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Ceará, como parte dos requisitos necessários
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Agradeço a Deus por me dar saúde e coragem para enfrentar todos os desafios

da vida.
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“Não basta ter razão para estar certo, tem

que ter lucidez.”(FERREIRA GULLAR)



RESUMO

Nesta tese provaremos a existência de solução para o problema do fluxo pela curvatura

média modificado, com dado inicial suave. Para tal próposito precisaremos de estimati-

vas a priori para garantirmos o uso da teoria de equações diferenciais parabólicas, mais

precisamente a teoria quasilinear. Nosso resultado principal é obtido para uma variedade

suave n-dimensional, completa, não-compacta, com um polo. A variedade ambiente é um

warped-product dotado de um campo Killing que define a função warping. Algumas con-

siderações geométricas são feitas tal que nossa abordagem contemple casos particulares.

Equações de evolução são calculadas a fim de serem usadas nas estimativas.

Palavras-chave: Modificado. Fluxo pela curvatura média. Campo de Killing. Gráficos.

Estimativas.



ABSTRACT

In this thesis we will prove the existence of solution to the problem of modified mean

curvature flow with smooth initial data. For this purpose we will need a priori estimates

to guarantee the use of the theory of parabolic differential equations, more precisely the

quasilinear theory. Our main result is obtained for a smooth, n-dimensional, complete,

non-compact manifold with pole. The ambient manifold is a warped-product endowed

with a Killing field which defines the warping function. Some geometrical considerations

are made in order to encompass particular cases. Evolution equations are calculated in

order to be used in the estimates.

Keywords: Modified. Mean curvature flow. Killing field. Graphs. Estimates.
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1 INTRODUCTION

In recent years several evolution equations have been studied in Differential

Geometry. They lead to interesting systems of nonlinear partial differential equations and

provide the appropriate mathematical modelling of physical processes such as material

interface propagation and crystal growth. Geometric evolutions as the mean curvature

flow are also used in surface processing in Computer Graphics and Signal Processing.

Mean curvature flow (MCF for short) is a term that is used to describe the

evolution of a hypersurface whose normal velocity is given by the mean curvature. Let

M be an n-dimensional manifold and M̄ an (n + 1)-dimensional Riemannian manifold.

A map Ψ : M × [0, T ) → M̄ such that every Ψt := Ψ(·, t) : M → M̄ is an immersion,

describe the mean curvature flow of Ψ0 if it is a solution of

∂Ψ

∂t
= n ~H

where ~H(·, t) is the mean curvature vector of the immersion Ψt.

The papers Ecker and Huisken (1989) and Ecker and Huisken (1991) the mean

curvature flow was studied to evolution of non-compact hypersurfaces in Euclidean Space.

In Huisken (1989) is studied the case of Dirichlet boundary conditions. In Ecker and

Huisken (1989) they show that in the case of Lipschitz initial data with linear growth rate

for its height, the flow equation has a smooth solution for all times, moreover they studied

the asymptotic behavior of these solutions as t→∞. In Ecker and Huisken (1991), they

obtained some interior estimates and applied them to prove that the hypothesis of linear

growth is not necessary, that is: If the initial graph is a locally Lipschitz continuous, then

the flow with initial condition Ψ0 has a smooth solution for all time.

Unterberger (2003) and (1998), studied the MCF in hyperbolic space Hn+1

and proved that if the initial surface M0 has bounded hyperbolic height over Sn+ (i.e,

∂M0 = ∂Sn+) then under the MCF, Mt converges in C∞ to Sn+ which is minimal. The

hyperbolic case was also studied by Allmann, Lin, and Zhu (2017), where their results

are for modified mean curvature flow.

There is a vast literature on MCF in different directions, for example Lambert

(2014) and Lambert et al. (2012) worked mean curvature flow of hypersurfaces in Min-

kowski space with a perpendicular Neumann boundary condition. He proved that if the

boundary manifold is a convex cone made up of timelike rays then any initially spacelike

hypersurface satisfying the boundary condition will exist for all time. In Ecker (2012)

the notes focussed on the special case where smooth solutions of mean curvature flow

develop singularities for the first time. Some important references about geometric flows

can be found in Ecker et al. (1996),Huisken (1998), Zhu (2002), Ritoré and Sinestrari

(2010)among others.
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A very interesting case is approached in Borisenko and Miquel (2012), where

is proved that if M is completely non-compact with pole and M̄ is a warped product,

since that M0 is a smooth graph over M , then there is a solution to MCF for all time, but

they do not assume that the initial surface is a graph. Hence they create a set adapted

to the immersions and not to the domain, where a diffeomorphism is used. Despite using

the methods of Ecker and Huisken (1991) and Unterberger (2003), they not use barriers

as done in Unterberger (2003).

This work consists of studying the modified mean curvature flow in a warped

product structure, where the warping function is the norm of a certain Killing field. Unlike

Borisenko and Miquel (2012), here we are taking our initial surface M0 being a smooth

graph and we show that exist a solution to all time. To do this we prove estimates of height,

gradient and curvature so we can talk in short time existence and long time existence and

thus be supported by the quasilinear parabolic theory. At this point our references are

Lieberman (1996), Ecker and Huisken (1991), Ladyzhenskaya (1968), Pulemotov (2013)

and also Serrin (1969).

Our height estimate is as in Colding, Minicozzi et al. (2003), to prove the

gradient estimate were very useful the papers Korevaar (1986) and Ecker and Huisken

(1991). To obtain curvature estimates we proceed as Borisenko and Miquel (2012), with

this we established our main result:

Theorem 1.1. Let M be a n-dimensional complete, non-compact Riemannian manifold

with a pole o and let M̄ be the warped product M ×% R. Suppose that (6), (8) and (9)

hold. Given a smooth entire graph M0 over M , there exists a modified mean curvature

flow (2)-(3) defined for all t ∈ R.

In order to prove this result we divide this thesis into chapters: In chapter

2 is presented the initial concepts and geometric preliminaries which the work will be

developed. In addition, we still display a height estimate. In chapter 3 we prove two

types of gradient estimate, but only the second estimate is necessary for our purposes. In

chapter 4 we obtain second order bounds, where we deduce evolution equations for the

second fundamental form and its squared norm. The main theorem is proved in chapter

5. Some calculations used in the curvature estimate are detailed in the appendix.
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2 MODIFIED MEAN CURVATURE FLOW

Let M̄ be a (n+ 1)-dimensional complete Riemannian manifold endowed with a complete

Killing vector field X. We suppose that X never vanishes and that the orthogonal dis-

tribution it determines is integrable. Let M be a given integral leaf of this distribution

and let Φ : M ×R→ M̄ be the flow generated by X with initial values in M . One easily

verifies that Φ is a global isometry between M̄ and the warped product M ×% R endowed

with the static warped metric.

%2(x) ds2 + g,

where s is the natural coordinate in R and g is the induced Riemannian metric in M ⊂ M̄ .

The coefficient % ∈ C∞(M) is the norm of X which is preserved along the flow lines. In

these coordinates, we have X = ∂s and the leaves Ms = Φs(M) are totally geodesic

hypersurfaces in M̄ .

The Killing graph of a function u ∈ C2(M) is by definition the hypersurface

in M̄ given by

Σ[u] = {Φ(x, u(x)) : x ∈M} (1)

A one parameter family of functions u : M × [0, T )→ R, T > 0, defines a modified mean

curvature flow

Ψ(x, t) = Φ(x, u(x, t)) (2)

if and only if

∂tΨ = n(H − σ)N, (3)

where σ is a constant and H is the mean curvature of the Killing graph Σt := Σ[u(·, t)]
calculated with respect to the orientation given by the unit normal vector field

N = N |Ψ(·, t) =
1

W
(%−2X − Φ∗∇Mu) (4)

with

W = (%−2 + |∇Mu|2)
1
2 ,

where ∇M denotes the Riemannian connection in (M, g).

We suppose that M is a manifold with a pole. In particular, we consider

Gaussian global coordinates (r, ϑ) ∈ R+ × Sn−1 defined with respect to a fixed pole

o ∈M . Let ξ ∈ C∞([0,∞)) be a function satisfying the following conditions

ξ(r) > 0, for r > 0,

ξ′(0) = 1,

ξ(2k)(0) = 0, for k ∈ N.

(5)
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We suppose that the radial sectional curvatures along geodesics rays issuing from o satisfy

K(∂r ∧ v) ≥ −ξ
′′(r)

ξ(r)
(6)

for all r > 0, v ∈ TM, v ⊥ ∂r. In this case, the Hessian comparison theorem in Pigola,

Rigoli, and Setti (2005) implies that

∇M∇Mr ≤ ξ′(r)

ξ(r)
(g − dr ⊗ dr) . (7)

We also suppose that ∣∣∣∣∂r%%
∣∣∣∣ ≤ ξ′(r)

ξ(r)
(8)

and we take

σ <
1

n
inf

(
|∇̄%|
%

+ (n− 1)
ξ′(r)

ξ(r)

)
. (9)

Our main result establishes the long-time existence of a modified mean curvature flow of

Killing graphs under those conditions on the geometry of the Riemannian warped product

M̄ = M ×% R.

2.1 Preliminaries

The induced metric and volume element in Σt = Σ[u(·, t)] are respectively given by

g + %2du⊗ du (10)

and

dΣt = %
√
%−2 + |∇Mu|2 dM. (11)

Given a domain Ω ⊂M and a constant σ we define the constrained area functional

Aσ [u] =

∫
Ω

%
√
%−2 + |∇Mu|2 dM + nσV [u] ,

where the volume functional V is defined by

V [u] =

∫
Ω

∫ u(x)%(x)

0

dM =

∫
Ω

%u dM.

For an arbitrary compactly supported function v ∈ C∞0 (Ω) we have

d

dt

∣∣∣
t=0
Aσ [u+ tv] = −

∫
Ω

(
divM

(
∇Mu

W

)
+

〈
∇M log %,

∇Mu

W

〉
− nσ

)
v% dM,
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where the differential operators ∇M and divM are taken with respect to the metric g in

M . Then the Euler-Lagrange equation of the functional Aσ is

n(H − σ) = divM

(
∇Mu

W

)
+

〈
∇M log %,

∇Mu

W

〉
− nσ = 0, (12)

where H is the mean curvature of the Killing graph of u. However, differentiating (2)

with respect to t in gives

∂tΨ = ∂tuX.

Hence (3) is equivalent to

∂tuX =

(
divM

(
∇Mu

W

)
+

〈
∇M log %,

∇Mu

W

〉
− nσ

)
N.

Taking the normal projection on both sides yields

∂tu〈X,N〉 = divM

(
∇Mu

W

)
+

〈
∇M log %,

∇Mu

W

〉
− nσ.

Since 〈X,N〉 = 1/W we conclude that (2) defines a modified mean curvature flow if and

only if u(·, t) satisfies the parabolic equation

∂tu = Q[u], (13)

where

Q[u] = W

(
divM

(
∇Mu

W

)
+

〈
∇M log %,

∇Mu

W

〉
− nσ

)
. (14)

In general, this non-parametric formulation is equivalent to the modified mean curvature

flow (3) up to tangential diffeomorphisms of the evolving graphs Σt. The equivalence here

follows from the fact that we are assuming a fixed gauge, namely the choice of coordinates

fixed in (2).

Now we deduce some evolution equations that will be useful in the sequel.

Proposition 2.1. Suppose that (6) holds. The restrictions of the functions r and s to

the graphs Σt, t ∈ [0, T ), satisfy

(∂t −∆)r ≥ −ξ
′(r)

ξ(r)

(
n− |∇r|2

)
− %2|∇s|2

(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
− nσ〈∇̄r,N〉 (15)

and

(∂t −∆)s = −(2〈∇̄ log %,N〉+ nσ)〈∇̄s,N〉. (16)

In both expressions, ∇ and ∆ are the intrinsic Riemannian connection and Laplacian in

Σt, respectively, whereas ∇̄ denotes the Riemannian connection in M̄ . Moreover, given
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the function

ζ(Ψ(x, t)) =

∫ r(Ψ(t,x))

0

ξ(ς) dς (17)

we have

(∂t −∆)ζ ≥ −nξ′(r)− %2|∇s|2ξ(r)
(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
− nσξ(r)〈∇̄r,N〉. (18)

Proof: Observe that ∇̄s = %−2X and ∇s = %−2X>, where > denotes the tangential

projection onto TΣt. Given a local orthonormal tangent frame {ei}ni=1 in Σt, one has

∆s = 〈∇%−2, X>〉+ %−2

n∑
i=1

〈∇̄eiX, ei〉+ nH〈%−2X,N〉 = 〈∇̄%−2, X>〉+ nH〈∇̄s,N〉

= −〈∇̄%−2, N〉〈X,N〉+ nH〈∇̄s,N〉 = 2〈∇̄ log %,N〉〈∇̄s,N〉+ nH〈∇̄s,N〉.

We also compute

∂ts = 〈∇̄s, ∂tΨ〉 = n(H − σ)〈∇̄s,N〉.

Therefore

(∂t −∆)s = −(2〈∇̄ log %,N〉+ nσ)〈∇̄s,N〉.

Now we obtain

〈∇̄X∇̄r,X〉 = 〈∇̄∇̄rX,X〉 =
1

2
∂r|X|2 =

1

2
∂r%

2 = %〈∇̄%, ∇̄r〉.

