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SPACELIKE HYPERSURFACES WITH CONSTANT
MEAN CURVATURE IN LORENTZ SPACE

Joao Lucas Marques Barbosa * Vladimir Oliker!

1. Introduction .

Hypersurfaces with constant mean curvature in Riemannian manifolds are crit-
ical points of the area functional under variations that keep constant a certain
volume function. In this context the notion of stability was introduced by Bar-
bosa and do Carmo [BC] for the case of immersions in the Euclidean space.
Later Barbosa, do Carmo and Eschenburg [BCE] extended this notion to the
case of immersions in Riemannian manifolds. In this work we consider space-
like immersions into Lorentz spaces. In such spaces hypersurfaces with constant
mean curvature are also critical points of the area functional with the constraint
that the variations leave constant a certain volume function. However, there is
a distinct difference between the Riemannian and Lorentz ambient spaces. In
contrast to the Riemannian case it is the problem of mazimization of the area
functional that makes sense in Lorentz spaces. Thus, it is necessary to reex-
amine in this context many of the classical notions. In this paper the concept
of stability is introduced and a second variation formula is derived. It follows
from this formula that any spacelike immersion with constant mean curvature
in a flat Lorentz space is stable. We also consider the case when the ambient
manifold is the de Sitter space SP*! with constant curvature one and prove that
spheres (compact umbilical hypersurfaces) are stable. We observe that spheres
are the only spacelike immersions with constant mean curvature of compact

manifolds into the de Sitter space. We also observe that complete spacelike
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immersions with constant mean curvature H? < 4(n — 1)/n? into the de Sitter
space are spheres. This result was obtained earlier by Akutagawa [A] and Mon-
tiel [M] and in [O] it was generalized in several directions. For the noncompact
case we prove stability of complete spacelike immersions with constant mean
curvature H such that either H?2 > 1 or H? < 4(n — 1)/n?. In particular, any
spacelike immersion with constant mean curvature of a complete surface into
S3 is stable, and any spacelike complete maximal immersion (of codimension

one) into de Sitter space is also stable.

2. Preliminaries

Let M™! be an orientable Lorentz manifold, i.e., an orientable C* manifold
edowed with a pseudo-Riemannian structure ds* = (.,.) of signature (1, n) called
the metric of M.This metric extends in a natural way to tensors of all orders.

In particular, for vector fields tangent to M,
(Xa Ao AXp, VI A L AY,) =det ((X;,Y5)) (1)

where ((X;,Y;)) stands for the matrix formed by all the products (X;,Y;) with
1<4,j<p. AsetVi,..., Vo of vectors in the tangente space T,M at the

point p of M is said to be orthonormal if
Vi, Vi)l =6;; 1<ij<n+1.

An orthonormal frame field is simple a set of n 4 1 vector fields, ey, ..., eny1,
defined in an open set of M which, at each point, are orthonormal. It is clear

that only one of the (e;, e;) can be equal to —1. We set

e = (e, ) - (2)
To fix notation let’s write down the structure equations on M. Consider an

orthonormal frame field, as defined above, and the coframe 61,...,60,41. The

connection forms w;; are defined by the equations:

wij = —wji (3)
n+1
di: — Zs,-w,-j/\(ij (4)

Jj=1
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The curvature form is defined by

2 n+1
Qij = dwyj — Y exwik A wij (5)

k=1

This definition makes true the following equation

n+1 o
Zeiﬂii/\ai:o'
§=1
Hence we must have
£ ntl b
Q,-j = —5 Z ske,R,-,-HGk A6 (6)
' k=1
where Rijkl +R,-ju, = 0. fV = ¥ v;e; then its covariant differential is defined
by DV = Y (Dwv;)e; where
B n+1
Dv; = d’U,’ + €; E VWi (7)
j=1
It follows that
i n+1
De,' = Z EjWwij€; (8)
j=1
wij = {De,e;) (9)

It is useful to use the standard notation DxY to mean DY (X). It is a simple
computation to show that, for vector fields X and Y on M, and for 1 < i,j <
n+1

dV,W) = (DV,W)+(V,DW) (10)
Q,‘j(X, },) = <Dny€,' = DyDXe" == D[X,y]e,', 6j> (11)

We define, for vector fields X, Y, Z and W on M,
UX,Y,Z,W)=(DxDyZ — DyDxZ — Dixy)Z,W) (12)

It is easy to see that

AUX,Y, Z,W)

I

Z Z,'ij,'J'(X, Y)

ig=1

= = Y zw;ziyerei Rijia
1,5kl
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Since M is orientable there exists on it a non-zero (n + 1)-form dM (called

the volume form) such that if ey, ..., e,41 is any orthonormal basis of T,M then
de(el, ey €n+1) =zl :

If the result is +1 the bases is positively oriented. In this case, if 6y,...,0p41 is
its dual bases, then
dezal/\.../\HHH .

