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RESUMO

Nesta tese provaremos a existéncia de solucao para o problema do fluxo pela curvatura
média modificado, com dado inicial suave. Para tal proposito precisaremos de estimati-
vas a priori para garantirmos o uso da teoria de equagoes diferenciais parabdlicas, mais
precisamente a teoria quasilinear. Nosso resultado principal é obtido para uma variedade
suave n-dimensional, completa, nao-compacta, com um polo. A variedade ambiente é um
warped-product dotado de um campo Killing que define a funcao warping. Algumas con-
sideragoes geométricas sao feitas tal que nossa abordagem contemple casos particulares.

Equagoes de evolucao sao calculadas a fim de serem usadas nas estimativas.

Palavras-chave: Modificado. Fluxo pela curvatura média. Campo de Killing. Graficos.

Estimativas.



ABSTRACT

In this thesis we will prove the existence of solution to the problem of modified mean
curvature flow with smooth initial data. For this purpose we will need a priori estimates
to guarantee the use of the theory of parabolic differential equations, more precisely the
quasilinear theory. Our main result is obtained for a smooth, n-dimensional, complete,
non-compact manifold with pole. The ambient manifold is a warped-product endowed
with a Killing field which defines the warping function. Some geometrical considerations
are made in order to encompass particular cases. Evolution equations are calculated in

order to be used in the estimates.

Keywords: Modified. Mean curvature flow. Killing field. Graphs. Estimates.
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1 INTRODUCTION

In recent years several evolution equations have been studied in Differential
Geometry. They lead to interesting systems of nonlinear partial differential equations and
provide the appropriate mathematical modelling of physical processes such as material
interface propagation and crystal growth. Geometric evolutions as the mean curvature
flow are also used in surface processing in Computer Graphics and Signal Processing.

Mean curvature flow (MCF for short) is a term that is used to describe the
evolution of a hypersurface whose normal velocity is given by the mean curvature. Let
M be an n-dimensional manifold and M an (n + 1)-dimensional Riemannian manifold.
A map ¥ : M x [0,T) — M such that every ¥, := W(-,¢) : M — M is an immersion,

describe the mean curvature flow of ¥ if it is a solution of

K il
where H(-,t) is the mean curvature vector of the immersion W,.

The papers Ecker and Huisken| (1989)) and |Ecker and Huisken (1991) the mean
curvature flow was studied to evolution of non-compact hypersurfaces in Euclidean Space.
In Huisken| (1989) is studied the case of Dirichlet boundary conditions. In Ecker and
Huisken| (1989) they show that in the case of Lipschitz initial data with linear growth rate
for its height, the flow equation has a smooth solution for all times, moreover they studied
the asymptotic behavior of these solutions as ¢ — oo. In Ecker and Huisken| (1991)), they
obtained some interior estimates and applied them to prove that the hypothesis of linear
growth is not necessary, that is: If the initial graph is a locally Lipschitz continuous, then
the flow with initial condition ¥, has a smooth solution for all time.

Unterberger| (2003) and (1998), studied the MCF in hyperbolic space H"*!
and proved that if the initial surface M, has bounded hyperbolic height over S" (i.e,
OMy = 0S7}) then under the MCF, M, converges in C* to S" which is minimal. The
hyperbolic case was also studied by |Allmann, Lin, and Zhu (2017)), where their results
are for modified mean curvature flow.

There is a vast literature on MCF in different directions, for example |Lambert
(2014) and |Lambert et al.| (2012)) worked mean curvature flow of hypersurfaces in Min-
kowski space with a perpendicular Neumann boundary condition. He proved that if the
boundary manifold is a convex cone made up of timelike rays then any initially spacelike
hypersurface satisfying the boundary condition will exist for all time. In [Ecker| (2012)
the notes focussed on the special case where smooth solutions of mean curvature flow
develop singularities for the first time. Some important references about geometric flows
can be found in [Ecker et al.| (1996),Huisken (1998)), Zhu (2002)), Ritoré and Sinestrari
(2010)among others.
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A very interesting case is approached in [Borisenko and Miquel (2012), where
is proved that if M is completely non-compact with pole and M is a warped product,
since that M, is a smooth graph over M, then there is a solution to MCF for all time, but
they do not assume that the initial surface is a graph. Hence they create a set adapted
to the immersions and not to the domain, where a diffeomorphism is used. Despite using
the methods of [Ecker and Huisken (1991)) and [Unterberger| (2003)), they not use barriers
as done in Unterberger (2003)).

This work consists of studying the modified mean curvature flow in a warped
product structure, where the warping function is the norm of a certain Killing field. Unlike
Borisenko and Miquel| (2012)), here we are taking our initial surface M, being a smooth
graph and we show that exist a solution to all time. To do this we prove estimates of height,
gradient and curvature so we can talk in short time existence and long time existence and
thus be supported by the quasilinear parabolic theory. At this point our references are
Lieberman| (1996), Ecker and Huisken| (1991), Ladyzhenskaya (1968]), [Pulemotov] (2013]))
and also Serrin ((1969)).

Our height estimate is as in (Colding, Minicozzi et al| (2003), to prove the
gradient estimate were very useful the papers Korevaar (1986) and [Ecker and Huisken
(1991). To obtain curvature estimates we proceed as |Borisenko and Miquel (2012), with

this we established our main result:

Theorem 1.1. Let M be a n-dimensional complete, non-compact Riemannian manifold
with a pole o and let M be the warped product M x,R. Suppose that @, @ and @

hold. Given a smooth entire graph My over M, there exists a modified mean curvature

flow @-@ defined for all t € R.

In order to prove this result we divide this thesis into chapters: In chapter
is presented the initial concepts and geometric preliminaries which the work will be
developed. In addition, we still display a height estimate. In chapter 3| we prove two
types of gradient estimate, but only the second estimate is necessary for our purposes. In
chapter [ we obtain second order bounds, where we deduce evolution equations for the
second fundamental form and its squared norm. The main theorem is proved in chapter

Bl Some calculations used in the curvature estimate are detailed in the appendix.



12

2 MODIFIED MEAN CURVATURE FLOW

Let M be a (n+ 1)-dimensional complete Riemannian manifold endowed with a complete
Killing vector field X. We suppose that X never vanishes and that the orthogonal dis-
tribution it determines is integrable. Let M be a given integral leaf of this distribution
and let @ : M x R — M be the flow generated by X with initial values in M. One easily
verifies that ® is a global isometry between M and the warped product M x, R endowed
with the static warped metric.

o*(x)ds® + g,

where s is the natural coordinate in R and g is the induced Riemannian metric in M C M.
The coefficient p € C*>°(M) is the norm of X which is preserved along the flow lines. In
these coordinates, we have X = 0, and the leaves M, = ®,(M) are totally geodesic
hypersurfaces in M.
The Killing graph of a function u € C*(M) is by definition the hypersurface
in M given by
Y[ul = {®(z,u(x)) : 2 € M} (1)

A one parameter family of functions u : M x [0,T) — R, T' > 0, defines a modified mean

curvature flow

U(z,t) = &(x,u(x,t)) (2)

if and only if
OV =n(H —o)N, (3)

where o is a constant and H is the mean curvature of the Killing graph ¥, := X[u(-, )]

calculated with respect to the orientation given by the unit normal vector field
Lo M
N = N’\p(,,t) = W(Q X — CID*V u) (4)

with
W= (o2 +|VMul?)z,
where VM denotes the Riemannian connection in (M, g).
We suppose that M is a manifold with a pole. In particular, we consider

Gaussian global coordinates (r,9) € RT x S"7! defined with respect to a fixed pole
o€ M. Let £ € C*°([0,00)) be a function satisfying the following conditions

&(r) >0, for r>0,
§'(0) =1, (5)
€20y =0, for keN.
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We suppose that the radial sectional curvatures along geodesics rays issuing from o satisfy

_g/(r)
§(r)

for all r > 0, v € TM,v L 0,. In this case, the Hessian comparison theorem in [Pigola,
Rigoli, and Setti| (2005) implies that

K(0, Av) > (6)

VMM < % (g—dr@dr). (7)
We also suppose that
do| _ £'(r)
o | (r) ®)
and we take . S0l ()
. 0 r
0<ﬁmf(T+(n_1)f(r)>' (9)

Our main result establishes the long-time existence of a modified mean curvature flow of

Killing graphs under those conditions on the geometry of the Riemannian warped product
M =M x, R.

2.1 Preliminaries

The induced metric and volume element in 3; = X[u(-, t)] are respectively given by
g+ o*du®du (10)

and
d¥ = o/ 072 + |[VMul2dM. (11)

Given a domain €2 C M and a constant o we define the constrained area functional
= / o 072 + |VMu2dM + noV [u],
Q

where the volume functional V is defined by

u(x)o(w)
V[u]:// dM:/QudM.
aJo Q

For an arbitrary compactly supported function v € C§°(§2) we have

M M
i _ A, [u+ tv] = —/Q (diVM (VWU) + <VM10g 0, %> —na) vodM,

dt l+=0
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where the differential operators VM and div,; are taken with respect to the metric g in

M. Then the Euler-Lagrange equation of the functional A, is

M M
n(H — o) =divy (un) + <VM log o, %> —no =0, (12)

where H is the mean curvature of the Killing graph of u. However, differentiating

with respect to ¢ in gives
8,5\1] = Otu X.

Hence is equivalent to

M M
ouX = (divM (un> + <VM log o, %> — na) N.

Taking the normal projection on both sides yields

, VMy VM
8tu(X,N>:d1VM( W )+<VM10gQ,7>—na.

