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Lower bounds for index of Wente tori
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Abstract

We show numerically that any of the constant mean curvature tori first found by
Wente must have index at least eight.!?

1 Introduction

The Hopf conjecture asked if all closed surfaces immersed in R? with constant mean curvature
H must be round spheres. It was proven true when either the surface has genus zero by Hopf
himself [H], or the immersion is actually an embedding by Alexandrov [H]. However, it does
not hold in general, and the first counterexamples, of genus 1, were found by Wente [We].
Abresch [A] and Walter [Wa] made more explicit descriptions for these surfaces of Wente,
which all have one family of planar curvature lines [Sp]. We call these surfaces the original
Wente tori.

Constant mean curvature surfaces are critical for area, but not necessarily area mini-
mizing, for all compactly supported volume-preserving variations. Hence the index — loosely
speaking, the dimension of area-reducing volume-preserving variations, to be defined in Sec-
tion 3 — can be positive. If it is zero, the surface is stable. Do Carmo and Peng [CP] showed
that the only complete stable minimal surface is a plane. Fischer-Colbrie [FC] showed that
a complete minimal surface in R? has finite index if and only if it has finite total curvature,
and that the catenoid and Enneper’s surface have index 1. Likewise, for surfaces with con-
stant mean curvature H # 0, Barbosa and Do Carmo [BC] showed that only round spheres
are stable, and Lopez and Ros [LR] and Silveira [Si] independently showed that they have
finite index if and only if they are compact. This leaves open the question of whether there
exist surfaces with constant mean curvature H # 0 and low positive index, for example with
index 1.

The third author [R1], [R2] showed numerically that the most natural candidates for
unstable surfaces of constant mean curvature H # 0 with low index — the original Wente
tori — all have index at least 7, and with a numerical experiment suggested that the sharpest
lower bound is either 8, 9, or 10, and is most likely 9. This leads one to conjecture that all
closed surface with constant mean curvature H # 0 have index at least 9.

The purpose of this article is to show that the original Wente tori all have index at
least 8, improving the lower bound of [R1], [R2]. The final part of our argument relies on
numerics.
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2 The original Wente tori

In this section we shall give a brief description of the original Wente tori, based on [Wa].
Later, we shall assume that the mean curvature H is 1/2, but in this and the next section
we shall only assume that H is a nonzero constant.

Let X : C/T — R3 be a conformal immersion of class C* where C/T is a compact
2-dimensional torus determined by the 2-dimensional lattice I'. Note that (x,y) are then
isothermal coordinates on C/I". The fundamental forms and the Gauss and mean curvature
functions are

I = E(da® + dy?), II = Lda® + 2Mdz dy + Ndy?, K = LM — LEN

E2 2F

Since H is constant, the Hopf differential ® dz? is holomorphic, where ® = %(L —N)—iM
and z = x +1y. Thus ® is constant and X has no umbilics points. Moreover, by a change of
the coordinates (z,y), we may assume ® =1 andso M =0, L ="+ 1, N =ef — 1, and
(z,y) become curvature line parameters, where F' : C/T' — R is defined by HE = ef'. We
have the equations of Gauss and Weingarten:

1 1 1 1
" A, = %Fx%x — % P I (Sl o D V\VARD: = —o Pkt ShX, — (e — 1N,
X, = 3 X, + §Fx%y , No=H(+e A, N,=H(1-eA,
(2) AF +4H sinh F =0,

where A = 86—;2 + 86—52 and NV : C/T  — R3 is the unit normal vector field, i.e. the Gauss

map. Therefore the problem of finding constant mean curvature immersed tori in R? reduces
to solving the PDE system (1) and (2) by real analytic functions F, N/, ¥ defined on R? and
doubly periodic with respect to some fundamental lattice I' C R2.

In the case of the original Wente tori, in Walter’s notation, the solution F' of (2) is:

(3) tanh (g) T en () eny (TY) |

where cny denotes the Jacobi amplitudinus cosinus function with modulus %, and k =
sin 6, k =sin 6, for 6,6 € (0,7/2) and 0 + 0 < 7/2, and

. —_ ./ 7 _ sin 20 - _ sin 26
Y=V tan 9) 7= tan 9’ = 4[—[sin 2(0+6)’ a= 4Hsin 2(64-9) ’

Lemma 1 ([A], [Wa]). The set of all original Wente tori are in a one-to-one correspondence
with the set of reduced fractions ¢/n € (1,2).