Fixed a local orthonormal tangent frame {ei}ni=1 in Σt, we have

∆r =
∑
i

〈∇ei∇r, ei〉 =
∑
i

〈∇̄ei(∇̄r − 〈∇̄r,N〉N), ei〉

=
∑
i

〈∇M
π∗ei

π∗∇̄r, π∗ei〉+
1

%4

∑
i

〈ei, X〉2〈∇̄X∇̄r,X〉 −
∑
i

〈∇̄r,N〉〈∇̄eiN, ei〉

=
∑
i

〈∇M
π∗ei

π∗∇̄r, π∗ei〉+
1

%4
|X>|2〈%∇̄%,∇r〉 −

∑
i

〈∇̄r,N〉〈∇̄eiN, ei〉

=
∑
i

〈∇M
π∗ei
∇Mr, π∗ei〉+ |∇s|2〈%∇̄%,∇r〉+ nH〈∇̄r,N〉

where π : M̄ = M × R → M is the projection on the first factor, that is, π(x, s) = x for
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all (x, s) ∈M × R. The Hessian comparison theorem (7) implies that

∆r ≤ ξ′(r)

ξ(r)

∑
i

(
|π∗ei|2 − 〈ei,∇P r〉2

)
+ |∇s|2〈%∇̄%,∇r〉+ nH〈∇̄r,N〉

=
ξ′(r)

ξ(r)

(
n− 1

%2
|X>|2 − |∇r|2

)
+ %2|∇s|2〈∇̄ log %,∇r〉+ nH〈∇̄r,N〉

=
ξ′(r)

ξ(r)

(
n− %2|∇s|2 − |∇r|2

)
+ %2|∇s|2〈∇̄ log %,∇r〉+ nH〈∇̄r,N〉.

(19)

Hence,

∆r ≤ ξ′(r)

ξ(r)

(
n− |∇r|2

)
+ %2|∇s|2

(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
+ nH〈∇̄r,N〉. (20)

We also have ∇ζ = ξ(r)∇r and

∆ζ = ξ(r)∆r + ξ′(r)|∇r|2. (21)

Therefore

∆ζ ≤ nξ′(r) + %2|∇s|2ξ(r)
(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
+ nHξ(r)〈∇̄r,N〉. (22)

On the other hand

∂tr =
〈
∇̄r, ∂tΨ

〉
= n(H − σ)〈∇̄r,N〉

and

∂tζ = n(H − σ)ξ(r)〈∇̄r,N〉.

We conclude that

(∂t −∆)r ≥ −ξ
′(r)

ξ(r)

(
n− |∇r|2

)
− %2|∇s|2

(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
− nσ〈∇̄r,N〉 (23)

and

(∂t −∆)ζ ≥ −nξ′(r)− %2|∇s|2ξ(r)
(
〈∇̄ log %,∇r〉 − ξ′(r)

ξ(r)

)
− nσξ(r)〈∇̄r,N〉 (24)

This finishes the proof of the proposition. �

Proposition 2.2. If the graphs Σt, t ∈ [0, T ], evolve by the modified mean curvature flow

(2)-(3), then

(∂t −∆)W = −W (|A|2 + Ric(N,N))− 2W−1|∇W |2, (25)

where W = 〈X,N〉−1 = (%−2 + |∇Mu)|2)1/2 and A is the Weingarten map of Σt. If the
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ambient Ricci tensor satisfies Ric ≥ −L for some non-negative constant L then

(∂t −∆)(e−LtW ) ≤ 0.

In particular, the parabolic maximum principle implies in this case that

supBR(o)×[0,T ]W (x, t) ≤ eLT
(
supBR(o)W (·, 0) + sup∂BR(o)×(0,T ]W

)
. (26)

Proof: Note that

∇〈X,N〉 = 〈X,N〉(∇̄ log %)> − 〈∇̄ log %,N〉X> − AX>. (27)

Hence,

〈X,N〉(∇̄ log %)> − 〈∇̄ log %,N〉X>

= 〈X,N〉(∇̄ log %− 〈∇̄ log %,N〉N)− 〈∇̄ log %,N〉(X − 〈X,N〉N)

= 〈X,N〉∇̄ log %− 〈∇̄ log %,N〉X.

It follows from the second variation formula for the functional A0 that

∆〈X,N〉+ |A|2〈X,N〉+ Ric(N,N)〈X,N〉 = −n〈∇H,X>〉,

where |A| stands for the norm of the Weingarten map of Σt and > denotes the tangencial

projection onto TΣt. On the other hand, using that X is a Killing vector field one gets

∂t〈X,N〉 = 〈∇̄∂tX,N〉+ 〈X, ∇̄∂tN〉 = n(H − σ)〈∇̄NX,N〉 − n〈X,∇(H − σ)〉

= −n〈X>,∇H〉,

where ∇̄ denotes the Riemannian connection in M̄ and so

(∂t −∆) 〈X,N〉 = |A|2〈X,N〉+ Ric(N,N)〈X,N〉

Thus, using that 〈X,N〉 = 1/W one has

∂tW = −W 2∂tW
−1 = −W 2∂t〈X,N〉

and

∆W − 2

W
|∇W |2 = −W 2∆W−1 = −W 2∆〈X,N〉. (28)

Hence, one concludes that

∂tW −∆W +
2

W
|∇W |2 = −W 2 (∂t −∆) 〈X,N〉 = −W (|A|2 + Ric (N,N))



18

A direct application of the parabolic maximum principle in Mantegazza (2011) finishes

the proof of the proposition. �

2.2 The case of rotationally symmetric metrics

Let M+ be a complete, non-compact, n-dimensional model manifold with respect to a

fixed pole o+ ∈ M+ in the sense that the Riemannian metric in M+ can be expressed in

Gaussian coordinates (r, ϑ) ∈ R× Sn−1 centered at o+ as

g+ = dr2 + ξ2
+(r) dϑ2 (29)

where dϑ2 denotes the round metric in Sn−1 and ξ+ ∈ C∞([0,∞)) satisfying conditions

(5). We also consider a smooth radial function %+ ∈ C∞([0,∞)) satisfying

%+(r) > 0, for r > 0,

%+(0) = 1,

%
(2k+1)
+ = 0, for k ∈ N

(30)

and define the warped metric in M+ × R

%2
+(r)ds2 + dr2 + ξ2

+(r) dϑ2. (31)

We denote

A(r) = %+(ς)ξn−1
+ (ς) (32)

and

V (r) =

∫ r

0

%+(ς)ξn−1
+ (ς) dς. (33)

We also define

H(r) = σ − 1

n

A(r)

V (r)
· (34)

Given x ∈ M+ we denote r(x) = dist(o+, x). Let BR(o+) be the closed geodesic ball

centered at o+ with radius R ∈ (0,∞). Hence x ∈ BR(o+) if and only if r(x) ≤ R. The

mean curvature of the Killing cylinder over the geodesic sphere ∂Br(o+) is given by

Hcyl(r) =
1

n

(
(n− 1)

ξ′+(r)

ξ+(r)
+
%′+(r)

%+(r)

)
. (35)

Fixed this notation, we are able to state the following result.

Proposition 2.3. For each R ∈ (0,∞), the graph of the function

vR(x) =

∫ r(x)

R

n(H(R)− σ)V (ς)

%(ς)(A2(ς)− n2(H(R)− σ)2V 2(ς))
1
2

dς (36)
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defined in BR(o+) has constant mean curvature H(R)−σ and its boundary is the geodesic

sphere ∂BR(o+).

Proof. Fixed R ∈ (0,∞) let vR be the (radial) solution of the following Dirichlet problem

for the constant mean curvature equation div+

(
∇+vR
W+

)
+ g+

(
∇ log %+,

∇+vR
W+

)
= n(H(R)− σ) in BR(o+),

vR|∂BR(o+) = 0,
(37)

where the differential operators div+ and ∇+ are defined with respect to the metric (29)

in M+ and

W+ = (%−2
+ (r) + v′2R(r))

1
2 ,

with ′ denoting derivatives with respect to r. Note that (37) can be written in terms of a

weighted divergence as

div− log %+

(
∇+vR
W+

)
=

1

%+

div+

(
%+
∇+vR
W+

)
= n(H(R)− σ). (38)

Integrating with respect to the density %+ dM+ yields∫
Br(o)

n(H(R)− σ) dM+ =

∫
Br(o)

div+

(
%+
∇vR
W

)
dM+

=

∫
∂Br(o)

g+

(
∇vR
W+

, ∂r

)
%+ d∂B(r),

(39)

for r ≤ R. Since vR is radial (37) becomes(
v′R(r)

(%−2
+ (r) + v′2R(r))1/2

)′
+

v′R(r)

(%−2
+ (r) + v′2R(r))1/2

(
%′+(r)

%+(r)
+ (n− 1)

ξ′+(r)

ξ+(r)

)
= n(H(R)− σ).

(40)

It follows from (39) that vR is the solution of the first order equation

v′R(r)

(%−2
+ (r) + v′2R(r))1/2

%+(r)ξn−1
+ (r) =

∫ r

0

n(H(R)− σ)%+(ς)ξn−1
+ (ς) dς. (41)

with initial condition vR|r=R = 0. Resolving this expression for v′R, one obtains

v′R(r) =
n(H(R)− σ)V (r)

%+(r)(A2(r)− n2(H(R)− σ)2V 2(r))1/2
· (42)

The graph ΣR of vR is a rotationally invariant hypersurface which can be parametrized in

terms of coordinates (s, r, ϑ) as ς 7→ (s(ς), ϑ, r(ς)), where ς can be taken as the arc lenght

parameter. Denoting by φ the angle between the coordinate vector field ∂r and a given
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profile curve ϑ = constant in ΣR one has

ṙ = cosφ, %ṡ = sinφ.

Thus, (40) becomes

− d

dς
(%ṡ)

dς

dr
− %ṡ

(
%′+(r)

%+(r)
+ (n− 1)

ξ′+(r)

ξ+(r)

)
= n(H(R)− σ),

that is,
dφ

dς
+ sinφ

(
%′(r)

%(r)
+ (n− 1)

ξ′(r)

ξ(r)

)
= −n(H(R)− σ).

Hence, a profile curve of ΣR is given by the solution of the first order system
ṙ = cosφ,

%ṡ = sinφ,

φ̇ = −n(H(R)− σ)− nHcyl(r) sinφ,

with initial conditions r(0) = R, s(0) = 0, φ(0) = π
2
. In this case (41) can be rewritten as

%(r)A(r)ṡ = −n(H(R)− σ)V (r)

where · indicates derivatives with respect to the parameter ς. Hence, it is immediate that

when the coordinate r attains its maximum, that is, when r = R, we have ṙ = 0 and

ṡ = 1. This is consistent with the choice of H(R) in (34). We also observe that ṡ → 0

and ṙ → 1 as r → 0+. �

For R ≥ r0, note that the variable µ = R − r0 can be considered as the

geodesic distance between the geodesic spheres ∂Br0(o) = ∂Σr0 and ∂BR(o) = ∂ΣR.

Hence, ∇µ|∂BR(o) = ∂r|r=R. Thus, we set a time parameter t ∈ [0,∞) given by

dµ

dt
= −n(H(R)− σ) = −n(H(µ+ r0)− σ), (43)

µ(0) = 0. (44)

Hence, µ = µ(t) is implicitly defined by∫ µ(t)+r0

r0

V (ς)

A(ς)
dς = t

Denote R(t) = µ(t) + r0. We claim that the one-parameter family of constant mean
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curvature graphs {ΣR(t)}t≥0 evolves by the (negative) mean curvature flow

∂tΨ
+ = −n(H(R(t))− σ)Nt, (45)

where

Nt =
1

W
(%−2(r)X − v′R(r)∂r) = − ṙ

%
X + %ṡ ∂r.

This means that ΣR(t) = Ψ+
t (Σr0). In particular, we must have

∂BR(t) = ∂ΣR(t) = Ψ+
t (∂Σr0) = Ψ+

t (∂Br0).

In other terms, the time parameter t must be chosen in such a way that the geodesic

spheres evolve as ∂BR(t) = Ψ+
τ (∂Br0). Since ṙ = 0 and %ṡ = 1 at r = R(t) it follows from

(45) that

dµ

dt
= 〈∂tΨ+,∇µ〉 = 〈∂tΨ+, ∂r〉 = −n(H(R(t))− σ)〈Nt, ∂r〉r=R(t)

= n(H(r0 + µ(t))− σ)

what means that t coincides with the parameter defined in (43) and then satisfying the

condition that ∂BR(t) = Ψ+
t (∂Br0). Note that R(t) ≥ r0 for t ≥ 0. We conclude that the

one-parameter family of functions u+(x, t) = vR(t)(r(x)) defined on the common domain

Br0(o) defines a solution of the geometric flow (45). Hence, we set

Ψ+(x, t) = (x, u+(x, t)), x ∈ Br0(o). (46)

It follows that u+ satisfies the parabolic equation

∂tu+ = −(%−2
+ (r) + |∂ru+|2)1/2

(
∂r

(
∂ru+

(%−2
+ (r) + |∂ru+|2)1/2

)
+

∂ru+

(%−2
+ (r) + |∂ru+|2)1/2

(
%′+(r)

%+(r)
+ (n− 1)

ξ′+(r)

ξ+(r)

)
− nσ

)
.

(47)

Besides providing an important example, this flow may be used as a supersolution to the

modified mean curvature flow in manifolds whose metrics are not necessarily invariant by

rotations. This is the content of the following propositions.

Proposition 2.4. Suppose that (6) holds with ξ(r) = ξ+(r) and that %(x) = %+(r(x)).