Since (X, N) = 1/W we conclude that (2)) defines a modified mean curvature flow if and

only if u(-, t) satisfies the parabolic equation

Oyu = Qlul, (13)

Qlu] = W (divM (i;i“) n <VM log o, VVM“> _ no) . (14)

In general, this non-parametric formulation is equivalent to the modified mean curvature

where

flow up to tangential diffeomorphisms of the evolving graphs ;. The equivalence here
follows from the fact that we are assuming a fixed gauge, namely the choice of coordinates
fixed in ([2)).

Now we deduce some evolution equations that will be useful in the sequel.
Proposition 2.1. Suppose that @ holds. The restrictions of the functions r and s to
the graphs X4, t € [0,T), satisfy

— A)r _f’(r) n—|Vr|?) — ?|Vs|]? [ (V1o T_f’(r) —no(Vr
0= 2z =E8 = v p) - 219 (1910290 - £ —nocer ) 15)

and
(0, — A)s = —(2(Vlog 0, N) + no)(Vs, N). (16)

In both expressions, V and A are the intrinsic Riemannian connection and Laplacian in

Y, respectively, whereas V denotes the Riemannian connection in M. Moreover, given
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the function
r(¥(t,z))
)= [ ee)ds (17)
0
we have

g'(r)
§(r)

Proof: Observe that Vs = 072X and Vs = o 2X ", where T denotes the tangential

projection onto T%;. Given a local orthonormal tangent frame {e;}? , in 3, one has

(0 — A)C = —ng'(r) — *|Vs[*¢(r) <<V10g 0, Vr) = ) —nog(r)(Vr,N).  (18)

As= (Vo2 X)) +02Y (Ve X,&) +nH{p2X,N) = (Vo 2, X") +nH(Vs,N)
i=1

= (Vo 2, NY(X,N) +nH(Vs,N) = 2(Vlog o, N)(Vs,N) + nH(Vs,N).

We also compute
Ois = (Vs,0,9) = n(H — 0)(Vs, N).

Therefore
(0, — A)s = —(2(Vlog 9, N) + no)(Vs, N).

Now we obtain
o _ 1 I L
(V97 X) = (o, X, X) = 50X = 50,6° = 0(T0, V).
Fixed a local orthonormal tangent frame {e;}?_; in 3, we have

Ar =2 (Ve Vre) =3 (Ve (Vr = (V. N)N) &)

1

)

_ 1 o _ _

- Z(V%eiw*Vr, Tee) + i Z(e,-, X)A(VxVr, X) =) (Vr,N)(Ve,N,e)
_ 1 _ _ _

= Z<v%eiﬂ-*vru ﬂ-*ei> + E|XT|2<QVQa VT’> - Z(VT, N> <veiN7 ei>

i

— Z(V%eiVMT, m.ei) + |Vs|*(oVo, Vr) + nH(Vr, N)

where 7 : M = M x R — M is the projection on the first factor, that is, 7(x,s) = x for
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all (z,s) € M x R. The Hessian comparison theorem @ implies that

Ar 55((:)) Z (Imeil® = (e1, VI1)2) + [V (0V 0, Vi) + nH(Vr, N)
56((:; <n - ép{ﬁ2 - \Vr|2) + 0*|Vs|*(Vlog o, Vi) + nH(Vr,N) (19)
i(%) (n— 0*|Vs]2 — |Vr?) + 0|Vs|*(V1og o, V) + nH(Vr, N).
Hence,
Ar < i((:)) (n—|Vr]?) + ¢°|Vs|? <<V10g 0, Vr) — 55((:))> +nH(Vr,N). (20)
We also have V¢ = £(r)Vr and
AC = E(r)Ar + & ()| V. (21)
Therefore
'(r)

AC < n€'(r) + 0% Vs]*¢(r) <(V log 0, V) — ) +nHE(r)(Vr, N). (22)

§(r)

On the other hand
or = (Vr,0,%) =n(H — 0)(Vr,N)

and

0¢ =n(H — 0)&(r)(Vr, N).

We conclude that

— A)r _5’(7“) n—|Vr|?) — ?|Vs|]? [ (V1o r—fl(r) —no(Vr
0= 8= =50 (0 902) = 2195 ((Fhogo 97 = §70) < notwr ) 29

and

g'(r)
§(r)

This finishes the proof of the proposition. U

(0 — A)C > —né'(r) — IV PE(r) (<v log 0, Vr) — ) otV N} (24)

Proposition 2.2. If the graphs ¥, t € [0,T], evolve by the modified mean curvature flow

@—@, then

(0 — A)W = —W(JA|* + Ric(N, N)) — 2W HVW|?, (25)

where W = (X, N)™! = (072 + |VMu)[))Y/2 and A is the Weingarten map of X;. If the
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ambient Ricci tensor satisfies Ric > —L for some non-negative constant L then
(0, — A)(e W) < 0.
In particular, the parabolic maximum principle implies in this case that
SUD 3 (o) 0,1V (2, 1) < € (sups o)W (- 0) + SWDp (o) ¢ 0,11V ) - (26)
Proof: Note that
V(X,N)=(X,N)(Vlogo)" —(Vlogo, N)XT — AX". (27)
Hence,

(X,N)(Vlogo)" — (Vlogo, N)X '
= (X,N)(Vlogo— (Vlogo, NYN) — (Vlog o, N)(X — (X, N)N)
= (X,N)Vlogo— (Vlog o, N)X.

It follows from the second variation formula for the functional A, that

where | A| stands for the norm of the Weingarten map of ¥, and T denotes the tangencial

projection onto T%;. On the other hand, using that X is a Killing vector field one gets

O(X,N) = (Vy,X,N)+ (X,Vy,N)=n(H —o)(VyX,N) —n(X,V(H - o))
= —n(X" VH),

where V denotes the Riemannian connection in M and so
(0 — A) (X, N) = |A]*(X, N) + Ric(N, N){(X, N)
Thus, using that (X, N) = 1/WW one has
OW = —W?2,W = —W?9,(X,N)

and
2
AW — W\VWP = -W2AW™! = —-W?A(X, N). (28)

Hence, one concludes that

2 _
oW — AW + W|VW|2 =-W? (0, — A) (X, N) = —W(]A]* + Ric (N, N))
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A direct application of the parabolic maximum principle in [Mantegazzal (2011) finishes

the proof of the proposition. 0

2.2 The case of rotationally symmetric metrics

Let M, be a complete, non-compact, n-dimensional model manifold with respect to a
fixed pole o, € M, in the sense that the Riemannian metric in M can be expressed in

Gaussian coordinates (r,19) € R x S"! centered at o, as
gy = dr* + & (r) d? (29)

where d¥? denotes the round metric in S and &, € C*(]0,00)) satisfying conditions
(B). We also consider a smooth radial function g, € C*([0,00)) satisfying

or(r) >0, for r>0,

Q-i-(o) = 17 (30)
kaﬂ) =0, for keN

and define the warped metric in M x R
0% (r)ds® 4+ dr®* + & (r) dv*. (31)

We denote
A(r) = 04 ()€1 (<) (32)

and

V(r) = / 0 ()€ ) ds. (33)

We also define

LA
nV(r)

Given x € M, we denote r(z) = dist(oy,z). Let Bgr(os) be the closed geodesic ball

centered at o, with radius R € (0,00). Hence x € Bgr(oy) if and only if r(z) < R. The

H(r) = ' (34)

mean curvature of the Killing cylinder over the geodesic sphere 0B,.(0, ) is given by

R RAL A
Hor) = 1 (0= VE + 557 )

Fixed this notation, we are able to state the following result.
Proposition 2.3. For each R € (0,00), the graph of the function

/ e n(H(R) — o)V ()

rde (36)
kR 0(¢)(A%() = n*(H(R) — 0)?V2(q))?

vr(z) =
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defined in Br(oy) has constant mean curvature H(R)— o and its boundary is the geodesic
sphere OBgr(oy4).
Proof. Fixed R € (0,00) let vg be the (radial) solution of the following Dirichlet problem

for the constant mean curvature equation

div (S522) + g, (Vogoy, Sp2 ) = n(H(R) — 0) in Brlos),

VR|9Bg(o) = 0,

(37)

where the differential operators div, and VT are defined with respect to the metric (29)
in M, and
_ 1
W, = (03%(r) +v(r)?,

with ’ denoting derivatives with respect to r. Note that can be written in terms of a

weighted divergence as

. V*u 1 . Vtu
div_iog 0, (Vj) = ZleJr <Q+ W+R) =n(H(R) — o). (38)

Integrating with respect to the density o, dM, yields

By (o) By (0) W
VUR

= —, 0, doB(r),
/83,~(o) g+ ( W, ) O+ ( )

for r < R. Since vg is radial becomes

Vil : V() AL
((gﬂr) T v;%m)w) HRIGER-EE <g+<r> o ”w)) (40)
— n(H(R) - o).

It follows from that vg is the solution of the first order equation

(glz(r)vi(;)%(r))lm 0+(r) 2_1(7”) = /OT”(H(R) —0)o(s) :_l(g) dg. (41)

with initial condition vg|,—r = 0. Resolving this expression for v}, one obtains

v (7’) _ TL(H(R) — U)V(T> .
f 0+ (r)(A%(r) = n?(H(R) — 0)?V?(r))'/?

(42)

The graph X of vg is a rotationally invariant hypersurface which can be parametrized in
terms of coordinates (s,r,9) as ¢ — (s(),?,7(s)), where ¢ can be taken as the arc lenght

parameter. Denoting by ¢ the angle between the coordinate vector field 9, and a given
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profile curve ¥ = constant in X one has
7 =cos¢, 0§=sinqo.