Let z : M™ — M™' be an immersion of a compact, connected, orientable,
C* manifold with boundary O M (possibly empty). We will consider M endowed
with the induced pseudo-metric do? = z*ds?, so that = becomes an isometry.
The immersion z is called spacelike when do? is a Riemannian metric. From
now on we will assume that z is spacelike.

Since M is orientable, there exists a global unit section N of its normal
bundle TM*. We choose the orientation of M to be compatible with the one
of M. This means to choose the volume form dM on M defined by

AM,(Vi,. .., Vo) = dMy(p)(dzp(V1), . .., dzp(V2), N(p)) (13)

Locally z is an embedding and so, for local matters, we may always consider
M as a submanifold of M and z as the inclusion map. A frame field ey, ..., €en41
on M is adapted to M if, restricted to M, ey,...,e, are tangent to M and
positively oriented, and furthermore e,,;; = N. Restricted to the tangent bundle
TM of M, 6,1, = 0 and, consequently,
Z“’"HJ' N0 ="0
j=1

It follows by Cartan’s lemma that
Wntti = hijl; (14)
§=1

where h;; = hj; . The second fundamental form of the immersion z is then
defined as
II =3 hi;8i05

=1
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The mean curvature is the trace of 17 and it is given by

H=-=% hy (15)
We define the mapping B : TM — TM by putting B(V) = Dy N so that
ILI(V,W) = (B(V), W) (16)

It follows that
; 2 _ : v
I1I)* = ||B|* = _Zl h%; .
i,j=

The structure equations for the immersion z are the usual ones:

3

da,; = Wij A 91' (17)
7=1
n 1 n
;= dw;; — Zwik A, B = 3 Z Riiiibr A 6, (18)
k=1 k=1

where Rjj + Rijie = 0. Using (5), the observation that e,,, = —1, and the

equation (14) one obtains
Qj — Qi =Y hachjbe A 6
From this one deduces the Gauss equation:
Rijut — Riju = hikhji — hihip, (19)
3. Variations

A Variation of z is a differentiable map X : M x (—e,e) — M such that
Xe: M — M, t € (—¢,¢), defined by. Xi(p) = X(p,t), p € M, is a spacelike
immersion, Xo = ¢ and X|opr = z|am, for all ¢.

We define the area function A : (—¢,¢e) — IR by

A(t) = /M dM, (20)



32 J. BARBOSA V. OLIKER

where dM, is the volume element of M in the metric induced by X, and the

volume function V : (—¢,€) — IR by
V(t) = / X*dM (21)
Mx[0,t]

Let W(p) = (8X/8t)|s=0 be the variation vector field of X and set f =
—(W, N) so that
W = fN + tangent component (22)

Lemma 3.1 We have
() (dA/dt)|s=0o = — [yy n H fdM
(1) (dV/dt)|e=o = [y fdM

where H is the mean curvature of the timmersion .

Proof: The computation of dA/dt is well known and is the same as for the
Riemannian case. One ends up with the equation

dA

20 = - [ n(W,H)dM

where H = 15 (D.;e;)" is the mean curvature vector. Using (8) one obtains

that H = —H N and so, using (22) one readly obtains (i). To prove (ii), fix
a point p e M and choose a positively oriented adapted orthonormal moving

frame e, ..., €n,eny1 = N around z(p). Then

X*(dM) = a(p,t)dM A dt

where
- 0 K 0X
a(p,t) = X*dM(e,,. .. yen, a) = dM(dXi(e1),...,dXe(en), T?t_)
Hence, using (22), we obtain
a(p,0) = dM(dz(e1),. .., dz(es), W) =
fdM(dz(ey),...,dz(es),N) = fdM(es,...,en)=f
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Since
dv d
E(t) = ;i_t./;ux[o.t] a(p,7)dM ANdr = /Ma,(p,t) dM

it follows that

av

Z©=[ fam
as we wished. q.e.d.

