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ABSTRACT

This work provides a study of some aspects of vector and tensor fields as well as their ef-
fects in the context of Lorentz spontaneous symmetry breaking. Notably, we have focused on
bumblebee models in which there exist a vector field Bµ which acquires a nonzero vacuum ex-
pectation value. The study of the antisymmetric tensor, the Kalb-Ramond field, is provided as
well showing a similar nonzero vacuum expectation value for the tensor field Bµν . The modi-
fied propagator of the Kalb-Ramond field was calculated. To accomplish this, we implemented
a closed algebra with six projectors which were the requirement for inverting the wave operator
associated with the Lagrangian density of the theory. The massive mode, in agreement with
bumblebee models, do not propagate and, therefore, do not contribute to the calculation of the
interparticle potential.

Keywords: Lorentz violation. Anti-symmetric tensor. Bumblebee. Weak field approxima-
tion. Propagator.
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Chapter 1

Introduction

1.1 An overview

"The standard model of particle physics describes forces and particles very well,

but when you throw gravity into the equation, it all falls apart. You have to fudge the figures to

make it work". - Lisa Randall [1]

Through the years, the physics has been built up by some concepts which afterwards

turned out to be unified [2, 3]. In other words, it reflects some events with different phenomena

which were recognized to be related to each other and some theories which were adjusted to fit

in such an approach. One of the most remarkable unification happened in the early nineteenth

century, the electromagnetism1. From 1771 through 1773, Henry Cavendish [4] tried to make

an experiment (based on electrostatic theory) which would be known after his name, however,

was Charles Augustin de Coulomb [5] who first built it up and added it up in 1785.

At the beginning of the nineteenth century, Hans Christian Oersted [6] realized that

when an electric current on a wire was put nearby to the compass, its nail was deflected. Short

after, André-Marie Ampère (1820–1825) [7] and Jean-Baptiste Biot Felix Savart (1820) [8]

had established that the magnetic field could be produced by an alternating electric current.

Following the odds of science in that epoch, a decisive step was given by Michael Faraday

(1831) [9], who showed that instead of having an alternating electric current for producing

a magnetic field, this field could produce an electric field as well. Equations which govern

these situations were consistently added up by James Clerk Maxwell (1865) [10] which would

1Both physical phenomena, electricity and magnetism, were thought to be disconnected from each other. How-
ever, was with magnetism which was shown indeed a connection between them.
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become to be known as Maxwell’s equations.

In the late 1960s, another fundamental unification occurred which was about one

hundred years after Maxwell‘s works. This uncovered a deep relationship between the electro-

magnetism and the weak interactions2 [11].

Following scientific flux, a remarkable idea was introduced by Albert Einstein [12]

who made the theory of relativity3. In this theory, one finds out a straight conceptual unification

of space and time [13]. In nature, the merging of space and time into a continuous media turned

out to represent a new insight where all physical phenomena could take place. Newtonian

mechanics [14] was rather substituted by relativistic mechanics [13], and the previous ideas of

absolute time were put away. Moreover, mass and energy were shown to be correlated with

each other [15]!

Another remarkable theory was brought about mainly by Erwin Schrödinger [16],

Werner Heisenberg [17], and Paul Dirac [18–21]. They discovered what would be known af-

terwards as Quantum Mechanics. It was verified to be a framework in which could describe

correctly small bodies4, the microscopic world [22, 23]. In this theory, instead of having classi-

cal variables, the new variables turn out to become operators (observables) [24–26]. Moreover,

if two operators commute, their corresponding observables are able to be measured simultane-

ously.

In the context of knowledge of the fundamental forces, we had better look at the

gravitational one. Although was known since long ago, it was first mathematically described

by Sr. Isaac Newton [14]. Afterwards, gravity was reformulated within Einstein’s theory of

relativity [13]. In such an approach, the media where the events are able to take place is the

so-called spacetime which borns on its own, and the gravitational force5 emerges due to its

dynamical curvature [27–29]. As anyone is used to knowing, Einstein’s theory of relativity

was released purely as a classical theory of gravitation rather than a quantum one. Passing

through the second fundamental force, we stumble upon the electromagnetic one. In addition,

it is worth remarking that Maxwell’s theory is integrally consistent with Einstein’s theory of

relativity mentioned previously. Looking at the third fundamental one, which in this case, was

considered as being the weak force. For instance, this is answerable for nuclear beta decay [30]

in which a neutron decays into a proton6. Despite nuclear beta decay be known since the

2For well understanding, it is highly recommended overview some key facts which happened after its develop-
ments.

3It is worth mentioning that Einstein made two remarkable postulates: all inertial frame must be in agreement
with each other and nothing could travel faster than light (causality).

4The fundamental particles and so forth.
5In the text, this force is considered the first fundamental one.
6By the way, in general, the processes which neutrinos are involved are mediated by the weak force [31–35].
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late nineteenth century7, it was not ascribed to a new force, rather it would take hold about

the middle of the twentieth century. On the other hand, the weak interaction is much weaker

than the electromagnetic one, that is why we are not able to see it working (its effects) in

our daily life. For ending the discussion of these fundamental forces started above, the strong

interaction [36–40] is the last one. In nowadays, it is also called the color force [41] and plays

a role in holding the subatomic particles all together which are added up to forming the nuclei

structure as we can see in nature. Their smallest fundamental constituents, which can not be

seen in an isolated form, are called quarks [42] which are maintained coupled with each other

by a tight interaction due to the color force.

It is time to come back to the subject of unification which was introduced previously.

Within a consistent unified framework, in the late 1960s, the Glashow-Weinberg–Salam model

of electroweak interactions [11, 43, 44] put both the electromagnetism and the weak interaction

together. The theory was initially performed by regarding only massless particles whose carried

the force. In nature, there exists a process called symmetry breaking [45–52] and afterwards

Peter Higgs [53, 54] who gave a better interpretation which would give him the Nobel prize.

Summarily, the particles W+, W−, and the Z0
8, which were formulated for being massless,

for the sake to maintaining the gauge invariance9, [41, 55–58], could acquire mass due to the

symmetry breaking process. However, in agreement with the predictions of the Standard Model,

there is a remaining massless particle, the photon10.

Due to the insufficiency of describing particles (small bodies) accurately, the clas-

sical electromagnetism turned out to be substituted by the quantum electrodynamics (QED), its

quantum version [35]. In this theory, the photon appears to be a quantized package [41, 55,

56, 58] (a quantum) of the electromagnetic field. In accordance with it, the theory of the weak

interactions is regarded to be a quantum version as well and named quantum electroweak.

On the other hand, in the case of the strong color interaction, the quantization pro-

cedure is provided as well, and the theory which governs it is considered to be quantum chro-

modynamics (QCD) [59–62]. Analogously to the others forces, the carriers of the color force

are eight massless particles [41, 55]. They are colored gluons [63, 64], and in accordance with

quarks, they are not able to be visualized in an isolated form in nature. The quarks appear in

three different colors and can be felt by gluons because they carry color.

The quantum chromodynamics together with the electroweak theory encapsulates

the so-called Standard Model of particle physics [65–67]. In this model, there are interactions

7How strength it is given by the Fermi constant.
8These three particles are the carriers of the weak interaction.
9The theory which is based on the gauge symmetry reflects a "well behavior theory". In other words, the theory

which lies in the gauge group often turns out to be renormalizable!
10The photon is the carrier of the electromagnetic interaction.
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between QCD and electroweak sector because some particles can feel both kinds of interactions.

Until now, the Standard Model summarizes well the current knowledge of particle physics and

some physicists believe that this model is only a step forward in the formulation of a complete

theory [2]. As a non-perfect theory, the Standard Model has some problems such that: it does

not suffice to explain the neutrino mass [68] and gravity. In addition, there is, however, a

problem when one tries to incorporate the gravitational sector in the Standard Model. Due to

the success of quantum theory, it is highly believed that gravity might have a quantum-like

version. As a consequence of trying to make a quantum version of gravity, the resulting theory

of quantum gravity has appeared to be an ill-defined [3] because it cannot be renormalized. For

a better comprehension of the Big-Bang as well as certain properties of black holes, a quantum

formulation of the quantum gravity seems to be reasonable. For the sake of formulating a

consistent and complete theory which includes gravity, it might as well be required to build up

a unified theory [3].

1.2 String theory

"String theory has the potential to show that all of the wondrous happenings in the

universe - from the frantic dance of subatomic quarks to the stately waltz of orbiting binary

stars; from the primordial fireball of the big bang to the majestic swirl of heavenly galaxies -

are reflections of one, grand physical principle, one master equation" . - Brian Greene [69]

For a unification of all interactions present in nature, string theory is a remarkable

candidate. Actually, in this theory, all kind of particles are considered to be unified since they

emerge from string vibrations. In essence, string theory is a quantum theory and, since there

exists gravitation within the theory, it is a quantum formulation of gravity. In this viewpoint, and

bringing up the failure of Einstein’s procedure to yield a quantum version, one might make out

that all others interactions are needed to get a concise description of the quantum gravitational

sector.

One interesting question which we could ask ourselves would be: how the string

theory can give a unified approach? The answer lies in the deep of the theory. In this theory,

particles are required to be the specific vibration modes of fundamental "microscopic" strings.

Analogously to the violin strings11, the vibrational string modes can be pointed out to corre-

spond to the different particles which nature holds.

11It is capable of vibrating in different kinds of modes and each mode is ascribed to a different sound.

Page 14



Introduction String theory

What about the particle decay in the context of string theory? How would be the

interpretation? Whenever we stumble upon some physical decay process for instance γ −→
β + α (where an elementary particle γ decays into β and α), we might as well imagine a single

vibrating string which can be considered as a particle γ which has broken into two strings which

their vibrations are associated with particles β and α.

The treatment of uniqueness seems to be reasonable when one considers string the-

ory12. It would probably be demotivating to have a lot of eligible candidates for a theory of

all forces. The indicative which string theory is unique is because it does not have adjustable

dimensionless parameters13 which are in accordance with the dimensionality of spacetime. On

the other hand, in agreement with we have mentioned above, the Standard Model of particle

physics has an average of twenty parameters which should be reorganized conveniently and

then, cannot be considered unique.

As we are used to knowing, the physical spacetime is composed by one time and

three-dimensional space coordinates. In the SM, this information, which is used to added up

the theory, is not derived. On the other hand, within string theory, the number of dimensions

emerges from the calculation and instead of four, as one is used to knowing, there exist twenty-

six dimensions!

For having more details, let us start off with some subdivisions of the theory. Firstly,

there exist open and closed strings. Basically, while open strings have two endpoints, closed

strings have no endpoints. Secondly, there exist bosonic strings (see Figure 1) which hold in 26

dimensions, and then, bosons can be represented by their vibrations.

Figure 1: This picture represents the closed string keep dancing on its own. It produces particles
associated with its vibration. By the way, the vibrations coming from closed strings may be
associated with the massless Kalb–Ramond field which has a remarkable role in my work (see
Chapter 3).

12Because all particles come from their vibrations.
13String theory has one dimensionful parameter, which is called the string length ls. In a roughly speaking, it

can be imagined as the "size" of string.
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Another remarkable scenario, which may be most easily explained using covariant

string theory, is when the Lorentz symmetry breakdown. It becomes natural when there exists

an unstable perturbative string vacuum. The basic idea would be the Lorentz symmetry could

be spontaneously broken by the generation of negative square masses due to the Lorentz tensor

[70]. It was first investigated by Kostelecký and Samuel in 1989 [70] which had examined

the covariant string field theory of open bosonic strings to figure out an attempt to explain

the violation of the Poincaré group in the compactification of strings14. Moreover, that work

provides the analysis whether right couplings were carried out for Lorentz symmetry breaking.

Within particle field theory, spontaneous symmetry breaking can occur when the

symmetry of the ground state of the theory no longer exists. This situation arises when there

exists a naïve perturbed vacuum which leaves the vacuum unstable. Some fields acquire nonzero

vacuum expectation values and therefore, the symmetry is spontaneously broken.

In addition, there exists another approach which borns within string theory, the

Kalb-Ramond field15. In essence, it is a quantum field which transforms as a 2-form, an anti-

symmetric tensor. It was firstly required when Kalb and Ramond considered the direct coupling

of the area elements of the world sheets, for the sake to generalize the electromagnetic poten-

tial16 [71]. The Kalb–Ramond field [71] could show up with the dilaton and the metric tensor

as being massless excitations coming from closed string [3, 71, 72].

For finishing, this work is divided as follows: In Chapter 2, we make a review of

the consequences due to the Lorentz violation in the gravitational scenario. It is focused on

bumblebee models that the graviton couples with a vector field Bµ. In Chapter 3, we study the

spontaneous Lorentz symmetry breaking due to an anti-symmetric 2-tensor field in Minkowski

spacetime. Besides, we calculate a new complete set of spin-projection operators, which suf-

ficed to evaluate the propagator of the Kalb-Ramond field in the context of Lorentz violation.

