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On Riemannian manifolds foliated by
(n — 1)-umbilical hypersurfaces

A. Gervasio Colares* and Oscar Palmas'

Abstract. In this paper we define closed partially conformal vector fields and use them
to give a characterization of Riemannian manifolds which admit this kind of fields as
some special warped products foliated by (n — 1)-umbilical hypersurfaces. Examples
are described in space forms. In particular, closed partially conformal vector fields in
Euclidean spaces are associated to the most simple foliations given by hyperspheres,
hyperplanes or coaxial cylinders. Finally, for manifolds admitting such vector fields, we
impose conditions for a hypersurface to be (n — 1)-umbilical, or, in particular, a leaf of
the corresponding foliation.
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Introduction

Riemannian and Lorentzian manifolds which admit a closed conformal vector
field have been studied largely in the past few years (see [12], [13] and [1], for
example). This condition is associated to manifolds which can be expressed
as a warped product and to the existence of a foliation by totally umbilical
hypersurfaces with constant mean curvature.

On the other hand, it is well-known that already in Riemannian space forms
there are many hypersurfaces with constant mean curvature which are not to-
tally umbilical. For example, in [15] and [5] the authors constructed rotational
hypersurfaces in space forms having constant -th curvature and being (n — 1)-
umbilical; that is, with n — 1 equal principal curvatures. See also [10] and [11].
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106 A. GERVASIO COLARES and OSCAR PALMAS

These (n — 1)-umbilical hpersurfaces were studied in [8] in the compact case.
They belong to the broader class of k-umbilical submanifolds described in [4]
and [6] as envelopes of spheres.

The above motivates the following question:

Given a Riemannian manifold MHI, is there a vector field in M which
determines a foliation by (n — 1)-umbilical hypersurfaces?

Also, a natural question is the following:

In such a foliated manifold, which conditions guarantee that a hypersurface
with constant mean curvature is (n — 1)-umbilical or, in particular, a leaf of the
foliation?

Here we analyze these two problems. After the Preliminaries, in Section 2
we define the following key notion: a vector field K defined on a Riemannian
manifold (A", V) is closed partially conformal if there is a unit vector field
W e X (M) everywhere orthogonal to K and functions ¢, ¥ : M — R such that
VyK = ¢X for (X, W) =0and VK = ¥ W or, equivalently,

VxK = ¢X + (¥ — o)X, W)W

for each X € ¥(M). We then prove that this is the right tool to answer our first
question as follows (see Theorem 2.4):

Let M""" be a Riemannian manifold possessing a closed partially conformal
vector field K. Then the distribution K+ defined away from the zero set of K is
involutive and each leaf of the foliation K= is a (n — 1)-umbilical hypersurface
with n — 1 equal and constant principal curvatures.

In this result, K is the foliation associated to the distribution defined by
taking the orthogonal complement K+ of K.

Among some other basic facts, we prove conditions under which the leaves of
XK+ have constant mean curvature. (See Proposition 2.5.)

In Section 3 we show the existence of closed partially conformal vector fields
in open subsets of the space forms Q"*! with constant curvature ¢ and note that
these open subsets may be written as a warped product of the form J x (I x ¢
P"~1). The relation between closed partially conformal vector fields and warped
products is reinforced by proving that a manifold admitting a closed partially
conformal vector field (with an additional condition) must have this product
structure. More precisely, we prove the following result (see Theorem 3.3):

Let M"" be a Riemannian manifold.
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1.IfFM=Jx( X ; P"71), then M admits a closed partially conformal
vector field.

2. If M admits a closed partially conformal vector field K and the associ-
ated vector field W is closed conformal, then locally M is isometric to
Jx U xy P,

As a consequence, when the ambient space is a space form, we give a descrip-
tion of the foliations given by partially conformal vector fields, as follows (see
Corollary 3.4 and Definition 3.2):

Let K be a closed partially conformal vector field defined in Q"' Suppose
additionally that W is closed conformal. Then the associated foliation of Q™!
is a foliation by hyperplanes, hyperspheres or tubes.

It is worth noting that in the context of conformally flat immersions, in [8] is
given a complete description of the compact (r — 1)-umbilical hypersurfaces in
space forms.

In Section 4 we return to the Euclidean space R"*! and give a description of
the foliations whose leaves have constant mean curvature and are associated to
closed partially conformal vector fields, as follows (see Theorem 4.3):

Let K be a closed partially conformal vector field in R"*!, whose leaves are
complete and have constant mean curvature. Then the foliation K= is a foliation
by hyperplanes, by hyperspheres or by coaxial cylinders.

In Section 5 we answer the first part of our second question: to establish
conditions for an immersed hypersurface to be (n — 1)-umbilical, as follows
(see Theorem 5.3):

Let M be a Riemannian manifold with non-negative Ricci curvature
which admits a closed partially conformal vector field K and an associated
vector field W. Let M be an orientable hypersurface of M everywhere trans-
verse to K, and N be a unit vector field normal to M. Suppose that the direction
determined by W* = W — (W, N)N is a principal direction of M and that
through each point of M passes a compact (n — 1)-dimensional submanifold of
M, everywhere orthogonal to W*, totally umbilical as a hypersurface in M and
having constant mean curvature relative to N. Then M is (n — 1)-umbilical.