" A variation is normal if W is parallel to N, and volume-preserving if V(t)
= V(0) = 0 for all ¢.

Lemma 3.2 Given a smooth function f : M — IR with f|op = 0 and [y, fdM =

0 there exists a volume preserving normal variation whose variantion vector is

fN.

This lemma was proved as Lemma(2.2) in [BCE]. Although the proof was
carried out for the Riemannian case, it works as well for the Lorentzian case.

For a given variation X of an immersion z : M™ — M™! we set
oA /M HdM , A= A(®0)
and define J : (—¢,¢) —» R by
J(t) = A(t) + nH,V(t) .

Proposition 3.3 Letz: M™ — M™! be a spacelike immersion. The following
statements are equivalent

(1) © has constant mean curvature H,;

(1) For all volume-preserving variations A'(0) = 0;

(14t) For all (arbitrary) variations, J'(0) = 0.

The Riemannian version of this proposition was given in [BC|. The same
proof works also in the Lorentzian case. Note that the assumption H, # 0

made in [BC] is not needed.

To compute the second variation of J, we observe that

dJ
b /M(—TLHt + nH,)fidM,
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axX

%) Vi), where N, is the unit

Here H, is the mean curvature of X;, and f; = (

normal vetor of X;. Thus
" OH
J(0)= —/M (a—t‘) (0) f dM . (23)

The computation is essentially the same as for the area function in the Rieman-
nian case with a few changes of sign. For the sake of completeness we present

its proof the appendix.

Theorem 3.4 Let z : M™ — M be a spacelike immersion with constant mean
curvature H and let X be a variation of z that keeps the volume fized. Then

J"(0) is given by
T'O)f) = [ (FAf ~ IBIf* + Rice(N)f*) dM

Here A 1s the Laplacian in the induced metric, || B|| is the norm of the second
fundamental form of =, and Ricc(N) is the (normalized) Ricci curvature of M

in the direction of N.

Definition. Let M™ be compact and z : M™ — M™?! a spacelike immersion
with constant mean curvature. The immersion z is stable if J"(0) < 0 for all
volume-preserving variations of z. If M is noncompact, we say that z is stable
if for every compact submanifold McM , the restriction z|; is stable.

Just as in [BC], one can prove, using (3.2) and (3.4) the following criterion
for stability. Let F be the set of differentiable functions f : M — IR with
flose =0 and [y, fdM = 0.

Proposition 3.5 z : M" — M™! is stable if and only if J"(0)(f) < 0 for all
Tk

We define a bilinear form I : F — IR by
1(£,9) = [ g{Af — |BIPS + Ricc(N)f} dM

Definition. A normal vector field V = fN, f € F, to an immersion z : M™ —
M™*! with constant mean curvature is a Jacobi field if f € Ker I, i.e.,if I(f,g) =

0, for all g € F.
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Proposition 3.6 Let f ¢ F. Then fN is a Jacobi field if and only if
Af + (Rice(N) — ||B|I>)f = const. (24)

The proof is simple. If fN is a Jacobi field then the condition I(f,g) = 0
implies that A f+(Ricc(N)— B?)f is orthogonal in the L?(M) inner product to
all nonconstant functions in L2(M). This implies (24). The converse is obvious.

This proposition is analogous to Proposition 2.9 in [BCE].

4. The main results

Let’s consider the case when M is the Minkowski space L™, i.e., the vector

space IR™! endowed with the pseudo-metric

(V, W) = —vVoWo + Z v;W;

3=1

This is a flat space and therefore, for any spacelike immersion & with constant

mean curvature, we have for the second variation:

I(f,f)= | (fAf—IIBI*f*)dM = — | (|lgrad f|* + || BI*f*)dM < 0
M M

Hence z is stable. The same argument can be used to prove the following simple

result.

Proposition 4.1 Let A\, be the first eigenvalue of the laplatian of M. Any
spacelike immersion with constant mean curvature H of M™ into M™! for which
A1+ ||B||> — Rice(N) > 0 is stable. In particular this occurs when Ricc(N) <0
along M.

