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PARAFAC Receiver for Uplink Cooperative

Relay-Assisted DS-CDMA Systems
André L. F. de Almeida, C. Alexandre R. Fernandes, and Daniel Benevides da Costa

Resumo— Neste artigo, considera-se o uplink de um sistema
de comunicação DS-CDMA multiusuário cooperativo, em que
cada usuário se comunica com a estação-base com a ajuda de
R relays. Uma configuração DS-CDMA cooperativa utilizando
espalhamento espectral nos relays é proposta neste trabalho,
e para este cenário cooperativo, é formulado um novo
modelo trilinear para o sinal recebido que combina os links
source-destination (SD) and relay-destination (RD). Baseado no
modelo trilinear em questão, é proposto um receptor cego para a
estimação dos vetores de respostas do arranjo, do ganho do canal,
e dos sı́mbolos transmitidos de todos os usuários. Resultados
numéricos são fornecidos para ilustrar o desempenho do receptor
cego proposto. Os resultados obtidos corroboram ainda com os
benefı́cios de se explorar a diversidade de espalhamento para a
detecção multiusuário cega neste cenário cooperativo.

Palavras-Chave— Diversidade cooperativa, comunicações
multiusuário, DS-CDMA, PARFAFAC, receptor cego.

Abstract— In this paper, we consider the uplink of a
multiuser cooperative DS-CDMA communication system, where
each user communicates with the base station with the help
of R relays. A cooperative DS-CDMA configuration with
direct-sequence spreading at the relays is proposed and for this
cooperative scenario we formulate a new trilinear model for
the received signal that combines source-destination (SD) and
relay-destination (RD) wireless links. Based on this trilinear
model, we propose a blind receiver for the joint estimation of
antenna array responses, channel gains and transmitted symbols
of all the users. Numerical results are provided to illustrate the
performance of the proposed blind receiver. Our results also
corroborate the benefits of exploiting spreading diversity for blind
multiuser detection in the considered cooperative relay-assisted
DS-CDMA scenario.

Keywords— Cooperative diversity, multiuser communications,
DS-CDMA, PARAFAC, blind receiver.

I. INTRODUCTION

Cooperative diversity has recently emerged as a promising

wireless solution due to its ability for exploiting spatial

diversity without the need of multiple antennas implemented at

the terminals. More specifically, cooperative diversity systems

emulate an antenna array in a distributed manner by allowing

one or more mobile terminals to relay the information

transmitted from a source node to the destination node [1].

Several cooperative relaying protocols have been proposed

in the literature such as the amplify-and-forward (AF), fixed
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decode-and-forward (FDF), and selective decode-and-forward

(SDF) [2]. The AF protocol avoids decoding at the relays and,

therefore, is often preferable when complexity and/or latency

issues are of importance. The FDF protocol includes decoding

at the relay nodes, being an alternative to the AF protocol in

noise-limited scenarios. The SDF protocol also uses decoding

at the relays but has the key feature of opportunistic relay

use, meaning that a relay is only used if the associated

signal-to-noise (SNR) ratio is above a certain threshold.

A few recent works have developed tensor-based receivers

in cooperative diversity systems [3], [4]. In [3], a supervised

tensor-based receiver was proposed for two-way relaying

cooperative systems with multiple antennas at the relay nodes.

In [4], a tensor-based receiver was derived for decentralized

wireless sensor networks based on direct-sequence code

division multiple access (DS-CDMA). In that work, using

the idea of collaborative signal processing, a distributed

blind channel and symbol estimation algorithm based on

alternating least squares estimation was proposed. The work

[5] proposed a distributed Khatri-Rao space-time coding

model with distributed blind decoding. In both [4] and [5],

a parallel factor (PARAFAC) model [6], [7] was used to

formulate the receiver algorithm. In a recent work [8], a

tensor-based blind receiver was proposed for uplink multiuser

cooperative diversity systems employing an antenna array

at the destination node (base station). Therein, the original

idea was to explicitly incorporate cooperative diversity as the

third dimension of the received data tensor, in addition to

common space (receive antennas) and time (symbol periods)

dimensions. The approach of [8] is also based on a PARAFAC

modeling of the received data tensor and considers AF, FDF,

and SDF relaying protocols.

In this paper, we propose a PARAFAC-based blind multiuser

detection approach for uplink multiuser cooperative diversity

communication system employing DS-CDMA. Considering a

cooperative relay-assisted DS-CDMA based scenario where

direct-sequence spreading is used at the relays along with

the AF protocol, we formulate a new trilinear model for

the received signal by combining source-destination (SD) and

relay-destination (RD) wireless links. Based on this model, we

propose a blind receiver for the joint estimation of antenna

responses, channel gains and transmitted symbols of all users

by means of the alternating least squares algorithm.