For each ¢/n, we call the corresponding Wente torus W;,,. Following Walter’s notation,
each W/, has either one or two planar geodesic loops in the central symmetry plane: two
loops if £ is odd, and one loop if ¢ is even. Each loop can be partitioned into 2n congruent
curve segments, and ¢ is the total winding order of the Gauss map along each loop.

The conditions for double periodicity of the position vector function X are expressed
in terms of # and A. Walter determined that there is exactly one

= 65.354955°



that solves one period problem. The other period problem is solved with the correct choice

of § € (0, (w/2)—0), and, for any ¢/n € (1,2), this correct choice is the unique solution 6 of

) /“/2 1 +tanf tané cos® ¢ dp A sin 26
o 1—tanf tanf cos?p /1 —sin’f sin>p 12\ sin 2(6 +6) .

For any ¢/n ¢ (1,2), there is no solution 6 € (0, (7/2) — 8) of (4). In Table 2 we give some
values of 6 with respect to ¢/n.

Now, if x4, (resp. ysm) denotes the length of the period of cny(az) (resp. eng(ay)), then
we have the following lemma:

Lemma 2 ([Wa]). ¥ : C/T — Wy, C R® is a conformal immersion (W, denotes the
image of &), where

I' = spany{(nzem,0), (0,ye)} when £ is odd, and

NTyn Yon

I' = spany, { (T’ 7) , (0, ygn)} when { is even.

The curves {[xo,y]|xo = constant} are mapped by ¥ to planar curvature lines of W,

The lengths x4, and y,, can be computed as follows:

()

4 w/2 dQO 4 w/2 d(P
Tp = — ) ) Y = — .
@ Jo 1 — k2sin” @ Jo /1—E2sin2gp

3 The definition of index and preliminary results

The Jacobi operator associated to Wy, is —=A;—|I1|*> on C/T, with [I1|* = E~?(L*+2M*+
N?) = 2H?*(1+e2F") and Ay the Laplace-Beltrami operator associated to the metric I. The
corresponding quadratic form is

(6) Q(u,u) = /(C/F ul(u) dzdy,

where

Lu=—Au—Vu with V =4H cosh(F)

and A the Euclidean Laplacian. Note that in equation (6), we are integrating with respect
to the flat metric on C/T.

Consider a smooth volume-preserving variation X; of the immersion & with parameter
t so that &g is the surface Wy/,. By reparametrizing the surfaces of the variation, we may
assume that the variation vector field at ¢t = 0 is u/N for some v € C*°(C/T"). Then

%area((’ét)‘t_o =0 and g—;area(%t) .= Q(u, u).
- —



Furthermore, the volume-preserving condition implies f(c U dA = 0. Thus, if

V= {u € C(C/T); fopudA = o},
then we can give the following definition (see [BC]):

Definition 1 We define Ind(¥(C/T")), the index of the immersion ¥ of C/I", to be the
maximum of the dimensions of the subspaces of V restricted to which () is negative definite.

Since the first derivative of area is zero, and the second derivative is Q(u, u), the index
in a sense measures the amount of area-reducing volume-preserving variations.

Let L? = L*(C/T) = {u € C®(C/T)] f«:/r u?dr dy < oo} provided with the inner
product (u,v)r2 = f((: Jp uv dx dy. It follows from the standard spectral theorem that the
operator L =—A — V on C/T" has a discrete spectrum of eigenvalues

br<fo<- /o0

and corresponding eigenfunctions
Vi,Vp--- € COO(C/F),

which form an orthonormal basis for L?. Moreover, we have the following variational char-
acterization for the eigenvalues:

B = infy, (SWgevs, oot Joyr OL O dy ),

where V; runs through all j dimensional subspaces of C*°(C/T").

Lemma 3 ([R1], [R2]). If £ has k negative eigenvalues, then Ind(Wy,) is either k or k—1.
Furthermore, if there exists a subspace S C L?* such that S € C*(C/T) and dim(S) = k
and Q) restricted to S is negative definite, then Ind(W,) > k — 1.

By Lemma 3, our goal becomes to compute the number of negative eigenvalues of L.
Now, we use a convenient fact: For the flat torus C/T", with I" = span,{ (a1, a2), (b1, b2)},
the complete set of eigenvalues of —Au; = a;u; are

ﬁ((mgbg — m1a2)2 + (m1&1 — m261)2),

with corresponding orthonormal eigenfunctions

21

a1ba—asb ((m2b2 - m1a2)x + (mlal - m2bl)y))7

Crmy ms * (SID O COS) (

where my, me € Z, Cpymy = \/2/(a1b2 — agby) if |my| + |ma| > 0, cop = \/1/(albg — ashy).
With the aid of Lemma 2 we list 17 of the o; and u; in Table 1.