Thus, becomes

that is,

% sin M n— &) =-n -0
g0 +one (S5 + 0= 155 ) = - =),

Hence, a profile curve of X is given by the solution of the first order system

7 = CoS @,
08 = sin ¢,
b= —n(H(R) — o) — nHeu(r) sin ¢,

with initial conditions r(0) = R, s(0) = 0,¢(0) = 7. In this case can be rewritten as
o(r)A(r)s = —n(H(R) — o)V (r)

where - indicates derivatives with respect to the parameter ¢. Hence, it is immediate that
when the coordinate r attains its maximum, that is, when » = R, we have r = 0 and
$ = 1. This is consistent with the choice of H(R) in (34). We also observe that § — 0
and 7 — lasr — 07, O

For R > ry, note that the variable 4 = R — ry can be considered as the
geodesic distance between the geodesic spheres 0B,,(0) = 0%,, and 0Bg(0) = 0.

Hence, Vii|opyo) = Or|r=r. Thus, we set a time parameter ¢ € [0, 00) given by

i_g = —n(H(R) — ) = —n(H(u+ ro) — o), (43)
u(0) = 0. (44)

Hence, p = p(t) is implicitly defined by

m(t)+ro
/ _V(g) d¢ =t
"o A(<)

Denote R(t) = u(t) + ro. We claim that the one-parameter family of constant mean
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curvature graphs {¥Xgq) }+>0 evolves by the (negative) mean curvature flow
8t\11+ = —n(H(R(t)) - O')Nt, (45)

where

B , 7 :
N, = W(Q 2(1) X — vR(r)0,) = —EX + 08 0;.

This means that Yy = U (%,,). In particular, we must have
aBR(t) = 82R(lt) = \Ij:_<827’0) - \Ij:_(ﬁBro>

In other terms, the time parameter ¢ must be chosen in such a way that the geodesic

spheres evolve as 0Bg) = W} (0B,,). Since 7 = 0 and 5 =1 at r = R(t) it follows from

that

%%::@pﬁyvu>:<&w+¢%>=—4KHU%ﬂ)—0NA%00mﬂm

= n(H(ro + p(t)) — o)

what means that ¢ coincides with the parameter defined in and then satisfying the
condition that By = ¥{ (0B,,). Note that R(t) > rq for ¢ > 0. We conclude that the
one-parameter family of functions u, (z,t) = vgy)(r(x)) defined on the common domain

B,,(0) defines a solution of the geometric flow (45)). Hence, we set
Ut (z,t) = (v,uy(z,t)), z € B,(0). (46)

It follows that u, satisfies the parabolic equation

- O, u
Opuy = _(Q+2(r> + ’arqu’?)l/? (GT ((9_2(7“) + |€;U+|2)1/2)
+ T

€ ) )

(03%(r) + |0yus2)/2 \ o4 (r) §4(r)

(47)

Besides providing an important example, this flow may be used as a supersolution to the
modified mean curvature flow in manifolds whose metrics are not necessarily invariant by
rotations. This is the content of the following propositions.

Proposition 2.4. Suppose that (6) holds with £(r) = &.(r) and that o(z) = o4 (r(z)).

Then, the one-parameter family of functions
ut(x,t) = vrey(r(x)), x € By(o), te]0,00) (48)

satisfies Oyuy + Quy] > 0 in B,y (o) x [0, T] for all T > 0.
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Proof: Denoting
W= (07 + [VMuy )2 = (072 + ulf ()"

we have

M M
Qluy] — duy =W (divM <VWU+> + <VM log o, qu+> — na) — Oy
, u (r
= (0% + “—E(T))lﬁ (ar ( -2 +(/2) )

(077 + u2(r)'7

(Ayr+ (VMog o, V7)) — na) — Oy

o, (1)
PREEOE

However 5 ()
(Vlog o, Vr) = &e_ e
0 0+(r)
Moreover implies that
§,(r)
AMT S n—1 :
( )§+(7")

Since v/, = vz < 0 we conclude that

Qlu] + dyuy > (077 + ulf(r)'/? (8,« <(Q;2 iig()r))m)

A (Q&(ﬂ +(n— 1)€/+<T)) - na) + Opuy = 0.

(03> +u2(r))/2 \ o4(r) §4(r)

This finishes the proof.

Proposition 2.5. Suppose that (6) holds with £(r) = &.(r) and that o(z) = o4 (r(z)).
Let u be a solution of ([2)-(3) in Br(o) x [0, T] with Dirichlet boundary condition u(z,t)
u(z,0) € 0By, (0) x [0, T]. Then we have the following height estimate

II\—/IZI

u(@, t)] < supp, () |ul + vrer)(0) = vn(r(2)), (49)

that s,

d¢

w(, 1)) < supg, o |ul- " n(H(R(T)) = o)V (s)
| ( ,t)| < pB'rO(O)| ( ;0)| + /R(T) Q(§)(A2(§) _ HZ(H(R(T)) i O.)QvQ(g>>% (50)

_ /’“‘@ n(H(r) — )V(s) "
no 0)(A(S) 02 (H(ro) — 0)?V3(6))3

for (z,t) € B,,(0) x [0,T].
Proof: By construction, the graph ¥, of u;(-,0) = v,, is defined in the geodesic ball
By,(0). Given T > 0 we have that W7.(3,,) is the graph Sgy of ui (-, T) = vr.|5,,(0)
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with

R(T) (C) B
/m A %=

—uy(z,T) + ui(o0,T) + supp, (u+e > u(z,0)

Given € > 0 we have

for all z € B,,(0). We also have
ve(w,t) == —uy (2, T — 1) + uy (0, T) + supp, u+ > u(z,t)
for all (z,t) € dB,,(0) x [0,T]. Proposition [2.4] implies that
Opve — Q] = duy + Quy] >0 (51)

in the parabolic cylinder B,,(0) x (0,T). Then the parabolic maximum principle implies
that
u(z,t) <wv(z,t) <wv(x,T)

in B,,(0) x [0,T] where
v(@,t) = —ui(z, T — 1) + us(0,T) + supp, (o)u- (52)

Hence

u(z,t) <v(@,T) =ui(o,T) — ui(z,0) + supp, (ou.

Therefore

u(z,t) < SUpp, (o)t + Vr(r)(0) — Vpy (1()) (53)

for (z,t) € B,,(0) x [0,T]. We prove in a similar way that
w(z,t) > w(z, t) > w(z,T)
in B,,(0) x [0,T] where
w(z,t) =u (2, T —t) —u(o,T) + infp, (,u. (54)

Hence
u(z,t) > infp, (o)u — vr(r)(0) + vy (1(2)) (55)

in B,,(0) x [0,T]. This finishes the proof.
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2.3 The case of the Euclidean space

In the case where M is the Euclidean space and X is a parallel vector field with o = 1 we

have

and

r(z) —1.n r(z)

R (2D — R—2g2n)§

Therefore the suitable time parameter defined by

dp — n n
dt — R(t)  wu(t) +ro

is given explicitly by
R(t) = (r2 +2nt)Y?, t € [0,00).

In this particular case, it is obvious that
SUPp, (o)x[0, 7%+ = SUP[O,T]U+(0> t) = UR(T)(O) = R(T) ~ T2, (56)

2.4 The case of the hyperbolic space

Now we discuss in some detail the case where M is the hyperbolic space H"*! which has
been already considered in the references Unterberger (2003) and Allmann, Lin, and Zhu
(2017). We can define a mean curvature flow (¢ = 0) of geodesic spheres in H"! defining

a time parameter by the ODE
dR cosh(R(t))

At sinh(R(1)

whose general solution has the form
cosh R(t) = €™ cosh ry,

where 7y > 0 is the radius of the geodesic sphere at time ¢ = 0. In order to give a concrete

description of this mean curvature flow, we consider the half-space model
H" = {(z,2) € R" x (0,400)}.

Let H" be the totally geodesic hypersurface |z|> + 22 = 1 with 2 > 0 and fix polar
coordinates (r, ) centered at o = (0,1) € H". Hence, we can define cylindrical coordinates
(s,7,9) in H*"! where s is the flow parameter of the Killing field X represented by the

Euclidean radial vector field X (z, z) = (x, z). The relation between Euclidean coordinates
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and hyperbolic cylindrical coordinates is given by

= tand

e = (Jz]* + 22)% and  sinhr =-—
z

or, in other terms,
1
|| = e®tanhr and 2= e’.
coshr

Since the mean curvature of the geodesic sphere ¥; at time ¢ is H(R(t)) = coth R(¢) its

Euclidean center and radius are respectively given by
1 H 1
C(t) = (0, > = (R() and p(t) =sinh R(t) = -
cosv ) (H? (H2(R(t)) — 1)z

Hence the Euclidean equation |x|? + 2% = p?(¢) of ¥; can be rewritten as the Killing graph

of the radial function uy = u, (r,t) for r < ry given by

) 1
v _ (cosh R(t) 1) 2 N cosh R(t)’

cosh? r coshr

that is,
1
2 2
pu(rt) _ [ ganeCOSD 27“0 1) e coshry
cosh*r coshr

In particular

SUD, (o) x o7t = SUP 7y (0,1) = (T — )12 4 T > T2
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3 GRADIENT BOUNDS

In the following, we present two estimates for the gradient. They follow the pattern
of estimates made in Colding, Minicozzi et al| (2003) and |[Ecker and Huisken (1991)

respectively.

3.1 Gradient estimates depending on the height

Lemma 3.1. Given R > 0 and T > 0, consider the restriction of the function

r(¥(z,t))
ey = [ e (5%)
to Br(o) x [0,T]. Let n € C*(Bgr(0) x [0,T]) be given by
n(¥(z,t)) = (((R) = ((¥(z,t)) — Crt) | (59)
with
Cr=nsupg,, (£ +|o]). (60)
Suppose that .
§(r
|0, log o < () (61)
forr € (0,R]. Then
(0 — A)n <0.

Proof: 1t follows from that

(0 — D)y < n(€'(r) + 0€(r)(Vr, N)) + 0% Vs|%(r) (Wlog 0, Vr) — "25:)) ) = Chr.