If M is small, then ); is big and the above inequality always holds in a
sufficiently small disk around any point of a spacelike immersion with constant
mean curvature. In fact, when the above inequality occurs, we have A”(0) < 0
for any variation of the immersion . In the literature this is usually called

strong stability.
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Since any immersion with constant mean curvature in the Minkowski space
is stable (in fact strongly stable), we move to the next interesting example
of Lorentz space, namely the de Sitter space SP+!. This is a quadric in the
Minkowski space IL™*? defined by the condition (V,V) = 1. From this equation
one can deduce that (dV,V) = 0 and, consequently, the position vector V is
everywhere normal to the de Sitter space. Hence, if V = eq,...,€,, €ny1 is an

n+1

adapted frame field on ST*' then we have

n+l
AT Z 9,'8,;
g1
nt1
dey = Z €iWo;i€;
=1
Since V = eg we have
Wo; = E,'ei (25)
The coefficients of the second fundamental form of S7*! are given by

n+1

Wo; = Z Eih,'joj.
i=1

Therefore,
hij = &i; (26)
and the curvature form of S7*! is
Qij = wio A Wo; = —e,'e,-H; A 0,» (27)
From this we deduce that
Riju = 6ikbit — bubjn (28)

Therefore S7*! has constant sectional curvature R,-j,-j = 1. Now we consider a
spacelike immersion z : M™ — S7*! of an orientable manifold M. As before,
we fix a unit vector field N along M and observe that (N, N) = —1. Let
€1,...,€n,€ent1 = N be an adapted frame field to z. Using (28) we get
trcelV) = Z Rotiintri =1 (29)

=1
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If  has constant mean curvature then the second variation formula is given by

I(f, 1)

| (FAF =~ IBIPf +nf?)dM
— [ {llgrad £ + (1B — n)f*}am (30)

Following Montiel [M], we obtain examples of hypersurfaces in S;*' with

‘constant mean curvature by considering intersections of S;t! with affine hy-

perplanes of IL™*?. Specifically, let W € IL™*? be a constant vector such that
< W, W >= —1, and let

M={VeL"*(V,V)=1 and (V,W)=r1}

where the range for admissible values of 7 is determined by the requirement that

V € Sp*'. Note, that the hyperplane (V, W) = r is spacelike. The hypersurface

2

M is compact, umbilic, || B||> = nH? = 575, and its sectional curvature is given

by Riju = 7—21—1(6,-,,61-1 — 646;x). By analogy with the Riemannian case we call
M a small sphere of S7* if 7 # 0. If T = 0 we call it a big sphere. Observe
that spheres of ST*! with mean curvature H are isometric to Euclidean spheres

with possible values for H? in the interval [0,1).
Proposition 4.2 Spheres of ST are stable.

Proof: Consider a sphere M in S7'*! with constant mean curvature H. Since
M is isometric to an Euclidean sphere with sectional curvature ;51+—1 then the

first eigenvalue of the laplacian of M is A, = %5 Using (30) we obtain

1(,£) = = [ Allgrad £ + (1BI* ~ m)f*}amt
< _/M(,\1+nH2—n)f2dM -

Hence the inclusion of M into the de Sitter space is stable. In fact we will prove
that the converse of this result is also true. For that we need some lemmas and
the Theorem 4.6 below which may be found in the literature (see, for example,

[M]; note that the mean curvature in [M] is the negative of the mean curvature
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here). For the sake of completeness we present here the corresponding results

with the proofs.

Lemma 4.3 Let ¢ : M™ — SP*' be a spacelike immersion of an orientable
manifold M and represent by N its unit normal vector field. If ¢ has con-
stant mean curvature then, for each fized vector A € IL™*?, the Laplacians of the

functions g = (z, A) and f = (N, A) are given by:
Ag=nHf —ng Af=|B|*f -nHg

Proof. Take a local adapted frame field « = ey, €1, . .. y€ny€nt1 = N. It follows
", (ei, A)8; = " g;0; and

ﬂ

that, at each point z, we have dg =

n
Die; AYo =12 die;-A +Z (e, A)wj;
j=1
n+1 n
= Y erler, Awie + Y (€5, Awii
k=0 j=1