Finally, in Section 6 we answer the last part of our second question, namely,
we give conditions for a hypersurface with constant mean curvature to be a leaf
of the foliation determined by a closed partially conformal vector field, thus
being (n — 1)-umbilical.
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Let """ be a Riemannian manifold which admits a closed partially confor-
mal vector field K and an associated closed conformal vector field W, so that
by Theorem 3.3, M may be expressed locally as J x (I x, P"~!). We de-
note M, = {t} x (I x ¢ P71, Similarly, if M is any hypersuface in M, let
M, = M N M,. We will suppose additionally that the logarithm of the warping
function f is convex. Our result reads as follows (see Theorem 6.2):

Let M"" be a Riemannian manifold which admits a closed partially con-
formal vector field K and an associated closed conformal vector field W, such
that M is given locally by J x (I x r P"1) with log f convex. Let M be an
orientable hypersurface of M, everywhere transverse to K, with constant mean
curvature in M.

Suppose there exists t € J such that M, is a compact hypersurface of M, with
constant mean curvature. Suppose additionally the existence of a point p € M,
such that

1. The unit vector N(p) normal to M at p is equal to the unit vector I?(p)
normal to the leaf of K+ passing through p;

2. Locally, M lies above the leaf of K passing through p with respect to
K, that is, there is a neighborhood U of p in M such that each point
q € U has the form q = ¢5(q'), where q' is in the mentioned leaf, s > 0
and ¢ is the flow of K ;

3. The derivative of (N, W) with respect to the vector W (p) is positive.

Then M coincides locally with the leaf of K* passing through p. In par-
ticular, locally M is (n — 1)-umbilical. Moreover; if the leaf of K+ passing
through p has constant mean curvature, it coincides globally with M.

1 Preliminaries

We will denote by M a Riemannian manifold with metric ( , ), connec-
tion V and curvature tensor R. Also, X (M) will stand for the module of vector
fields defined in M. For any submanifold of M, its induced Riemannian con-
nection will be symbolized by V. All manifolds are supposed to be connected,
including the leaves associated to some foliations to be defined later.

For each K € ¥(M) we denote by K+ the n-dimensional distribution defined
at each point by taking the orthogonal complement to K. In this context, if a
distribution is involutive, we will denote the associated foliation by a similar

Bull Braz Math Soc, Vol. 42, N. 1, 2011



ON RIEMANNIAN MANIFOLDS FOLIATED BY (n — 1)-UMBILICAL HYPERSURFACES 109

notation with calligraphic style; for example, if the distribution K * is involutive,
the corresponding foliation is denoted by K.
Also, we introduce the notion of a k-umbilical hypersurface as follows.

Definition 1.1. Let " be a Riemannian manifold. A hypersurface M is
k-umbilical if there is a unit vector field K normal to M, a k-dimensional distri-
bution D C T M, as well as a C* function ¢ such that

D={XeTM|VyK = ¢X}. (1)

This concept was analyzed in detail in [4] and [6] (see also [16]). For ex-
ample, it is known that every k-umbilical hypersurface must be an envelope of
a family of k-spheres. Also, it is worth noting that in the context of confor-
mally flat immersions, in [8] is given a complete description of the compact
(n — 1)-umbilical hypersurfaces in space forms.

We will denote by Q"*! the complete, simply connected Riemannian mani-
fold of constant curvature ¢. That is, for ¢ = 0 we have the Euclidean space
R, for ¢ > 0 we use the sphere S"™!, and for ¢ < 0 we get the hyperbolic
space H/' 1.

2 Basic facts

We define here the vector fields which will prove to be adequate for our
purposes.

Definition 2.1. Let m be a Riemannian manifold and K € ¥(M). We say
that K is closed, partially conformal in M if there is a unit vector field W e
X (M) everywhere orthogonal to K and functions ¢, ¥ : M — R such that
VyK = ¢X for (X, W) =0and VK = ¥ W or, equivalently,

VxK =X + ¥ — o)X, W)W )

for each X € X(M). W is called the vector field associated to K .

This notion is intimately related with that of closed conformal vector fields
(those satisfying ¢ = 1) analyzed in detail in [12]. In that paper, Montiel proved
that the set of zeroes of a non-null closed conformal vector field is discrete, so
in the compact setting this set is finite. As it turned out by analyzing some
examples (see Section 3), the set Z(K) of zeroes of closed partially conformal
vector fields could be extremely large, so we will assume hereafter that Z(K)
can be at most a discrete subset or a union of curve segments.
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110 A. GERVASIO COLARES and OSCAR PALMAS

Away from Z(K) we may define the unit vector field K=K /IK|. It is easy
to see from the definition that

e s ¥
VoK = —w,

" K|

VR = %X, if (X, K) = (X, W) =0, 3)
glgl/{\ = 0,

so that K defines a unit speed geodesic flow. We can summarize (3) with the
following expression:

ViR = —— (X + (p — X, M) — T
xK =— — , —
IK] K
Note that ¢ is related to the normal curvature « of the integral curves of W,
since
v

|K]

A closed partially conformal vector field K and its associated vector field W
give rise to three important distributions, namely K+, W+ and K+ N W+, Along
this section we collect some basic facts about these distributions, which may be
well-known, but we included them here for completeness.

K= (VyW,K)=—(W,VyK)=—

Proposition 2.2. K+ is an involutive distribution. Moreover, each leaf of the
foliation determined by K+ in M \ Z(K) is (n — 1)-umbilical (see Definition
1.1).

Proof. Let X, Y be vector fields in K*. Using (2), we have
([X,Y],K)=(VyY —VyX,K)=—(Y,VxK) + (X, VyK)
=—(Y, X+ W — )X, )W) + (X, Y + (f — )Y, W)W) =0,

which means that [X, Y] € K+. Therefore, K+ is involutive. Denote by K+
the corresponding foliation defined in M \ Z(K).