The work [9] originally linked the PARAFAC model to

the blind multiuser detection in uplink DS-CDMA systems,

where the authors showed that a mixture of DS-CDMA

signals received at an antenna array could be interpreted

as a third-order tensor admitting a PARAFAC model. Our

contribution can be viewed as a generalization of the idea of
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[9] to cooperative relay-assisted communications. In contrast

to [8], the proposed blind receiver is designed to operate in the

case where all the relays of a cluster transmit simultaneously

towards the base station by possibly using very short and not

necessarily orthogonal spreading codes.

Notation: The following notation is used throughout the paper:

Scalars are denoted by lower-case letters (a, b, . . .), vectors

are written as lower-case boldface letters (a,b, . . .), matrices

as upper-case boldface letters (A,B, . . .), and tensors as

calligraphic letters (A,B, . . .). To retrieve the element (i, j)
from a matrix A, we use the notation [A]i,j . The i-th row

and j-th column of A are denoted by Ai. ∈ C1×J and

A.j ∈ CI×1, respectively. AT and A
† stand for transpose

and pseudo-inverse of A, respectively. The operator diag(a)
forms a diagonal matrix out of its vector argument a, while the

operator Di(A) forms a diagonal matrix out of the i-th row of

A. The Khatri-Rao (columnwise Kronecker) product between

two matrices A ∈ CI×R and B ∈ CJ×R is symbolized by

A ⋄B, i.e.:

A ⋄B =




BD1(A)
...

BDI(A)


 . (1)

II. TENSOR PREREQUISITES

For an third-order tensor X ∈ CI1×I2×I3 with entries xi1i2i3

(in = 1, 2, · · · , In, for n = 1, 2, 3), each index in is associated

with a mode, and In is the mode-n dimension. In its general

form, the parallel factor (PARAFAC) decomposition amounts

to decomposing X ∈ CI1×I2×I3 into a sum of R outer

products of 3 vectors, i.e. R rank-one third-order tensors [6],

[9]. It has the following scalar representation:

xi1i2i3 =

R∑

r=1

a
(1)
i1r

a
(2)
i2r

a
(3)
i3r

, (2)

where a
(n)
inr

= [A(n)]in,r is a typical element of the n-th

mode matrix factor A
(n) ∈ CIn×R, n = 1, 2, 3. When R is

minimal, it is called the rank of X . The third-order PARAFAC

decomposition is unique up to permutation and scaling of the

columns of its matrix factors A
(1),A(2),A(3), if [10]

kA(1) + kA(2) + kA(3) ≥ 2R+ 2 (3)

where kA(n) stands for the Kurskal-rank (also called k-rank)

of the matrix A
(n), defined as the maximum number r

such that every set of r columns of A
(n) ∈ CIn×R is

linearly independent [11]. Note that kA(n) ≤ rank(A(n)) ≤

min(In, R).
Matrix slices: For a third-order tensor X ∈ CI1×I2×I3 , we

can define three types of matrix slices denoted by X
(1)
i1

∈

C
I2×I3 , X

(2)
i2

∈ C
I3×I1 , and X

(3)
i3

∈ C
I1×I2 , where X

(j)
ij

∈

CIk×Il denotes the ij-th matrix slice of dimensions Ik × Il,

and (j, k, l) = (1, 2, 3), (2, 3, 1) or (3, 1, 2). The ij-th matrix

slice is obtained by fixing the mode j of the tensor to index ij ,

j = 1, 2, 3. Note that [X
(1)
i1

]i2,i3 = [X
(2)
i2

]i3,i1 = [X
(3)
i3

]i1,i2 =
xi1i2i3 . The trilinear decomposition (2) can be written in terms

of three systems of simultaneous matrix factorizations [6]:

X
(j)
ij

= A
(k)Dij (A

(j))A(l)T , (4)

.
.
.
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Fig. 1. Uplink multiuser cooperative communication scenario.

for ij = 1, . . . , Ij , j = 1, 2, 3.

Matrix unfoldings: A third-order tensor X ∈ CI1×I2×I3 has

three standard matrix unfoldings, obtained by stacking matrix

slices of the same type. The mode-l matrix unfolding Xl ∈

C
IjIk×Il is defined by

Xl =




X
(j)
1
...

X
(j)
Ij


 =




A
(k)D1(A

(j))
...