Fixing Cg as in one proves the result. O

Lemma 3.2. Set ¢ = ne@ where z(s) = as® for some negative constant a and 7 is

defined in . Suppose that and hold. Then

Cb ) .. 9 . — _
(O —A)op < —t—2(2 + (27 +t2)|Vs|* + t2(2(Vlog o, N) + no)(Vs, N) (62)

+ 2t2(Vs, Vlogn)),

where - denotes derivatives with respect to s.

Proof: Since

(0 — A) ¢ = (0 — A)et + €7 (9, — A)n — 2(Vn, Ver)
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it follows from Lemma [3.1] that
(0= 8) ¢ < (@ — A)et —2(Vn, Vei) = (0, — A)ef —2-i (Vy, Vs)  (63)
where we used that
Since . 9
Aet = et (;As + (% @) |Vs|2) (64)

we also compute

Using and gathering these terms together, we obtain

. et . .
(0 — A)et = = (z(s) + (2%(s) + t2(s))|Vs|?
(65)
+t2(s)(2(Vlogo, N) + no)(Vs, N>) ,
The result follows combining this last expression and (63)). O

Proposition 3.1. Let L > 0 such that Ric(N,N) > —L. Suppose that and
hold. Given R > 0, let T > 0 such that

S0 DS N .

Cr  nsupg,, (& +ol§)

If the graphs X, t € [0,T), evolve by the modified mean curvature flow (9)-(9), then

W(¥(0.8) < Crr exp ((z(@)%supm)xm,ﬂu +(7) ) - 1) NG

with |a| = QVSupBR(O)QQ. Here, v > 1+ L and

[SIES

(68)

((R) V2 L ssuppf T )\
((R) = CrT infp ()0

’CV'R’T = ———— Imax -
infpL)0*  YSUPg,K0* (*(R)
Proof:  Replacing u by u +supg, o) «o.r|ul + (T/|al)'/? if necessary we assume that
T < |a|(inf g o) xo.ryu)” (69)

It follows that we can assume that s > (T'/|a|)'/? and ¢ < |a|s? in ¥(Bg(0) x [0,T]). Note
that our choice of C in implies that n = 0 in W(dBg(0) x [0,T]). Moreover,



28

implies that ¢ = 0 in X, that is, at t = 0. At a (interior) maximum point (zo,%y) €
Br(o) x (0,T] of the function ¢WW we have from Proposition [2.2] and Lemma [3.2| that

= V(W) = WV + ¢VIV

and

0< (0 —A) W) = W(0 — A)p+ (0 — A)W — 2(Vp, VIV)
=W(0; — Ao — ¢W (|A|* + Ric(N, N)) < W(d; — A)¢p — Ric(N, N)pW.

at WU(zg,ty). Note that Lemma implies that

nz +n(Z* + t2)|Vs|* + tonz(2(Vlog o, N) + no)(Vs, N)

_ (70)
+ 2t9#(Vs, V) + ton Ric(N, N) < 0.

at (xg,to). Suppose that
W (¥ (zo,to)) =

for some € € (1/4/2,1). In this case one gets

(Vs,N) =

(o) N =

and

1 1 1 1 1| VMu)?
Vs = —|XTP==(0*— (X,N)?) = = [ 1— =
Vsl = SIXTI = Jile® = (XN = 7

at (zo,tp). Moreover,

m|H
§|>—‘

(Vs, V) = =£(r)(Vs, Vr) = £(r)(Vs, N)(Vr, N) < €(r )
at (xg,to). Denote
Q= SUPg, () (2|Vlog o| + no) . (72)
Since z = as? it follows from the inequality that

[V ul?

11
— 2(10&715050i —4datosol—5 5 — Lntg <0

2 2.2
ansg + n(4a”sg + 2aty) —
0 ( 0 )Q(Q) W2 Q[) Qow

where sy = u(zy) and gy = o(x¢). It follows from that given v > 14 L we have

a(l — )3 — 204@50750; L2 (v —1- L)+ 2|a|1/2ait0 >0,
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With this choice we have

5+ n(4a’s +2t)1|VM uf” 4ast§11<0
as a a — ——=
mnasg 1 09(2) W2 oto 2 W
Then
M, |2 M
5 |V ul* ]V u\
ynasi + n(4a*s; + 2at —_— soltof— <0.

Proceeding as in (Colding, Minicozzi et al. (2003)), either

|asoln(P (2o, o)) |V u| < 4&(r (o)) T (73)
|asoln(P (o, o))V ul = 4E(r(20))T = 4&(r(z0))to-

Now, using one has
4a*st + 2aty > 2a*s?

and one obtains

1| VMyl? 1| VMyl
0> 2 4a*sy + 2at — 4|asg|t —
> ~ynasy + n(4a a 0)9(2) 77 laso| oﬁ(r(xo))gg e
> + n(4a® + 2aty) — LIVTuf = ynass + na*st— LIVTup
ynass + n(4a®st — a?s2 + 2aty = .
0 0 0 Q(2) W 0 OQQ W2
We conclude that
2 | pa?s? 1| Muyl? <0
ynasg T Na So—5 2 Wz =
Now, we set |a| = 2vsupg,, Q Since 1 > 0 this choice yields
W20, t0)) € A< (74)
’ og(lal = vop) ~ (infpp0)0)?

Finally, note that vields as?/ty < —1. We conclude that at an arbitrary point
(x,t) € Br(o) x [0,T] one has

1 et N ety C(R)
W(¥(z,t)) < —n(\I/(x,t)) C(RYW (zg,tg) < V2o n(v (:1: t)) infBR(O)Q

In particular since n(¥(o,t)) = ((R) — Crt > ((R) — CRrT we obtain

\/§ C(R> a 1/2y2
W(U(o,t)) < — & (u(o)+sup u+(T/|a))/?)2 1 5
( (07 ) = infBR(O)QC(R> — CRTe ( )
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Now note that implies that

4 (r(xg))T
(W (2o, t)) VMl (20, 1) < (@ )T
laso|
Hence,
1 1
“(W (o, t 1662 (r (20))T 2 (R 165upp,, (5777 | *
Wla < (LLEE0) LT (GO0 | Loy
0 (ZEO) |CL80| leBR(O)Q |a30|

Translating u downward by supg, (,)xjo.ru| + (T/]a|)*/? and using yields

1
2 2
W (W (0,t)) < et (uotsuput(T/la))!/2)?-1 ((R) ' 1 - 16SHPB2R<O)€ T
((R) — CrT \ infp,(m)0 la|¢2(R)

(76)

where we have used that |aso| > |aT|'/2. Gathering both cases and in a single

expression one gets

1/2
~ a
W(\Ij(ov t)) < CR7T exp ( t (2 SupBR(o)X[OTu + (, ‘) ) - 1) (77)

with
1
- R 2 1 8supg & T \°
=SBl V2 .8 PBR<>52 :
((R) — CRT infpp0 \infpr)0®  vSuppg,e® C*(R)
This finishes the proof of the proposition. U

3.2 Gradient estimates depending on the initial slope

Proposition 3.2. Let o € M. Given R >0 and T > 0, suppose that

g'(r)
0,logo| < 78
Orlog ol < 15 (78)
in Br(o) C M and that Ric > —L for some constant L > 0 in Bgr(o) x [0,T]. Then
exp(A((R
W(Oa t) < p( C( )) SupBR(o)W(70) (79)

— exp(AC(R)/2) —1



for 0 <t <T, where

= 1/2
A =2B°Cg SUPZBR(O)Q + ((26°Cr SUPQBR(O) 0)* +48%(L +6) SUPQBR(O)Q) /

with )
B = @ (SUPBR(o)x[o,T]|U| - Sup[O,T]u<07 75))

and 6 = 2supy,_,(2|Vlog 0| +2¢ +no).
Proof: Denote
Q= SUPg, (o) (2|?log o| + na)

and
Cr = nsupg, (& +[0l6).

Given an arbitrary constant Cp in [0, CR) we also set
§ =Cgr— Ch.

Following [Korevaar (1986 and Ecker and Huisken| (1991)) we define

where

= 1/2
A =2620sup, 0 + (26820 sup%, () 0)? + 462(L + 8) sup?,)0) "/

with 6 = 2(a + 2 SUP g, (§&)” and

1
B = m (SUPBR(o)x[O,T}|U| - SUP[O,T]U(Oa t))

for some R’ € (0, R]. Given the function ¢ defined in one sets
0,1 = o ( (607) = G(r(a)) + xCulort) ~ Cit) ).
where r(x) = dist(o, x) and

1
x(s) = % (5 - SUPBR(o)x[o,THUD .

Denote

Crr = Ute[o,T] {\Il(x,t) € M : ((r(z)) + Crt < C(R)} :

31

(80)

(81)

(82)

(83)

(87)

(88)

(89)
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Fixing .
Cn < 7 (C(R) — C(R)

one obtains the following inclusions
Br/(0) x [0,T] € Crr C Bg(o) x [0,T]. (90)

Using one computes

O =A) (W) =W (0 = A)n+1 (0 — A)W = 2(VIW,Vn)
=W (0 — &) n = (|A]” + Ric(N, N))ngW < W (9 — A)n + LyWW.

However

(0= D) = (9 = 2)¢ +X()(3 = A)s = X(3)| Vs]* = Ce) &
— (IV¢2+ () Vsl? = 26(r)X(s)(Vr. Vs)) ¢

Since ¢ > 0 and using (16), and one gets

(0, — A)n < ¢ (n'(r) + no&(r)(Vr,N) — Cr— x(s)(2(V1og 0, N) + no)(Vs, N)
= X(9)[Vs[*) = ¢" (IVCI* + X ()| Vs|* + 26(r)x(s)(Vr, N){Vs, N))

where we used the fact that (Vr, Vs) = —(Vr, N)(Vs, N). Note that
nf’(r)+n0§(r)(?r,N}—5R§CR—5R =: 0. (91)
Since ¢” > 0 one obtains rearranging terms and discarding a non-negative term that

(0 — A)n < 06" + (ad/ — 26(r)(Vr, N)¢") x(s)(Vs, N) — (X(s)¢' + X*(5)¢") |Vs[*

Note that
(Vs,N) = é(x, N) = é% (92)
and - _ 1 1 11
[Vs]? = [Vs]> = (Vs, N)? = 2 E(X, N)? = 7 (1 - ?W)
Therefore

/ / /! . 1 X / ¢ /! ]‘ 1
@—AMsw+«w+%vwr&W~(§¢+§¢)Q———)
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Setting ¥ = 0 we conclude that

(0, A) (W) < {5%+( £ vt )i) X1 X4 <1 ii)m] .

