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Abstract— This paper proposes a blind receiver for mem-
oryless multiuser Volterra communication channels based on
the use of Modulation Codes (constrained codes) and Second
Order Statistics of the received signals. Modulation codes allow
to model the transmitted signals as Markov chains that are
used to introduce temporal correlation and to ensure the
orthogonality of transmitted signal products for several time
delays, inducing a Parallel Factor (PARAFAC) decomposition
of a tensor composed with spatio-temporal covariance matrices.

Index Terms— Multiuser Volterra channel, Modulation Code,
Markov Chain, Second Order Statistics, PARAFAC decompo-
sition.

I. INTRODUCTION

A blind identification technique is proposed in this paper
with the goal of constructing a receiver for memoryless
multiuser Volterra communication channels. The proposed
technique exploits the use of Modulation Codes (constrained
codes) and Second Order Statistics (SOS) of the received
signals. The considered channel is modeled as a memoryless
Multiple-Input-Multiple-Output (MIMO) Volterra filter (mul-
tiuser Volterra model). This kind of nonlinear models has
important applications m the field of telecommunications,
e.g. to model uplink channels in Radio Over Fiber multiuser
communication systems [1], [2].

There are few works dealing with the problem of blind
channel identification or source separation in the context of
multiuser nonlinear communication channels. Reference [3]
proposes a blind Zero Forcing technique for multiuser Code
Division Multiple Access (CDMA) systems with nonlinear
channels and [4] develops a blind source separation algo-
rithm for memoryless Volterra channels in ultra-wide-band
systems.

State-dependent modulation codes (constrained codes) [5]
allow to model the transmitted signals as Discrete Time
Markov Chains (DTMC). They are used to introduce tempo-
ral correlation and to ensure the orthogonality of transmitted
signal products for several time delays, inducing a Parallel
Factor (PARAFAC) decomposition [6], [7] of a third order
tensor formed from spatio-temporal covariance matrices.
The redundancy provided by the codes introduces temporal
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correlation in a controlled way, so that the transmitted signals
verify some statistical constraints associated with the channel
nonlinearities.

Some coding schemes verifying these constraints are de-
signed for 4- and 8-PSK (Phase Shift Keying) signals. A
two-step Altermnating Least Squares (ALS) algorithm [6], [7]
18 used to blindly estimate the channel.

The paper is organized as follows. Section II mntroduces
the channel model used m this work. In Section III, some
constraints are established to get a PARAFAC decomposition
of the considered tensor. In Section IV, these constraints are
rewritten in terms of the transition probability matrix (TPM)
of the Markov chain. Section V designs TPM’s verifying the
constraints for 4- and 8-PSK input signals and Section VI
presents the blind channel estimation algorithm. In Section
VTI, we evaluate the performance of the proposed algorithm
by means of simulations and some conclusions are drawn in
Section VIIL

II. CHANNEL MODEL

The sampled baseband equivalent model of the nonlinear
communication channel is assumed to be expressed as:

K T T T T
SRS 3 IRTD S SR >
k=0t;=1 tppi=ty 34 o=1 terp1=tar
trpasstapp1F e thtt
k1 2k+1
Bidaa (b taess) [ sa(m) T s o)+ wen), @)
i=1 i—k42

where y.(n) (1 < r < R) 13 the signal received by antenna
r at the time mstant n, K 1s the number of receive antennas,
(2K + 1) is the nonlinearity order of the model, s;(n) (1 <
t < T) 15 the stationary PSK modulated signal transmitted
by the #* user at the time instant n, T is the number of
users, hg;)_l_l(tl,...,t%H) are the coefficients of the rt*
sub-channel and v.(n) (1 < r < R) 13 the Additive White
Gaussian Noise (AWGN). Tt is assumed that the transmitted
signals s,(n) are independent from each other and that the
noise components v,(r) are zero mean, independent from
each other and from the transmitted signals s;(n).



A matrix writing of (1) is given by:

¥(n) = Hw(n) + v(n), ()
where y(n) = [n(n)...ur(m)T < ™ H =
[hy ... hg]" € C#*% is the channel matrix, with h, =

vy Bz ..

h,olf € €91 containing the Volterra sys-
tem parameters hggﬂ(tl, .