With the orderings for the eigenvalues as chosen in Table 1, we do not necessarily have
a; < aj for i < j. However, we still have o /" 00 as i /" co. Choose ap,, (1), @, (2), -
the complete set of eigenvalues with multiplicity 1 of the operator —A on the flat torus C/I"
reordered by the permutation p/, of N so that Qpy () < Qpp(2) S 70 /o0



eigenvalues eigenfunctions eigenvalues eigenfunctions
o; Tor ¢ odd u; for £ odd «; for ¢ even u; for ¢ even
1 V2
ap =20 Ul = ——— ap =20 Ul = ————
1 . 1 (\/nxé'r(LyZn )) 1 . 1 (\/nxé'r(LyZn ))
_ Ar __ sin(27z/(nxy 167w __ sin(4mz/(nxy
Q2 = 55 Uy = —F———2" Qg = 55 Uy = —F————~
£n nx@nyln/z £n nx@nyln/4
_ Ax? — cosQ@mz/(nxey,)) — 1672 — cos(dnz/(nxyey,))
a3 = ~5 Uz = —F——==* a3 = ~55 Uz = ————2
£n nwlnyln/2 £n nxlnyln/4
_ 4n? __ sin(2my/yen) _ _4n? 472 _ Sin(f;rzi %)
0y = -3 Uy = Qg = 5o+ 3 Uy =
Yin NTonYen /2 in Yin \/ "TenYen/4
2nx 27y
_ 4n? __ cos(27y/yen) __4n? 47? _ COS("wn wn)
Qa5 = —5 Us = A5 = 5.9 + = Us =
Yon n:plnygn/2 n Yin \/ 7L5Bl'rz?JK1’L/4
_ 16n2 _ sin(dmz/(nag,)) _ax® A _ sin(arn o)
Qg = ;5.2 Ug = g = 5o~ + 3 Ug =
n NTonYon /2 n Yin \V4 NTpnYen /4
2 2 2 cos(;2xe. 2Ty
_ 16xw _ cos(drz/(nxeyn)) _ 4« 4 _ NTen _ Yin
a7 = 5.3 =" | 1= 5ot 3 | Ur=
in \/ "TenYen /2 n Yin nTenYen /4
in(2rxz_ 21y .
_ 4x? 472 _ sin( nzzn+yzn) _ 1672 __ sin(4my/yen)
ag = 55 + 3 ug = ag = —5— ug =
nexy, Yon \/ NTonYen /2 Yin \ N pnYen /4
4 5 4 5 COS( 27T “_y) 16 2 (4 / )
_ us us _ nTy Yo _ us __ cos\amy/Ye
Qg = 5o+ = | Ug = —F—=—2= Qg = <5 Uy = —F——=
In Yin nx@nyln/z Yin nx@nyln/4
cos (22 _2TY) :
- 42 472 . NTgn  Yin J— 647'('2 J— Sln(8ﬂ-m/(n$ln))
Q1 = ;o2 T o3 | U0 = ——F—— Q10 = ;3,2 Ujg = — ——— =~
n yé”L nxényln/z £n nxényln/4
4n? | 4 cos (e — 5 ) 64r2 (87 /(nzy,))
_ T T _ nTy Yo _ 64r __ cos(omx/(nxy
Q1 = oo+ o | U = ————2 Q11 = 5.2 Uy = — ———
In Yin nxlnyln/2 In nxlnyln/4
. 6 27y
__ 16xm2 __ sin(4ny/yen) __ 36m2 472 _ sin(eg, o ty,,)
Qi = <3 Uy = > Qg = 25 + 5 | Upp = ——L—
Yon NTonYen /2 Ln Yin \V4 NTpnYen /4
2 4 2 2 cos (XL 4 210 )
__ 167w __ cos(4my/yen) __ 367w 4 _ NTpy | Yoy
Q13 = <3 U3 = ————= | Q13 = 755 T 7 | U3 = —F——=
Yen n:plnygn/2 n Yon 7L5Bl'rz?JK1’L/4
f 6Tz 21y
3672 __ sin(6rz/nxe,) 3672 Ar2 o Sln(nzl +W)
Q4 = 753 Uy = —fp——= | Q14 =[50 T 2 | Uy = —p——
in NTonYen /2 n Yin \V4 N pnYen /4
3672 _ cos(6mz/nxe,) 3672 472 o cos(f;r; ;275)
Q15 = 5.2 Uiy = —p=—=—== | Q5 = 55~ + 2= | U5 =
in \/ "TenYen /2 tn Yin \/ T enYen /4
. A 2y . A Ary
_ 16n® | 4n? _ sin(g oty _ 1672 | 16n2 _ sin(rg oty
Q16 = 2,2 2 | W6 = T ——- | A6 = 2,2 2| We = T ——— -
T NCTEE A N
Az 2Ty Az Ay
_ 16m> 4> _ g T g _ 16m> 1672 _ g T uga)
Q7 = s+ o | U7 = | 7 = 5t o | U7 = "
n Yon NTonYen /2 in Yin NTenYen /4
Table 1: The first 17 eigenvalues and eigenfunctions of —Au; = a;u;.