In Chapter 4, we make the conclusion. In the Appendices, we explain some concepts such as:

how to obtain Einstein’s equation from the variational method, the Higgs mechanism and the

propagator of the Kalb-Ramond field.

14Because the compactification was regarded to be just an effective theory.
15It was named after Michael Kalb and Pierre Ramond [71].
16"The basic difference is considering in the fact that the electromagnetic potential is integrated over one-

dimensional worldlines of particles to obtain one of its contributions to the action while the Kalb–Ramond field
must be integrated over the two-dimensional worldsheet of the string" [3].
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Chapter 2

Matter-gravity scattering

This section provides a review of the consequences due to the Lorentz violation in

the gravitational scenario considering quantum gravity as an effective field theory [73]. It is

focused on bumblebee models that the graviton couples with a vector field Bµ. For accom-

plishing the nonrelativistic potential between two scalar particles interacting gravitationally, the

calculation of the scattering matrix was performed as well.

2.1 Lorentz violation: the bumblebee models

"The other energy is the Planck scale energy, which is sixteen orders of magnitude,

or ten million billion times, greater than the weak scale energy: a whopping 1019 GeV. The

Planck scale energy determines the strength of gravitational interactions: Newton’s law says

that the strength is inversely proportional to the second power of that energy. And because

the strength of gravity is small, the Planck scale mass (related to the Planck scale energy by

E = mc2) is big. A huge Planck scale mass is equivalent to extremely feeble gravity". - Lisa

Randall [74]

In theoretical physics, a renaming open problem is putting on an equal footing the

Standard Model (SM), the theory which describes elementary particles, and General Relativity

(GR), the theory which describes the gravitational force as a geometrical effect of spacetime

deformation. If we were able to unify both theories, we could expect a fundamental theory of

quantum gravity [75]. Although the Standard Model is well tested experimentally, it does not

suffice to answer some questions that only a unified theory can do. Such a theory, if there exists,

could provide some mechanisms for discovering and exploring new phenomena beyond those



Matter-gravity scattering Lorentz violation: the bumblebee models

described by the Standard Model and General Relativity. Quantum gravity effects are relevantly

regarded at high energy scale in order to the Planck mass mp ∼ 1.22 · 1019GeV , and then, up

to now, as anyone could reach such scale, no evidence of any signatures of a supposed more

fundamental physical phenomena have been found out. Although the Planck scale remains non-

accessible experimentally, there exist some alternative ways of working on it. Some of them

have been performed by exploring a different point of view which quantum gravity phenomena

could be observed by highlighting its effects at attainable energies.

Figure 2: This Figure shows an illustration of the search for Lorentz violation as a signature of
the Planck scale physics.

One of the most remarkable possibilities is Lorentz symmetry breaking [70] (see

Figure 2). Lorentz violation (LV) can be seen in different contexts as, for instance, string

theory [76], noncommutative field theories [77], warped brane worlds [78] and loop quantum

gravity [79]. Kostelecký and Samuel proposed that due to interactions between strings could

lead to spontaneous Lorentz symmetry breaking (see Figure 3).

Moreover, Kostelecký addressed the proposition of calling the Standard model plus

Lorentz violation as the Standard Model Extension (SME). The SME provides a set of gauge

invariant tensor operators that are in agreement with observer transformations [80] which could

be used to forward Lorentz and CPT violation within the physical context.

Several works have been performed within different scenarios in the SME. For in-

stance, CPT-even gauge was firstly examined by Kostelecký and Mewes [81]. This sector was

also aimed for connecting with its classical solutions [82], consistency aspects [83] and pho-
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Figure 3: This picture shows some interactions (dotted circles) among open and closed strings
on the worldsheet. This would lead to the so-called Lorentz spontaneous symmetry breaking
which agrees with the Bianchi identity.

ton/fermion interactions [84, 85]. Some works have been pointed out Lorentz violation scenar-

ios which have operators related to high dimensions giving remarkable results [86, 87]. Such

high dimensional operators may also be considered within nonminimal interactions terms. On

the other hand, CPT-odd nonminimal fermions coupling was first introduced in reference [88],

which is trending some new developments [89, 90].

The gravitational approach has been well explored in the context of SME. It suf-

fices to describe both explicit and spontaneous symmetry breaking. Nevertheless, whenever

we are working on explicit symmetry breaking we stumble upon an incompatibility [91]. The

continuity equation is no longer satisfied and hence, the Bianchi identity does not work. For

the sake of maintaining the "previous blocks all together", we had better work on spontaneous

symmetry breaking for addressing Lorentz violation in the gravitational scenario [92]. A gen-

eral treatment of local Lorentz frame and diffeomorphism, within the gravitational sector of the

SME, was accomplished by Bluhm and Kostelecký which says if one breaks Diffeomorphism

automatically implies in breaking Lorentz symmetry and vice-versa. [93, 94]. For breaking

symmetries spontaneously, is considered a vector field which acquires a nonzero vacuum ex-

pectation value (VEV) [94] (see Figures 4 and 5). It represents the so-called bumblebee models

(see Figure 6), which was first introduced by Kostelecký and Bluhm [94].

Moreover, there are linearized equations which may be used for studying what hap-

pens to the post-Newtonian corrections [73, 95–97]. In reference [73], was investigated the

low-energy effects considering Lorentz violation background in the gravitational sector of the

Standard Model Extension.
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Figure 4: This picture is just an attempt of trying to visualize a preferred direction (a vector) in
spacetime after occurring the Lorentz spontaneous symmetry breaking.

Figure 5: The illustration of the potential V (BµBµ ∓ b2) (the hammer) triggering the so-called
Lorentz spontaneous symmetry breaking (crashed egg) as well as the following consequences
which are the appearance of Nambu-Goldstone modes (dots) and the appearance of a preferred
direction (a vector) in spacetime (bee with an arrow).

In this sense, using weak field limit, was determined the modified graviton propaga-

tor and checked its effects ascribed to Lorentz violation [73, 98]. It was shown that introducing

a scalar field (coupled with the gravitational field) holds corrections to the so-called Newtonian

potential [73]. Differently of what happens in the standard case (radial symmetry), rather it no

longer has such radial symmetry showing a spatial anisotropy because of a term proportional

to bibjx̂
ix̂j . Indeed, this result is in agreement with post-Newtonian calculations in the gravita-

tional sector of the Standard Model Extension [94, 99, 100]. It is worth pointing out that a new
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Figure 6: This Figure is a comic illustration of bumblebee models. On the sheet of paper, is
written a smooth quadratic potential which triggers Lorentz spontaneous symmetry breaking.

term was found out in reference [73] which is proportional to ∇2 1
r
∼ δ(3)(~x) and may be seen

as a gravitational Darwin term [101].

2.2 The mathematical model

The simplest model regarding Lorentz-violating terms in the gravitational sector

which combine fields that may break spontaneously local Lorentz frame is considered bellow

as follows:

S = SEH + SLV + SM . (2.1)

For starting off, let us consider the first term in equation (2.1), which is represented by the

Einstein-Hilbert action1, given by

SEH =

∫

d4x
√−g

2

κ2
(R− Λ), (2.2)

where
√−g represents the determinant of the metric gµν , R is the Ricci scalar defined as

R = gµνR
µν , Λ is the so-called cosmological constant and the gravitational coupling which

is represented by κ2 = 32πGn. It was proposed to verify the effects due to the Lorentz viola-

tion in the context of nonrelativistic potential within gravitational sector2.

The second term in equation (2.1) is the minimal model of the Standard Model

Extension which encapsulates the coefficients (these will violate Lorentz symmetry) that are

1For more details how to develop Einstein’s field equation from the Einstein Hilbert action as well as the
conservation of the Einstein’s tensor see Appendix A.

2We are able to neglect the consequences ascribed to Λ yielding Λ = 0 from now on.

Page 21



Matter-gravity scattering Perturbation in spacetime

coupled with the Riemann Rµναβ , the Ricci tensor Rµν and the Ricci scalar R:

SLV =

∫

d4x
√−g

2

κ2

(
uR + sµνRµν + tµναβRµναβ

)
, (2.3)

where u, sµν and tµναβ are dynamical fields with zero mass dimension. It is worth mentioning

that since the sµν and tµναβ couple with the Ricci tensor Rµν and the Riemann tensor Rµναβ

respectively, one might expect, for considering the calculations, the same symmetries of them.

We consider the action (2.4) which is assumed to be a scalar (i.e. invariant under general

coordinate transformations). Moreover, for the sake of obtaining the violation of the local

Lorentz frame, a Higgs-like mechanism is presented3.

Looking at the third and last term to the action (2.1) we stumble upon the matter-

gravity couplings4. Nevertheless, it is focused on the effects due to the action (2.3), restricting

the attention to the case whose the matter interacts exclusively with the gravitational field5.

In agreement with the work which was made by Bailey and Kostelecký [94], let us

consider a particular case where tµναβ = 0 for simplifying the calculations. One is able to note

that u and sµν have summed 10 degrees of freedom, which may be regarded as an effective field

theory with a vector field Bµ, whose dynamics is considered when one takes down the following

action:

SB =

∫

d4x
√−g

[

−1

4
BµνB

µν + σBµBνRµν − V
(
BµBµ ∓ b2

)
]

, (2.4)

where the field strength is given by Bµν = ∂µBν − ∂νBν , σ is the coupling constant (dimen-

sionless), and b2 plays the role of the vacuum expectation value due to Bµ field. The VEV is no

longer zero and has the minimum value governed by gµνB
µBν ± b2 = 0 when the field gets a

nonzero vacuum expectation value [70, 92, 94].

Reference [94] gives us the relation between the equation (2.3) and (2.4) which

follows:

u =
1

4
ξBαBα, sµν = ξBµBν − 1

4
ξgµνBαBα, tµναβ = 0, (2.5)

where was considered σ = 2ξ/κ2 for symplicity [73].

3If you are interested in more details about the Higgs Mechanism see Appendix B.
4They include all fields of the standard model as well as the possibility of interacting with u, sµν and t

µναβ

which were mentioned previously.
5For further details involving the Lorentz-violation in the matter sector regarding the SME, one may check in

reference [99] out.
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2.3 Perturbation in spacetime

For verifying the effects due to the gravity-bumblebee coupling with the graviton

propagator, one separates the dynamical fields as a vacuum solution plus fluctuations6. Then,

the fields gµν , gµν , Bµ and Bµ can be rewritten as follows:

gµν = ηµν−κhµν , gµν = ηµν+κhµν , Bµ = bµ+B̃µ, Bµ = bµ+B̃µ−κbνh
µν , (2.6)

where B̃µ and hµν
7 are the previous fluctuations which we have mentioned above and bµ is the

Figure 7: The metric gµν turns out to be regarded as Minkowski spacetime (ηµν) plus a small
perturbation (hµν).

vacuum expectation value of the bumblebee field. Before going on, let us demonstrate the last

expression which appears in equation (2.6). Starting from Bµ = bµ + B̃µ, one writes

gµνB
ν = ηµνb

v + ηµνB̃
ν

Bα = gµα
(

ηµνb
ν + ηµνB̃

ν
)

Bα =(ηµα − κhµα)
(

ηµνb
ν + ηµνB̃

ν
)

Bα = ηµνη
µαbν + ηµαη

µαB̃ν − κ ηµνb
νhµα − κ ηµνB̃

νhµα

︸ ︷︷ ︸

Second order

Bα = bα + B̃α − bµh
µα.

(2.7)

6 This is the standard procedure when one wants to solve an equation up to a perturbation.
7Another way of seeing it is thinking of a small fluctuation around the Minkowski space (see Figure 7).
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And one might try to do the opposite. Starting with Bµ we could get Bµ as well. By the way,

let us try to do this for the sake of verifying the veracity our previous result. It follows that

Bµ = bµ + B̃µ − bνh
µν

gµσBσ = ηµσbσ + ηµσB̃σ − bνh
µν

Bα = gµαη
µσbσ + gµαη

µσB̃σ − gµαbνh
µν

= (ηµα + hµα) η
µσbσ + (ηµα + hµα)η

µσB̃σ − (ηµα + hµα) bνh
µν

= ηµαη
µσbσ + ηµσhµαbσ + ηµαη

µσB̃σ + ηµσhµαB̃σ − ηµαh
µνbν − hµαh

µνbν

= bα + B̃α + ηµσhµαbσ − ηµαh
µνbν

= bα + B̃α

−→ Bµ = bµ + B̃µ,

(2.8)

as we should expect.