Then, the one-parameter family of functions

u+(x, t) = vR(t)(r(x)), x ∈ Br0(o), t ∈ [0,∞) (48)

satisfies ∂tu+ +Q[u+] ≥ 0 in Br0(o)× [0, T ] for all T > 0.
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Proof: Denoting

W = (%−2 + |∇Mu+|2)1/2 = (%−2
+ + u′2+(r))1/2

we have

Q[u+]− ∂tu+ = W

(
divM

(
∇Mu+

W

)
+

〈
∇M log %,

∇Mu+

W

〉
− nσ

)
− ∂tu+

= (%−2 + u′2+(r))1/2

(
∂r

(
u′+(r)

(%−2
+ + u′2+(r))1/2

)
+

u′+(r)

(%−2
+ + u′2+(r))1/2

(
∆Mr + 〈∇M log %,∇Mr〉

)
− nσ

)
− ∂tu+.

However

〈∇ log %,∇r〉 =
∂r%

%
=
%′+(r)

%+(r)
·

Moreover (7) implies that

∆Mr ≤ (n− 1)
ξ′+(r)

ξ+(r)
·

Since u′+ = v′R ≤ 0 we conclude that

Q[u+] + ∂tu+ ≥ (%−2
+ + u′2+(r))1/2

(
∂r

(
u′+(r)

(%−2
+ + u′2+(r))1/2

)
+

u′+(r)

(%−2
+ + u′2+(r))1/2

(
%′+(r)

%+(r)
+ (n− 1)

ξ′+(r)

ξ+(r)

)
− nσ

)
+ ∂tu+ = 0.

This finishes the proof. �

Proposition 2.5. Suppose that (6) holds with ξ(r) = ξ+(r) and that %(x) = %+(r(x)).

Let u be a solution of (2)-(3) in BR(o)× [0, T ] with Dirichlet boundary condition u(x, t) =

u(x, 0) ∈ ∂Br0(o)× [0, T ]. Then we have the following height estimate

|u(x, t)| ≤ supBr0 (o)|u|+ vR(T )(o)− vr0(r(x)), (49)

that is,

|u(x, t)| ≤ supBr0 (o)|u(·, 0)|+
∫ 0

R(T )

n(H(R(T ))− σ)V (ς)

%(ς)(A2(ς)− n2(H(R(T ))− σ)2V 2(ς))
1
2

dς

−
∫ r(x)

r0

n(H(r0)− σ)V (ς)

%(ς)(A2(ς)− n2(H(r0)− σ)2V 2(ς))
1
2

dς.

(50)

for (x, t) ∈ Br0(o)× [0, T ].

Proof: By construction, the graph Σr0 of u+(·, 0) = vr0 is defined in the geodesic ball

Br0(o). Given T > 0 we have that Ψ+
T (Σr0) is the graph ΣR(T ) of u+(·, T ) = vRT

|Br0 (o)
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with ∫ R(T )

r0

V (ς)

A(ς)
dς = T.

Given ε > 0 we have

−u+(x, T ) + u+(o, T ) + supBr0 (o)u+ ε > u(x, 0)

for all x ∈ Br0(o). We also have

vε(x, t) := −u+(x, T − t) + u+(o, T ) + supBr0 (o)u+ ε > u(x, t)

for all (x, t) ∈ ∂Br0(o)× [0, T ]. Proposition 2.4 implies that

∂tvε −Q[vε] = ∂tu+ +Q[u+] ≥ 0 (51)

in the parabolic cylinder Br0(o)× (0, T ). Then the parabolic maximum principle implies

that

u(x, t) ≤ v(x, t) ≤ v(x, T )

in Br0(o)× [0, T ] where

v(x, t) = −u+(x, T − t) + u+(o, T ) + supBr0 (o)u. (52)

Hence

u(x, t) ≤ v(x, T ) = u+(o, T )− u+(x, 0) + supBr0 (o)u.

Therefore

u(x, t) ≤ supBr0 (o)u+ vR(T )(o)− vr0(r(x)) (53)

for (x, t) ∈ Br0(o)× [0, T ]. We prove in a similar way that

u(x, t) ≥ w(x, t) ≥ w(x, T )

in Br0(o)× [0, T ] where

w(x, t) = u+(x, T − t)− u+(o, T ) + infBr0 (o)u. (54)

Hence

u(x, t) ≥ infBr0 (o)u− vR(T )(o) + vr0(r(x)) (55)

in Br0(o)× [0, T ]. This finishes the proof.
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2.3 The case of the Euclidean space

In the case where M̄ is the Euclidean space and X is a parallel vector field with % = 1 we

have

H(r)− σ = −1

r

and

vR(x) = −
∫ r(x)

R

R−1ςn

(ς2(n−1) −R−2ς2n)
1
2

dς = −
∫ r(x)

R

ς

(R2 − ς2)
1
2

dς = (R2 − r2(x))1/2.

Therefore the suitable time parameter defined by

dµ

dt
=

n

R(t)
=

n

µ(t) + r0

is given explicitly by

R(t) = (r2
0 + 2nt)1/2, t ∈ [0,∞).

In this particular case, it is obvious that

supBr0 (o)×[0,T ]u+ = sup[0,T ]u+(o, t) = vR(T )(o) = R(T ) ∼ T 1/2. (56)

2.4 The case of the hyperbolic space

Now we discuss in some detail the case where M̄ is the hyperbolic space Hn+1 which has

been already considered in the references Unterberger (2003) and Allmann, Lin, and Zhu

(2017). We can define a mean curvature flow (σ = 0) of geodesic spheres in Hn+1 defining

a time parameter by the ODE
dR

dt
= n

cosh(R(t))

sinh(R(t))

whose general solution has the form

coshR(t) = ent cosh r0,

where r0 > 0 is the radius of the geodesic sphere at time t = 0. In order to give a concrete

description of this mean curvature flow, we consider the half-space model

Hn+1 = {(x, z) ∈ Rn × (0,+∞)}.

Let Hn be the totally geodesic hypersurface |x|2 + z2 = 1 with z > 0 and fix polar

coordinates (r, ϑ) centered at o = (0, 1) ∈ Hn. Hence, we can define cylindrical coordinates

(s, r, ϑ) in Hn+1 where s is the flow parameter of the Killing field X represented by the

Euclidean radial vector field X(x, z) = (x, z). The relation between Euclidean coordinates
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and hyperbolic cylindrical coordinates is given by

es = (|x|2 + z2)
1
2 and sinh r =

|x|
z

= tanϑ

or, in other terms,

|x| = es tanh r and z =
1

cosh r
es.

Since the mean curvature of the geodesic sphere Σt at time t is H(R(t)) = cothR(t) its

Euclidean center and radius are respectively given by

C(t) =

(
0,

1

cosϑ

)
=

H(R(t))

(H2(R(t))− 1)
1
2

and ρ(t) = sinhR(t) =
1

(H2(R(t))− 1)
1
2

·

Hence the Euclidean equation |x|2 +z2 = ρ2(t) of Σt can be rewritten as the Killing graph

of the radial function u+ = u+(r, t) for r ≤ r0 given by

eu+ =

(
cosh2R(t)

cosh2 r
− 1

) 1
2

+
coshR(t)

cosh r
,

that is,

eu+(r,t) =

(
e2nt cosh2 r0

cosh2 r
− 1

) 1
2

+ ent
cosh r0

cosh r
·

In particular

supBr0 (o)×[0,T ]u+ = sup[0,T ]u+(o, t) = (e2nT − 1)1/2 + enT ≥ T 1/2. (57)
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3 GRADIENT BOUNDS

In the following, we present two estimates for the gradient. They follow the pattern

of estimates made in Colding, Minicozzi et al. (2003) and Ecker and Huisken (1991)

respectively.

3.1 Gradient estimates depending on the height

Lemma 3.1. Given R > 0 and T > 0, consider the restriction of the function

ζ(Ψ(x, t)) =

∫ r(Ψ(x,t))

0

ξ(ς) dς (58)

to BR(o)× [0, T ]. Let η ∈ C∞(BR(o)× [0, T ]) be given by

η(Ψ(x, t)) =
(
ζ(R)− ζ(Ψ(x, t))− CRt

)
+

(59)

with

CR = n supBR(o) (ξ′ + |σ|ξ) . (60)

Suppose that

|∂r log %| ≤ ξ′(r)

ξ(r)
· (61)

for r ∈ (0, R]. Then

(∂t −∆) η ≤ 0.

Proof: It follows from (18) that

(∂t −∆)η ≤ n
(
ξ′(r) + σξ(r)〈∇̄r,N〉

)
+ %2|∇s|2ξ(r)

(
〈∇̄ log %, ∇̄r〉 − ξ′(r)

ξ(r)

)
− CR.

Fixing CR as in (60) one proves the result. �

Lemma 3.2. Set φ = ηe
z(s)
t where z(s) = as2 for some negative constant a and η is

defined in (59). Suppose that (60) and (61) hold. Then

(∂t −∆)φ ≤ − φ
t2
(
z + (ż2 + tz̈)|∇s|2 + tż(2〈∇̄ log %,N〉+ nσ)〈∇̄s,N〉

+ 2tż〈∇s,∇ log η〉
)
,

(62)

where · denotes derivatives with respect to s.

Proof: Since

(∂t −∆)φ = η(∂t −∆)e
z
t + e

z
t (∂t −∆)η − 2〈∇η,∇e

z
t 〉
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it follows from Lemma 3.1 that

(∂t −∆)φ ≤ η(∂t −∆)e
z
t − 2〈∇η,∇e

z
t 〉 = η(∂t −∆)e

z
t − 2

ż

t
e

z
t 〈∇η,∇s〉 (63)

where we used that

∇e
z
t =

ż

t
e

z
t∇s.

Since

∆e
z
t = e

z
t

(
ż

t
∆s+

(
ż2

t2
+
z̈(s)

t

)
|∇s|2

)
(64)

we also compute

∂te
z
t = e

z
t

(
− z
t2

+
ż

t
∂ts

)
Using (16) and gathering these terms together, we obtain

(∂t −∆) e
z
t = −e

z
t

t2

(
z(s) + (ż2(s) + tz̈(s))|∇s|2

+ tż(s)
(
2〈∇̄ log %,N〉+ nσ

)
〈∇̄s,N〉

)
,

(65)

The result follows combining this last expression and (63). �

Proposition 3.1. Let L ≥ 0 such that Ric(N,N) ≥ −L. Suppose that (60) and (61)

hold. Given R > 0, let T > 0 such that

T <
ζ(R)

CR
=

ζ(R)

n supBR(o)(ξ
′ + |σ|ξ)

· (66)

If the graphs Σt, t ∈ [0, T ], evolve by the modified mean curvature flow (2)-(3), then

W (Ψ(o, t)) ≤ C̃R,T exp

((
2

(
|a|
t

) 1
2

supBR(o)×[0,T ]u+

(
T

t

) 1
2
)2

− 1

)
, (67)

with |a| = 2γ supBR(o)%
2. Here, γ > 1 + L and

C̃R,T =
ζ(R)

ζ(R)− CRT
max


√

2

infBR(o)%
,

(
1

infBR(o)%2
+

8

γ

supBR(o)ξ
2

supBR(o)%
2

T

ζ2(R)

) 1
2

 . (68)

Proof: Replacing u by u+ supBR(o)×[0,T ]|u|+ (T/|a|)1/2 if necessary we assume that

T ≤ |a|(infBR(o)×[0,T ]u)2. (69)

It follows that we can assume that s ≥ (T/|a|)1/2 and t ≤ |a|s2 in Ψ(BR(o)× [0, T ]). Note

that our choice of CR in (59) implies that η = 0 in Ψ(∂BR(o) × [0, T ]). Moreover, (69)
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implies that φ = 0 in Σ0, that is, at t = 0. At a (interior) maximum point (x0, t0) ∈
BR(o)× (0, T ] of the function φW we have from Proposition 2.2 and Lemma 3.2 that

0 = ∇(φW ) = W∇φ+ φ∇W

and

0 ≤ (∂t −∆)(φW ) = W (∂t −∆)φ+ φ(∂t −∆)W − 2〈∇φ,∇W 〉

= W (∂t −∆)φ− φW (|A|2 + Ric(N,N)) ≤ W (∂t −∆)φ− Ric(N,N)φW.

at Ψ(x0, t0). Note that Lemma (62) implies that

ηz + η(ż2 + t0z̈)|∇s|2 + t0ηż(2〈∇̄ log %,N〉+ nσ)〈∇̄s,N〉

+ 2t0ż〈∇s,∇η〉+ t20ηRic(N,N) ≤ 0.
(70)

at (x0, t0). Suppose that

W (Ψ(x0, t0)) ≥ 1

%(x0)

1

ε
(71)

for some ε ∈ (1/
√

2, 1). In this case one gets

〈∇̄s,N〉 =
1

%2(x0)
〈X,N〉 =

1

%2(x0)

1

W
≤ ε

%(x0)

and

|∇s|2 =
1

%4
|X>|2 =

1

%4
(%2 − 〈X,N〉2) =

1

%2

(
1− 1

%2W 2

)
=

1

%2

|∇Mu|2

W 2

at (x0, t0). Moreover,

〈∇s,∇η〉 = −ξ(r)〈∇s,∇r〉 = ξ(r)〈∇̄s,N〉〈∇̄r,N〉 ≤ ξ(r)
1

%2

1

W

at (x0, t0). Denote

α = supBR(o)

(
2|∇̄ log %|+ nσ

)
. (72)

Since z = as2 it follows from the inequality (70) that

aηs2
0 + η(4a2s2

0 + 2at0)
1

%2
0

|∇Mu|2

W 2
− 2aαηt0s0

ε

%0

− 4at0s0ξ
1

%2
0

1

W
− Lηt20 ≤ 0

where s0 = u(x0) and %0 = %(x0). It follows from (69) that given γ > 1 + L we have

a(1− γ)s2
0 − 2αas0t0

ε

%0

− Lt20 ≥ (γ − 1− L)t20 + 2|a|1/2α ε
%0

t0 ≥ 0.
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With this choice we have

γηas2
0 + η(4a2s2

0 + 2at0)
1

%2
0

|∇Mu|2

W 2
− 4as0t0ξ

1

%2
0

1

W
≤ 0.