The first of the following two lemmas follows from the variational characterization for
eigenvalues, and the second follows from Lemma 3, the Courant nodal domain theorem, and
geometric properties of the surfaces W ,:

We now show the following:

4 The lower bound 8 for Ind(W;/,)

Lemma 4 ([R1], [R2]). Choose i € Z* so that o, () < 4H. Then Ind(Wy,) > p— 1.

Lemma 5 ([R1], [R2]). For alln € Z*, n > 2 we have that Ind(W,,,,) > 2n — 2 if £ is odd,
and Ind(Wn) > n — 2 if £ is even.



Numerical Result: Ind(W;/,) > 8 for all ¢/n.

Observe that, although the eigenvalues of £ depend on the choice of H, the number of
negative eigenvalues is independent of H. So without loss of generality we fix H = 1/2.

By Lemma 5, Ind(W;/,) can be less than 8 only if ¢/n is one of 3/2, 4/3, 5/3, 5/4, 7/4,
6/5,8/5,8/7,10/7,12/7, 10/9, 14/9, or 16/9. Lemma 4 also gives explicit lower bounds for
the index, since we know the values of xy, and y,, numerically by formula (5), and hence
we know the o, ;) (see Table 1). Lemma 4 implies that the index is at least 8 when £/n is
5/4,6/5,8/7,10/7, or 10/9. Thus we only need to consider the following eight surfaces:

W3/2> W4/3> W5/3, W7/4, W8/5, W12/7, W14/9, and W16/9-

For these surfaces we list, in Table 2, the corresponding @, x4,, vy and lower bounds
for index. These approximate values for 6, xg,, and ys, were computed numerically using
formulas (4) and (5) and the software Mathematica. Recall that always 6 = 65.354°.

Won 0 Ton Yen Lemma 4 Lemma 5
lower bound | lower bound
for Ind(Wy,,) | for Ind(Wy,)
W3/2 17.7324° | 2.5556 | 4.2131 2 2

Wys | 12.7898° | 3.2767 | 6.3355
W3 | 21.4807° | 1.7557 | 2.6402
Wiy | 22.8449° | 1.3315 | 1.9447
Wyg)s | 20.1374° | 2.0842 | 3.2321
W12/7 22.3044° | 1.5150 | 2.2380
W14/9 19.1243° | 2.2970 | 3.6514
W16/9 23.2182° | 1.1872 | 1.7208

N =N DN D
| J| O W| D =

Table 2: z,,, yi, are computed using the value H = 1/2.

We will find specific spaces on which £ is negative definite, for these eight surfaces.
Let N be an arbitrary positive integer. Consider a finite subset {4 = w;,, ..., un = u;y }
of the eigenfunctions u; of —A on C/T", defined in Section 3, with corresponding eigenvalues
&; = a;;, j=1,...,N. If we consider any u = ZZN:1 a;u; € span{ty,...,Un}, G1,...,aN €
N
R, then f((:/r ul(u)dxdy = >

i =1 ai(djéij — Bij)aij where Bij = f(C/F Vﬂ,ﬂj d!)ﬁ'dy So we

have fC/F ul(u)drdy < 0 for all nonzero u € span{uy,...,ay} if and only if the matrix
(Gj0i5 — l;ij)ivjzl _____ ~ 1s negative definite. Lemma 3 then implies:

Theorem 1 ([Rl], [R2D ]f the N x N matrix (dj(;” — Bij)i,j:l
Ind(Wyp,) > N — 1.