Now, fix a leaf of K+ in M \ Z(K), so that the vector field K restricted to
the leaf is its unit normal. By (3), we have

VK = II%X for X e KX nwt,

then the (n — 1)-dimensional distribution K+ N W+ satisfies (1) and the leaf is
(n — 1)-umbilical, as desired. [l
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Thus, each leaf of K~ is (n — 1)-umbilical and at each point has n — 1 equal
principal curvatures given in (3). We will prove in Theorem 2.4 that in fact these
curvatures are constant along each leaf, for which we present the crucial step of
the proof as the following auxiliary result.

Lemma 2.3. The functions |K |, ¢ and K ¢ are constant along each leaf of K.
Proof. Note first that for each X € X¥(M) we have
(grad [K|*, X) = X(IK ") = 2(K, X + ( — §)(X, W)W) = 2¢K, X),

which implies
grad |[K|> = 2¢K.

In particular, X(|K|?) = 0 for each vector field X € K, so that |K|? is
constant along each leaf of K.
The Hessian of |K |? is given by (see [14], p. 86, for example):

Hess [K[*(X,Y) = (Vx(grad|K|?),Y)
= (Vx(Q2¢K),Y) =2((X$)K + ¢pVxK,Y).
Using (2), we have
Hess |[K (X, Y) = 2{(X$)K + ¢(@X + ( — ) (X, W) W), Y).
Now we substitute ¥ = K, X € K+ and the above expression in
Hess |K |*(X, K) = Hess |K |*(K, X)

to obtain easily that (X¢)(K, K) = 0. Since we are working away from Z(K),
we have X¢ = 0 and then (grad ¢, X) = 0 for each vector field X € K+. On
the other hand, we have

~ = K¢
(grad¢p, K) = K¢p = —,
K]
which implies that grad ¢ is given by
~ ~ Ko
grad¢p = (K¢p)K = WK.

Again, let X € K+. Then
0= K(grad¢, X) = (Hess ¢)(K, X) + (grad ¢, Vg X).
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The second term in the right hand side vanishes, since
(K, VkX)=—(VkK, X)=—¢(K,X) =0.
Hence (Hess ¢) (K, X) = 0. This fact implies
X(K$) = X(grad ¢, K)
= (Hess ¢)(K, X) + (grad ¢, VxK) = (grad ¢, VxK),

but again this last term vanishes by the fact that
= 1
(K, VxK) = ZX(K[") =0.

In consequence, X (K ¢) = 0 for each X € K+ and K ¢ is constant along each
leaf of K+. O

Theorem 2.4. Let M'"' be a Riemannian manifold possessing a closed par-
tially conformal vector field K. Then the distribution K+ defined in the set
M\ Z(K) is involutive and each leaf of the foliation K* is a (n — 1)-umbilical
hypersurface with n — 1 equal and constant principal curvatures.

Proof. By Proposition 2.2, K+ is involutive and each leaf of the foliation
XK+ defined in M \ Z(K) is a (n — 1)-umbilical hypersurface with n — 1 equal
principal curvatures.

Let W be the vector field associated to K and let us use the frame Eq, ...,

E, ,E,=Wand E,,, = K, where E1, ..., E, correspond to the principal
directions on the leaf of K. The principal curvatures of this leaf are given by
_ ® = = 14
ki=—(VgK,Ej)=——, kn=—(VgK, Ey) =——, 4)
|K] |K]
wherei = 1,...,n — 1. By Lemma 2.3, ¢ and |K| are constant along each
leaf of K. Hence the first n — 1 principal curvatures are constant along each
leaf. ]

One may ask whether the function v in Definition 2.1 is constant along each
leaf of K+. We answer this question in the following proposition.

Proposition 2.5. Let M be a Riemannian manifold possessing a closed
partially conformal vector field K with associated vector field W. Given a
leaf of K™, if any of the following functions is constant along this leaf, then
the same happens with the other three:
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1. The function  given in the Definition 2.1;
2. The principal curvature —y/|K|;
3. The divergence of K ;
4. The mean curvature H of the leaf.
Proof. We use the frame £y, ..., E,_, E, = Wand E, ;| = K given in the

proof of Theorem 2.4 and the properties of K to obtain the expression of the
divergence of K :

n+1

divK =) (V5K E)=n¢+ .

i=1

On the other hand, using the expressions of the principal curvatures given in
(4) we have that the mean curvature H of M is

nH=—(n—1)— — —. (5)

By Lemma 2.3, ¢ and |K | are constant along M, so these formulas prove the
proposition. 0

Now we turn to the analysis of the distributions W+ and K+ N W+. The
following proposition imposes a condition on W similar to that of K for W+ to
be involutive.

Proposition 2.6. Let Mt be a Riemannian manifold possessing a closed par-
tially conformal vector field K with associated vector field W. The distribution
W is involutive if there exists a function o : M — R such that

VyW =0X  forXe W, (6)

Proof. Suppose that (6) holds. If X, Y € W+, then
(X, Y], W)= (VxY = VyX, W)= —(X,Vy W)+ (Y, VxW) =0,
and so W is involutive. O

Corollary 2.7. Let Mt be a Riemannian manifold possessing a closed par-
tially conformal vector field K with associated vector field W. If W satisfies (6),
then the distribution defined by K+ N W+ is involutive.
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Remark 2.8. We will suppose later that condition (6) will hold for every vec-
tor field X € ¥(M); in fact, we will suppose that W is closed conformal. It
can be easily seen that ¥ is closed conformal and has constant norm if and only
if W is parallel (thus, o = 0 in (6)). This in turn implies that W is a Killing
vector field.

