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1 Introduction

Let R"™(K) , n > 2, be a space form of sectional curvature K = —1,0, or +1 and m an
integer, 1 < m < n. In this paper we establish several a priori bounds for solutions of the
following geometric problem: under what conditions a given function ¢ : R"™(K) — (0, 00)
is the m-th mean curvature H,, of a hypersurface M embedded in R"™!(K) as a graph over
a sphere?

Let us formulate the problem more precisely. First we describe the space R"(K) in a
form convenient for our purposes. In Euclidean space R"*! fix the origin O and a unit sphere
S™ centered at O. Denote by u a point on S™ and let (u, p) be the spherical coordinates in
R™1. The standard metric on S™ induced from R"*! we denote by e. Let a = const, 0 <
a<oo, [=1[0,a),and f(p) a positive C*> function on I such that f(0) = 0. Introduce in
R™1 a new metric

h=dp* + f(p)e. (1)
When a = oo and f(p) = p? the space (R"1 h) is the Euclidean space = R"*!. When
a = oo and f(p) = sinh®p the space (R"', h) = R"*(—1) is the hyperbolic space H"*!
with sectional curvature —1 and when a = 7/2, f(p) = sin®p, (R"*', h) = R"(1) is
the elliptic space S_Trl with sectional curvature +1. By the m-th mean curvature, H,,,
we understand here the normalized elementary symmetric function of order m of principal
curvatures Ay, ..., A, of M, that is,

(m) 11<...<in
The problem stated in the beginning can now be formulated as follows. Let ¥ (u, p), u €
S™, p € I, be a given positive function. Under what conditions on v there exists a smooth
hypersurface M given as (u, z(u)), w € S™, z > 0, for which

H,(u) =¢(u,z(u)) on M? (2)
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In Euclidean space R"**(= R™*1(0)) such conditions were found by I. Bakelman and B.
Kantor [2, 3] and A. Treibergs and S.W. Wei [13] when m = 1 (the mean curvature case),
by V. Oliker [11] when m = n (the Gauss curvature case), and by L. Caffarelli, L. Nirenberg
and J. Spruck [6] when 1 < m < n. Other forms of such conditions for the Gauss curvature
case in R"™! were investigated by P. Delanoé [7], Yan Yan Li [10] and others. In our paper
[12] we investigated the Gauss curvature case for hypersurfaces in R"™!(—1) and R""!(1).
Special curvature functions for convex hypersurfaces in Riemannian manifolds have been
considered recently by C. Gerhardt [8] (see also other references there).

In all investigations of (2) in Euclidean space a priori C°, C' and C? estimates for
solutions of (2) play a central role in the proofs of existence. However, except for the
C° estimates, obtaining these a priori estimates for hypersurfaces in the hyperbolic space
R (—1) and elliptic space R™™(1) is not straight forward and requires new efforts. The
approach of this paper allows us to obtain C! a priori bounds in R""(K) for any 1 < m <n
and K = —1,0,1. When K = 1 we obtain also the C? a priori estimates. Essentially the
same proof of the C? estimate works also in case when K = 0 treated earlier in [11] for
m =n and in [6] for 1 < m < n.

2 Preliminaries

2.1 Local formulas

Unless explicitly stated otherwise, all latin indices are in the range 1, ..., n, the sums are over
this range and summation over repeated lower and upper indices is assumed. Also, since
most of our considerations apply to space forms R"*1(K) , where K can be —1,0 or 1, we
will discuss the general case, indicating explicitly the restriction on K only where necessary.

We consider hypersurfaces in R"™(K) which are graphs over S™. Thus, for a given
smooth positive function z(u), u € S™, we denote by r(u) = (u,z(u)) the graph M of
this function. Throughout the paper we will have to use covariant differentiation on the
sphere S™ and on the hypersurface M. We fix our notation here. First we do it for S™.
Let u',...,u™ be some smooth local coordinates in a coordinate neigborhood U C S™. Let
0; = 0/0u’, i =1,2,...,n, be the corresponding local frame of tangent vectors on U so that
e(9;,0;) = e;;. For a smooth function v on U the first covariant derivative v; = Viv = dv/ou’.
Put V'v = €Yv;0;, where € = (e;;)~'. For the covariant derivative of Vv we have

g - . 0?
Vo, V'v = vg;e’'0; + v,V (7 0;) = Vi0e" 0y (USJ' - ausguj> ’

or, equivalently, '
Vv = vs; — i,
where I'; are the Christoffel symbols of the second kind of the metric e. This differentiation
is extended to vector-valued functions by differentiating each of the components.
Similarly, if 7" is a smooth symmetric (0,2)— tensor on U with components T;; relative
to the dual coframe then the components of its first covariant derivatives on S™ are given by
9T}, k k