Now, didactically let us open equation (2.4):

L =
√−g [−1

4
BµνB

µν + σBµBνRµν − V (BµB
µ ∓ b2)]

=
√−g [−1

4
(∂µBν − ∂νBµ) (∂

µBν − ∂νBµ) + σBµBνRµν − V (BµB
µ ∓ b2)]

=
√−g [−1

4
(∂µBν∂

µBν − ∂µBν∂
νBµ − ∂νBµ∂

µBν + ∂νBµ∂
νBµ) + σBµBνRµν − V (BµB

µ ∓ b2)]

=
√−g [−1

2
(∂µBν∂

µBν − ∂µBν∂
νBµ) + σBµBνR

µν − V (BµB
µ ∓ b2)].

(2.9)

Using the Euler-Lagrange for fields

δL

δBν

= ∂µ

(
δL

δ (∂µBν)

)

, (2.10)

and varying with respect to Bµ we have attained:

�
δL

δBν

=
√−g [ 2 σBµR

µν − 2V ′Bν ] ,

�
δL

δ (∂µBν)
=

√−g

[

−1

2
(2 ∂µBν − 2 ∂νBµ)

]

= −√−gBµν → −∂µ
(√−gBµν

)
,

(2.11)

note that

V ′ =
dV

dBµ

,

and plugging them all together:

− 1√−g
∂µ

(√−gBµν

)
= −2V ′Bν + 2σBµRµν , (2.12)
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or,
1√−g

∂µ
(√−gBµν

)
− 2V ′Bν + 2σBµRµν = 0.

This equation of motion is totally in agreement with what Bailey and Kostelecký had done [94].

We choose the quadratic potential for triggering Lorentz violation:

V =
λ

2

(
BµBµ ∓ b2

)2
. (2.13)

For calculating the modification of the graviton due to Lorentz violation, we have to

previously linearize the equation of motion (2.12). For accomplishing this, we have didactically

separated equation (2.12) in three parts, I,II, and III as follows:

1√−g
∂µ

(√−gBµν

)

︸ ︷︷ ︸

I

−2V ′Bν
︸ ︷︷ ︸

II

+2σBµRµν
︸ ︷︷ ︸

III

= 0,

I : = ∂µ (∂µBν − ∂νBµ) = ∂µ∂µBν − ∂µ∂νBµ = �Bν − ∂µ∂νBµ

= �

(

bν + B̃ν

)

− ∂µ∂νBµ = � bν +� B̃ν − ∂µ∂νB
µ

= � bν +� B̃ν − ∂µ∂ν

(

bµ + B̃µ − κ bνh
µν
)

= −∂µ∂νB̃
µ +

(

� bν +� B̃ν

)

+ κ ∂µ∂νbνh
µν − ∂µ∂νb

µ

= −∂µ∂νB̃
µ +�B̃ν

= � ηµνB̃
µ − ∂µ∂νB̃

µ,

II : = −2λ
[(

bµ + B̃µ − κbνh
µν
)(

bµ + B̃µ

)

∓ b2
] [

bν + B̃ν

]

= −2λ
[

b2 + bµB̃µ + bµB̃
µ − κ bβbαh

µν ∓ b2
] [

bν + B̃ν

]

= −2λ
[

b2bν + b2B̃ν + 2bνbµB̃
µ − κ bβbνbαh

αβ ∓ b2bν ∓ b2B̃ν

]

= −4λbνbµB̃
µ + 2λκ bνbαbβh

αβ,

III : = 2σ
(

bµ + B̃µ − κ bνh
µν
)

Rµν

= 2σ
(

bµRµν + B̃µRµν − κ bνh
µνRµν

)

= 2σbµRµν .

(2.14)

Adding all these terms together:

(� ηµν − ∂µ∂ν − 4λbµbν) B̃
µ = −2λκ bνbαbβh

αβ − 2σbαRαν , (2.15)
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where Rαν = Rαν(h).

This above equation is regarded to be the linearized version of equation (2.12). After

applying the Green’s function method, and putting in momentum space, one is able to check the

following ansatz:

B̃µ =
κ pµbαbβh

αβ

2(b · p) +
2σbαR

αµ

p2
− 2σpµbαbβR

αβ

p2(b · p) +
σpµR

4λ(b · p) −
σbµR

p2
+

σ b2pµR

p2(b · p) , (2.16)

note that, p2 = pµpµ = p · p, and b · p = bµp
µ.

Proof: Using the Green’s function method,

Ôµν G
να(x− y) = δαµ δ

(4)(x− y), (2.17)

it can be defined as a Fourier transform which follows

Gνα(x− y) =
1

(2π)4

∫

d4p e−ip·(x−y) Gνα
(p), δ(4)(x− y) =

1

(2π)4

∫

d4p e−ip·(x−y). (2.18)

Taking into account the left terms of the linearized version of the equation of the motion repre-

sented by (2.15):

(ηµν� − ∂µ∂ν − 4λ bµbν)
︸ ︷︷ ︸

Ôµν

B̃µ, (2.19)

follows that

(ηµν�− ∂µ∂ν − 4λ bµbν)
1

(2π)4

∫

d4p e−ip·(x−y) Gνα
(p) = δαµ

1

(2π)4

∫

d4p e−ip·(x−y), (2.20)

and,

(−ηµν p
2 + pµ pν − 4λ bµbν)

1

(2π)4

∫

d4p e−ip·(x−y) Gνα
(p) = δαµ

1

(2π)4

∫

d4p e−ip·(x−y). (2.21)

This entails that

Gνα
(p)(−ηµν p

2 + pµ pν − 4λ bµbν) = δαµ . (2.22)

Rewriting the Green’s function as a linear combination with the basis vectors,

Gνα
(p) = ã ηνα + b̃ pνpα + c̃ bνbα + d̃ (pνbα + pαbν), (2.23)

where ã, b̃, c̃ and d̃ are coefficients to be determined. The next step is just finding out what are

these coefficients. To accomplish this, let us work on the following expression:

[ã ηνα+ b̃ pνpα+ c̃ bνbα+ d̃ (pνbα+pαbν)] [−ηµν p
2+pµ p

ν −4λ bµbν ] = δαµ . (2.24)

This above equation generates 16 terms which we must analyze carefully for the sake of clarity.
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Then,

− ã p2δαµ + ã pµp
α − 4 ãλ bµb

α

− b̃ p2pµp
α + b̃ p2pµp

α − 4λ b̃ (b · p)bµpα

− c̃ p2bµb
α + c̃ (b · p)pµbα − 4λ c̃ b2bµb

α

− d̃ p2(pµb
α + bµp

α) + d̃ (p2pµb
α + (b · p))pµpα − d̃ (4λ(b · p)bµbα + 4λb2bµp

α) = δαµ .

(2.25)

Considering the following basis δαµ , pµp
α, pµb

α, bµp
α, bµb

α, we are able to solve the system of

equations involving coefficients ã, b̃, c̃, d̃.

For the basis δαµ , we may separate the term involving only ã as follows:

−ãp2 = 1, (2.26)

and therefore,

ã = − 1

p2
.

For the basis pµpα, we may separate the terms involving ã and b̃ as follows:

ã− b̃ p2 + b̃ p2 + d̃ (b · p) = 0, (2.27)

and therefore,

d̃ =
1

p2 (b · p) .

For the basis bµbα, we may separate the terms involving ã, c̃ and d̃ as follows:

−4λ ã− c̃ p2 − 4λ c̃ b2 − 4λ d̃ (b · p) = 0, (2.28)

and therefore,

c̃ = 0.

For the basis bµpα, we may separate the terms involving b̃ and d̃ as follows:

−4λ (b · p)− d̃ p2 − 4λ d̃ b2 = 0, (2.29)

and therefore,

b̃ = − (p2 + 4λ b2)

4λ p2 (b · p)2 .
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Hence, the full Green’s function is given by:

Gνα
(p) = − 1

p2
ηνα − (p2 + 4λ b2)

4λ p2 (b · p)2 p
νpα +

1

p2 (b · p)(p
νbα + pαbν), (2.30)

or,

Gµν

(p) = − 1

p2
ηµν − (p2 + 4λ b2)

4λ p2 (b · p)2 p
µpν +

1

p2 (b · p)(p
µbν + pνbµ).

Lastly, to obtain equation (2.16) is needed to couple the Green’s function with the

renaming current, i.e. B̃µ = Gµν

(p)(−2λκ bνbαbβh
αβ − 2σbαRαν) as follows:

B̃µ = +
2λκ ηµνbνbαbβh

αβ

p2
+

2λκ bνbαbβh
αβ

4λp2(b · p)2 (4λb2 + p2)pµpν − 2λκ bνbαbβh
αβ

p2(b · p) (pµbν + pνbµ)

+
2σηµνbαRαν

p2
+

2σbαRαν

4λp2(b · p)2 (4λb
2 + p2)pµpν − 2σbαRαν

p2(b · p) (p
µbν + pνbµ)

= +
✘✘✘✘✘✘✘✘2λκ bµbαbβh

αβ

p2

+
✘✘✘✘✘✘✘✘✘✘✘✘2λκ b2pµ(b · p)bαbβhαβ

p2(b · p)2 +
κ (b · p)pµbαbβhαβp2

2p2(b · p)2

−
✘✘✘✘✘✘✘✘✘2λκ b2pµbαbβh

αβ

p2(b · p) −
✘✘✘✘✘✘✘✘✘✘✘✘2λκ p2(b · p)bµbαbβhαβ

p2(b · p)

+
2σbαR

αµ

p2

+
2σb2bαRανp

µpν

p2(b · p)2 +
σbαRανp

2pµpν

2λp2(b · p)2

− 2σbαRανp
µbν

p2(b · p) − 2σbαRανp
νpµ

p2(b · p) ,

(2.31)

where (b · p) = bµ p
µ, b2 = bµ b

µ, p2 = pµ p
µ, pµbνRµν = 1

2
(b · p)R. Hence we obtain,

B̃µ =
κ pµbαbβh

αβ

2(b · p) +
2σbαR

αµ

p2
− 2σpµbαbβR

αβ

p2(b · p) +
σpµR

4λ(b · p) −
σbµR

p2
+

σb2pµR

p2(b · p) .

�

If this above equation is a solution, hence must satisfy the previous relation which

comes from the linearized version of the equation of motion (� ηµν − ∂µ∂ν − 4λbµbν) B̃
µ =

−2λκ bνbαbβh
αβ − 2σbαRαν . It is worth verifying whether B̃µ indeed satisfies the linearized
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equation of motion. In this sense,

(� ηµν − ∂µ∂ν − 4λbµbν)B̃
µ =+

✘✘✘✘✘✘✘✘✘κ ∂µ∂µpνbαbβh
αβ

2(b · p) +
✘✘✘✘✘✘✘✘✘2σ∂µ∂

µηµνbαR
αµ

p2
−

✘✘✘✘✘✘✘✘✘✘2σ∂µ∂
µpνbαbβR

αβ

p2(b · p)

+
✟
✟

✟
✟

✟
✟σ∂µ∂

µpνR

4λ(b · p) −
✟

✟
✟
✟
✟✟σ∂µ∂

µbνR

p2
+

✟
✟
✟
✟
✟
✟
✟

σ∂µ∂
µpνb

2R

p2(b · p)
−

✘✘✘✘✘✘✘✘✘κ ∂µ∂νp
µbαbβh

αβ

2(b · p) −
✘✘✘✘✘✘✘✘2σ∂µ∂νbαR

αµ

p2
+

✘✘✘✘✘✘✘✘✘✘2σ∂µ∂νp
µbαbβR

αβ

p2(b · p)

−
✟
✟
✟
✟
✟✟σ∂µ∂νp
µR

4λ(b · p) +
✟

✟
✟
✟
✟✟σ∂µ∂νb
µR

p2
−

✟
✟
✟
✟
✟
✟✟σ∂µ∂νp

µb2R

p2(b · p)

− 4κ pµbαbβh
αβλbµbν

2(b · p) −
✘✘✘✘✘✘✘✘8σbαR

αµλbµbν
p2

+
✘✘✘✘✘✘✘✘✘✘8σpµbαbβR

αβλbµbν
p2(b · p)

− 4σpµRλbµbν
4λ(b · p) +

✟
✟
✟
✟
✟
✟✟4σbµRλbµbν

p2
−

✘✘✘✘✘✘✘✘4σpµb2Rλbµbν
p2(b · p)

=− 2λκ bνbαbβh
αβ − 2σbαRνα,

(2.32)

as we would like to verify.

Substituting (2.16) in (2.3), we are about to see the modification of the graviton

due to the nonzero vacuum expectation value to bµ field. After noting this, let us expand the

graviton-bumblebee interaction8. However, there are some remarks which are needed to be

fulfilled before stepping forward. First, it is quite recommended which one has the background

concerned to the linearization of the
√−g which is unusual in textbooks on general relativity.