,tapy1) associated with the
% sub-channel, v(n) = vl(n) cvgp(n)]T € CF*1 and
(n) [wi(n) ... won)]T € CQX ! is the nonlinear input
vector containing all the nomlinear combinations of s:(n)
present in (1), &) being the dimension of the vector w(n).
The nonlinear combinations corresponding to #; — 5, for
all i e {1,...,k+1}and j € {k+2,...,2k+1}, are absent in
(1) due to the fact that, for constant modulus signals, the term
|8:,(n)|? is a multiplicative constant that can be absorbed by
the channel coeflicients. As a consequence, some nonlinear
terms degenerate in terms of smaller order. Besides, the
even-order terms are also absent in (1) as they generate
distortions producing spectral components lying outside of
the channel bandwidth, which can be eliminated by bandpass
filters. The configuration of the nonlinear terms including
only-odd power terms with &£ 4 1 non-conjugated terms and
k conjugated terms, allows to represent baseband equivalent
nonlinear distortions [&].

III. PARAFAC DECOMPOSITION OF A TENSOR OF

COVARIANCE MATRICES

The proposed receiver relies on the PARAFAC decompo-
sition of a tensor composed of spatio-temporal covariances
of the received signals, given by:

R(d) = E [y(n | dy? ()] = BC(@HT cC™F, (3)
with
Cld) =E [w(n + dw¥(n)] < C¥%, (4)
where 0 < d < D — 1 and ) is the number of delays (co-
variance matrices) taken into account. The noise covariance
matrix is not considered in R{0) since it can be estimated
and then subtracted from R(0) [9].
A third-order tensor ® € CP*%*E can be defined from
the matrices R(d) in such a way that the first-mode slices of

R, denoted by Ryy413.., have the form:

R(d+1).. :R(d), (5)

where a first-mode slice of R is obtained by fixing the first
dimension index of R and varying the indices of the two
other modes. The scalar notation of the tensor R is given

by:

d=0,.,D1,

Q Q
Pld+1)ragrn = Z Z T1,q1 rg,qgcrh,qz (d), )
g1=1gp=1

where 7(ay1),e;,r R+ 1),r4,020 g = [H]rg and
g1 30 (4) = [C(d)] g1 go- Note that equatlon {6) corresponds to
the scalar writing of a Tucker2 model [10]. If the covariance

matrices C(d) of the nonlinear input vector are diagonal for
0<d<D-1, equation (6) becomes:

E 71,9 rg,ch,q {d),

(7

Fldb1),r1,me
which corresponds to the scalar writing of a PARAFAC
model. The advantages of the PARAFAC model over the
Tucker2 model are its simplicity (number of parameters) and
the essential uniqueness of its factors [6], [7], assured if the
Kruskal condition is verified [11]:

ky + ke 2 2Q +2, (8

where k4 is the k-rank of matrix A, i.e. the greatest integer
k such that every set of k& columns of A is linearly inde-
pendent, and the matrix C € CP* 9, containing the diagonal
components of C(d) for 0 < d < D — 1, is defined such that
Cig = Cqqld — 1.

The following theorem states sufficient conditions to en-
sure that the matrices C(d) are diagonal for 0 < d < D— 1.
It is assumed that P; > 2K + 1, for¢ =1,..., T, where P,
is the number of points of the PSK constellation associated
with the ¢** user.

Theorem 1: The off-diagonal elements of C(d) are null if
the following conditions are satisfied for (7' — 1} users and
0<d<D-1

(1) w7 (d) =0, forall 0 <i,j< K + 1 with i # j,
(©2) o!"(d) = 0, for all 0 < 4,5 < K + 1 with ¢ or/and

FZK+1;
where
w70d) = B [sitn + ) [l(m)] | ©)
and
é"(d) = E [sitn + d)sin)] . (10)
Proof The elements of C(d) are defined as:
Cu s (d) = Bl (n + d)u, (m), an

where w,, (n) and w,, (n) can be written respectively as:

T *
wy(n) = [[som [P, (2
=1
T B g *
wtn) = [ )
t=1
for some integers o, 5t, a;, ,8; verifying:
T T
Zat:k+1: Zﬁt:k:
t=1 =1
T T
Sop=k+land > B =k. (14)
=1 =1

with 0 < at,a; <K+land0 < ﬁt,,@; < K. Moreover,
from the constraints gz, ..., topyr1 # 61, .o, tht1 1n (1), it
can be concluded that ; = 0 or 8 = 0; and at =0 or
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,8; =0, forall £ =1,..,T. (They all may be equal to zero.)
Hence, (12) and (13) can be rewritten respectively as:

T T ¢
Wy (n) = H &l {n) and Wy {n) = Hsz‘ (n), (15)
=1 =1

where T = ma‘X(ata ;Bt): 7; = ma‘X(a;nB;):
3 _ St(n): ifg: =0, . N St(n), if,@; =0,
Si(n) = { sf(n), if @y =0, Biin) = si(n), if a; _ 0
(16)
Substituting (15) into (11), we get:
’ *
%2 (4 HE (n+d) { “(n )} } : (17)

If q1 #£ gz, there is at least two users ¢, and ¢; such that
(atiaﬁti) 7& (atiﬂgti) and (atgaﬁtg) 7& (at27!8t2)' So, (17)

can be rewritten as:

Cq1,q2(d) =

ﬁlﬂwm+@kﬁmﬂ
tstty, o
s [ st e (e o] ] as

The last two terms of (18) can be written as one of the
following forms:

o 259, with0< 4,7 < K+ 1and i £ 5
. [#gi’j)(d)r= with 0 < 4,5 < K and ¢ # J;
oA, wih 0< i< KE+1,0<j <K,
o [ wimo<i< R 0<j <R+
Therefore, conditions (C'1) and (C'2) are sufficient to ensure

that the off-diagonal elements of C(d) are null.
|

IV. TRANSMITTED MARKOV SIGNALS

In this section, the orthogonality constraints of Theorem
1 are written in terms of the Transition Probability Matrix
(TPM) that characterizes the DTMC of the transmitted
signals. The states of the DTMC are given by the P, PSK
symbols a, = {A;- e E=V/ B forp = 1,2,..., P;, where
Ay is the amplitude of the signal of the ¢*" user. The state
transmons are deﬁned by a set of Lz bits, denoted by

{bm B2, ... } that are uniformly distributed
over the set {0, 1} vmth QLB < F.. In addition, it is assumed
that the bﬂ (=1, ..., L g) are mutually independent. For each
of the F. states, the set B, of bits defines 2L equiprobable
possible transitions. Therefore, this coding imposes some
restrictions on the symbol transitions. For each state, there
is (P, — 22) not assigned transitions. The code rate is then
given by (Lg/ log, B;). For further details about this coding
scheme, see [2].

Let us denote by T = {T, ,.}. with p1,pz €
{1,2,..., P}, the TPM for a given user, T, ,, being the
probability of the transmon from the state ap1 to the state
@, Note that >7° =1and Ty, ,, € {0,27 0=}

pa=1 P1,p2
Moreover, let T, . o, element of T". So,

PI:PQ
be the (plapZ)

T pi,po Tepresents the probability of being in the state a,,
after n transitions, supposing that the current state is a,,,. The
following theorem reformulates the conditions of Theorem
1 in terms of the TPM associated with the DTMC of each
user.
Theorem 2: If the following conditions hold:

(C3) E_;? pi,pg =l forl<p <Py
(€ > T 2 =1, for 1 <pp < Fy
(C5 the DTMC is irreducible and aperiodic;

and the initial state of the DTMC is chosen in an equiprob-
able way among the PSK symbols, then, the moments (9)
and (10) can be rewritten as:

(4,4) 4y = i a*’ HTdaoi 19
pid) = 5 o , (19)
and
» 1. . .
o (d) = = [a%]" T, (20)
Py
where a = [a1, as, ...apt]T and a*" = [a, ai, ...a}t]T

Proof: Condition C3 must be verified for all TPM’s and
Conditions C4 and C5 ensure that the stationary distribution
of the DTMC is unique and equal to the uniform distribution
[12], [2]. So, if the initial state is chosen in an equiprobable
way armong the PSK symbols, the DTMC is stationary with
a uniform distribution.