When M is a hypersurface in R"*!(K) and g is a metric on M the covariant differentiation
on M is defined as above but with respect to connection of the metric g. In this case for a
smooth function v on M we denote by V,;v and V;;v its first and second covariant derivatives
and similarly for vector-valued functions and smooth symmetric tensors on M.

We now define the metric and the second fundamental form of M in the case when M
is a graph of a smooth and positive function z on S™, that is, M = (u, z(u)), v € S™. In
spherical coordinates (u, p) in R"™(K) we let R = 9/0p. The frame 0y, ...,0,, R is a local
frame along M and a basis of tangent vectors on M is given by r; = 0; + z;R,i = 1,....n.
The metric g = g;jdu’du? on M induced from R"™(K) has coefficients

gi; = feij + 22z and det(gy;) = "7 (f + |V'2|?) det(es)). (3)
Obviously, M is an embedded hypersurface. The inverse matrix (g;;)~" is given by
T 27 i ij
= ) (=) @
The unit normal vector field on M is given by
V'z—fR

NGCEYIZE

The second fundamental form b of M is the normal component of the covariant derivative
in R (K) with respect to connection defined by the metric (1). In local coordinates its
coefficients are given by ([12])

N= ()

(6)

J [12 4 f|v22 “ op 20p 7|’

Note that with our choice of the normal the second fundamental form of a sphere z = const >
0 is positive definite, since for R"*(K) df/0p > 0.

The principal curvatures of M are the eigenvalues of the second fundamental form relative
to the metric g and are the real roots, A, ..., \,,, of the equation

det(bij — )\91]) = 0,

or, of the equivalent equation,
det(aj- — \d}) =0,

where
aj = 9"y (7)

The elementary symmetric function of order m, 1 <m < n, of A = (Aq, ..., \,) is

SmN) =D i A

’i1<---<i7l
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that is, S,,(A\) = F(a}), where F' is the sum of the principal minors of (a}) of order m. It

follows from the preceding discussion that

F(al) = F(“u 2, v?lu ) V;LZ7 V/11Z’ Tt v/nnz)

J

The equation (2) assumes now the form

F(aj) = ¥(u, 2(u)), (8)
where here and for the rest of the paper we put for convenience 1) = (™).
Let I' be the connected component of {A € R™ | S,,(A\) > 0} containing the positive cone
{NER™| A, ..., Ay > 0}

Definition 2.1 A positive function z € C?(S™) is admissible for the operator F if the cor-
responding hypersurface M = (u, z(u)), w € S™, is such that at every point of M with the
choice of the normal as in (5), the principal curvatures (A, ..., \,) € T

It is known, [5], that
OSm 0*Sim
0, Sy = 5o
R R W)
for all A € I', ¢ # j. For the first of the inequalities see also [4]. It is also known that the
function (S,,(A))Y™ is concave on T' [5].
The function

1 df(p)
qQp) = ———— 10
=350 dp 1o
will play an important role in our constructions. Note that for a sphere of radius ¢
F(a}) = (7,)d" (P)),-.- (11)

In R™ g(p) =p~ 1.
For ease of reference we state here two basic properties of the function ¢(p). First note
that it is strictly positive on the interval I (where f is defined). Further, since
dg 1
o f
it is strictly decreasing on I. Also, it follows directly from the definition of function f for
each of the spaces R"™(K) that

(12)

f= . (13)

3 (' estimates

Lemma 3.1 Let 1 < m < n and let (X) be a positive continuous function defined on
R(K) \{0}. Suppose there exist two numbers Ry and Ry, 0 < Ry < Ry < a, such that

¢(u,p) > qm(p) fOT u € Sna P < Rla (14)
Y(u,p) < q"(p) for weS", p> Ry. (15)
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Let z € C%*(S™) be a solution of equation (8). Then
Ry < z(u) < Ry, ueS". (16)
In applications a slightly different form of this estimate is sufficient.