Second, it is how to apply the previous knowledge in (2.4). As we have mentioned above, we

might as well go inside to the process of linearizing
√−g which comes from some mathematical

definitions as follows:

gµν = ηµν + hµν , log(det) = tr(log), det(η + h) = det(η)det(1 + η−1h).

8Remembering that we have considered only terms involving up to the second order.
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It follows,

√−g =
√

−det(η + h) = e
log

(√
−det(η+h)

)

= e
1

2
log(−det(η+h)) = e[

1

2
log(−det(η)det(1+η−1h))]

= e[log(−det η)+
1

2
log(det(1+η−1h))] =

√

−det ηe[
1

2
log(det(1+η−1h))]

=
√

−det ηe[
1

2
tr(log((1+η−1h)))] =

√

−det ηe

[

1

2
tr
(

η−1h− 1

2
(η−1h)

2

+...
)]

=
√

−det ηe

[

1

2
tr(η−1h)− 1

4
tr(η−1h)

2

+...
]

=
√

−det η

[

1 +
1

2
tr
(
η−1h

)
− 1

4
tr
(
η−1h

)2
+

1

2

(
1

2
tr
(
η−1h

)
− 1

4
tr
(
η−1h

)2
)]

+ O(h3)

=
√

−det η

[

1 +
1

2
tr
(
η−1h

)
− 1

4
tr
(
η−1h

)2
+

1

8
tr2

(
η−1h

)2
]

+ O(h3)

=
√

−det η

[

1 +
1

2
hµ

µ −
1

4
hµνhµν +

1

8

(
hµ

µ

)2
]

+ O(h3).

(2.33)

With the previous background established, we are now able to find out what would

be the form of equation (2.4) after linearizing it up to the second order:

LLV = σ
√−gBµBνRµν = σ

(

1 + κ
1

2
hα

α

)

BµBνR
µν

= σ
(

1 +
κ

2
hα

α

)(

bµ + B̃ν

)(

bν + B̃ν

) [
Rµν(h) +Rµν(h2)

]

= σ
(

1 +
κ

2
hα

α

) [

bµbνR
µν(h) + bµB̃νR

µν(h) + bνB̃µR
µν(h) + bνbνR

µν(h2)
]

+ O(h3)

= σ
(

1 +
κ

2
hα

α

) [

bµbνR
µν(h) + 2bµB̃νR

µν(h) + bνbνR
µν(h2)

]

+ O(h3)

= σ
[

2 bµB̃νR
µν(h) + bνbνR

µν(h2) +
κ

2
hα

αbµbνR
µν(h)

]

+ O(h3),

(2.34)

→ σ
[

bνbνR
µν(h2) + 2 bµB̃νR

µν(h) +
κ

2
hα

αbµbνR
µν(h)

]

+ O(h3).
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After passing through these calculation, let us plug (2.16) in (2.34), we obtain

LLV =ξ

[

p2bµbνh
µνhα

α +
1

2
(b · p)2 (hα

α)
2 − 1

2
(b · p)2 hµνhµν + p2bµb

νhµαhν
α

]

− ξ
[(
bµbνpαpβ + b(µpν) b(αpβ)h

µνhαβ
)]

+
4 ξ

κ2

(

−2 p2bµbν − 2 b2pµpν + 4 b · p b(µpν) −
p2pµpν
4λ

)

hµνhα
α

+
4 ξ2

κ2

(

2 bµbνpαpβ − b(µpν) b(αpβ) +
b2pµpνpαpβ

p2
− 2 b · p pµpν b(αpβ)

p2
+

pµpνpαpβ
4λ

)

hµνhαβ

+
4 ξ2

κ2

(

b2p2 − (b · p)2 + p4

4λ

)

(hα
α)

2

+
4 ξ2

κ2

(

p2bµbν − 2 b · p b(µpν) +
(b · p) pµpν

p2

)

hµνhν
α + O(h3).

(2.35)

It is worth mentioning that the first-order terms which appear in the gravity-bumblebee coupling

constant ξ are quadratic order with bµ.

The Lagrangian (2.35) may be written with the expanded Einstein-Hilbert Lagrangian

in the position space:

LEH = ∂hµν∂αh
α
ν − ∂µh

µν∂νh+
1

2
∂µh ∂

µh− 1

2
∂αh

µν∂αhµν . (2.36)

For the sake of convenience, we have added the convenient gauge fixing term for getting the

effective Lagrangian, which is needed to obtain the modified graviton propagator as we have

previously pointed out in this section:

LGF = −
(

∂µh
µν − 1

2
∂νh

)2

, (2.37)

where LGF is the Lagrangian whose accounts the gauge fixing term. In this way, the kinetic

term of the graviton, as mentioned above, can be seen as

LK = −1

2
hµν

Ôµν,αβh
αβ, (2.38)

where Ôµν,αβ is an operator which may be separated in two different parts

Ôµν,αβ = K̂µν,αβ + V̂µν,αβ, (2.39)

where V̂µν,αβ have terms concerned to LLV and the K̂µν,αβ has a quadratic form given by:

K̂µν,αβ =
1

2
(ηµαηνβ + ηµβηνα − ηµνηαβ)

(
−∂2

)
. (2.40)

Analogously with what we have been encountering in quantum field theory text-
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books [55, 56] for the scalar field, one can write the graviton propagator as

〈0|T{hµν(x)hαβ(y)}|0〉 = iDµν,αβ(x− y), (2.41)

note that the Dµν,αβ(x− y) operator satisfies the so-called Green’s function equation:

Ô
µν,

λσD
λσ,αβ(x− y) = Î

µν,αβδ(4)(x− y), (2.42)

where Î
µν,αβ is given by:

Î
µν,αβ =

1

2

(
ηµαηνβ + ηµβηνα

)
. (2.43)

After having seen the above considerations, for getting the graviton propagator is

needed to invert the relation given by equation (2.39). The bumblebee models which we have

been studying have Nambu-Goldstone (see Figure 5) and massive modes as well [96]. The

following remarks involving causality and unitarity of these modes on the graviton propagator

are important issues in which were well-investigated [80, 102]. Moreover, the full calculation

of the graviton propagator on the presence of Lorentz violation is considered in reference [98].

Regarding the fact that the magnitude of bµ is considered small as well as the coupling constant

ξ, we have used for convenience the usual graviton propagator considered previously in equation

(2.37) and we have calculated the Lorentz-violating terms in equation (2.39) as a perturbative

method presented in [103, 104]. For accomplishing the calculations, we have considered the

matricial identity

1

A+B
=

1

A
− 1

A
B

1

A+B
=

1

A
− 1

A
B

1

A
+

1

A
B

1

A
B

1

A+B
= ... (2.44)

The operator K̂ may be inverted and then, the graviton propagator may be written

regarding momentum space

Dµν,αβ
0 (q) =

i

2

ηµαηνβ + ηµβηνα − ηµνηαβ

q2 + iη
. (2.45)

Now, we can show the explicit form for Dµν,αβ:

Dµν,αβ = Dµν,αβ
0 +Dµν,αβ

LV . (2.46)
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Let us take a look at the Dµν,αβ
LV , up to the second order:

(Dµν,αβ
LV )ξ =iξb2

(
gαβgµν

q2
+

qαqβgµν

q4

)

+ iξ
(b · q)2

(
gµνgαβ − gβµgαν − gβνgαµ

)

2q4

+ iξ
(b · q)

(
bβbαgµν + bαbβgµν + bνbµgαβ + bµbνgαβ

)

2q4

+ iξ

(
bαbµgβν + bβbµgαν + bαbνgβµ + bβbνgαµ − 2bαbβgµν − 4bµbνgαβ

)

2q2

− 4bµbνqαqβ + bβbνqαqµ + bαbνqβqµ + bβbµqαqν + bαbµqβqν

2q4
,

(2.47)

and,

(Dµν,αβ
LV )ξ2 =

iξ2

κ2
b2
(
12qµqν − 12qαqβgµν

q4
+

8qαqβqµqν

q6

)

+
iξ2gαβgµν

2λκ2
− iξ2

κ2

qαqβgµν

q2λ
+

iξ2

κ2

3qµqνgαβ

q2λ

+
iξ2

κ2

2 (b · q)2
(
qαqµgβν + qβqµgαν + qαqνgβµ + qβqνgαµ + 2qµqνgαβ − 2qαqβgµν

)

q6

+
iξ2b · q
κ2

10
(
bβqαgµν + bαqβgµν − bνqµgαβ − bµqνgαβ

)

q4

+
iξ2b · q
κ2

8
(
bβqαqµqν + bαqβqµqν

)

q6

− iξ2b · q
κ2

4
(
bµqαgβν − bµqβgαν − bνqαgβµ − bνqβgαµ

)

q4

+
iξ2

κ2

2
(
bαbµgβν + bβbµgαν + bαbνgβµ + bβbνgαµ − 2bαbβgµν + 2bµbνgαβ

)

q2

+
iξ2

κ2

2
(

8bµbνqαqβ − bβbνqαqµ − bαbνqβqµ − bβbµqαqν − bαbµqβqν + 2qαqβqµqν

λ

)

q4
.

(2.48)

Again it is worth mentioning that (Dµν,αβ
LV )ξ and (Dµν,αβ

LV )ξ2 are contributions due

to Dµν,αβ
LV which are proportional to ξ and ξ2. Note that the product involving b2, (b · q)2 and

(b · q)bµ are first-order terms in the Lorentz violating coefficients u and sµν (see equation (2.3))

[73]. Therefore, one realizes that the (Dµν,αβ
LV )ξ enhance only first-order terms regarding u

and sµν and, moreover, they don’t depend on the form of the bumblebee potential V [73].

Considering the second order term ξ, there exist expressions that are not associated with vector

bµ and depending only on the coupling potential terms.
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2.4 Modification of Newton’s law

In this current section we have shown the effects of Lorentz violation when one

considers the modified tree-level propagator [73]. Among the variety of examples, perhaps

the simplest one is the gravitational interaction of two distinguishable heavy particles which

is governed by the nonrelativistic limit in the Newtonian potential. The aim is determining

the scattering amplitude between two massive bosons particles mediated by the one-graviton

exchange [73]. After calculating the scattering matrix amplitude, is taken the nonrelativistic

limit and compared to the Born approximation for getting the modified potential taking into

account the nonzero vacuum expectation value, bµ. Considering the action for a real scalar field

in curved spacetime

SM =

∫

d4x
√−g

[
1

2
gµν∂µφ∂νφ− 1

2
m2φ2

]

. (2.49)

Let us consider the following linearized relations which were expressed previously:

gµν = ηµν − κhµν , (2.50)

and,
√−g =

κ

2
hµ

µ = 1 +
κ

2
ηµνh

µν , (2.51)

it follows that

LM =
(

1 +
κ

2
ηµνh

µν
)[

1

2
(ηµν − κhµν) ∂µφ∂νφ− 1

2
m2φ2

]

=
1

2
∂µφ∂

µφ− 1

2
m2φ2 − κ

2
hµν∂µφ∂νφ+

κ

4
hµν

(

ηµν∂αφ∂
αφ− 1

4
ηµνm

2φ2

)

,

(2.52)

→ 1

2
∂µφ∂

µφ− 1

2
m2φ2 − κ

2
hµν

[
∂µφ∂νφ− ηµν

(
∂αφ∂

αφ−m2φ2
)]

.