A
(k)DIj (A

(j))


A

(l)T

= (A(j) ⋄A(k))A(l)T , (5)

where we have invoked property (1), and (j, k, l) =
(1, 2, 3), (2, 3, 1) or (3, 1, 2).

III. SYSTEM OVERVIEW AND SIGNAL MODEL

We consider M co-channel users transmitting signals

towards a base station equipped with a uniform linear array of

K omnidirectional antennas. Assuming a cooperative diversity

scenario, each user communicates with the base station with

the help of R relays. Each user and relay are single-antenna

devices and operate in a half-duplex mode. We assume that

fading is frequency-flat and that users are synchronized at the

symbol level.

Figure 1 illustrates the considered cooperative

communication scenario. We consider three types of

links: source-destination (SD), source-relay (SR) and

relay-destination (RD) links. The cooperative relay-assisted

DS-CDMA configuration of this work assumes that

direct-sequence spreading is used at the relays, i.e. each one

of the R relays of a cluster employs a specific spreading code

assigned by the base station. These spreading codes are reused

at the M different clusters of relays meaning that each user

will be linked to the same set of R spreading codes via its

respective relays. Note that in the considered scenario, the R

relays of each one of the M clusters simultaneously transmit

towards the base station such that the overall cooperative

communication process has only two phases.

We develop a tensor formulation for the received signal in

cooperative DS-CDMA systems by considering the proposed

cooperative relay-assisted configuration. This formulation will
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be exploited in the next section to derive the proposed blind

PARAFAC receiver.

Following [8], we make some key assumptions regarding

the cooperative scenario and channel model:

A1. Each user and its R relays are close to each other

and located in a “cluster”. More specifically, there is a

one-to-one correspondence between a given user and its

associated relays;

A2. The signals received at the relays of a given user

contains no significant contribution from the signals

transmitted by other users, which means that there is no

interference among users’ source-relay (SR) links;

A3. The source-destination (SD) and relay-destination

(RD) links of the different users are subject to multipath

scattering that occurs in the far field of the antenna array

receiver. This means that the SD and RD links of each

user are characterized by a common angle of arrival and

angle spread is negligible1.

The discrete-time baseband signal x
(SD)
kn received through

the direct links (source-destination) at the k-th base station

antenna and n-th symbol period can be written as

x
(SD)
kn =

M∑

m=1

h(SD)
m ak(θm)snm + v

(SD)
kn , (6)

where h
(SD)
m is the complex fading amplitude associated with

the m-th SD link, ak(θm) is the response of the k-th antenna

to a plane wave coming from azimuthal direction θm of the

m-th user-relay cluster, snm is the n-th symbol transmitted

by the m-th user, and v
(SD)
kn is the additive white Gaussian

noise (AWGN) component at the k-th antenna and n-th symbol

period. The data symbols snm, m = 1, . . . ,M , are assumed

to be independent and identically distributed (i.i.d.), with

a uniform distribution over a phase shift keying (PSK) or

quadrature amplitude modulation (QAM) alphabet. For the

source-relay links, the discrete-time baseband signal x
(SR)
rmn

received by at the r-th relay of the m-th user during the n-th

symbol period is given by

x(SR)
rmn = h(SR)

rm snm + v(SR)
rmn , (7)

where h
(SR)
rm is the channel coefficient between the m-th user

and its r-th relay, and v
(SR)
rmn is the noise component.

For the relay-destination links, assuming direct-sequence

spreading at the relays, and since all relays transmit

simultaneously, we can write the signal received at the k-th

base station antenna during the p-th chip of n-th symbol period

as

x
(RD)
kpn =

M∑

m=1

R∑

r=1

h(RD)
rm ak(θm)cprqrmn + vkpn, (8)

where h
(RD)
rm is the complex fading amplitude associated

with the (r,m)-th RD link, cpr is the p-th chip of

spreading code used by the r-th relay, v
(RD)
kpn is the

corresponding noise component, and qrmn is the signal

1This propagation scenario is typical in suburban environments, where the
base transceiver station is on a tower or on the roof of a building [13], [14].