Suppose K is a partially conformal vector field and that the associated vector
field W satisfies (6). Theorem 2.4, Proposition 2.6 and Corollary 2.7 imply
respectively that K+, W+ and K+ N W+ define corresponding foliations on
MHH, which will be denoted by calligraphic letters K+, W+ and K+ N W+,
respectively.

To close this section, we analyze the distribution K+ N W+ in an ambient
space with constant curvature. It is already known that in this case this distri-
bution is involutive (see [16]), but we will include the proof for completeness.
Also, we give a geometric condition for the constancy of the function i given
in Definition 2.1 along a leaf of the foliation K+ N W+,

Proposition 2.9. Let K be a closed partially conformal vector field with asso-
ciated vector field W, defined in an open set of a Riemannian manifold m!
of constant curvature. Then the distribution K+~ N W+ is involutive.

Moreover, the function  given in Definition 2.1 is constant along a leaf of
the foliation K+ N "W if and only if for each point p of this leaf, either p is an
umbilical point of the leaf of K+ passing through p or the integral curve of W
passing through p is a geodesic of the leaf of X+ at p.

Proof. Consider the leaf of K passing through p. Thus, the (n — 1)-dimen-
sional distribution K+ N W+ is defined by those vector fields X tangent to the
leaf such that

VxK = ¢X. (7)

To prove that K+ N W+ is involutive, take X, Y tangent to the leaf satisfying
(7). Thus we have

VixrK = VxVyK —VyVxK + R(X, K
= Vx(@Y) — Vy(@X)+c((K, X)Y — (K, Y)X)
= X, Y]+ (XP)Y — (YP)X = ¢[X, Y].

Here, R denotes the curvature tensor and ¢ is the (constant) curvature of

M. In the last equality we used the fact that ¢ is constant along the leaf
of K*. Then [X, Y] satisfies (7) and K+ N W+ is involutive.
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ON RIEMANNIAN MANIFOLDS FOLIATED BY (n — 1)-UMBILICAL HYPERSURFACES 115

Take uy, ..., u,_1,t coordinates on the leaf of K passing through p such
that the vector fields 9/0u; = E; € K+ N W+ and 8/3t is a multiple of W say,
0/0t = AW, A # 0. Note that [9/0¢, E;] =0 fori = 1,...,n — 1; from this it
is easy to check that [, E;] is a multiple of W, namely,

[W,Ei]l= @W.

Substituting this expression in (2), we obtain
ViwenK = ¥IW, E;l.
On the other hand, we have
ViV K =(WO)E; + pVwE: = ¢VyE;

and L B
Ve VwK = (E;y)W + Vg W.

Thus, we obtain the following expression for the curvature tensor:
RW,EDK = —VyVeK+VeVyK+ VK
= —OVwE + (ENW + YV W + YW, E
= (W —PVwEi + (E)W.
Using that the ambient space has constant curvature ¢ we have that
R(W,E)K =c (K, W)E; — (K, E))W) =0,

so that

(Eiy)W = (o —Y)VyE;.
Taking the scalar product with the unit vector field W and using a standard
calculation, we have

Ey =@ —V)VwEi, W)= — o) (VuW, E). ®)

Suppose p is an umbilical point of a leaf of K*; then ¥ (p) = ¢(p) and
(E;y)(p) = 0 foreachi = 1,...,n — 1. On the other hand, if the in-
tegral curve of W passing through p is a geodesic of the leaf of K+ at p,
then VW (p) is orthogonal to this leaf and again (E;¥)(p) = 0 for i =
1,...,n — 1. Since by hypothesis one of these conditions holds, then the right
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Ofori =1,...,

hand side of (8) is always zero and we have that E;y
n — 1. Then v is constant along each leaf of K+ N W+,
Conversely, suppose that E;(¥)(p) = O foreachi = 1,...,n — 1 and

¥ (p) # ¢(p). Then
(VwW,E)(p)=0, fori=1,...,n—1,

and Vy W (p) is orthogonal to each E;(p), but also it is orthogonal to W (p),
since (Vy W, W) =0 everywhere; thus Vi W( p) is orthogonal to the leaf of
XK+ and the integral curve of W passing through p is a geodesic of this leaf
at p, as desired. O

3 Examples

The manifolds we are interested in are those which admit a closed partially
conformal vector field. We will give some examples of these vector fields
defined in open subsets of the space forms Q" +!.

The motivation here was to generalize the basic example consisting on a fo-
liation of R"*! by cylinders, each one equidistant to a line. The generalization
may be described as follows.

Let y be a curve in Q"*! and take r(-) = d(-, y); that is, the distance to y.
Also, define the function S, by

r, c=0,
S.(r) = { sin(ri/c)//c, c >0,
sinh(r/—c)/s/—c, ¢ <O.

Proposition 3.1. The vector field defined by
K = S.(r) gradr
is closed partially conformal, defined in an open subset of Q"*1\ y.

Proof. Given p € Q' \ y, let P be the totally geodesic hypersurface pass-
ing through p and orthogonal to y.

We take an orthogonal frame £, ..., E,_1, E,41in P\y with E,,,; = gradr.
Note that

Vi, gradr =0 andso Vg, K =SE,, 9)

where we denote by V the connection of Q"+!. Foreachi = 1,...,n — 1 write

E; = (gradr, E;) gradr + v;,
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where v; belongs to the plane spanned by E; and grad ». Then

/

_ — — S
Vi, gradr = (gradr, E;)Vgrq, gradr + V,, gradr = Ecv,-.

