;: J; — R} be a family of bounded continuous functions. Consider the
curve 7. C 09 X R given by v.(x) = (x,¢;(z)) if z € int J; and +. is a vertical line joining
(v, ci(ey)) and (ay, ¢i1(w)) if © = ;. Using the classical results about the solvability of
the Plateau problem, we can conclude that it is always possible to get a solution of
with boundary data ¢; over an admissible domain.
Theorem 3.7 (Local existence). Suppose that Q is an admissible connected domain as
above which is also geodesicaly convex. Let 7. be the curve in 0f2 x R associated to the
family ¢ = {¢;: J; — R}. Then there exists an unique solution of with data ¢; on
int J;.

Proof. The proof is similar to that given in Theorem Firstly, note that the domain in
Q2 x R limited by Graph[¢ —t] and Graph’[p +¢] (t > 0) is piecewise convex in the sense
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of Definition 2.2 where ¢ : M — R indicates the rotationally symmetric function given
by LIRA and MARTIN| (2019) at Theorem 5. Namely by Lemma 002 x R is mean
convex in M x R with the metric g.. Thus, there exists an embedded minimal disk > in
Q2 x R endowed with metric g. with boundary 7. by Theorem 2.5 Therefore, it remains
to prove that int(X) is a vertical graph over €.

Firstly, let us show that for all p € int(X) the tangent space 7,% does not
contain d;. Otherwise there exists a point p € int(X) such that p € M x {c} for some
¢ € R and that the tangent space 7,3 contains J;. Take an orthonormal basis {J;, v}
of T, X, where v is tangent to M x {c}. Let v be the unique geodesic in M x {c} with
respect to go such that v(0) = p and 7/(0) = v. Note that v intersects J(2 x R) exactly
in two points, since v cannot accumulate inside €2 because it is geodesicaly convex.

Now we know from Lemma[3.4] (or Remark[2.4) that v xR is minimal in M xR
endowed with the metric g. and T,(y x R) = T,2. So, near p the set I = X N (7 x R)
contains at least two curves that intersect transversely at p, by Theorem 2.3] Turn out
that if there exists a closed curve ac in I\ 9%, then « is the boundary of a minimal disk D
in 3. Thus we could choose a geodesic curve [ in D so that the totally geodesic surface
S x R touches D at an interior point. But this is impossible by Theorem [2.1]

Finally, using a similar strategy as at the end of Proposition we shall

conclude that ¥ is a vertical graph and it is unique. O

3.2.2 Maximum principle

As the last step to prove the main theorem of this part, we will need to obtain
a version of the maximum principle that is applicable in our setting, so we will get this
now. In this part, the norm, the gradient and the divergent are taken with respect to the
metric o in M.
Proposition 3.17 (Maximum principle). Let Q@ C M be an admissible domain. Suppose

that w1 and uy satisfy

v —Vul > div —qu
\/1+|VU1|2 o \/1+|VU2|2 7
and liminf(us —uy) > 0 for any approach of 02, with possible exception of finite numbers

of points {q1,...,q,} = E C 0Q. Then uy > uy on 002\ E with strict inequality unless

Ug = U7.

Proof. Let K and € be positive constants, with K large enough and £ small enough to be
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defined. Define a function

K —e¢, if up —uy > K,
Y=qu —uy —e¢, if e<u; —uy <K,
0, if up —uy <e.

Notice that ¢ is Lipschitz with 0 < ¢ < K. In fact, we have Vi = Vu; — Vs
in the set {¢ < u; —uy < K} and V¢ = 0 almost everywhere in the complement

of {&¢ < uy —uy < K}. In particular, we have a control of Vi in the compact set

{e <u; —uy < K}, and therefore in whole Q. Around any point ¢; € E, consider an
open geodesic disk B.(g;) of radius € and center ¢;. Let . := Q\ UB:(¢;), and suppose
that 0. = 7.Up., where p. = U(0B:(q;)NY) and 7. = 9Q.NINN. Since lim inf(ug—uy) > 0
in 002\ E, we have ¢ = 0 in a neighbourhood of ..

Next we would like to study the quantity

LA () e

where v is the unit outer conormal to . and W; =1/1 + |Vu,|?.
Naturally the condition 0 < ¢ < K implies from that

J<2K Y ||0B(a)], (49)

=1

where ||0B:(g;)|| denotes the length of 0B.(¢;) with respect to the Riemannian metric o.

On the other hand, using that ¢ is a Lipschitz functions one concludes
. Vu1 VUQ Vu1 VU/Q . Vu1 . VUQ
d —_ = =V ——— div| — | —div | —
IV(SO{Wl W2}> @{Wl W2}+SO{W(W1) W(W2>}’
almost everywhere in §2. Thus, by divergence theorem ones gets
Vu,  Vus - (Vu . (Vus
J = \Y —_ = — div | — | —div | —
oA (9 G =) o (o G o ()
Vu1 VUQ
> \Y — . 50
_/EU( S0’(Wl Wz)) (50)



89

Now if N; := % — %, then
K3 3

Vu Vu
o <VU1 — Vuy, (Wll - W;)) = go (N1 — Na, W1 Ny — W5 No)

=Wy — (W1 + Wa)go(Ny1, No) + Ws

1
= §(W1+W2)go(N1 — Na, Ny — Ny). (51)
From (49), and we get

. 1
2K 308 = 5 | (Wi + Wa)go(Ny — Noy Ny — Na) = 0.

i=1 QeN{0<u;—u2<K}

Letting ¢ — 0 we obtain
/ (W1 + W3)go(N1 — Na, Np — Np) = 0.
{0<u1—u2< K}

Hence N7 = Ny in {0 < u; — uy < K} which implies that we must have Vu; = Vuy in
{0 < u; —uy < K}. In turn, as K was arbitrary constant, then Vu; = Vus in the set
{0 < u; — uy}. Finally, to complete the proof, let us suppose now that {0 < u; — us}
contains a connected component with non-empty interior. By the previous argument
uy; = ug + ¢, where c is a positive constant, so by the maximum principle u; = uy + ¢ in
Q2. On the other hand, as lim inf(us —uy) > 0 for any approach of 9\ E, then ¢ must be

non-positive, which is impossible. This finishes the proof. n

Remark 3.10. Different what happen in the horizontal case, Proposition|3.17 is a com-
parison principle for divergence form operators. This fact deserves be pointed out here
because the comparison principle and the mazximum principle are not equivalent in general

setting.

3.2.3 Existence of Jenkins-Serrin graphs type I

Before we star the main result of existence, let us fix some notations. From

now on §2 will be an admissible domain in M so that

o ()(2)

where the arcs A; are geodesics and the arcs C} are convex in M with the metric o.
Definition 3.8. A function u: 2 — R is called a Jenkins-Serrin solution of type
I over Q) with continuous boundary data ci: Cy — R if u is a solution of such that
u=c on Cy for all k, u — +oo on A; for all 1.
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Moreover, we will need of the following notation. Let P be an admissible

polygon in §2. Then with the notations above, we define

a(P) = Z £,[Ail,

A;,COP

where £,[n] denotes the length of 7 is taken with respect to the metric o.

Theorem 3.8 (Existence of Jenkins-Serrin graph type I). Let Q C M be an admissible
domain with {B;} = &. Given any continuous data c: Cy — R, there exists a Jenkins-
Serrin solution u: @ — R for the translating soliton equation with continuous data u|c, =

¢k, if for any admissible polygon P we have
2a(P) < £,(P). (52)

Proof. Define a family of curves {v,} by setting v,(z) = (x,n) for all x € A;, v,(z) =
(z,min{cg,n}) for all x € int Cy for all j and 7, is the vertical segment joint (x,n) to
(z,min{ci(x),n}) when z is a vertices of 2. By Theorem for all n € N, there exists
upn: 2 — R so that Graph[u,] is a vertical translating graph in Q x R with boundary ~,,.
Notice that if n > m we have u, > wu,, on 0, so u, > u, in Q by Proposition [3.17
Hence {u,} is a monotone sequence. Next, taking into account results of PINHEIRO
(2009) or MAZET, RODRIGUEZ, and ROSENBERG| (2011), the structural conditions
guarantees that there exists a Jenkins-Serrin solution v: 2 — R for the minimal

graph equation with continuous data c,. Since

v 1 U
div[ —— | =0 < —— =div [ ——
(\/H Ivl2> V1 [u[? <\/1+ Iun|2>

and liminf(v — w,) > 0 on 002\ E, where E is the set of vertices of (2, the Proposition

implies v > u, for all n. Therefore lim u,, = u exists and satisfies

U 1
div =
(\ T+ |vu|2> JI+ [uP?

in Q. Clearly u|¢, = ¢, and u — +o0 as we approach A; for all i. n
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4 CHARACTERIZATION OF THE FAMILY ASSOCIATED TO THE TILTED
GRIM REAPER CYLINDER

Differentiating what we have done in Section |3| which we have proven the
existence of Jenkins-Serrin graphs in the vertical direction and the horizontal (Killing)
direction, in this section we are interested to obtain a characterization of a particular
family of complete translating solitons in R™*! naturally the family associated to the
tilted grim reaper cylinders.

We just have seen in Subsection that the grim reaper curve and the
line parallel to e, are the unique examples of translating soliton in R? with respect to the
vector ey, up to a translation. From this curve grim reaper we can create new examples
of soliton by taking the product of this curve with R"~!, the resultant hypersurface is

called the grim reaper cylinder. This hypersurface has the following parametrization
Fy - (—g, g) x R — R

given by

Fo(xy, ... xn) = (21,...,2,, —logcosxy).

On the other hand, from this hypersurface we also can produce other examples
of translating solitons just by subtle scaling and rotating Fj in such a way that keeps the
translating velocity e,,1. In this way, we obtain an one-parameter family of translating
solitons parametrized by

. s s n—1 n+1
F9 ) <_2cos(9)’ 2005(9)) x R — R

defined by
Fo(xy,... 1) = (21,. .., 7., —sec?(#) log cos(x cos(#)) + tan(6)x,,), (53)

where 6 € [0,7/2). Notice that the limit of the family F}, as 6 tends to /2, is a hyperplane
parallel to e,,1 (see Figure . The family {Fg ((—#S(g), #5(9)) X R”—l) }ee[o,n/2) is
called the family associated to the tilted grim reaper cylinder.

Another interesting example of translating solitons in R"™! (n > 2) was given
by CLUTTERBUCK, SCHNURER, and SCHULZE (2007), they proved the existence of
an entire graphical translator in R"™! over R"(= R" x {0}) that is rotationally symmetric,
strictly convex with translating velocity e,;1. This example becomes known as the trans-
lating paraboloid soliton or bowl soliton. Moreover, they found an one-parameter family
{W}} >0 of rotationally invariant cylinders called translating catenoids soliton (see Figure

. The parameter A control the size of the neck of each translating soliton. The limit,
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Figure 4 — The regular grim reaper cylinder in R and the tilted grim reaper for § = 7 /4
and the translating catenoid W3.

as A — 0, of W' consists of two copies of the bowl soliton with a singular point at the
axis of symmetry. Furthermore, they classified all the translating solitons of revolution
by proving that the family of translating catenoids and the bowl soliton are the unique
examples of rotationally symmetric translating solitons in R"™! with translating velocity
€,+1, Up to a translation.