= <EO A>w10 $ <en+l7 )wrn+l

= —(z,A)8; + (N, A) }_: hij0; = :;0;

g=1 J=1

It follows that g;; = —gé;; + fhi; and so
Ag=>gi=-ng+nHf

For the case of f we have

df =Y (e, Awnrrj = Y hjile;, A)b; = Y fib;
i=1

j=1 ij=1

Hence

n

Dfi = 3 hjueles, A)bx + Y hjD(e;, A)

Jyk=1 F=1
n n+41 n
= Y hjulej, A)by + Z h,l{Z eler, A)wjt + Y (er, A)wi; }
Jik=1 J=1 k=1

n

= Z hj.-k(ej, A)G,, + Z hj,-{<e0, A)Wjo == (en+1, A)wjn+1}

k=1 =1
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hji(ej, AYOr — gy hyib; + f 37 hjihirbs

1 j=1 Jik=1

{2 hijeles, A) — ghii + fZ hjihx} O = Z fikOh.

1. §=1 k=1

TR
ISk

k

Therefore

Af=Yfi= Y H—nHg+ |BJ*f

i=1
Since H is constant, H; = 0 for each j and we arrived at the desired formula.
This proves the lemma.

The proof of the following lemma is the same as for the Riemannian case.

Lemma 4.4 For any spacelike immersion we have |BlI* — nH? > 0. Equality

occurs if and only if the immersion is umbilic.

Lemma 4.5 Let z : M™ — S7*! be a spacelike isometric immersion of a com-
1 /4
pact connected oriented Riemannian manifold. Ifz has constant mean curvature

then = is umbilic.

Proof. We integrate over M the expressions of the Laplacians of the functions

f and g, given in (4.3), to obtain

H/MfdM ol /Mng and /M IB|If dM = nH/Mng

Which implies that

[ IBI? = nt?) g dns = 0 (31)
Remember that f depends on the choice a vector A and we choose it so that
(A,A) = —1. Any vector V in L™ can be decomposed as V = vA + V where

(V,A) = 0and (V,V) > 0. Using this decomposition for N and the fact that
(N,N) = —1 we write N = n,A + N and obtain

“1:_n3+<1\7:1\7>

It follows that
(N,A)’ =n2=1+(N,N)>1.
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Since M is connected, we may choose A such that f = (N, A) > 1. Taking such
f and using Lemma(4.4) we conclude from equation (31) that ||B||> = nH? and

that  is umbilic. This concludes the proof of the lemma.

Theorem 4.6 Let ¢ : M™ — ST be a spacelike isometric immersion of a
compact, connected, orientable Riemannian manifold M into the de Sitter space
St If © has constant mean curvature then M is isometric to an Euclidean

sphere and z is its inclusion as an sphere of ST!.

Proof. We already know, from the previous lemma, that z is umbilic and
therefore || B||> = nH?. Using this in Lemma(4.3) we obtain A(f — Hg) = 0.

Since M is compact we conclude that
f — Hg = const.
for any choice of the vector A. This means that, in fact, we have
N -Hz=C

where C is a constant vector in IL™*?. One shall observe that any vector tan-
gent to M is perpendicular to C. Since M is connected it lies in some affine
hyperplane normal to C, not necessarily passing through the origin of L™2.

Since M is compact, M is a sphere of S7*'. This proves the theorem.

Theorem 4.7 Letz : M™ — S} be an immersion with constant mean curva-
iure of a complete, connected and orientable Riemannian manifold M into the
de Sitter space. Then z is stable, if one of the following conditions hold: a) M
is compact; b)) H> > 1; c) H? < 4(n — 1)/n2.

Proof. If M is compact, the result follows from the previous theorem. If
H? > 1 then the result follows from equation (30) and Lemma(4.4). Now
assume that H® < 4(n — 1)/n%. We want to estimate the value of the Ricci
curvature at each point of M. Let V = 37 | v;e; be any tangent vetor to M.
Since Rice(V') = 74— Rijkjvivk, using (19) and (28) we obtain
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n n

Ricc(V) = 3 (8ubsj — 8iibin)vive — 3 (hihis — hijhie)vivs

k=1 ik
We may assume that, at the point where we are doing the computation, the
second fundamental form of z is diagonalized, and that ki, ky, ..., k, are its
principal curvatures. Then we obtain
Rice(V) = (n~ 1)V + Y kvl + nH Y kiv?
i=1 =1

from where we deduce that

Rice(V) = (n=DIVP+ 3 (ks + nH/2E - LY V]

=1

> {(n— 1)~ ;(HP}V

Observe that the lower bound for Rice(V) is of the form C|V|* where C is a
constant which is positive due to our hypothesis. Hence, by Myers theorem,
M is compact and we are back to the case already studied. This proves the
theorem.