~N 1S negative definite, then

-----

W, /n Uy | Up | U3 | Ug | Us | Ug | Uy | Ug | Ug
W /2 | Ul | U2 | U3 | Ug | Us | U7 | Ug | Ug | Ur7
W, /3 | Ul | U2 | U3 | Ug | Us | Us | U7 | U | Ug
Wy /3 | Ur | U | U3 | Us | Ug | U7 | Ug | Ug | Uls
W7/4 Up | Ug | U3 | U | U7 | Ug | Ug | U4 | Uls
W8/5 Uy | Ug | U3 | Ug | Us | Urp | Ur1 | Ur2 | U13
W12/7 Uy | Ug | U3 | Ug | Us | Urp | Ur1 | Ur2 | U13
W14/9 Uy | U | U3 | Ug | Us | Urg | Ur1 | U12 | U13
W16/9 Up | U | U3 | Ug | U5 | Uro | Ul | Ur2 | U13




Table 3: Eigenfunctions of —A producing 9-dimensional spaces on which Q is negative
definite.

Definition 2 Given A, B even integers and ¢,n € Z", we now define the following basic
integrals:

A
Iy(6,n, A, B) = —1 zen/4 (Yen/d v, (cos 2”) (cos 27ry> dydzx,

NTenYen J0 0 Ton

NTenYen J0 0

I, (ﬁ, n) _ 3 nTen/4 Yen/d V cos ( Anx ) dydz,

IQ(E, n) — 8 nTen/4 [Yen/d V cos ( 8tz ) dydl’

NTenYen J0 0

NTenYen J0 0 NTenYen

]3(& n) — 8 Ty, /4 yln/4vcos ( 167z ) dyd:(f,

Ii(l,n) = =38 nem/d (vml s og ( Anz ) cos <47r—y> dydz,

NTenYen J0 0

NTenYen J0 0

[5(& n) — 8 nTen /4 (Yen /4 V cos ( drx > Cos ( 8mx ) dyd:c,

I (f, n) _ 8 nZen/4 Yen/4 V cos ( 8T

NTenYen J0 0

I;(0,n) = Fliyzn 0"“"/4 Oy‘Z”/A‘ V cos (12”) oS (“—i’) dydz.

Now, for each surface Wy, given in Table 2, we will fix N = 9 and choose the subset
{1, ..., U9} such that the matrix (&;0;; — b;j)i j=1,.. n is negative definite. These choices are
given in Table 3. With these choices for ;, we have the following lemma:

Lemma 6 With the choices given in Table 3, all elements of the eight matrices M(¢,n) :=
(@05 — bij)ij=1...0 can be expressed in terms of the basic integrals Io(¢,n, A, B) and I;({,n)
for A, B even and j =1,2,...,7.

Proof: The symmetries V(z,y) = V(—z,y) = V(z,—y) =V (22 —z,y) =V (z, % — y)
of V' and the identities cos(a =+ b) = cos(a) cos(b) F sin(a) sin(b), sin(a +b) = sin(a) cos(b) +
sin(b) cos(a) give the relations shown in Table 4, proving the lemma.