Then

γηas2
0 + η(4a2s2

0 + 2at0)
1

%2
0

|∇Mu|2

W 2
− 4|as0|t0ξ

1

%2
0

|∇Mu|
W 2

≤ 0.

Proceeding as in Colding, Minicozzi et al. (2003), either

|as0|η(Ψ(x0, t0))|∇Mu| < 4ξ(r(x0))T (73)

or

|as0|η(Ψ(x0, t0))|∇Mu| ≥ 4ξ(r(x0))T ≥ 4ξ(r(x0))t0.

Now, using (69) one has

4a2s2
0 + 2at0 > 2a2s2

0

and one obtains

0 ≥ γηas2
0 + η(4a2s2

0 + 2at0)
1

%2
0

|∇Mu|2

W 2
− 4|as0|t0ξ(r(x0))

1

%2
0

|∇Mu|
W 2

≥ γηas2
0 + η(4a2s2

0 − a2s2
0 + 2at0)

1

%2
0

|∇Mu|2

W 2
= γηas2

0 + ηa2s2
0

1

%2
0

|∇Mu|2

W 2
·

We conclude that

γηas2
0 + ηa2s2

0

1

%2
0

|∇Mu|2

W 2
≤ 0.

Now, we set |a| = 2γ supBR(o) %
2. Since η ≥ 0 this choice yields

W 2(Ψ(x0, t0)) ≤ |a|
%2

0(|a| − γ%2
0)
≤ 2

(infBR(o)%)2
(74)

Finally, note that (69) yields as2
0/t0 ≤ −1. We conclude that at an arbitrary point

(x, t) ∈ BR(o)× [0, T ] one has

W (Ψ(x, t)) ≤ 1

η(Ψ(x, t))
e−

as2(x)
t
−1ζ(R)W (x0, t0) ≤

√
2

1

η(Ψ(x, t))
e−

as2(x)
t
−1 ζ(R)

infBR(o)%

In particular since η(Ψ(o, t)) = ζ(R)− CRt ≥ ζ(R)− CRT we obtain

W (Ψ(o, t)) ≤
√

2

infBR(o)%

ζ(R)

ζ(R)− CRT
e−

a
t
(u(o)+supu+(T/|a|)1/2)2−1. (75)
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Now note that (73) implies that

η(Ψ(x0, t0))|∇Mu|(x0, t0) ≤ 4ξ(r(x0))T

|as0|

Hence,

ηW |Ψ(x0,t0) ≤
(
η2(Ψ(x0, t0))

%2(x0)
+

16ξ2(r(x0))T 2

|as0|2

) 1
2

≤

(
ζ2(R)

infBR(o)%2
+

16 supBR(o)ξ
2T 2

|as0|2

) 1
2

Translating u downward by supBR(o)×[0,T ]|u|+ (T/|a|)1/2 and using (69) yields

W (Ψ(o, t)) ≤ e−
a
t
(u(o)+supu+(T/|a|)1/2)2−1 ζ(R)

ζ(R)− CRT

(
1

infBR(o)%2
+

16 supBR(o)ξ
2T

|a|ζ2(R)

) 1
2

(76)

where we have used that |as0| ≥ |aT |1/2. Gathering both cases (75) and (76) in a single

expression one gets

W (Ψ(o, t)) ≤ C̃R,T exp

(
−a
t

(
2 supBR(o)×[0,T ]u+

(
T

|a|

)1/2
)
− 1

)
(77)

with

C̃R,T =
ζ(R)

ζ(R)− CRT
max


√

2

infBR(o)%
,

(
1

infBR(o)%2
+

8

γ

supBR(o)ξ
2

supBR(o)%
2

T

ζ2(R)

) 1
2

 .

This finishes the proof of the proposition. �

3.2 Gradient estimates depending on the initial slope

Proposition 3.2. Let o ∈M . Given R > 0 and T > 0, suppose that

|∂r log %| ≤ ξ′(r)

ξ(r)
(78)

in BR(o) ⊂M and that Ric ≥ −L for some constant L ≥ 0 in BR(o)× [0, T ]. Then

W (o, t) ≤ exp(λζ(R))

exp(λζ(R)/2)− 1
supBR(o)W (·, 0) (79)
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for 0 ≤ t ≤ T , where

λ = 2β2CR sup2
BR(o)%+

(
(2β2CR sup2

BR(o)%)2 + 4β2(L+ δ̃) sup2
BR(o)%

)1/2
(80)

with

β =
1

ζ(R)

(
supBR(o)×[0,T ]|u| − sup[0,T ]u(o, t)

)
and δ̃ = 2 sup2

BR(o)(2|∇̄ log %|+ 2ξ + nσ).

Proof: Denote

α = supBR(o)

(
2|∇̄ log %|+ nσ

)
(81)

and

CR = n supBR(o)(ξ
′ + |σ|ξ). (82)

Given an arbitrary constant C̃R in [0, CR) we also set

δ = CR − C̃R. (83)

Following Korevaar (1986) and Ecker and Huisken (1991) we define

φ(τ) = eλτ − 1, τ ≥ 0, (84)

where

λ = 2β2δ sup2
BR(o)%+

(
(2β2δ sup2

BR(o)%)2 + 4β2(L+ δ̃) sup2
BR(o)%

)1/2
(85)

with δ̃ = 2(α + 2 supBR(o)ξ)
2 and

β :=
1

ζ(R′)

(
supBR(o)×[0,T ]|u| − sup[0,T ]u(o, t)

)
(86)

for some R′ ∈ (0, R]. Given the function ζ defined in (17) one sets

η(Ψ(x, t)) = φ

((
ζ(R)− ζ(r(x)) + χ(u(x, t))− C̃Rt

)
+

)
, (87)

where r(x) = dist(o, x) and

χ(s) =
1

2β

(
s− supBR(o)×[0,T ]|u|

)
. (88)

Denote

C̃R,T =
⋃

t∈[0,T ]

{
Ψ(x, t) ∈ M̄ : ζ(r(x)) + C̃Rt ≤ ζ(R)

}
. (89)
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Fixing

C̃R ≤
1

T
(ζ(R)− ζ(R′))

one obtains the following inclusions

BR′(o)× [0, T ] ⊂ C̃R,T ⊂ BR(o)× [0, T ]. (90)

Using (25) one computes

(∂t −∆) (ηW ) = W (∂t −∆) η + η (∂t −∆)W − 2 〈∇W,∇η〉

= W (∂t −∆) η − (|A|2 + Ric(N,N))ηW ≤ W (∂t −∆) η + LηW.

However

(∂t −∆)η =
(

(∂t −∆)ζ + χ̇(s)(∂t −∆)s− χ̈(s)|∇s|2 − C̃R
)
φ′

−
(
|∇ζ|2 + χ̇2(s)|∇s|2 − 2ξ(r)χ̇(s)〈∇r,∇s〉

)
φ′′

Since φ′ > 0 and using (16), (18) and (78) one gets

(∂t −∆)η ≤ φ′
(
nξ′(r) + nσξ(r)〈∇̄r,N〉 − C̃R − χ̇(s)(2〈∇̄ log %,N〉+ nσ)〈∇̄s,N〉

− χ̈(s)|∇s|2
)
− φ′′

(
|∇ζ|2 + χ̇2(s)|∇s|2 + 2ξ(r)χ̇(s)〈∇̄r,N〉〈∇̄s,N〉

)
where we used the fact that 〈∇r,∇s〉 = −〈∇̄r,N〉〈∇̄s,N〉. Note that

nξ′(r) + nσξ(r)〈∇̄r,N〉 − C̃R ≤ CR − C̃R =: δ. (91)

Since φ′′ ≥ 0 one obtains rearranging terms and discarding a non-negative term that

(∂t −∆)η ≤ δφ′ +
(
αφ′ − 2ξ(r)〈∇̄r,N〉φ′′

)
χ̇(s)〈∇̄s,N〉 −

(
χ̈(s)φ′ + χ̇2(s)φ′′

)
|∇s|2

Note that

〈∇̄s,N〉 =
1

%2
〈X,N〉 =

1

%2

1

W
· (92)

and

|∇s|2 = |∇̄s|2 − 〈∇̄s,N〉2 =
1

%2
− 1

%4
〈X,N〉2 =

1

%2

(
1− 1

%2

1

W 2

)
.

Therefore

(∂t −∆)η ≤ δφ′ + (αφ′ + 2ξ(r)φ′′)
χ̇

%

1

%W
−
(
χ̈

%2
φ′ +

χ̇2

%2
φ′′
)(

1− 1

%2

1

W 2

)
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Setting χ̈ = 0 we conclude that

(∂t −∆) (ηW ) ≤
[
δ
φ′

φ
+

(
α
φ′

φ
+ 2ξ(r)

φ′′

φ

)
χ̇

%

1

%W
− χ̇2

%2

φ′′

φ

(
1− 1

%2

1

W 2

)
+ L

]
ηW.

Supposing that %W ≥ λ2/
√
ε we have

δφ′ + (αφ′ + 2ξ(r)φ′′)
χ̇

%

1

%W
− χ̇2

%2
φ′′
(

1− 1

%2

1

W 2

)
+ Lφ

≤ eλτ
[(
αλ+ 2ξ(r)λ2

) χ̇
%

1

%W
− χ̇2

%2
λ2

(
1− 1

%2

1

W 2

)
+ L+ λδ

]
≤ eλτ

[(
α

1

λ
+ 2ξ(r)

)
χ̇

%

√
ε− χ̇2

%2

(
λ2 − ε

λ2

)
+ L+ λδ

]
≤ eλτ

[(
α

1

λ
+ 2ξ(r)

)
χ̇

%

√
ε+

χ̇2

%2

ε

λ2
− χ̇2

%2
λ2 + δλ+ L

]
Fixing λ ≥ 1 choose ε small enough so that(

α
1

λ
+ 2ξ(r)

)
χ̇

%

√
ε+

χ̇2

%2

ε

λ2
≤ (α + 2ξ)

χ̇

%

√
ε+

χ̇2

%2
ε ≤ δ̃ := 2(α + 2 supBR(o)ξ)

2.

Then, fix λ ≥ 1 large enough so that

− χ̇
2

%2
λ2 + δλ+ L+ δ̃ ≤ 0.

Explicitly, we may fix
√
ε < 2β infBR(o)%

(
α + 2 supBR(o)ξ

)
and

λ ≥ 2β2δ sup2
BR(o)%+

(
(2β2δ sup2

BR(o)%)2 + 4β2(L+ δ̃) sup2
BR(o)%

)1/2
.

Note that in this case

W ≥ 1

infBR(o)%

λ2

√
ε
≥ βδ

1

α + 2 supBR(o)ξ

sup2
BR(o)%

inf2
BR(o)%

·

With these choices we conclude that

(∂t −∆) (ηW ) ≤ 0.

In view of (90) the parabolic maximum principle implies that

supBR′ (o)×[0,T ]ηW ≤ supBR(o)×[0,T ]ηW ≤ supBR(o)ηW (·, 0)
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and in particular

η(o, t)W (o, t) ≤ eλζ(R)supBR(o)W (·, 0).

We conclude that

W (o, t) ≤ exp(λζ(R))

exp(λζ(R′)/2)− 1
supBR(o)W (·, 0) (93)

This finishes the proof. �
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4 CURVATURE ESTIMATE

In order to obtain second order bounds we need to deduce evolution equations

for the second fundamental form and its squared norm, a variant of the classical Simons’

formula.

Lemma 4.1. The squared norm |A|2 of the second fundamental form of the graphs Σt,

t ∈ [0, T ], evolve as

1

2
(∂t −∆)|A|2 + |∇A|2 = −nσasiasjaij + |A|4 + n(H − σ)aijR̄i00j

+ gk` (∇iLkj` +∇kL`ij) a
ij + gk`(aisR̄

s
kj` + askR̄

s
`ij)a

ij
(94)

where L is the (0, 3)-tensor in Σt defined by Lijk = 〈R̄(∂i, ∂j)N, ∂k〉. This expression is

rewritten in terms of the ambient curvature tensor as

1

2
(∂t −∆)|A|2 + |∇A|2 = −nσ(asiasj + R̄i00j)a

ij + |A|4 + |A|2Ric(N,N)

+ gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a
ij + 2gk`(aisR̄

s
kj` + askR̄

s
`ij)a

ij.
(95)

Proof: We have

∂taij = n∇i∇jH − n(H − σ)aisa
s
j + n(H − σ)R̄i00j

Since

∂tg
ij = 2n(H − σ)aij

we have

1
2
∂t|A|2 = gj`aijak`∂tg

ik + gikgj`ak`∂taij = 2n(H − σ)aika`iak`

+aij(n∇i∇jH − n(H − σ)ai`a
`
j + n(H − σ)R̄i00j). (96)

We conclude that

1

2
∂t|A|2 = n(H − σ)aika`iak` + naij∇i∇jH + n(H − σ)aijR̄i00j. (97)

On the other hand

∆aij = n∇i∇jH + nHasiasj − aij|A|2 − gk` (∇iLkj` +∇kL`ij) + gk`(R̄s
ik`asj + R̄s

ikja`s)

and

1

2
∆|A|2 − |∇A|2 = aij∆aij = naij∇i∇jH + nHasiasja

ij − |A|4

− gk` (∇iLkj` +∇kL`ij) a
ij + gk`(R̄s

ik`asj + R̄s
ikja`s)a

ij
(98)
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Therefore

1

2
(∂t −∆)|A|2 + |∇A|2 = −nσasiasjaij + |A|4 + n(H − σ)aijR̄i00j

+ gk` (∇iLkj` +∇kL`ij) a
ij − gk`(R̄s

ik`asj + R̄s
ikja`s)a

ij
(99)

It is worth to point out that

∇iLkj` +∇kL`ij = ∇̄iR̄kj0` + ∇̄kR̄`i0j + aikR̄0j0` + aijR̄k00` + aisR̄
s
kj`

+ak`R̄0i0j + akiR̄`00j + aksR̄
s
`ij.