We observe that in the case of dimension two the hypothesis in the last

theorem cover all possibilities and we have the following strong result.

Corollary 4.8 Let z : M? — 52 be an immersion with constant mean curva-

ture of a complete, connected orientable Riemannian manifold M into the de

Sitter space, then x is stable.

5. Appendix

In this appendix we want to prove the formula for the second variation stated
in Proposition(3.4) for the case of normal variations X : M x (—e,e) = M of
a spacelike immersion . We will use the notation and results of section(). For
each t € (—¢,€), X, is a spacelike immersion with mean curvature H; computed
with respect to the unit normal vector field N,. The fact that X is normal
means that

X

W=—-(0)=fN
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From (23) one can see that in order to compute the second derivative of J,
it is sufficient to compute (0H,/0t)(0). To do this we need the following two

lemmas.

Lemma 5.1 gradf = Dw Ni|i=o

Proof. Consider a set of coordinates u,...,u, in a neighborhood of p on M.
It follows that 0X/0u; at the point (uy,...,un,,t) is tangent to X,(M) and that
g)_( oX| 0
6u,~’ ot |

Consequently, if V; = % we have for each 1 <i<n

DwV; = Dy,Ww (32)
Now the lemma is proved by the following chain of equalities

(DwN,, Vi)le=o = —(Ne, DwVi)|e=o
= —(N,Dy,Wlezo)”
—(N,Vi[fIN + f Dy,N)
— df(Vi) ‘
Associated with each X; we have a second second fundamental form I7 and a

map B defined as in (16).
Lemma 5.2 IfY and Z are vectors in T,M then

Proof. We will compute the value of the derivative of IT in two different ways.
First we will use that 1I(Y, Z) = (Dy N, Z) and, as before, we set W = 8X/6t.
We may extend Y and Z to tangent vector fields on M (also called Y and Z)
such that [Y, W] = [Z, W] = 0 at the point p.

%H(Y, Z) = (DwDyN,Z) + (DyN, DyZ) =

(DyDwN, Z) + (Dwy N, W) +
QW,Y, N, Z) + (Dy N, Dz W)
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Setting t = 0, using Lemma 5.1, the expression of W and [Y, W], = 0 rewrite

this as:

9 II(Y,Z) = (Dygrad(f),Z) +

ot
fQN,Y,N, Z) + f(Dy N, Dz N) (34)

Observe that the last term is equal to f(BY,BZ) = f(B*Y,Z). Now we
start the second calculation observing that 11(Y,Z) = (BY, Z).

%H(Y, Z) = (Dw(BY),Z)+ (BY,DwZ)

(3B)Y + B(DyY), Z) + (BY, D;W)

(%B)Y,2) + (B(DyW), Z) + f(BY, Dz N)
(5B)Y,2) + f(B(D] N), Z) + f(BY,DzN)
(2B)Y,Z) +2f(BY, RZ) (35)

a8
5B

-

(
(
=11
Fare

Using (34) and (35) one obtains the result. q.e.d.

Proposition 5.3 For normal variations

OH,
~nZ(0) = Af + f Rice(N) — f]| B
Proof. Take a frame fied ey, ..., e,, ent1 = N adapted to the immersion = for

which X is a variation. Then it is clear that

.2‘: (B2, e;) = Z (Be;, Be;) Z h = J|BJi2 (36)
i= =1 i,j=1
Z e:grad(f),e;) = Af (37)
11

and, by definition,

RZCC Zl N euN et = ZE 671-+—1‘Rn-§-lrn-f-lt ZRn+lin+ll' (38)

y=Il g==
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Observe that

6H_"6h,','_" s o
‘-nW - Z ot . it (( 3t )el7el> (39)

i=1 ) i

Now we apply Lemma(5.2) and use equations (36), (37) and (38) to obtain the

assertion of the proposition. q.e.d.

To conclude, we observe that Theorem(3.4) follows from the above proposi-

tion.
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