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Complete submanifolds of R" with finite topology

G. PACELLI BESsA, LUQUESIO JORGE AND J. FABIO MONTENEGRO

We show that a complete m-dimensional immersed submanifold M
of R™ with a(M) < 11is properly immersed and have finite topology,
where a(M) € [0,00] is a scaling invariant number that gives the
rate that the norm of the second fundamental form decays to zero
at infinity. The class of submanifolds M C R™ with a(M) < 1 con-
tains all complete minimal surfaces with finite total curvature, all
m-dimensional minimal submanifolds with finite total scalar cur-
vature [p;|a|™dV < oo and all complete 2-dimensional surfaces
with [y, |a|?dV < oo and non-positive curvature with respect to
every normal direction.

1. Introduction

Let M be a complete surface minimally immersed in R™ and let K be its
Gaussian curvature. Osserman [6] for n =3 and Chern-Osserman [2] for
n > 3 proved that [;; |K|dV < oo if and only if M is conformally equivalent
to a compact Riemann surface M punctured at a finite number of points
{p1,...,pr} and the Gauss map ®: M — Gy, extends to a holomorphic
map ® : M — Gap, (see [4] for a clear exposition). Anderson [1] proved a
higher-dimension version of Chern—Osserman finite total curvature theorem,
i.e., a complete m-dimensional minimally immersed submanifold M of R"
has finite total scalar curvature [;|a|™dV < oo if and only if M is C*°-
diffeomorphic to a compact smooth Riemannian manifold M punctured at
a finite number of points {pi,...,p,} and the Gauss map ® on M extends
to a C*™®-map ® on M, where |a| is the norm of the second fundamental
form of M.

These results above have appropriate versions in the non-minimal setting.
White [7], proved that a complete 2-dimensional surface M immersed in R"
with [, |a|? dV < oo and non-positive curvature with respect to every nor-
mal direction! is homeomorphic to a compact Riemann surface M punctured
at finite number of points {p1, ..., p,}, its Gauss map ® extends continuously

'A submanifold M C R" is non-positively curved with respect to each normal
direction at x if det(n - a(,)) < 0 for all normals 7 to M at x; see [7].
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to all of M and M is properly immersed. It should be observed that
the properness of M in White’s theorem is a consequence of the first two
statements about the immersion, i.e., Jorge and Meeks [3], proved that a
complete m-dimensional immersed submanifold M of R", homeomorphic
to a compact Riemann manifold M punctured at finite number of points
{p1,...,pr} and such that the Gauss map ® extends continuously to all of M
is properly immersed.

Muller and Sverak [5], answering a question of White, proved that a
complete 2-dimensional surface M immersed in R™ with [, |a?dV < oo is
properly immersed.

The purpose of this paper is to put another piece on this puzzle showing
that a complete m-dimensional submanifold of R™ with the norm of the
second fundamental form uniformly decaying to zero |a(x)| — 0 as © — oo
in a certain rate is proper and has finite topological type. The decaying rate
of |a(x)| — 0 we considered is not fast enough to make [, |a(z)|™ dV < oo.

To be more precise, let M be a complete m-dimensional submanifold
of R™ and let Ky C Ky C --- be an exhaustion sequence of M by compact
sets. Fix a point p € K; and set a; = sup{p(x) - |a(z)|, x € M \ K;}, where
p(x) = distas(p, z) and |a(z)| is the norm of the second fundamental form of
M at x. The a;s form a non-increasing sequence co > a1 > ag > --- > 0 with
a; = oo if and only if a; = oo for all [ > 1. Define the (possibly extended)
scaling invariant number a(M) = lim;_, a; € [0,00]. It can be shown that
a(M) does not depend on the exhaustion sequence nor on the point p. It
follows from the work of Jorge—Meeks [3] that complete m-dimensional sub-
manifolds M of R"homeomorphic to a compact Riemannian manifold M
punctured at finite number of points {p1,...,p,} and having a well-defined
normal vector at infinity have a(M) = 0. In particular, complete minimal
surfaces in R™ with finite total curvature, complete 2-dimensional complete
surfaces with [, |a|?dV < oo and non-positive curvature with respect to
every normal direction considered by White or the m-dimensional mini-
mal submanifolds M of R” with finite total scalar curvature considered by
Anderson have a(M) = 0. In our main result, we prove that the larger class
of complete m-dimensional immersed submanifolds of R™ with a(M) < 1
share some properties with theses submanifolds with a(M) = 0. We prove
the following theorem.