Therefore

gk`(∇iLkj` +∇kL`ij)a
ij = gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a

ij − a`iaijR̄j00` + |A|2Ric(N,N)

+aisa
ijgk`R̄s

kj` − nHaijR̄i00j + a`ia
ijR̄`00j + gk`aijaskR̄

s
`ij.

Cancelling and grouping some terms one gets

gk`(∇iLkj` +∇kL`ij)a
ij = gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a

ij + |A|2Ric(N,N)

+aisa
ijgk`R̄s

kj` − nHaijR̄i00j + gk`aijaskR̄
s
`ij.

Since

−gk`(R̄s
ik`asj + R̄s

ikja`s)a
ij = aijgk`(aisR̄

s
kj` + askR̄

s
`ij)

we conclude that

1

2
(∂t −∆)|A|2 + |∇A|2 = −nσ(asiasj + R̄i00j)a

ij + |A|4 + |A|2Ric(N,N)

+ gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a
ij + 2gk`(aisR̄

s
kj` + askR̄

s
`ij)a

ij.
(100)

This finishes the proof. �

Given R > 0 we are going to estimate |A| in the set

CR,T =
{
y = Ψ(x, t) : ζ(r(Ψ(x, t))) + CRt ≤ ζ(R)

}
. (101)

In order to do this, we will proceed as in Borisenko and Miquel (2012) studying the

evolution of the function

f = ψ(W )|A|2, (102)

where

ψ(W ) =
W 2

γ − δW 2
(103)
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with

γ =
1

supBR(o)%
2

and

δ =
1

2

γ

supBR′(o)×[0,T ]W
2

for R′ ∈ (0, R) such that

ζ(r) + CRT ≤ ζ(R)/2 (104)

for r < R′. Therefore

δψ(W ) ≤ γ/2

γ − γ/2
= 1.

Since δψ is non-decreasing and W 2 ≥ %−2 we have

δψ(W ) =
δW 2

γ − δW 2
≥ δ/%2

γ − δ/%2
≥ δ

γ supCR%
2 − δ

=
δ

1− δ
=: δ̃.

We also have

− 2

W

1

ψ′(W )
− ψ′′(W )

ψ′2(W )
+

3

2

1

ψ(W )
< 0. (105)

In fact, we have

− 2

W

1

ψ′(W )
− ψ′′(W )

ψ′2(W )
= −(γ − δW 2)2

γW 2
− (2γ2 + 6γδW 2)

(γ − δW 2)3

(γ − δW 2)4

4γ2W 2

= −γ − δW
2

γW 2

(
γ − δW 2 +

2γ2 + 6γδW 2

4γ

)
= −γ − δW

2

γW 2

(
3

2
γ +

1

2
δW 2

)
.

Therefore

− 2

W

1

ψ′(W )
− ψ′′(W )

ψ′2(W )
+

3

2

1

ψ(W )
= −γ − δW

2

W 2

(
3

2
+

1

2

1

γ
δW 2

)
+

3

2

γ − δW 2

W 2

= − δ

2γ
(γ − δW 2) ≤ 0.

Lemma 4.2. We have in CR,T that

(∂t −∆) f ≤ − 1

ψ
〈∇f,∇ψ〉 − af 2 + bf + 2(C + nσ|R̄(·, N,N, ·)|)

√
ψ
√
f (106)

where a = 2δ − σε(1 − δ) > 0 and b = 2(C̃ + δ̃L) + σ
ε
. Here, C and C̃ are non-negative

constants depending on % and its derivatives.
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Proof: Mimicking Lemma 8 in Borisenko and Miquel (2012), we write the evolution of

f is terms of (3) and (4.1) as follows

(∂t −∆) f = |A|2ψ′(W ) (∂t −∆)W − |A|2ψ′′(W )|∇W |2 + ψ(W ) (∂t −∆) |A|2

− 2〈∇ψ,∇|A|2〉.

However

2〈∇ψ,∇|A|2〉 =
1

ψ
〈∇ψ,∇f〉 − 1

ψ
|∇ψ|2|A|2 + 〈∇ψ,∇|A|2〉

≥ 1

ψ
〈∇ψ,∇f〉 − 1

ψ
|∇ψ|2|A|2 − 2|A||∇|A|||∇ψ|

≥ 1

ψ
〈∇ψ,∇f〉 − 1

ψ
|∇ψ|2|A|2 − 2

1√
2ψ
|A||∇ψ|

√
2ψ|∇|A||

≥ 1

ψ
〈∇ψ,∇f〉 − 1

ψ
|∇ψ|2|A|2 − 1

2ψ
|A|2|∇ψ|2 − 2ψ|∇|A||2.

Using Kato’s inequality |∇|A||2 ≤ |∇A|2 we conclude that

−2〈∇ψ,∇|A|2〉 ≤ − 1

ψ
〈∇f,∇ψ〉+ 2ψ|∇A|2 +

3

2

1

ψ
|A|2|∇ψ|2.

Hence, expressions (25) and (95) yield

(∂t −∆) f ≤ −|A|2ψ′(W )
(
W (|A|2 + Ric(N,N)) + 2W−1|∇W |2

)
+ 2ψ(W )

(
− |∇A|2 − nσ(asiasj + R̄i00j)a

ij + |A|4 + |A|2Ric(N,N)

+ gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a
ij + 2gk`(aisR̄

s
kj` + askR̄

s
`ij)a

ij
)
− |A|2ψ′′(W )|∇W |2

− 1

ψ
〈∇f,∇ψ〉+ 2ψ(W )|∇A|2 +

3

2

1

ψ
|A|2|∇ψ|2

where ′ denotes derivatives with respect to W . Grouping similar terms, one obtains

(∂t −∆) f ≤ (|A|4 + |A|2Ric(N,N))(2ψ(W )− ψ′(W )W )

+ 2ψ(W )
(
− nσ(asiasj + R̄i00j)a

ij + gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a
ij

+ 2gk`(aisR̄
s
kj` + askR̄

s
`ij)a

ij
)
− 1

ψ
〈∇f,∇ψ〉

− 2|A|2ψ
′(W )

W
|∇W |2 − |A|2ψ′′(W )|∇W |2 +

3

2

ψ′2(W )

ψ(W )
|A|2|∇W |2

A straightforward but lengthy (see Appendix 6) computation allows us to verify that

gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j)a
ij + 2gk`(aisR̄

s
kj` + askR̄

s
`ij)a

ij ≤ C|A|+ C̃|A|2 (107)

where the constants C and C̃ depends on % and its derivatives, that is, depends only on
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the geometry of M . Observing that

−2|A|2ψ
′(W )

W
|∇W |2 − |A|2ψ′′(W )|∇W |2 +

3

2

ψ′2(W )

ψ
|A|2|∇W |2

= −
(

2
ψ′(W )

W
+ ψ′′(W )− 3

2

ψ′2(W )

ψ(W )

)
|A|2|∇W |2 ≤ 0

one concludes that

(∂t −∆) f ≤ (|A|4 + |A|2Ric(N,N))(2ψ(W )− ψ′(W )W )

+ 2ψ(W )(C|A|+ C̃|A|2)− 2nσψ(W )
(
aijasiasj + aijR̄i00j

)
− 1

ψ
〈∇f,∇ψ〉.

Given a constant ε > 0 to be chosen later one has

2aijasiasj ≤ 2|A|3 ≤ ε|A|4 +
1

ε
|A|2.

Therefore

(∂t −∆) f ≤ |A|4((2 + σε)ψ(W )− ψ′(W )W ) + |A|2Ric(N,N)(2ψ(W )− ψ′(W )W )

+ 2ψ(W )(C|A|+ C̃|A|2) +
1

ε
σψ(W )|A|2 − 2nσψ(W )aijR̄i00j −

1

ψ
〈∇f,∇ψ〉.

Note that (103) implies that

((2 + σε)ψ(W )−Wψ′(W )) |A|4 =

(
2 + σε

ψ(W )
−W ψ′(W )

ψ2(W )

)
ψ2|A|4(

σε
( γ

W 2
− δ
)
− 2δ

)
f 2 ≤ (σε(γ%2 − δ)− 2δ)f 2

as well as

(2ψ(W )−Wψ′(W )) |A|2Ric(N,N) =

(
2

ψ(W )
−W ψ′(W )

ψ2(W )

)
Ric(N,N)ψ2|A|2

= −2δRic(N,N)ψf.

It follows that

(∂t −∆) f ≤ (σε(γ%2 − δ)− 2δ)f 2 − 2δRic(N,N)ψf + 2Cψ|A|+ 2C̃f +
σ

ε
f

+ 2nσ|R̄(·, N,N, ·)||A|ψ − 1

ψ
〈∇f,∇ψ〉

Since Ric ≥ −L for some L ≥ 0 and δψ ≥ δ̃ we obtain

2C̃ − 2δψRic(N,N) +
σ

ε
≤ 2(C̃ + δ̃L) +

σ

ε
= b.



40

Since γ%2 ≤ 1 denoting a = 2δ − σε(1− δ) one has

(∂t −∆) f ≤ − 1

ψ
〈∇f,∇ψ〉 − af 2 + bf + 2(C + nσ|R̄(·, N,N, ·)|)

√
ψ
√
f

what ends the proof. �

Proposition 4.1. Let R′ ∈ (0, R) be fixed so that (104) holds. Then the norm of the

Weingarten map A and its covariant derivatives are bounded in BR′(o)×[0, T ] by constants

that depend on supBR(o)W
2(·, 0) and on the geometric data supBR(o)%, ξ(R), ζ(R), C, C̃

and L.

Proof: Now, we consider the function

φ(Ψ(x, t)) = (ζ(R)− ζ(r(Ψ(x, t)))− CRt)2 (108)

defined in the set

CR,T =
{
y = Ψ(x, t) : ζ(r(Ψ(x, t))) + CRt ≤ ζ(R)

}
. (109)

Using (18) and (78) one obtains

(∂t −∆)φ ≤ −2(ζ(R)− ζ − CRt)(∂tζ −∆ζ + CR)− 2|∇ζ|2

≤ 2(ζ(R)− ζ − CRt)(nξ′(r) + nσξ(r)〈∇̄r,N〉 − CR)− 2|∇ζ|2

Since

CR = supBR(o)(ξ
′ + σξ) (110)

we have

(∂t −∆)φ ≤ −2|∇ζ|2.

Therefore we compute

(∂t −∆) (φf) = f (∂t −∆)φ+ φ (∂t −∆) f − 2〈∇φ,∇f〉

≤ −2f |∇ζ|2 −
〈
∇(φf)− f∇φ, ∇ψ

ψ

〉
− aφf 2 + bφf

+2φ(C + |R̄(·, N,N, ·)|)
√
ψ
√
f − 2

〈∇φ
φ
,∇(φf)− f∇φ

〉
.

However we have

−2|∇ζ|2 + 2
|∇φ|2

φ
= −2|∇ζ|2 + 8

(ζ(R)− ζ(r)− CRt)2

(ζ(R)− ζ(r)− CRt)2
|∇ζ|2 = 6|∇ζ|2.
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Hence,

(∂t −∆) (φf) ≤ 6|∇ζ|2f −
〈
∇(φf),

∇ψ
ψ

+ 2
∇φ
φ

〉
+
〈
f∇φ, ∇ψ

ψ

〉
−aφf 2 + bφf + 2φ(C + σ|R̄(·, N,N, ·)|)

√
ψ
√
f.

Since that ∇ψ = ψ′(W )∇W and

∇W−1 = ∇〈X,N〉 = 〈X,N〉(∇̄ log %)> − 〈∇̄ log %,N〉X> − AX>

we have

∇ψ
ψ

=
ψ′(W )

ψ(W )
∇W =

2γ

γ − δW 2

∇W
W

= − 2γ

γ − δW 2
W∇W−1

= − 2γ

γ − δW 2
W
(
〈X,N〉∇̄ log %− 〈∇̄ log %,N〉X − AX>

)
.