If one considers the scattering process governed by two scalar particles labeled after

their mass m1 and m2, the Feynman diagram which contributes to this process is

iM = (−iκ)2 V µν (p1,−k1,m1)Dµν,αβ(q)V
αβ (p2,−k2,m2) , (2.53)

where q = p2 − k2 = −(p1 − k1) is considered the momentum transfer and the vertex

V µν(p, k,m) is

V µν(p, k,m) = −1

2

[
pµkν + pνkµ − ηµν

(
p · k +m2

)]
. (2.54)

Let us do a substitution of expressions (2.41) and (2.54) inside the scattering amplitude (2.53).
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We stumbled upon the sum of the two following terms:

iM = iM0 + iMLV , (2.55)

note that the first term is the usual amplitude which appears in reference [105]. It follows that

iM0 =− iκ2

8q2
[
4{k1 · p1

(
m2

2 − k2 · p2
)
+ k1 · p2k2 · p1 + k1 · k2p1 · p2} − 2m2

1

]

− iκ2

8q2
[
−2m2

1{4
(
m2

2 − k2 · p2
)
+ 2k2 · p2}

]
,

(2.56)

which it is changed due to iMLV
9. After some manipulations, one is able to see that the non-

relativistic limit is

iMNR =
iκ2m2

1m
2
2

2~q2
− iξ~b2κ2m2

1m
2
2

~q2
+

iξ(~b · ~q)2κ2m2
1m

2
2

2~q4
+

8iξ2b20m
2
1m

2
2

~q2
− iξ2m2

1m
2
2

2λ
. (2.57)

Note that the first term gives us the tree-level result. Taking the Fourier transform, one yields

the gravitational Newtonian potential [73]. Nevertheless, there are others matrix elements terms

in which are concerned due to the spontaneous Lorentz violation. One is able to notice that the

second and fourth terms may be absorbed by the coupling constant. The third and last terms

must contribute to the matrix element and is discussed in the following text. For the sake of

doing the connection with the Newtonian potential, is recommended follows the idea established

in reference [106], and define the potential Fourier transformed considering the context of the

nonrelativistic case

〈f |iT |i〉 ≡ (2π)4 δ(4)(p− k)iM(p1, p2 −→ k1, k2)

≈ −(2π)δ(Ep − Ek)iṼ (~q),
(2.58)

and the potential may be written in the canonical position space:

V (~x) =
1

2m1

1

2m2

∫
d3q

(2π)3
ei~q·~xṼ (~q). (2.59)

For solving the above equation, it considered two masses points m1 and m2 which

lie on the coordinate vectors ~x1 and ~x2, where ~x = ~x1 − ~x2
10 regarding ~x, ~q and~b, one finds out

the angular relations:

cos θ = ~q · ~x/qr, cos θb = ~b · ~x/br, cosΨ = ~b · ~q/bq,

cosΨ = sin θ sin θb cos(φ− φb) + cos θ cos θ cos θb

q =| ~q |, r =| ~x |, b =| ~b | .
9It consists of a huge expression considering the contractions of the bµ with the four-momenta (of the outgoing

and incoming scalar field) and with the virtual momentum ascribed to the graviton as well.
10Off course, these are considered in an inertial cartesian coordinates background.
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It follows that the background vector~b is fixed in a certain direction in space of coordinates. θb

and φb are also fixed angles which point out the dependence of the V (~x) [73]. Knowing all of

these preliminaries, one is ready to evaluate the angular integration

∫ ∞

0

dq

∫ π

0

dθ sin θ

∫ 2π

0

dφeiqr cos θ cos2 Ψ =
π2 sin2 θb

r
. (2.60)

We must calculate the momentum integral on the q-variable,

Ṽ (~x) = −GNm1m2

r

[

1− 3

2
ξ~b 2 − 1

2
ξ(~b · x̂)2

]

−GNm1m2

[
ξ2b20

2πGNs

1

r
− ξ2

8λGN

δ3(~x)

]

,

(2.61)

with x̂ = ~x/ | ~x |. By the way, this above equation is in agreement with Refs. [94,99]. It is worth

mentioning that the first-order corrections in ξ, the Newtonian potential keeps showing the usual

behavior, being inversely proportional to the distance between two point masses. Moreover, this

result has two remarkable features. Depending on the sign of the coupling constant ξ, we can

have both attractive and repulsive behavior (i.e. ξ > 0 is repulsive and ξ < 0 is attractive) [73].

After some manipulations of equation (2.61) we have

V (~x) = −GNm1m2

r

[

1 +
3

2
s̄00 +

1

2
s̄ijx̂ix̂j

]

+ (...). (2.62)

In accordance with reference [107], there exist a lot of discussions testing the range

of gravity, which could be established experimentally the Lorentz-violating coefficients. In the

following reference, is tested the accuracy of measuring how warped is the angle when a light

beam deflects due to a massive body [108]. Further perspectives regarding an experimental

approach are pointed out in Ref. [100] as well.

For finishing, the last term in (2.61) gives a nontrivial parcel which involves a Dirac

delta function. The correction takes after a gravitational Darwin term and is ascribed to the

remaining derivative ∂4 which is presented in Lagrangian (2.35) at O(ξ2) [73]. A similar cor-

rection is also realized when we had added the higher-order terms in the curvature for the

pure-gravity Lagrangian (2.60).
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Chapter 3

The Kalb-Ramond field

This section provides a study of spontaneous Lorentz symmetry breaking due to

an anti-symmetric 2-tensor field in Minkowski spacetime. Considering a smooth quadratic

potential, the spectrum of the theory exhibits both massless and massive modes. Furthermore,

we show that the massive mode is non-propagating at leading order. Besides, the massless

modes in the theory can be identified with the usual Kalb-Ramond field, carrying only one

on-shell degree of freedom. We provide a new complete set of spin-projection operators, which

sufficed to evaluate the propagator of the Kalb-Ramond field in the context of Lorentz violation.

3.1 Lorentz violation triggered by an antisymmetric 2-tensor

Some field theories in Minkowski spacetime may be built up from p-forms, includ-

ing for instance the electrodynamics (1-form), and the antisymmetric p-tensors. There exist

models which have a gauge-invariant kinetic term considering the appearance of an antisym-

metric 2-tensor which was first considered within string theory, the Kalb-Ramond field [71].

Another reference, which involves a straightforward approach showing remarkable properties

regarding dualities to different p-form theories, was considered as well [109].

Furthermore, models coupled with gravity in the context of the Lorentz violation

involving an antisymmetric 2-tensor is considered in Ref. [97]. For adding the LV up, in a

general Lagrange density, the terms might be constructed either explicitly or spontaneously [91].

Nevertheless, when one breaks explicitly the Lorentz symmetry, there exists an incompatibility

with the so-called Bianchi identities which means a problem when one considers gravity [91,

92]. For the sake of overtaking this situation, there exists an alternative way, which is breaking

the symmetry spontaneously. Basically, it is a consequence of the introduction of a potential

term which triggers a nonzero vacuum expectation value for fields [97]. Moreover, considering

the current work, the tensor field [71] namely, an antisymmetric 2-tensor, acquires a nonzero
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vacuum expectation value bµν triggering the Lorentz spontaneously symmetry breaking.

Whenever we have LV, it immediately accompanies the raising up of the so-called

massless Nambu-Goldstone (NG) modes1 [110]. If we take into account a smooth quadratic

potential, the so-called massive modes may appear as well [111]. The importance of the NG

and massive modes is remarkable when one tries to analyze the physical consequences of a

theory with spontaneous Lorentz violation [102]. It is worth pointing out that their properties

may be regarded to any field theory [110] (Appendix B).

Besides, when nonminimal curvature couplings are present, the Kalb-Ramond field

is well described by all coefficients in the gravitational SME sector which are denoted as u, sµν

and tµναβ [92]. Nonzero tµναβ coefficients coupled to gravitational field theory with dynamics

governed by an antisymmetric 2- tensor was first considered in reference [97]. Moreover, it was

shown that the post-Newtonian metric was affected by only u and sµν , at least for the first order

approximation [97].

Figure 8: The t-puzzle was not undertaken up to date. Then, the phenomenological conse-
quences of the contribution ascribed to the field tµναβ remains an open question.

For the sake of stepping toward a fundamental explanation to tµναβ (see Figure 8)

and overcoming this deadlock which is the so-called t-puzzle2 [112], we have provided some

calculations involving a new closed algebra with six spin-projection operators to get the propa-

gator of the Kalb-Ramond field theory in the context of Lorentz violation.

1They are associated with the field fluctuations ascribed to LV [93].
2So far there is no fundamental explanation well established in the literature for the t

µναβ .
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3.2 The model

For starting off, let us define the Lagrangian density which provides the dynamics

for an antisymmetric 2-tensor (Bµν) in Minkowski spacetime:

L =
1

6
HµναH

µνα − V +BµνJ
µν , (3.1)

where Hµνα is the field strength defined as follows:

Hµνα = ∂µBνα + ∂αBµν + ∂νBαµ, (3.2)

V is the potential that triggers the spontaneous Lorentz symmetry breaking, and Jµν is an

antisymmetric current which comes from the coupling to the matter [97]. Besides, the field

strength Hµνα satisfies the identity

∂κHλµν − ∂λHµνκ + ∂µHνκλ − ∂νHκλµ = 0, (3.3)

showing that a 3-form is closed and there exists a gauge transformation of Bµν which leaves

equation (3.3) unchanged,

Bµν(x) → B′µν(x) = Bµν(x) + ∂µΛν(x)− ∂νΛµ(x), (3.4)

where Λµ is an arbitrary vector field which exhibits a gauge invariance as well:

Λµ(x) → Λ′µ(x) = Λµ(x) + ∂µΣ(x), (3.5)

where Σ is an arbitrary scalar field.

Generically, we could ascribe to the potential V the dependence of Bµν , derivatives

of Bµν , the metric ηµν , and the Levi-Civita tensor ǫµναβ . However, for the sake of simplicity,

we provide a specific analysis for the choice of V in equation (3.1). From now on, we consider

no matter coupling terms, then Jµν simply vanishes.

In the context of Lorentz spontaneous symmetry breaking, the simplest case is when

one considers the potential taking the form V = V (X), where we may define X ≡ BµνB
µν −

bµνb
µν such that the potential acquires a nonzero vacuum expectation value for the field Bµν ,

〈Bµν〉 ≡ bµν . (3.6)

Specifically, we choose a smooth quadratic potential which equation (3.1) turns out

to be:

LB,V =
1

6
HµνλH

µνλ − 1

2
λ(BµνB

µν − b2)2, (3.7)
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where λ is a dimensionless positive constant and b2 ≡ bµνbµν .

Since we are interested in the behavior of Bµν around the vacuum expectation value

bµν , let us consider the decomposition:

Bµν = bµν + B̃µν , (3.8)

where B̃µν is the vacuum fluctuation, and bµν satisfies the requirement ∂µbµν = 0. This assump-

tion guarantees the translational invariance of the vacuum state and consequently the conserva-

tion of energy-momentum for the fluctuation B̃µν .

Using equation (3.8) we are able to rewrite LB,V in the linearized form

LB,V =
1

6
H̃µναH̃

µνα − 2λbµνbαβB̃
µνB̃αβ

− 2λbαβB̃
αβB̃µνB̃

µν − 1

2
λ(B̃µνB̃

µν)2, (3.9)

where H̃µνα is the field strength for the fluctuation B̃µν . Let us note that in the first line of the

above expression, there exists the presence of a mass term for B̃µν which is described by the

mass matrix mµν,αβ = 4λbµνbαβ .

The goal is studying the propagation of the fluctuation Bµν and for accomplishing

this, we are focusing on the bilinear terms which yield the equation of motion

∂µH̃
µνα + 4λB̃ρσb

ρσbνα = 0. (3.10)

The solutions of Eq. (3.10) contain both massless NG and massive modes. They appear mixed

by the mass matrix mµν,αβ . To separate these modes and show the physical content of the theory,

we introduce transverse and longitudinal projectors ascribed to the preferred direction induced

by bµν :

Π
‖
µν,αβ ≡ bµνbαβ

b2
and Π⊥µν,αβ ≡ Îµν,αβ − Π

‖
µν,αβ, (3.11)

where Îµν,αβ is the identity operator for an antisymmetric 2-tensor, and it is defined as follows

Îµν,αβ =
1

2
(ηµαηνβ − ηµβηνα). (3.12)

Therefore, the excitation B̃µν can be written in terms of the transverse and longitudinal compo-

nents:

B̃µν = Aµν + βb̂µν , (3.13)

Aµν ≡ Π⊥µν,αβB̃
αβ (transverse mode), (3.14)

βb̂µν ≡ Π
‖
µν,αβB̃

αβ (longitudinal mode), (3.15)
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with Aµνb
µν = 0, β = b̂µνB̃

µν and b̂µν = bµν/
√
b2.

The equation of motion (3.10) may be rewritten as

∂µG̃
µνλ +�βb̂νλ + ∂µ∂

λβb̂µν + ∂µ∂
νβb̂λµ + 4λb2βb̂νλ = 0, (3.16)

where G̃µνλ ≡ ∂µAνλ + ∂λAµν + ∂vAλµ. Note that equation 3.16 satisfies the constraint:

bλν∂
νβ = 0. (3.17)

Since the fields Aµν and β are independent, we are able to extract their respec-

tive equations of motion assuming the constraint (3.17) and considering the projections (3.11).

Hence,

�Aµν + ∂µ∂
αAνα + ∂ν∂

αAαµ −
2

b2
bµνbαβ∂

β∂λA
λα = 0, (3.18)

�β + 4λb2β + 2b̂µν∂
ν∂αA

αµ = 0. (3.19)

These two equations show that the modes remain coupled and the dispersion rela-

tion, including the mass value, may not be correctly identified. On the other hand, the transverse

components of Aµν , namely, those satisfying the condition ∂µA
µν = 0, remain unaffected even

when the massive mode β is nonzero. We may decouple equations (3.18) and (3.19) by noting

that the constraint equation (3.17) yields to the massive mode β an additional requirement

bµνp
ν = 0, (3.20)

which means that the vector associated with the massive mode is orthogonal to the vacuum

expectation value bµν . This condition entails the following dispersion relation

p2 − 4λb2 = 0, (3.21)

with the associated mass value given by m2
β ≡ 4λb2.

