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RESUMO

Em 1966, Lennart Carleson provou que a série de Fourier de uma funcao periédica,
quadrado-integravel em um dominio fundamental na reta converge para a propria funcao
em quase todo ponto. Esse resultado foi revisitado alguns anos depois por Charles Fef-
ferman (1973) e por Lacey e Thiele (2000). E estudado aqui o trabalho desses tltimos,
onde o problema é abordado através de analise de tempo e frequéncia. Essa demonstracao
foi inspirada em um trabalho anterior dos mesmos autores em que estabelecem limitacao
para a transformada de Hilbert bilinear em espagos de Lebesgue. O estudo da limitagao
desse operador comecou com as tentativas de estabelecer limitacao para o primeiro co-
mutador de Calderéon. Também sob o ponto de vista da andlise de tempo e frequéncia,

sera estudado um dos trabalhos de Lacey e Thiele sobre a transformada de Hilbert bilinear.

Palavras-chave: Andlise de tempo e frequéncia. Operador de Carleson. Transformada
de Hilbert bilinear.



ABSTRACT

In 1966, Lennart Carleson proved that the Fourier series of a periodic function, square
integrable over a fundamental domain of the real line converges to the same function
almost everywhere. This result was revisited years later by Charles Fefferman (1973)
and by Lacey and Thiele (2000). It is studied here Lacey and Thiele’s work, where they
approached the problem through time-frequency analysis. This proof was inspired in a
previous work of theirs, where they establish boundedness for the bilinear Hilbert trans-
form in Lebesgue spaces. The study of boundedness for this operator started with the
attempts to establish boundedness for the first Calderén’s commutator. Also through
time-frequency analysis, it will be studied one of the works of Lacey and Thiele about the

bilinear Hilbert transform.

Keywords: Time-frequency analysis. Carleson operator. Bilinear Hilbert transform.
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1 INTRODUCTION

Let us first introduce two problems: L?-boundedness of the Calderén’s first commutator

and convergence of Fourier series.

L2-BOUNDEDNESS OF THE CALDERON’S FIRST COMMUTATOR

Let
v(x) =z +iA(x)

be a curve in C, where A’ = a € L*(R). The Hilbert transform corresponding to = is

given by:
f(y) (1 +ida(y))dy
z—y+i(A(z) — Ay))
It is known (thanks to Calderén, Coifman, McIntosh and Meyer) that H., is bounded from

L? to itself. One can approach this result by doing the following expansion

L _ L (AR - AW
x—y+i(A<x)—A(y))_x—y,§( )( Ty )

This way, we obtain the operators

H.,f(x) :=p.v.

Cif(x) = p-V./

Observe that Cy is the Hilbert transform. C} is the Calderdn’s first commutator and it

can be rewritten as
—pv// (x4 aly —x)) f( Ydady

—pv// o — o) f(z — ) dady
:/0 Ho(f,0)(x)da

where we have the bilinear Hilbert transform in the integrand, i.e.,

Ho(f,a)(z) = pv. / alz — ay) flz — y%dy

for a € L°(R) fixed, one can ask if C is a bounded operator from L?(R) to itself. To
prove this, Calderén attemped to find appropriate bounds for the bilinear Hilbert trans-

form. However, he was not able to do it and proved boundedness for C; by other means.
Following|LACEY and THIELE] (1997) and LACEY and THIELE (1999)), we discuss their
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proof of LP bounds for the bilinear Hilbert transform.

CONVERGENCE OF FOURIER SERIES

A classical problem in Analysis is to determine when and how a given function f can be

approximated (in some sense) by an expression of the form:

o0
-~

flx)~ Y fln)e™® = S[f(x) (1)

n=—oo

where fis the Fourier transform of f (if it makes sense for such function). Consider, for

instance, the set of trigonometric polynomials, i.e., the set of functions given by:

f(i[f): i an62wnix

n=—oo

where all but finitely many a,, are zero. One can easily see by orthogonality properties of
{e*™@n:n € Z} that:

a, = f(n).
So holds pointwise with = instead of ~ in this case. But what happens in a more

general setting? Let us start with the following result:

Theorem 1.1. If f € C*(T) with 0 < a < 1 then ||Sn[f] — flleo = 0 as N — 0, where

N
Snlflx) = Y fla)eme.
n=—N
This is a good initial answer, but we still do not know what happens if f is,
say, continuous. In this case, one can construct a continuous periodic function f such
that S[f] diverges at some point (see, for example, ZYGMUND and WHEEDEN| (1977)),

p. 227). In dimension 1, we have the following:

Theorem 1.2. If f has bounded variation in T, (i.e., a periodic function in R with

bounded variation on the torus), then:

. _f@) + fla7)
Jim Sy[f](z) = 5
for all x € T. In particular, S[f](x) = f(x) at every point of continuity.
We would also like to know what happens for f € LP, 1 < p < oo. If we allow

~ to be “= almost everywhere” instead of =, we have the following:
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Theorem 1.3. If f € L (T") and f € IY(Z"), then

fla) = flk)erm

kezm

for almost every x € T™.

However, KOLMOGOROV] (1923)) showed that there exists f € L'(T) whose

Fourier series diverges almost everywhere. For p = 2 we have:

Theorem 1.4. (CARLESON  (1966)) If f € L*(T), then

fl@) =Y Jnem

n=—0oo

for almost all x € T.

A few years later, R. Hunt extended Carleson’s result for 1 < p < oco. In this
work, we will prove a version of Theorem proved by LACEY and THIELE| (2000). An
improvement of this alternative version will imply Theorem [I.4] by transference methods,

which we will discuss in the conclusion.

WHAT CONNECTS THESE PROBLEMS?

Our three main references are LACEY and THIELE] (1997), LACEY and THIELE| (1999)
and LACEY and THIELE (2000). What connects them is the technique used: time-
frequency analysis. A common feature of the bilinear Hilbert transform and the Carleson’s
operator that benefits from time-frequency analysis is their modulation symmetries. By

modulation we mean
Mef (@) = f(z)e>e.
Carleson’s operator can be written as:

e27rz§t

t

CHw) = [ 1 -0

and it satisfies the modulation symmetry

C(Myf) = C(f)-

The bilinear Hilbert transform with parameter oo # 0, —1 can be written as

HoJ.9)(&) = pov. [ @ = glo + T
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and satisfies the modulation symmetry

H(Moz’r]fa Mng) - M(Oc+1)77H(f7 g)

The study of these operators is rather difficult because of the behavior of their singulari-
ties. The singularities of the bilinear Hilbert transform, for example, spread throughout
the frequency space, which makes Calderén-Zygmund’s techniques inappropriate. How-
ever, time-frequency analysis proves itself to be very well suited in a modulation invariant
setting. Two very important references used were GRAFAKOS| (2014al) and GRAFAKOS|
(2014b). We also used FEFFERMAN]| (1973), STEIN (1993),MUSCALU and SCHLAG|
and MUSCALU and SCHLAG] (2013D)).
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2 NOTATION AND BASIC RESULTS

Let J be the set of all intervals of type I = [a,b) with a,b € R and a < b. The center of
I will be denoted by ¢(I) and its length by |I|. We say that [a,b) < [@/,0) if b < a'. If
t > 0, tI denotes an interval of length ¢|I| and center ¢(I). A subset J' C J is a grid if
for all J,J' € J’, the following conditions are satisfied:

JnJ e{0,J,JY, (2)

JC I 4T =2J <|T| (3)

For example, by proposition the set of dyadic intervals is a grid. We will denote the
set of all rectangles J x J', with J,J € J, by R.

Two rectangles I X w and I’ x ' are called A-separated if AI N AJ = () or

We will denote by M and M, the following Hardy-Littlewood operators related
to a grid J:

M(f)(z) = sup ﬁ / F()ldy,

JeJzxed

My(f)(x) == sup (ﬁ[}lf(y)\zdy>é-

JeJxed

Denote by S,(R) the set of all Schwartz functions f with || f|]2 < 1.

Definition 2.1. For a > 0 and y € R we define 7V (translation), D* (dilation) and M*
(modulation) by:

(f)(x) = flz —y),
DY(f)(z) =y 2 f(y~'w),
MY(f)(x) = f(a)e*™e.
Definition 2.2. Let f € L}(R"). Define its Fourier transform by:

-~

ICENS f(z)e 2=t da,

It is immediate that these operators are isometries on L?(R).
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Lemma 2.1. Let 7, M and D be as in definition |2.1,.

—

TY(f)(€) = eV f(€) = MTVF(€),

-~

Dv(F)(€) = y? Flye) = DI (f)(€),
My(F)(©) = F(&—v) = 7 F(©).

Proof. This is just a simple computation using the definition of Fourier transform and an

appropriate change of variables. O
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3 THE BILINEAR HILBERT TRANSFORM

Let f,g € S(R). The bilinear Hilbert transform of f and g is defined by:

H(F. g)(x) = lim Flz— gz + t)%dt. (4)

e—0 R\[—E,E}

We first need to show that limit above exists. Using Fourier inversion we can rewrite

S
lim / / / f(f)eme(acft)g<n)€27rm(x+t) —dfdﬁdt _
e—0 €<‘t|<7 t

hm/ / / f 271'7,33 (&+n) = 1 e—Qwit({—n)dé-dndt'
e—0 5<\t|< t

The function on the integrand above is integrable. Using Fubini’s theorem and the dom-

it as:

inated convergence theorem we conclude that

67277“(6777)
/ / F(©)a(m) e =€ ( lim / " ar ) dedn
€0 e<|t\<l 3

_ ir / / sgn(€ — ) F(E)gn) e =€ dedn,

Where we used Proposition This last integral clearly converges, so our definition
makes sense.
We want to find LP estimates for H. The main objective of this chapter is to

prove the following theorem:

Theorem 3.1. Let A : S(R) x S(R) x S(R) — C be the trilinear operator defined by:

Mucfunfii= [ o [ 5o = 0fta+ 05| paas = [ oG 0 Az )

Then ¥ 2 < p1,p2, p3 < 00 satisfying pil + p% + p% =1, there is a constant C' such that ¥V

fu, fo, 5 € S(R),
[A(f1, for £3)] < Cl il [ f2llps [ f3lps- (6)

Observe that, as we are working on a reflexive Banach space, estimate @

guarantees (by duality),
IH (S, 9)llp < Cpi ol f llpa |9l (7)

pip2

if p= p1+p2”
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3.1 The bilinear Hilbert transform through time-frequency analysis
We will make several reductions in this section. Let us start with a very simple lemma:

1

Lemma 3.1. The distribution p.v.; is a linear combination of 6 and v, where § 1is the

Dirac distribution at the origin and v is such that ¥(§) =0 if € <0 and H(§) =1 if £ > 0.

Proof. Let v be as stated. We have:

(o0 = 0 f) = (SR Ty = s )+ (L7 =~ (o )+ 5 o).

211

Next we observe that follows if we replace p.v.% by ¢. Indeed,

(0.7 )7 1)) = ful=a) fal) =
A o ) < [ 1 (=0) o) fa@)lde < il el ol

by Holder’s inequality. So, by Lemma [3.1] it suffices to prove Theorem [3.1] for v instead
of p.v.1.

Let € := 271 L := 1 and 0 be a smooth function which is equal to 1 on the
interval (—oo, L] and 0 on [L + 1,00). Define ¢ by

D(E) = 0(€) — 0(2°€).

Lemma 3.2. The following hold about v :
(a) % #0 and supp ¢ C [L —1,L +1].
(b) Define, for k € Z,

Then

as tempered distributions

Proof of (a). 1t is easy to find a & such that 12 # 0. About the support, we have
E<L—-1=0(¢ =1and 0(2°¢) =1 since 2°(L — 1) < L.

E>L+1=6() =0and 0(2€) =0since 2(L+1) > L+ 1.

Then ¢ vanishes on (—oco, L — 1) U (L + 1, 00). O
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Proof of (b). This is equivalent to convergence in the Fourier side:

ZZ—ek/\

keZ

To prove this, take f € S(R) and observe that

S 27 gn(f) Z/ F25)2%) fo)de = | D d(2%x) (8)

keZ keZ R pez

On the other hand,

S =3 0(2%z) = 3 62%x) — 02 a) = lim 6(2%x) — lim 6(2%x).

k——o0 k—oo
kEZ keZ

If x <0, S = 0 since each limit above is 1. If x > 0, S = 1 since the first limit is 1 and
the second is 0. Going back to (8], we have:

§:2?@“7_/wf@”x—éimﬁme—%ﬁ,

kEZ

which is what we wanted. O

So, in view of what we just explained, to prove Theorem it suffices to prove

an estimate like @ to the operator

f17f27f3 .

/ / filz —t) folz + 1) f3(x) g (t)dtdz. (9)

kEZ

Let ¢ € S,(R) such that $ is supported in [0, 1] and that

2

- [
Z ¢ (t + 5) = Cp
lez.
for all t € R. Define:
Grmi(T) = 2726k¢(2_6k33 — n)eQﬂT&kxl. (10)
Computing the Fourier transform we get:
Grna(€) = 2% 92w — e m e, (11)

By an immediate variant of Proposition [5.1} it follows that

. <f, ¢n,n,g> Drn,t = Cof (12)

n,lE€Z
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for all f € S(R) and k € R. We now expand fi, fo and f3 in @ using above and

obtain

A(fb f27f3) = Z Ck,m,n27n3711712713Ak,n17n2,n3711,l2,13(f17f2> f3>7

k.ni,li,ne,la,ns,l3€Z

with

—ek
Ak,n1,n2,n3,l1,12,l3 =2 <f17 st oy, > <f2> ¢k,n2,%> <f3a ¢k,ng,%3>

and

Ckynl,n27n3,ll7l2,l3 =C / / (bk’nl’%l(*r - t)¢k,n2,%(x + t)(bk,n&%(x)l/}k(t)dtdx'

This way, to prove boundedness of @ it suffices to prove it to

A(f1, fo, f3) = Z |Chny o ms b doids Mens na s by doods (F15 f25 f3)] (13)

kni,li,m2,l2,n3,l3€Z

because [A(f1, fa, f3)] < |A(f1, fo, f3)]. We now estimate Chp, nymaisinits i two different

ways.

Proposition 3.1. The following estimates hold to Cln, ngns.iyio,is
(a) For every positive integer m there is a constant C,, depending on the Schwartz func-
tions ¢ and v such that

|Ok,n1m2,n3,l1,l2,l3| < Cm(l + diam(”b na, n3))_m7 (14)
where diam{ny,na, ng} := max n; —n;.
1,5€{1,2,3}

(b)

|Ckn1,n2n3,l1l2,l3| <C//‘¢( - )¢<€—;T l2)¢(§__) @/Z)\( )

Proof. A change of variables and the triangle inequality give us

drd§.
(15)

|C/€,n1,n27n3711,l2,l3| < O// |¢(CL’ —1— n1)¢(x +1- n2)¢(x - n3)¢(t)|dtd95

We observe next that the differences n; —n,; can be written as a linear combination of the
four arguments of the functions appearing in the integrand above, so at least one of the

four arguments is greater than %diam{nl, ng,ng}, where k is a fixed constant. Suppose



21

this argument is (x —t —ny). As ¢ € S, for each m € N we can choose K, such that

K, < K,
1+ |z —t—n1|)™ = (14 diam{ny,ng,n3})™’

oz =1 —m)| <

and then we may conclude that

Ky,

1 + diam{ny, na, ng})™
Cn

(14 diam{ny,na, ng})™

// |p(z +t — n2)p(x — n3)y(t)|dtdz

|Ok,n1,n2,n3,l1,l2yl3’ < (

since the integral above clearly converges for ¢ and 1 in S (observe that C,, depends on

these two functions, as stated). This proves (a). Fix k,ny,ly,ns, lo. Define
(I)(x>t) = ¢k7n17%(x - t)(bk7n27%2(l’ + t)a

U, t) = oy 1 (@)n(t).

g
2

Computing Fourier transforms,

(¢, 7) = /R Oy (T = Dy, 10 (24 D) T E D dd
_ —ami(g2, 250 ) 6 L e
- - ¢k,n17%<u)¢k7n2,%(v)e 5 § T

1 . .
) / Gy 1 (WD, b (0)e” 2 (557) =27 (57) dudy
R2 M2 M2,5
1~

E—T\ ~ §+T
=gy (7)ot (557)

V)= | &, u@)d(t)e @D ED dedy

= ([ oy san) ([ o)
R 2 R
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Parseval’s formula, the calculation above and give us:

|Ck,n1,n2,n3,l1,lg,l3| = ‘C’//Cb(x,t)\lf(x,t)dtdm
‘ // (&, T)V(E, 7)drdE

<C [ [160s (£ . ) B (527) B 13 €V T(7)| drd
_ l l ~
—of [lo(557-5) e (55 -%) (e~ 5) on)are
(16)
which is exactly what we wanted for (b). O

Assume that the last integral above is nonzero. Then there is a pair (£, 7) for

which the integrand is nonzero and we have

DO |

l
S ol<e<i+o,
L-1<7<L+1.