Hence, ∣∣∣∣∇ψψ
∣∣∣∣ ≤ 2γ

ψ(W )

W

(
2|X||∇̄ log %|+ |A||X|

)
≤ 4

γ

δ
|∇̄%|+ 2γ%

√
ψ(W )

W

√
f

=
2γ

W 2
ψ(W )|∇̄ log %|+ 2γ

W
ψ(W )

(
|X||∇̄%|+ %|A|

)
≤ 2γ%2ψ(W )|∇̄ log %|+ 2γ%ψ(W )

(
|∇̄%|+ %|A|

)
≤ 4γ%2|∇̄ log %|ψ(W ) + 2γ%2ψ(W )|A| ≤ 4δ−1supCR |∇̄ log %|+ 4

√
ψ
√
f.

where we used that ψ(W ) ≤ δ−1. Denoting c = 4δ−1supBR(o)|∇̄ log %| we have

(∂t −∆) (φf) ≤ 6|∇ζ|2f −
〈
∇(φf),

∇ψ
ψ

+ 2
∇φ
φ

〉
+ |∇φ|

(
c+ 4

√
ψ
√
f
)
f

−aφf 2 + bφf + 2φ(C + |R̄(·, N,N, ·)|)
√
ψ
√
f.

We conclude that at a point where φf attains a maximum value in the parabolic cylinder

BR′(o)× [0, TR] ⊂ CR,T it holds (in case t 6= 0) that

aφf 2 ≤ 4|∇φ|
√
ψ
√
ff +

(
6|∇ζ|2 + bφ+ c|∇φ|

)
f + 2(C + |R̄(·, N,N, ·)|)

√
φψ
√
φf

so multiplying by
√
φ/
√
f and grouping the terms

a(
√
φf)3 ≤ 4|∇φ|

√
ψ
√
φf +

(
6|∇ζ|2 + bφ+ c|∇φ|

)√
φf

+2(C + |R̄(·, N,N, ·)|)φ
√
ψ
√
φ.
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Considering that

∇φ = −2
√
φ∇ζ = −2

√
φ ξ(r)∇r and φ ≤ ζ2(R) and

√
ψ ≤ 1√

δ
(111)

and using that |∇r| ≤ 1 one concludes that

a(
√
φf)3 ≤ 8√

δ
ξ(r)(

√
φf)2 +

(
6ξ2(r) + 2cξ(r)ζ(R) + bζ2(R)

)
(
√
φf)

+
2√
δ

(C + |R̄(·, N,N, ·)|)ζ3(R).

Therefore

a

(√
φf

ζ(R)

)3

− 8√
δ

ξ(R)

ζ(R)

(√
φf

ζ(R)

)2

−
(

6
ξ2(R)

ζ2(R)
+ 2c

ξ(R)

ζ(R)
+ b

)(√
φf

ζ(R)

)
− 2√

δ
(C + |R̄(·, N,N, ·)|) ≤ 0.

Fix ε ≤ 1
2

δ
(1−δ)

1
σ

so that a ≥ δ and σ
ε
≥ 21−δ

δ
σ2. In this case, either

a

√
φf

ζ(R)
− 8√

δ

ξ(R)

ζ(R)
≤
√
δ
ξ(R)

ζ(R)
(112)

or

√
δ
ξ(R)

ζ(R)

(√
φf

ζ(R)

)2

−
(

6
ξ2(R)

ζ2(R)
+ 2c

ξ(R)

ζ(R)
+ b

)(√
φf

ζ(R)

)
− 2√

δ
(C + |R̄(·, N,N, ·)|) ≤ 0.

We conclude that

√
φf

ζ(R)
≤ C1 := max

{(
1√
δ

+
8

δ3/2

)
ξ(R)

ζ(R)
,

1

2
√
δ

(
6
ξ(R)

ζ(R)
+ 2c+ b

ζ(R)

ξ(R)

)

+
1

2
√
δ

((
6
ξ(R)

ζ(R)
+ 2c+ b

ζ(R)

ξ(R)

)2

+ 8
ζ(R)

ξ(R)

(
C + supBR(o)|R̄|

)) 1
2
}
.

Therefore

infBR′ (o)×[0,T ]

(
1− ζ(r)

ζ(R)
− CR
ζ(R)

t

)√
f ≤ C1.

Since f = ψ(W )|A|2 the choice of R′ ∈ (0, R) in (104) implies that

infBR′ (o)×[0,T ]

(
1− ζ(r)

ζ(R)
− CR
ζ(R)

t

)
≥ 1

2

we have

supBR′ (o)×[0,T ]|A| ≤ 2
√

1− δ C1 ≤ 2C1. (113)
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This shows that |A| is bounded in BR′(o) × [0, T ] by some constant that depends on

supBR(o)W
2(·, 0) and on the geometric data supBR(o)%, ξ(R), ζ(R), C, C̃ and L.

From this estimate we can conclude that the covariant derivatives of A are also

bounded. Indeed, proceeding inductively as in Ecker and Huisken (1991) and Borisenko

and Miquel (2012) one supposes that for each k = 0, 1, . . . , ` − 1 there exists a constant

Ck = Ck(R, T ) so that

|∇kA| ≤ Ck for k = 0, 1, · · · , `− 1

where Ck depends on the bounds of |∇mA| and on the tensors ∇̄mR̄ for 0 ≤ m ≤ k − 1

in BR(o)× [0, T ] and on the same sort of geometric data as above.

As in Ecker and Huisken (1991) and Borisenko and Miquel (2012) we are going

to use variants of the Simons’ inequality for higher order covariant derivatives of A which

have the form
1

2
(∂t −∆)|∇`A|2 + |∇`+1A|2 ≤ D`(|∇`A|2 + 1) (114)

where the constant D` depends on the bounds of |∇kA| and on the tensors ∇̄kR̄ for

0 ≤ k ≤ `− 1 in BR(o)× [0, T ]. Now, we define

h = |∇`A|2 + λ|∇`−1A|2

where λ is a constant to be specified later. Setting λ ≥ 2D` one obtains

1

2
∂th ≤

1

2
∆|∇`A|2 − |∇`+1A|2 +D`(|∇`A|2 + 1) +

λ

2
∂t|∇`−1A|2

≤ 1

2
∆|∇`A|2 +

λ

2
∆|∇`−1A|2 − λ|∇`A|2 +D`(|∇`A|2 + 1) +D`−1(|∇`−1A|2 + 1)

≤ 1

2
∆h− λ

2
|∇`A|2 +D`−1|∇`−1A|2 +D` + λD`−1

≤ 1

2
∆h− λ

2
h+

λ2

2
|∇`−1A|2 +D`−1|∇`−1A|2 +D` + λD`−1

Choosing λ2 ≥ 2D`−1 we conclude that

(∂t −∆)h ≤ −λh+ λ2C̃` + D̃`, (115)

where D̃` = 2D` + 2λD`−1 and C̃` = 2|∇`−1A|2. Proceeding similarly as above one

computes

(∂t −∆) (φh) = h (∂t −∆)φ+ φ (∂t −∆)h− 2〈∇φ,∇h〉

≤ −2h|∇ζ|2 + (−λh+ λ2C̃` + D̃`)φ− 2
〈
φ−1∇φ,∇(φh)− h∇φ

〉
.
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Therefore

(∂t −∆) (φh) + 2
〈
φ−1∇φ,∇(φh)

〉
≤ −2h|∇ζ|2 + 2φ−1|∇φ|2h+ (−λh+ λ2C̃` + D̃`)φ.

Using again that

−2|∇ζ|2 + 2φ−1|∇φ|2 = 6|∇ζ|2

one concludes that

(∂t −∆) (φh) + 2
〈
φ−1∇φ,∇(φh)

〉
≤ 6|∇ζ|2h− λφh+ (λ2C̃` + D̃`)φ.

We have at a maximum point of φh that

(λφ− 6ξ2(r))h ≤ (λ2C̃` + D̃`)ζ
2(R)

Since that φ ≥ ζ2(R)/4 in BR′(o)× [0, T ] we have(
λ

4
− 6

ξ2(R)

ζ2(R)

)
h ≤ λ2C̃` + D̃`

Setting

λ ≥ max

{
2D`, (2D`−1)1/2, 48

ξ2(R)

ζ2(R)

}
one obtains

h ≤ 1

6

ζ2(R)

ξ2(R)

(
λ2C̃` + D̃`

)
.

We conclude that

|∇`A|2 ≤ 1

6

ζ2(R)

ξ2(R)

(
2λ2|∇`−1A|2 + D̃`

)
− λ|∇`−1A|2 (116)

A suitable choice of a large enough λ yields the desired estimate. This finishes the proof.
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5 EXISTENCE OF SOLUTION

In this section we assemble the results obtained previously to guarantee the existence

theorem of our equation (3), when M is a complete, non-compact, n-dimensional smooth

manifold. More precisely,

Theorem 5.1. Let M be a n-dimensional complete, non-compact Riemannian manifold

with a pole o and let M̄ be the warped product M ×% R. Suppose that (6), (8) and (9)

hold. Given a smooth entire graph M0 over M , there exists a modified mean curvature

flow (2)-(3) defined for all t ∈ R.

Proof: The problem (2)-(3) may be rewritten with initial value problem as follows∂tu = Q[u] in M × [0, T ]

u(·, 0) = u0 in M
(117)

where Q is given for (14) and with a smooth initial datum u0 : M → R. Given R > 0, by

the theory of parabolic equations there is a unique solution uR of the Dirichlet problem
ut =

(
gij − uiuj

W 2

)
ui;j +

(
1 + 1

%2W 2

)
(log %)iui − nσW BR(o)× [0, T ]

u(·, 0) = u0(·) BR(o)× {0}

u(x, t) = u0(x) ∂BR(o)× [0, T ]

(118)

which is a reformulation of (117) on BR(o)× [0, T ]. The result follows if we have a smooth

solution for all time. We have from the estimates 3.2 together with (113) and (116) that

we can take constants such that

|∇`uR| ≤ C`

with C` as in the previous section. Furthermore we have from proposition 2.5 that |uR|
is bounded.

So proceeding as in Borisenko and Miquel (2012), for every R0 > 0, the family

of smooth functions (uR)R≥R0 converges to a smooth function uR0 on BR0(o). It is worth

noting that uR0 is at least C1 on t and that it is a solution of (117) on BR0(o) × [0, T ],

then the parabolic theory guarantees that uR0 is also C∞ on t. Let be a sequence

R1
0 < R2

0 < · · · < Ri
0 < ..→∞

For j > i the families (uR)R≥Ri
0

and (uR)R≥Rj
0

coincide for R ≥ Ri
0, this way their limits

uRi satisfy

uRj |BRi (o) = uRi
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that defines a smooth function u on M which is the C∞ limit on the compacts the family

uR when R → ∞. Now, since that we obtained the previous bounds, we have, on each

compact in balls a well-defined limit of Mt when t → T , a standard argument shows,

in this case, that the T is infinite, otherwise we could restart the flow from the smooth

surface to get as a bound. �

Remark 5.1. For the case Lipschitz, maybe it’s possible to obtain existence of solution to

(3) as Borisenko and Miquel (2012) and Ecker and Huisken (1991) where M0 is a graph

over M given by a Lipschitz continuous function. If we proceed as in the standard is to be

expected that the result follow if we do an approximation of M0 by a sequence of smooth

graphs and applying the existence theorem 5.1 to these approximations. In addition, if M

is complete and the M̄ it is a Cartan-Hadamard manifold such that is possible to define

a asymptotic boundary, we can obtain a result as Allmann, Lin, and Zhu (2017), which

prescribe the asymptotic data.
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6 APPENDIX

6.1 Curvature tensor in warped space

In that follows we will make some computations in order to obtain the inequality (107).

The Riemann curvature tensor in the warped space M ×% R has components

R̄(U, V )X = 0

R̄(U,X)V =
1

%
〈∇̄U∇̄%, V 〉X

R̄(U,X)X = −%∇̄U∇̄%

R̄(U, V )W = RP (U, V )W

(119)

for all U, V,W⊥X. Given u, v tangent to Σ we have

R̄(u, v)X = u0R̄(X, v⊥)X + v0R̄(u⊥, X)X + R̄(u⊥, v⊥)X

= u0%∇̄v⊥∇̄%− v0%∇̄u⊥∇̄%

= 〈X, u〉1
%
∇̄v⊥∇̄%− 〈X, v〉

1

%
∇̄u⊥∇̄%

Now, given W⊥X we have

R̄(u, v)W = u0R̄(X, v⊥)W + v0R̄(u⊥, X)W + R̄(u⊥, v⊥)W

= −u0 1

%
〈∇̄v⊥∇̄%,W 〉X + v0 1

%
〈∇̄u⊥∇̄%,W 〉X + R̄P (u⊥, v⊥)W

= − 1

%3
〈X, u〉〈∇̄v⊥∇̄%,W 〉X +

1

%3
〈X, v〉〈∇̄u⊥∇̄%,W 〉X + R̄P (u⊥, v⊥)W

Hence

R̄(u, v)N =
1

%3
〈X, u〉〈X,N〉∇̄v⊥∇̄%− 〈X, v〉〈X,N〉

1

%3
∇̄u⊥∇̄%−

1

%3
〈X, u〉〈∇̄v⊥∇̄%,N⊥〉X

+
1

%3
〈X, v〉〈∇̄u⊥∇̄%,N⊥〉X + R̄P (u⊥, v⊥)N⊥

Since that
[
X, ∇̄%

]
= 0 we have

〈∇̄u∇̄%, v〉 = u0v0〈∇̄X∇̄%,X〉+ u0〈∇̄X∇̄%, v⊥〉+ v0〈∇̄u⊥∇̄%,X〉+ 〈∇̄u⊥∇̄%, v⊥〉

= u0v0〈∇̄∇̄%X,X〉+ u0〈∇̄∇̄%X, v⊥〉+ 〈∇̄u⊥∇̄%, v⊥〉

=
1

2
u0v0〈∇̄%, ∇̄%2〉+ 〈∇̄u⊥∇̄%, v⊥〉

= u0v0%|∇̄%|2 + 〈∇̄u⊥∇̄%, v⊥〉

=
1

%3
〈X, u〉〈X, v〉|∇̄%|2 + 〈∇̄u⊥∇̄%, v⊥〉
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Therefore given a tangent w ∈ TΣ we have