C

We finally obtain, fori =1,...,n — 1,
Vi K = S;((gradr, E;)gradr + E; — (gradr, E;) gradr) =S E;. (10)

As P is totally geodesic, equations (9) and (10) remain valid when we replace
the connection V of Q"*! by the induced connection V in P. These equations
show that K is a closed conformal vector field while restricted to P. Hence,
by Proposition 1 in [12], K restricted to P determines a foliation by totally
umbilical (n — 1)-dimensional submanifolds.

Now, in Q"+!\ y define E, = W as a unit vector field satisfying

(W,K)y=0 and (W,E;)=0, i=1,...,n—-1.

Fix a point p € Q""! \ y and let M be the hypersurface generated by tak-
ing the totally umbilical submanifold of P passing through p and moving it
following the flow of W. Equations (9) and (10) mean that the vector fields
E,, ..., E,_ determine principal directions of M. The vector field W, being
orthogonal to them, defines also a principal direction of M and we obtain

VwK =y W (11)
for some function ¥. From (9), (10) and (11) we have that K is a closed par-

tially conformal vector field defined in an open set of Q"*! \ y. O

Definition 3.2. We will say that each hypersurface obtained by the proce-
dure described above is a tube around the curve y. If y is a geodesic in Q"*!,
we will say that the hypersurface is a cylinder.

As suggested by our examples, there is a close relation between closed par-
tially conformal vector fields and a certain product structure on the ambient
space. In fact, we have the following result.

Theorem 3.3. Let M be a Riemannian manifold.

LIfFM=Jx( x ¢ P"71), then M admits a closed partially conformal
vector field.

2. If M admits a closed partially conformal vector field K and the associ-
ated vector field W is closed conformal, then locally M is isometric to
Jx U xy P,
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Proof. Suppose first that M=Jx (I x r P"1). Take coordinates ¢t € J,

s € [ and define ;

:E‘

By the product structure, every vector field ¥ € ¥(M) can be expressed as

K = f(s)% and

V 8+b8 + X
= qg— —_ ,
ot as

where X is a lifting to M of a field tangent to P. Taking a = 0, we have

_ v (9 LA S A
_ b(f %(8S>+f(s)as>+ff(s))(

= f'(s) (bi +X>.
as

where we have used the formula VyY = YTfX (see [14], p. 206, Prop. 35) and

the fact that V» () = 0. Then the first condition in (2) holds with ¢ = f7(s).

as .
On the other hand, it is clear that

v 3 K = 0,

ot

and so the second condition in (2) holds with ¢ = 0. Then, K is closed, partially
conformal, proving the first part of this Theorem.

For the second part of the Theorem, suppose that W is closed conformal. By
Remark 2.8, condition (6) holds with o = 0 and thus the distribution W+ is
involutive. Then K is a closed conformal vector field when restricted to a leaf
of Wt. By a result proved by Montiel in [12] (p. 721), this leaf is isometric
to a warped product / x  P"~'. Since W is also Killing, each leaf of W+ is
isometric to each other; thus following the flow defined by the unit vector field

W, we obtain a (local) isometry between M and J x (I x , P"7"). O

As a consequence of the theorem above, we may give a first characteriza-
tion of the foliations given by closed partially conformal vector fields in space
forms.
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Corollary 3.4. Let K be a closed partially conformal vector field defined in
Q. Suppose additionally that W is closed conformal. Then the associated
foliation of Q" is a foliation by hyperplanes, hyperspheres or tubes.

Proof. Since W+ is involutive, the second part of Theorem 3.3 implies that
locally QZ’,“ must have the form J x (1 x ¢ P"1). Thus I x r P"~! has constant
curvature. By a remark by Sanchez in [17], P"~! has also constant curvature and
so it must be an open set of a (n — 1)-dimensional sphere or plane, thus giving
the result. O

Remark 3.5. For later use, we point out that the proof of Theorem 3.3 gives
K| =f(s), ¢=f'(s) and ¥ =0;
hence the mean curvature of a leaf of K+ is given by

nH=—(n-— 1)|(%| =—(n— 1)? = —(n—1)(log f)". (12)

4 Partially conformal vector fields in R"*!

Here we classify the constant mean curvature complete leaves of the foliation
K+ associated to a closed partially conformal vector field K in the Euclidean
space R"*! into four types: hyperplanes, hyperspheres and products of the form
R ! x S' or R x S$"~!'. Recall that if we consider a leaf of K+, Lemma 2.3
implies that the function ¢ is constant along the leaf, while if the leaf has con-
stant mean curvature, Proposition 2.5 implies that the function i is constant
along this leaf.

Lemma 4.1. Let K be a closed partially conformal vector field in R"*'. Suppose
that each leaf of K+ is complete and has constant mean curvature. Take p €
R\ Z(K) and let ¢ = ¢ (p), ¥ = ¥ (p) be the functions given in (2), constant
along the leaf of K+ passing through p.

1. If ¢ =0 =, then the leaf is a hyperplane.

2. If¢p =0and ¢ # , then the leaf is a cylinder R"~' x S!.
3. If ¢ # 0and ¢ =, then the leaf is a hypersphere.

4. Ifp # 0and ¢ # b, then the leaf is a cylinder R x S"~!,
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Proof. The interesting case is the last one. Here we use a result by do Carmo
and Dajczer [7] stating that the leaf of K+ through p must be a rotation hyper-
surface. As ¥ is the (constant) curvature of the profile curve generating the leaf
in the orbit space, this profile curve is (part of) a circle or a line. Since ¢ # 0
and ¢ # i, the only case giving a complete hypersurface with constant mean
curvature occurs when the profile curve is a line parallel to the rotation axis, so
that the leaf is a cylinder. O

Before stating our next lemma, we will call a leaf of K+ non-singular if
there is a point p ¢ Z(K) on the leaf. By Lemma 4.1, there are only four types
of non-singular leaves in our setting.