Until here all the examples that we have mentioned have a trivial topology
which means that they could be seen as the sphere S™ without either one or two points or

a simply connected region on S”. Examples with no trivial topology in R? were obtained

by using Kapouleas’s techniques. These examples were given by |DAVILA, DEL PINO,|
and NGUYEN]|(2017)), NGUYEN] (2009), NGUYEN]| (2013)), NGUYEN| (2015 and SMITH
. It is important we point out here that the examples obtained by Nguyen have
infinite topology.

More recently, HOFFMAN, ILMANEN, MARTIN, and WHITE| (2019) (see
also BOURNI, LANGFORD, and TINAGLIA (2018)) proved the existence one-parameter

family of strictly convex wvertical translating graphs in R"*1 called A—wing of width w.

Furthermore, they classified all complete vertical translating graphs in R®. More precisely,
they showed that the family of the grim reaper cylinder, the bowl soliton and the family
of A—wings are the unique examples of complete vertical translating graphs in R? (see
Figure @) Using this result of classification, HOFFMAN, MARTIN, and WHITE, (2019)

proved the existence and uniqueness of example of translating soliton like Scherk in R3.

Moreover, taking subtle limit on the domain they got a two-parameter family of new
examples of translating solitons, one like the helicoid, other doubly periodic like Scherk
and two another new examples, without analogous with the minimal case, the Scherknoid
and Pitchfork (see Figure |§| and Figure @

Another result of classification for bowl soliton was given by (2011]).
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Figure 5 — The catenoid translator W3.

He characterized the bowl soliton as the only convex translating soliton which is an entire
graph. Very recently, SPRUCK and XIAOQ| (2018) have proved that a complete vertical

translating graph must be convex. In particular, complete entire vertical translating graph

must be the bowl soliton by Wang’s theorem.
Using a little different approaching, HASLHOFER/ (2015) showed that any
strictly convex, uniformly two-convex translator which is non-collapsing is necessarily

rotationally symmetric. In this line of work, BOURNI and LANGFORD) (2016) proved

that a translator which arises as a proper blow-up limit of a two-convex mean curvature

flow of immersed hypersurfaces is rotationally symmetric. Some interesting classification
results for the grim reaper cylinders was found by TASAYCO and ZHOU]| (2017). They

proved the uniqueness of grim reaper cylinders in R"*! when n € {2,3} in function of the

range of the second fundamental form.
Using the Alexandrov’s method of moving hyperplanes, |MARTIN, SAVAS—|
HALILAJ, and SMOCZYK] (2015 get the first characterization of the bowl soliton in

term of its asymptotic behaviour. More precisely, they proved that if a translating soliton

is C'°°-asymptotic to a bowl soliton, then it must be the Bowl soliton. Besides that,
these authors obtained one of the first characterizations of the family of tilted grim reaper
cylinders, as the only connected translation solitons in R™*!, n > 2, such that the function
|A|>?H~2 has a local maximum in M \ H~1(0).

Another characterization of the grim reaper cylinder in R3, in terms of its
asymptotic behaviour, was given by MARTIN, PEREZ-GARCIA, SAVAS-HALILAJ, and|
SMOCZYK (2016) (sce also PEREZ-GARCIA| (2016)). They proved that the grim reaper

cylinder is the only connected, properly embedded, translating soliton of dimension 2,

with locally bounded genus and being C'-asymptotic to two different half-planes. Their
clever ideas was to use the maximum principle combined with a compactness theorem
for minimal surfaces in 3-manifolds due to WHITE| (2016|) to determine the asymptotic

shape of the surface. Finally, the authors applied the maximum principle to prove that

if a translating soliton is smoothly asymptotic to a grim reaper cylinder, then it must
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Figure 6 — A—wing translator(left) and the pitchfork translator(right).

coincide with the grim reaper cylinder.
Unfortunately, as it is not known whether White’s compactness theorem has
an extension for higher dimensions and, even in dimension 3, it does not work without

the hypothesis of locally bounded genus, then the proof in MARTIN et al| (2016) fails

for higher dimensions and without the hypothesis of locally bounded genus. Moreover,

the tilted grim reaper cylinder given by is C'—asymptotic to two half-hyperplanes
outside a non-horizontal cylinder (see Remark below). Hence, it is natural to ask if it
is possible to generalize the theorem for arbitrary dimensions n > 2, without any further
assumptions about the topology of the soliton or the axis of the cylinder.

These questions were what motivated our works in (GAMA and MARTIN,

2018) and (GAMA,| 2019). As we shall see afterwards the variation of the maximum

principle from Subsection [2.2.6|and the compactness theorems from Subsection allow

to give a positive answer to these questions.

This chapter is structured as follows. In the Section [4.1] we fix some notations
that we going to use after and refine the Proposition2.6]for any Killing vector field in R™*!.
In turn in the Section we obtain a lemma which shows that every complete, properly
embedded translating soliton in R”™ which is C'—asymptotic to two half-hyperplanes has
a surprising amount of internal dynamical periodicity in the space ZV, (R™!). Finally,

in the Section we prove our main theorems.

4.1 Translating solitons in R"*!

We remind the notations that we use throughout this chapter. Recall that
an oriented hypersurface M C R"*! is called to be a translating soliton provided that it

satisfies
H= UJ',

where v is a fixed vector and H denotes the mean curvature vector field. In particular,

one has
H = (v, N), (54)
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Figure 7 — The scherkenoid translator.

where N denotes the unit normal along M. To make our study more simple, we will
always suppose from now on that v = e,,41, where B = {e;,ey,...,€,41} is the canonical
basis of R**!. Moreover, as translating solitons are minimal hypersurfaces is R"* with
Ilmanen’s metric g = ex®+1(-,-), where (-, -} is the Euclidean metric, then from now on we
always adopt in R"*! the metric g, unless otherwise stated. Thus we are seeing translating
solitons are minimal hypersurfaces. Recall that for us a complete translating soliton M
in R"*! means that the hypersurface M is complete in R™*! with the Euclidean metric.
Next, we need to define what means a hypersurface be asymptotic to half-
hyperplanes outside a cylinder.
Definition 4.1. Let H a open half-hyperplane in R™™ and w the unit inward pointing
normal of OH. For a fized positive number &, denote by H(J) the set given by

H(O) ={p+tw:pe dH and t > J}.

We say that a smooth hypersurface M is C*—asymptotic to the open half-hyperplane H
if M can be represented as the graph of a C*— function ¢ : H — R such that for every
€ >0, there a (big) 6 > 0, so that for any j € {1,2,...,k} it holds

sup |¢| < € and sup |D’y| < e.
H(5) H(5)

We say that a smooth hypersurface M is C*—asymptotic outside a cylinder to two half-
hyperplanes Hy and Hsy provided there exists a solid cylinder C such that:
1. The solid cylinder C contains the boundaries of the half-hyperplane Hi and Ho,
ii. M\ C consists of two connected components My and My that are C*—asymptotic to
Hi and Hs, respectively.
Remark 4.1. The solid cylinders in R™™' with the Euclidean metric that we are consid-

ering are those that are isometric to D(r) x R"™Y where D(r) is the disk of radius v in
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Figure 8 — Intersection of the cylinder Cy(1)(blue) with the plane [e,, e,11].
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Let us give some examples that are C'—asymptotic to two hyperplanes outside
a cylinder.
Example 4.1. The hyperplanes parallel to e, 1 are C*°—asymptotic outside a cylinder
to two half-hyperplanes.
Example 4.2. Fach element of the family of the grim reaper cylinders is C'°°—asymptotic
to two half-hyperplanes outside a particular tilted cylinder.

Proof. To see this, observe that the map Fj defined early is a parametrization of Graph®|fy],

where
Jo: (_2(:;(9)7 2607;(9)> xR — R .
x=(21,...,2,) — —sec?(0) log cos(z; cos(d)) + tan(f)z,,
Remarked this, we consider the vectors ug := —sin(f)e, + cos(f)e,1 and

E,(8) = cos(0)e,, + sin(f)e 41 (see Figure §). Next we define the solid cylinder Cy(s) =
{z e R"™ . (z,e1)? + (uy,z)? < s} and the half-hyperplanes

H_ = {ZL‘ eR"™ : (z,e)) = _2C(:;(9) and (x, up) > 0}
and
= R . S > )
Hy {m € (x,eq) 2 cos(0) and (x,ug) > O}

We want to conclude that Graph®|fy] is C°>°—asymptotic to H_ and H . outside

Cy(s) for some subtle choose of s. To do this, first observe that if © = (z1,...,2,, Tn11) €
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Graph®[f,], then it holds (z,ug) > 0, since z; € (—%@ﬁ) Thus, if r(z) =
(x,ug) denotes the height function in R™*! with respect to the vector ug, then r > 0 on
Graph[fy].

Now if (x1,...,2,, —sec(f)log cos(xq cos(0)) + tan(0)x,) = (Y1, - - -, Yns Yns1),

then

1
cos(0)

Y1 = arctan < e2r(@)cos(9) — 1> : (55)

In particular, this equality implies that Graph®[fy] can be seen as the union of two hori-

zontal graphs defined over H_ and H,, respectively. Indeed, considering the orthonormal

basis {€a,...,€,_1, F,(0),ug} in H one has
- n—1
H_ = {x = _2005(9)61 + j;ajej +a,E,(0)+r1up : a; € Rand r > 0} )
and
- n—1
H, = {x = 2008(9)61 +jZ2Oéjej + a,E,(0) +rug : a; € Rand r > 0} )

Therefore, Graph'[fs] = Graph”[f_] U Graph”[f,], where fi : H+ — R are defined by

1
os(0)

Finally, we fix some § > 0, and we take s(d) so that

fe= arctan ( e2rcos(9) — 1) :
c

1 2 26 cos(0)—1 2 _ 2
o2 (0) arctan (\/e > + 6% =5(0)".

With this choice one has

Graph[fs] \ C(s(8)) = Graph”[f-|z_()] U Graph"[f]s. 5],

where H.(0) = {z € Hy : (x,up) > d}. Using this equality, we can conclude that
Graph’|[fy] is C*°—asymptotic to H_ () and H(J) outside Cy(s(9)). O

We would like to finish this part with the next general results whose proof
is similar to that given at Lemma and Proposition The expression A,[¥] indi-
cates the area of the hypersurface ¥ as a hypersurface in R"*! with the metric g and
Graph"[f] := {2 + f(z)v: v € Q}, where v is an unit normal vector to II. Notice that
(v, €,41) is constant.

Proposition 4.1. Suppose that Graph"[f] is a translating soliton in M x R. Then
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Graph''[f] is stable in R™*' with the metric g.
Proposition 4.2. Let f : Q — R a smooth function over a domain Q C II, where II is
a hyperplane in R™. Suppose that Graph''[f] is a translating graph in R™*'. Assume

that X is any other hypersurface inside the cylinder {x + sv: x € Q and s € R} so that
0% = OGraph"[f], thus we have

Ay [Graph"[f]] < A,[Z].
Moreover, the equality is true provided that ¥ = Graph"[u].

4.2 Dynamic lemma and applications

Throughout this subsection we are fixing 6 € [0,7/2), and we continue to call

ug := —sin(f) - e, + cos(f) - e,41. Furthermore, given any r > 0 we consider the cylinder
Co(r) == {z € R"™ : (2,e1)% + (up, 2)* < r’}.

Henceforth, M"™ denotes a complete, connected, properly embedded translating soliton in
R"™™! such that, outside Cy(r), M is C*—asymptotic to two half-hyperplanes H; and Ho.
Our main lemma can be stated as follows.