Supposing that oW > A\?/ /2 we have

/ / 1! X 1 XZ /! 1 1

) 2 L A (1-=—)+1L

¢ + (g’ +26(r)¢") Vi 92¢ ( QQW2) + L¢
<M —(aA +26(r)A?%) XL Xl L1 + L+
- 0 oW 92 0* W2

< &M (a% + 2§(r)) X /e (AQ - ﬁ) + L+ Aé]

A 0% \2

<eM (al - 2§(r)) X\f+ —2— - Q—AQ + X+ L]
Fixing A > 1 choose € small enough so that
(a5 +2600) 2vE+ L5 < a2 L ve Lo <F i it 2oupi 60
Then, fix A > 1 large enough so that
—);—EA2+5A+L+5§ 0.

Explicitly, we may fix
Ve < 2Binfp, 00 (04 +2 SupBR(O)g)

and
~ 1/2
A\ > 2/32%6 SUP2BR(O)Q + ((2ﬁ2(5 suszR(O)Q)2 +4B8%*(L + 6) Sup2BR(o)Q) :

Note that in this case

2
1 A2 1 SUPBR0) 9
infp,0)0 x/_ a+25upg, ¢ infy, 0

W>——-
With these choices we conclude that
(0 —A) (nW) < 0.
In view of the parabolic maximum principle implies that

SUPg., (o)x (0,71 < SUPB () x(0,1MTW < Suppg, W (-, 0)



and in particular

U(Oa t)W(Oa t) < eAC(R)SupBR(@‘/V('a O)

We conclude that

W(o,t) <

This finishes the proof.

exp(AC(R))

exp(AC()/2) — 1

SupBR(o)W<'7 0)
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(93)
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4 CURVATURE ESTIMATE

In order to obtain second order bounds we need to deduce evolution equations
for the second fundamental form and its squared norm, a variant of the classical Simons’
formula.

Lemma 4.1. The squared norm |A|* of the second fundamental form of the graphs ¥,
t € 10,7, evolve as

1 - o
5 (00— M)IAP + VAP = —noatana? + A"+ n(H — 0)a R, (94)
+ 9" (ViLije + ViLeg) a” + g (ais Ry + asRj;)a”

where L is the (0,3)-tensor in ¥, defined by Lijx = (R(0;,0;)N, ). This expression is

rewritten in terms of the ambient curvature tensor as

1 _ g _
50 = D)AP + VAP = —no(ajas; + Rio)a” + A" + |ARie(N, N)

(95)
+ ¢*(ViRujor + ViReio;)a” + 29" (ais Ry, + ag R )a”.
Proof: We have
815@2‘]‘ = TLVZVJH - n(H — O')Clisaj- + n(H - U)RiOOj
Since
019" = 2n(H — 0)a"
we have
%@|A[2 = ¢/*a;;an0ig™ + g* g7 areOrai; = 2n(H — o)a™*atay,
+6Lij (nVZVjH - TL(H - a)aigaﬁ + TL(H - 0>Ri00j)' (96)
We conclude that
1 . y o
§8t|A|2 =n(H — o)a™alar +na"V;V;H + n(H — )a" Rin,. (97)

On the other hand
Aaij =nV;V;H +nHajas; — CLz‘j|A|2 - gke (viijé + vkL&‘j) + QM( _szasj + Rfkjazs)
and

1 - . .
§A|A]2 — VA2 = dYAa;; = na"V;V;H +nHajazja"” — |Al* (98)

- gM (Viijz + vkLgij) aij + gké(R‘?Masj + Rfkjags)aij

7
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Therefore

1 . o
5(8t — A)|A|2 + |VA|2 = —naafasja” + |A|4 + n(H — O')CLZJRZ‘OOJ' (99)
+ " (ViLije + ViLej) a7 — g™ (Riyas; + Ry aes)a”
It is worth to point out that
ViLyje + ViLeyj = viRkjoe + kaEin + aikROjOZ + ainkOOé + aisRng
+ageRoioj + ariReooj + aksRZij‘

Therefore

9" (ViLije + ViLej)a? = g™ (ViRijor + ViReio;)a”? — ata”? Rjoor + |A*Ric(N, N)
—f‘aisaijngszz — nHainZ'ooj + afaingooj + gkgaijask}_%jij.
Cancelling and grouping some terms one gets
9" (ViLyje + ViLej)a” = g*(ViRijor + ViReio;)a”? + | A|*Ric(N, N)
+ai.a? g™ R}, — nHa" Rigo; + g a” ag Ry
Since
— g™ (Rjas) + Rfkj&fS)aij = a” g™ (a;, _Zje + askRZ'j)

we conclude that

1 _ . I
5(8t — A)’A‘Q + IVAP = —na(afasj + Riooj)aw + |A|4 + |AA|21:{IC(]V7 N)

(100)
+ ¢"(ViRijor + ViReoj)a” + 29" (ais Ry + g R;)a”.
This finishes the proof. U
Given R > 0 we are going to estimate |A| in the set
Cpr = {y = U(z,t): {(r(V(z,t))) + Crt < Q(R)} (101)

In order to do this, we will proceed as in Borisenko and Miquel (2012) studying the
evolution of the function

f=vW)AP, (102)

where

W2

V)= e

(103)
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with
B 1
SUP g, (o) 0

and

5=1 il

2 SUPBR,(O) x[o,T}VV2

for R' € (0, R) such that

¢(r) + CrT < ¢(R)/2 (104)
for r < R'. Therefore /2

(W) < A2

Since dv) is non-decreasing and W? > p=2 we have

W2 bt 5 8=
Y= O6W?2 T y =6/ T ysupg0*—6 11—

(W) =

We also have 5 . SO 31
“we) e ey < (105

In fact, we have

2 1 P'(W) (Y =0W?)? (29° + 690W?) (y — dW?)*

W) gRW) W2 (y—0W2)3 422
_ 2 92 2 2
__y-w? (7_5W2+M> __y-aw? (27+ 5W2>

W2 4y tlls
Therefore

2 1 W) 3 1y =dWR 3 115\ | 3y —0W?
W) erw) ey T e (T"W) ST

5 2
[ — — |/1/ < .
2y (=W <0

Lemma 4.2. We have in Cpr that
(8t—A)f§—w<Vf V) —af? +bf +2(C + no|R(-, NV f (106)

where a = 20 — oe(1 — 8) > 0 and b = 2(C + 0L) + ¢. Here, C and C are non-negative

constants depending on o and its derivatives.
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Proof: Mimicking Lemma 8 in |Borisenko and Miquel (2012)), we write the evolution of

f is terms of and as follows
A) f = AP (W) (0, = D)W — [APY" (W) VW [* + (W) (0, — A) |A

(0, -
—2(Vp, VIAP).
However
(V. VIAP) = (96, 91) = ZIVUFIAR + (Ve TIA)
> Z(V6.V1) = SIVOPIAPR = 2] VIA| 7%
> H(V0.V) = CIVUPIAF = 2l AU V294
> Z(V6.V1) = ZIVOPIAF = o APIVU - 26 VIAIP

Using Kato’s inequality |V|A||*> < |V A|* we conclude that

~2(V4,VIAP) < =2 (V1 99) + 2IVAR + S LAV

Hence, expressions and yield
(0 = A) f < =|APY' (W) (W(|AF + Ric(N, N)) + 2W VIV
+ 20 (W) ( — |[VAP — no(ajas; + Rioo;)a” + |A|* + |A]*Ric(N, N)
+ gke(viRkjoz + kagioj)aij + 2gk£(ais}?iﬂ -+ askRZj)aij) — |A| '(ﬁ“(

| 31
- wa’ V) + 2(W) VAP + 5@’A|2’v¢’2

where ' denotes derivatives with respect to W. Grouping similar terms, one obtains

W)H|VW|?

(0 — A) f < (JAI* + JAPPRic(N, N)) (2¢(W) — o' (W)W)
+ 2¢(W)( —no(ajas; + Riooj‘)aij + gkz(viRijK + vké&‘og‘)@i‘j
+ 2gke(aisR2je + askRZij)a”) - %<vf7 V)

~2lap S o - Lapyrany e+ 2 S ey

A straightforward but lengthy (see Appendix @ computation allows us to verify that
9" (ViRjor + ViReio;)a” + 29" (ais Ry, + agR5;)a” < C|A| + C|A)? (107)

where the constants C' and C depends on p and its derivatives, that is, depends only on
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the geometry of M. Observing that

2 ap P e - aper oy jow + W; L apvwp
I s N V(1 W
= - (25 v - S ) lapew e <o

one concludes that
(0 — A) f < (JAI* + [A]PRic(N, N)) (2¢(W) — o' (W)W)

+20(W)(C|A] + ClAP) — 2nov(W) (a¥aiag; + a” Riggy) — <Vf,w>.

(0
Given a constant € > 0 to be chosen later one has
ij s 3 a1 e
2a"ajas; < 2|A]° < elA]* + —|4)°.
€
Therefore

(0 — A) f <A (24 02)p(W) — @' (W)W) + |A]PRic(N, N)(2¢(W) — o' (W)W)
+ 2(W)(C|A| + C|A]?) + %aw(WﬂA\? —2noy(W)a" Ripgj — %(Vf, V).