N I\ ~
5(¢-3)om 20
because supp $ C [—1,1] and supp 12 C [L — 1, L+ 1]. This way,

mln{S—T}———L—Q,
max{f—T}:%—L+2,
l a7)
min{§+7}:§3+L—2,
l
max{f—l—T}:Eg—{—L—i—Q.

Also,

N Y (E-m)-2<h <2+ (),
(5 -3)0 (5 2)7“’;‘{<s+7>—2<zzs2+<f+r>,
with this gives us
(50) renz (B 0) s as

(§+L>—4§b§<%+L>+4 (19)

We will use proposition to reduce once more the problem.

Proposition 3.2. To prove theorem it suffices to show that for all S, vy, ve, A1, Ag
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there exists Cp, p, ps such that

Z |Ak7n+V1,n+l/2,n7/\1(l)7>\2(l)7l| < CP1,P27P3V10||f1“P1 ||f2||p2||f3||1737 (20)
(kn)eS

where vy, vs > 0 are integers, v := 1 + max{|vi|, |va|}, A1, Ao : Z — Z are functions such
that l; = A\ (l3) and Iy = Mo(l3) satisfy and (19), respectively. Also, S C Z?* is finite
and such that

k#K =|k—FK|>L", (21)
n#n = |n—n'|> L%, (22)
140U = 11> L". (23)

Proof. 1f holds for every finite S C Z3 such that , and hold, then it

still holds if S is infinite under the same conditions, otherwise

Z ’Ak,nﬂq,n+V2,n,>\1(l),>\2(l),l‘ > Cp1,p2,p3V10Hf1Hp1Hf2Hp2Hf3Hp3 =

(kn,l)eS
S infinite

Z |A/€,n+l/1,n+uz,n7>\1(l)7>\2(l),l‘ > Cphpz,psVlOHfl ”pl ||f2||p2 ||f3HP3
(b l)es’

for some S’ C S finite, which contradicts . By the definition of Ay nyv; ngvemn (1), 02(0).05
(20)) still holds if ny,ny and ng are in a different order. Reduce the range I' of indexes on
by eliminating the triples (y,ls,[3) that do not satisfy |18 and We can then write

the sum as
Z Y YN Y =A+B+C,

diam{ni,n2,ns} k I3 l1,l2

A=2.00. 2

I3 l1,l2  diam{ni,n2,n3}
nz=min{ni,n2,n3}

B=2.00. 2

I3 1)l diam{ni,n2,n3}
ng=min{nq,n2,n3}
na#n3

C=2.22 >

I3 1,02  diam{ni,n2,n3}
ni=min{nq,n2,n3}
ni1#n2,ng

where

We will focus on A since the argument for B and C' is the same. Note that A can be

rewritten as

202 2222 ) (24)

d 7 Is lils n
d=max{vi,v2} 5ot
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For each d, divide the range of indexes in into (L' 4 1)3(d + 1) subsets as follows:

k=k mod LY 41,
(k,Ln), (K, I',n) €Sy =< 1= mod (LY +1)(d+ 1),
n=n' mod LYY 4 1.

Once we choose [, andtell us that {; and [, can assume at most 9 different

values each. Also, by (20]), we can use the same upper bound for Y, ;  [Ak, notvrnatvamne s

regardless the values of [; and l;. This way,

A:E E E E E E E | Cnatvrnatvamadidodo [ Mmoo ma-tve,masb lz.lo
d @

V1,2 ka lo lila n
d:max{ul,ug} « ¢ 1 ¢

9C
< ; Z m Z Z IZ Z ’Akayna"l‘Vl,na"!‘VQ;nayll,l27loc

v1,v2

ko
d=max{v1,v2}

9C
X\ gram 2 GO Al ol

d V1,V2
d=max{v1,v2}

C
Z m(l +d) " Cpy o [ f1 ||f2||p2||f3||p3>

IN

&MM

<—1 it )" (L + 1)’ (1 + d)C, pstallHszngngp3>

1
= CorposlF1llpn L2l | sl > tae
d

p1,p2,p3”f1Hp1 Hf2Hp2Hf3Hp3'

Using an analogous approach for B and C' we conclude ((13)).

Let us work now on the proof of .

Definition 3.1. Let C,, be a constant for each integer m > 0. A phase plane represen-

tation of a subset ® C S,(R) is an injective map

p: =R

¢'—)I¢XW¢,



such that the following properties hold for all ¢,¢’ € ®

wp Nwy =0 = (p,¢') =0,

z — c(ly)

6(2)] < Conl |2 (1 ;
Iy

) , VYmeZy,xeR,

272\ Ly ||wy | < |[Is|lwg| < 22| Ly ||we |-

For the rest of this section we fix 2 < p1, pa, p3 < 00 such that p% + p% + pig

25

(25)

(26)

(27)

=1.

We now state a key proposition, which we take for granted in this section, and use it

prove Theorem We will devote the other sections to prove this proposition.

Proposition 3.3. As in definition for each m > 0 integer let C,,, > 0 be a constant
associated. There exists C' (depending on py,ps, ps, Cm) such that the following holds. Let
S be a finite set, ¢1, Pa, p3 S — Su(R) be injective maps and let I,wy,wo, w3 : S — T be

maps such that the following are satisfied:
pit 9i(S) = R, by — I X wy
is a phase plane representation with constants C,, Vi € {1,2,3}
The set 1(S) is a grid,

The set J, = wi(S) Uwa(S) Uws(S) is a grid,
wi(s) Nw;(s) =0 for all s € S,i,5 € {1,2,3}, i # 7,
s € S;wi(s) CJ, wils) # J,ie€{1,2,3},J €T, = wj(s) CJ,Vje{l,23}.

Then the following inequality holds for fi, fa, f3 € S(R):

DT d1(9))(fey 02()) (s D3N] < CULA Nl Follpe | fo -

seS

Fix S, vy, v, 7, A1, Ay as in proposition . We define ¢; : S — S,(R) by:

le (k’ n, l) = V_lgbk:,n—i-l/p)\lT(l)’

¢2(k’ n, l) = V_1¢k,n+uz7>\2(l> !

2

o3(k,n,l) = V_lgbk,n,é'

Claim 3.1. ¢; is injective for each i € {1,2,3}.

(28)

(29)

(30)
(31)

(32)

(33)
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Proof. For i =1 (the other two cases are similar),

d1(k,n, 1) = o (K, 0/, 1) =

2—%¢(2—ekx —n— V1)62m2 kg Al J) — 2 ¢( —ek’x —n — V1)€27ri2*6’“/:c—’\1£l/)’

for all z € R. Taking L' norms on both sides,

(27" —n —1)|de = 27" / |62y —n' —w)|dy =
R

k=F.
Complex exponential must be equal, so

' —ek
ami2=chg 2l omig-ek p 21 2%

e M) =M(1)€eZ, VreR
= )\1([’) == )\1([)
=1=10
by [I8 Finally,
P2 % —n—v) =02 %r —n' — 1)) = n="1

otherwise ¢ would be constant. This proves that ¢, is injective. O]

Claim 3.2. There is a map I that satisfies the following for all s = (k,n,l) € S:

le(I(s)) — 2%v| < 2%, (34)
249k < |I(s)] < 22%2% ), (35)
I1(9) is a grid. (36)

Proof. We proceed by induction on the cardinality of S (which will be denoted by |S]).
If | S| = 1 we can easily choose an interval [a,b) as small as necessary so that (34),
and are verified. If |S| > 1 pick s = (k,n,l) € S such that k is maximal (i.e., there
is no s = (k',n/,l') € S such that ¥’ > k) and define §' = S\{s}. By induction there
is I : 8" — J that satisfies , and . If there is an element (k,n,l') € S with
the same first coordinates as s, define I(s) := I(k,n,l') and it is immediate that this
definition is consistent with the three conditions above. If this is not the case, let [a,b)
be the interval of length 2421 centered at 2¢*n and define I(s) to be

s):=la,b) U U[ai, b;),
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where a or b belongs to [a;, b;) for each i. This definition of I(s) clearly verifies (36]). Since

I(S') is a grid, we can take [a1, b] and [ag, by) maximal such that

By and the fact that k is maximal,
11(s)] < |b1 — a1| + [b — a| + |by — ag| < 2°212K'y 4 242k 4 2¢242k" ),
< 262426(k—L10)V 4 2426kV 4 262426(1{2—L10)V
_ (;L_j; n 1) 949¢k,
< 2€249¢ky,

which verifies the second inequality in . The first inequality of this condition is
obviously verified by construction. To verify ,

c(I()) < 2%n+ [by — ag] < 2%n + 2202y,
C(I(S)) 2 26kn — |b1 — al‘ Z 25k’n _ 242619'”’

SO
le(I(s)) — 2%n| < max{2°2*2%" 1, 212"} < 2y,
where we used again. This completes the proof of this claim. n

Claim 3.3. There are three maps wy,wy, w3 : S — J that satisfy the following for all
s=(k,n,0)es

-~

supp(¢;(s)) C w;(s) for i =1,2, (37
Supp(ggg(s)) C [2a,2b) where [a,b) = ws(s),
2027F < w;(s)| < 22927 for i = 1,2, 3,

Jo = w1(S) Uwy(S) Uws(S) is a grid, (40

and fori € 1,2,3,

w;(s) € J for some J € J, = w; C J, forall j €1,2,3. (41)
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Proof. We proceed once more by induction on the cardinality of S. Observe that

supp (1 (k,n, 1)) C 2’c (M 1) 2" ’f( 2l +1>]
supp(da(k,n,1)) C :z—ek (AQ—(Z)—l) [ Qek (A22(l +1 } (42)
supp(s(k,n,1)) C :2—6k <é—1> [ Q—ck (é 1)1 w.

If |S| =1 let this element be s = (k,n,l). Define

wi(s) =2U,
wo(s) =2V,
ws(s) = 2W.

By (42), and we see that w; satisfies the conditions of this claim. If || > 1
pick s = (k,n,l) € S such that k is minimal and define S’ = S\{s}. By induction we
find maps wy,ws,ws : 8" — J which satisfy the conditions stated. If there is an element
(k,n',I") € S" then define w;(s) = w;(k,n,l") for i = 1,2,3. One can easily see that
this definition extends w; to S so — are satisfied. Otherwise, for i = 1,2, 3, let
[a;, b;) be an interval of length 2427 that satisfies supp(g/b\i(s)) C [a;, b;) for i = 1,2 and
Supp(ggg(s)) C [2a;,2b;) for i = 3, which can be done by (42). Define

w;(s) := convex hull of [a;, b;) U (wi(s") Uwa(s") Uws(s)),

s'eS

where this union is taken over all sets of the form w;(s") Uws(s") Uws(s") that intersect
la;,b;). As we did in the previous claim, J, being a grid allows us to take s’ and s”

maximal such that

wi(s) := convex hull of [wy(s") Uwa(s") Uws(s)] U [a,b;) U wi(s”) Uwa(s”) Uws(s”)]
= [z,y), where [a;,b;) C [z,y).

and are trivially satisfied by construction. As for , the first inequality follows

from |w;(s)| > |[as, b;)| = 227 and the second follows from

wi(s)] < wi(s)] + |wa ()] + |ws ()] + [[ai, bi)] + [wi(s”)] + w2 (s")] + |ws(s")]
< 3.26242<K | 949k | 3 949-<k"
S 3'26242—€(k+L10) 4 242—ek + 3‘242—e(k+L10)
< 26949 —ck,

and are also easily seen to be satisfied by our construction. O



29
We have defined the ¢;, [ and w; needed in proposition |3.3|

Claim 3.4. ¢;,I and w; satisfy the conditions of proposition[3.3.

Proof. Conditions , and are easily seen to be satisfied by the way we defined
¢i, I and w;. Let’s prove that wy(k,n,l) Nwy(k,n,l) = (. We have:

‘wl(kanvw U Q.Q(k?,’n,l)l < |W1(k,n,l)| + |U.12(/€,n, l)‘ < 2625276,6 (43)

9k (AlT(l) + 1) <27k (MT(Z) — 1)

~ ~

supp(¢1(s)) Usupp(da(s)) C wi(s) Uws(s)

by . Also,

by and and

by B7). If wi(k,n,1) Nwa(k,n,l) # O, then wi(k,n,l) Uws(k,n,l) would be an interval

" wi(k,n, 1) Uwe(k,n, 1) D [2—* (AITU) - 1) , 27k (AQT(D + 1)]

Aa(l) = M (D)
2

by and , which contradicts and verifies condition fori=1and j =2
(the other cases are similar). It remains to verify that the maps p; defined in are

|wi (k,n, 1) Uws(k,n, 1) > 27 ( — 2) > 2 k9hoe

phase plane representations (remember definition . For i = 1 we have

JU qbl(S) — R
d1(s) = I(s) X wy(s)

Let us first verify that p; is injective. For s = (k,n,l) and s = (k’,n’,l'),

P k=K, by (B3 and EI)
, s)=1I(s ,
pi(1(5)) = pr(on(s) = { o) —n(sy T =y @D and @
1(8) = w1 ,
1= 1, by (7). @) and (1)

which means s = ', If wi(s) Nwi(s') =0,
(61(5).1()) = (). () =0

by Parseval and . If i = 2 same argument applies. If i = 3 we use the same argument
and the fact that
w3(s) Nws(s') =0 = 2ws(s) N2ws(s’) =0
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by . This proves . Finally, as ¢ € S,
[¢(2)] < Crn(1+ [z])™™,

Then
(61 (k,, 1)(2)] < v Cu27F (14 27%2 — (n+ 1))

For m =0,
—ek

@1 (k,n, ()] < v G2
< ColI(s)| 2

by (35). Observe that it suffices to prove for x ¢ I(s). Indeed, we can choose ~C~'m
such that holds for all € I(s) and, if it also holds for x ¢ I(s) with constant C,,,
we make C,, := max{C,,, Cp,} and prove (26). In the case mentioned,

jw = c(I(s)] < | = 2%(n + )| + [2%(n + 1) — c(I(s))]
< |z —2%n| 4+ |2%n — c(I(s))| + 2.2%1,
< |z —2%n| 4 2%(v + 21,)
< |z — 2%n| + 32k

I
< |z — 2%n| + )] (48”

—c(l
< |z — 2%n| + Jz = cl(s)] Cé ()] =

127k — 27 c(I(s))| < 2|27z — n|

where we used in the third inequality, in the fifth and the fact that « ¢ I(s) in
the sixth. This way,

—ek(m—1)

[61(k,n, O)(2)] S vTICR27 2 o —c(I(s))|™™,
|61 (k,n, 1) ()| < Con I()|™ 2|2 — c(I(s))| ™™

and this proves since x ¢ I(s). Finally, follows immediately from (35)) and
9. =

Now we conclude the proof of theorem by using proposition [3.3] and [3.2]
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We have:
—ek
Z |Ak,n+ul,n+u2,n,)\1(l),)xz(l),l’ = Z ‘2 2 <f17 ¢kz,n1,%> <f27 ¢k7n2,l72> <f37 ¢k,n37%3>‘
s=(k,n,l)eS s=(k,n,l)eS
—ek
= Y 2T Avai(s) (o voa(s) (o ves(s)|
s=(k,n,l)eS

<282%0% > [I(s)[72 [(fr, 61(5)) (fa, 0a(9)) (3. 03(5))]

s=(k,n,l)eS

< Corpo sVl f1llps 12l 1 f5 1

And this is enough by proposition [3.2]

3.2 Boundedness of the model form

Our purpose in this section is to prove proposition Let us establish some
notations and conventions before. For each m > 0 fix a constant (), and 2 < py, ps, p3 <

oo such that
1 1 1

T T |
b1 P2 P3

From now on, C' will denote a constant depending on these data and its value may change

from line to line. The indices ¢ and j run over {1,2,3} unless we say otherwise. Define n

to be the greatest number for which 7! is an integer and

-1
n <271 (min{pi} - 2) (maij)
i j
Define: .
t:= <§ iin{pi}> — . (44)

Observe that
1 1 /1
t—1= §m1n{pl-}—1 —-n> §m1n{pl-}—1 —2 §m;n{pi}—1 >0

so t > 1. Fix the notation of proposition [3.3| and assume that its hypothesis are satisfied.
Since the proposition is invariant under a permutation of the indexes 1,2 and 3, we can

strengthen to
wi(s) < was) <ws(s) forall s e S (45)
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by partitioning .S into at most six subsets and proving proposition to each such subset.