At first glance, this relation might suggest that the massive mode has a physical

mass when 4λb2 is positive. However, it is possible to show that there is a special observer

frame in which bµν assumes a simplified block-diagonal form, which can be placed as

bµν =










0 −a 0 0

a 0 0 0

0 0 0 d

0 0 −d 0










, (3.22)

such that b2 = −2(a2 − d2). Notice that the six parameters initially required to define bµν in
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an arbitrary referential is reduced to only two nonzero real numbers in this particular frame

[97, 113]. We see this specific form of bµν combined with equation (3.17) entails that ∂µβ =

0, and then β is a constant at linear order. To satisfy the asymptotic boundary conditions,

this amplitude must be zero. Therefore, there is no physical propagating massive mode at

leading order. The remaining transverse mode Aµν propagates as the usual Kalb-Ramond field,

containing only one degree of freedom being like a real scalar field [114] .

The above results are in agreement with those obtained in Ref. [102], in which the

authors exhibit the equivalence between the theory described in (3.7) and its dual defined as

follows:

LA,B,V =
1

2
Bµνǫ

µναβFαβ +
1

2
AµA

µ − V, (3.23)

where Fµν is the field strength for a vector field Aµ. Besides, a similar analysis was accom-

plished in the context of the bumblebee electrodynamics in Ref. [102].

3.3 The Kalb-Ramond propagator with Lorentz violation

After using equation (3.8), the Lagrange density (3.7) takes the form,

Lkin =
1

6
H̃µναH̃

µνα − 2λbµνbαβB̃
µνB̃αβ, (3.24)

where we have separated only terms up to second order in B̃µν . Naturally, the gauge symmetry

no longer exists in (3.24) due to the term involving bµν .

For acquiring the Feynman propagator we put the kinetic Lagrangian into the bilin-

ear form

Lkin =
1

2
B̃µν

Ôµν,αβB̃
αβ, (3.25)

where the operator Ôµν,αβ is antisymmetric in the indices (µν), (αβ), and symmetric under the

interchange of the pairs (µν) and (αβ). Therefore, the operator takes the form

Ôµν,αβ = −�

2
(ηµαηνβ − ηµβηνα) +

1

2
(∂µ∂βηνα − ∂ν∂βηµα − ∂µ∂αηνβ + ∂ν∂αηµβ)− 4λbµνbαβ.

(3.26)

By definition, the Feynman propagator is

〈0|T
[

B̃µν(x)B̃αβ(y)
]

|0〉 = i Ô−1µν,αβ δ
(4)(x− y). (3.27)

To invert operator Ôµν,αβ , a closed algebra, which involves spin-projection opera-

tors, is invoked. The set of spin-projection operators for the Lorentz-invariant antisymmetric
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Π(1) Π(2) Π(3)

Π(1) Π(1) 0 Π(3) − P (2) − 2P (4)

Π(2) 0 Π(2) Π(2) + 2Π(4)

Π(3) Π(3) − Π(2) − 2Π(5) Π(2) + 2Π(5) Π(3)

Π(4) Π(4) + 2Π(6) −2Π(6) 0

Π(5) 0 Π(5) Π(5) + (bµνpν)2

p2b2
(Π(1) +Π(2) − Π(3))

Π(6) 0 Π(6) Π(6) + (bµνpν)2

p2b2
Π(4)

Table 1: The closed algebra for the spin-projection operators.

2-tensor are defined in Ref. [115]

Π
(1)
µν,αβ =

1

2
(θµαθνβ − θµβθνα),

Π
(2)
µν,αβ =

1

4
(θµαωνβ − θναωµβ − θµβωνα + θνβωµα), (3.28)

where

θµν = ηµν − ωµν , ωµν =
∂µ∂ν
�

, (3.29)

are transverse and longitudinal operators respectively.

Note that the spin-projection operators satisfy the orthogonality relation as follows:

Π(i)
µν,ρσΠ

(j)
ρσ,αβ = δijΠ

(i)
µν,αβ, (3.30)

with i, j = 1, 2 and the tensorial completeness relation:

[
Π(1) +Π(2)

]

µν,αβ
=

1

2
(ηµαηνβ − ηµβηνα) = Îµν,αβ. (3.31)

It is needed to introduce some additional operators besides the usual ones defined

in (3.28) to account for the mass matrix generated by the Lorentz violation as follows:

Π
(3)
µν,αβ = Π⊥µν,αβ,

Π
(4)
µν,αβ =

1

2

(

ωµλ Π
‖
νλ,αβ − ωνλ Π

‖
µλ,αβ

)

,

Π
(5)
µν,αβ =

1

2

(

ωαλ Π
‖
µν,βλ − ωβλ Π

‖
µν,αλ

)

,

Π
(6)
µν,αβ =

1

4

(

ωµα Π
‖
νρ,βσ ω

ρσ − ωνα Π
‖
µρ,βσ ω

ρσ − ωµβ Π
‖
νρ,ασ ω

ρσ + ωνβ Π
‖
µρ,ασ ω

ρσ
)

,

where Π⊥ and Π‖ were defined in (3.11).

These new operators together with the spin-projection operators (3.28) satisfy a

closed algebra explicitly shown in Table 1 and Table 2.

Now we are ready to calculate the propagator. Let us write both operators Ôµν,αβ
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Π(4) Π(5) Π(6)

Π(1) 0 Π(5) + 2Π(6) 0

Π(2) Π(4) −2Π(6) Π(6)

Π(3) Π(4) + (bµνpν)2

p2b2
(Π(1) +Π(2) − Π(3)) 0 Π(6) + (bµνp

ν)2

p2b2
Π(5)

Π(4) − (bµνpν)2

p2b2
Π(4) Π(6) − (bµνpν)2

p2b2
Π(6)

Π(5) (bµνpν)2

2p2b2
(Π(1) +Π(2) − Π(3)) − (bµνpν)2

p2b2
Π(5) − (bµνpν)2

2p2b2
Π(5)

Π(6) (bµνpν)2

2p2b2
Π(4) − (bµνpν)2

p2b2
Π(6) (bµνp

ν)2

2p2b2
Π(6)

Table 2: The closed algebra for the spin-projection operators.

and Ô
−1
µν,αβ as a linear combination of the projectors {Π(1),Π(2),Π(3),Π(4),Π(5),Π(6)}, such that

Ôµν,αβ = a1Π
(1) + a2Π

(2) + a3Π
(3) + a4Π

(4) + a5Π
(5) + a6Π

(6),

Ô
−1
µν,αβ = c1Π

(1) + c2Π
(2) + c3Π

(3) + c4Π
(4) + c5Π

(5) + c6Π
(6), (3.32)

with the coefficients ai being known scalar functions from the momentum and the VEV bµν ,

and ci are coefficients to be determined.

For our specific case, the operator Ôµν,αβ can be expanded in the form

Ôµν,αβ = (−�− 4λb2)Π
(1)
µν,αβ − 4λb2Π

(2)
µν,αβ + 4λb2Π

(3)
µν,αβ. (3.33)

Taking into account that Ôµν,αβ Ô
−1
µν,αβ = Îµν,αβ , and after performing the necessary algebra

with the help of Table 1 and Table 2, we find the following result in the momentum space:

Ô
−1
µν,αβ =

1

p2
Π

(1)
µν,αβ +

b2

(bρσpσ)2
(Π

(4)
µν,αβ +Π

(5)
µν,αβ). (3.34)

It is worth mentioning that only coefficients c1 and c4 turned out to be different than

zero, c3 was equal to zero, c2 and c6 were the divergent ones. Nevertheless, this divergence does

not mean "a problem" since the terms which keep with c2 and c6 are dependent of momenta,

and therefore, they do not contribute to the S-Matrix.

Looking at above expression (3.34), we notice the presence of the pole p2 = 0.

So, a massless excitation is present, and may be ascribed to the transverse mode Aµν . More-

over, it is worth mentioning that the dependence of the parameter λ simply vanished. The pole

(bρσp
σ)2 = 0 indicates the presence of a non-physical mode, naturally identified with the longi-

tudinal mode. We can conclude that no physical mass term was generated by the spontaneous

Lorentz symmetry breaking. Finally, we can observe that the longitudinal mode does not mod-

ify the interparticle potential, since the Lorentz-symmetry violating term associated with the

projection operators Π(4)
µν,αβ and Π

(5)
µν,αβ do not contribute to any observable associated with the

S-Matrix at tree-level approximation.
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Chapter 4

Conclusion

In Chapter 1, we discussed literally some physical topics which were the basis for

the modern physics based on the concepts of unification.

In Chapter 2, we studied some aspects of vector fields in the context of Lorentz

violation. We made a review of an action which provides the simplest gravity model involving

tensors, which breaks Lorentz symmetry, coupled with the gravitational field. We focused on

the gravitational sector for the minimal SME, using a particular case, the so-called bumblebee

models. There exist some features in these models which are the appearance of massless and

massive modes. Nevertheless, the massive mode may not propagate. We made a review of the

correction to the Newtonian potential as well.

In Chapter 3, we considered spontaneous Lorentz symmetry breaking due to an

anti-symmetric 2-tensor field triggered by a smooth quadratic potential in Minkowski space-

time. The theory provides the appearance of both massless and massive modes. We showed

that the solutions of the equation of motion obey some constraints that lead to the massive

mode being non-propagating at leading order. These results are in agreement with Ref. [97].

Besides, we have evaluated the modified Kalb-Ramond propagator in the presence of Lorentz-

violating terms using a closed algebra involving six spin projection operators. The analysis

of the propagator poles showed that no physical mass was generated by spontaneous Lorentz

symmetry breaking. Moreover, the massive mode could not modify the interparticle potential.

The determination of the exact form of the Kalb-Ramond propagator allows the application of

tensor calculation techniques for some interesting problems. The issue whether the massive

mode propagates at higher orders is an interesting open question [97], and the calculation of

the radiative corrections may elucidate this subject. Moreover, we may use B̃µν propagator to

access corrections at higher orders in the gravitational scenario [73,98]. Some investigations in

this direction are now under development.
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APPENDIX A -- THE EINSTEN-HILBERT ACTION

This section was based on the following references: Variational Principle Approach

to General Relativity and A General Relativity Workbook [116], [117] respectively. In this way,

if one is interested in further details, please see these references mentioned above.

From the variational principle, we are able to derive all possible equations of motion

in classical field theory. This approach may be applied to the development of the Einstein’s

equation as well. In agreement with what we had studied in classical mechanics, here we are

on the verge of using the principle of least action

δ

∫

d4xL = 0. (A.1)

It is quite important to take into account two remarks: it must be built up regarding the metric

tensor gµν which is the dynamical variable when one works on General Relativity and the action

must be invariant under Lorentz transformations. Moreover, the Lagrangian density L is given

by

SEH =

∫ √−gR. (A.2)

This is the so-called Einstein-Hilbert action. So, for the following calculations of physical

equation, we have

δEH

(∫

d4x
√−g R

)

,

=

∫

d4x δ
(√−ggµνRµν

)

=

∫

d4x



δ
(√−g

)
gµνRµν

︸ ︷︷ ︸

1o

+
√−gδ (gµν)Rµν
︸ ︷︷ ︸

2o

+
√−ggµν (Rµν)
︸ ︷︷ ︸

3o



 .

For sake of organizing the following calculation, we have explicitly pointed out the

first, second and third terms of the integral respectively. And noting some relation when we did

General Relativity:

Rµν = Rρ
µρν = ∂ρΓ

ρ
µν − ∂νΓ

ρ
µρ + Γρ

ρσΓ
σ
νµ − Γρ

νσΓ
σ
µρ, (A.3)
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and,

∇ρ δ Γ
ρ
µν = ∂ρ δ Γ

ρ
µν + Γρ

ρσδ Γ
σ
νµ − Γσ

µρδ Γ
ρ
νσ − Γσ

νρδ Γ
ρ
µσ, (A.4)

and

∇ν δ Γ
ρ
µρ = ∂ν δ Γ

ρ
µρ + Γρ

νσδ Γ
σ
µρ − Γσ

νµδ Γ
ρ
ρσ − Γσ

νρδ Γ
ρ
µσ. (A.5)

It follows that the 3o term is

√−g gµν (Rµν)
︸ ︷︷ ︸

3o

=+
√−ggµν{∂ρσΓρ

µν − ∂νΓ
ρ
µρ + δ

(
Γρ

ρσ

)
Γρ

µν + Γρ
ρσδ

(
Γρ

µν

)
−

− δ (Γρ
νσ) Γ

σ
µρ − Γρ

νσδ
(
Γσ

µρ

)
},

(A.6)

however, note that

∇ρ

(
δ Γρ

µν

)
−∇ν δ

(
Γρ

µρ

)
=+ ∂ρ σ

(
Γρ

µν

)
+ Γρ

ρσδ
(
Γσ

µν

)
− Γσ

µρδ
(
Γρ

ρσ

)
− ∂ν σ

(
Γρ

µρ

)
−

− Γρ
νσδ

(
Γσ

µρ

)
+ Γσ

µνδ
(
Γρ

ρσ

)
.