Lemma 4.1 (Dynamics Lemma). Let M be a hypersurface as above. Suppose that {b;},

is a sequence in [ey, ug|t and let {M;}, . be a sequence of hypersurfaces given by M; =

ieN
M +b;. Then there exist a connected n—dimensional stationary integral varifold My, and
a subsequence {M;, } C {M;} so that
(i) M;, = My, in R+
(ii) sing M, satisfies H" P (sing My N (R \ Co(r))) = 0 for all B > 0 if n > 7,
sing Mo, N (R™\ Co(r)) 1s discrete if n = T and sing Mo, N (R"\ Co(r)) = @ if
1<n<6;
(iii) M;, — spt My in R™ ™\ (Co(r) U singM,).
Remark 4.2. Above we are using the same notation for the varifold associated to M;,
and for itself. So at i. we are seeing M;, as an n-dimensional varifold, however, at 1.

we are seeing M;, as a hypersurface in R™ .

Proof. The strategy of the proof follows a similar argument as in (MARTfN et al.,
2016),(PEREZ-GARCIA, [2016) and (GAMA and MARTIN, |2018). However, this proof
is different of those proofs because we use Proposition to conclude that the sequence
has locally bounded area.

From our assumption on M, there exist smooth functions ¢, : H; — R and
@2+ Ho — R such way M \ Cy(r) = Graph™ [p,] U Graph™[p,], where II; denotes
the hyperplane in R™*! which contains H;. Notice that M; \ Cs(r) = Graph™[pi] U
Graph™ i3], where i (z) = ;(z — by)
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Figure 9 — Transversal section of the behaviour of M.

e, (r)

Claim 4.1. {M;\ Cy(r)} has locally bounded area.

Proof of the Claim[{.1 Indeed, fix any point p € R"™' \ Cy(r) and take e(> 0) small
enough so that B.(p) does not intersect Cy(r), where B.(p) denotes the geodesic ball in
R™™! with center p and radius € (see Figure E[) With this notation, whenever B.(p)
intersects any connected component of M; \ Cy(r) Proposition 4.2| implies that

Ag[Be(p) [ (M \ Co(r))] < 5 A [OB(p)].

1
2
This completes the proof. O

Now the claim above implies that the area blow-up set
B:={p e R"" :limsup.A,(M; N B,(p)) = oofor everyr > 0} (56)

lies inside the cylinder Cy(r) and is an (n,0) set by Theorem [2.11] We would like to
conclude that B = @, so the sequence {M;} has locally bounded area. Arguing by
contradiction, let us suppose that B # @&. In this case, we could take a tilted grim
reaper cylinder whose axis is perpendicular to Cy(r) and it does not intersect B. Now we
could move the tilted grim reaper cylinder until we get a first point of contact with B,
but Theorem [2.10] implies that B must contain the tilted grim reaper cylinder, which is
absurd.

Therefore the sequence {M;} has locally bounded area, by Theorem there
exists a subsequence of {M;, } that converges weakly* to the stationary integral varifold
M. Furthermore, as outside Cy(r) both connected components of M; are graphs, so
stable by Proposition and satisfies the a—structure hypothesis (Definition , then
we can apply Theorem to conclude that M;, — spt My, in R"™\ (Cy(r) U sing M)
and the set singular sing M., satisfies (ii), notice that the a—structure hypothesis is

automatically satisfied in this case, since it is the limit of varifolds that satisfies it. In
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particular, this implies that spt M, is smooth outside Cy(r) and away from sing M.
Using this last fact, we can conclude the connectedness of spt M, as follows.
Taking into account that any loop in R"*! intersects spt M, in an even numbers of points
(counting multiplicity), since each M; is an embedded, then both wings of M., must lie
in the same connected component. Indeed, if this was not true, then we could choose
the above mentioned loop intersecting spt M, at one unique point (because spt M, is
smooth outside Cy(r) U sing M) which is absurd. This implies that if spt M, is not
connected, there would be a connected component inside the cylinder. In this case we can
consider a suitable tilted grim reaper (whose axis is perpendicular to ug) of sufficiently
large coordinates in the direction of uy so that it does not intersect the solid cylinder.
Now, if we move it in the direction of —uy until it touches the component inside the
cylinder at a first point of contact, then we get a contraction because the component
inside the cylinder must be the whole tilted grim reaper by Theorem [2.13] Hence spt M,

is connected. [l

Next we would like to apply this lemma to obtain some consequences over the
behaviour of the half-hyperplane H; and H,. More precisely, we prove that w; and ws
must be parallel to uy. Furthermore, we prove that if the half-hyperplanes ‘H; and Hs are
parts of the same hyperplane, then M must coincide with a hyperplane parallel to e, ;.
In particular, we get a characterization of the hyperplane parallel to e, .

Lemma 4.2. Let M be a hypersurface as above. Then, the normals to the boundary of
the half-hyperplanes Hi and Hs must be parallel to ug. Moreover, if Hi and Ho are parts
of the same hyperplane 11, then M must coincide with 11.

Proof. The proof will be by contraction. Assume that the half-hyperplane
Hq, = {p+tw1 I pE 87‘[1, t > 0}

is not parallel to direction of translation uy. Notice that e; and E,(6) are perpendicular
to wy for all j € {2,...,n — 1} by our definition of C'—asymptotic, where E,(f) :=
cos(f)e,, + sin(f)e, 1. In this case, wy form a non-vanishing angle only with e;, that we
denote by a := A(e;,w;). Suppose that cosa > 0. For given real numbers ¢ and [, we

consider the tilted grim reaper cylinder:
ght .= {Fg(l’l —t, Ty, .., Xy) F e +Hlug |z —t < #S(e), (x9,...,2,) € R”_l}.

Let w; be the unit inward pointing normal vector of OH;. For every ¢ > 0 con-
sider the closed half-hyperplanes H;(0) := {p+tw; : p € 9H, and t > §}. Consider Zf 5
denote the half-space in R"*! which contains H;(6) and whose boundary contains 9H; (4)
and is perpendicular to w;. By our assumptions about M, if § is sufficiently large then
M () :=Mn th s 1s sufficiently close to H;. From this we may conclude that there exist
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Figure 10 — Transversal section of the behaviour of M (§) and Glolo.
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sufficiently large to, ly € R so that G'% does not intersect M; (8) (see Figure [10). In fact,
we can choose ty so that OM; (§) N Sy, = &, where Sy, = <to — 265;(9),&] + 200’;(9)> x R™.
Since H; is not parallel to ug, then if we translate G/ into the direction of —uy we
conclude that there exists a first [; such that either Gl?o~4 and M, () have a point of
contact or dist (G0~1 M (5)) =0 and M;(8) N Gl = @

According to Theorem the first case cannot be possible because of our

assumptions on M. On the other hand, the second case implies that there exists a sequence
{pi=(p},...,pi*")} in M () such that:

a. The sequence {(pf“, u9>} is bounded in R;

b. lim; dist (G'olo=, p,;) = 0.
Notice that the sequence {p!} is bounded (by the asymptotic behaviour of Gflo~h),
Thus, up to a subsequence, we can suppose {p; } — pL and {(p;, us)} — p*¢. Consider the
sequence of hypersurfaces {MZ =M —(0,p2,- -, p™) + (ps, u9>u@} in R"*1. By Lemma
4.1], we can suppose that M; — M, where M, is a connected stationary integral varifold.
Now Proposition [2.2] implies

O(Moo, poc) > limsup O(M;, p) = 1,

where pf = ple; + (p;, ug)ug. Hence it holds p., € spt M., and it follows that spt M, and
Glolo=l have a point of contact at p.,. Therefore, by Corollary one has

spt Mo = gto,lo*ll7
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but this is impossible by our assumption about w; be not parallel to uy. Therefore H;
must be parallel to ug. Analogously, we can conclude that cos a cannot be negative and
that Ho is parallel to uy.

Finally, if H; and Hs are part of the same hyperplane II, which we suppose
to be [e;]T up to a rotation. We would like to conclude that the first coordinate must be
constant on M. Otherwise the first coordinate x; takes an extreme value either at point
in M or along of a sequence {p; = (p},...,p/""")} such that {(p;,ug)} — p“¢. Theorem
2.1) implies that the first case is impossible. Regarding the second case, suppose that
{z1(p;)} — supy; z1(> 0) and denote II; := S]1\14p r1€e; + spanfey, ..., e,, ug|. We consider

the sequence
{MZ =M — (07p227 s ap;'H_l) + <p2a u9>u9} ’

by Lemma [4.1], a subsequence converges to M., where M, is a connected stationary
integral varifold, thus (reasoning as above) we have an interior point of contact between
spt M, and I1;. So, by Corollary we conclude that spt M., = II;, which is impossible.
This shows that the first coordinate z; is constant. Therefore M must be the hyperplane
IT. m

We finish this subsection by getting the following version of the maximum
principle.
Lemma 4.3. Let M be a hypersurface as above and assume that the half-hyperplanes
Hi and Hs are not included one inside the other. Consider a domain ¥ of M (not
necessarily compact) with non-empty boundary 0% such that the function x w— (x,ug) of
Y is bounded. Then the supremum and the infimum of the x1—coordinate function of 3
are reached along the boundary of ¥ i.e., there exists no sequence {p;} in the interior of

Y such that lim dist (p;, 03) > 0 and either lim x1(p;) = supxy or lim x(p;) = inf z;.
1—00 1—00 n 1—00 b))

Proof. Notice first that if there exists ¢ € int¥ so that x1(q) = supy, 1, then Theorem
2.2| gives us that ¥ = TI(x1(q)), where II(z1(q)) := {z € R"": (z,e;) = z1(q)}. Thus
r1(q) < supyz; for all ¢ € intX. Analogously, we also see that x1(q) > infy z; for all
q € intX.
Now let us assume that there exists a sequence {p,} C X in such that way
that
lim dist (p;, 0X) > 0 and lim zy(p;) = sup x;.

1—00 1—00 »

Consider the sequence of hypersurfaces { M; := M — (0,p7,--- ,pi™") + (p;, ug)ug } in R
Naturally Lemma says that M; — M, after passing to a subsequence, where M, is
a connected stationary integral varifold, and we may also admit that (p;, ug) — p2¢. Now
Proposition [2.2] implies

Doo = SLzlp zr1€1 + plup € spt M.
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Figure 11 — Transversal section of the open set U (blue) and part of spt M, (red) inside
U.

In particular, spt M, touches IT = {x € R"™! : (z,e;) = supy a1} at ps and lies locally
oneside of II. Thus, Theorem [2.13 after a subtle choice of an open set U containing p.,
(see Figure , implies II C spt M., but this contrary our hypothesis over M, and in

particular over the behaviour of M. O

4.3 Proof of the main theorems

This part is devoted to prove the main theorems. To sake our exposition more
didactic, we are going to divide our proof into three cases when 6 € [0, 7/2), when 6 = /2

and the minimal case.

4.3.1 Case 0 € [0,7/2)

In this subsection we will continue by denoting ug = —sin(6) - e,, + cos(0) - €,41
and E,(0) := cos(0)e,, + sin(f)e, 1, where 6 € [0,7/2). Our goal in this subsection is to
prove the following result.

Theorem 4.1. Let f : M — R"™! be a complete, connected, properly embedded trans-
lating soliton and consider Co(r) := {z € R™ : (x,e1)? + (up, z)*> < r?}, where r > 0.
Assume that M is C'-asymptotic to two half-hyperplanes outside Co(r). Then we have
one, and only one, of these two possibilities:
(a) Both half-hyperplanes are contained in the same hyperplane 11 parallel to e,,1 and
M coincides with 11;
(b) Both half-hyperplanes are included in different parallel hyperplanes and M coincides
with a tilted grim reaper cylinder associated to 0, up to translation.