Lemma 3.2 Let 1 <m <n and let (X)) be a positive continuous function in the annulus
Q: uelS" pel[R, Ry, 0< Ry < Ry < a. Suppose ¢ satisfies the conditions:
¢(u, Rl) > qm(Rl) f07’ u € Sn, (17)
Y(u, Ry) < q™(Ry) for ue S™. (18)
Let z € C%*(S™) be a solution of equation (8) and Ry < z(u) < Ry, wu € S™. Then either

z= Ry, or z= Ry, or

Ry < z(u) < Ry, ueS™ (19

Proof of Lemma 3.1. Suppose there exists a point 4 € S™ such that mazgnz(u) =
z(u) > Ry. At u grad z =0 and Hess(z) < 0. Then at @

~—

i _ L i
97 = ?eja bij = —Hess(z) + fqei; > fqey;,

and a; > ¢d%. Consequently,

F(af) = ¥(t, R2) > (7,)0™()),-n,

which contradicts the inequality (15). Similarly it is shown that Ry > z(u).
The Lemma 3.2 is a consequence of a strong maximum principle as in [1], Theorem 1.

4 (- estimate

Theorem 4.1 Let 1 < m < n and let (X)) be a positive C* function in the annulus
Q: ueS" pe|[R, Ry, 0< R <Ry <a. Let z € C3(S™) be an admissible solution of
equation (8) satisfying the inequalities

Ry < z(u) < Ry, ueS". (20)

Suppose, in addition, that for all u € S™ and p € [Ry, Rs] 1 satisfies one of the following
conditions:
if the sectional curvature K =0 or 1 then

0 o _

o [W(u, p)g ™ (p)] < 0; (21)
if the sectional curvature K = —1 then

0

e m/2

5 [W(u, p)f™2(p)] < 0. (22)
Then

lgrad z| < C (23)

where C' is a constant depending only on m,n, Ry, Ry, 1, gradi.
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Proof. It will be convenient to make the substitution

v(u) = q(p)]p=2(w)-
Using (12) we get

; 1
v = —27, Vi = 7 l—V;jz + %zizj] :
where f, denotes the derivative of f with respect to p. Then
1 1
V;j'U + V€ = ? [—v;]Z + %ZiZj + §fp6ij] .
Using (4), (6) and (7) we obtain
. 1 . fvivj ) .
1) — _ gy . s - 7 — 1] i
g f [6 1+f|v/v‘2] (U € U.])’
bij = A(V{ V4 ve;;)
() 1) 11/

V14 IV

i (1+ fIV'v|})et — foiv®
= A

] (Vi v+ veg)). (24)

Put
p2 — 'l}2 + |V/,U|2 + K, Pis — p26i8 _ UiUS, Wsj = V;jy —+ Ves;.
Note that by (13) and (20) v > ¢ > 1 for K = —1 and v > ¢ > 0 for K = 0,1, where the
constsnts ¢ and ¢ depend only on Ry and R,. Using (13) with ¢ = v we rewrite (24) in the

form
. VUP+ K
a; = ———P"W;. (25)
p
The C° bounds of v imply that p > ¢ = const > on S™, where ¢ depends only on R; and Rs.
In order to estimate |V'v| we estimate the maximum of the function

¢ = p°n(v),

where 7 is a positive function to be specified later. This will give us an estimate of |V'v| and
therefore of |V'z|.

Let u € S™ be the point where the maxgn ¢(u) is attained, that is, maxgn ¢(u) = ¢(u).
Assume that @ is the origin of a local coordinate system on S™ chosen so that at @ the
corresponding local frame of tangent vectors to S™ is orthonormal. Then at @ the covariant
derivatives coincide with the usual derivatives. At u we have

Q.|Q.
< |3

¢ = 2pVipn +p*nv; =0 and  ¢u(=V0) <0,i=1,2,..,n (n'=—-").  (26)

The first of these conditions implies

pVip = v (Vv +vey) = v'Wy = ———u;. (27)



It follows from (25) that at @

. 24 K ) I
al = VU R <62kaj + n—vlvj) :
p Ui

The second condition in (26) together with (27) give

1

I\ 2 /
T _y <Q> p*v? +p2n—V;,-v <0,
n n

2(V;~’U5W5i + USV;WSZ') + 1

where " = %.
By the Ricci identity on S™

ViWy = V.W;.
Applying it in (29) we get

"

N 2 /
T <Q> p*u? +p2lV;iv <O0.
n n

Q(V;USWSZ' + USV;WM) + 1

Next, we differentiate covariantly on S™ the equation (8),

Ejvls ; = 1;8 + QZUUS7

(28)

(29)

(31)

where the subscript v at 1), denotes differentiation with respect to v. Then, we multiply (31)
by v and sum over s. This is a lengthy calculation and we break it down into several steps.