For the rest of this section we assume . Define

Gs(fu fou f3) (@) =Y |1(s)| 3<H|f1,¢, ) o (@).

seS

which clearly makes sense since S is finite.

Claim 3.5. For fy, fo, f3 € S(R), the L* norm of Gs(f1, fo, f3) is equal to the left-hand
side of (33).

Proof.

I\J\vo

3
HgS(flaf27.f3 Hl _/Z|I (H' fz>¢z >XI(S)(-CE)d3j
ses i=1

=Y " |1(s)| 3(H|f1,¢z >/Xl(s()d

seSs

=>"11(s)] %<H| Ji ils )

ses

]

Proposition 3.4. For all vy, 9,73 with |r; —p;| < n and all functions fi, f2, f3 € L*(R)N
L(R) with | fi,, = 1

)

{z e R:Gs(f1, fo, f3)(x) =2 1} < C (46)

Before we prove this proposition, let us first prove:

Claim 3.6. Propositz’on implies (33)).

Proof. Consider the following data:

I,(s) := [A\"a, \"b) where [a,b) = I(s)
Pia(s)(@) == A2 ¢i(s)(A ")
fialz) = A7 fi(A )

Wi x ‘= Wy

Observe that || f;||;, = 1. This way,

Z’IA( 7% <H| fl/\?¢l>\ )XIA s) —>\ Zu 7% (H’ fz>¢z ) ( )

seS seS

= A1G(f1, fo, [3) (A T)
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By scaling invariance,

{z e R" : X'Gs(f1, fo, f5) A 2) > 1| < C =
{z € R™: Gs(fu, fo, f3) (A7) 2 N < C = (47)
{z € R": Gs(f1, fa, f3)(x) > Al < OX

Since the last inequality in holds for every (r1,72,73) in a small neighborhood of

(p1, P2, p3), by the multilinear Marcinkiewicz interpolation theorem we have:

Ppi

1Gs(f1, f2, f3)[[1 < CH | fi

which is exactly what we wanted. Therefore it suffices to prove . O

For the rest of this section, fix r1, 75 and r3 with |r; — p;| < n and define r as
the sum of its inverses, as above. Some of the following arguments will be explained as
if C' did depend on r;, but this constant can always be picked uniformly in r; as long as
Iri — pil <n. Fix fi, fo, f3 € L*(R) N L>®(R) with || f;|l,, = 1 and define F; : S — R by:

T

Fi(s) == [(fi, #i(5))]
Define also:
F:= F1F2F3

We now pass to the proof of . Define a partial order < on the set of rectangles by
J1XJ2<J{XJ5<:>J1CJ{ andJéCJg. (48)

T C S is called a CF set of type i (Carleson-Fefferman sets) if the set p;(¢;(7)) has a
unique maximal element with respect to <. The unique element s € T such that p;(¢;(s))

is maximal is called the base of the CF set T" and denoted by sp.

Claim 3.7. Let T be a CF set of type i. If j # i, then for all s,s" € T with s # s we
have pj(;(s)) N p;(¢(s')) = 0.
Proof. Let s, € T and assume p;(¢;(s)) N p;(¢;(s')) # 0. By (30), we can assume

without loss of generality that w;(s) C w;(s’) (the argument for the other inclusion is the
same). If we had w;(s) C w;(s’), (32) would give us

wi(s) C wj(s') for i =1,2 and 3.

then by

wi(s) Nwi(s) =0 = wi(s) Nwi(s) =0
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Which contradicts the CF property that p;(¢;(s)) and p;(¢;(s’)) are dominated by the
same maximal element in p;(¢;(7")). Therefore we must have w;(s) = w;(s’). Also, by

(29) we may assume without loss of generality that I(s) C I(s'). By (27),

1(s)] > 272 |1(s')| = I(s) = I(s)

by . By injectivity of p; and ¢; we conclude that s = s’, which proves the claim O]

Now, let T be a CF set. By Cauchy-Schwarz,

F(s) Ba(s) Bs(I() 2 _ [ Fis) Toer Pyl
; 11(s7)| §<3£u(s)|é>g< [(s7)| ) #)

Our objective now is to decompose S into CF sets in a way that for each CF set there
are upper bounds for all three factors on the right-hand side of [49| and a lower bound for
one of them. Start by enumerating the three factors above according to the index of the
function F; appearing in each factor and say that a CF set has color j if there is a lower
bound for the j* factor. The value of such factor will be called the charge of the CF set.
As we will see, the upper and lower bounds on the factors will depend on a parameter k.
We will then decompose the CF sets into collections Fy, ; ; where k determines the bounds,
i is the type and j is the color of the CF sets in this collection.

Define S_; := S and, assuming that Sj_; is already constructed for some

integer k > 0, define recursively

Sk = Skq\ U Sk,i,j
i.j
As one can see by looking at the range of 7 and j, there are 9 sets Si; ; to construct. With
k fixed, the construction of Sy ;, j, will be independent of Sy ;, ;,. However, we observe
that their construction do depend on the previously constructed Sy i with &' < k. For
¢ and j fixed, we will pick a collection Fy,; ; of CF sets T' C Si_;. With this collection we

define
Sk,i,j = U T

TEFy,i;

This collection Fy; ; is constructed recursively. Let F sold Jenote the collection of CF sets
which have already been picked in the process of constructing Fy; ;. Let F5°* denote

the set of CF sets T' of type ¢ which satisfy the following properties:

TCcSo\ |J T (50)

T’ e Fsold

_k
If i = j, then Fj(s) > 2772 7 I(s)|? for all s € T. (51)
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2
_k
If i # j, then (Z Fj(s)2> > 242775 |I(s7)|2 for all s € T. (52)

seT

If F5tock = (), then we stop the process and set Fy; ; := F*4. Otherwise,

Claim 3.8. If 5tk £ (), there is a CF set T which satisfies the following for all T' €

f‘stock..
7 C T, then T =T (53)
If i < 7, then w;(sr) £ wi(sr) (54)
If i > 7, then w;(s7v) £ wi(sr) (55)

Proof. Consider the set F of all T € Fs%* which satisfy . This set is nonempty
because, for example, a T' such that |7’ is maximum belongs to it. Inside F thereisa T
maximal with respect to or , depending on i and j. If i < j (the other case is
analogous),

wi(s7) ¢ wi(sp) for all T € F

If there was T" € F™°k\ F such that
wi(st) < wi(srr)

then, as we have w;(s7) C w;(spv) for some T € F that contains T” (from the hypothesis
that F5°% is a collection of CF sets of type ),

wi(ST) < wi(Sf)
which contradicts our previous conclusion. So
w;(s7) £ wi(sg) for all T € Ftock

This 7" will do the job. [l

We pick such 7', add it to F*°'¢ and delete it from F5*°°c. We continue this
process and, since S'is finite, this recursion stops after finitely many steps. We therefore

finish the construction of Sy ;; and Si. Observe that each s € Sy, satisfies
_k 1
Fy(s) <2772 7 [I(s)[2 (56)

for all j, since the CF set {s} of type j does not satisfy (51)). In particular, if s € Sy for
all k € N then Fj(s) = 0 by (56).
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Also, each CF set T' C S}, of type i satisfies for j # i

(zyww><a%%mww (57

seT

We now finish the proof of . Define the counting function Ny ; ; as

Neag(@) = X (@)

TEFy,i,5

As the name already suggests, Ny, ;j(z) returns the number of CF sets T € Fy;; such
that = belongs to I(sr). For each subset S’ C S define

Gs () ==Y _|I(s)[ "2 F(s)x1(5)(x)

ses’!

Claim 3.9. To prove (46), it suffices to show that there is a set E with |E| < C such
that

1Gs||ie) < C (58)

with t > 1 given by .
Proof. 1f there is such set,

{o € R;Gs(z) > 1}] = |{z € RiGs(2) > 1} N B + [{w € R; Gs(x) > 1} N B

< |E|+ / ldx
{zeR;Gs(z)>1}NE*
<C+ / Gs(z)dx
{z€R;Gs(z)>1}NE*°

<C+ / Gs(x)dz
{z€R;Gs(z)>1}NE*°
<C+ | Gy(x)dx
Ec

<C+Ct

=C
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Such E will be given by F = E; U FEy U E5 where

s=U U U

k<n=21,j=1T€Fy;,;

B=U U U {rerawzat),

k>n=24,j=1TEFy; ;

3
By= J U {zeRiNuij(2) > 27}

k>n2 =1

If x ¢ E; then
X1, () =0 for all T' € Fy ;5 with k < n 2,5 €{1,2,3}

Since
UU U Ju(ns)
k 4, TE€Fg,i; k

and (as already observed)
F(s) =0 forall s € ()| S
k

we can write for this x:

=22 2. 9l

k>n=2 4,j T€Fk,;;

For a single CF set T, the function Gr is supported on I(sr) and it is bounded by 277 if
x ¢ Ey (by the definition of Ey). Therefore for x ¢ Ey U Es,

<3SN (@)

k>n=2 ij TE€Fy,;

= > Zz*%zvk,i,j(x)

k‘Z?’]_Q Zv]

(59)

Claim 3.10. For all k > n~2 and i,j € {1,2,3} we have

ek
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This claim will be proved soon. Applying this estimate to (59) we obtain

_k
|Gs||Lt(me) < Z 22 " [ Neillecee)

k>n=2 4

< 3 Y cataomigt .

k>n=2 i
<C Y 2mrolomkos

k>n=2

Since r is close to 1, t is close to 3 min;{p;} > 1 and 7 is very small, the right-hand side
of converges and we obtain . In order to use we will devote the next three
subsection to estimate the measures of Fy, F, and E3 and prove the counting function

estimate. This finishes the proof of proposition [3.3]

3.2.1 The set E;

Define:

We have two cases:

1. ¢ = 7. In this case, if T' € Fj; j, then sy satisfies

_k .
[(fjs d3(s))| = Fy(sr) = 272 75 [I(s7)|2
By the construction of the sets Fy; ; done previously. By lemma

[(F> 05 (s2)) < ClI(sp)|2 inf  M(f;)(x)

zel(sT)

This way,

k

inf M(f;)(x) > G272 = M(f;)(z) > G2 ™27

z€l(sT)

for all z € I(sr). Then we have
s
Ek,i,j C {.CI? € R; M(fj)(a:) > 02—nk2 Tj} (61)

2.1 # j. Pick T € Fy;;. Take & = ¢;(T) and J = I(sr) and pick s,s" € T.
Hypothesis is satisfied. To verify , use the same argument done in the
beginning of the proof of claim 3.7 To check (L17)), assume I(s) = I(s’). Since
wi(sT) C wi(s) Nw;(s") # 0, assume without loss of generality that w;(s) C w;(s’). If
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the inclusion was strict, by ,

272w (s)| < |w(s)| < 22 |w(s)| = ||c;((zf))|| <9t
But, by 7 |
()
w(s)] —

a contradiction. Then we must have w;(s) = w;(s’). By injectivity of the phase

plane representation p;, s = §'. By (118)),

§jruawﬁscwuwﬂ< mfA@Mﬂﬁ»@Q

$€6;(T) weller)

On the other hand, by (52),

NI

S| =20 (s

d€d; (1)

Combining these inequalities, we obtain:
_k
Eyij C{x € Ry Ma(M(f5))(x) = C2 77} (62)
Take € > 0. If i = j, using (r;, rj)-weak boundedness of the maximal operators, we obtain:

_k
|Brig| < o € R; M(f)(x) > C27k27 73 )]
< H{z € R; M(f;)(x) > Co-kg T _ e}l
Il
<C2_nk2_7j — €> ’

S éanrj 2k

<

If i # 7, )
|Brsj] < [{m € R My(M(f;))(z) > €277}
< {o € R My(M(f;))(2) > C2 77 — €}
1M
<02_T£j — 6) ’

< Ol fill2"

— Ok
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In any case, we have that for all kK > 0, i, j,
| Bz < C2F2mkrs (63)
Summing |Ej; ;| over finitely many terms, we conclude that
By <C

3.2.2 The set F

Fix k >n2i,jand T € Fi; ;. By and (7)), we have:

IGzlli = 11(s)] <H \(fz,¢z(8)>|)

< (816171;3 Fi(S)II(S)|_§> H (; Fji3)2>

< 272 |1(s) Bl (s)[E [ 22
i

1 (64)
I(s7)|?

= 02—77’@27'“(" R *) 11 (s7)|
= 2727 |I(s7)]

Let J € I(T) and pick s; € T such that J = I(s;). Let T be the set of all s € T" such
that I(s) C J, then of course T is a CF set of type i and base s;. Using again Holder’s

inequality, and , we get:

> R B()F(s)I(9)]F < C2a27|J] (65)

seTy

which amounts to a BMO estimate on Gy, with respect to the grid /(T"). By the

analogue of the John-Nirenberg inequality we obtain:
{z €R: Gr(x) > 277 }| < C27|I(s7)] (66)
Define F := {T" € Fi;; : I(sr) ¢ Es}. Then

S [z eR\Es:Gr(x) 2277} <Y o eR:Gr(z) > 277}

TE.F}C,Z'J‘ TeF
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Using we can estimate this by

3" He € R\Es: Gr(z) > 277} < C277||Nx s (67)

TEFy,i,j

where Nr := ) o7 X1(sp)- Since the counting function is integer valued, we have
INFllx < [NF|l;
As a consequence of claim [3.12] we have
[Nzl < 02102t (68)

Summing the first member of and using (observe that this is summable since 7
is small), we obtain

|Ex\Es| < C

3.2.3 The counting function estimate and the set F;

We will prove here that there are not too many CF sets in Fy,; ;. Fix k > n~2,
i and j. For each subset F C Fj; ; define

Nz = Z XI(sr)

TeF

and
1
Ni(z) = sup i > (so)l
Je{l(st):TeF}: xed | | TeF:I(sr)CJ
We then have |[Nx||; < C||N%|,. Pick a minimal subset F C Fi,, such that for all
r € R,
Nz(x) > min{Nk7i7j(x),2%} (69)

Claim 3.11. Equality holds in for this minimal F.

Proof. Assume otherwise, i.e., the inequality in is strict for this F at some x. Since
Ny > Nr we had Nx(z) > 27 and moreover Nx(z) > 21 + 1, since 27 is an integer.
Pick a T' € F such that x € I(sy) and I(sr) has minimal length. Since {I(sr) : T € F}
is a grid, I(sr) C I(sy) for all 7" € F with « € I(sg+). Then F\T also satisfies inequality
(69), which contradicts the minimality of F. O

For reference in the previous subsection we note that {T" € F;; : I(sr) ¢
Es} C F.
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Claim 3.12.
|Ng||, < C210miky (70)
Note that implies
| Nio sl oo gs) < C210mk 2% (71)
Observe that
{(r €R: Nr(zx)>27} ={z €R: Npyj(a) > 27} (72)

Therefore also implies |F3| < C' when we pass from the strong-type estimate to the

weak-type estimate and sum a geometric series.