The proof of this theorem will be done soon after many technical lemmas.
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Before proceeding , we need some notations that we will use throughout the whole section.

Consider the foliation of R**! given by
I(t) = {z e R"™" : (z,e;) =t} . (57)
Furthermore, given A C R"*! and t € R, we consider the sets
Aty ={z €A : (x,e)) >t} , A (t)={x €A : (z,e) <t}

Att)={z € A : (z,ug) >t}, A (t)={x € A : (z,up) < t}.

Recall that we are assuming that the translating velocity is e, ;. From Lemma
4.2 we already know that the hyperplane must be different if M is not a hyperplane
parallel to ug, so we only need to work in the case when the half-hyperplanes H; and H,
lie in different and parallel hyperplanes to uy and e,,;1. Thus we may assume without loss
of generality that the half-hyperplanes are contained in Il (—¢) and II(§), for a certain
0 > 0. Once we have fixed these notations, our first result is to prove that both half-
hyperplanes point in the same direction of ug.
Lemma 4.4. The two connected components of M which lie outside the cylinder Co(r)

point in the same direction of ug.

Proof. First of all, notice that M cannot be asymptotic to the half-hyperplanes
Hi={z e R : (z,up) <11 <0, 71 = -5}

and
Hy = {xER”+1 sz, up) <1re <0, x4 :5}.

This can be obtained as a consequence of Theorem [2.1, when one compares M with a
suitable copy of a tilted grim reaper transverse to the hyperplane I1(0) (as we did at the
end of the proof of Lemma .

For the remaining cases, we proceed by contradiction. Suppose at first that
Hi = {x e R : (z,up) >1r >0, 1 = —5}

and
Hy = {x cR"™ : (z up) <ry <0, z = 5}

for some r; > 0 and ry < 0. Given ¢ and [ in R, let G be the tilted grim reaper cylinder
defined by

Qt’l = {Fg(l’l - t,i’) + te1 + ZUQ . ’1’1 — t‘ < #5(9)’ T e Rnil}, (58)
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Figure 12 — Transversal section of the M and G2cos(9) o0,

\ ns(e) +5,0

GW
>
where if we denote & = (x2,...,x,), then Fy(x; —t,2) means Fy(xy —t, xo,...,x,).
Consider G2cos(0) +570’ which lie in (5,(5 + CO;T(Q)> x R"™ (see Figure . Note that it is

asymptotic to the half-hyperplanes II (§) and II (5 + ﬁ) . Fix € € (0,20). Using the

fact that G2cos(?) 04 asymptotic to the half-hyperplanes outside the cylinder, then there
exists 0; > r1, depending only on €, such thatﬂ

g#s(@)”’oﬂzg C[(6,6+%5) xR n{z e R™ . (z,uq) > 01} (59)

In turn, taking into account the asymptotic behaviour of M and our assumptions about

the wings, there exists a d, > —ry, depending only on €, such that
M) 25 c[(0-50+5) xR n{z € R™ : (z,up) < do}. (60)

From (59) and , there exists a ¢ > 0 such that the tilted grim reaper cylinder

T
57 +0+t,—61—d2—1 .
G 2cos(0) satisfies

—7r p— — —
GReos@ TR A 1y =

ST 5t tg,— 61 — G2 —1
Now, since ¢ € (0,20), there is a finite ¢ such that either M and G2cos(®) "7

!Here we are using the same notation of Lemma
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have a first point of contact or there is a sequence {pi = (p1

Lt } in M satisfying
the next conditions:
i. {(p;,up)} is a bounded sequence;

ii. {(0,p3,...,p8"") — (pi, ug)up} is an unbounded sequence;

hm{dlst <p g2cos +5+t0, 01— 521)} _ 07 (61)

Notice that in this last case the sequence {p}} is bounded because to the asymptotic

1il.

behaviour of M. Thus we can suppose {p;} — pl. and {(p;,up)} — p“¢. In particular,

from (61)), we have
s
S +0+tg,— 81 —02—1
p})oel _|_pggu0 c g2cos(0) 0,701702 )

According to Theorem and the asymptotic behaviour of M the first case cannot

happen. Regarding the second case, let us define the sequence
{M; .= M —(0,p;,... ot 4 (s ug)ug } -
By Lemma [4.T], up to a subsequence, we have that M; — M,,, where M, is a connected

stationary integral varifold. By Proposition one has

Paoe1 + Pilug € spt My mg2cos9)+5+t —81—85—1

Thus, by Corollary 2.1] we get

spt M., _QQCOS(G +5+t0, 51—52—1.

But this is impossible by the asymptotic behaviour of M.

The case when
= {x R : (z,up) <71 <0, 11 = —5}
and
Hoy = {x e R . (x,ug) > 19 >0, x4 :5}

can be excluded using a symmetric argument. This concludes the proof. O]

Next we would like to conclude now that M lies in the slab limited by the
hyperplanes II(—d) and II(6).
Lemma 4.5. M lies inside the slab S := (—0,0) x R™.

Proof. The proof will be done by contraction. Let us assume that A\ := sup,; z; > 9.
Thus, either M intersects II(sup x;) or dist(M, II(supx;)) = 0. Notice that the first case
M M

cannot be possible by Theorem [2.1} On the other hand, using the argument at the end
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Figure 13 — Transversal section of the M and II(sup z).
M

of Lemma we see that the second case is impossible because the behaviour of M (see

Figure . Thus, it must hold supz; < d. Analogously, we see that —§ < i]I\14f$1. This
M
completes the proof. O

Next we show that the distance between the two half-hyperplanes is exactly
wou@) like in the tilted grim reaper cylinder G%Y. The distance here is computed with

respect to the Euclidean metric in R™*!,

Lemma 4.6. We have 26 = #@.

Proof. We proceed again by contradiction. Assume at first that 26 > ﬁw). By the
asymptotic behaviour of M we can place a tilted grim reaper cylinder G% inside S, for
sufficiently large [, so that G (M = & (see Figure .

Next, consider A := {l €eER : GYNM = @} and let [, = inf A. Note that
lo > —oo by the asymptotic behaviour of M. If Iy ¢ A, then M and G%° have a point
of contact. So M = G%o by Theorem , but this is impossible once 26 > ﬁw). In
turn, if it holds [y € A then dist (M , govlo) = 0. This means that there exists a sequence
{pi=(p},...,pi*")} in M such that the sequences {p}} and {(p;, ug)} are bounded, the
sequence {(0,p7,...,pi*") — (pi, ug)up} is unbounded and dist (p;, G*) = 0. Thus, after
to a subsequence, one holds p; — pl. and (p;,up) — p¥¢. At this time, we consider the

sequence of hypersurfaces {M;} , where
Mi =M — (Ovpgv cee 7p?+1) + <pi7u9>u9'

Using Lemma 4.1 we can suppose that M; — M., where M, is a connected stationary
integral varifold with pl_e; + p“2uy € spt My, the last fact follows from Proposition .
Hence pl e; + p“uy is a point of contact between spt My, and G%°. Thus again by
Corollary we get that G%%° = spt M., which contradicts our assumptions about
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Figure 14 — Transversal section of the behaviour of G% with respect to M.

or | | | w
N |

H(' 2cos(0) ) E \
\ \ I )
2cos<e>) / G

e | TIR)

=

Zcos(e)

the behaviour of M. Consequently 20 < T Comparmg M with a tilted grim reaper
O

cylinder “outside” M we conclude 20 = con( 0

In the next Lemma we prove that the connected components of M \ Cy(r), that
we will call from now on the wings of M, are vertical graphs. Here we come back to see
M as a hypersurface in R"*! endowed with the Euclidean metric.

Lemma 4.7. If t > 0 is sufficiently large, then the two connected components of M™(t)

are vertical graphs over an open subset of the hyperplane [e,1]*.

Proof. Observe first that the C!—asymptotic implies that if we take a sufficiently large ¢,

then
M*(t) C M, (#s(e) —r) UM (—2607;(6) +¢),

for a small enough 7 > 0. Therefore, we only need to prove that if § is small enough, then

n (#s(@) - 7') is a graph over a subset of [e,;1]*. The case of M_ ( o) T 7')

treated in a similar way.
Fix a sufficiently small € > 0, with € < £. Since G (= G%°) and M \ Cy(r) are

) by hypothesis and

C'-asymptotic to the same half-hyperplane contained in II ( 5 c0s(0)

Example we can represent M, <#S(9) — 7'> as a graph over G. Hence, we can find a
smooth map

0Ty = xRt 5 R

(QCOZ(H) -7 2007;(0))
such that
sup |¢| < € and sup |Dy| < e, (62)
T, T,

and the map F : T, x R"~1 — R"*+! given by

ﬁ = F@ + ©ly, (63)
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is a parametrization of M ( T>, where Fjy is the parametrization given by

2 ch;(G) B
and

vg(x1,...,x,) = sin(x; cos(d))e; — cos(zy cos(f))uyg.

Next, we consider the projection IT : R"* — R” given by H(z1 ..., 2p1) = (T1...,7,)
and its restriction

II:=11I int(MJr(#s(e)_T)) s int <M+ (2605(9) — 7')) — T (64)

Note that the image of 1 lies on T, because for all x € int <M+ (#5(9) — T>>
we have

Seos(®) T < (z,€1) <

™
2 cos(6)’

by the definition of M, <2 cos(0) 7'> . The idea here is to show that IT is a diffeomorphism.
To deduce this, by a standard topological argument, we only must check that:
1. is a proper covering map;
2. int <M+ (#5(9) — T)) is path connected.
First, let us show that IT is a local diffeomorphism. Equivalently, let us show
thatH>00nM+<

2608( 5~ 7'>. The proof of this fact will follow from the next claim.

Claim 4.2. The unit normal Nz along off 1s given by the formulae

D Nj = AE\(0) + BY. 2N (—171= 50, pe; + CO,, 0B, (0) + By, (65)
where
B () = cos(x1 cos(8))ey + sin(z; cos(6))ug, (66)
A= (=1)"2 (sin(0) sin(z, cos(0))y, ¢ — cos(z1 cos(6))du, @) (67)
B =1+ ¢ cos(d) cos(x; cos(0)), (68)
C = (=1)"""cos(8) (1 + p cos(d) cos(w; cos(9))) (69)
and

[sin(6) sin(z1 cos(6))dy, @ — cos(z1 cos(6))dy, ]
D? = + [1 4 ¢ cos(f) cos(xy cos(h)))? [1 +2 i (0s, 0 )2] (70)
+  cos(0) [1 4 pcos(f) cos(xy cos(0))]* (D, ©)”

Proof of the Claim[{.3 Here we will use the following positive orthonormal basis for R™*!

E;(0) = cos(x; cos(f))e; + sin(zy cos(0))ug, Ej:=e;, j€{2,...,n—1} (71)
E,(6) := cos(f)e, + sin(f)en+1, Vg
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Before we figure out N, let us observe the following equalities.

Eq(0) .
Fp=—F—"F——— E Iy = FE. f 2,....,n—1
Ou, Fy e p—Y + tan(0) tan(zy cos(9)) £, (0), 0., Fp s forje{2,...,n—1},

1 .
Oy, Fy = mEn(G), Oy, vp = cos(0)E1(0), and 0,19 = 0 for all j € {2,...,n}.