retransmitted by the r-th relay of the m-th cluster at

the n-th symbol period, which depends on the type of

relaying processing that is implemented. In this work, we

consider the amplify-and-forward (AF) protocol, although

other decode-and-forward protocols can also be used [8]. In

the AF protocol, the relays only amplifies and forwards the

received signal, which gives

qrmn = γrmx(SR)
rmn , (9)

where γrm is the amplification factor of the r-th relay of the

m-th user. The amplification factor depends on the channel

gain and noise variance [2]. Combining (7) with (9), and

substituting into (8) yields:

x
(RD)
kpn =

M∑

m=1

R∑

r=1

h(RD)
rm ak(θm)cprγrmh(SR)

rm snm + vkpn,

=

M∑

m=1

R∑

r=1

ak(θm)cprhrmsnm + vkpn, (10)

where

hrm = h(RD)
rm γrmh(SR)

rm (11)

is the overall channel coefficient resulting from the cascade

of source-relay and relay-destination links including the

amplification factor, and

vkpn =

(
M∑

m=1

R∑

r=1

h(RD)
rm ak(θm)cprγrmv(SR)

rmn

)
+v

(RD)
kpn (12)

denotes the composite noise term. Note that the contribution

within parenthesis corresponds to the filtered noise associated

with the SR link.

IV. PROPOSED PARAFAC RECEIVER

The ultimate goal of the proposed multiuser detection

receiver is to blindly estimate the symbols transmitted by the

co-channel users without resorting to training sequences, and

without knowledge of their spatial location or those of their

relays. This is possible by relying on a PARAFAC modeling

of the received data. Thanks to the uniqueness property of

the PARAFAC model, a joint estimation of antenna array

responses, channel gains and transmitted symbols of all users

is possible. In the following, we recast the signal model for

system configurations derived in the previous section using

the trilinear (PARAFAC) modeling framework. For notational

simplicity, we drop the additive noise term.

A. Trilinear model

The signal models for the SD and RD links given in (6)

and (13) can be rewritten, respectively, as

x
(SD)
kn =

M∑

m=1

akmgmsnm, x
(RD)
kpn =

M∑

m=1

akmh̄pmsnm,

(13)

where

gm
.
= h(SD)

m , akm
.
= ak(θm), h̄pm

.
=

R∑

r=1

cprhrm (14)
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The SD and RD received data (13) can be stored in a

third-order received data tensor X ∈ CK×(P+1)×N defined

as follows

[X ]k1n = x
(SD)
kn , and [X ]kpn = x

(RD)
k(p−1)n, (15)

where k = 1, 2, . . . ,K , p = 2, 3, . . . , (P + 1), n =
1, 2, . . . , N . This tensor can be written as the following

trilinear model:

xkpn =

M∑

m=1

akmh̄pmsnm, (16)

with matrix factors A ∈ CK×M , H̄ ∈ C(P+1)×M and S ∈

CN×M , where

[A]k,m = akm

[H̄]p,m =

{
gm, for p = 1
h̄pm, for 2 ≤ p ≤ (P + 1)

[S]n,m = snm.

By analogy with (2), we deduce the following

correspondences

(I1, I2, I3, R) ↔ (K,P + 1, N,M)

(A(1),A(2),A(3)) ↔ (A, H̄,S). (17)

Note that the matrix-slices and the matrix unfoldings of the

date tensor X ∈ CK×(P+1)×N can be easily deduced from

equations (4) and (5), respectively:

X
(1)
k = H̄Dk(A)ST ⇐⇒ X3 = (A ⋄ H̄)ST (18)

X
(2)
p = SDp(H̄)AT ⇐⇒ X1 = (H̄ ⋄ S)AT (19)

X
(3)
n = ADn(S)H̄

T ⇐⇒ X2 = (S ⋄A)H̄T (20)

B. Uniqueness conditions and their implications

Applying the uniqueness condition (3) we obtain:

kA + kH̄ + kS ≥ 2M + 2. (21)

Assume that users’ signals undergo independent fading

channels and arrive at the base station array with distinct

directions of arrival. If spreading codes are linearly

independent, which implies P ≥ R, condition (21) is

equivalent to the following one:

min(K,M)+min(R+1,M)+min(N,M) ≥ 2M +2. (22)

In practice, it happens almost always that N >> M , so that

min(K,M) + min(R + 1,M) ≥ M + 2 (23)

is a sufficient condition for the uniqueness of A, H̄ and S. This

condition guides the choice of suitable values for the number

of receive antennas (K) and relays (R) for a target number

of users to be jointly handled at the base station receiver.

Condition (23) implies that

• If K ≥ M , then a single relay per user is sufficient for

uniqueness;

• If R ≥ M−1, then two base station receive antennas are

sufficient for uniqueness.