For Ml,l = -32 10(3, 2, O, 0), M4’4 = 04 — 64([0(3, 2, 0, O) — ]0(3, 2, 0, 2))
W3/2 M575 = Q5 — 64 10(3, 2, 0, 2), M777 = 7 — 64 [0(3, 2, 2, O)
M7 = onr — 64(15(3,2,0,0) — 15(3,2,0,2) — I5(3,2,2,0) + 2 Iy(3,2,2,2))
Mi,i = 0 — 32[0(3, 2, 0, O), for i = 2, 3, 8, 9
M;; =0 for i < j with 4,5 € {1,2,3,4,5,7,8,9,17}.
For Ml,l = —48 10(4, 3, O, 0), M2,2 = O — 48 10(4, 3, 0, O) + 2 12(4, 3)
W4/3 M373 = O3 — 48 ]0(4, 3, O, 0) —2 ]2(4, 3), M4’4 = Oy — 48 10(4, 3, 0, O) +2 I4<4, 3)
M575 = (X5 — 48 ]0(4, 3, O, 0) - 2 ]4(4, 3), M6,6 = Qg — 48 10(4, 3, 0, O) +2 14(4, 3)
M777 = X7 — 48 10(4, 3, 0, O) -2 14(4, 3)
M&g = (¥g — 384 (I()(4 3 O, 2) — 10(4, 3, 0, 4))
M979 = g — 96 (4 ]0(4, 3, 0, 4) - 4 ]0(4, 3, O, 2) -+ 10(4, 3, 0, O))
Mz = —2v211(4,3), Myg = —48v2(—1y(4,3,0,0) + 215(4,3,0,2))
M476 - —48(—10(4, 3, 0, O) + 2]0(4, 3, O, 2)) + 2[1 (4, 3)
M; 7 = —48(—1v(4,3,0,0) 4+ 21y(4, 3,0,2)) — 21,(4, 3)
M;z g = —4 1,(4,3), all other M, ; with ¢ < j <9 are zero.
For M171 = —48 10(5,3,0,0), M272 = Qg — 48 I()(5 3 0 O) + 2 11(5, 3)
W5/3 M373 = Q3 — 48 10(5, 3, 0, O) -2 11(5, 3) M5 5 = Q5 — 96 10(5, 3, 0 2)
M6,6 = Qg —48 I(]<5, 3, O, 0) +2 [2(5, 3) M7’7 = Q7 —48 [0( ,3, 0, ) 2 [2(5, )
Mgg = ag—48 Iy(5,3,0,0) +2 1;(5,3), Moy = ag— 48 Iy(5,3,0,0) — 2 1,(5,3)
M15’15 = 15 — 96 [0(5, 3, 2, O), M1’7 = —2\/511(5 )
Ms 15 = —2(11(5,3) + 13(5,3)), all other pertinent M; ; with i < j are zero.
For | M;; = o; — 64 1o(7,4,0,0) for i = 1,2, 3,6,7,8,9, 14, 5
Wy,4 | all other pertinent M;; with ¢ < j are zero.
For M171 = —16n IO(E n, 0 O), M272 = Qg — 16n I()(E,?’L,0,0) + 2[1(& n)
W8/5, M373 = a3—16n I()(E, n, O, 0) —2[1(€, n), M474 = a4—16n IO(E, n, O, 0)+2]4(€, n)
W12/7, M575 = (X5 — 16n I()(f, n, 0, O) — 2[4(€ n)
W14/9, MIO,IO = 109 — 16n [0(6, n, 0, 0) + 2[3 s
W16/9 )

(¢
M11,11 = X1] — 16n [0(6, n, 0, 0) - 2[3(
M12’12 = (X192 — 16n [0(6, n, 0, 0) + 2[7(
M13713 = (13 — 1671 I()(f, n, 0, 0) — 2[7( 5 M173 = —2\/5]1(& n)

My = —2v2L(0,n), Myyg = —4 Li(¢,n) +4 I;((,n)

M3711 = —4 ]5(6, n), M4,12 = —2]1(6, n) + 2]6(6, n)

Ms13 = —2I,(¢,n) — 2I5(¢,n), all other pertinent M, ; with ¢ < j are zero.

Y

n)
l,n)
l,n)
l,n)

1)

Table 4: Elements M, ; of the symmetric matrices M(¢,n) expressed in terms of the
basic integrals. We have chosen here to index the M, ; using the counters associated to o

and u;, rather than &; and u;.

By numerical methods, we can estimate that all of the relevant [;(¢,n) for j > 1 are

approximately zero, and that

16(3,2,0,0) £ 0.2968, Io(3,2,2,0) = 0.2304, Io(3,2,0,2) = 0.2408, Iy(3,2,2,2) = 0.1947,

I6(4,3,0,0) 2 0.1077, Io(4,3,0,2) = 0.0776, Io(4,3,0,4) = 0.0667, Io(5,3,0,0) = 0.4532,

16(5,3,2,0) 2 0.3910, I(5,3,0,2) = 0.4046, I5(7,4,0,0) = 0.6072, Iy(8,5,0,0) = 0.1878,

15(12,7,0,0) = 0.2652, Iy(14,9,0,0) = 0.0841, I5(16,9,0,0) = 0.3419.



These values were computed with a Mathematica program using the NIntegrate and Jaco-
biCN commands, and the program is available at the web site of the third author. One note
of warning is that Mathematica has different conventions than Walter’s paper, and hence
cng in [Wa) is equivalent to cngz in Mathematica. We include a sample of our code in the
Appendix.

Now we can make approximations for the eight matrices M (¢, n).