From these equalities follow

0 FF' = 04, Fp+ Opy, 019 + 004, Vg
E1(9)

cos(1 cos(@)) + tan(0) tan(x cos(0)) E,(0) + 0., pve + ¢ cos(0) Ey(0)

_ E,(9)

= [1+ ¢cos(f) cos(z; cos(h))] cos( cos(8))

= aF(0) 4 BE,(0) + 0., pvs,

+ tan(0) tan(zy cos(9)) £, (0) + Ou, pre

where
1 4 ¢ cos(8) cos(z; cos(6))
=
cos(x cos(h))
and
f = tan(f) tan(x; cos(h))
('Ljﬁ = Oy, Fyp+ Oy, 0v9p = Ej 4 0y, 0vp for j € {2,...,n — 1}

and

8%? = aang + aanOVg =

1
cos(0) E,(0) + 0., ¢vp.

These equalities together imply that X := &Elﬁ AN 8%? has the following expression

CL e {804, ¢ cos(6) — s, 0} Ea(6)
_ i+l

X = +cos(.1(9) 27;21(_1)][” T]aIJSOEJ (72)
s ve + (—=1)"tad,, pE,(0)
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Indeed, straightforward calculation gives

1
X = (aB1(0)+ BEL(0) + 0pyovp) Ao o A En_1 + Or,_,0V0) A (mEn(H) + &Cngpug)

1
aBE1(0) N (Ey + Opyovg) Ao A (Ep_q + Op,_,p1) A (MEH(Q) + 8an0V9)

(

+B0y, 0E, () NEy A ... NE,_ 1 ANvg+ azl(z)ye/\EQ/\ NE,1NE,(0)
( 1
_ oFy (9) A <E2 -+ 8302@1/9) VANRAN (En,1 + 8xn_1gpy9) N (m —|— axn(pyg)
_1\n—2 P _1\n—1
\ H00r, P ()" 2B A N Bul6) Ao+ B (1) By A A Eal0) At
( 1
- aE1(0) A (Ey + Opyovg) Ao A (En_q + Op,_,p1) A (m )+ aanOMg)
— ) o,
-1 n—2 - 1 E
| +ory2 {0, - 228 Bo)
( _ Oz, 0 E,.(0)
—1)n2 — L FE FE .ONE,
(-1 {B0up — 2N BO) 4 aBAO) A B A (20 + D)
= < o n—1
+COS<0) j;ax]@El/\/\Ejl/\l/g/\EjJrl/\/\En
( 02480, o= 222 L p )4 O B O AB A A By A BL(0)
wn P cos(6) ! cos(6) ! 2 nl "
_ +a0,, pE1(0) NEa N ... N Ep_1 ANy
n—1 )
+—2 N1y 0, pE A NEL0) Ave AELO) A A B
cos(0) =

=™ {B0,, pcos(0) — 0,0} E1(0) + L@)Z(_l)j[njy]aijﬁjj

_ ) cos(0) cos( (73)
\ +CO§‘( 57t (—1)"ad,, pEn(6)
Consequently, it holds
! 2 o? (= 2 a? 2
(X, X) = o2 (0 ){68%90008(9) Oy P} + o2 (0) (02, ) o2 (0) + (0, )

D2
- cos?(0) cos?(z1 cos(h))’ (74)

in the last equality we have used the definition of @ and 5. Using again the definition of
[ together with and we get the expression to Nz, and this finishes the proof of
the claim. ]
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Now the equality and with v = e, 1 imply

D-H _ { N 1+ ¢ cos(8) cos(zy cos(f)) + (—1)" sin(zq cos(9))0s, ¢ 7 (75)

e —1)"sin(0) cos(xy cos(0))0y, ¢ + (—1)" cos(0) sin(8)pds,, ¢

where & := cos 6 cos(z1 cos(f)). Thus, by our assumptions about €, ¢ and Dy we see that

H(p)>0atalpe M, < . Hence, 11 is a local diffeomorphism.

2003(0) -7

The previous argument also implies that II is onto as follows: Otherwise, it
there would be a vertical cylinder which intersects T, but it would not intersect the set
M, (2COS(9) — T>. Taking into account the asymptotic behaviour of M, we could translate

horizontally this cylinder until having a first contact with

it <M+ <m — T))

At this first contact the normal vector field to M would be horizontal, which is absurd

because we have proved that H > 0 on M, (#s(@) — 7') .
Finally, let us check that 10 is proper. Let K C T, a compact set and {p;}

ieN
be a sequence on II"!'(K). Note that the sequence {Pi}icn is bounded, because of the
asymptotic behaviour of M and the fact that dist (K, 97T;) > 0. So, up to a subsequence,
we can assume that p; — poo. Since the set ﬁ_l(K) is closed, it follows that p., € ﬁ_l(K).
This proves that II"!(K) is compact.

At this point, we have that any connected component of int <M+ (#8(9) — 7'))
is a graph over T,.. But only one of them contains the wing. This means that if there
were another connected component, 3, then the function = +— (x,uy) would be bounded

on X and 0¥ C II ( ), which is impossible by Lemma . Repeating the same

2cos(0)
argument we should obtain that M_ < QCos( 7+ 7') is smooth vertical graph over a subset

of the hyperplane [e, 1]+ O

Now we are going to show that is possible to place a tilted grim reaper cylinder
below M. This means that M lies in the convex region limited by the tilted grim reaper
cylinder. Henceforth, up to a translation, we will assume that inf,/(z, uy) = 0.

Lemma 4.8. There is a tilted grim reaper cylinder that contains M “inside” it, i.e., M

lies in the convex region of the complement of a tilted grim reaper cylinder.

Proof. Consider the family of “half’-tilted grim reaper cylinders
b= {2 e G E(z,e) >0} Lte (76)

where € > 0 is fixed and t € [0, 00).
Let us work with the “half”-tilted grim reaper cylinder gi‘e. By taking a
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Figure 15 — Transversal section of the behaviour of er’% and G"~° with respect to M.
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sufficiently large to, we obtain G “N M = @. Hence the set A defined by
A:={tec0,00) : Gy °NM = 2}

is not empty. Take sy = inf A. We claim that sy = 0. Otherwise, we have two possibilities
for s > 0: either s € Aor sy ¢ A. If sg ¢ A then Qi_eﬂM # & and since 8Qi_eﬂM =g,
we conclude that gi‘e C M, by Theorem , but this is absurd because

0= i]r\14f<x,u9> > gl}lf<$,U9> = —€.

In turn, if sy € A then dist( i_e, M) = 0. This tells us that there exists a
sequence {pi = (p},... ,p;‘“)} in M such that:
L. lim, dist (p;, G5 ™) = 0;
2. {pi} = pland a <p} —t <b, where 0 <a<b< Seos@) AT constants;
3. {{porus)} — p2:
4. The sequence {(0,p?,...,p/*") — (i, ug)up} is unbounded.

In this case, we consider again the sequence of hypersurfaces
{Mi — M- (O,p?, e ,p?“) + (pi,u@>u@} )

Naturally, by Lemma [4.1| we may admit M; — M, where M, is a connected stationary
integral varifold. Notice that we would have p. e, + p’_uy € gi‘f N spt M, so Corollary
implies Qi_e = M. But this again contradicts the asymptotic behaviour of M.
Therefore inf A = 0, and

0,—e o
"N M =g,

for all ¢ > 0. A similar argument allows us to conclude that G® N M = @. Thus
G nNM=0.
This completes the proof. O

As an application of the previous two lemmas, we shall conclude now that the

hypersurface M is itself in vertical a graph over a slap on the hyperplane [e, 1]+
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Figure 16 — Transversal section of the behaviour of G° with respect to M.

A
/!

0,-¢€
G M

1) xR

Lemma 4.9. M is a vertical graph over (—ZC’TW, Toosd

Proof. For each v € N consider the sets
T; = {v e R"™" : (v, E,(0)) > i},

where E,(0) := cos(f)e,, + sin(f)e,+1, and call o := lim irr%]fu(x, up). Consider a sequence

i
{pi=(p},....p/"")} in M such that:

i p; € T, M and (p;, ug) — infrnp (2, up) < %
ii. {p{} — pl and ~ T < pl <
iti. {(pi,ua)} — .

Consider the sequence of hypersurfaces

.
2cos(6)”’

{M; =M —(0,p7,...,0/"") + (pi,ug)ug } -

We know from Lemma[4.T|that, up to a subsequence, M; — M., where M, is a connected

stationary integral varifold. Since p!_e; + auy € spt M, it follows that 1tr]1\§ (x,up) < a.
Sp o

We would like to conclude that o = 1tr]1\£ (x,up). Indeed, take any p € R**!
spt Moo

such that (p,uy) < a. Let B,.(p) be the open ball in R"*! where r € (0, %) . Note

that B,(p) N1, = @, where I, = [ug]* + aug. Take any € € (O, w> . By the

definition of «, there is an iy such that if ¢ > iy then
inf (x,up) >a —e>0. (77)

TiNM

Notice that implies that if i > iy one has

/’LMZ<BT<p)) - / d/’LMz - 07
r(p)
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where 15, denotes the weight measure associated to the varifold M; in R"™! with the

IImanen’s metric. This implies that pa (Br(p)) = 0, and so p ¢ spt M. Consequently

o= 1&5 (x,ug). As we are going to see, this equality implies that spt M, is the element
sp oo

of the family of the grim reaper cylinder associated to 6 with uy height a.

Claim 4.3. M., coincides with the tilted grim reaper cylinder associated to 6 with ug

height a into the direction of uyg.

Proof of the Claim[4.5. The proof follows by using a similar idea as in Lemma [4.8] (see
Figure . Consider the “half”’-tilted grim reaper cylinder

= {z e g™ 1 (z,e1) 2 0} +te (78)

where € > 0 and ¢ € [0, 00). Naturally, we can take a sufficiently large to in such that way
that
007 M spt My

by Lemma [£.8f Next, we consider the set
A={te[0,4+00) : G¥* “Nspt M, = T},

which is non-empty. We would like to show that inf A = 0. Indeed, otherwise, sq =
inf A > 0 satisfy one of the following conditions:

a. G and spt M, have a point of contact;

b. dist (G, spt Ms) = 0.
According to Corollary and Lemma [4.8] the first case is not possible. Regarding the
second case, by Lemma there exists a sequence {zi = (z},... ”H } in spt M, such
that:

—-

lim dist (zi, Y =0;
ii. {zl} — zy and a <z —t < b where 0 < a < b < 5T are constants;
ii. {(zi,ug)} — 2%
iv. The sequence { 22t
v. O(spt My, 2;) > 1.
Here we are using that on spt M., we have ©(M,,p) > 1 at all p € spt M. At this point,

— (2, ua)ug} is unbounded;

let us consider the sequence

{im = My —(0,27,..., 2" + (zi,ua>u@}.

? "™

Claim 4.4. {9} has locally bounded area.

Proof of the Claim[.4. Firstly observe that each 9; is the limit weakly* of the sequence
{M; —(0,22,...,2""") + (25, up)ug} as j — +00. Secondly, we know that outside Cy(r)

P
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the following estimative holds

A, = (0,22, ) 4 o ua)ug) VB 0)] < S AJOB)] (19)

P

for all j and ¢ by Proposition , where p € R\ Cy(r) and € is taken small enough
so that B.(p) does not intersect Cy(r). Thus, taking the limit at as j — +oo one

obtains )
pom; [ B (p)] < §Ag[aBe(p)] for all j.