Theorem 1.1. Let M be a complete m-dimensional submanifold of R™ with
a(M) < 1. Then M is properly immersed and it is C*°-diffeomorphic to a
compact smooth manifold M with boundary.
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Observe that [j; |a]™dV < oo is not equivalent to a(M) < 1. However,
one might ask if Theorem 1.1 holds under finite total scalar curvature
Jarle)™dV < 0.

For complete m-dimensional minimal submanifolds M of R” we define
the increasing sequence b; = inf{p?(x) - Ric(z)(v,v), |v| =1,z € M \ K;}
with b1 = —oo if and only if by = —oo for all [ > 1. Define the scaling invari-
ant number b(M) = lim;_,~ b; € [—00,0]. Again, it can be shown that b(M)
does not depend on the exhaustion sequence nor on the point p. The proof
of Theorem 1.1 can be slightly modified to prove the following version for
minimal submanifolds.

Theorem 1.2. Let M be a complete m-dimensional minimal submanifold
of R™ with b(M) > —1. Then M is properly immersed and it is
C*®-diffeomorphic to a compact smooth manifold M with boundary.

2. Proof of Theorem 1.1

2.1. M is properly immersed

Let ¢ : M™ < R™ be a complete submanifold with a(M) < 1 and let p €
M be a fixed point such that ¢(p) =0 € R™. There exists a geodesic ball
By (p, Ro) centered at p with radius Ry such that for all x € M \ Bys(p, Ro)
we have that p(z)|a(z)| < c < 1. Let f: M™ — R given by f(z) = |o(z)|?.
Fix a point € M \ B (p, Ro) then for v € T, M, |v| = 1 we have that

%Hessf(x)(V,V)=1+< (z), a(z)(v,v))
>1—|e(x)] - |a(z)]
> 1 - p(x)|a(z))|

>1—c

(2.1)

Let o :[0,p(x)] = M™ be a minimal geodesic from p to x. From (2.1)
we have for all ¢t > Ry that (f o 0)”(t)) = Hess f(o(t))(c’,0") > 2(1 — ¢) and
for t < Ro that (f o00)"(t)) > b, b= infcp,, g, {Hess f(x)(v,v), [v] = 1}.
Thus

(roa)(s) = | (foa)'(r)dr
(2.2) E/OROde—i-/s(l—c)dT

Ry
> bRy + (1 - ¢)(s — Ry)
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p(@)
fa) = /0 (f 00)(s)ds

p(x)
(2.3) > /0 bRy + (1 —c¢)(s— Ro)ds

T 2
b Ropla) + (1 0) (”Q _ Rop@c)).

Thus |p(x)|> > (b— 1+ ¢)Rop(x) + (1 — ¢)p(x)?/2 forallz € M \ Bys(p, R).
In fact, this proves that following proposition.

Proposition 2.1. Let f: M — R be a C?-function defined on a complete
Riemannian manifold such that Hess f(x) > g(p(x)), where p is the distance
function to xg and g : [0,00) — R is a piecewise continuous function. Setting
G(t) = f(z0) — |grad f(xo)|t + [§ [§ g(u) duds, t € [0,00) we have that if G
s proper and bounded from below then f is proper.

2.2. M has finite topology

Let ¢ : M™ — R" be a complete immersed submanifold with a(M) < 1. To
show that M is diffeomorphic to a compact manifold M with boundary it suf-
fices to show that R has finitely many critical points. Let p € M be such that
©(p) = 0 € R". We may suppose that R(x) = |p(z)|, z € M is a Morse func-
tion. Let o > 0 be such that T, = (M) N S"~1(ry) is a compact subman-
ifold of S"~(rg) and p(x) - |a(x)| < c < 1forallz € M \ ¢! (Bgn(rg)). Set
Ay, = ¢ 1(T},). For each z € A,, there is an open set z € U, C M such that
©|U, is an embedding and ¢(U,) h S"~1(r), r € (rg — 6,70 + ), 6 > 0 small.
For each y € I'; N (Uyz), there is only one unit vector v(y) € Ti,-1(,)Us such
that Typ(Us) = Ty(p(Uz) NTr) @ [[psr(y)]] and (psv(y), n(y)) > 0, where
n(y) = y/r is the unit vector perpendicular to T,,S*~(r). Since A,, is com-
pact we find a finite sequence {z1,...,zx} C A, and 6 = min{dy,...,dx}
such that using partition of unit we construct by this procedure a smooth
vector field v in V = o Y (Bgn(rg + 8) \ Brn(ro — 0)). Identify v(z) with
0« (y), y = @(x). Consider the function ¢ defined in V given by