Moreover, by exploiting the symmetry of PSK constella-
tions, it can be demonstrated that the constraints of Theorem
1 are verified for d = 0 in the case of uniformly distributed
PSK signals [2]. So, for d #£ 0 we get:

}} piztjlpzzl

plo, = api) [a;{;i} ' Pepnts = @y |, = api)aig, zh)

p D) = E [site+ ) [

where p(a, = ap,) is the probability of being in the state
ap, at the time n and p(ontd = ap|on = ap, ) is the
conditional probability of being in the state @y, at the time
(n+ d), given the state a,, at the time n. So, we have:

Sy

) = S Tapienty,  22)
p1=1pa= 1
_ 1 . d, e
= 5 {a } Téa%. (23)
Equation (20) can be obtained in a similar way.
|

V. DESIGN OF THE TRANSITION PROBABILITY
MATRICES

Forall {4, 7) suchthat 1 < 7,7 < K +1, conditions C1 and
C2 of Theorem 1 can be written in a matrix form respectively
as:

Hod Trd
ATT*A =0, .. &a;d ATTPA =0

(E+1).(E+1) (24)

where

A=(ayas - -ag,,) e CHREHD (25)
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and 02 o), rre) is the zero matrix qf dimension {K + 1) x
{K + 1). Equation (24) can be rewritten as:

(A7 © A7) vec (19) =0 (26)

(41321
and
(AT ® AT) vee (T%) =0

- (gﬂH)Q‘i i (27)
with vec(-) denoting the operator that stacks the columns of
the matrix argument and @ the Kronecker product. Condi-
tions C1 and C2 for ¢ or j equal to zero are not considered
as they are equivalent to the case d = 0, which is assured
from conditions C3, C4 and C5.

Note that for 4 = 1, equations (26) and (27) are linear with
respect to the elements of T. Thus, for d = 1, conditions C1-
C4 can be written as the following set of linear equations:

0 (AT @ AT
0. (AT e AT

O3
B,

0 ,
VCC(T) — [ (BT (B4

9P, —1,1

(28)
where 1, _, . is the all ones vector of dimension (2P; — 1),
&4 c ClEF =E+1]E o5 matrix that selects the
rows of (AT & AH) corresponding to (a ® af) with i #
jand ©; £ ClEFP 1 *(E s 3 matrix that selects
the rows of (AT & AT) corresponding to (al @ a?) with
iorfand § £ K + 1. QMoreover, the matrices @5 C RE: % Ff
and @, = R~ 1% are given respectively by:

0 =17, ®@1p, (29)

and
0, = [Iptfl 0?571‘1} (Ipt ® 1%,1) - (30

Thus, the desired TPM’s must satisfy (28) and C5. It
should be highlighted that, once chosen the values of F;
and g, the orthogonality constraints only depend on the
matrix T with T}, ,, € {0,27%#}, which means that T can
be a priori designed. In the sequel, TPM’s verifying such
constraints are given for some particular cases.

A. Cubic system with 4-PSK input signal

This case corresponds to K =1, P, =4and, hence, Ly =
1. Taking the fact that sZ(n) € R into account, the constrains
C1 and C2 reduce le’l (r) = Q§1’2>(T) = QEZ’U(’T) =0.

In this case, due to the reduced dimension of T (4 x 4),
all the TPM’s verifying (28) and C5, with Ty, », € {0, 0.5},
can be found by an exhaustive search. They are given by:

1 1 0 0O 0 1 1 ¢
1 1
T§A> _1 0 1 1 0O ? T‘(?A) _1 0 0 1 1
2 0 011 2 1 0 0 1
1 0 0 1 1 1 0 0
0 011 1 0 0 1
1 1
TéA> _1 1 0 0 1 ? TELA) _1 1 1 0 0O
2 1 1 0 0O 2 0 1 1 ¢
01 1 0 0 0 1 1

Moreover, it can be proved that these matrices verify C1-C5
for all D > 2.