Consequently, the are blow-up set B of {9;} lies inside Cy(r). Proceeding as in Lemma
we shall conclude that B = &. O

By the previous claim, observing that each 9; satisfies the conditions of The-
orem outside Cy(r) and inside Cy(r) it is just an n-dimensional stationary integral
varifold. So we can apply Theorem and Theorem together to conclude that, after
to passing to a subsequence, 9, — M, where M., is a connected stationary integral
varifold. This last fact can be obtained by arguing as in the proof of Lemma [£.1] Notice
that Proposition [2.2] implies po, € spt M, consequently it holds

zhep + 2%uy € spt Mo, N G177

Moreover, note that the item ii implies that z! e; + 2%uy is an interior point of G
Therefore, by Corollary|2.1jand Lemmawe arrive at a contraction since inf (z,uy) = a.

spt Mo
Thus, inf A = 0 and

80,0—€
+ .

3’Q_E Nspt My = &,

because € > 0 and infy, (2, up) = cv. Similarly, we deduce that
G Nspt Mo = @.

Hence G%*“Nspt My, = @.
Now, letting € — 0T and using the fact that

Spir]l\goo(x, ugp) = Sg{l}i\?w(x,u@ =«
we conclude that spt M, touches the tilted grim reaper cylinder G> at pl_e; + auy. In
particular, by Corollary we conclude that spt M., = G%*. This concludes the proof of
our claim. Notice that since M; converges weakly* to spt M., = G%* then M; converges
as set to G and the multiplicity is one outside Cy(r) because sing M,, = & and each
M, is a horizontal graph outside Cy(r). Thus, all conditions of Theorem are satisfied,

consequently one has M; — G%<, with multiplicity one everywhere. O]
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In turn, consider the sets
Sii={veR"™ : (v, E,(0)) < —i},

where i € N, and take 3 = lilm Si%lﬁ/j<$,U9>. Let {¢; = (¢f,...,q"")} be a sequence in M
such that:
i. ¢; € S;N M and (g;, ug) — infg.qp{z, up) <
i {g} = ¢ and —575 < 4o < sy
i, {(g )} = 5.

Then, reasoning as before, we obtain

1
i

Ni =M — (07q7,27 v ,anJrl) + <qiau9>u9 — g0,57

with multiplicity one everywhere.
By Lemma 4.7, we know that there exists a sufficiently large ¢y, so that M ™ ()
is a graph over an open set in the hyperplane [e,]=. Moreover, we can choose at the

same time a small enough 7 > 0 so that
M, (2005( 7 27) UM, (_—2007;(9) + 27) C M*(ty).

Hence, these together with M; — G%* and N; — G%? imply that there is iy € N such
that:
a. There exist strictly increasing sequences of positive numbers {m}}, {m?}, {n!} and
{n?} so that

1 2 1 2 A
m; <m; and —n; < —n;, for all i > iy;;

b. There exist smooth functions:

Pi - (‘2007;(9) T, Seos(@®) T) X (mzlamf)n_l — R (80)
and
s n—1
¢l ( 2 cos(0) + 7, 2cos(d) 7-) X (_nzl7 _nl) —R (81)
satisfying
il <+, [Dgi| <3, |¢i] < T and |Dgy| < + for all i > 4y (82)

and such that the hypersurfaces

R — x=(x1,...,Tp41) EM 2 : 2005(9) +r<m < 2COS(9) -7
(IQv s 7‘77”—1) S (mz17 m?)n— ) <l‘, En(9)> (mz ) m?)
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Figure 17 — Picture of A; and A;(sp).

\

AG)

AN

.,$n_1) € (_n‘l _ng)n*Q ) <$’E7L(9)> (_ni7 nz)

7 K3

L r=(x1,...,Tp41) €M : zcos( g+ T <7 < 2605(9) -7
('I?v

can be written as graphs of functions ¢; and ¢;, respectively, over the corresponding
pieces of the tilted grim reaper cylinder as in the proof of Lemmal[d.7} where E, () :=
cos(f)e, + sin(f)e,+1.
Now following the same idea as in Lemma [4.7, we see that R; and L; are smooth vertical
graphs over domains in the hyperplane [e, ]* (for i large enough). Note that R; and
L; are connected because they are graphs over the connected sets and the convergences
M; — G% and N; — G%° have multiplicity one. Finally, let us consider the exhaustion
{A;} of M by compact sets given by

A { a:<— (X1, .., Tpy1) EM 0 (z9,...,2, 1) € [—ai,bi]"_Q } (83)

x,E,(0)) € [—a;, b (x,ug) < i}

nl

1 2
where a; = + M and b, = Dt

2
Smce M™(ty), R; and L; are vertical graphs, then a small strip B; around the

boundary of A; is a graph over the hyperplane [e,1]*. Now we would like to use a Rado’s
argument to conclude that in fact each A; must be a vertical graph over a subset of the
hyperplane [e,, ]+ if i > iy. Indeed, assume to the contrary that this is not true. Consider

the family
{AZ(S) = Az —+ Sen+1}S€R

of translations of A; into the direction of e, 1. Since A; is compact there exists a sufficiently
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large sg so that
Ai<80) N Az = J.

Now move A;(sq) back into the direction of —e,,+1(see Figure[17). Since A; is not a graph
and B; N {B; + se,,1} = &, because B, is a graph over a subset of [e,1]*. Then there
exists a s1 € (0, s9) such that A;(s;) has a point of contact at interior with A;. Therefore
A;(s1) = A;, but this gives us to a contraction. Hence, each A; must be a graph only
continuous. However, since | J, A; = M, then M is also a vertical graph. Notice that this
argument only allows to conclude that M is a continuous vertical graph and it is a smooth
vertical graph at its wings. In particular, taking a subtle orientation on M we see that
the mean curvature H is positive along of the wings of M. Now, as M is a continuous
vertical graph we can orient M in such that way that H = (N,e,1) > 0 on M, but by
Proposition 2.3 H satisfies

AH + (VH,Vw,1) = —|A*H <0.

Consequently, the maximum principle implies H > 0 ,i. e. M is a smooth vertical graph.
To finalize the proof, notice that the argument of the Lemma[4.7] allows us to conclude that

the restriction of projection over [e,+1]L on M is onto over (—5Z, >2—) x R*™'. O

Since the mean curvature H > 0 on M, then given any v € R"™! if N, = (N, v),
then h, = % are well defined on whole M, where N unit normal along of M and H is

the mean curvature of M. At that moment, we will consider the stand Euclidean metric
in R**1

Lemma 4.10. The function h, = % satisfies the following linear PDE in M

Ahy + (Vhy, V(zp +2log H)) = 0. (84)

Proof. To deduce this, notice firstly that since v and e, are Killing fields in R"*!, then
by Proposition [2.3 we have

AN, + (VN,, Vni) + |APPN, = 0 and AH + (VH, Va,1) + |APH = 0.



120

1 N, .
These equality together with Vh, = EVN” — mVH imply

AM::A<%0:demﬁqm(

. ([ VN, . N,
= le( 77 >—d1V<H2VH)

AN, VH Y N,
= <WW?T>—E#H—<VLP>VH>
N,

VH\ N, g
= <VN@TT>—}ﬁAH+2EﬂVH3UD

VN, N
H

. <VNU, vanrl)

- — 2({ VN,,
VN, N, VN, N VH

- <z¥ ‘U{V%“>_2<H f{>

= —(Vhy,Va,41) —2(Vh,,ViogH) = — <th, V(xpi1 +2logH)) .

VH
H?

Nv N,

This completes the proof. O

Before we prove that for some choose of the vector v the function h, go to zero
at the end of M, we need to prove M is in fact C?—asymptotic to two half-hyperplanes
with respect to the Euclidean metric. This is the statement of the next result.

Lemma 4.11. The hypersurface M is C*—asymptotic outside the cylinder to two half-

hyperplanes with respect to the Euclidean metric.
Proof. To prove this lemma, we will need of the following fact.

Claim 4.5. There exist a tilted grim reaper cylinder inside the region that lie “above” M.

This means that M lies in the region concave in R*™! limited by that tilted grim reaper.

Proof of the Claim[{.5. Indeed, by our hypothesis over M we know that if ¢ is sufficiently
large then M™(t) is graph over the hyperplane II(0), so we fix such ¢. Next we consider
the tilted grim reaper G%'. We will show that it lies in the region above M (see Figure
18]). Following the idea from of the Lemma let us consider the family of “half’-M

{M*<S) = M+(0) + 8e1}s€[0,+oo) :

Taking into account the asymptotic behaviour of M, there exists a sufficiently
large so > 0 so that M. (sp) N G% = @. Arguing as in Lemma [4.8 and using the fact that
M™(t) is graph over II(0), we shall conclude that inf .4 = 0, where

A= {86[0,—1-00) : M.(s) mgw }
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Figure 18 — Transversal section of the behaviour of M and G%.

M

Hence, one holds M, (0) N G% = &. In turn, the same argument applying to the family

{M*(s) :== M_(0) — se1}cig +00) »

proves M_(0) N G% = &. Therefore M N G* = & and this proves the claim. O

In order of proof that M is in fact C?—asymptotic to the half-hyperplanes
IT (—#M) and IT (#5(9)) in the sense of Definition , let us work with the wing

of M which is C'—close to the half-hyperplane H; of II #s(e)) . As we know, given
e > 0, there exists 6 > 0 so that M can be represent a graph of ¢ defined over Hj,
with supy, 5 l¢] < € and supy, (5 |Dy| < €, where D indicates the Euclidean derivative.
Arguing by contraction, that is, let us suppose that there exist € > 0 and a sequence {p;}
in M such that:

ID%(ps)| > € and (py, ug) — oo (85)

Consider the sequence {M; := M — p;}. Fix some s > 0 small enough so that
the intersection of the geodesic B,(0) with M; has only one connected component, and we
denote it by S; = Bs(0) N M;. Thus, {S;} is a sequence of stable hypersurfaces in B,(0)
with locally bounded area, by Proposition [4.1] and Proposition [4.2} so by Theorem [2.9 we
may suppose S; — S, where S, is an n-dimensional stationary integral varifold in B,(0)
so that 0 € spt Sy, by Proposition 2.2l Now using the fact that M lies in the concave
region limited by G% we conclude that spt Sy, C II(0) N B,(0), but as S; — spt S. with
multiplicity one, since each S; is a horizontal graph, then by Theorem [2.12| we conclude
S; — I1(0)N Bs(0) = spt S with multiplicity one everywhere, with respect to the Ilmanen
metric. Notice that we can represent S; are the graph of a function ¢;(+) = (- +p;) —p(p;)
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which is defined on an open subset of I1(0) that contain the origin.

Next, consider a small geodesic cylinder W, (p) over D,(p) C TII(0), with
respect to Ilmanen’s metric. By definition of convergence in the C°>°—topology, there
exist sufficiently large ip € N so that for all i > iy the set W, (p) N M; is a graph of a
function 7; defined over D, (p) C TI(0) such that supp, )~ D'l < €/8, for all I € N.
Notice that the hyperplanes parallel to e, | are totally geodesic and e; is the unit normal

vector to ToII(0) and we have the following relation between ¢; and 7;:

pi(expy(q +ni(q)er) — (expy(q + mi(q)er), er)er) = (expy(q + mi(q)er), er),

where exp, denotes the exponential map of R"™! at 0 with respect to the metric g. Thus
differentiating twice this expression with respect to a geodesic frame at 0 and evaluating

at ¢ = 0, we deduce that

dp;[D? Uy, W;) — (D? W, W),

(D? exp, (u;, W;), €1) + D*n;(u, w) = @i[D? expy (Ui, ;) — (D? expy (Ui, W;), €1)e]
+D%p;(u, w)

where W; := u + dn;(u)e; and u € ToII(0). From this expression, the control on the C'*

norm of 7;, the C! norm of ¢ and using that II(0) is totally geodesic we get a contraction

with |D?p;(0)| = |D?*p(p;)| > e, if 4 is sufficiently large. This proves the lemma. O
Next, let us set h; := <N;j>, where j € {2,...,n—1} and h,, = WLI;W». Using

the previous lemma, we can obtain some information about the behaviour of the functions
h; at the ends of M.