Using (25) and (27) we obtain at «

USV,S\/U2+K _ VK] v 3 / |V/U‘2
p3 p3 U2—|—K
and
e g v 31 7 2

Next, we have with repeated use of (27)
vV’ Pikaj = 2ppsvseikaj - USV;vikakj — UivSV;kakj

pd ([ 2
— v2 _—|V’ *a’ + 5 (%) |V'v|*v'v; — pz% (p_% +v> v';.

Then, taking into account that p? = v? + |V'v|> + K, we obtain

sV 2+ K / _ VP + K K / 2 /
oY ER g pikyy = L grmg — Y v _g < ) + Lol |Duf?,
P n P n)

where we put
|Dv|? = Flv'v;.

7
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Multiply now (31) by v* and sum over s. Then, using (32), (33), we get

v2+ K
P

i _ - muy
Vv F) PRV Wy = v + lwv — 2+K] V0|2 (34)

v?+ K ( n )2 n
+ =v

2 U U
We transform (34) as follows. Assuming that |V'v| # 0 (otherwise the needed estimate

is obvious), we can rotate the local frame so that Vv = v'0;. At @ eij = 0;; and it follows
from (27) that at @

24+ K

/
—n—m@@|V'v|2 - | Dvl?,
2n

Viv=v;=W; =0 when i>1.
By rotating the frame 05, ..., 0, at @ we can diagonalize the matrix (v;;) at @. Then by (28)
v?+ K ", ; v+ K

a; = —— (v +vo +=—v7), a;=——769—/(v;;+vd;) for i >1, at=0 if 7 #7.
1 » (V11 +vd11 2 1) P ( ) : £

Consequently, the matrix (FY) is diagonal at .
The matrix (P%) is also diagonal at @ with P* = p? — (v1)? = v? + K and P% = p? for
i > 1. Thus, (34) becomes

v+ K i i — - mmﬁ
TvleP” VWi = o1 + l%; - m] v} (35)
2
noo- v+ K U2+K<U/> ' 12
——myv] + — | +=v| Fjv
2 1 5 1 1 1Y
In the chosen coordinates the inequality (30) assumes the form
' A% U4
2(2 VisWei + i VIWy) + | — — 2 (5) p*v; —i—p2gvm < 0. (36)
s n

By the first of the inequalities in (9) F/ > 0 and P“ > 0 by the C° bounds, as it was
explained in the beginning of this section. For each i = 1,2, ..., n we multiply the inequality
(36) by F/P7* and sum over i. Then we obtain

o o n’ n ?
0 FyP"V\ Wy < —F Py 0 Wi — | o= — <g>

2
2F plly, 2 p Q,ngjivii
21 2’

3 " 7\ 2 Fz J
i pji vp i g Ui Ui ol 2 D01 a; P’ 7”7 i i
= —F'PP'Wi+ ———=Flal— |2~ — |~ FiPYol = =~ == Fip7
SRV [277 <77> Y Y2 VP+ K Z
omyp® PPy my n () 7
< - |~ — [~ | | PPFP™M 2+——ZFZP” (37)
v+ K 2nVvr+ K 2n n




Combining this inequality with (35) we obtain

B 2.0 21 K " 7 2 2L Koun o
S oo e L (2) Frpng? 4 YU E RV S
2 p 2n n p 2175
- - muy o VK v+ K () o
> vy + [wv — ﬁ] vf — g—nmibvf + 5 % + %v Fllvf. (38)

It can be shown that each of the conditions (21), (22) imply in each of the respective
cases that ;
- muv
v 20 (39)
In order not to interrupt the present arguments we will postpone the proof of (39) till the
end of this section. )
Using (39) we strengthen the inequality (38) by deleting the term with b, — v’?ﬁ( In
addition, we simplify it by using the fact that P! = v? + K and also regroup the terms.
Then (38) becomes