Note that (103)) implies that

(@2 + a2)o(w) - wor At = (275 - w ) iy

(72 (775 —9) —20) £ < (0=(70* — 0) — 20)
as well as

(20(W) = W/ (W)) | A]"Ric(N, N) = (wév) - WZ%

) ey, ) o2
— —26Ric(N, N)f.

It follows that
(0 — A) f < (0e(70% — 8) — 28) 2 — 20RIc(N, N f + 200|A| + 20 f + gf

T 2n0|R(-, N, N, )||Aj) — %Wf, Vi)

Since Ric > —L for some L > 0 and oY > § we obtain

26—25¢E(N,N)+§ 32(6+SL)+g=b.
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Since 70? < 1 denoting a = 26 — g&(1 — §) one has

(&—%Mfﬁ—%ﬂvﬁvw—@F+hf+%0+nﬂR@AUMJD¢EV7

what ends the proof. O

Proposition 4.1. Let R' € (0,R) be fized so that (104) holds. Then the norm of the
Weingarten map A and its covariant derivatives are bounded in Br/(0)x[0,T] by constants
that depend on supBR(O)W2(-,O) and on the geometric data supp, 0, §(R), ((R), C, C
and L.

Proof: Now, we consider the function

A(¥(x,1)) = (C(R) = ((r(¥(,1))) — Crt)’ (108)
defined in the set
Crr = {y=U(z,t) : ((r(¥(z,1))) + Crt < ((R)}. (109)
Using and one obtains

(0 — A) ¢ < —2(C(R) — ¢ = Crt)(0:¢ — AL+ Cr) — 2|V([
< 2(C(R) = ¢ = Crt)(ng(r) + no&(r)(Vr, N) — Cr) — 2|V(]?

Since
Cr = supp,,)(§' + 0f) (110)
we have

(0 — D) ¢ < —2| V(]

Therefore we compute

(0 =A)(0f) = f (O =A) o+ (0 —A) f = 2(Ve, V)

fg—zﬂvq2—< (65) - fV¢-z?>—wa2+b¢f

+20(C + [RCNNADIVF = 2(52.9(07) - 199).

However we have

Vo|®
¢

_ £)2
—2|VCP 42 = 2|V + 8 —a 3 VP = 6IV¢]



Hence,

Ve,V vy
(0 = ) (o) < 6|V¢[*S - < (@), w +27> (196.27)
—agf? + b f +26(C + o|R(-, VOV T

Since that Vi = ¢/(W)VIW and

VW™ =V(X,N) = (X,N)(Vlogo)" — (Vlogo, N)X — AXT

we have
Vy (W) 2y VW 27y .
— = VW = S
v (W) v — W2 W S oz VW
27y _ _ -
= g (X, N)Vlogo = (Viog o, N)X — AXT).
Hence,

\ 2|Xuv10ggr A1) <4290+ 2700 7

= Ww( )|V log o] 2 w W) (IXIVel + ol A])
< 2y0°Y(W)|Vlog o] + Q’YQWW) (IVol + ol Al)
< 470°|V1og ol (W) + 270*h(W)|A| < 46~ 'supe,,|V log o + 4/¥/f.

where we used that (W) < 0~". Denoting ¢ = 46~ 'supp,, |V log | we have

(01— &) (6f) < 6IVCPS <V(¢f) T2 222) 4 (Vo (e+ 1V S

—agf? +bof +26(C +|R(, VT

We conclude that at a point where ¢ f attains a maximum value in the parabolic cylinder
Br/(0) x [0,Tg] C Crr it holds (in case t # 0) that

apf* ANV T L+ (61 + b6 +c[Vol) f +2(C + [R(, N, N, ))Vov/of
so multiplying by v/¢/+/f and grouping the terms

<\/_>3<4|V¢|fff+(6|V§|2+b¢+c|w|)W
+2(C + | R(, /1.
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Considering that

Vo =—2/0V(=—2/0&0r)Vr and ¢ <(*R) and ¢ < —= (111)

S

and using that |Vr| < 1 one concludes that

a(v/of)® < %£<r><¢¢>_f>2 + (6€2(r) + 2¢€(r)C(R) + bC*(R)) (V/of)

2 5 3
+%(C+ ‘R('7N>N")DC (R)
Therefore
VOI\' _ 8 E&R) (VOI\' _ (E®) ., ER) Vor
(5m) - vram Gm) ~ Cam 8w ) ()
9 _
—%(C—i— |R(-, N, N,)|) <0.
Fix %ﬁ% so that @ > ¢ and £ > 2152 502 In this case, either
GW_E@S\/S@ (112)

or

ER) (VOF\® (.E(R) . &R VAN 2 )
Vo) (@) - (6<2<R> TR +b) (—) — —(C+|R(\N,N,-))) <0.

We conclude that

VT o (L e 1 fem
(r) =T { (w‘s ’ 63/2) ) ovs (i 2 )
L (80 o SRV )
to ((%(R) raet s ) + S (© pBR<°>'R')> }
Therefore () o
. r R
1nfBR/(o)><[O,T] (1 - m - mt) \/? S Cl.
Since f = (W)|A|? the choice of R’ € (0, R) in implies that
: ¢(r) Ckg 1
oo (1= a5~ ) 3

we have

SUPg, (o) [o.1)| Al £ 2V1 =001 <20 (113)
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This shows that |A| is bounded in Bg/(0) x [0,7T] by some constant that depends on
SUP g, (o)W (-, 0) and on the geometric data supp, )0, £(R), ¢((R), C, C and L.

From this estimate we can conclude that the covariant derivatives of A are also
bounded. Indeed, proceeding inductively as in [Ecker and Huisken! (1991) and Borisenko
and Miquel (2012) one supposes that for each k = 0,1,...,¢ — 1 there exists a constant
Cr = Cx(R,T) so that

IVFA| < Cy for k=0,1,---,0—1

where C}, depends on the bounds of |[V™A| and on the tensors V"R for 0 < m < k — 1
in Br(o) x [0, 7] and on the same sort of geometric data as above.

As in [Ecker and Huisken| (1991)) and [Borisenko and Miquel (2012)) we are going
to use variants of the Simons’ inequality for higher order covariant derivatives of A which

have the form .
5(0 = D)VIAP + [VHLAR < Dy(|VA]* + 1) (114)

where the constant D, depends on the bounds of |V¥A| and on the tensors V*R for
0<k</{¢—1in Bg(o) x [0,T]. Now, we define

h=|VIAPR + M\ VAP
where A is a constant to be specified later. Setting A > 2D, one obtains
1 1 0412 04+1 412 ) A =1 412
§ath < §A|V AlF = VT AP + Dy(|VEAE +1) + §8t|V Al

1
< 5A|V4A|2 + %AW“AF — MVPAPR + Dy(|VEAP + 1) + Do (JVTTAP + 1)

1
< —Ah— %W‘AF + Dy 1 |[VTAPR + Dy 4 ADy_y

-2
1 A ) P —1 412
< §Ah— §h+?|v A| +Dg_1|v A| +Dz+/\Dg_1

Choosing A\? > 2D,_; we conclude that
(8, — A)h < —=Ah + N2C, + Dy, (115)

where D, = 2D, + 2\D,;_, and C; = 2|V1A|?. Proceeding similarly as above one
computes

(O —A)(¢h) =h (0, — A) ¢+ ¢ (0 — A)h — 2(V$, Vh)
< —2R|VC + (A 4+ N2Cp + Dy)p — 2(¢7 'V, V(ph) — hV ) .



44

Therefore
(0, — A) (¢h) +2(¢7'Vh, V(ph)) < —2h|V([* + 207 |VB|*h + (= Ah + N2Cy + Dy)o.

Using again that
—2|V¢|? + 2071 Vol* = 6|V¢[?

one concludes that
(0 — A) (6h) +2(¢7'V ¢, V(¢h)) < 6]V¢[Ph — Aph + (N*Cy + Dy).
We have at a maximum point of ¢h that
(Ap — 66%(r))h < (\*Cy + De)G*(R)
Since that ¢ > (%(R)/4 in Bg/(0) x [0,T] we have

4 ¢*R)
Setting
2
12 o5 (R)
A Z max {2Dg, (QDg_l) / ,48@}
one obtains . CQ(R)
h< = 2\2C, + D).
<sem M)
We conclude that
1¢*(R) _ ~ ~
AP < 22220V A2 4+ D) = M\ VL A2 11
|V | _6§Z(R)( |V | + f) |V ‘ ( 6)

A suitable choice of a large enough A yields the desired estimate. This finishes the proof.
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5 EXISTENCE OF SOLUTION

In this section we assemble the results obtained previously to guarantee the existence
theorem of our equation , when M is a complete, non-compact, n-dimensional smooth

manifold. More precisely,

Theorem 5.1. Let M be a n-dimensional complete, non-compact Riemannian manifold
with a pole o and let M be the warped product M X o R. Suppose that @, @ and @

hold. Given a smooth entire graph My over M, there exists a modified mean curvature

flow @—@ defined for all t € R.
Proof: 'The problem — may be rewritten with initial value problem as follows

Oru = Qlul in M x[0,T]
u(-,0) =y in M

(117)

where Q is given for and with a smooth initial datum ug : M — R. Given R > 0, by

the theory of parabolic equations there is a unique solution ug of the Dirichlet problem

Uy = (gij — 1{,[}2]) Ui+ (1 + ﬁ) (log 0)'u; — noW Br(0) x [0, T
u(-,0) = uo(") Bg(o) x {0} (118)
u(z,t) = uo(x) 0Bgr(o) x [0,T]

) X
) X

which is a reformulation of (117)) on Bg(o) x [0, T]. The result follows if we have a smooth
solution for all time. We have from the estimates together with (113]) and (116)) that
we can take constants such that

[Viug| < Cy

with C, as in the previous section. Furthermore we have from proposition that |ug|
is bounded.