C. Trilinear alternating least squares (TALS)

We assume that channel state information is not available

at the receiver. Note that the spreading codes used by the

relays are not required to be orthogonal, and may or may not

be known at the receiver. This algorithm consists in fitting

a trilinear model to the received data tensor by alternatively

optimizing the following three least squares (LS) criteria:

Â = argmin
A

∥∥X1 − (H̄ ⋄ S)AT
∥∥2
F

(24)

ˆ̄
H = argmin

H̄

∥∥X2 − (S ⋄A)H̄T
∥∥2
F

(25)

Ŝ = argmin
S

∥∥X3 − (A ⋄ H̄)ST
∥∥2
F

(26)

In our case, the component matrices to be estimated are

the array response matrix, effective code matrix and symbol

matrix. We assume that the uniqueness conditions (21) are

fulfilled and propose to use the alternating least squares (ALS)

algorithm [15].

Define X̃i = Xi+Vi, i = 1, 2, 3, as a noisy version of Xi,

where Vi is an additive complex-valued white gaussian noise

matrix. The algorithm is summarized as follows:

RECEIVER ALGORITHM

1) Initialization: Set i = 0;

Initialize ̂̄
H(i=0) and Ŝ(i=0);

2) i = i+ 1;

3) Using X̃1, find a LS estimate of A(i):

Â
T

(i) =
( ̂̄
H(i−1) ⋄ Ŝ(i−1)

)†
X̃1;

4) Using X̃2, find a LS estimate of H̄(i):

̂̄
H

T

(i) =
(
Ŝ(i−1) ⋄ Â(i)

)†
X̃2;

5) Using X̃3, find a LS estimate of S(i):

Ŝ
T

(i) =
(
Â(i) ⋄

̂̄
H(i)

)†
X̃3;

6) Repeat steps 2-5 until convergence.

The convergence of the algorithm at the i-th iteration is

declared when the error between the true received signal tensor

and its version reconstructed from the estimated component

matrices does not significantly change between iterations i

and i + 1. Instead of using random initializations in the

ALS algorithm, in this work we consider a more efficient

initialization strategy, which consists in first obtaining an

estimation of the column space of H̄ and S by means of

singular value decompositions of X2 ∈ C
NK×(P+1) and

X3 ∈ CK(P+1)×N , respectively.

V. PERFORMANCE EVALUATION

In this section, some computer simulation results are

provided for the performance evaluation of the proposed

receiver in selected system configurations. In our simulations,

we consider K = 3 half-wavelength spaced antenna elements

at the base station antenna array, M = 3 co-channel users,

a data block of N = 20 symbol periods and pseudo-noise

(PN) spreading codes of length P = 4 chips. The results

represent an average over a large number of independent

Monte Carlo runs. Each run corresponds to a realization

of users’ transmitted symbols, channel coefficients, cluster’
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angles of arrival, and additive noise. Our goal is to evaluate

the impact of the number R of relays on the performance

of the proposed PARAFAC receiver using the ALS algorithm

described in the previous section.

Figure 2 shows the average bit-error-rate (BER) versus the

signal-to-noise-ratio (SNR) at the base station for different

number of relays. It can be seen that the BER performance is

considerably improved as the number of relays increases. We

can also conclude from the slope of the BER curves that a

higher diversity order is obtained as more relays are used to

assist the communication of the users with the base station.

In Figure 3, we evaluate the accuracy of the estimation

of the array response matrix A provided by the proposed

PARAFAC receiver. For this sake, we compute the

following normalized mean square error (NMSE) measure

from L = 1000 Monte Carlo runs: NMSE(Â) =

1
L

L∑
l=1

vec(Â(l)−A)H vec(Â(l)−A)
vec(A)H vec(A) . Note that more satisfactory

results are obtained with a higher number of relays, as

expected. In particular, using R = 4 relays leads to a

considerably improved estimation accuracy in comparison

with the configurations with R = 1 and 2 relays.

VI. CONCLUSION AND PERSPECTIVES

We have addressed the problem of blind multiuser

detection and channel estimation for uplink cooperative

relay-assisted DS-CDMA systems. Relying on a trilinear

PARAFAC modeling for the composite received data tensor

(SD and RD links combined), our receiver exploits space (first

dimension), cooperative/spreading (second dimension) and

time (third dimension) diversities for blindly estimating the

users’ transmitted symbols and channels and it is designed to

operate in the case where all the relays transmit simultaneously

towards the base station. This work has several perspectives,

and among them we can cite:

• A comparison with traditional pilot-assisted receivers

using ZF and/or MMSE detection;

• The impact of other relay processing methods such as

decode-and-forward (DF) and selective DF;

• The modeling of multiuser interference on the SR links;

• The use of multiple antennas and direct-sequence

spreading at the users’ transmission;

• The design of distributed tensorial space-time codes

across the multiple relays.
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