Lemma 4.12. The functions h;, j € {2,...,n}, tend to zero as we approach the end of
M.

Proof. The proof we will be done as follows: consider the exhaustion {A;} given by (83).

Notice that the boundary of each A; consists of the following 2n — 1 regions

Al = { = (zl’ t ’x”Jrl) eEM (l’g, cee )xn—l) € [—Gi,bi]n_Q }
Z (, En(0)) € [—ai,bi] (z,ug) =i

A72 o x:(a:l?"'axn—i-l)EM : <I‘,U9>§i, Ty = —qy
b (3, 1) € [=ai, 0] (2, E(0)) € [~ai, bi]
A2 — r= (T, T1) €M (Tup) S, wp =

1 (73, Tn1) € [=ai, b]" % (2, Bu(0)) € [~ai, bi]
AT = { x:<x17"'7xn+1)€M : <$,U9> SZ
R

L2y .- ’x"_l) € [_ai7bi]n_2 ) <:B7En<0)> = —a
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and

A = x:(xlw"axn—i-l)EM : <I’,U9>§l
v (372, .. ,xn,l) c [—ai, bi]n—Q , <;L"En(6)> — bz

Next we would like to study the behaviour of h; at a small strip around the
boundary of A;. Let us begin our study at the connected component A}. Consider any
sufficiently small e > 0. Taking into account Lemma and the definition of M™(t), we
can use a similar argument as at the proof of Lemma to guarantee the existence of a
sufficiently large i, (> ip), a sufficiently small 7 > 0 and a smooth function ¢ defined on

the strip

R ™ ™ s s n—1
S = |:<_2C05(‘9)7 ~ 2cos(0) + T) U (2cos(9) -7 2cos(0)):| xR
satisfying
sup |p| <€, sup|Dg| < e and sup|D?*p| < € (86)
S, s,

T

and such that M™(i;) is a graph of this function over the corresponding strip in the tilted
grim reaper cylinder. From and we obtain

I a(j) Oz, 0 1+ ¢ cos(8) cos(zy cos(6))
J

~ cos(f) cos(x cos(h)) 1+ o(p, Do) ’ (87)

j+1

where a(j) = (—1)4 }, if j€{2,...,n—1} and a(n) = (—1)""! cos(#). Here
(—=1)™ [sin(@)(1 + @ cos(0))0,, ¢ + sin(x; cos(0))dy, @] } |
+ @ cos(f) cos(zq cos(h))

o(p, D) = {

In turn, using the fact that M™(i;) is a graph over the tilted grim reaper
cylinder and it is C%?—asymptotic to the half-hyperplane, we conclude that for all fixed
(x2,...,2,) we have

lim  |o[= lim  [Dg|=0.
17" 2 cos(6) 17 2 cos(9)
Therefore

2CO7; 0
_/ ©) Oy (2, Ta, . ., Ty )dw| < (#s(@) — m1> €. (88)

1

00, 0(x1, T2, .- Tn)| = ‘

So, by (86), and we obtain that |h;(x)| < o(e), for all  near A}, here o(e)

denotes a term that goes to zero as € — 0. Thus

sup |hj| < o(e) (89)
N(A})

where N (A}) is a small neighbourhood the A} in A;, if i > ;.
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Now we are going to work with the components of JA; that intersect M~ (iy).
Since R; and L; are C'-close to a strip in the tilted grim reaper cylinder, there is a
sufficiently large io such that R; N {(z1,...,Zns1) € R™L (2, up) <4y} is a graph over
the strip in the tilted grim reaper cylinder of a function ¢; defined in the strip

(. ;7T _ T T 1, 2yn-1
G (008(9)2+2’2608(9) 2)X<m“mZ)

satisfying the following properties

sup |p;| < € andsup |Dg;| < e. (90)
G,

T

The same estimate is true for L;. Furthermore, since cos(x; cos(f)) > x > 0 in G, for a
suitable constant , then and gives us that supg_|h;| < o(€). Hence

?ffk) |hj| < o(e), (91)

where k € {2,...,n} and N (Afk) is a small neighbourhood of the AF* in A;. Hence for
and we have sup yga,) |hj| < o(e), for any i € N, 7 > max{iy, i} O
This lemma is the last ingredient that we need to prove Theorem [4.1} Here we come

back to adopt the Euclidean metric in R**!.

Proof of Theorem[{.1. Recall that we are assuming that M is asymptotic to two half-
hyperplanes that are contained in different hyperplanes and that infy;({z, us)) = 0. Ac-
cording to Lemma there is an interior point where h; has an extremum. Then,
because h; is a solution of , we can apply Hopf’s maximum principle to conclude that
h; = 0, that is, £ = 0 on M for all j € {2,...,n}. In particular, each e; and E,(6)
are tangent vectors of M for j € {2,...,n— 1} at all point of M. Thus, we can con-
sider a global orthonormal basis on M, {E,, E; =e;; j€{2,...,n—1,};E,(0)}, where
Ey = E3 A ...\ E, N N. Differentiating each N;, j € {2,...,n}, with respect to Ej,
ke {1,...,n} one deduces

Hence,
AP =) A(E;, B)? = A(By, B))? = H.
2

Therefore, by Theorem B in (MARTfN, SAVAS-HALILAJ, and SMOCZYK, [2015)), we

conclude that M = G because we are assuming that 0 = izl\l/[f (x, up). [
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4.3.1.1 Topological consequences

In this little part we prove that the number of half-hyperplanes at Theorem
[4.1] cannot be odd. So before proceeding, we need to do a little modification at definition
ZNi)
Definition 4.2. We say that a smooth hypersurface M C R"*! is C*—asymptotic outside
a cylinder to k half-hyperplanes Hy, Ha, ..., Hy if there exists a solid cylinder C such
that:
i. The boundary of the solid cylinder C contains the boundaries of the half-hyperplanes
H; for all i,
ii. M\ C consists of k connected components My, ..., M, which are C*—asymptotic to
Hi, ..., Hi, respectively.
Define this we will prove the non-existence theorem. Here no conditions are
required over the cylinder.
Proposition 4.3. There not exist a complete, connected, properly embedded translating
soliton in R which is C*-asymptotic to k half-hyperplanes outside a solid cylinder C,
if k is odd.

Proof. The proof follows from the topological result that says that a properly embedded
hypersurface in R™"! must intersect any transversal loop at an even number counting
with multiplicity. So if such M existed, then we should be able to construct a curve «
around the cylinder C which is transversal to M, and it intersects M at an odd number

of points. O

4.3.2 Case 0 =7/2

Now we are going to work in the case when the cylinder is vertical, i.e. the

axis of the cylinder is parallel to the translating velocity e, .. So first of all, let us point
out the following version of Lemma in this setting.
Lemma 4.13. Let M™ C R"™ be a complete, connected, properly embedded translating
soliton and Cra(r) := {x € R™™ : (x,e1)* + (z,e,)* < r?}, forr > 0. Assume that M is
C'-asymptotic to two half-hyperplanes outside Cr/o(r). Suppose that {b;},.y is a sequence
in [er, e,]" and let {M;}, . be a sequence of hypersurfaces given by M; := M + b;. Then
there ezist a connected stationary integral varifold M, and a subsequence {M;, } C {M;}
so that

(i) M;, = My, in R,

(ii) sing My, satisfies H" " (sing My, N (R \ C(r))) = 0 for all B > 0 ifn > 7,
sing My, N (R \ C(r)) is discrete if n = 7 and sing Mo, N (R"™\ C(r)) = @ if
1<n<6;

(111) M;, — spt My in R™1\ (C(r) Using M.,).
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Proof. The proof works exactly as in the case # < 7/2 at Lemma , except the proof
that the sequence {M;} has locally bounded area. More precisely, when we would like to
conclude that the area blow-up set associated to the sequence {M;} is empty. In order
to prove that this fact, we use as barriers the family Py = Wi x R"? (cylinders over the
translating catenoid of dimension 2), for a sufficiently large A > 0 so that the cylinder
lies inside the neck of Py, = W2 x R"2. Hence, if the set of area blow-up is not empty,
then we could move Py, = W3 x R™2 until we get a first finite contact point with the
area blow-up set, which is impossible by Theorem [2.11, The remaining conditions may
be obtained by arguing as in the proof of Lemma [£.1] O]

Remark 4.3. Let ¥ be a translating soliton in R3. The cylinder over X denoted by
Y x R"2 s defined as follows: if X : X x R3 is an immersion of ¥ in R3, where
X = (X1,X5,X3), then X(p,x1,...,Tn_s) = (X1(p), Xo(p), &1, ..., Tn_2, X3(p)) is an
immersion of ¥ x R"2. Moreover, a simple computation proves that X(E x R™"™2) s
a translating soliton in R™™L with respect to e,,1. Such translating soliton is called the
cylinder over X.

Once we have proven this version of compactness lemma, we can prove the
main result of this part.
Theorem 4.2. Let M™ C R™™! be a complete, connected, properly embedded translating
soliton and Crjo(r) = {x € R : (z,e1)” + (x,e,)> <7r?}, for r > 0. Assume that M
is Cl-asymptotic to two half-hyperplanes outside Cr2(r). Then M must coincide with a

hyperplane parallel to e, 1.
Proof. We start by proving that H; and H, are parallel.
Claim 4.6. The half-hyperplanes H, and Hsy are parallel.

Proof of the Claim[f.6. Otherwise, we could take a hyperplane parallel to e,1, I', such
that it does not intersect M and such that the normal vector v to I' is not perpendicular to
wy and wsy. Translating I' by ¢y € R in the direction of v until we get a hyperplane I'y, :=
I'+tov in such that way either I';; and M have a first point of contact or dist (I';,, M) = 0
and I';y N M = @. The first case is not possible by Theorem [2.1] Regarding the second
case, if we argue as in Lemma [4.2] we shall see that this case is also impossible.

Notice that we cannot have either H; C Hs or Hs C Hi, because in these
cases we could take a hyperplane parallel to e, 1, T, whose normal is exactly w; and do
not intersect M. Now we could move T into direction of w; until there exists ty > 0 such
that either T + tow; and M have a first point of contact or {Y + tow;} N M = @ and
dist (Y + towy, M) = 0. Reasoning as in the above paragraph, we can conclude that both

situations are impossible. O]

Denote by II; and Il the hyperplanes that contain the half-hyperplanes H;

and Hs, respectively, notice that the previous claim implies that II; and Il, are parallel.
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Moreover, if they are different, then the proof of Lemma 4.5 implies that M lies in the slab
between II; and II,, moreover M does touch II;, unless M = II;. Notice that if II; = IIs,
then using the strategy at the end of Lemma [4.2| we shall conclude that M coincides with
IT; = II,. So we only need to prove that II; = Il,. Suppose that this is not the case.

Claim 4.7. For all s > r fized we have dist(M N C(s)I;) > 0.