So proceeding as in [Borisenko and Miquel (2012), for every Ry > 0, the family
of smooth functions (ug)g>pg, converges to a smooth function ug, on Bg,(0). It is worth
noting that up, is at least C' on ¢ and that it is a solution of on Bg,(0) x [0,T],

then the parabolic theory guarantees that ug, is also C*™° on ¢. Let be a sequence
Ry<Ry<---<Rj<.— 00

For j > i the families (ugr)p>p; and (ugr)ps gy coincide for R > RY, this way their limits
upi satisfy

U R |BRi(0) = URi
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that defines a smooth function u on M which is the C'*° limit on the compacts the family
ur when R — o0o. Now, since that we obtained the previous bounds, we have, on each
compact in balls a well-defined limit of M, when ¢t — T, a standard argument shows,
in this case, that the T is infinite, otherwise we could restart the flow from the smooth

surface to get as a bound. O

Remark 5.1. For the case Lipschitz, maybe it’s possible to obtain existence of solution to
as |Borisenko and Miquel (2012) and |Ecker and Huisken (1991) where My is a graph
over M given by a Lipschitz continuous function. If we proceed as in the standard is to be
expected that the result follow if we do an approximation of My by a sequence of smooth
graphs and applying the existence theorem[5.1] to these approzimations. In addition, if M
is complete and the M it is a Cartan-Hadamard manifold such that is possible to define
a asymptotic boundary, we can obtain a result as Allmann, Lin, and Zhu (2017), which

prescribe the asymptotic data.
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6 APPENDIX

6.1 Curvature tensor in warped space

In that follows we will make some computations in order to obtain the inequality ((107)).

The Riemann curvature tensor in the warped space M x, R has components

(R(U,V)X =0

i} 1o
RUX)V = (VuVe. V)X (119)

R(U, X)X = —oVyVo
| R(U, V)W = RP(U, V)W

for all U, V,W_LX. Given u,v tangent to > we have

Ru,v)X = u'R(X,vH)X +0"R(u*, X)X + R(ut,vH)X
= uoV,.Vo—1"0V,.Vo

1- = 1= =
= (X, U)EV@LVQ — <X,U>EVULVQ

Now, given W L X we have

Ru,v)W = u"R(X,vH)W +°R(ut, X)W + R(u™,vH)W
1o - 1
= —UOEWULVQ, W>X+UOE<VULVQ, W)X + R”(ut, v )W

1 - - 1 _
= —E<X,u><VULVQ,W>X+E(X,v><VULVQ,W>X+RP( LohHw
Hence
_ _ _ 1 - _ 1 _ _
R(U,U)N = <X7 U><X, N>vavQ - <X7 ?}><X, N>_3VULVQ - E<Xa U><VULVQ, NL>X

(X,0)(VrVo, N X 4+ R (u*, vH)N*

’le — 'bwl —

Since that [X , vg} = 0 we have

(VuVo,v) = u*v"(VxVo, X) +u’(VxVo,v") + 0V, Vo, X) + (V,.Vo,v")
= (Vg X, X) +u’(Vg,X,v") + (V,. Vo,vh)
_ %u%%vg, Vo) + (V1 Vo, vb)
= u"%|Vo]* + (V,. Vo, vh)
— XX + (T T o)
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Therefore given a tangent w € T3 we have

(RN = 506N ((9.700) - (60 (X, 51908
_ é(x,va,N) ((ﬁﬁg,w>—<X u ;’VQV)
_ é<X7u><X,w> ((VUVQ,N)—<X,U> ;!V@V)
4 é(x,@(x,w) ((VN@,N>—<X,U> ;3|V@\2>
RPN )

thereafter

(Rl )Now) = (X)X N)(TT00) = (X o)X, N) (T Vo)
- é(x, u)(X, w)(V,Vo,N) + §<X U)X, w)(V, Vo, N)
+ (RP(ut, v )NE wh)

If we take O, 0;, 0;, for the tensor
L= ijl = <R(8k, 8]')N, 8l>
in terms of the warped product we have

1
Lyj = (R(0x, 0;)N,0)) = i
1

_E<X’ ) (X, 0)(Va,Vo,N) +

<X7 ak

~—

(X, N)(Vo, Vo, 0)) — §<X, )X, N} (s, Vo, )

(X,0;)(X,0)(Va,Vo,N) + (R"(0;,0; )N+, 0p)

rbwl —_

To obtain V;Lj; we will calculate all terms apart. Firstly, we consider
0(0k) = (X, O)
where 6 is the 1-form in M metrically equivalent to X. So we have

(Vo,0) (Or) = Vo, (0(0k)) —0(Va,0k)
= 0;(X, 0) — I'}30(0n)
(Vo, X, 0p) +TH(X,0,) +TOAX, N) = T7{(X,0,,)
= (Vy,X,0) + % (X, N)
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However .
Vo, X = ?@“ X)VxX + Vg X
and taking the product
_ 1

= (0, X)(VxX,0;) + <3k, X){(Vor X, X)
= —E@,Xﬂ?& ) + E@k,X)(VQ; ;)
It worth observe that
(Vo X, X) = %ul(QQ) =o(Vo,u) and (VxX,u")=—(V,X,X)
Now, taking ; = (X, ;) and also g, = (Vp, i), and we get

(Vo X,0) = —0,2 + 9, %
0 0

as well as
(Vo,0)(0y) = —6,2° o+ ek— + ag(X, N)

Let’s now consider the account for the tensor g;; = (VajVQ, 0;). We have like this

(V5,0)(0;,0) = 0:(0(95,9)) — T} 0t — L' 0jm
(7 )(am 8l) + F le + Fz]QOl + le Ojm + leQjO F;;le - F;?Q]m
= ( v 9,0)(0;,01) + a;j001 + @i10jo

In this way we have
Vo,01 = Vo, (Vo,Vo,0) = Vo, Vo, Vo0 a;;(VoVo,N) + au(Vy,Vo,N)
such that the derivative of the tensor L is

1 1 Ok 1
A0 ——0,) = ——0, (-6, Qi
\V4 ( kQSWQﬂ) Q3WQ]l ( + Qk 0 W) + +0kgﬂa ( W)

1 _ _ _
X [vaivajvalg +a;j(Vo Vo, N) + ay(Vy,Vo,N)]

since that
1
_3

Vi (Bgpen) = Ve (04,0006 M) 55(90,90.0) )
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Similarly we take the tensor S; = <@3jﬁg, N) and we proceed like previously now as

ViS; = (Vi9)(9;) = 0i(50;) — S(Ve,0)
= (Vi8)(9)) + 5(Va,0;) — S(Vo,0;)
= (Vi9)(0;) + IS — IS, + 1,5,
In our case, if N = 0, we write
ViSj = V(?a]vg, N> = ?iﬁjﬁog + aij<?N?Q, N>
let us now see the terms of the form
Vi(1665) = L (-6% 0,2 4% g5+ 26, (-6,2 162+ %),
i QSklj Q3 lQ kQ W P07 ng ZQ ZQ W J
1 o - 1
+ Eekel [vivijQ + a;;{(VNVo, N)] +0; (E) 00,5

and also of

P(akuajual) = <RP(8ICL783L)NL’8ZL>

It follows that

le(ak, 8j, 81) = (leP) (8k, 8j, N, 81) -+ aikRP(N, 8j, N, (91) -+ ainP(ak, N, N, 81)
+ aﬂRP(ﬁk, 8j, N, N)

Notice that
_ _ 1 - = 1 - = 1 - =
Rias = (R(Ok, 0:)0,05) = Qk@E(V&-V@ ds) — eielEWakVQ, ds) — QkQSE(VaV@, o)
1 _
+ 00,5 (V0,V0.0) + (R0} 01)0.0))
and now, whereas Rzizasj = Rkilsaj- we obtain
_ _ 1 - _ 1 - _
Rkilsaj = <R(8k, 8,')81, 8S>aj = GleE<V3ng, 8S>aj — gielE<VakVQ, 85>aj (120)

1 _ 1
—9k93§<V3ng, d)as + GiQSE<V3kVQ, aas + (RF (9,010, o)
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Let us now express the terms of the tensor derivatives

1 Ak
P g, 2 | ik
Vi kil 0 ( 0;,— 0 + k —|— ”r>

1 1 1
+ QijzWaz (Q ) + 0koji— et <

1 a;
- Q3Wle( 0;—= +9—+—j>

1 ik 0i Ay
- Q |: 0_+ek_+W:|HlSj_ |: HZE—FHZE%—W}S]

W [Va Va ValQ + a”Sl + allS ]

1 1 1
) ]le (E) - QijzE@' (W)
(9

[Va Vo, Va0 + aixSi + azlsk}

1 1
- —ekel [ViV;Vyo+ ai;j(VNVo,N)| + 0 (E) 0,0,y — O; (E) 00,5,

Q o W

(V
+ 1 [ 993 o, %4 ]@Sﬁ—@ { ez%wl& ““]Sk
+ ‘9 0, [V VkaQ—i- a1k< VQ, >] + VZ<RP(82'6]L)NJ‘,81J'>

where also we have

1 1 0 _ O

1 1 _
Eekgjlai <W) = _HiekEle<an N) + W_4Qﬂ<a Vo) — 3le<A827X>

the same applies to similar terms. Hence, we obtain

1 a 1 = - =
VkLlij = i ( Hk —|— 91; ﬂ) + 91Q3—W [Vakv,aiv(%g + akiSj + @lchi]

1 1 1 1 1 1 1 1
(3] i (1) o () g ()
1

- - = 1 Qi
— 613—W [VakValVan + apS; + CijSl] - 3—ngj < Qk 4+ 0, E + W)