Lemma 4.2. Let K be a closed partially conformal vector field in R"*' whose
leaves are complete and have constant mean curvature. Then all non-singular
leaves have the same type. Moreover, when all non-singular leaves are cylin-
ders, they are coaxial.

Proof. Suppose first that there is a non-singular leaf of the type R x S"~!
and take a point p in that leaf. Along the (n — 1)-sphere contained in the
leaf and passing through p the vector field K normal to the leaf lies in the
same n-plane containing the (n — 1)-sphere. By equation (3), the flow of
Kisa geodesic flow in R"*!, which implies that the restriction of K to this
n-plane stays everywhere tangent to the plane and thus it is a closed conformal
field. Proposition 2 of [12] implies that the leaves of the foliation obtained by
restricting K to the n-plane are concentric (n — 1)-spheres. This fact shows
that no sequence of these cylinders may converge to a cylinder R"~! x S! nor
to a hyperplane. Because of non-compactness, this sequence can not converge
either to a hypersphere. Also, we have that all leaves of K are cylinders
R x S"~! with the same rotation axes.

Similarly, if the leaf of K+ passing through p is a hyperplane, take P as the
n-plane containing p and orthogonal to W. Applying the argument above, the
leaves defined by K in P are (n — 1)-planes. As this happens for every p on the
leaf, K+ is a foliation by hyperplanes.

Next, if a leaf is a hypersphere, take P as the hyperplane defined before, so
that the foliation on P is by (n — 1)-spheres. As we have seen, by compactness
the leaves of K+ can not be cylinders of the type R x S"~!, nor a hypersurface
of the other types. U

Combining the Lemmas 4.1 and 4.2, we have
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Theorem 4.3. Let K be a closed partially conformal vector field in R"*!, whose
leaves are complete and have constant mean curvature. Then the foliation K+
is a foliation by hyperplanes, by hyperspheres or by coaxial cylinders.

5 Conditions for a hypersurface to be (» — 1)-umbilical

In this section we will work with a manifold admitting a closed partially con-
formal vector field to answer the second question posed in the Introduction,
imposing conditions to guarantee that a hypersurface is (» — 1)-umbilical. First
we will give two technical lemmas.

Let """ be a Riemannian manifold which admits a closed partially confor-
mal vector field K and an associated vector field W. Let M be an orientable
hypersurface of M, everywhere transverse to K, and N be a unit vector field
normal to M. Note that the transversality implies that the vector field W* =
W — (W, N)N is everywhere different from zero.

Lemma5.1. Let M be a Riemannian manifold satisfying the conditions given
in the last paragraph. Let A(X) = —V xN be the shape operator correspond-
ing to N and take an orthonormal frame E|, ..., E, of eigenvectors of A with
eigenvalues A1, ..., A,. Suppose that E, = W*/|W*| and define

KT = K—(K,N)N —(K,E,)E,,
(AK™HYT = AK") - (AKT"), E,)E,.
Then

n—1

D (Ve (AKT)), E;)

i=1

is equal to

n—1 n—1
KT (Z ,\i) —Ric (KT, N) + > (A(E;), Vi, (KT)). (13)
i=1

i=1

Proof. Fixi € {1,...,n — 1}. By definition of (4(K7))”, we have that
Vi, (A(K)T)
is equal to
Vi (AK")) — (AKKT), E))V g, (Ep) — E;((AKK"), E,)E,.
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Note that the hypothesis 4(E,) = A, E, implies
(AKT), E,) = (KT, A(E,)) = 2(KT, E,) =0,
and hence we have

(Ve (AK )N, Ei) = (Ve (AKD), E;)
= (Vir(A(ED), Ei) + (R(K", E})E;, N)
— (A(E), [KT, E;])
= K"((A(E)), E})) — (R(K", E)N, E;)
+ (A(Ei), Vi, (KT)) = 2(A(E)), Vg1 (D)),
= K'((A(E)), E:)) — (R(K", E)N, E;)
+ (A(E;), Vi, (KT)),
where we have used the Codazzi equation and the fact that
(A(E:), Vir(E) = M(E;, Vgr (E)) = 0.
We just add in the expression above from i = 1 to » — 1 to obtain our
result. O

Following [3], we will use the expression given in equation (13) to character-
ize a (n — 1)-umbilical hypersurface.

Lemma 5.2. Under the same hypothesis of Lemma 5.1, the expression

n—1

D (H Ve (KT) = Ve, (AK™)T), E;),

i=1
where

n—1
(n—DHy=) ki,
i=1

is equal to

n—1
—KT (0 = DHo) +Rie(K™, N) = Y (((Hol = A)(E). Vi, (KT = K))). (14)

i=1

Bull Braz Math Soc, Vol. 42, N. 1, 2011



ON RIEMANNIAN MANIFOLDS FOLIATED BY (n — 1)-UMBILICAL HYPERSURFACES 123

Proof. By (13) we just have to analyze

n—1

> ((Ho Ve (KT), Ei) = (A(E), VE,(KT))) .

i=1
First, we have
(Hy Vi, (K", E;) — (A(E), Vi, (KD) = (Vi (KT), (HyI — A)(E))).

Then, using the facts that K is a closed partially conformal vector field and
that (E;, W) =0foralli =1,...,n — 1, we obtain
(Ve (KT), (HoI — A)E) = (Ve(K+ K" = K), (HI — A)(E)))
= (Ve K+ Vg (K" = K), (Hol — A)(E)))
= ¢(Ei, (Hol — A)(Ep))
+ (Vi, (KT = K), (Hol — A)(E)).