〈R̄(u, v)N,w〉 =
1

%3
〈X, u〉〈X,N〉

(
〈∇̄v∇̄%, w〉 − 〈X, v〉〈X,w〉

1

%3
|∇̄%|2

)
− 1

%3
〈X, v〉〈X,N〉

(
〈∇̄u∇̄%, w〉 − 〈X, u〉〈X,w〉

1

%3
|∇̄%|2

)
− 1

%3
〈X, u〉〈X,w〉

(
〈∇̄v∇̄%,N〉 − 〈X, v〉〈X,N〉

1

%3
|∇̄%|2

)
+

1

%3
〈X, v〉〈X,w〉

(
〈∇̄u∇̄%,N〉 − 〈X, u〉〈X,N〉

1

%3
|∇̄%|2

)
+ 〈R̄P (u⊥, v⊥)N⊥, w⊥〉

thereafter

〈R̄(u, v)N,w〉 =
1

%3
〈X, u〉〈X,N〉〈∇̄v∇̄%, w〉 −

1

%3
〈X, v〉〈X,N〉〈∇̄u∇̄%, w〉

− 1

%3
〈X, u〉〈X,w〉〈∇̄v∇̄%,N〉+

1

%3
〈X, v〉〈X,w〉〈∇̄u∇̄%,N〉

+ 〈R̄P (u⊥, v⊥)N⊥, w⊥〉

If we take ∂k, ∂j, ∂l, for the tensor

L := Lkjl = 〈R̄(∂k, ∂j)N, ∂l〉

in terms of the warped product we have

Lkjl = 〈R̄(∂k, ∂j)N, ∂l〉 =
1

%3
〈X, ∂k〉〈X,N〉〈∇̄∂j∇̄%, ∂l〉 −

1

%3
〈X, ∂j〉〈X,N〉〈∇̄∂k∇̄%, ∂l〉

− 1

%3
〈X, ∂k〉〈X, ∂l〉〈∇̄∂j∇̄%,N〉+

1

%3
〈X, ∂j〉〈X, ∂l〉〈∇̄∂k∇̄%,N〉+ 〈RP (∂⊥k , ∂

⊥
j )N⊥, ∂⊥l 〉

To obtain ∇iLkjl we will calculate all terms apart. Firstly, we consider

θ(∂k) = 〈X, ∂k〉

where θ is the 1-form in M metrically equivalent to X. So we have

(∇∂iθ) (∂k) = ∇∂i (θ(∂k))− θ (∇∂i∂k)

= ∂i〈X, ∂k〉 − Γmikθ(∂m)

= 〈∇̄∂iX, ∂k〉+ Γmik〈X, ∂m〉+ Γ0
ik〈X,N〉 − Γmik〈X, ∂m〉

= 〈∇̄∂iX, ∂k〉+ Γ̄0
ik〈X,N〉
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However

∇̄∂iX =
1

%2
〈∂i, X〉∇̄XX + ∇̄∂⊥i

X

and taking the product

〈∂k, ∇̄∂iX〉 = 〈 1

%2
〈∂i, X〉∇̄XX + ∇̄∂⊥i

X,
1

%2
〈∂k, X〉X + ∂⊥k 〉

=
1

%2
〈∂i, X〉〈∇̄XX, ∂

⊥
k 〉+

1

%2
〈∂k, X〉〈∇̄∂⊥i

X,X〉

= −1

%
〈∂i, X〉〈∇̄%, ∂k〉+

1

%
〈∂k, X〉〈∇̄%, ∂i〉

It worth observe that

〈∇u⊥X,X〉 =
1

2
u⊥(%2) = %〈∇̄%, u〉 and 〈∇XX, u

⊥〉 = −〈∇u⊥X,X〉

Now, taking θi = 〈X, ∂i〉 and also %k = 〈∇̄%, ∂k〉, and we get

〈∇̄∂iX, ∂k〉 = −θi
%k
%

+ θk
%i
%

as well as

(∇∂iθ)(∂k) = −θi
%k
%

+ θk
%i
%

+ aik〈X,N〉

Let’s now consider the account for the tensor %jl = 〈∇̄∂j∇̄%, ∂l〉. We have like this

(∇∂i%)(∂j, ∂l) = ∂i(%(∂j, ∂l))− Γmij%ml − Γmil %jm

= (∇̄∂i%)(∂j, ∂l) + Γ̄mij%ml + Γ̄0
ij%0l + Γ̄mil %jm + Γ0

il%j0 − Γmij%ml − Γmil %jm

= (∇̄∂i%)(∂j, ∂l) + aij%0l + ail%j0

In this way we have

∇∂i%jl = ∇∂i〈∇̄∂j∇̄%, ∂l〉 = ∇̄∂i∇̄∂j∇̄∂l%+ aij〈∇̄∂l∇̄%,N〉+ ail〈∇̄∂j∇̄%,N〉

such that the derivative of the tensor L is

∇i

(
θk

1

%3W
%jl

)
=

1

%3W
%jl

(
−θi

%k
%

+ θk
%i
%

+
aij
W

)
+ +θk%jl∂i

(
1

%3W

)
+ θk

1

%3W

[
∇̄∂i∇̄∂j∇̄∂l%+ aij〈∇̄∂l∇̄%,N〉+ ail〈∇̄∂j∇̄%,N〉

]
since that

∇i

(
θk

1

%3W
%jl

)
= ∇i

(
〈X, ∂k〉〈X,N〉

1

%3
〈∇̄∂j∇̄%, ∂l〉

)
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Similarly we take the tensor Sj = 〈∇̄∂j∇̄%,N〉 and we proceed like previously now as

∇iSj = (∇iS)(∂j) = ∂i(S∂j)− S(∇∂i∂j)

= (∇̄iS)(∂j) + S(∇̄∂i∂j)− S(∇∂i∂j)

= (∇̄iS)(∂j) + Γ̄mijSm − ΓmijSm + Γ0
ijS0

In our case, if N = ∂0 we write

∇iSj = ∇〈∇̄∂j∇̄%,N〉 = ∇̄i∇̄j∇̄0%+ aij〈∇̄N∇̄%,N〉

let us now see the terms of the form

∇i

(
1

%3
θkθlSj

)
=

1

%3

(
−θi

%k
%

+ θk
%i
%

+
aik
W

)
θlSj +

1

%3
θk

(
−θi

%l
%

+ θl
%i
%

+
ail
W

)
Sj

+
1

%3
θkθl

[
∇̄i∇̄j∇̄N%+ aij〈∇̄N∇̄%,N〉

]
+ ∂i

(
1

%3

)
θkθlSj

and also of

P (∂k, ∂j, ∂l) := 〈RP (∂⊥k , ∂
⊥
j )N⊥, ∂⊥l 〉

It follows that

∇iP (∂k, ∂j, ∂l) =
(
∇̄iR

P
)

(∂k, ∂j, N, ∂l) + aikR
P (N, ∂j, N, ∂l) + aijR

P (∂k, N,N, ∂l)

+ ailR
P (∂k, ∂j, N,N)

Notice that

R̄kils = 〈R̄(∂k, ∂i)∂l, ∂s〉 = θkθl
1

%3
〈∇̄∂i∇̄%, ∂s〉 − θiθl

1

%3
〈∇̄∂k∇̄%, ∂s〉 − θkθs

1

%3
〈∇̄∂i∇̄%, ∂l〉

+ θiθs
1

%3
〈∇̄∂k∇̄%, ∂l〉+ 〈RP (∂⊥k , ∂

⊥
i )∂⊥l , ∂

⊥
s 〉

and now, whereas R̄s
kilasj = R̄kilsa

s
j we obtain

R̄kilsa
s
j = 〈R̄(∂k, ∂i)∂l, ∂s〉asj = θkθl

1

%3
〈∇̄∂i∇̄%, ∂s〉asj − θiθl

1

%3
〈∇̄∂k∇̄%, ∂s〉asj (120)

−θkθs
1

%3
〈∇̄∂i∇̄%, ∂l〉asj + θiθs

1

%3
〈∇̄∂k∇̄%, ∂l〉asj + 〈RP (∂⊥k , ∂

⊥
i )∂⊥l , ∂

⊥
s 〉asj
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Let us now express the terms of the tensor derivatives

∇iLkjl =
1

%3W
%jl

(
−θi

%k
%

+ θk
%i
%

+
aik
W

)
+ θk

1

%3W

[
∇̄∂i∇̄∂j∇̄∂l%+ aijSl + ailSj

]
+ θk%jl

1

W
∂i

(
1

%3

)
+ θk%jl

1

%3
∂i

(
1

W

)
− θj%kl

1

W
∂i

(
1

%3

)
− θj%kl

1

%3
∂i

(
1

W

)
− 1

%3W
%kl

(
−θi

%j
%

+ θj
%i
%

+
aij
W

)
− θj

1

%3W

[
∇̄∂i∇̄∂k∇̄∂l%+ aikSl + ailSk

]
− 1

%3

[
−θi

%k
%

+ θk
%i
%

+
aik
W

]
θlSj −

1

%3
θk

[
−θi

%l
%

+ θl
%i
%

+
ail
W

]
Sj

− 1

%3
θkθl

[
∇̄i∇̄j∇̄N%+ aij〈∇̄N∇̄%,N〉

]
+ ∂i

(
1

%3

)
θjθlSk − ∂i

(
1

%3

)
θkθlSj

+
1

%3

[
−θi

%j
%

+ θj
%i
%

+
aij
W

]
θlSk +

1

%3
θj

[
−θi

%l
%

+ θl
%i
%

+
ail
W

]
Sk

+
1

%3
θjθl

[
∇̄i∇̄k∇̄N%+ aik〈∇̄N∇̄%,N〉

]
+∇i〈RP (∂⊥k ∂

⊥
j )N⊥, ∂⊥l 〉

where also we have

1

%3
θk%jl∂i

(
1

W

)
= −θiθk

1

%4
%jl〈∇̄%,N〉+

1

W

θk
%4
%jl〈∂i, ∇̄%〉 −

θk
%3
%jl〈A∂i, X〉

the same applies to similar terms. Hence, we obtain

∇kLlij =
1

%3W
%ij

(
−θk

%l
%

+ θl
%k
%

+
akl
W

)
+ θl

1

%3W

[
∇̄∂k∇̄∂i∇̄∂j%+ akiSj + akjSi

]
+ θl%ij

1

W
∂k

(
1

%3

)
+ θl%ij

1

%3
∂k

(
1

W

)
− θi%lj

1

W
∂k

(
1

%3

)
− θi%lj

1

%3
∂k

(
1

W

)
− θi

1

%3W

[
∇̄∂k∇̄∂l∇̄∂j%+ aklSj + akjSl

]
− 1

%3W
%lj

(
−θk

%i
%

+ θi
%k
%

+
aki
W

)
− 1

%3

[
−θk

%j
%

+ θj
%k
%

+
akj
W

]
θlSi −

1

%3
θj

[
−θk

%l
%

+ θl
%k
%

+
akl
W

]
Si

− 1

%3
θjθl

[
∇̄k∇̄i∇̄N%+ aki〈∇̄N∇̄%,N〉

]
+ ∂k

(
1

%3

)
θiθjSl − ∂k

(
1

%3

)
θlθjSi

+
1

%3

[
−θk

%j
%

+ θj
%k
%

+
akj
W

]
θiSl +

1

%3
θj

[
−θk

%i
%

+ θi
%k
%

+
aki
W

]
Sl

+
1

%3
θiθj

[
∇̄k∇̄j∇̄N%+ akl〈∇̄N∇̄%,N〉

]
+∇k〈RP (∂⊥l ∂

⊥
i )N⊥, ∂⊥j 〉



52

and now we join all terms

gkl(∇iLkjl +∇kLlij)a
ij =

1

%3
aij
[
−θi

%k
%

+ θk
%i
%

+
aik
W

]
gkl
(%jl
W
− θlSj

)
+

1

%3
aij
[
−θi

%j
%

+ θj
%i
%

+
aij
W

]
gkl
(
θlSk −

%jl
W

)
+

1

%3
aij
[
−θk

%l
%

+ θl
%k
%

+
akl
W

]
gkl
(%ij
W
− θjSi

)
+

1

%3
aij
[
−θk

%i
%

+ θi
%k
%

+
aki
W

]
gkl
(
θjSl −

%jl
W

)
+

1

%3
aij
[
−θi

%l
%

+ θl
%i
%

+
ail
W

]
gkl (θjSk − θkSj)

+
1

%3
aij
[
−θk

%j
%

+ θj
%k
%

+
ajk
W

]
gkl (θiSl − θlSi)