1 Qs 1 Qg
— 0 0— 216,S; — 9 0 0— +—15;
93[ E— + W] ! e [ E— + ZQ+W}

1 - - 1 1
— E@ﬂ; [VkVZVNQ + aki<vag, Nﬂ + 8k (E) (91‘93'55 — 8k (E) QlﬁjSi

1 aj; 1 (i
=k . =y Mg
+ Q3{9k9+09+w]9,5l+é)0[9k +9Q+W:| 1
1 o o
+ =06, [ViV;Vno+ au(VVe, N)| + Vi (R"(0107)N*, 07)

Q3



and now we join all terms

0] L . Ok Oi azk- Qj1
kl i 7 kl J
L Ly )a? = —a¥ |—0;== =y =
9" (ViLji + ViLyj)a an { o 0 +0k@ + W | g <W S]>
1 0 0 Gij| ;1
—a | —0;=L 40,2 4 2| gM (95 — _J>
+Q3a [ 0 + 0; 0 W_ g 10k W
1 01 Ok g | Kl [ Qij
— g | =9, 2 =, 28 (_J_ . )
+Qsa [ k 0 + 0, W 9 \w 0,5
I Qi Ok am_ Kl 0ji
+E(Z] |:—9kz+91—+w- g <9jSl — W]>
1 i i
+—a¥ [—919l+9£+ﬂ] 59,8y — 01.5;)
0 0
L i 0, + 0, g (0:5, — 6,5,
gt [y g | o s as)

1 a; 1
2 kl 2 kl
+M/Jv <0kQ]l - eijl) 8 (E) + ijv (elQU Hz‘glj) alc (E)

. 1 .
+a" g (00,81, — 0,6,5;) O; (E) +a" g (0,0, — 0,0,S;) Oy,
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3W [V Vkle + a;pS; + adSk}
> L 0,6, (V9,9
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expressing in terms of derivatives of o, it follow that
Rpitsa = é@kﬁlgisaj - é@ﬂlgks 9k9 00a; —i— 9 Os0ma + (RY (0, 0;")0;, 0y )a;
and also

jYs

_ 1 1 1 1
Rkijs@? = Eﬁkejgisaf — Eeﬁjgksaf — EHkGSgijalS -+ Eeiﬁsgkjaf -+ <RP(6 8L)8l 8J'>

we have
kl ( Ds DS 1 kl s 1 kl 1 1
(Rkilasj +sz’jasl) = EQ ekelQis&j - EQ eielesa - Q—g "6, sza + 939 995Qk1a
1 S 1 S ]' S S

+ Egklekejgisaz - Egkleiejgksal - Egklekesgijal + —39“91'93@1@'@1
+ g™ (RT(8;,0)0;, 9, )a5 + g™ (RT (0, 07)05, 0 )a

and finally

kl ( Ds s iy 1 kle 0 s iJ 1 klee s 17 1 kle 0 s 1]

9 ( kilasj+Rkijasl)a = EQ kY10isQ ;4 —EQ iV10ksA ;0 —EQ kVs0aa;a

1 1 g 1
EQMQ Os0masa” + Egklekgjgisazsaw - _39kl9z‘9j9ksafa”

— nggk 0r050ia;a"” + ;39 0, ngk]al a + " (RY (0, 00} , 0y )aa”
+ " (R"(0r,07)0;, 0, )aja
and now grouping the terms
9" (ViLyji + ViLi)a” + g™ (Riyas + Ryjjaq) a”
and estimating we obtain only expressions that appear |A| and |A|* such that

19" (ViLiji + ViLi)a® + g™ (Riyas; + Riyjaa) a”| < C|A| + C|AP

and the coefficients C, C depends on p and terms that involve their derivatives.
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6.2 Simons’ formula

We have the following commutation rule

V(0 — A)bij = 0, Vibij — ¢ V1.V, Vb
=0, Vibi; — 9" (Ve ViVibi; — Rt Vinbis — Rt Vsbimg — RtV sbim)
= 0,Vibij — "V, (Vs Vibi; — Ritbm; — ksjbim) + 9" (Rins Vinbij + iV b + R}V bim)
= (0 — A)Vibij + ¢V (Riibms + Ritbim) + 97 (Ri s Vinbi; + Rty Vsbmj + Rif; ¥V sbiny)

krs

k:rs

Hence

(0 — A)Vibi; = V(9 — A)bij — gV, (Rpibmg + Rileibim)
— 9" (R Vinbij + RtV by + RV biny)

On the other hand

1 2 k;z ij ke ij rs ke ij

5(8 >|VB| (8,5 A)ka”ng] =g kaj(at — A)ng,] —qg g VrkaijVSngJ
= g™V b7 (0, — A)vkb,-j — |V?BJ?

Therefore

(0 = A)|VBP* + |V?B[* = ¢*V b7V (8; — A)by; — g™ g VbV, (R ibimg + Rikibim)
— 9" 9" (Rt Vnbi Vb7 + RN by Vb + RV by Vb7 ).

Hence

1 - |

S0, MIVBE + V2B = ¢V, — Ay — 69"V (b ¥, B + bin Y, B
gkf rs( kszv bm]ng” + Rksyv bzmvﬂbj)
gké " (Rm Vmbingb” + kav bm]ngZ] + Rk?”]v bzmvﬁbm)

krs

Using Gauss equation gives

1 - .

50 = A)|VBJ* + |V?BJ? = "V b7 Vi(0, — A)bij — 6" g™V b7 (bj Ve Rpti + bim Vo R1)
gkzﬁgrs (( _lei + a?als Ak )v bm] vsz (RZ?;J + a?ajs QA )V blngbz])
— gMgr (R + apars — arsal") Vb Vb + (R, + afair — aial") Vb, Vb?

+ ( krj T ay ar — ara, )V blngb”)
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Note that

VRl = 0. Ryl — Ty R — Uy Ryl — TR, + TR
= 0. Ryl — TRy — T Ry, — TR, + DI R
= Op(Rily; + af'agi — al'ags) — Th(RY + affag — alag;)
— TR+ alag — atag;) — T4 (R, + allag — a™age) + T (Rey, + akag — alag)
= VR + TRy + DO Ry, + TR, — TRy + Vo(af'as — aag,)
=V, Ry + anRiy + ars Ry + aniRily — a" Ry, + Vo (aifa; — afay,)

Therefore

%(at — A)|VBP? + |V2BJ* = gMV bV ,,(0; — A)by;
- gkzgrsbmjvébij (? Ry + an Ry + ars Ry + ariRily — a* Ry, + Vo (aag; — ag”a,m-))
— g" " b Vb (V, R + ane REL + aps R, + anj Ry — a,’j”Rgsj + V. (af'as; — al'ay;))
gkggrs((RZZi + afta;s — aipal’ )V, bmngb” (_Zz,j +ap'a;s — ajpal’ )V, blmvgbj)
g’“eg”((RZ}S + ' ars — apsal )V nbij Vb7 + (RiL + afaiy — i)V b Vb
+ (R g T Ay age — ajray’ )V bim Veb7).

Hence

(0, — A)|VB|? + |V?B]> < (VB,V(d, — A)B)
+ (C1 + ColA| +|A||VA|)|B||VB| + (Co + |AP?)|VB]?

where Cj depends on VR and C) depends on R. In particular, if B = A we have

ngVZbiij(at - A)bm = ngVgCLiij( - (2H - a)naisaj- + n(H — U)RiOOj
+ aii|AP? + ¢"(ViBjor + ViRuioj + airRojor + aijRroor + ais R} ;o + areRoioj + ariRuo; + arsRi;;)
— ¢ (Ryypas + Ry jae)) < [VA(JAPIVA| + Col Al + Co| VA + C1| Al + C1|A] + Cy + G A]),
where we have used expressions of the following form
kaiOOj = 31:1:21'00]' - FZ;RmOOj - FZ}Rioom = akRiDOj — f‘ZZLRmOOj — fZ}Rioom
= ?kRiOOj + fziROOOj + 1:gﬂéiooo + F%RimOj + f%RiOmj

_ _ _ o o
= Vi Riooj + ariRoooj + ar;j Riooo + ay' Rimoj + ai' Riom;-

Note that some terms are missing in the expression above due to the fact that T9, = 0.
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In sum, when B = A we have

1
5(@ — A)|VA]? 4+ |[V?A]? < (Cy + Cy + Co + Col A| + |A||VA|)|A||VA] + Co|[ VAP
+ (C1|A] + CL|A? + Cy) |V A

In other terms,

1

5(@ — A)]VA|2 + |V2A|2 < |A|2|VA]2 + CO|VA|2 + (Cg +|A|(Cy + CO)) (1 + |A|) VA
We conclude that

1 ~
50 = M)VAP + |[V2AP < Ci(IVAP + VA + 1), (121)

where () is a non-negative constant depending on |A| and on R, VR and VVR. Our
induction hypothesis is that

1 ~
5(@ — A)|VAAP? 4 |[VAHLAPR < C(IVPA2 + | VPA| + 1). (122)

where Cy is a non-negative constant depending on |V*A| and on VFR for all k =0,..., 0 —

1. Note that the trivial inequality

1

1
£A<_ KAQ -
VA < SIVPAR + 5

allows us to write

1 ~
5(0 = A)VEAPR + |VTAP < C(IVPAPR +1). (123)
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7 CONCLUSION

The results we get give us geometric gains such as dealing with spaces that
have curvature not necessarily compared to constant. We add a force term in the flow
equation such that if it were possible to speak of convergence, our case contemplates the
convergence for a constant mean curvature surface o while Borisenko and Miquel| (2012)
would obtain a minimal surface. Moreover, they deals with spaces of curvature compared
with a constant, in this case, hyperbolic. The existence of solution is obtained with

estimates on simpler sets.
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