The matrix M (3, 2) is approximately

—950 0 0 0 0 0 0 0 0
0 —799 0 0 0 0 0 0 0
0 0 —799 0 0 0 0 0 0
0 0 0 —136 0 0 0 0 0
M(3,2) = 0 0 0 0 -132 0 0 0 0 ,
0 0 0 0 0 —870 0 0 0
0 0 0 0 0 0 —576 0 0
0 0 0 0 0 0 0 =576 0
0 0 0 0 0 0 0 0 —5.50

and all nondiagonal terms are known to be zero by rigorous mathematical computation, and
all nonzero entries have been computed only numerically.
M(4,3) is approximately the nondiagonal matrix

—5.17 0 @) 0 0 0 0 0 -3.23
0 —3.53 0 0 0 0 0 0 0
(@) 0 —3.53 0 0 0 0 0 @)
0 0 0 —3.78 0 —2.29 0 0 0
M(4,3) ~ 0 0 0 0 —3.78 0 —2.29 0 0 ,
0 0 0 —2.29 0 —3.78 0 0 0
0 0 0 0 —2.29 0 —3.78 0 0
0 0 0 0 0 0 0 —0.25 0
—3.23 0 @) 0 0 0 0 0 —2.21

and again here all entries that are 0 have been computed mathematically rigorously, and all
nonzero entries have been computed only numerically. The symbol O denotes an entry that
has been computed numerically to be approximately zero, but not mathematically rigorously.
We shall continue to use these conventions in all remaining matrices.

M(5,3) is approximately the diagonal matrix

—218 0 0 0 0 0] 0 0 0
0 -203 0 0 0 0 0 0 0
0 0 -203 0 0 0 0 0 0]
0 0 0 -332 0 0 0 0 0
MG~ 0 0 0 0 —161 0 0 0 0
o 0 0 0 0 —161 0 0 0
0 0 0 0 0 0 —147 0 0
0 0 0 0 0 0 0 —147 0
0 0 0] 0 0 0 0 0 —24.7



M(7,4) is approximately the diagonal matrix

o
coococococood

o
coococococoo

=
coocococofoo

o

coococofooo

«
coocoRocooco

«
coocRBocooco

L0

cofoocococoo
_

L0

ooococococoo
_

D

Roococococooo
_

R
=
L)
3

M(8,5) is approximately the diagonal matrix

o

000000000%

@)

00000000_&0

™~
OOOOOOn_u.OO

a

OOOOOn_U.OOO

(=}

o
coocoZoco
_

N
coocSococoQo
_
©
QoRococoPDoo
_
©
ofBococoQooo

oQoocoQoo

—15.0

M(12,7) is approximately the diagonal matrix

I~

[00]

cococoQoocoX
_

I~
coocQooco®o
_
!
<
QoQococoJoo
_
!
<
ocQocooJooco
_
i)

—
cocomocoo0
_

O
cooqoocolo
_
«
QoRoocoDoo
_
«
oRoocoQooco
_
=
S[oQoocoQoo
_

Q

M(12,7)

M(14,9) is approximately the diagonal matrix

™
OOOOOOOOJU

™
cooQooocwo

_
©
OOOOOONOO
_
©
OOOOONOOO
_

—

OOOOn_v.OOOmu

i
cooocococoQo
_
It~
QodcooQoo
_
I~
oocoocQooco
_
—
VoQoooQoo
_

Q

M(14,9)
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M(16,9) is approximately the diagonal matrix

—49.2 0 o 0 0 0 o 0 0
0 —47.9 0 0 0 O 0 0 0
O 0 —479 0 0 0 O 0 0
0 0 0 —356 0 0 0 O 0
M(16,9) ~ 0 0 0 0 —356 0 0 0 O
0 O 0 0 0 —43.7 0 0 0
O 0 O 0 0 0 —43.7 0 0
0 0 0 O 0 0 0 —328 0
0 0 0 0 O 0 0 0 —32.8

All eight of these matrices are 9 x 9 and negative definite. Hence Theorem 1 implies
the numerical result.

5 Appendix: the Mathematica code
The following is a Mathematica code for computing the values [y(4,3,0,0), y(4,3,0,2),

15(4,3,0,4), I,(4,3), 15(4,3), 14(4,3), and the elements of the matrix M(4,3). The seven
other needed codes for different ¢ and n were written similarly.

H=1/2; k1 = Sin[thetal]; k2 = Sin[theta2];

gammal = Sqrt[Tan[thetall]; gamma2 = Sqrt[Tan[theta2]];
alphal = Sqrt[4 H Sin[2theta2]/Sin[2(thetal + theta2)]];
alpha2 = Sqrt[4 H Sin[2thetall/Sin[2(thetal + theta2)]];

F = 4ArcTanh[gammal gamma2 JacobiCN[alphal x, k172] JacobiCN[alpha2 y, k2°2]];
V = 4 H Cosh[F];

ell = 4; n = 3;
thetal = 2 Pi (12.7898/360); theta2 = 2 Pi (65.354955354/360) ;
x0 = 3.2767; yO = 6.3355;