Proof of claim[3.19. Assume first i = j. Let o be the map which assigns to each CF set
T its base sy. We want to use lemma |3.6] with the set F, the maps [ o 0 and w; o o
and A = 2", Hypothesis follows from condition in the construction of Fi; ;.
Lemma partitions F into subsets F;, | € N, each being separated in the sense of
and satisfying

1

t

INz Nl < C25 (exp(—127027 )25 | B ) (73)
By and the fact that n is small, we obtain
N7 [l < C27 exp(—i2~122731%) (74)

is useful for large [. To obtain a good estimate for small [, we apply lemma with

@ = {¢i(sr) : T € Fi}

P = pi
==’
A =2k

Since by we have ||[Nz||e < 2%, the lemma gives for all J € {I(sr): T € F;}

> Rl < (i M) ) (7

TeF;:I(sp)CJ
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This gives with , forx e J

1
N (z) < ol Z [ (s7)]
TeF:I(sT)CJ
2nk 21 2
<P T Fsr)

| | TE]'-I:I(ST)CJ

< 022975 9 (My(M(f,)) ()2

and
INA |l < C|INE|:
» (76)
< C27%275 2% || (Mo (M (£7)))*X By

B

This last norm can be estimated using Holder (observe that £ > 1, so we can use Hélder

for this exponent)

=

)l = ([ BROIG) e,

< [( o) ([ xif:fj)lfjr (1)

1i_2
= | Ma(M (I | Bl ™ 7

. 12
< C|Ey, |t 7

where we used the L'i-boundedness of M, and M and the fact that ||f;|,, = 1. Using

in we get

2

2k 1_2
N |l < C27%275 27| By 5] *

By we have
|Nzl, < C24mikos (78)

Picking the minimum between and for each [ and summing over [ give claim
for i = 7. Let us now focus on the proof of the case i < j. For T' € F define

Tmin = {s € T : p;(s) is minimal in p;(T) with respect to the order <}
Tt = {s € T : 252" |1(s)| > |I(s7)|}
T2 ={seT:I(s)N(1—2"Y1(sr) =0}
Tomax .— f5 c T9: p,(s) is maximal in p;(T?) with respect to the order <
p P
Tnice = T\(Tmin U Tfat U Ta)

It will be clear from that 77 is not empty. We will apply lemma with ¢ :=
¢;(UrerT™®), p := pj, F as above, the map 7 mapping ¢;(s) to the CF set T" which
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contains s, the map Z assigning to each T € F the interval I(s7), g :=n"2 and A := 2"

Let us check hypotheses (105), (106) and (107). The subtraction of 7% and 79 makes
all s € T™ satisfy
2" [(s) C I(s7)

which is hypothesis ((105)).
Let s,s' € T™¢. This implies w;(s) Nw;(s’) # 0. If I(s) = I(s'), then (3) and

imply w;(s) = w;(s"). This gives hypothesis (107)).
To prove hypothesis (106)), assume that T, 7" € F and s € T, s € (T")mice

with w;(s) C w;(s’) and w;(s) # w;(s’). Property implies

wi(s) C i () (79)
Together with and ¢ < 7 implies

wi(s") < wi(s)

Therefore T' # T, and from (54) we conclude that 7" has been picked before 7" in the
recursive construction of Fy; ;. Pick an s” € (T")™" such that p;(s”) < pi(s’). We have
that w;(s') is strictly contained in w;(s”), and with and we obtain

wi(sr) C wi(s) Cw;i(s) C wils”)

Since s” ¢ T, we conclude from that p;(s”) £ pi(sr), and therefore by the previous
chain of inclusions:

I(sp)NI(s") =10
Observe that I(s”) C I(s') and |I(s')| < |I(s7)| by (79). Therefore by the previous chain
of inclusions and (2):

I(sp)NI(s) =10

This proves hypothesis ((106)).
Lemma [3.7] gives for all J € {I(s7): T € F},

> % el (o)) (50

TeF:I(s7)CJ s€Trice

Observe that the intervals I(s) for s € T™" are pairwise disjoint and contained in I(s7),
so by we have
_gk-1
Do FlsP < Y0 2N is))

seTmin seTmin
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Since k > n=2 > 2100 this is bounded by

k

_9k
2 T

I(s7)]

We observe from (3] that for fixed 2 € I(sy) there can be at most 10nk elements s € T
such that = € I(s). Again by

_ok=1
S Fi(s)? < 10nk2- 21002775 [ 1(sp)|

seTfat

_ok
<275 |1(s1)|

We can write T? as a union of CF sets with bases in 792, The sets I(s) with s € T9max

are pairwise disjoint and contained in a set of measure 274|I(s7)|, so by

k=1
Z F](S)z S ZseTamax 242 " |I(S)|

seT?

_ok
<222 7 |I(s7)

These three estimates together with for T prove

S R =2 |1 (sr) (31)

SET‘nice

This inequality turns into
N(2) < C2 2R (My(M())) ()2
for all x € R. As in the case i = j we obtain
IN% < C22hmgs

This proves the claim for ¢ < j. The case ¢ > j is analogous. O]

We have the bound |E3| < C.

3.3 Almost orthogonality

During this section, we may use C' to denote different constants whose values
are not important. Our first two results help us control certain scalar products. We will
also need this kind of control in the next chapter when dealing with the Carleson operator.
Let & C S§,(R) and

p: =R

¢ = 1(¢) x w(9)
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be a phase plane representation with constants C,

Lemma 3.3. There exists C' depending on Co such that for all L] . tempered distributions
and all ¢ € D,

(£, < CH(s) inf M(f)() (82)

Proof. For all x € I(¢) we have ‘C(I‘%;))‘*x‘ < 1 so:

W,

<f,¢>|<01<¢>%/(1 ey
+ 5

(¢l

<OI<¢>%/( LAC)

| 4 ly=elle@)- x>2

(o)l

N|=

IA

~ |f(v)]
CulI(9)] /RII<¢)| (11 — x|> ~dy

[1(¢)]
ColI(9)|2 M (f)(x)

by lemma[5.1] As the above holds for every z € I(¢), we have the desired result.

IN

O
Lemma 3.4. For all m > 1 integer there is a constant C' depending on C,, and Cy such

that
(6, ¢ < CII(¢)|Z|1()|™ 2| e(1()) — c(I(¢))| ™
(

for all ¢, ¢ € ® with c(I(¢)) # c(1(¢')) and 2|1(p)| > |1(¢)].

Proof. As |(¢,¢")| = [{¢, ®)|, we can interchange ¢ and ¢’ if necessary and assume by
symmetry that ¢(1(¢)) < ¢(I(¢')). Let ¢ be the midpoint of the segment [c(I(¢)), c(I(¢'))],

ie.,

c(1(9)) + c(I(¢))

By Holder’s inequality,

|<¢7 ¢/>| < |<¢7 (ZS/X(—OO,C]>| + ’<¢7 ¢,X[c,+oo)>|
< llllléX (=l + [ l11|@X (e +00) oo
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By we have

9l < Coli(8)l | (1 N

“rarl) e

) % @)
~ouiol [ (1+}r- gt ]) o
< Coll(9)?
Then by our previous calculation an by
o) < i@l (14 M) et (14 <)
< CH()Z (@)™ 2]e(I(¢) = c(L($)|™™ + CH($)|2 [T($)[™2e(I(¢)) — e(I($)| ™
< CI(@)2T(9)™2]e(1 () — e(I(¢)| ™™
Since 2|1(¢)| > |1(¢’)] and m > 1.
O

Assume now we are given an integer p > 1 and a real C),, > 0 for each inte-

ger m > 0. Then there is a constant C' such that the following holds for all numbers A > 1.

Lemma 3.5. Let ® C S,(R) be a nonempty finite set and p be a phase plane representa-
tion of ® with constants C,,, such that I(®) and w(P) are grids and the following holds
for all ¢, ¢’ € ®:

¢ # ¢ = p(¢) and p(¢') are A-separated (83)

Define No =3 5 X1(¢)(§). Under these hypotheses, for [ € L?*(R) we have

D UL O < C+ [NalloA™)IIF 15 (84)

Pped
Also, if f is a locally square integrable tempered distribution, then for all J € I1(®P),
S LGP < CLIINIEQ+ [NelA) (in MM()) (59

ped
I(¢)cJ

Proof. Let us first prove . Define the following operator 7 on L*(R) by

Tf:=>Y (f,0)0

ped

Observe that T(L?(R)) C span{7 (¢)}, hence T has finite rank and is a compact operator.
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It is also self-adjoint because

(Trg)=> (f,0) (.9) =D (f, Z = (f.Tg)

¢ped Pped

Finally, it is obviously positive. This way, we can select its the largest eigenvalue B. We

claim that it suffices to prove that
B < C (14| NollswA™)
Indeed, if this is the case, for all f € L*(R) we have:

YL AP =UTL NI < BIFIE < C(1+ [ NalloaA™) 1 /13

ped

By the spectral theorem, we can take a normal eigenvector f of T corresponding to B,
so B* = ||T f||3. Expanding:

ITFI3=(TF.Tf) = <Z f.0)6. ) _(f.d)¢ > STUESI+ D (fo)f. 0, ¢)

PED ' eD PpeD ¢, €P
d#¢’
SO
=ITAE <Y KL+ D (o) f. 0 (6, ) (86)
T ,
(9] (};)
For (I) we have:
Y WL =KTf =B
ped

Since w(®) is a grid, (¢, ¢) < w(P) Nw(d) # 0 < w(p) C w(@') or w(¢') C w(¢p). This

way, by symmetry we have the following estimate for (II):

ST )b, N < 2D 1F D) D b, IS, S

#,9'c® Pe® @Dy
o#Y

where @, is the set of all ¢’ such that w, C wy. Using Cauchy-Schwarz in the right-hand
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side of the inequality above:

[NIE
SIS

> (o)) 6.4 s2(2|<f,¢>|2> (Z (Z <¢,¢'><¢’,f>) )
¢,¢'€® PP D \ ¢EDy

pFP’ (87)

o (e(geoe))

Note that and wy C wy give us:

(@)l (@)] < 22 |1(9)|w(e)] < 2/1(¢)]|w(9)]

w(9)]
()] = 2|1(o)]

Also, I(¢) N 1(¢') = 0 by (83). We can then use lemmas and form = p+1 to

estimate the following;:

= [1(¢")] < 2|1(¢)]

~—

S pea, (0,00, 1) < C Y LG 2e(I(9) — eI(¢)| " inf M(f)(x)

g z€l(¢)
<C 3 @@ eI () =2/ it M(f)(x)
P ED

for all 2’ € I(¢’). Observe that we used above that 2|c(1(¢)) — c(I(¢'))| > |c(I(¢)) — y|
for all y € I(¢'). By (83), all I(¢') for ¢/ € @, are pairwise disjoint and contained in
(AI(¢))¢. We can then compare the expression above with the following integral:

CZ\I WI()+31e(1(8)) — 2|~V infuere M(f)(2)

PEDy (88)

<C [ r@PHAI) - ol M(f) )
(AI(¢))e
Let us make a few observations before we proceed. For each y € I(¢) we have:

()2 |e(1(6)) — 2| Xaroy: () < CHI() 2]y — x| 7!

by an argument already used above. Also,

(@) 21e(1(9)) = 2| Xarwye(x) = |1(9)| 2 (m)u X (a6 ()
< cAI(g)
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from the A-separability condition. This way,
L)1 21e(1(8) = 2| X(arene (x) < min{CIL(@)* 2]y — a| 1, CA™|1(¢)| 2}
Let U(z) be the upper bound above. We have:
S/U(:I;)Mf x)dx
R
-/ )M (f) ()i + U () M (f)(x)de
ly—a|>]1(¢)|A ly—z[<|1(e)]
<[ Cl@) Ay = | M (f) (@)
ly—z|=]1(¢)|A

+f CA1(0)|EM(f) (w)da
ly—z|<|I($)|A

/ OGP+ M (f)(y — 2)d=
|z|>]1(9)|A

wf A ) () )
ly—2z|<|1(¢)|

< CI()F2[(|2] ™ X a2 rea) * M(F)](y)
1
+OAMI) 1()|A J,,- x\<|1(¢)|AM<f)(x>dx

< Cli(9) |"+1H|Z|‘“ etzi@all e MM () () + CATI()[2 M(M(f)(y)

<ca u'”u” M(M(f))(y) + CA| (&) FM(M(f))(y)

< CA|I(¢)|2 M (M(f))(y)
(89)
where we used lemma [5.1] As this holds for each y € I(¢),

B < cA™I(6)* inf M(M(F))()

Going back to ,

> L e ¢ < CA +B3 (ZU 1n(f¢)(M(M(f))(y))2)
$.6/cd s vel
64

[N

< CA™B? ( / > i <y><M<M<f>><y>>2dy) (90)

ped
< CA B3| No||Z | M(M(f))]l2
< CA B2 ||Ng||Z]| ]l
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Going back to ,
B*< B+ CA"Bz||Ng||%

We have B<1or B 3 < B. It is immediate that in any case we have
1
B<1+CA*|Ng||&% <1+ CA*||Ng||oo

since || Ng| o > 1. This proves (84).
Let f be a locally square integrable tempered distribution and let J € I(®). Define:

Ju = 2||Na||&J

. a+b)* 2 | 12
Using the elementary fact 5 < a“ + b*, we have:

1
S S REOR S S U AP+ D K 6x) (91)
ped peD ped
I(¢p)CJ I(¢)CJ I(¢)cJ
(I1m) V)

We estimate (IIT) with (84):

D e o) < OO+ [INslloe A 13

Jorsgod
I(¢p)CJ

Observe that for all x € J:

1Fxo 2 = / 2 (y)dy = rJ,Lr,J—lu, / Py < ||(Ma(f)(@))? =

) (92)
1, < 1, inf (Ma(f) ()2 = 20| Na[&1]] inf (Mo () (2))?
This way,
S [ AP < CO+ [NalloA ™) Na £ 1] inf O(F)@)? (93)
pc®
I(¢)cJ

As for (IV), using for m = p + 1:

—pu—1
_1 Yy
oo < Gl [ (14| )y
/]R ) pHe Je—c(1()) 11(9)]

— CyalLalt | (14 ) e
T U= (@))]

< C|I(¢) 3|,
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Also, for all y € I(¢):

(F éx )] < / F1(2) Xy (2)d = / 1) Ty dX e (0 — 2)dz = || Tybx i ()

—_—

Using , one can find a radially decreasing majorant for 7_,¢x (s,)c with L' norm less
than C|I(¢)]“+%\JM|_“. Using lemma 5.1 to conclude that for every y € I(¢):

< CL()* 2|1, " M(f) ()

|<.f7 ng(JH)C)

Therefore:
Yo W oxwa P < Y CH@)PF 7 inf (M(f)(y))*
¢ed ped yel(9)
1(¢)cJ I(¢)CJ
< 3 etz () oo
> por ®|loo |Ju| vel(d) Yy
I(¢)cJ
< C|I Ng||22 inf (M 2
< % H@lINelloc” i (M(F)(v)
I(¢)cJ
<C [ NN 2O )
2
< | (g M01(N)(o))
We conclude by adding this to the estimate of (III). O

In what follows, let A > 1, L = 2943 and C = 3.