2 Jyan! /
= = + K v+ K ,
vy < omap — (v Jmin + 2 U2 %ZFZ + JVv? + Ko F}, (40)

2n
77// n/ 2
7 ( 7 ) '

We claim that the function 7 can be chosen so that J < 0. First note that without loss of
generality it may be assumed that maxgn |V'v| > maxgn V0?2 + K. Otherwise, the required
estimate is trivial. With this assumption we have the following estimates

pU |V'v|v V2

<(1+— =A

where
v+ K) v vlv] v (v? + K)
2p

|V'v|(v? + K) S ming. (v? + K)
2p N 2v/2

By the C%-estimates A > 0, B > 0. We choose now the function 7 by setting

(= B).

) = explQF exp {2},

where () is a positive constant to be specified later. Then at u we have

/ /

2
T Qexp(-AVy (M) Z oA epr-AY
P ——qew(-G) T () —ogent-)

and
J = QeXp{_%}{[_M + pu + Ulv] — éM} < 0.

2puy 211 ? B 2p



Consequently, the last term on the right side of (40) can be deleted.
We consider now the remaining terms in (40). We have

povovr + K v2 K - Av pv v? + ;
RS b - Qw4 e

Since ¢ > 0, the 3°; F! admits a positive lower bound depending only on 9); see [9]. Therefore,

Av vV + K .
eXp{——U}%ZFZ >c¢>0

where ¢ is a constant depending only on v, Ry, Ry, m,n. Thus, we can choose ) so that

Av oV/o? +
Qexp{——v}v Y ZF — max|gmdw| >c; >0

with the choice of @ dependent only on v, Ry, Ry, m,n, |grady)|. Then the inequality (40)
assumes the form

ap < vmip + Q% {——}

which implies a bound on p at 4. Then

n%axgb < ¢y < 00,

where ¢, depends only on 9, Ry, Ry, m,n, |gradi)|. This implies the required bound (23).
In order to complete the proof it remains to establish (39). Consider first the case K = 1.
We transform the condition (21) in Theorem 4.1 as follows. Using (12), (13) we get

0

ap Wa"] = a7, + ma (@ + K)Y] <0, (41)

where 1, = (w Using the relation v = ¢(p), we obtain with the use of (12) and (13)

% _f:_qzjltK’ Yo = v;ipK
and it follows from (41) that
—hy +mup <0 (42)
Since K > 0, (42) implies that
. muyp - omyp

wv_

> Wy —
2+ K v

and (39) is established.
Suppose now that K = 0. Then, arguing as in the case K = 1, we conclude that the left
hand side of condition (21) is transformed into

% - mv_lwv
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which together with (21) implies (39).
Finally, consider the case when K = —1. It follows from condition (22) and definition of
q that
—,(v? + K) +muy < 0.

The proof of Theorem 4.1 is now complete.
Remark 1. In the case K > 0 the proof of the gradient estimate can be completed by
setting 7 = 1 in (38). Then it follows from (38) that

_ _ _ v -1 9
vmap > oy + |1, — o me vy (44)
Together with (43) this establishes the required estimate (23).

Remark 2. If in Theorem 4.1 m = n then the the estimate (23) is true without the
conditions (21) and (22); see [11, 12]. In this case it can be shown that V'v = 0 at the
point where the maxg» p? is attained. This obviously implies an estimate of |V'v| by the

maxgn (v + K).

5 (?-estimate

Let z € C*(S™) be an admissible solution of equation (8). Let M be a hypersurface in
R™1(1) given as a graph of z over S™. In this section an estimate of the maximal principal
curvature of the hypersurface M is obtained. Such an estimate together with the C°— and
C'— a priori estimates in sections 3 and 4 implies an a priori estimate of the C? norm of
solutions to the equation (8).

Many of our considerations here are valid for R"™(K) with K = —1,0,1 and may be
useful in other instances. For that reason we will state and prove some of the preliminary
results for an arbitrary space form. Unfortunately, the arguments in the proof of Theorem
5.2 are valid only when sectional curvature K is equal to either 1 or 0.