Now we add from i = 1 to n — 1 and note that

n—1
D AEi, (Hol — A)(ED) = (n = 1)Hy — (n — 1) Hy = 0

i=1
to finish the proof. g

Before stating our theorem on conditions for a hypersurface to be (n — 1)-
umbilical, we define a convenient notion of constant mean curvature. Let
M(;’_l C M be a submanifold of M, N a unit vector field everywhere nor-
mal to My and E;,i = 1,...,n — 1 an orthonormal frame defined along M,.
The mean curvature Hy of M, relative to N is, by definition,

n—1 n—1

(n—DHy=—=) (Ve N, E)=Y k.

i=1 i=1

where A; are the eigenvalues of the shape operator 4y of M, relative to N.
We say that M has constant mean curvature relative to N if the above sum is
constant along M.

Theorem 5.3. Let M be a Riemannian manifold with non-negative Ricci
curvature which admits a closed partially conformal vector field K and an as-
sociated vector field W. Let M be an orientable hypersurface of M everywhere
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transverse to K and N be a unit vector field normal to M. Suppose that the
direction determined by W* = W — (W, N) N is a principal direction of M and
that through each point of M passes a compact (n — 1)-dimensional submanifold
of M, everywhere orthogonal to W*, totally umbilical as a hypersurface in M
and having constant mean curvature relative to N. Then M is (n — 1)-umbilical.

Before starting the proof, we remark that each of the (n — 1)-dimensional
submanifolds given in the statement of the theorem has codimension 2; we will
prove that if such a submanifold is umbilical in M (i e., using the normal vector
field W*/|W*|), then it is (n — 1)-umbilical in M (i.e., relative to the normal
vector field NV).

Proof. We will use the results and notations of the last two lemmas. Fix p € M
and let M the compact (n — 1)-dimensional submanifold of M passing through
p, satisfying the hypothesis of the theorem.

If Eq,...,E,_1, E, = W*/|W*| is an orthonormal frame of eigenvectors
of A4 in a neighborhood of p in M and Ay, ..., A, their corresponding eigenval-
ues, then

Ho divys, (KT) — divag, ((A(KT)HT)
1<HovE (KT) = Vg, (4K, Ei)
1 KT ((n —1)Ho) + Ric(KT, N)

- ni((Hol — A)(E), Vi, (KT = K)).

i=1

n

i

Since M, has constant mean curvature relative to N, Hy is constant along M,
and the first term vanishes. Now let us see what happens with

n—1
— > ((Hol — (ED. Vi, (KT — K))
i=1
n—1

=Y ((Hol — A)(E:), Vi, (K, N)N + (K, E,)Ep))

n—1
= (K, N) Y ((Hol — A)(E;), Vi, N)
i=1
n—1
+ (K, En) Y ((Hol — A)(E;), Vi, Ep).
i=1
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For the first term of this last summation, we have

n—1

n—1
D ((Hol — A)(E), Ve N) =Y 3] — (n— D) H; = Tr(45) — (n — D H;,
i=1

i=1

where A is the shape operator of M relative to N. This last expression is easily
seen to be globally defined and non-negative. Moreover, it is equal to zero if and
only if M is (n — 1)-umbilical.

As for the second term, we use the umbilicity of M, in M, which means that
VxE, = kX for each vector field X tangent to M,. We obtain

n—1 n—1

> ((Hol — A)(E), Vg Ey) =k Y ((Hol — A)(E;), E;) =0.

i=1 i=1
Gathering all the information, we obtain
Ho divagy (KT) — divag, ((A(KT)T)
= Ric(K", N) + (K, N)(Tr(43) — (n — D HY).

Integrating over M,, we have
0 =/ (Ric(K", N) + (K, N) (Tr(4g) — (n — D) Hy)) .
Mo

Since M is everywhere transversal to K, (K, N) does not change sign along
M, and we may suppose that it is positive everywhere. Since Ric is non-negative,
we deduce that Tr(43) — (n — 1) H{ vanishes identically and then M is (n — 1)-
umbilical. g

To close this section, we remark that the hypothesis over the Ricci curvature
can be changed by that of K7 being orthogonal to Ric(N), where Ric is the Ricci

. —nt1 . . .
operator of the ambient space M "*! This condition was used before in other
contexts; see, for example, [1], p. 475.

6 Conditions for a constant mean curvature hypersurface to be a leaf

Hereafter we suppose that M is a Riemannian manifold which admits a
closed partially conformal vector field K with associated vector field W such
that W is closed conformal. By the second part of Theorem 3.3, M is locally
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isometric to J x (I x; P""'). Foreacht € J, let M, = {t} x (I x, P"™!).
Also, if M is any hypersuface in M which intersects transversally with M,, we
denote M, = M N M,. In the following proposition we obtain an expression for
the mean curvature of M.

Proposition 6.1. Let M bea manifold which admits a closed partially con-
formal vector field K with associated vector field W such that W is closed
conformal. Let M be an orientable hypersuface of M, everywhere transverse
to K. Using the notation given before this proposition, suppose also that for
each t € J the (n — 1)-dimensional submanifold M, is contained in one leaf of
KL N WL, Then the mean curvature Hy of M is given by

- E, (N, W
nHy = —n— DN, Ky & - LA (15)
K| /1 — (N, W)2
where N = (N, K)K + (N, W)W and E, = —(N, W)K + (N, K) W.
Proof. We use a frame field such that £, ..., E,_ span K* "W+ E, =W

and £, = K. Note that the fact that M, is contained in one leaf of K+ N W+
implies that the vector field N is in fact a unit vector field everywhere normal
to M.