Lemma 3.6. Let S be a finite set and let I,w : S — J be two maps such that the following
hold for all s,s" € S':

w(S) is a grid. (94)
27 1(s)lw(s")] < [L(9)]w(s)| < 2/1(s")||w(s)] (95)
If s # s, then I(s)NI(s) =0 or w(s)Nw(s) = 0. (96)

Then there is a sequence of subsets S; C S, | € N such that the following hold for all
l e N:

If 5,5 € S; are different, then AI(s) N AI(s") =0 or w(s) Nw(s’) = 0. (97)

ST (s) < Cez > |1(s)] (98)

sES) ses
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UJsr=5s (99)

Proof. Let Spmax be the subset of S such that w(s) is maximal with respect to inclusion.
Since w(S) is a grid, all elements of Sy, are disjoint. We will break down this proof into

several steps.

Step 1. Divide S into fewer than log,(100A) subsets S’ C S such that for each S’

and each s, € S”:
If w(s) Cw(s") and w(s) # w(s’), then 32A]w(s)| < |w(s)] (100)
Define for each s € S, k > 1 natural:
Py, = {s; w(s') C w(s) and 27 |w(s')| < |w(s)| < 2%|w(s)] }

Note that u,u’ € Py = w(u) Nw(u') = (. On the contrary, we would have w(u) C w(u’)
or w(u') C w(u). In the first case, by the definition of grid:

2w ()] < Jw(u)] = |w(s)] < 2w ()] < 257 |w(w)]

which contradicts u € P, ;. The other case is identical. Define:

00
Sl = Smax U U Ps,l log, (26 A)

=1

SESmax
o
Sy = U Ps,llog2(26A)+1
=0
SGSmax

Slog2(26A) = U Ps,l log, (26 A)+(logy (26 A)—1)

=0
SESmax

Since every s’ € S is such that w(s’) C w(s) for some s € Sp.x and since there is j € N
such that 277 tw(s")| < |w(s)] < 27|w(s")], it follows that

log, (26 A)

We must verify that each S,, satisfies (100)). Observe that Ps NPy = () for all s,s" € Siax
with s # ', so we must investigate only s = s’. Suppose u,u’ € S,, for n > 1 (the case
n=1 is pratically the same) and satisfy the conditions of (100)) with w(u’) C w(u). We
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can then assume that:
u € Ps,klog2(26A)+(n71)

u' € Ps,k’ logy (26 A)+(n—1)

for k' > k. This way,

2’“'10%2(26A)+(”_1)|w(u/)| < |w(s)] < 2k10g2(26A)+n|w(u)|

which implies:
324w (u)| < 20 BT ()] < fw(w)]
This concludes the first step.

Step 2. Divide each S, obtained in the previous step into at most 44 subsets S” such
that for each s, s’ € S”:

If w(s) =w(s") and s # &', then AI(s) N AI(s") = 0. (101)

Choose one interval w(s) such that |w(s)| is maximal, translate the origin to the lower
left corner of I(s) X w(s), and divide the x-axis in intervals of length |/(s)| in a way such

that I(s) is one of these intervals (see the figure below).

Figure 1: Step 2

Define:

Tis:= {s €5 w(s) =w(s) and 4kAI(s) < c(I(s')) < (4dk + 1)Al(s), k € Z }
Ths:= {s €5 w(s) =w(s) and (4k + 1)AI(s) < c(I(s')) < (4k +2)Al(s), k € Z }

Tyas:= {s € Sw(s)=w(s) and (4(k+1) — 1)AI(s) < c(I(s')) <4k +1)AI(s), k€ Z }

All these sets are disjoint by construction. Also, by we have I(s) N I(s") =0 for all
s, s such that w(s) = w(s'), so there is at most one I(s’) such that 4kAI(s) < c¢(I(s')) <
(4k + 1)Al(s) for each k € Z. By (95):

271 I(s)| < [1(s)] < 2/1(s)|
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as shown above. This way, if AI(u) N AI(u") # 0 for u,u’ € T} 4
: _ )]
v e Al(u)NAI(u') = x € |4kA|I(s)| — |1(s)], 4LA|I(s)]| + 5

I
= 4k A|I(s)] — |[I(s)] < 4LA|I(s)| + @ for k > I

but this last inequality implies k& < [, which is a contradiction. So AI(u) N AI(u') = for

4A

u, v’ € T 5. Now select § such that |w(3)| is maximal and § € S := S\ U T} and repeat
k=1

the procedure above. We will obtain sets 115, Ths, ..., Tya s as above. Keep doing this

ultil S is exhausted. Define

T1 = U Tl,s

s selected

T2 = U T275

s selected

Tya = U Thas

s selected

these sets have the desired property since each 7T; ; has.

Step 3. Reduce the proof to the case where L = 2°4, C = 1 and all s, s’ satisfy
(100) and (L101]).

By steps 1 and 2, we have k = 4Alog,(100A) subsets of S that satisfy and ((101).
Label them from R; to Rj and suppose this lemma is true for R; if L = 2°A and C' = 1.
This way, for each 7 there is a sequence R;; such that an obvious analog of and

hold and:
S s) <eFR Y |L(s)

SERZ'J SERZ‘J

Given n € N, there are ¢ € N and 0 < < k such that n = ki +r. Define S,, = S, ;. This

way,
STs) =Y s) <eFa Y |1(s)]

SESn SGSTJ; S€S¢
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Let us now work on the right-hand side of the inequality above:

95424
Y1) < AT Y 1)
s€S; seSs

—4Alogg(100A)i—r

Se 210 43 teOTAS Z|I(S)|

seS

S 67%64A10g2L(100A) Z |[(S>’

seS
< et |i(s)

seS

< Ce ) |I(s)|

seS

where we used that 84 > log,(100A) in the second inequality above. Therefore, there is
a sequence of subsets S,, C S such that , and hold.

Step 4. Prove the lemma in the case mentioned in Step 3.
Define S; recursively for [ € N to be the set of all s € S\|J,_, Sy which satisfy the

following:

For all s € S\ U Sy, if w(s") Cw(s) and AI(s) N AI(s") # 0, then s’ = s (102)

<l

garantees that S; # 0 if S\, _, Sy # 0. follows easily from the fact that S is
finite. Also, is clear by construction. For each s € S, define S to be the set of all
s € Sp41 such that w(s) C w(s’) and AI(s) N AI(s") # (). For s € S, fixed, gives us
w(s) £ w(s). Al(s)N AI(s") # 0 implies:

[AL(s)| + [AL(s)|
2

c(AT(5)) — o(AI(s))]| <
On the other hand, by and ([100)):
() lw(s)] < 21($)]w(s)] = 2/1(s)| < L)

SA
= 2|AI(s")| + |AI(s)| < @ +|AI(s)|

= |AI(s')| + |AI(s)| < ' <A + i) 1(s)| — |AI(s)|

Combining this last inequality with our previous one:

A+ D I(s)| - |AI(S)]
2

|c(Al(s)) — c(AI(s))] < (
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From the geometric point of view, this implies:

AI(S) © (A + }1) I(s) (103)

By we have I(s) N I(s’) = (), which gives:

e(1(s)) — efr(s)] = 1)
By (95) and (100): 1
‘51(8) > 8A|I(s)| > |AI($)]
Therefore:

O+ 516  [31()] + [AL(S)]

M > |
|c(1(s)) = c(I(s)] = 5 > 5

%I(s) NAI(s') = 0 (104)

For §',s" € S, AI(s') N AI(s") = () since w(s) C w(s') Nw(s"”) # 0, (102) and since w(S)
is a grid. We conclude from ((103)) and ((104) that:

; |AI(s")| < ‘ (A + i) I(s)| — '%I(s) =
Yo < (1 = i) 1(s),
s'€Ss

Each s’ € S;,; is contained in Sy for some s € Sj, so summing the last inequality over all

S € Sli
> el (1 45) o)

S/esl+l SES]
By recursion:

D) < (1 = i)l S 11(s)|

s'eS; ses

<emia Y |I(s)|

SES

<eFay |I(s)]

seS

This completes this proof. O

Assume we are given 4 > 1 and a constant C), for each integer m > 0. Then
there exists a constant C' depending on these data such that the following lemma holds

for every A > 2.
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Lemma 3.7. Let ® C S,(R) be a nonempty finite set. Let I,w : ® — J be maps such
that p: ¢ — I1(p) X w() is a phase plane representation with constants C,, and I1(¢) and
w(®P) are grids. Let F be a set, T : & — F a surjective map, and L : F — J a map such
that Z(F) is a grid and the following properties hold for all ¢,¢' € ® (from now on, we
will write Z(¢) instead of Z(7(¢))).

Al(¢) C Z(¢) (105)
If w(¢) C w(¢'), then w(¢) = w(¢’) or Z(p) N I(¢') = 0. (106)
If 7(6) = (&), then 6= &' or 1(9) £ I(). (107)

Define Ny =Y e r Xz(r). Under these hypothesis for all f € L*(R):

D LA < COA+ INElA™)I /13 (108)

ped

and for all locally square integrable tempered distributions f and all J € Z(F),

> 1A < CUINFIE+ INAA™) (10 d0r(1)@)) - (109

ped
I(g)cd

Proof. The idea here is similar to that of lemma Take B to be the largest eigenvalue
of

Tf:=> (f,0)0

ped

and take f to be a corresponding eigenvector with || f||2 = 1. This way,

B2 = |[TfI = (T£Tf) = <Z<f, TN ¢’>¢’> = S (LN o) (110)
P ¢ ed 6,0/ €D
We will break the last sum above in two pieces:

(L Of ) (0, ¢)

¢,9'€®

< D> WEAENG O+ D (L) 6.9

¢,¢' €D .0’ €D
w(p)=w(e") g(¢)¢w(¢’)

(.

) (I
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For (I):

N|=
[

Yo KEMNLONG < | Y KLOIle ) > WL He o)

@,0' €D 0,0’ cd b’ €D

w(¢)=w(¢’) w(¢)=w(¢’) w(¢)=w(¢’)
= > el ¢)]
¢, €®
w(¢)=w(¢’)
=S K0P D [e.d)
Pped ¢'ed
w(¢)=w(¢’)

Also, following the lines of the proof of lemma we have:

, eI(8)) — (1)
S jed<ce Y (1+ o )

w(p)=w(e') w(¢)=w(9)

By (27)) and by the definition of grid, if w(¢") = w(¢”) and ¢’ # ¢, then I(¢')NI(¢") = 0.
Therefore the following holds:

() — LN _ () o\
2 1+ ) <¢ =y / ( o) ¢
w(¢)=w(¢) )=
x 1 —x| -2
< 7( )
<’
Then:
M <C) (¢ =CB (111)
¢

Observe now that:

D= Y [LaFL N6 N =2D (£ e, ¢) (e, f) (112)

b,¢'€D ped Pdg
w(@)#w(4')

where ¢ € @ is the set of all ¢/ for which w(¢) C w(¢') and w(¢) # w(¢’). Using
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Cauchy-Schwarz,

(IT) < 2 <Z|<f,¢>|2> [Z (Z <¢,¢’><¢',f>) ]

pED ped \ ¢/cdy

— 2B} lz (Z (9, ¢’><<b’,f>) ]
ped \ H' €D,

For ¢ € @, define A(¢) to be the largest number such that A(¢)I(¢) C Z(¢). By lemmas

3.3 and [3.4] (with m = p + 1) and by (106):
Y e @), A< C Y @@ 2e(I(9) = e(I(¢))[ " inf M(f)(x)

= = @€l (@)

<C [L(9)|“F2]e(1(9)) — x| # M (f)(x)dx
(Z(9))c

/ 1(@)"+2[e(1(9)) — a7 M(f)(w)d
(A@) (&)

(6)I1(9)]2 nf M(M(f))(y)

(113)

IN

C
<CA

where the last inequality above is justified by a similar computation as the one done in

(89). This way, we estimate (113)) by:

(NI

(II) < CB3 (ZII(¢)IA(¢)_2“ inf (M(M(f))(y))2>

e yel(¢)

CB3 (Z > H(@)A(9) inf (M(M(f))(y))2)

(¢
TEF per—1(T) vel(9)

( / ( (¢)~ X1<¢>>(w)) (M(M(f))(:r))2dx>
Rrer per—1

Fix T € F. Observe that for each = € Z(T), the numbers A(¢) for those elements
¢ € 7 YT) for which z € I(¢) satisfy the following holds:

2

A
Q
T

¢, ¢' € 77U T) = 1(¢) # 1(¢) = 1(¢) C I(¢') or I(¢f) C I(¢)
|1

(@
= 2[1(9)] < [I(¢")] or [21(¢)] < [1(9)]
)

< <
= 2A(¢) < A(¢') or 2A(¢) < A(9)

i.e., these numbers grow “at least” geometrically. As A(¢) > A > 2, we can estimate the
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expression above by:

(I1) < CBE A ( S XI<T><x><M<M<f>><x>>2dx)

R per (114)

< CBEA NS 1
By Hélder and by the L2-boundedness of M. Combining , and , we have:
B? < CB+ CBYA™"|N#||2
Either B <1 or B3 < B. In both cases,
B C(1+|Nr|£A™)

which gives us:

D Ko7 < BlIfIE < CO+[INFllw A £113

peD
and proves ([108]). Now let f be a locally square integrable tempered distribution, and let
J € Z(F). Define:
1
Ju = 2| Npl&d

(a+b)
2

2
Using again the elementary fact that < a?+b* for a,b € R,

Y S wer) s [ X wweal |+ X | X 10 exe

T 1 1
Z(J;“E)]C:J peT—1(T) Z(j;“e)]c:J per—1(T) Z%’;“e)]c:J per—1(T)
(i av)

As we did in lemma [3.5] by (108) and (92):
(T0) < C(1+ [INFlloe A1 X113 < CLININF|I& (1 + [NFlloo A™) inf (Ms(£)(x)*
Following the same steps of the proof of lemma [3.5, we have:

[(f5 0X ()

< O, it M) ()

= C|I(@)[*HJ| >[N (|2 inf M(f)(y))”
yel(¢)

< CA(¢)‘2U(¢)IIleI\;o2(ygIl(f¢)M(f)(y))2

where we used that A(¢)|I(¢)] < |J| in the last inequality. Also, using the growth
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properties we obtained for A(¢):

V)< > | > CA@TUE@IINAZ inf M)

TeF T
I(TG)CJ ve @)

<0 % [ A anWINARZ )Py

TeF
Z(T)cJ

—caINsl2 [ xannOH(H) dy

TeF
(T)cJ

< AN [ a0y

J
2
< calINAR (inf M) )
2
< o1 (1nt 200 )
We conclude (109) by adding this to the estimate obtained for (III). O

We finish this section by stating a particular case of the lemma just proved:

Corollary 3.1. Let & C S,(R) be a nonempty finite set. Let I,w : ® — J be maps such
that p : ¢ — 1(¢) X w(¢) is a phase plane representation with constants Cy, and such that
the following properties are satisfied for all ¢, ¢’ € ®:

I(®) and w(P) are grids. (115)
w(9) Nw(d) # 0 = w(@) = w(¢) (116)
¢ 7 ¢ = 1(¢) # 1(¢) (117)

Let J be an interval such that 1(¢) C J for all ¢ € ®. Then for all locally square integrable

tempered distributions f,

2
S0 <l (int M) ) ) (1)
ped

Proof. Take A =2, F ={T}, 7: ® — F such that 7(¢) = T for every ¢ € ® and Z(T') =

2J. The conditions of lemma (3.7 are obviously satisfied, so the conclusion follows. m
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4 CARLESON’S THEOREM

Let f € L*(R). We define the Carleson operator by

C(f)(z) = sup |(]?X[7N,N]>v‘ = sup / f(f)e%”gdf‘ (119)
N>0 [E|<N

N>0

Note that (J?X[— n,np)Y is well-defined for f € L*(R) (because Fourier transform

is an unitary operator on this space), so C also is. We have the following result concerning

C:

Theorem 4.1. There exists C' > 0 such that the following estimate is valid for all f €
L*(R)

IC(F) |20 < Cl |22 (120)
Define for each f € L*(R):

— N 27Ti:v£d
o= [ Fleeiae
It follows that for all f € L*(R) we have

lim fy(x) = lim F(&)e*mi=tde = f(x) (121)

N—o0 N—oo ‘§|<N

for almost all x € R.