5.1 More local formulas

It is convenient to use a common framework to model R" ™ (K) in which the hyperbolic space
R™1(—1) is modeled as the upper sheet of the two-sheeted hyperboloid in the (n + 2)-
dimensional Minkowski space with Lorentz metric and the elliptic space R"*1(1) as the
upper hemisphere of S"! in Euclidean space R"*2. We can combine all three cases (including
Euclidean space) by introducing the space

Ln+2 = {P = (p07p17 cee apn+1)| Do, P1y---sPn+1 € R}

with the metric
(,) = Kdpg + dp} +...dp2 ;.

In this setting R""!(K) is identified with the appropriate hypersurface

{pe L™ (pp)=K,}
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where in case of K = —1 we take py > 1, when K = 1 we take py > 0 and when K = 0 we
take py = 0.

Let S™ be a unit sphere centered at the origin and lying in the hyperplane py = 0 in L"*2.
Put ep = (1,0,...,0). When K = £1 we represent the hypersurface M in R"*(K) defined
by function z(u), u € S™, as

X(u) =c(z(u)) eg + s(z(u)) u, (45)
where u is treated as a point on S™ and also as a unit vector and

ds

s(p) =/ f(p), c= d_p

When K =0
X(u) = z(u)u.

As in section 2.1 we let u!,...,u™ be some local coordinates on M and X; = 9,X, i =
1,...,n, the corresponding local frame of tangent vectors. The unit normal N to M (as a
submanifold of L™"*2) oriented in the inward direction is given by

1
N = Kf(2)eg+ V'z — c(2)s(2)u). 46
f(z)+|V’z|2( (2) (2)s(z)u) (46)

We record here the Weingarten, Codazzi, Gauss, and Ricci equations on M.

ViN = —bisg* X, (47)
VijN = — Z ijiSQSka - Z bisQSkbij + Kby X, (48)
s,k s,k
Vibjr = Vibji, (49)
Rijer = birbji — bubjk + K(gikgj — 9u9ik), (51)
ViVibi; — ViViby; = > buRyji + Y bji R, (52)
! !

where V; and V;; denote covariant differentiation in the metric g on M with respect to some
local coordinates on M.

5.2 An estimate of the maximal normal curvature of M

Let k; > ... > k, be the principal curvatures of M. Since the function ¢ in (8) is positive,
it follows that Y, k; > 0 on M and therefore k; > 0.

Lemma 5.1 Let 1 <m <n and let (X) be a positive C? function in the annulus Q0 : u €
S" pe[Ry, Ry, 0< Ry < Ry <a. Let z € C*(S™) be an admissible solution of equation
(8) in R"(1). Let w be a point on M and coordinates u', ..., u™ with origin at @ in some
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neighborhood U of u are such that the frame Xy, ..., X, is orthonormal in metric g on U
and the second fundamental form b;; is diagonal at w. Then at u

_ 1 )2 _ _ .
'QDII — (1 — E % ZF szbll + bll Zsz2 - b%lm,lvb + K(m,lvb - bll ZF’;)7 (53)
where P
Y1 = Vi + 9. Viz (% = 0¢>
z
and

2
Y = Vi + 2V, Viz + 1., (V12)? + 9, Vi 2 <¢ZZ _9 ¢> ,

Proof. First we calculate the first covariant derivative (in the metric g) of the equation (8)
with respect to u;. This derivative is given by

> FIVial =y, (54)
i7j
The second covariant derivative is given by

OF;
3 5 kvlakvla + 3 FIVnad =y (55)

i,4,k,s i,J

Note that the metric g is constant with respect to the operator V and therefore at «
Vial = Vb

Taking into account that F; and b;; are both diagonal at 4, it follows from (54) that

Similarly, at @ we have
> "Vial = Z ok [V1b;V1bs; — (V1bi;)?]
- a k 1 - ab ab 1Y54 i 1Y55 .
i, Jok

Since F'/™(al) = SY™(ky, ..., kn), we can use the second inequality in (9) to delete the term
with the negative sign on the right. Then

OF) 0*F
> D SViaj < Z = V103 Vb (57)
idkys 55 V04
i#s, j#k
Using concavity of F*/™(a]) we get

PF |

<(1— )= _ o\

Zab Vb Vb < (1 (ZF Vb, ) 1-4



The equality on the right follows from (56). This inequality, (57) and (55) give

ZFfvllbii > —(1— =) (58)

m’
We transform the left side of this inequality as follows. Using (49) and (52) we obtain

Vi1bis = Vb = Vi by + Z bir Rrsi1 + Z i Rr1i1-
& ke

By (49) V1b1; = Vb1 and applying the Gauss equations (51) we get at @

Viibii = Viibiy + Z bik (bribin — bribii + K (0ki0in — 0k10:))
k

+ > bis(bribin — brabi; + K (0ri011 — 0x161;))
k
= Viibi1 + bi1b}; — by by + K (b1101;61 — biidy; + by — bindi,).
Noting that at @ Y°; Fib; = ma), we get

Z FfVllbn = Z FZV“bll + bll Z F’Zbi — bflm@@ + K(mzﬂ — bll Z F’Z) (59)

This expression and (58) give (53).