Fori =1,...,n — 1 wehave
Ve N = (N.K)VEK + (N, W)V W+ (E{N.K) K + (E(N, W) W
= (N.K) %Ei + (E((N,K) K + (E«(N, W) W,

where we used the fact that J7 is parallel (see Remark 2.8).
We take the scalar product with E; to obtain

o N, By = V. B L

Now we use the vector field £, = —(N, W) K+ (N, I/<\) W to obtain
Vi N = (N,K)Vi K+ (N, W)V W+ (E,(N, KK + (E,(N, W)W
= (EJ(N,K)K + (E,(N, W) W,

where we have used that W is parallel, ¢ = 0 and ?,?1/{\ = 0; taking the scalar
product with £, we have

(Vi N, E,) = (E.(N, W))(N,K) — (E,(N, K))(N, W).  (17)
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We may simplify the last two terms as follows. Since
(N, K+ (N ) =1,

we take the derivative of this expression with respect to E, and substitute the
result in (17) to obtain

E (N, W)
J1I— (N, w2

Using the expression above and (16), we conclude that the mean curvature
of M,

(E,(N, W)(N, K) — (E,(N, K))(N, W) =

nHy = — Z(inN, E;)
i=1

is given by (15). O

In our last theorem we will impose a condition on the warping function f
of the local expression J x (I x ; P"~') of the ambient space ‘M, namely, that
log f is convex and give geometric conditions under which a hypersurface is
actually a leaf of the foliation K+ determined by a closed partially conformal
vector field K defined on M.

Theorem 6.2. Let M' "' be a Riemannian manifold which admits a closed
partially conformal vector field K and an associated closed conformal vector
field W, such that M is given locally by J x (I x ¢ P"1) with log f convex.
Let M be an orientable hypersurface of M, everywhere transverse to K, with
constant mean curvature in M.

Suppose there exists t € J such that M, is a compact hypersurface of M, with
constant mean curvature. Suppose additionally the existence of a point p € M,
such that

1. The unit vector N (p) normal to M at p is equal to the unit vector I?(p)
normal to the leaf of K= passing through p,

2. Locally, M lies above the leaf of K* passing through p with respect
to K, that is, there is a neighborhood U of p in M such that each point
q € U has the form q = ¢4(q"), where q' is in the mentioned leaf, s > 0
and ¢y is the flow of K,

3. The derivative of (N, W) with respect to the vector W (p) is positive.

Then M coincides locally with the leaf of K+ passing through p. In particu-
lar, locally M is (n — 1)-umbilical. Moreover, if the leaf of K+ passing through
p has constant mean curvature, it coincides globally with M.
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Proof. We observe first that the hypothesis log / convex is equivalent to
H' > 0, where H = f'/f = (log ). Also, the fact that M is everywhere
transversal to K implies that the angle 6 between the normal to M, in M, and K
(which is tangent to M) does not change sign. By Theorem 4 in Alias-Dacjzer
[2], M, is a leaf of K+ in M,.

Since M, is clearly contained in a leaf of W+, we have that M, is contained
in a leaf of K+ N W+, From Proposition 6.1, the (constant) mean curvature of
M is given by

nHy = —n — 1)(N, K) ¢ EWN.W)

Kl /1= (N, w)?2

where N = (N, [/(\)I/{\—i— (N, W) W is normal to M and En = —(N, W)I?—i—
(N, K)W. Since K(p) = N(p), we have E,(p) = W(p). Thus, hypothesis 3
and continuity imply that (N, K)and E,(N, W) are positive in a neighborhood
of p in M. Note also that we may suppose that ¢ < 0 or equivalently that
H,; > 0, since this sign depends on choosing one of the closed partially con-
formal fields K or —K. Taking these facts into account, at each point ¢ in this
neighborhood we have that

¢
< — — -
nHy < —(n—1) K] (@)-

By Remark 3.5, the right hand side of this inequality is the mean curvature of
aleaf of K+ through ¢; that is, the mean curvature of M at g is less than or equal
to the mean curvature of the leaf of K+ through g.

We want to compare the mean curvatures of the leaf of K~ through p and
that of the leaf of K+ through ¢. Note first that our hypothesis 2 implies that
the leaf through ¢ lies above the leaf through p. Using again equation (12) in
Remark 3.5, the mean curvature of the leaves of K+ is given by

/

nH=—(n— 1)§ = —(n — D(log f).

Now log f convex implies that n H is a non-increasing function on /, which
implies in turn that the mean curvature of the leaf passing through ¢ is less than
or equal to the mean curvature of the leaf passing through p.

In short, in a neighborhood of p it happens that M lies above the leaf through
p with respect to K and the mean curvature of M is less than or equal to the
mean curvature of this leaf. By the tangency principle (see for example [9]),
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these hypersurfaces must coincide locally. In particular, locally M is (n — 1)-
umbilical. Finally, if both hypersurfaces have constant mean curvature, it is
known that they must coincide globally. O

Corollary 6.3. Let K be a closed partially conformal vector field defined
in an open set of R"! with associated closed conformal vector field W. Let
M" C R"*! be an orientable hypersurface satisfying the hypotheses of Propo-
sition 6.1, as well as the conditions in Theorem 6.2. Then M is locally a hyper-
plane, a hypersphere or a cylinder.

Proof. From Theorem 6.2, we know that M coincides locally with the leaf of
K+ passing through p. Since M has constant mean curvature, by Proposition
2.5 we have that the function i associated to K is locally constant. By the
local version of Lemma 4.1, M is locally a hyperplane, a hypersphere or a
cylinder. O
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