Note that (121]) holds for f € S(R) by the dominated convergence theorem

and Fourier inversion.

Claim 4.1. (120) implies (121))
Proof. Define the oscillation of f by:

Oy(y) := limsup limsup | fe(y) — fo(y)|

e—0 0—0

Take g € S(R) such that ||f — g||2 < 7. Since gn(y) — g a.e., it follows that O, = 0 a.e.
This way,

Os(y) < Oy4(y) + Op—4(y) < Op—4(y) ace.
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For any 0 > 0 we have:

{y € R;04(y) > 0} < {y € R; 05y (y) > 0}

< [{veretr-aw > 3|

2

_ (2Bl ~ 4l

- 4]

2

< 2Bn

- o
Taking n — 0, we conclude that Oy = 0 a.e., so f.(y) is a Cauchy sequence for almost
all y when € — 0, so f.(y) converges when ¢ — 0. We know that f. — f when ¢ — 0
in L? (Plancherel), then there is a subsequence €; such that f.,, — f pointwise a.e. By

uniqueness of limits, f.(y) — f(y) a.e.
O

Claim 4.2. [t suffices to prove (120)) for functions belonging to S(R).

Proof. In fact, given f € L?) if the estimate holds for this class, take f; € S(R) with
f; = f em L?. By Cauchy-Schwarz, (J?jx[_MN})V — (J?X[_MN})V pointwise. This way,

IC()ll 20 = ||suprso |(Fxina)]

2,00

P i -soe (Fixpm) ||,

A

SUP > liminf oo |(fxi-nm)"l|| ,

[N

)"
liminf; o Supy~ |(EX[—N7N})V| 2,00
< liminf;_ e HsupN>o |(Fixi—na)"|
liminf; e C||f;ll 12

= O fllz2

L2,

IN

(observe that we used Fatou’s lemma for LP-weak spaces in the third inequality).
O

Note that

N -N
-~ 2mixé — N 2mize B ~ omint
AKN f(§)e™ 5 dg /oo F(&)e e dg /OO F(&)e*mint g,

We claim that it suffices to obtain (2,2)-weak estimates for the one-sided maximal opera-

tors
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Cl = sup / f 27rm:§d§’
N>0

Cg = sup / f Zﬂzxédg‘
N>0

Indeed, note that

Co(f)(x) < |f(@)| + Cu(f)(—2)

where f(z) = f(—x) is the reflexion of f. This way, it suffices to study C; over S(R).
Note also that the operators C; and Cy are well-defined on L*(R) (for the same reason C

are). The proof of theorem [4.1) will be completed after several reductions.

4.1 Preliminaries

Denote rectangles of area 1 (with sides parallel to the coordinate axes) in the
(z,€) plane by s, t, u, etc. We will refer to x as time and to £ as frequency. A rectangle
s = I, x w, of this kind is called a tile.

Given a tile s, define:
s(1) := I X (ws N (=00, c(wy))),

5(2) :== I X (ws N [e(ws), +00)).

These sets are called semi-tiles. The projections of these sets on the frequency

axis will be denoted by w1y and wy), respectively.

Figure 2: Tile

Ws(2)

Ws(1)

I

A dyadic interval has the form [m2*, (m + 1)2%), where k and m are integers.
Denote by D the set of all dyadic tiles, i.e., rectangles I x w with I, w dyadic intervals
and |I||lw| = 1.

Proposition 4.1. Let I and J be dyadic intervals. If I N J # (0, then either I C J or J
cl.
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Proof. Let I = [m2F, (m +1)2F) and J = [m'2¥, (m/ + 1)2¥'). If we had
m2F < m/2¥ < (m+1)2% < (m' 4+ 1)2%,
then
m <28 Fm <m+ 1=K <k
m <2 Fm4+1)<m' +1=>k <k,
contradiction. ]

Lemma 4.1. There is a function ¢ € S(R) such that g?s 1s real, non-negative and is
supported on [—1/10,1/10].

Proof. We know that there exists g € C2° real, non-negative and supported on [—1/10,1/10].
As C* C L*(R) and the Fourier transform is an isometry on this space, there exists g.

Take ¢ = g. O]

Definition 4.1. For each tile s define ¢5 by

¢S($> _ |[S|_%¢ (,1‘ —‘[C(‘]s)> 627ric(ws(1))a:‘ (122)

where ¢ is given by lemma[].1]

Proposition 4.2. Using the notation of definition (2.1, we have:

(a) ¢s is given by:
Go = M) 7ells) DIEs ().

(b) The Fourier transform of ¢4 is given by:
5u6) = w40 (5 — c(ws(l))) Q2mi(e(wa(n)—)e(ls)

(c) SUPP(Qgs) - %%(1)-
(d) The functions ¢, have the same L? norm, V f € L*(R).

Proof. All items are proved by straightforward computations. O

Definition 4.2. For all integer m, denote by D,, the set of all tiles s € D such that ||
= 2™ (dyadic tiles of order m). Given nonzero & € R, we define the operator AF by:

AT = ) X (€) (f105) (123)

s€Dy,

for all f € S(R).
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Figure 3: Relevant tiles

Proposition 4.3. The series in (123]) converges absolutely and in L*(R) if f € S(R).

Proof. The domains of ¢, and ¢, are disjoint if s # s’ (look at the picture above). Also,
there is a constant C such that ||¢||. < C. This way,

D> Do) () (f165) Dl < C27F Y Xy (€) (f105) |

s€EDy, s€Dy,
<C277 ) Xuyy( /|f||¢s
SeDnL
<Y v (€ / flxe,
SED'm
<crm / ]
R

Then the series in (123]) converges absolutely. The L? convergence is an immediate con-

sequence of item (b) of proposition [5.1] O

Thus we can define the operator Ag:

f)= Z Am Z st(z) ) (f|ds) ¢s, (124)

meZ seD

for f € S(R) and £ € R.

Let us discuss our plan before we proceed. We want to move the problem to a

discretized version of the Carleson operator. In other words, define formally the operator

I (h) = ;PB%O m / / / M- "T-yDQ”A%nDQAryM"(h)dAdydn (125)

We will prove that II¢ is well defined on §. We will also prove that proposition
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identifies M‘§H5M5 as

O A
MM f(a) = o / Fy)emivdy

Indeed,

V(@ =e [ Fpen sy = (@ s = [ fyeray

—00

Replacing f by M~¢f and changing y + £ — 2,

0 —_— .
lef () = e / M (et Oy

/ 27rw:de

27rix(y+§) dy

*’ﬂ

This way C; can be written as

C(f) = ¢ supIL()

so it suffices to study Il.. We will devote the rest of this section and the next one to prove
the details of this reduction.

Lemma 4.2. About AF" and Ag:

(a) For any §, Ay (defined initially on S) admit bounded extensions to L3(R) uniformly
mm and &;

(b) Ag is bounded on L*(R) uniformly in &.

(c) For& >0,V f € L'(R), the series converges absolutely pointwise and is bounded
by a constant multiple of & || f|| 11

Proof. Given f and g in S, we have:

(AZNOIAZ (@) = D ) (Floa) (9100 (Dsl6e) Xeogs) ()X (6). (126)

s€Dm s'eD,,/

Suppose that (¢S|¢S/>XUJ5(2) (f)st,(z) (&) is different from zero. Then (¢4|ps) # 0 and by
Parseval:

(¢s|ds) # 0 :»/ Gs(2) by (x)dr # 0 =
/ Bs(&) D (£)dE # 0
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with supp(qgs) C twy) and supp(gg;) C twgy() (cf. proposition , the integral above
would be 0 if %%(1) N %wsf(l) = (), so we must have %ws(l) N %wsz(l) # (), which implies
ws1) N wy 1y # 0.

On the other hand, the function X, (§)Xw, ., (§) is nonzero too, so wyz) N wy(2) # 0.
It follows that ws N wy # 0, then either wy C wy or wy C wy (by proposition (.1} E If
ws C wy we would have either w, C wy(1) or wy C wy(2) and then either wy) N wy (1) or
wy(2) N wy(2) would be empty, which we already proved that does not occur. It follows
that if (¢s|ds) X, (f)st,m (&) # 0 then wy, = wy, which does not happen if m # m’, and
therefore the expression in (|126)) is zero.

Let us first prove boundedness for Ag". We have:

HA?(f)H%? = Z Z <f|¢s><f|¢s’><¢s|¢s’>st(2) (g)st’(Q) (5)

s€D,, s'€Dy,

= Z Z <f|¢s><f|¢s’><¢s|¢s’>st(2) (€)Xw5/(2) (5)

SEDm S/EDm
Wy =ws

N

<| 3 [todem@lGdsn ]| | S [Tl ©lislar)]

5,8'€Dm s,8'€Dm
Wer=Ws Wy =Ws

=3 ST 100Xy, ()| (5] 050

s€Dm s'eDyy,
Wr=Wws

<C1 Y (16X (),

s€eD,,

(127)
where we used the previous fact proved about s and s’, Cauchy-Schwarz inequality and
proposition To estimate ([127)) we use

(Fl6a)] < Co / @)L (1 " 'y‘u—ﬁ”') dy

< C4|I |2M

V z € I, by lemma 5.1 From this last estimate,

[(F109)° < (Co*|L| Inf M(f)*(2) < (C5)° | M(f)*(x)da. (128)

Is

[V

N|=
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Thus summing (128)) over D,, with § € wy() gives us

S 1P X (6) < (C5)2 S X ( /M

SEDm SEDm

< (Cy)? / M(f)?(x)dz

and this is finite because Hardy-Littlewood’s maximal operator is bounded on L*(R).
Let us now prove boundedness for A¢ =, A", For each m € Z fixed, the
dyadic tiles of the sum defining Af" have the form

s = [k27, (k+1)2") x 127, (1 + 1)27™),

where (I +1)2™™ < & < (I+1)27™. This way, [ = [2™¢]. Define f,, such that

o~

Jm = [Xp-m|ame) 2-m(2me)+ 1))

Before we proceed, let us verify that all intervals 271,27 (14 1)) on the definition of I
above are pairwise disjoint. If m # n, suppose 270,27 (I + 1)) N [27™,27™(l + 1)) # 0.
As we said above, both intervals contain & in their upper half, so one of them is contained
in the upper half of the other. Suppose that [27™1,27™(1+1)) C [27*(I + 3),27"(1 + 1)).
Then it is clear that (271,27 + 3)) N 277,271+ 1)) = 0. If 27", 27™(1 + 1)) N
[27"1,27"(1 + 1)) = (), same conclusion follows trivially.

By Parseval’s identity and by the fact that 53 is supported on the lower half

of the dyadic interval w,, we have:

D IAZNIZe = D I1AE (fu) 122

MmEZ MEZ

<G5 ) Ml

meZ

=C5 > [ ful2

meZ

< G5l f117

since the supports of ﬁ; are disjoint for different values of m € Z. Remember that
(Agm(f)|A£m/(f)> = 0if m # m/. Given € > 0, there is Ny such that for M > N > Ny we

have:
I > A= D A7 <€

|N|<m<|M]| |IN|<m<|M|

Thus the series }_ ., Af
will be denoted by A,,(g ) Combining what we did above, we obtain that A, is bounded

m(g) is Cauchy and converges to some element of L?*(R) which
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from L?(R) to itself.

Let us prove the last assertion now. For z € R, &€ > 0, let my € Z be
such that 27™0~1 < & < 270 This implies, in particular, that £ € wy), where s =
(k20 (k +1)2™) x [0,27™0), k € Z. It also says that { ¢ wy (o) if |wy| > 27™0, s0 we
may restrict the sum appearing in definition - to tiles in Dm with m > myg. Using
the fact that |[(f|¢s)| < || fllL1||¢s||Le, we may estimate this sum as

m

_m 27
’Aﬁ( ‘<CHfHL1 Z Z 1—|—2_m|l‘—2m(k’+%)|2)

m>mo kEZ

where C is a constant that dominates ||¢s|| L for all s where |w,| < 270 (i.e., |ws| > 27™0).

Summing first over k£ and then over m > my, we obtain the desired result. O]

4.2 Discretization of the Carleson operator

Let h € S(R), £ € R\{0}, and for m € Z, y, n € R and X € [0, 1] we introduce

the operators

BE, () = 3 X (27NE + 1)) (DP M (R)|6,) M VD (4,).

s€Dm

Proposition 4.4. For all f € S(R), z, £ € R and A € [0,1], the function (y,n) —
BE,  A(f)(x) is periodic in y with period 2™ * and in n with period 27",

Proof. This is a very straightforward verification using invariance properties of transla-

tions and modulations. O

Proposition 4.5. Let h € S(R), &, y, n € R, s € D, and A € [0,1]. Suppose that

“ME+n) € wy)-
(a) Assume that m <0 and that 2™ > 40|¢|. There is C' (independent from y, n and \)
such that

[(DZ M (R)|6,)] = (RM 77D (6)] < C2% Rl

00— g ) (g 1)
(b) When |m| is large compared to &, we have
_ A : m
Xoyio) (27(E +m))(D* TV M" (1) |¢5)| < Cpymin(1,2™),

where Cy, may depend on h, but not on y, n or \.

Proof of (a). We claim that under these conditions we have

9
> 2/\ . _2 m
N> 2clwsy) + 5
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Indeed,
+ + W 27m
62;7 € wy(z) = 52;7 > c(ws(n)) + | 1 - E+n > 2 c(wyy) + 2AT
=n > 2 c(w )+2A2_—m—2_—m
o) 440
9
= > 2>\ 5 ~ 9—m
N2 2%c(wsw) + 45
This way,

(DM 6,] = [(BIM 79D 6,)| = | (HIF(M 97D 6,)
— |(Blr MY D?5)]

~ ~ + _A
f;/LVKZM ¢S(ZQA")]2 2dz

<92% é h(2)| ‘35((?”) _ c(%(”)> ‘ dz

|ows |
(129)
where we used F to denote the Fourier transform. By the construction of ¢, the integrand
above is nonzero only if
1 (G —dww) 1
10 — |lws| — 10

Observe that the argument of (E above is positive since 27*(z 4 1) € wy(2), so we have the

first inequality. For the second one,

(—m ) — c(wy1)) 1 22
22 s(1) A
< — oz < 2w, ~Jw,| —
o] <SS c(w (1))+10\w] n
& 2 < 2%c(wy)) + E\w | — 2% (W) — 32’"‘
> s(1) 10 s s(1) 40
2 9
S 2 < —wy| — —
— 10 40
= 1
Z —
- 40.2m

By our previous claim. Back to (|129)),

1 1
= g9 )Y (g5m ,00))

(D o) < c2? [A()ldz < C2% [Rll

(—OO,—

Proof of (b). By Cauchy-Schwarz,

(DY 7Y M (h)|gs)| < C|lh]|12 = Cn
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where (Y, is a constant that depends on h. By item (a),

X 27M(E+0))[(DF TV MO (h)] )] < C2%

Then we have the desired result. O

Using proposition for |m| large enough,

3" Ny (27NE +0)(DZ VM (R)|§) M VD (6,) ()

s€Dm,
. B m x4y —c(l

< Cpmin(2™,1) Z st(2)(2 Me+m))2> < 2m—)\( ))‘

s€Dm,

N " —(k 1 2m—)\
SChmin(Qi,Q—E)Z ¢($+Z/ Q(mj; 2) )'
keZ

< Cpmin(27,277),

since this last sum converges and is limited in z, y, n e A. It follows that for h € S(R) we

have

m
2

w‘g

supsupsup sup |B¢,, \(h)(z)| < Cpmin(22,27

z€R yeR neR 0<A<L1

), (130)

Proposition 4.6. Let g be integrable in the respective euclidean space below

(a) If g is periodic on R with period k, then

li .
Aim o / / g(t)dt

,Kn), then

Kh“{lir(r}ﬁoo Kl / / x)dzxy...dx, / / x)dxy ...dx,.

Proof of (a). Write K = n7t + r, where n € N and r € [0, 7). This way,

(b) If g is periodic on R™ with period (ky, ...