Theorem 5.2 Let 1 < m < n and let Y(X) be a positive C* function in the annulus
Q: ueS" pe|[R, Ry, 0< R <Ry <a. Let z € CHS™) be an admissible solution of
equation (8) in R™1(1) satisfying the inequalities

Ry < z(u) < Ry, uels” (60)
and
|V'z| < C = const on S". (61)
Then
Iz le2gsm< Ch, (62)

where the constant Cy depends only on m,n, Ry, Ry, C, || ¥ ||c2(q) -

Proof. We estimate the maximal principal curvature of M. Such an estimate together
with the C°— and C"'— estimates implies an estimate of || z ||c2(sn). We preserve here the
notation used in the proof of the preceding lemma. Put

T(u) = (N(u), ), n(u) = (X(u), eo)

It follows from (60) and (61) that the function 7 on M is uniformly bounded away from 0
and oo. Let

(63)



Again, because of the estimates (60) and (61), in order to estimate the maximal curvature
ki1 on M it suffices to estimate max;s w.

The function w is similar to the function g in [6], section 4, but here we work in elliptic
space. Also, in our proof we do not use the special local coordinates used in [6] and this
simplifies the computations.

Let w € M be a point where the function w attains its maximum and the coordinates
ul, ..., u™ are as in Lemma 5.1. Then Fl-j ab when ¢ = 7 and F’ = 0 otherwise. Note that
at @ the covariant derivatives coincide with the usual derivatives.

At u we have V,;w = 0, which implies

Vibu _ VT (64)
bll T
and ) ,
Viiw = Vb (Vibu )" VaT + (vﬂ> <0, 1=1,2,....,n (65)
bll bll T T

Squaring (64) and substituting in (65) we get

Viibi < Viﬂ_.
bll T

(66)

Using definitions of functions 7 and 7 and the Weingarten, Codazzi and Gauss equations
(with K = 1), we obtain

Vit = —=bVin, Vum = — Z VsnVby — Tb?i +nbii, Vin = Tbyi — ndy;.

Substituting these expressions into (66) we get

vmbll
bll

bii
<z sznv bis — b2 + 7’7 .

At @ F} is diagonal and F} > 0 by (9). Multiplying the last inequality by F}, summing over
i and taking into account that =, F'b;; = ma), we obtain

b Z FZV”bH < — Z Van ¢ + Z }7Z (67)
11

Consider now the inequality (53) in Lemma 5.1. We use the estimate (67) to bound the
first term on the right of (53). Also, we strengthen the inequality (53) by deleting the term
—b11 >; /. Then (53) assumes the form

% _bu

Ui —(1— E) v <Z Van Vst + m@bn) +map — by ma. (68)

Next, we observe that the max,; 17| is bounded by a constant depending only on 1, its first
derivatives, and C'— norm of z. Similarly, max |111| is bounded by a constant depending
on the same quantities, || ¢ [[c2@) and maxy, |[V],2|. On the other hand, it follows from
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(6) that |Vi;2z| < ca|lbii| + c3, where the constants ¢, c3 depend only on R;, Ry and C
in (61). Then, it follows from (68) that by; is bounded by a constant depending only on
m,n, Ry, R, 1, gradi, |gradz|. 1t follows from (63) that max,by; is bounded by a constant
depending on the same quantities. Now, (6) implies the required estimate (62).

Remark. Essentially the same arguments give also the estimate (62) in the case when
K = 0 treated earlier in [11] for m = n and in [6] for general m, 1 <m < n. The required
modifications reduce to replacing the function 7(u) by 7(u) = (N(u), X (u)), setting n(u) = 0,
and using Lemma 5.1 with K = 0. The calculations using the Weingarten, Codazzi, Gauss,
and Ricci equations should also be adjusted accordingly.
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