Print["I_0(4,3,0,0) is ",I0x4c3c0cO0x = (1/(n x0 y0)) NIntegratel[
v, {x, 0, x0/4}, {y, 0, y0/4}1];

Print["I_0(4,3,0,2) is ",I0x4c3c0c2x = (1/(n x0 y0)) NIntegratel[
V (Cos[2 Pi x/x0])"0(Cos[2 Pi y/y0])~2,{x, 0, x0/4}, {y, 0, y0/4}]1];

Print["I_0(4,3,0,4) is ",I0x4c3c0c4x = (1/(n x0 y0)) NIntegratel[
V (Cos[2 Pi x/x0])"0(Cos[2 Pi y/y0])~4,{x, 0, x0/4}, {y, 0, y0/4}1]1;

Print["I_1(4,3) is ",I1x4c3x = (8/(n x0 y0)) (NIntegratel[
V (Cos[4 Pi x/(n x0)]1),{x, 0, x0/4}, {y, 0, y0/4}] + NIntegratel[
V (Cos[4 Pi x/(n x0)]1),{x, x0/4, 2 x0/4}, {y, 0, y0/4}] + NIntegratel
V (Cos[4 Pi x/(n x0)]1),{x, 2 x0/4, n x0/4}, {y, 0, y0/4}1)]1;

Print["I_2(4,3) is ",I2x4c3x = (8/(n x0 y0)) (NIntegratel[
V (Cos[8 Pi x/(n x0)]1),{x, 0, x0/4}, {y, 0, y0/4}] + NIntegratel[
V (Cos[8 Pi x/(n x0)]1),{x, x0/4, 2 x0/4}, {y, 0, y0/4}] + NIntegratel
V (Cos[8 Pi x/(n x0)]1),{x, 2 x0/4, n x0/4}, {y, 0, y0/4}1)]1;

11



Print["I_4(4,3) is ",I4x4c3x = (8/(n x0 y0)) (NIntegratel
V (Cos[4 Pi x/(n x0)]) (Cos[4 Pi y/y01),{x,0,x0/4},{y,0,y0/4}]+NIntegrate[
V (Cos[4 Pi x/(n x0)]) (Cos[4 Pi y/y0]),{x,x0/4,2 x0/4},{y,0,y0/4}]+NIntegrate[
V (Cos[4 Pi x/(n x0)]) (Cos[4 Pi y/y01),{x, 2 x0/4, n x0/4}, {y, 0, y0/4}1)1];

aa = 0; bb = 0; alphal = aa(4 N[Pi“2]/(n"2 x0°2)) + bb (4 N[Pi~2]/(y0~2));

aa = 4; bb = 0; alpha2
alpha3 = alpha2;

aa(4 N[Pi~2]/(n"2 x0°2)) + bb (4 N[Pi~2]/(y0°2));

aa = 1; bb=1; alphad4 = aa(4 N[Pi"2]/(n"2 x072)) + bb (4 N[Pi~2]/(y0°2));
alphab = alpha4; alpha6 = alpha4; alpha7 = alpha4;
aa = 0; bb = 4; alpha8 = aa(4 N[Pi~“2]/(n"2 x072)) + bb (4 N[Pi~2]/(y0°2));

alpha9 = alpha8;

Print["M(1,1) is ", —-48 I0x4c3c0c0x];

Print["M(2,2) is ", alpha2 - 48 I0x4c3c0c0x];

Print["M(3,3) is ", alpha3 - 48 I0x4c3c0c0x];

Print["M(4,4) is ", alpha4 - 48 I0x4c3c0c0x];

Print["M(5,5) is ", alphab - 48 I0x4c3c0c0x];

Print["M(6,6) is ", alpha6 - 48 I0x4c3c0c0x];

Print["M(7,7) is ", alpha7 - 48 I0x4c3c0c0x];

Print["M(8,8) is ", alpha8 - 384 (I0x4c3c0c2x - I0x4c3c0c4x)];

Print["M(9,9) is ", alpha9 - 96 (I0x4c3cOcOx + 4 I0x4c3cOcd4x - 4 I0x4c3c0c2x)];

Print["M(1,9) is ", -48 N[Sqrt[2]] (-I0x4c3c0cOx + 2 I0x4c3c0c2x)];
Print["M(4,6) is ", -48 (-I0x4c3c0cO0x + 2 I0x4c3c0c2x)];
Print["M(5,7) is ", —-48 (-I0x4c3c0cOx + 2 I0x4c3c0c2x)];
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