1 / 1 nr 1
— g(t)ydt = — dt + — g(t)dt
2K -K ( ) 2K —nT ( ) 2K [—K,K]\[-nT,nT] ( )
2n (7 1
= — t)dt + — g(t)dt
T T [~ K.K]\[-nrn7] g

The second integral above is bounded by 2||g||11[0,7], then it goes to zero when K — oc.

As for the first integral, the quotient & =

L when n (or K) goes to infinity.
Thus we have the desired result. O

Proof of (b). Apply the previous idea multiple times. H
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Using proposition and the periodicity of Bf"  \(h) (cf. proposition ,
we conclude that the means

1 LK
L B
2K L /_ L /_ . /0 ey (R)dAdydn

converge pointwise to a function IIf*(h) when K, L — oco. Note also that

— — —A A
M7V D* " Agey D* 7/ M (h =Y B, ,\(h)

meZ

By the Weierstrass M-test, estimate (130]) implies uniform convergence for the series
> ez BEyna(h) and then

lim —/ / / M"Y D* AAH,,D2 TYM"(h)dAdydn
IREEES

A N L

meZ (131)
L K 1
- Z%‘iﬁom/ /K/O By \(h)dAdydy
meZ L—oo
=) ¢k
MEZ

where the exchange of the infinite sum with the integral above is justified by the uniform

convergence of ., B \(h). We define, therefore, l¢(h) := ", II7*(h).

Proposition 4.7. About Il¢, we have:
(a) It is bounded in L* with bound independent of &:

sup [ I¢ |22 < +o00
¢

(b) Vz € R, it holds
7 g7 (h) = Te(h)

(c) V¢,0 € R, it holds
M~ g M° =TI,

(d) For all integers k we have

Ag(h) = D** Ay D¥ (h)
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(e) M~C1M¢ commutes with dilations D**, a € R:
D* "M~ T M*D* = M1 M*

(f) M~S1IcM¢ is a positive semi-definite operator, nonzero and, if E(z) =0, Yz < 0,

then M~*1I¢M*(h) = 0.
Proof of (a). It follows directly from the definition of Il¢, lemma and Fatou’s lemma.
O

Proof of (b). One can easily see that 772M " = 272™"= \[~7=% Using this we obtain

3" Newy (27 + M) (DP TV MITE () |y T M7V D2 ()

SGDm

= ) Ny @ MNE+ M) AITTFMTITVDE (9,))r M T VDY (¢,)

SEDm

= 3 X @ EF M RIM IV D (H)) M EDR (g)

SGDm

Now, recall that T_ZH?TZ(h) is equal to the limit of the averages of the preceding expres-
sions over all (y,n,\) € [-K, K] x [0, L] x [0, 1]. In view of the previous identity, this is

equal to the limit of the averages of the expressions

3 N (27 + M) (D 7Y M ()| 6,) M7V D () (132)

SEDm

over all (y/,n,\) € [-K + 2z, K + z] x [0, L] x [0,1]. Since (132)) is periodic in (', n), it
follows that its average over the set [—K + z, K + z] x [0, L] x [0, 1] is equal to its average
over the set [—K, K] x [0, L] x [0,1]. Taking limits as K, L — oo, we obtain the identity

T YTV (h) = 1I7*(h). Summing over all m € Z we have
7 Mer*(h) = e (h)

]

Proof of (c). Using averages over the shifted rectangles [— K, K] x [0, L + 6] and an argu-

ment analogous to the previous item we obtain the desired identity. O]

Proof of (d). Observe that

D¥ " Ay e D* (h)(x) = 22 Ay-1e D" (h)(252)
=25 Xy (275 (D h|o,) o, (282)

seD

=25 Xuo) (2D 0)04(2"0)

seD

(133)



Take s to be a dyadic tile of order m, i.e., there are r, s € Z such that
s=1[2"r,2"(r+1)) x 275,27 (s + 1))
Looking at the expression inside the sum in (133)) we note that
st<2)(2*k§) =12 e [2_’” (s + %) , 27 (s + 1))

& {2’“"” (s - %) 28 (s 4 1))

And also

_ Qk _ -[5 ‘
Do) = 280,(050) = 281 b (22 ) it

| ]

-3 _ cls)
B (#) ¢ = 7. |2—k 22 elws )
2 S
= ¢s(7)
where § is the tile of order m — &k such that
C(IS)

This way,

25> Xuw 27D " 6.)6.(282) = vuy (27 (WD 9) D? " py(2)

seD seD

= Xun () (h]¢3)ps(2)

s5eD

= Ae(h)
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(134)

(135)

Since the correspondence between s and s established above is unique, we conclude that

Ae(h) = D* " Ay D¥ (h)

]

Proof of (e). Denote by [a] the integer part of a real number a. Using the identities
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DPM?" = M?© Db and Db7% = 7% D? we obtain

D2*”M—(§+n)7-—yD2*AAmDQATyMSJrnD?a

_ M2Em) 2y 2T (““)A o D e

— M2 o~y p2 p-lata ]A paiery DTN D2 v V120 (Etn)
EEE (136)

_9a ) Y A ’ a
= M2 M~"7"77Y' D> Asagisay, D*" 7Y M7 M?*¢

2\

= MM (Mﬂ’ry’DT*'AHHW D?*'Ty’Mn’) MO ME

2

where we set ' = 27%, ' =20, N =a+ XA —[a+ A], and 6 = (2* — 1){. The averages
of the left-hand side of over all (y,n,\) € [-K, K] x [0, L] x [0, 1] converges to the
operator D* "M ¢TI M*D* as K, L — oo (look at (131))). On the other hand, this limit
is equal to the limit of the averages of the last expression in the right-hand side of
over all (v/,n', ') in [-27*K,27*K] x [0,2°L] x [0, 1], which is

MM~ Tl g M? M*
Using (¢), we obtain
D* "M I M D* = MM Tl gy MO M* = M~ 11 M*

which means that the operator M —¢II¢ M¢ commutes with dilations. O

Proof of (f). The second assertion is a consequence of
(D> 7Y M"ME(h)|g,) = (ME(R)| M7V D ™ (¢4)) = (ME(W) (M "7 D ™ (6,))") = 0

since the Fourier transform of 7=* M ~177¥D~2"(¢,) is supported in the set (—oo, 2)‘c(w8(1))—
n+ %|ws|), which is disjoint from the interval (£, 00) whenever 27 (€ 4+ 1) € wy2). Now

we want to prove that
(e(R)[h) =0 (137)
This follows from the fact that (137) is equal to
lim —— Z SN (D2 7 M(R)| ) [2dAdydy (138)
K0 2KL — e 2 °
This also implies that Il is not the zero operator. Indeed, observe that

5 e (S ) D 061 = (152,50

s€Dg
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is periodic with period (27*,2*) in (y,7), so by proposition ([4.6) the limit (138) is greater
than or equal to

22 a2 x 4
/0 /0 /0 Z Xws(2) (%) ’<D2ATyMn(h)’¢s>‘2d)\dydn

s€Dg

(observe that the sum above is over Dy, not D). Since we can always find a Schwartz
function % and a tile s such that (D2 7Y M"(h)|¢,) is nonzero for (y,n,\) near (0,0,0),
the expression in is strictly positive for this h, so (IL¢(h)|h) is strictly positive. This
way we proved that the operators M ¢TI M* are nonzero for every &. O

Define the operator P by:

P(f) = (JX(-0))"

Proposition 4.8. Up to a constant multiple, P is the unique bounded operator on L*(R)
that has the following properties:

(a) Commutes with translations.

(b) Commutes with dilations.

(c) Vanishes when applied to functions whose Fourier transforms are supported on the

positive aris.

Proof. Using proposition (5.4)), (a) implies the existence of m € L*(R"™) such that
f}(f ) =m(§) f. We also have (using F to denote the Fourier transform):

FDsf(€) = /_ )
=0t /OO fx)e 2mi@e/o gy (139)

= 57 (D FI)E)

Let us write symbolically FT' = mJF, where by m we mean the operator of multiplication
by the L* function m. If g = (X[o,oo)J?)V, we have g = X[(),OO)]?and supp g C [0,00). Using
hypothesis (b),

~

Tg=0=T (f - (X(—oo,o)f)v) =0=Tf=T [(X(—oo,o)J?)v}

This way,

~ A ~ ~

TF(E) = TI(x(=00))"] (€) = m(&)[(Xpo0 /)1 (€) = X(coo0)(©M(E)F(E)  (140)
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On the other hand, by (139)),
Dsm = DsFTF ' =6 '\ FDs-1TF ' =6 ' FTDs1 F ' =66 FTF 'Ds = mD;
So
Dsomo f(x) =mo Dso f(x) = (mo f)(0x) = m(x)(Dsf)(z) =
m(dz)f(0x) = m(x)f(dz), VfeL* . m(éx)=m(x)
i.e., m is constant. By ((140)),

~

TF(E) = eX(—oo0) () [(€) = Tf = cP(f)

O
Propositions [4.7] and [£.8] imply:
MM = ¢ P(f), 3ec€R
Proposition (b) gives us:
M= g M0 = M T M® = ¢ = cevp
So the unilateral Carleson operator can be written as:
1
C(f) = 5 sup [Te(f)| (141)
] e>0

4.3 Linearization of a maximal dyadic sum

We start by observing that for a fixed f € S(R), the function

£ . .
(2,6) = / Fly)ervay

defined on R x R* is continuous in both variables. This way, we can restrict the range of
N >0in (119) to N € Q. We can go one step further:

Claim 4.3. If we prove (120) to any finite Qo C Q% instead of QT with bound C' inde-
pendent of Qo and f, (120)) holds.

Proof. From the observation above:

Ci(f)(x) = sup

NeQ+

/ ’ A<§>62mfd5'

o0
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Given an enumeration {qi, g2, . .., Gn, ...} of Q, define @, := {¢;;j < n}. If the supreme

above is attained at a rational ¢ < 0o, the following is obviously true:

Cq, (f)(x) = ngg

/ f(5)62“””5d£‘=61(f)(w) (142)

/ f 27rzac§ df ‘ sup

NeQ+t

If the supreme is attained at infinity, we can take a monotone sequence of rationals r;
such that

‘ / OO ﬂf)emﬁds‘ — Ci(f) (@)

But r; = g;;, so

‘ / f(é)em’fdél < sup

NGQij

/j;ﬂﬁk%mﬂk‘scdfﬂx>

Then (142]) is also true in this case. This way, by Fatou’s lemma for LP-weak:

(A

lim Co, ()| < liminf[ICo, ()2 < CIF ]

by hypothesis. O]

Take now @)y C Q. For each & € )y we have that

| el | e

is closed and hence measurable. Therefore, we may select a measurable real-valued func-
tion Ny : R — @ such that for all x € R we have:

£ o Ny(z) i
| Fwe mydy\z [ fwemay

This measurable function Ny motivates the following approach to our problem: consider

{xER max

sup
§€Qo

the operator

N(z) _ i
e / Fly)emivdy

where N : R — g is a general measurable function. If we prove a (2,2)-weak estimate
for this operator applied to functions of S(R) with bounds independent of N, then for a
given f € S(R) we choose N = Ny and obtain (2, 2)-weak boundedness of

é‘ A~ .
/ f(y)ezmydy‘

Therefore, (2,2)-weak boundedness for C; will follow by our previous argument.

f— sup
£€Qo
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Fix N : R — )y measurable assuming at most a finite number of rational

values. Define on S(R) the operator:

D (f)(z) = An@ ())(@) = D Xy © N)(@)(f105)5(2).

seD

we have already seen that this sum converges absolutely.

Claim 4.4. It suffices to show that

DN (200 < Cllfll2,Vf € L2 (143)

Proof. Taking £ = N(z) in the definition of Ilg,

Iy (f)(2) M —”r—yDQ”AN(W D? 7Y M( f)dAdydn

= lim —/
K,L—oco 2K L [-L,L)x [ K,K]x[0,1]

This way,

Iy (f)(z)] < liminf

/ | M"Y D2 A oy oy DY 78 M f )| dAdydn
K,L—o00 2 [-L,L]x[-K,K]x[0,1] 2

We now apply L** norms on both sides, use Fatou’s lemma for LP-weak and use the fact
that translations, modulations and L?-dilation are isometries on L?. Using (143)), we are
done. 0

For each fixed measurable function N : R — R, , we define the N-linearization

of the Carleson operator associated to the finite set of tiles P as the linear operator:

Dyp(f)(@) =D (Xesw © N)(@)(fl65) s ()

seP

By monotone convergence, to obtain the limitation in (143)) it is enough to obtain:

IDnp(f)ll200 < C fll2, (144)

where C' does not depend on f, P, N.
By duality in Lorentz spaces, it suffices to show that for all f € S(R) we have

/R Dy p(f)()g(x)dz

D ey © N)$ss 9) (1) | < Clgllzall £l

seP

We can restrict ourselves even more (see 1.4.7 in (GRAFAKOS| (20144)). It suffices to
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show that for all measurable E with |E| < oo we have

S () © N, x5 ()| < CLEIZ|| £z

seP

/E Dyp(f)(@)de

In particular, this estimate holds if it holds the following:

D Uy © NSl fl0s)] < CIE[?] £z, (145)

seP

With C again independent from f, P, N. Let us now work to obtain this last inequality.

4.4 The main argument

In this section, let us define a partial order on the set of all dyadic tiles. From

now on, we will call them tiles.

Definition 4.3. Define the partial order < on D by
s<s <= I,Cly e wyCw,.
By proposition [4.1]
sNs' #0=s<s ors <s.

As a consequence, if P is a finite set of tiles, all maximal elements of P with respect to

< are pairwise disjoint.

Definition 4.4. A finite set of tiles P is a tree if there is a tile t € P such that all s € P
satisfies s < t. We will call t the top of P and denote it by t = top(P). It is immediate

that the top of a tree is unique.

Note that a finite set of tiles P can be written as union of trees which tops
are maximal elements. Indeed, consider all maximal elements of P under <. Then every
non-maximal element s € P satisfies s < ¢ for some maximal ¢t € P, therefore it belongs
to some tree with ¢ as its top. Observe also that tiles can be written as union of two

semi-tiles [y X wy1) and Iy X wy().
Definition 4.5. A tree T is a 1-tree if

Wop(T)(1) & Ws(1)
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for all s € T. A tree T' is a 2-tree if for all s € T' we have

Wiop(T')(2) & Ws(2)

Claim 4.5. About 1-trees and 2-trees,

(a) Every tree T can be written as union of a 1-tree and a 2-tree such that their inter-
section is precisely the top of T.

(b) If T is a l-tree, then wiop(y2) Nws2y = O for all s € T different from the top. An

analogous statement holds for 2-trees.

Proof of (a). We verify this by using a simple algorithm. For each s € T different from
the top, if Wiop(m)(1) € ws1) add s to the set A (initially empty). If wioperry2) € ws(2), add
s to the set B (also initially empty). Observe that we don’t add the same tile to both
sets A and B. Finally, when all tiles but the top were selected to some set, we put the
top in both sets and have T = A U B with the desired property. O]

Proof of (b). Immediate from the definition. O

We introduce now the concepts of mass and energy.
Definition 4.6. Let N: R — R* be a measurable function, s € D and E be a measurable
set with |E| < co. Let

1 |IU|71d1’
M(E; {s}) = — sup /
2 ueD /BN~ ] (1+ —l‘”_lfguﬂ)lo

We call M(E;{s}) the mass of E with respect to {s}. Given P C D, the
mass of E& with respect to P is defined by

M(E;P) = sup M(E; {s}).

seP
Observe that the mass of E with respect to any set of tiles is at most:
1 / o dx 1
— — < =
1E] oo (14 |2])1 — |E]

Definition 4.7. Given P C D finite and a function f € L*(R), define

2

1 1
E(f;P) = > 116y

where the supreme is taken over all 2-trees T C P. We call E(f;P) the energy of f with
respect to P.
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We will state now tree lemmas which will be proved in the three subsequent

subsections.