Proof of the Claim[{.7]. Otherwise, we could find a sequence {p; = (pi,...,pl 1)} in MN
C(s) so that dist(p;,II;) = 0, so considering the sequence of hypersurfaces {M; := M —
(0,94, ...,ph_5,0,p4 1)} by Lemma we would have that M; = M, after passing
to a subsequence, where M, is a connected n-dimensional stationary integral varifold.
Using that {p;} lies in C(s) we may also suppose (p;,e1) — a; and (p;,e,) — a,. Now
(a1,0,...,0,a,,0) € spt My, NII; by Proposition . So by Corollary we would have
spt M, = II;, which is impossible because that II; # Il and part of spt M, is close to
II; and II,. ]

We know that M \ C(r) = Graph[ui| U Graph[us], where u; : H; — R and it
holds

sup |u;| < € and sup |Du;| < e,
Hi(5) Hi(0)

where 6 depends on € and § — +00 as € — 0. Fix some s > r and define

1
€=15 in{dist{M NC(s),IL;}} > 0.
New take & > 0 so that

sup |u;| < € and sup |Du,;| < e.
Hl(ﬁ) 'Hl((S)

With these choices, we will attain at a contradiction with II; # Il as follows:
let v be the unit normal vector to II; which point outside to the slab limited by IIy
and Il,. Next call so = dist(II;,II5) > 0, and notice that for this choice of sy we have
that M + sqv does not intersect the slab limited by II; and Il,, but the wing of M +
sov correspondents to Hs + sov asymptotic a half-hyperplane in II; with unit inward
normal to its boundary is —w;, where w; denotes the upward unit normal to 0H;. Define
M, = {z € M: min{dist(z,II;), dist(z, [I5)} > €}. By what we have seen above it holds
M N C(s) C M. Now consider a sufficiently large ¢ty > 0 so that M, 4+ sov + tow; lies in

2,5 (see Lemma .

Define the set

A:={s€l0,s0]: (M~ sv+tyw)NM=}.



128

Figure 19 — Transversal section of the behaviour of M;(blue) and ]\//E(red).

Let s, :=inf A > 0, since before we arrive at 0 we must have
(M + sv+towy) N M # @,

because our supposition about sy and e. We have two possibilities for s;: either s; ¢ A or
s1 € A. The first case implies that M + s v +tqw; and M have points of contact, which is
impossible by the maximum principle and our hypothesis over M. Consequently, it holds

s1 € A. Turn out that this implies
dist (M + s1v + towy, M) =0

and {M + s1v + tyw, } N M = @. This fact together our choice of € imply that there exist
sequences {p;} in M\C(s) and {¢;} in (M\C(s))+s1v+tow; such that dist(p;, C(s)NM) >
2¢, dist(g;, C(s) N M) > 2¢, dist(p;, C(s) N M + s1v + towy) > 2¢, dist(q;, C(s) "M + s1v +
towy) > 2¢ and dist(p;, ¢;) = 0. Observe that we can assume that {(g;,e1)}, {(pi,e1)} = a

and {<in en>}? {<pia en>} — b
In R™\ (C(s) UC(s) + s1v + towy) consider the following sequences

{M; == (M"\C(5)) = (0,2, -, Pa1,0, Pus1) }

and
{M; := (M?\ C(5)) + s1v + tows — (0,42, - -, Gn-1,0, ¢ns1) },

where M; indicates the wing of M which is asymptotic to H; (see Figure . In particular
M; and M; are stable hypersurface and {M;} and {]\Z} have locally bounded area, by
Proposition [4.1] and Proposition [4.2

Turn out that Theorem and Proposition imply, up to a subsequence,
that M; — M., and ]\//.7Z — ]\/4\00, where M., and ]\/Joo are connected stable integral vari-
folds, and (a,0,...,0,b,0) € spt M., Nspt ]\/4\00. Here the connectedness can be deduced
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by arguing as in Lemma [£.I] On the other hand, Theorem [2.14] implies that reg M,
and reg M., are connected subset of R+ \ (C(s) UC(s) + s1v + tywy). Consequently,
the asymptotic behaviour of spt M., and spt ]\/ZOO imply that reg M., does not in-
tersect reg ]/\/[\oo. Thus it holds spt M, N spt ]\//TOO C singM, U sing]\//foo. In particular,
H" 1 (spt M, N spt ]\/4\00) = 0, so by Theorem we have spt M, N spt ]/\4\Oo = @, which
is impossible since (a,0,...,0,b,0) € spt M, Nspt ]\/4\00. Therefore, we must have I1; = 11,
and consequently M = II;. O

4.3.3 The minimal case

In this little subsection we are going to adapt the argument of the subsection
to the minimal case. Here we are considering the Euclidean metric in R**1,
Lemma 4.14. Let M™ C R"™! be a complete, connected, properly embedded minimal
hypersurface and C(r) := {x € R™™! : (x,e,)* + (v, e,)* < r’}, forr > 0. Assume that M
is C'-asymptotic to two half-hyperplanes outside C(r). Suppose that {b;},.y is a sequence
in [e1, e, and let {M;},  be a sequence of minimal hypersurfaces given by M; := M +b;.
Then there exist a connected stationary integral varifold My, and a subsequence {M;, } C
{M;} so that

(i) M;, = My, in R*;

(ii) sing My, satisfies H" " (sing My, N (R"T\ C(r))) = 0 for all B > 0 ifn > 7,
sing My, N (R \ C(r)) is discrete if n = 7 and sing Mo, N (R"™\ C(r)) = @ if
1<n<6;

(111) M;, — spt Mo, in R™1\ (C(r) Using M.,).

Proof. The proof of this fact follows the same strategy of the proof of Lemma |4.13| The
unique differ is when we want to conclude that the are blow-up set is empty. In this case,
we shall use the barriers C'(A) x R"™2 to conclude this, here C()\) indicates the catenoid
in R? with neck \. O

The proof of the next result is exactly the same proof given for Theorem
Theorem 4.3. Let M™ C R™"! be a complete, connected, properly embedded minimal
hypersurface and C = {x € R™ 1 (x,e,)* + (x,e,)* < r?}, forr > 0. Assume that M is
Cl-asymptotic to two half-hyperplanes outside C. Then M must coincide with a hyperplane
parallel to e, 1.
Remark 4.4. It was proved by |[HOFFMAN and MEEKS III (1990) that if M? is a
minimal surface in R® which lies in half-space, then M? is a plane. Their method was
to use in a clever way part of the catenoid to get a contraction, if M? is not a plane.
In fact, their proof also implies Theorem[4.3, if we use part of the catenoid product with
R"2 exactly as they did.
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5 CONCLUSION

In this thesis, we have obtained several results about translating solitons for
the mean curvature flow. We have divided our study into two central parts: Jenkins-
Serrin problem in M x R and the characterization of the family of the tilted grim reaper
cylinders in R™*!,

With respect to the Jenkins-Serrin problem we have divided our study into
two different cases, the horizontal one and the vertical one. About the horizontal one we
have obtained the following general result.

Theorem 5.1. Let 2 C P be an admissible domain such that for any admissible polygon
P C Q we have
2¢(P) < £4[0P] and 2B(P) < £¢[0P]. (92)

Then
(a) If {Cx} # @ and cx: C,, — R are given continuous functions, then there exists an
unique Jenkins-Serrin solution of with continuous boundary data cy.
(b) If{Cy} = @ and af(Q) = Bf(R2), then there exists an unique Jenkins-Serrin solution
of up to translation.
Furthermore, if u is the unique Jenkins-Serrin solution of with continuous boundary
data
c: Oy = R

and if {Cr} # O, then inequalities hold for all admissible polygon P in §2, and if
{Cy} = @ then we also have ap(2) = [7(£2).

Unfortunately, in the vertical case we only could give the existence Jenkins-
Serrin solution type I when M has non-positive sectional curvatures and is rotationally
symmetric.
Theorem 5.2 (Existence of Jenkins-Serrin graph type I). Let Q@ C M be an admissible
domain with {B;} = @. Given any continuous data c: Cy — R, there exists a Jenkins-
Serrin solution u: @ — R for the translating soliton equation with continuous data u|c, =

¢k, if for any admissible polygon P we have
2a(P) < £,(P). (93)

As we have mentioned earlier, the problem in this setting is because the vector
field 0, is only conformal in M x R with the Riemannian metric g.. So when we try to
use the flux formula we always get a quantity that depends on the function, in fact, its
gradient. Maybe we could approach this problem by using the tools from the work of
MASSARI| (1977), but it is not clear that is possible to do that. However, as we have
mentioned earlier too, HOFFMAN, MARTIN, and WHITE (2019) gave an example of
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Figure 20 — Nguyen’s trident translator.

Jenkins-Serrin solution over a rhombus without continuous data in R3. Nevertheless,
the construction of their depends on the result of classification obtained by HOFFMAN,
ILMANEN, MARTIN, and WHITE (2019), so it is not clear if their approaching can be

done into other spaces.

About the result of characterization in R"™!, we have proved the following

general result.
Theorem 5.3. Let M — R™™! be a complete, connected, properly embedded translat-
ing soliton and consider the cylinder Co(r) := {z € R™™ : (x,e1)? + (ug, x)> < r?}, where
r > 0. Assume that M is C'-asymptotic to two half-hyperplanes outside Cp(r).
i. If 0 € [0,7/2), then we have one, and only one, of these two possibilities:
a. Both half-hyperplanes are contained in the same hyperplane 11 parallel to e,
and M coincides with I1;
b. The half-hyperplanes are included in different parallel hyperplanes and M co-
incides with a vertical translation of the tilted grim reaper cylinder associated
to 6.
it. If 0 = 7/2, then M coincides with a hyperplane parallel to e, ;.

Indeed, Theorem is sharp in several senses. If we increase the number of
half-hyperplanes then there are a lot of counterexamples, this number cannot be odd by
Proposition The cylinder over the pitchfork translator obtained recently by
|MAN, MARTIN, and WHITEl (]2019[) is an example of a complete, connected, properly

embedded translating soliton which is C'—asymptotic to four half-hyperplanes outside a

cylinder in R™™! (See Figure @ In general, the cylinder over the examples obtained by
NGUYEN] (2009), NGUYEN| (2013) and NGUYEN] (2015) give similar examples which
are C''—asymptotic to 2k half-hyperplanes outside a cylinder, for any k > 2 (See Figure

for a picture of Nguyen’s trident translator). The examples given by Nguyen have
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infinity topology, however the pitchfork translator is simply connected. Hence, we cannot
increase the number of half-hyperplanes at Theorem [£.1 On the other hand, the hypoth-
esis about the asymptotic behaviour outside a cylinder is also necessary as it is shown by
the examples obtained by HOFFMAN, ILMANEN, MARTIN, and WHITE (2019).

Moreover, as a consequence of our approaching we also have getter the following
consequence in the minimal case.
Theorem 5.4. Let M™ C R™"! be a complete, connected, properly embedded minimal
hypersurface and C := {x € R™" . (x,e1)? + (x,e,)? < r?}, forr > 0. Assume that M is
Ct-asymptotic to two half-hyperplanes outside C. Then M must coincide with a hyperplane
parallel to e, .

Thus, we cannot improve Theorem and Theorem However, in H**! xR
we have proved the existence of an example that looks like the grim reaper cylinder in
R"*2. Actually, this example is the authentic grim reaper cylinder with respect to a

specific vector in H"™ x R seen as R"*? with the metric
g =€ (dat + -+ day) + dag gy + dg .

So we can ask if the analogy of Theorem [5.3 and Theorem [5.4] are true is this space.
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