B. Fifth-order system with 8-PSK input signal

In this case, due to the high dimension of T (8 x &), it
is impractical to find all the TPM’s verifying (28) by an
exhaustive search. However, some examples are given by:

T = g i® (31)
for Ly =1, and
LI i S (32)
for Lg =2, withi=1,2..8,
01000000
60100000
00010000
60001000
=l 60000100 | (33)
00000010
60000001
10000000
11000000
01 100000
00110000
s Ll oo o 11000
=351 00001 100 (34)
60000110
00000011
1000000 1
and
11110000
0111100 0
001 1110 0
o Llooo11110
T=3lo000 1111 ][ ©
106000 1 11
11000011
11100001
for D > 2.

VI. ESTIMATION ALGORITHM

The channel estimation problem is solved by minimizing
in an alternate way the two following least squares cost
functions:

2
L (36)

L T _
J=|R — (CoH,) HEHF = HRg,f (Hy « C) HZ

where || - ||z denotes the Frobenius norm, Ry and R; are
sample estimates of the wnfolded matrices of the tensor R,

defined as:
R;.. R.1
R3 = . y

R.x

@37

where the matrices Ry.., and R... are respectively the first
and third-mode slices of R.

Thus, the #*" iteration of the Alternating Least Squares
(ALS) algorithm can be described by the following steps:

a0 {(C oitl" ) *ﬁl} R [(ﬁé“) - €) iﬁs} o)
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Fig. 1. NMSE of the channel parameters versus SNR.

where I:IS]) and IfIZED) are chosen as K x ¢ Gaussian random

matrices and ()t denotes the matrix pseudo-inverse. The
algorithm iterates until the convergence of the estimated
parameters is achieved. Three channel estimates can then be
obtained: H'™, (HC )" and 0.5[HC" + (HY7)*), the final
chanmel estimate being chosen as the one providing the small
value of the cost function (36). The matrix C is assumed to
be known as it can be calculated using (19) and (20).

VII. SIMULATION RESULTS

A MIMO Wiener model of an uplink channel of a Ra-
dio Over Fiber multiuser communication system [2], [1],
[13] is considered for the simulations. The wireless inter-
face is a memoryless R x T linear mixer, consisting in
an uniformly spaced array of R antennas. The antennas
are half-wavelength spaced and the transmitted signals are
narrowband with respect to the array aperture. The E/O
conversion in each antenna is modelled as a memoryless
polynomial [13]. All the results in this section were obtained
via Monte Carlo simulations using Nz = 100 independent
data realizations and a data block of N = 2000 symbols.

The proposed channel estimation method is evaluated by
means of the Normalized Mean Squared Error (NMSE) of
the estimated channel parameters, defined as: NMSE =
1 o Ne |HTL R
N ~-1=1 " [H[Z
estimated at the [** Monte Carlo simulation. Fig. 1 shows
the NMSE versus SNR for various simulation configurations
described in Table I. We also show the performance of the
supervised Minimum Mean Squared Error (MMSE) receiver.
Note that Configuration B provides a performance very
close to that of the MMSE receiver and, as expected, the
performance degrades when the mumber of quasi-sources &)
increases.

, where ﬁg represents the channel matrix

VIII. CONCLUSION

In this paper, a blind channel estimation method has been
proposed for memoryless multiuser Volterra communication
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TABLE I
SIMULATION CONFIGURATIONS

Confic, |T | R | 2K +1] TPM of | TPM of | TPM of
user 1 user 2 user 3
A 2| 4 3 T | T s
B 2 | 4 3 ™ | Ti® .
c |24 3 T8 | 19 =
D 2 | 4 5 % [ TP -
E | 3|10 3 ® [ & | 1®
MMSE | 2 | 4 3 % [ TP -

channels. Orthogonality constraints for the transmitted sig-
nals have been established to get a PARAFAC decomposition
of a tensor composed of spatio-temporal covariance matrices
of the received signals. Modulation codes have been used
to satisfy these constraints, by designing the TPM’s asso-
ciated with the DTMC that characterizes each transmitted
signal. A two-steps version of the ALS algorithm is used
for estimating the channel. The proposed method has been
applied for identifying an uplink channel in a ROF multiuser
communication system, providing a performance close to the
one of the supervised MMSE receiver. In future works, other
kinds of diversities will be investigated, in particular for Code
Division Multiple Access systems.
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