(A.7)

This looks exactly like the previous equation! Then, the variation of the Ricci tensor

is in shorter notation

√−g gµνδ (Rµν)
︸ ︷︷ ︸

3o

=
√−g gµν{∇ρ δ

(
Γρ

µν

)
−∇ν δ

(
Γρ

µρ

)
}, (A.8)

and,
∫

d4x
√−g gµνδ (Rµν)
︸ ︷︷ ︸

3o

=

∫

d4x
√−g gµν{∇ρ

(
δ Γρ

µν

)
−∇ν δ

(
Γρ

µρ

)
}. (A.9)

For we continue this procedure, we had better know some following relations:

∇ρ

[
gµνδ

(
Γρ

µν

)]
= ∇ρ (g

µν) δ
(
Γρ

µν

)
+ gµν∇ρ

(
δ
(
Γρ

µν

))
, (A.10)

and,

∇ν

[
gµνδ

(
Γρ

µρ

)]
= ∇ν (g

µν) δ
(
Γρ

µρ

)
+ gµν∇ν

(
δ
(
Γρ

µρ

))
, (A.11)

and,
∫

d4x
√−g{∇ρ

[
gµνδ

(
Γρ

µν

)]
−∇ρ g

µνδ
(
Γρ

µν

)
−∇ν δ

(
Γσ

µρ

)
−∇ν

[
gµνδ

(
Γρ

µρ

)]
}, (A.12)
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=

∫

d4x
√−g {∇ρ

[
gµνδ

(
Γρ

µν

)]
−∇ν

[
gµνδ

(
Γρ

µρ

)]
−∇ρ (g

µν) δ
(
Γρ

µν

)
+∇ν (g

µν) δ
(
Γρ

µρ

)
}

=

∫

d4x
√−g {∇ρ

[
gµνδ

(
Γρ

µν

)]
−∇ν

[
gµνδ

(
Γρ

µρ

)]
}

=

∫

d4x
√−g∇ρ{

[
gµνδ

(
Γρ

µν

)
− gµρδ

(
Γν

µν

)]

︸ ︷︷ ︸

Jρ for convenience

}

=

∫

d4x
√−g∇ρJ

ρ.

(A.13)

Using Gauss’s law in 4-Dimension we have
∫

Υ

d4x
√−g∇ρJ

ρ =

∫

Ω

d3x
√

|h| ηρJρ, (A.14)

and then,

δSEH(3) =

∫

Ω

d3x
√

|h| ηρJρ = 0. (A.15)

We can easily realize that the volume element is due to the covariant divergence of

a vector, and using Gauss’s law, it is equal to a boundary condition at infinity. For the sake of

vanishing the variation at infinity, let us consider it, without loss of generality, be zero. Hence,

this whole term contributes with nothing to the total divergence! Now, considering the 1o term

in the action δSEH(1) one is capable of seeing that

δSEH(1) = δ
√−g = −1

2

√−g gµνδ (g
µν) . (A.16)

After doing these previous calculations, we can plug them all together and obtain

the main action which is

δSEH = δSEH(1) + δSEH(2) + δSEH(3)

=

∫

d4x

[

−1

2

√−g gµνδ (g
µν)Rµν +

√−g δ (gµν)Rµν + 0

]

=

∫

d4x
√−g

[

Rµν −
1

2
gµνR

]

δ (gµν) ,

where R is the Ricci scalar defined as R = gµνRµν . The functional derivative must satisfy:

δS =

∫

d4x
∑

k

(
δS

δΨk
δΨk

)

, δ
(
Ψk

)
= δ (gµν) → Ψk = gµν , (A.17)

and,

→ δS

δΨk
=

δS

gµν
=

√−g

[

Rµν −
1

2
gµνR

]

→ 1√−g

δS

δgµν
= Rµν −

1

2
gµνR = 0, (A.18)
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then,

Rµν −
1

2
gµνR = 0. (A.19)

This is called the Einstein’s equation in absence of matter. We can define

Rµν −
1

2
gµνR = Gµν ,

where Gµν is called the Einstein’s tensor. We can prove that

∇µG
µν = 0. (A.20)

Proof: Starting with the Bianchi Identity

∇σRαβµν +∇νRαβσµ +∇µRαβνσ = 0, (A.21)

and multiplying gγσgαµgβν in both sides,

∇σg
γσ gαµgβνRαβµν

︸ ︷︷ ︸

gαµgβνRαβµν = R

+∇νg
γσgαµgβν Rαβσµ

︸ ︷︷ ︸

Rαβσµ = −Rβασµ

+∇µg
γσgαµgβν Rαβνσ

︸ ︷︷ ︸

Rαβνσ = −Rβανσ

= 0

∇σg
γσR−∇νg

γσgαµgβνRβασµ −∇µg
γσgαµgβνRβανσ = 0

∇σg
γσR−∇νg

γσgαµgβνRσµβα −∇µg
γσgαµgβνRµσβα = 0

∇σg
γσR−∇νg

γσgαµgβνRµσαβ −∇µg
γσgαµgβνRµσβα = 0

∇σg
γσR−∇νg

γσgβνRα
σαβ −∇µg

γσgαµRα
σβα = 0

∇σg
γσR−∇νg

γσgβνRσβ −∇µg
γσgαµRσα = 0

∇σg
γσR−∇σg

γσgβσRσβ −∇σg
γσgασRσα = 0

∇σg
γσR− 2∇σR

γσ = 0

→ ∇σ




Rγσ − 1

2
gµνR

︸ ︷︷ ︸

Gγσ




 = 0

→ ∇σG
γσ = 0, ∇µG

µν = 0.

(A.22)

�

For the sake of completeness to get the generalized field equation (plus matter), let

us introduce one more field besides those three previous fields that we had already put,

1

16πG
SEH + SM → δS̄

δgµν
=

1

16πG

δSEH

δgµν
+

δSM

δgµν
, (A.23)
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it follows that
δS̄

δgµν
=

1

16πG

(

Rµν −
1

2
gµνR

)√−g

︸ ︷︷ ︸
1

16πG

δSEH

δgµν

, (A.24)

→ 1√−g

δS̄

δgµν
=

1

16πG

(

Rµν −
1

2
gµνR

)

+
1√−g

δSM

δgµν
= 0.

Conveniently, we define the Energy-momentum tensor as

T µν = 2
1√−g

δSM

δgµν
, (A.25)

and therefore, we have the full Einstein’s equation:

1

16πG

(

Rµν −
1

2
gµνR

)

= T µν . (A.26)
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APPENDIX B -- THE HIGGS MECHANISM

This section was based on "Lectures on quantum field theory" [58]. Therefore, for

the sake of further details of calculations, please see this reference pointed out above.

It is worth enunciating the Goldstone theorem which establishes that being a Lorentz

invariant theory with a positive defined metric in Hilbert space, if a continuous symmetry is

spontaneously broken, then there must appear massless excitations1.

Starting off with the Lagrangian:

L = −1

4
F µνFµν + (Dµφ)

†(Dµφ) +m2(φ†φ)− λ

4
(φ†φ)2, (B.1)

where we have defined the covariant derivative Dµ as

Dµφ = ∂µφ+ iqAµφ. (B.2)

The Lagrangian introduced above (B.1) has some symmetries

δφ = −ia(x)φ(x), (B.3)

and,

δφ† = ia(x)φ†(x), (B.4)

and,

δAµ =
1

q
∂µa(x). (B.5)

Let us decompose the field φ in terms of σ and χ,

φ =
1√
2
(σ + iχ), (B.6)

and differently of scalar field and complex scalar field theory which have the vacuum expec-

tation value 〈φ〉 = 〈φ†〉 = 0, the "new" vacuum is infinite degenerated! The "new" vacuum

1 Within a pedagogical approach, it turns out to be just perturbations around the minimum.
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expectation value is

〈σ〉 = 2m√
λ
, 〈χ〉 = 0. (B.7)

For the sake of further analyses, let us rewrite Lagrangian (B.1) in terms of (B.6)

and noting that we are on the verge of using the definition φ†
←→
∂µ φ = ∂µφ

†φ−φ†∂µφ as follows:

L =− 1

4
FµνF

µν + (Dµφ)
†(Dµφ) +m2φ†φ− λ

4
(φ†φ)2

=− 1

4
FµνF

µν + ∂µφ
†∂µφ− iqAµφ†

←→
∂µ φ+ q2AµA

µφ†φ+m2φ†φ− λ

4
(φ†φ)2

=− 1

4
FµνF

µν +
1

2
∂µσ∂

µσ +
1

2
∂µχ∂

µχ+
m2

2
(σ2 + χ2)

− qAµχ
←→
∂µ σ +

q2

2
AµA

µ(σ2 + χ2)− λ

16
(σ2 + χ2)2.

(B.8)

Shifting the vacuum fields variables σ → σ + 〈σ〉 = σ + 2m√
λ
= σ + v and χ → χ + 〈χ〉 = χ,

Lagrangian (B.8) could be rewritten as

L =− 1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ)− qAµχ
←→
∂µ (σ + v) +

q2

2
AµA

µ((σ + v)2 + χ2)

+
1

2
∂µσ∂

µσ +
1

2
∂µχ∂

µχ+
m2

2
((σ + v)2 + χ2)− λ

16
((σ + v)2 + χ2)2

=− 1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ) +
1

2
∂µσ∂

µσ +
1

2
∂µχ∂

µχ−m2σ2

+
m2v2

4
+

q2v2

2
AµA

µ + qvAµ∂µχ− qAµχ
←→
∂µ σ +

q2

2
AµAµ(σ

2 + χ2 + 2vσ)

− λ

16
(σ4 + 2σ2χ2 + χ4 + 4vσ3 + 4vσχ2),

(B.9)

where the v was introduced conveniently to make the calculations easier. From the above equa-

tion, we can select only quadratic terms:

LQuadratic =− 1

4
(∂µAν − ∂νAµ)(∂

µAν − ∂νAµ) +
q2v2

2
AµA

µ

+
1

2
∂µσ∂

µσ +
1

2
∂µχ∂

µχ−m2σ2 + qvAµ∂µχ.

(B.10)

Trying to leave equation (B.10) in terms of a unique gauge field, one might consider

Bµ = Aµ +
1

qv
∂µχ, (B.11)

and now the quadratic diagonalized Lagrangian turns out to be

LQD = −1

4
(∂µBν − ∂νB

µ)(∂µBν − ∂νBµ) +
q2v2

2
BµBµ +

1

2
∂µσ∂

µσ −m2σ2, (B.12)

Page 52



Appendix B The Higgs Mechanism

where, q2v2 = 4q2m2/λ and hence,

LQD = −1

4
(∂µBν − ∂νB

µ)(∂µBν − ∂νBµ) +
2q2m2

λ
︸ ︷︷ ︸

Mass term!

BµBµ +
1

2
∂µσ∂

µσ −m2σ2. (B.13)

We may explicitly see the mass term raising up! And the bosonic χ field has entirely

disappeared from the spectrum of the theory as one may see in equation (B.13). One might ask:

what about the Nambu-Goldstone theorem (in which ensure that if there exists a continuous

spontaneous symmetry breaking the massless bosons should appear)? So where is it? The

action of diagonalizing the theory turned out to make a wrong theory which may not describe

what happens in nature? The intriguing point is that even though does not exist the NG bosons,

the theory which we have been working on is in agreement with unitarity2!

What has happened is the Nambu-Goldstone mode χ, the massless mode, which

comes from the complex scalar field, has combined with the massless gauge field to give it an

additional degree of freedom. In other words, the most remarkable feature is that the gauge field

Bµ has become massive as we can see directly from equation (B.13). Furthermore, there exists

an additional remark which is worth being pointed out. It is the fact that Bµ has acquired three

degrees of freedom without losing unitarity.

This phenomenon described above (.i.e. the acquiring mass of a gauge field by

absorbing a Nambu-Goldstone mode) is known as the Higgs mechanism! And the scalar field

which is responsible for this procedure is conventionally called the Higgs field [53, 54].

So, the Nambu-Goldstone theorem fails in this case? The answer lies in the same

fact which happens in the Gupta-Bleuler method3 [118,119]. The point is whether a gauge the-

ory is written in a Lorentz invariant way or not. Moreover, the crucial point is that the metric of

the Hilbert space becomes indefinite when one asks for a gauge theory with Lorentz invariance.