+
aij
W
gkl (θk%jl − θj%kl) ∂i

(
1

%3

)
+
aij
W
gkl (θl%ij − θi%lj) ∂k

(
1

%3

)
+aijgkl (θjθlSk − θkθlSj) ∂i

(
1

%3

)
+ aijgkl (θiθjSl − θlθjSi) ∂k

(
1

%3

)
+

1

%3
gkl%jl

(
−θi

θk
%
〈∇̄%,N〉+

θk
%W
〈∇̄%, ∂i〉 − θkasiθs

)
aij

+
1

%3
gkl%kl

(
−θi

θk
%
〈∇̄%,N〉 − θj

%W
〈∇̄%, ∂i〉 − θjasiθs

)
aij

+
1

%3
gkl%ij

(
−θl

θk
%
〈∇̄%,N〉+

θl
%W
〈∇̄%, ∂k〉 − θlaskθs

)
aij

+
1

%3
gkl%lj

(
−θi

θk
%
〈∇̄%,N〉 − θi

%W
〈∇̄%, ∂k〉+ θia

s
iθs

)
aij

+
θl
%3W

gkl
[
∇̄k∇̄i∇̄j%+ aikSj + ajkSi

]
aij

− θi
%3W

gkl
[
∇̄k∇̄l∇̄j%+ aklSj + ajkSl

]
aij

+
θk
%3W

gkl
[
∇̄i∇̄j∇̄l%+ aijSl + ailSj

]
aij

− θj
%3W

gkl
[
∇̄i∇̄k∇̄l%+ aikSl + ailSk

]
aij

+
1

%3
gklθjθl

(
∇̄i∇̄k∇̄N%+ aik〈∇̄N∇̄%,N〉

)
aij

− 1

%3
gklθkθl

(
∇̄i∇̄j∇̄N%+ aij〈∇̄N∇̄%,N〉

)
aij

+
1

%3
gklθiθj

(
∇̄k∇̄j∇̄N%+ akl〈∇̄N∇̄%,N〉

)
aij

− 1

%3
gklθjθl

(
∇̄k∇̄i∇̄N%+ aik〈∇̄N∇̄%,N〉

)
aij

+gkl∇i〈RP (∂⊥k , ∂
⊥
j )N⊥, ∂⊥l 〉aij + gkl∇k〈RP (∂⊥l , ∂

⊥
i )N⊥, ∂⊥j 〉aij
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expressing (120) in terms of derivatives of %, it follow that

R̄kilsa
s
j =

1

%3
θkθl%isa

s
j −

1

%3
θiθl%ksa

s
j −

1

%3
θkθs%ila

s
j +

1

%3
θiθs%kla

s
j + 〈RP (∂⊥k , ∂

⊥
i )∂⊥l , ∂

⊥
s 〉asj

and also

R̄kijsa
s
l =

1

%3
θkθj%isa

s
l −

1

%3
θiθj%ksa

s
l −

1

%3
θkθs%ija

s
l +

1

%3
θiθs%kja

s
l + 〈RP (∂⊥k , ∂

⊥
i )∂⊥j , ∂

⊥
s 〉asl

we have

gkl
(
R̄s
kilasj + R̄s

kijasl
)

=
1

%3
gklθkθl%isa

s
j −

1

%3
gklθiθl%ksa

s
j −

1

%3
gklθkθs%ila

s
j +

1

%3
gklθiθs%kla

s
j

+
1

%3
gklθkθj%isa

s
l −

1

%3
gklθiθj%ksa

s
l −

1

%3
gklθkθs%ija

s
l +

1

%3
gklθiθs%kja

s
l

+ gkl〈RP (∂⊥k , ∂
⊥
i )∂⊥l , ∂

⊥
s 〉asj + gkl〈RP (∂⊥k , ∂

⊥
i )∂⊥j , ∂

⊥
s 〉asl

and finally

gkl
(
R̄s
kilasj + R̄s

kijasl
)
aij =

1

%3
gklθkθl%isa

s
ja
ij − 1

%3
gklθiθl%ksa

s
ja
ij − 1

%3
gklθkθs%ila

s
ja
ij

+
1

%3
gklθiθs%kla

s
ja
ij +

1

%3
gklθkθj%isa

s
l a
ij − 1

%3
gklθiθj%ksa

s
l a
ij

− 1

%3
gklθkθs%ija

s
l a
ij +

1

%3
gklθiθs%kja

s
l a
ij + gkl〈RP (∂⊥k , ∂

⊥
i )∂⊥l , ∂

⊥
s 〉asjaij

+ gkl〈RP (∂⊥k , ∂
⊥
i )∂⊥j , ∂

⊥
s 〉asl aij

and now grouping the terms

gkl(∇iLkjl +∇kLlij)a
ij + gkl

(
R̄s
kilasj + R̄s

kijasl
)
aij

and estimating we obtain only expressions that appear |A| and |A|2 such that

|gkl(∇iLkjl +∇kLlij)a
ij + gkl

(
R̄s
kilasj + R̄s

kijasl
)
aij| ≤ C|A|+ C̃|A|2

and the coefficients C, C̃ depends on % and terms that involve their derivatives.
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6.2 Simons’ formula

We have the following commutation rule

∇k(∂t −∆)bij = ∂t∇kbij − grs∇k∇r∇sbij

= ∂t∇kbij − grs
(
∇r∇k∇sbij −Rm

krs∇mbij −Rm
kri∇sbmj −Rm

krj∇sbim
)

= ∂t∇kbij − grs∇r

(
∇s∇kbij −Rm

ksibmj −Rm
ksjbim

)
+ grs

(
Rm
krs∇mbij +Rm

kri∇sbmj +Rm
krj∇sbim

)
= (∂t −∆)∇kbij + grs∇r

(
Rm
ksibmj +Rm

ksjbim
)

+ grs
(
Rm
krs∇mbij +Rm

kri∇sbmj +Rm
krj∇sbim

)
Hence

(∂t −∆)∇kbij = ∇k(∂t −∆)bij − grs∇r

(
Rm
ksibmj +Rm

ksjbim
)

− grs
(
Rm
krs∇mbij +Rm

kri∇sbmj +Rm
krj∇sbim

)
On the other hand

1

2
(∂t −∆)|∇B|2 =

1

2
gk`(∂t −∆)∇kbij∇`b

ij = gk`∇kb
ij(∂t −∆)∇`bij − grsgk`∇r∇kbij∇s∇`b

ij

= gk`∇`b
ij(∂t −∆)∇kbij − |∇2B|2

Therefore

1

2
(∂t −∆)|∇B|2 + |∇2B|2 = gk`∇`b

ij∇k(∂t −∆)bij − gk`grs∇`b
ij∇r

(
Rm
ksibmj +Rm

ksjbim
)

− gk`grs
(
Rm
krs∇mbij∇`b

ij +Rm
kri∇sbmj∇`b

ij +Rm
krj∇sbim∇`b

ij
)
.

Hence

1

2
(∂t −∆)|∇B|2 + |∇2B|2 = gk`∇`b

ij∇k(∂t −∆)bij − gk`grs∇`b
ij
(
bmj∇rR

m
ksi + bim∇rR

m
ksj

)
− gk`grs

(
Rm
ksi∇rbmj∇`b

ij +Rm
ksj∇rbim∇`b

ij
)

− gk`grs
(
Rm
krs∇mbij∇`b

ij +Rm
kri∇sbmj∇`b

ij +Rm
krj∇sbim∇`b

ij
)
.

Using Gauss equation gives

1

2
(∂t −∆)|∇B|2 + |∇2B|2 = gk`∇`b

ij∇k(∂t −∆)bij − gk`grs∇`b
ij
(
bmj∇rR

m
ksi + bim∇rR

m
ksj

)
− gk`grs

(
(R̄m

ksi + amk ais − aikams )∇rbmj∇`b
ij + (R̄m

ksj + amk ajs − ajkams )∇rbim∇`b
ij
)

− gk`grs
(
(R̄m

krs + amk ars − aksamr )∇mbij∇`b
ij + (R̄m

kri + amk air − aikamr )∇sbmj∇`b
ij

+ (R̄m
krj + amk ajr − ajkamr )∇sbim∇`b

ij
)
.
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Note that

∇rR
m
ksi = ∂rR

m
ksi − Γ`rkR

m
`si − Γ`rsR

m
k`i − Γ`riR

m
ks` + Γmr`R

`
ksi

= ∂rR
m
ksi − Γ̄`rkR

m
`si − Γ̄`rsR

m
k`i − Γ̄`riR

m
ks` + Γ̄mr`R

`
ksi

= ∂r(R̄
m
ksi + amk asi − ams aki)− Γ̄`rk(R̄

m
`si + am` asi − ams a`i)

− Γ̄`rs(R̄
m
k`i + amk a`i − am` aki)− Γ̄`ri(R̄

m
ks` + amk as` − ams ak`) + Γ̄mr`(R̄

`
ksi + a`kasi − a`saki)

= ∇̄rR̄
m
ksi + Γ̄0

rkR̄
m
0si + Γ̄0

rsR̄
m
k0i + Γ̄0

riR̄
m
ks0 − Γ̄mr0R̄

0
ksi +∇r(a

m
k asi − ams aki)

= ∇̄rR̄
m
ksi + arkR̄

m
0si + arsR̄

m
k0i + ariR̄

m
ks0 − amr R̄0

ksi +∇r(a
m
k asi − ams aki)

Therefore

1

2
(∂t −∆)|∇B|2 + |∇2B|2 = gk`∇`b

ij∇k(∂t −∆)bij

− gk`grsbmj∇`b
ij
(
∇̄rR̄

m
ksi + arkR̄

m
0si + arsR̄

m
k0i + ariR̄

m
ks0 − amr R̄0

ksi +∇r(a
m
k asi − ams aki)

)
− gk`grsbim∇`b

ij
(
∇̄rR̄

m
ksj + arkR̄

m
0sj + arsR̄

m
k0j + arjR̄

m
ks0 − amr R̄0

ksj +∇r(a
m
k asj − ams akj)

)
− gk`grs

(
(R̄m

ksi + amk ais − aikams )∇rbmj∇`b
ij + (R̄m

ksj + amk ajs − ajkams )∇rbim∇`b
ij
)

− gk`grs
(
(R̄m

krs + amk ars − aksamr )∇mbij∇`b
ij + (R̄m

kri + amk air − aikamr )∇sbmj∇`b
ij

+ (R̄m
krj + amk ajr − ajkamr )∇sbim∇`b

ij
)
.

Hence

1

2
(∂t −∆)|∇B|2 + |∇2B|2 ≤ 〈∇B,∇(∂t −∆)B〉

+
(
C1 + C0|A|+ |A||∇A|

)
|B||∇B|+

(
C0 + |A|2

)
|∇B|2

where C0 depends on ∇̄R̄ and C1 depends on R̄. In particular, if B = A we have

gk`∇`b
ij∇k(∂t −∆)bij = gk`∇`a

ij∇k

(
− (2H − σ)naisa

s
j + n(H − σ)R̄i00j

+ aij|A|2 + gk`(∇̄iR̄kj0` + ∇̄kR̄`i0j + aikR̄0j0` + aijR̄k00` + aisR̄
s
kj` + ak`R̄0i0j + akiR̄`00j + aksR̄

s
`ij)

− gk`(R̄s
ik`asl + R̄s

ikja`s)
)
≤ |∇A|

(
|A|2|∇A|+ C0|A|+ C0|∇A|+ C1|A|+ C1|A|2 + C2 + C2|A|

)
,

where we have used expressions of the following form

∇kR̄i00j = ∂kR̄i00j − ΓmkiR̄m00j − ΓmkjR̄i00m = ∂kR̄i00j − Γ̄mkiR̄m00j − Γ̄mkjR̄i00m

= ∇̄kR̄i00j + Γ̄0
kiR̄000j + Γ̄0

kjR̄i000 + Γ̄mk0R̄im0j + Γ̄mk0R̄i0mj

= ∇̄kR̄i00j + akiR̄000j + akjR̄i000 + amk R̄im0j + amk R̄i0mj.

Note that some terms are missing in the expression above due to the fact that Γ̄0
k0 = 0.
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In sum, when B = A we have

1

2
(∂t −∆)|∇A|2 + |∇2A|2 ≤

(
C2 + C1 + C0 + C0|A|+ |A||∇A|

)
|A||∇A|+ C0|∇A|2

+ (C1|A|+ C1|A|2 + C2)|∇A|.

In other terms,

1

2
(∂t −∆)|∇A|2 + |∇2A|2 ≤ |A|2|∇A|2 + C0|∇A|2 +

(
C2 + |A|(C1 + C0)

)(
1 + |A|

)
|∇A|.

We conclude that

1

2
(∂t −∆)|∇A|2 + |∇2A|2 ≤ C̃1(|∇A|2 + |∇A|+ 1). (121)

where C̃1 is a non-negative constant depending on |A| and on R̄, ∇̄R̄ and ∇̄∇̄R̄. Our

induction hypothesis is that

1

2
(∂t −∆)|∇`A|2 + |∇`+1A|2 ≤ C̃`(|∇`A|2 + |∇`A|+ 1). (122)

where C̃` is a non-negative constant depending on |∇kA| and on ∇̄kR̄ for all k = 0, . . . , `−
1. Note that the trivial inequality

|∇`A| ≤ 1

2
|∇`A|2 +

1

2

allows us to write

1

2
(∂t −∆)|∇`A|2 + |∇`+1A|2 ≤ C̃`(|∇`A|2 + 1). (123)
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7 CONCLUSION

The results we get give us geometric gains such as dealing with spaces that

have curvature not necessarily compared to constant. We add a force term in the flow

equation such that if it were possible to speak of convergence, our case contemplates the

convergence for a constant mean curvature surface σ while Borisenko and Miquel (2012)

would obtain a minimal surface. Moreover, they deals with spaces of curvature compared

with a constant, in this case, hyperbolic. The existence of solution is obtained with

estimates on simpler sets.
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