Y(z) = (v(y),n(y)) = cos(y).
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For each = € A,,, let £(¢,x) be the solution of the following problem on M

v(&(t, 2)),

_1
(2.4) (4
z)

Recall that R(z) = |p(z)|. For X € TM we have that X(R) = (X,n) and
writing 7(y) = sinf(y) v*(y) + cos(y) v(y), v*(y) L v(y), we have that
grad R = tpv. Set the notation R(t,z) = |p o &(t,z)|. We have that

Ry = <gradR,i}u> = <1/JI/,;V> =1<= R=R(t,y) =t+r.

We will derive a differential equation that the function ¢ o £(¢,y) satisfies.

Ve = & (v, m) = (D gy n) + (Vs De,n)
= (Vov+a(v,v),n) + <1/, Dy, <ji>>

But (v,v) =1 = (v,V,v) =0 and V,v € T,M = V,ve (I, MNT,S})
= (V,v,n) = 0. On the other hand

D, <5> _ Oy R 1 1

R R R Ry R
then
_ a2 2
(25) = b)) + 55 - = e )

To determine a differential equation satisfied by sin (¢, z) = /1 — 12, we
proceed as follows. By (2.5) we have

_ Y (a(v,v), ") + Vi-¢?

Jioa? R

Observing that R(t,z) =t + r, Equation (2.6) can be written as

(2.7) —(t+7r)(V1=9?) = (t+r)a(v,v), V) + 1 —1?

and rewritten as

(2.8) [+ V1 —1/;2)]t+ (t + ) {a(v,v), v*) = 0.

(2.6)
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Integrating Equation (2.8), we have the following equation

(2.9) V1—12 = - \/l—gbg—ltir/o(S+r)<a(y,l/),y*>ds,

t+r

where 1y = ¥(£(0,2)). Since sinf({(t,x)) = /1 — 2 we rewrite (2.9) in

the following form

(2.10) sinf(&(t,x)) = sin0(£(0,x)) —

t+r t—i—r/o (s +r){a(v,v),v")ds

Now,

—(a(v,v),v")(&(s, 7)) < |al(§(s, ) < ¢/p(&(s,x)) < ¢/R(s, x).

Substituting in (2.10) and recalling that R(s,x) = s + r we have that

t

1
sinf(&(t,x)) < t+rsin0(§(0,y))+m ; (S+T>s+rd8
(2.11) _ ot rsfff(o’x)) <1, Vt>0.

The critical points of R are those x such that ¢ (z) =0, or those points
where sinf(z) = 1. Thus, along the integral curves {(t,y), y € [y, there is
no critical point for the function R(x) = |¢(x)|. This shows that outside the
compact set M \ Bps(p,ro) there are no critical points for R. Since R is a
Morse function, its critical points are isolated thus there are finitely many
of them. Therefore M has finite topology.

3. Sketch of proof for Theorem 1.2

Let ¢ : M™ — R™ be a complete minimal submanifold and let x € M, v €
T, M and {ey,..., e, = v} an orthonormal basis for T,, M. Using the Gauss
equation we can compute the Ricci curvature in the direction v by

m m—1
ch(l')(y) = <Z aiiaamm> - Z |Oéim|2
=1 i=1
m—1
(3.1) = (mH — amm, Cmm) — Z \aim\z
=1

m
= - Z |aim|27
=1



Complete submanifolds of R™ with finite topology 731

where a5 = a(e;, e;). Let f:M™—R given by f(z)= ()
The Hessian of f at x € M and v € T, M, |v| = 1 satisfies

%Hess f@)(v,v) = +(p(x), a(v,v))
> [1 = [p(@)] - |owmml]

(3.2) > [1 - (@) v/~ Ric(@)(¥) |

> [1 = pla)y/~Ric(a)(v)]
1—ec

Y

The proof of Theorem 1.1 from Equation (2.1) shows that M is properly
immersed in Theorem 1.2. To show that M has finite topological type,
observe that

\a\(g(s,x)) < \/—Ric(§(s,x))(v, V) < C/p(§(37$)) < C/R(va)v

and follow the proof of Theorem 1.1 after (2.10) and we still have (2.11).
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