Then, there may exist states with negative norm! This can be seen in the electromagnetism ap-

proach, where the field Aµ is a four-vector and hence must have four independent polarization

states. However, for being in agreement with experiments, the physical states have only trans-

verse polarization. In this way, the others two states must cancel each other for their effects be

neglected.

Finally, the crucial point in the Nambu-Goldstone theorem is the requirement of

having Lorentz invariance as well as a positive defined metric in Hilbert space. However, when

one deals with a gauge theory, the Goldstone theorem does not hold. We have got two remark-

able benefits in losing the massless bosons within the theory. First, we have a well-established

procedure for giving mass to gauge bosons (see Figure 9) which is totally in agreement with

2At least from the field degrees of freedom viewpoint.
3This method is widely known when one tries to do a quantization of the electromagnetic field.
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Figure 9: This Figure shows the boson Bµ eating some Nambu Goldstone bosons which allow
the acquirement of an extra degree of freedom (mass).

renormalizability and unitarity of the theory! Second, it is quite important when one develops a

gauge theory for the weak interactions.
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APPENDIX C -- THE KALB-RAMOND PROPAGATOR

This section just a proof of how to calculate the Kalb-Ramond propagator using

exclusively the Green’s function method rather than projectors.

Proof: For calculating the Kalb-Ramond propagator, we had better take clearly all

the following definitions:

• Hλµν = ∂λBµν + ∂µBνλ + ∂νBλµ,

• LFULL = LKR + LGF =
1

6
HλµνHλµν +BµνJ

µν

︸ ︷︷ ︸

LKR

+
1

2β
∂µB

µν∂αB
α
ν

︸ ︷︷ ︸

LGF

,

• ∂λH
λµν = Jµν ,

• Ô
µν,γσGγσ,αβ(x− y) = Î

µν,
αβ δ

(4)(x− y),

• Î
µν,αβ =

1

2
(ηµαηνβ − ηµβηνα),

• Î
µν,

αβ =
1

2
(δµα δ

ν
β − δµβ δ

ν
α),

• δ(4)(x− y) =
1

(4π)4

∫

d4p e−ip·(x−y),

• Gγσ,αβ(x− y) =
1

(4π)4

∫

d4p e−ip·(x−y)G̃γσ,αβ(p),

(C.1)

where, Hλµν is the field strength, LFULL is the full Lagrangian, LKR is the Lagrangian of the

free Kalb-Ramond field, LGF is the Lagrangian of the gauge fixing term, Ôµν,γσ is the operator,

Gγσ,αβ(x− y) is the Green’s function, Îµν,αβ is the antisymmetric identity and δ(4)(x− y) is the

four-dimensional delta function.
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Firstly, we have to find out the full equation of motion. Let us do this separately

working on LGF and LKR. Taking into account the LGF :

LGF =
1

2β
∂µB

µν∂αB
α
ν

=
1

2β
ηνρ∂µB

µν∂αB
αρ =

1

8β
ηνρ∂µ(η

µσηνγ − ηνσηµγ)Bσγ ∂α(η
αµηρν − ηρµηαν)Bµν

=
1

8β
(δργ ∂

σ − δρσ ∂
γ)Bσγ(∂

µηρν − ∂νηρµ)Bµν

=
1

8β
(δργ η

ρν∂σ∂µ − δργ η
ρµ∂σ∂ν − δρσ η

ρν∂γ∂µ + δρσ η
ρµ∂γ∂ν)BσγBµν

=
1

8β
(ηγν∂σ∂µ − ηγµ∂σ∂ν + ησµ∂γ∂ν − ησν∂γ∂µ)BσγBµν ,

(C.2)

therefore,
δLGF

δBµν

=
1

4β
(ηγν∂σ∂µ − ηγµ∂σ∂ν + ησµ∂γ∂ν − ησν∂γ∂µ)Bσγ. (C.3)

Secondly, let us introduce the remaining part, LKR:

LkR =
1

6
( ∂λBµν + ∂µBνλ + ∂νBλµ)(∂

λBµν + ∂µBνλ + ∂νBλµ ) + BµνJ
µν

=
1

6
[ ∂λBµν∂

λBµν + ∂λBµν∂
µBνλ + ∂λBµν∂

νBλµ

+ ∂µBνλ∂
λBµν + ∂µBνλ∂

µBνλ + ∂µBνλ∂
νBλµ

+ ∂νBλµ∂
λBµν + ∂νBλµ∂

µBνλ + ∂νBλµ∂
νBλµ ] + BµνJ

µν

=
1

6
[ 3 ∂µBνλ∂

µBνλ + 3 ∂µBνλ∂
λµ + 3 ∂µBνλ∂

λBµν ] + BµνJ
µν

=
1

2
[ ∂µBνλ∂

µBνλ + ∂µBνλ∂
νBλµ + ∂µBνλ∂

λBµν ] + BµνJ
µν

=
1

2
∂µBνλ (H

λµν ) + BµνJ
µν ,

(C.4)

and therefore,

Dλ

(
δLKR

δ(∂λBµν)

)

=
1

2
Dλ [ ∂

λBµν + ∂λBµν + ∂µBνλ + ∂µBνλ + ∂νBλµ + ∂νBλµ ]

=
1

2
Dλ [ 2 ∂

λBµν + 2 ∂µBνλ + 2 ∂νBλµ ]

=Dλ [ ∂
λBµν + ∂µBνλ + ∂νBλµ ]

=Dλ H
λµν

= ∂λ H
λµν = �Bµν + ∂λ∂

µBνλ + ∂λ∂
νBλµ.

(C.5)
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Considering some "transformations":

∴ Bµν =
1

2
(ηµσηνγ − ηνσηµγ)Bσγ,

∴ Bνλ =
1

2
(ηνσηλγ − ηλσηνγ)Bσγ,

∴ Bλµ =
1

2
(ηλσηµγ − ηµσηλγ)Bσγ,

(C.6)

we have

−→
[
�

2
(ηµσηνγ − ηνσηµγ) +

1

2
∂λ∂

µ(ηνσηλγ − ηλσηνγ) +
1

2
∂λ∂

ν(ηλσηµγ − ηµσηλγ)

]

Bσγ,

(C.7)

or

−→
[

−�

2
(ηνσηµγ − ηµσηνγ)− 1

2
(ηνγ∂σ∂µ − ηνσ∂γ∂µ + ηµσ∂γ∂ν − ηµγ∂σ∂ν)

]

Bσγ, (C.8)

and,
δLKR

δBµν

= Jµν . (C.9)

For the sake of obtaining the full equation of motion, we have summed all these

parts:
[

−�

2
(ηνσηµγ − ηµσηνγ)− 1

2
(ηνγ∂σ∂µ − ηνσ∂γ∂µ + ηµσ∂γ∂ν − ηµγ∂σ∂ν)

− 1

4β
(ηγµ∂σ∂ν − ηγν∂σ∂µ + ησν∂γ∂µ − ησµ∂γ∂ν

]

Bσγ = Jµν .

(C.10)

In other words,

Ô
µν,γσBσγ = Jµν . (C.11)

Take a look in the symmetry of the operator:

Ô
µν,γσ = −Ô

νµ,γσ,

Ô
µν,γσ = −Ô

µν,σγ ,

Ô
µν,γσ = Ô

γσ,µν .

(C.12)

Taking this above operator Ôµν,γσ in the Green’s equation,

Ô
µν,γσGγσ,αβ(x− y) = Î

µν,
αβ δ

(4)(x− y), (C.13)
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we have got:
[

−�

2
(ηνσηµγ − ηµσηνγ)− 1

2
(ηνγ∂σ∂µ − ηνσ∂γ∂µ + ηµσ∂γ∂ν − ηµγ∂σ∂ν)

− 1

4β
(ηγµ∂σ∂ν − ηγν∂σ∂µ + ησν∂γ∂µ − ησµ∂γ∂ν

]

×

1

(4π)4

∫

d4p e−ip·(x−y)G̃γσ,αβ(p) =
1

2
(δµα δ

ν
β − δµβ δ

ν
α)

1

(4π)4

∫

d4p e−ip·(x−y) ,

(C.14)

it follows that
[

+
p2

2
(ηνσηµγ − ηµσηνγ) +

1

2
(ηνγpσpµ − ηνσpγpµ + ηµσpγpν − ηµγpσpν)

+
1

4β
(ηγµpσpν − ηγνpσpµ + ησνpγpµ − ησµpγpν)

]

G̃γσ,αβ(p) =
1

2
(δµα δ

ν
β − δµβ δ

ν
α) .

(C.15)

The big deal is finding out what is G̃γσ,αβ(p). For accomplishing this, let us suppose that it

may be written as a linear combination of the basis vectors (ησβ ηγα− ηγβ ησα) and (ησα pβpγ −
ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ) . Then,

G̃γσ,αβ(p) = a (ησβ ηγα − ηγβ ησα) + b (ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ). (C.16)

Being quite patient, let us solve the system of the equation and ensure the value of a and b. It

follows that
[

+
p2

2
(ηνσηµγ − ηµσηνγ) +

1

2
(ηνγpσpµ − ηνσpγpµ + ηµσpγpν − ηµγpσpν)

+
1

4β
(ηγµpσpν − ηγνpσpµ + ησνpγpµ − ησµpγpν)

]

×

a (ησβ ηγα − ηγβ ησα) + b (ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ) =

=
1

2
(δµα δ

ν
β − δµβ δ

ν
α) .

(C.17)
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and

−→ + a
p2

2
(ηνσηµγ − ηµσηνγ)(ησβ ηγα − ηγβ ησα)

︸ ︷︷ ︸

(1)

+ b
p2

2
(ηνσηµγ − ηµσηνγ)(ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ)

︸ ︷︷ ︸

(2)

+ a
1

2
(ηνγpσpµ − ηνσpγpµ + ηµσpγpν − ηµγpσpν)(ησβ ηγα − ηγβ ησα)

︸ ︷︷ ︸

(3)

+ b
1

2
(ηνγpσpµ − ηνσpγpµ + ηµσpγpν − ηµγpσpν)(ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ)

︸ ︷︷ ︸

(4)

+ a
1

4β
(ησβ ηγα − ηγβ ησα)(η

γµpσpν − ηγνpσpµ + ησνpγpµ − ησµpγpν)
︸ ︷︷ ︸

(5)

+ b
1

4β
(ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ)(η

γµpσpν − ηγνpσpµ + ησνpγpµ − ησµpγpν)
︸ ︷︷ ︸

(6)

.

(C.18)

Following carefully the six steps:

(1) ∴ a p2 [δµαδ
ν
β − δναδ

µ
β ]

︸ ︷︷ ︸

basis

,

(2) ∴ b p2 [δναp
βpµ − δνβp

αpµ + δµβp
αpν − δµαp

βpν ]
︸ ︷︷ ︸

basis

,

(3) ∴ a [δναp
βpµ − δνβp

αpµ + δµβp
αpν − δµαp

βpν ]
︸ ︷︷ ︸

basis

,

(4) ∴ −b p2 [δναp
βpµ − δνβp

αpµ + δµβp
αpν − δµαp

βpν ]
︸ ︷︷ ︸

basis

,

(5) ∴ −a
1

2β
[δναp

βpµ − δνβp
αpµ + δµβp

αpν − δµαp
βpν ]

︸ ︷︷ ︸

basis

,

(6) ∴ b p2
1

2β
[δναp

βpµ − δνβp
αpµ + δµβp

αpν − δµαp
βpν ]

︸ ︷︷ ︸

basis

.

(C.19)

Finally, we need to solve the system

a p2 =
1

2
, −→ a =

1

2p2
, (C.20)
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and

− a

2β
+ a+

bp2

2β
, −→ b =

1

2p4
(1− 2β). (C.21)

Therefore, replacing a and b, the full Green’s function is given by:

G̃γσ,αβ(p) =
1

2 p2
(ησβ ηγα−ηγβ ησα)+

(1− 2β)

2p4
(ησα pβpγ −ησβ pαpγ +ηγβ pαpσ−ηγα pβpσ).

(C.22)

G̃γσ,αβ(p) =
1

2 p2
(ησβ ηγα − ηγβ ησα) +

(1− 2β)

2p4
(ησα pβpγ − ησβ pαpγ + ηγβ pαpσ − ηγα pβpσ).

�

This is the Kalb-Ramond propagator in which agrees with the well-established result in the lit-

erature [120–122]. We can see that the propagator possesses a pole with zero mass evidencing

that the Kalb-Ramond field is non-massive. Moreover, the additional parameter, which came

from the gauge fixing term (β), do not contribute to the S-Matrix.
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81 KOSTELECKỲ, V. A.; MEWES, M. Cosmological constraints on lorentz violation in elec-
trodynamics. Physical Review Letters, APS, v. 87, n. 25, p. 251304, 2001.
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