Lemma 4.3. There exists a constant C such that for any measurable function N: R —
R*, for all measurable E C R with finite measure and for all finite set of tiles P there is
a subset P’ of P such that

M(E;P\P') < ~M(E;P)

A

and P’ is a union of trees T; satisfying

C
; | Liop(T;)| < WI;P) (146)

Lemma 4.4. There exists a constant Cy such that for all finite set of tiles P and all
functions f € L*(R) there is a subset P" of P such that

E(f;P\P") < ZE(f;P)

N | —

and P" is a union of trees T; satisfying

C.

2
zj: | Tiop(ry)| < 27 P2 (147)

Lemma 4.5. There exists a finite constant C3 such that for all trees T, all functions f €

L*(R), for any measurable function N: R — RT and for all measurable subsets E we have

D 1) (X iolds)] < Calliopem) [E(f; T)M(EST) || f 22| B (148)

seT

In the rest of this section, we conclude the proof of theorem assuming
lemmas and [4.5]

Given a finite set of tiles P, E measurable with finite measure, N: R — R*

measurable and f € L*(R), take ny € Z big enough such that
E(f;P) <2,

M(E;P) < 2.

We shall construct inductively a sequence of pairwise disjoint sets

Pn07 Pn0—17 Pn0—27 Pn0—37 ...
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such that

no

U p,=P (149)

j=—o0

and such that the following conditions are satisfied:

E(f;P;) <27t for all j < ny;

M(E;P;) < 2%2+2 for all j < ny;

E(f;P\(P,, U...UP;)) <27 for all j < ng;
M (E;P\(Pn, U...UP;)) < 2% for all j < ny;

P; is a union of trees T, such that for all j < ny we have

AR I

D Miopery| < Co27%,
k

where Cy = C; + Cy and (1 and Cy are the constants obtained in lemmas and
[4.4] respectively.

Assume for a moment that we already constructed the sequence {P;};<,, with
the properties above. To obtain (145)), we use 1, 2 and 5, the fact that the mass of any
set of tiles is bounded by |E|™! and lemma [4.5| to obtain

D169 O EN-1wal0)] = D D 106 (X1, 6]

seP 7 SEPJ‘

<D D0 D A1) XNt w,a|6)]

j k SGTjk

<5 > Miop(m | E(f: Tie) ME; Ty | f 22| E|
ik

< Co S0 g2 min| B[, 2%72)] ]| 2 E]
ik

<Gy Co2 2 min(|E[, 2272) | | 12| E|
J
=C3 Y Co2 /M min(|E[™',277%2)| f||2 | E|

J

We have to estimate this last sum:

2

|E|7! < 227+2 o Jog, |B| 71 < 2 + 2 & j > —ZHom EITL . g
|E|71 > 2212 & log, |[B| 7 > 2 +2 & j < “ZlemlB . g
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Let us break this sum in two pieces:

L ko]
> 27 min(|E[T, 2972) = Y 27 min(|E[7,27712)
j j=—o0
no ) )
T Z 27 min(|E| 7!, 2%+2)
j=lko|+1
=1+ 11
For I:
Lko] Lko]
. . . . 1
D> 2 min(|E|T, 297 = YT 29 =g Y 27 =162k <1620 =8 |E| 2
P— j=—o00 j=—|ko)
For IT:
no ) . o . 1
Z 9—Jt1 min(|E|_1, 22]+2) < 2|E|—1 Z 277 < 4’E|_12_k0 — 8|E|_§
j=lko]+1 j=lko|+1

Summing [ + I1:
"2 min(|B| 7, 2%7%2) < 16/B| 4
J

Then:

Z [(flos) (XBnN-11w, 0| @s)| < -

seP
< Cy 37 G2 min(| B[, 27)|| ) 2| B
J

< C5Col f 112 | EI16] E| 2
= C|B[2||fl|.2

This proves estimate ({145]).
We shall now construct a sequence {P;};<,, satisfying conditions 1 to 5 above.

We will proceed by induction. Start with j = ng putting P,,, = . This way, 1, 2 and 5

are immediately satisfied and
E([;P\Py,) = E(f;P) <27
M (E;P\Py,) = M (E;P) < 2.
therefore 3 and 4 are also satisfied for P,,.

Suppose we already constructed pairwise disjoint sets P,,,, P,,-1, ..., P, for

some n < ng such that 1 — 5 hold for all j € {ng,no —1,...,n}. We will construct a set



87

of tiles P,,_; disjoint from P; with j < n such that 1 — 5 hold for it.

Let us define an auxiliary set P/, ,. If M (E;P\(P,, U...UP,)) < 221
put P!, = 0. If M (E;P\(P,,U...UP,)) > 22D qyse lemma [4.3 to find a subset
P/, of P\(P,,U...UP,) such that

22n
< —
- 4

— 22(n—1)

M (E;P\(P,,U...UP,UP!_})) < -M(E;P\(P,,U...UP,))

1 =

(using the induction hypothesis 4 for j = n) and P],_, is a union of trees T}, satisfying

D lopery| € CLM(E;P\(Py, U...UP,)) ™ < G270, (150)
k

This way, if £ (f;P\(Pn, U...UP,)) < 2" 1 put P’ _, = 0. Otherwise, use lemma
to obtain a subset P! _; of P\(P,, U...UP,) such that

€ (f;P\(Poy U...UP, UP"_ ) < 2 (f;P\(Pp, U...UP,)) < %2“ _gn-t

DN —

(using the induction hypothesis 3 for j = n) and P!/_, is a union of trees T} satisfying

> Hioperp| < Co€ (fiP\(Pyy U UP,)) 7 < Cp2720 0, (151)
k

In any case, we conclude:
M (B;P\(P,,U...UP,UP]_,)) <22V (152)

E(fiP\(PpU...UP,UPI_))) <27 (153)

Define P,y = P, UP! | and let us verify properties 1 — 5. As P, C
P\(P,,U...UP,), we have:

E(f;Puy) SE(f;P\(Pp, U...UP,)) < 2" = 2= DFL

where the last inequality is a consequence of the induction hypothesis 3 for j = n; this

way, 1 holds for j = n — 1. Likewise,
M(E;P, 1) < M(E;P\(P,, U...UP,)) < 22" = 22(n=1+2

where we used the induction hypothesis 4 for j = n, therefore 2 holds for j =n — 1.
To prove 3 for j = n—1, note that P\(P,,U...UP,UP, ;) C P\(P,,U...U
P, UP” ) and this last one has energy at most 2"~ by estimate . To prove 4 with

j =n—1, note that P\(P,,U...UP,UP,_;) C P\(P,,U...UP, UP] _,), which has
mass at most 22(*~1) by . Finally, if we add (150) to (151)), we obtain 5 for j =n —1
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with C() = Cl + 02.
Choose j € Z with 0 < 2% < min,ep M(E;{s}). Therefore:

M (E;P\(P,, U...UP;)) < 2% < min M(FE; {s})

seP

which implies P\(P,, U...UP;) = 0, ie., P = P,,, U... UP; and (149) holds. It
also follows that there exists n; such that, for all n < n;, P,, = (). This concludes the

construction of {P;};<p,.

4.5 Proof of lemma 4.3

Let p to be the mass of a set of tiles P. Define:

P - {SGP:M(E;{S}) > %}

This is our natural candidate to be the set of “fat” tiles. By definition,
M(E;P\P') < & ie, P\P'is “light”. We now show that P’ can be written as a

union of trees such that (146]) holds. It follows by definition that for each s € P’ there is
u(s) € D with u(s) > s and

i ’]u(s)|_1d‘r > H (154)
1E| Jean-1jw,)] (1+ _|$_|;if:)<ls))|)1o 4

Let U = {u(s) : s € P’} and U, 4, C U be the subset containing all maximal
elements of U according to <. Now define P to be the set of all maximal elements of
P’. As we have already said, the tiles of P’ can be grouped in trees T; = {s € P’ : s < t,}
with tops t; € P

!/
max*

Ift; <wety <ufor some u € U, then w, C wy; N Wi, and as ¢;
and t; are disjoint, it follows that I;; and Itj, are disjoint subsets of I,. Enumerate the
elements of U,,q, from u; to u,. Starting with u;, let A; be the set of all ¢; such that
t; < uy. Let Ay be the set of all ¢; ¢ A; such that ¢; < us. Repeating this algorithm until

there is no top of tree left, we have construct disjoint sets A;’s. From this,

j i=1

=1 tjEAi wEUmaz

So it suffices to prove:

oLl <cop (155)

uEUmaz

for some constant C'. For u € U,,,, we can rewrite (154)) as



89

(1 + |z co(l,)| 8
BN 1wl (25 1\2F 1 1,,) ] k=0

with the convention 2711, = (). It follows that for all u € U,,,, there is an integer k£ > 0
such that

dx < |E NN~ w,] N2FL,|

(1+ |z— c(Iu)I) (‘_51)10(1+2k—2)10

EIE|L,[27* <
8 [T

ENN=w,N(2k1,\2%-11,,)

Therefore v € U, where
Uy = {u € Upy : |I,| <8-5027% BT EN N w,] N 281L,[}

So
max - U Uk

Observe that in order to prove ([155)) it suffices to prove that

<t k>0 (156)

ueUy

Take vy € Uy, such that |I,,| is the largest possible among elements of Uy.
Select now v; € Ug\{vo} such that (2*1,,) x w,, is disjoint from (2¥1,,) x w,, and |I,,]|
is the largest possible. By induction, at the j™ step we choose v; € Up\{vo,...,v;_1}
such that (Qk]vj) X wy, is disjoint from all enlarged rectangles of tiles previously selected
and |1, | is the largest possible. This algorithm will finish after a finite number of steps
(because we will have exhausted Uy or because we won'’t be able to select tiles using this
criterion). We will call V the set of these tiles selected from Uy.

For each u € Uy, there is v € Vy, with || < |I,| such that:

[(2°1,) x wa] N[(2",) x wy] # 0

Indeed, if u € Vi, take v = u. If u € Ui\ Vy, there is such v because otherwise u would
have been selected previously. We choose such v and say that it is associated to u. Note
that if v and u' are associated to the same v, as they are disjoint and as w, Nwy D w,y,
then I, NI, = (). This way, tiles u € U}, associated to a v € V}, fixed have I,,’s disjoint

ans satisfy

Iu C 2k+2[v
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From this,
Z |Iu’ < |2k+2Iv| :2k+2|Iv’
ueUy
u associated to v
Finally,

Do Y Y 4

ueUy vEV u associated to v

< k2 Z |1,

veEVY
< 2H9510) 1 B|7127% 3 " | EN N w,] N2,
VEV

S 32. 51(]“—12—8/@

since the enlarged rectangles (2%1,) x w, of the selected tiles v are disjoint and then

E N N~w,] N2k, also are. This proves (156) and lemma

4.6 Proof of lemma [4.4]

Let g € L*(R) and T’ a 2-tree. Define the following quantity:

Al T) = — ( ! Z|<g\¢s>l2)

Hg||L2 |It0p(T’)| seT’

We now describe an algorithm to construct a set P”. Start with T being the set of all
2-trees contained in P and perform the following:
1. Take the subset T of T that satisfies

A(g;T) > =&(g;P), forall T' € T (157)

1
2
2. Select T from T such that ¢(Wiop(T?)) 18 the smallest possible.
3. Let Ty be the set of all s € P such that s < top(T}).
Now redefine T to be the set of all 2-trees contained in P\T; and run the algorithm again,
obtaining a tree Ty. At the j* iteration we will have constructed Ty, T, ..., T;_; and
run the algorithm again for T = P\(T; UTyU...UT; ;). We keep doing this till there
is no 2-tree left to pass step 1 above. This way we construct a finite sequence of pairwise

disjoint 2-trees T, T5, ..., T) and a set of pairwise disjoint trees Ty, Ty, ..., T, such
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that T C T}, top(T;) = top(T}) and T satisfy the condition of step 1 above. Define
P’ =T,
J

Observe that the process we just performed eliminates all trees trees with high energy. In
other words,

E(g;P\P") < =&(g; P)

N | —

P” is our candidate to be the set with high energy that satisfies the conditions of the
statement of this lemma. We now prove ([147)). Using (157) for each tree T; and summing,

ZmpLMWZme

ET'

- [T 2 2 o alé

J s€Ty

(158)
H%KMHZ§W%§
1
< ol 2= 2 (@:l9)o
J SGT;- 12

Set U = U;T);. We claim that it suffices to prove that

VI

DD (edae|| <cC (5(9; P)?Y |Itop(Tj)’> (159)

ijg, ) j

Indeed, using we easily get by transitivity. If we are given ws and wy we have
four possibilities:

1. wy = wy

2. ws C wy

3. wy C ws

4. wsNwy =10
As we have already said earlier, the last case gives us (¢s|ps) = 0 by Parseval and by the

disjointness of the supports of qgs and @ This way,

2

SO bdg)es| < D0 Hslg)bulg) (Dslou) +2 D [(dslg) (bulg)(dsldu)]  (160)

J sET;- 5 s,ucU s,uc€U
L Ws =Wy wsCway
N g N J/

R an
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Our two jobs now are to estimate (I) and (II). For (I):

D Kxl)ll(0uldu) 1 (ulg) 1@l

S
<[ > 1edg) (sl ou)] > Ul P(bslon)l
by by
=> [gloa)* D U eslbu)]
scU ueU
e (161)
< glos))®
seU
=" Y gloa) P
J SGT;
= C" Y  opery | eoper | ™Y [gl6s)1”
J sET;

<O iopr,) (g3 P)? gl 72

J

where we used Cauchy-Schwarz in the first inequality and the almost orthogonality propo-
sition in the second. Before we proceed, let us make an useful observation: if wy C w,
and (¢s|¢,) # 0, then by the same argument used in the beginning of the proof of lemma
we have wy C wy). For (II):

> [balg)(Bulg) (bslbu)]

=3 )| Y [(Bulg) (6s]00)]

wsCwy

Jj seT/ ueU
7 wsgwu
1 293
2
<SS walor] S 3 16u)inen
J SET; SGT; wuég (162)

=

29 3
< Vo BTl | | 2 Ioulodionlon) }

J seT’; uelU
7 \ws Cwy

N

<E@P)lgllee D hopery 2 | Do | D0 [ulg)(dalén)]

J sET;. ueU
Ws gwu(l)
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where we used Cauchy-Schwarz in the first inequality, the definition of A in the second
and the definition of £ and our previous useful observation in the third. Since {s} C P is

a 2-tree, we have:

oy L (KeledP\E 1 Keleal _ o
O e A o = EwP)

so the last inequality gives us:

{gldu)| < llglliz|La|2E(g; P) (163)

Using ([163)) to estimate the term inside the brackets in the last inequality of (162)),

2 2
S Y @da) e | <E@PRlglz Y. | D 1Ll eslon)] | (164)
seT; zéEU seT;- %GU
Ws LWy (1) Ws Wy (1)

Our next step is to establish the following lemma:

Lemma 4.6. (Strong disjointness) Let T; and T;- be as before.

(a) Let s € T;» and u € T, If wy C wyy, then I, N Liop(t;) = 0.

(b) If u € T}, and v € T} are different tiles and satisfy ws, C wya)y Nwyy for some fized
s € T}, then I, N I, = 0.

Proof. Let us first prove (a). Note that s € T;- implies Wrop(T) C Ws(2) C Wa(1)- On the
other hand, u € T}, implies Wiop(Ty) C Wu(2); SO Wiop(T!) < Wiop(T}) which means that
T was selected before T} in our initial algorithm. This way, j < k. Remember that
]top(Tj) = Itop(T;-)a S0

1 1 1 2

| Lop(rs)| = > — > = = =9\,
PEN Jwopery] = Twsl = Jwu] — Jwdl

if I, N Lioper,) # 0, then I, C Ligyer,). Also, Wiop(T) C Ws C wy. This way u < top(T}),
which implies u € T; since this tree was selected first. On the other hand, T; N'T}, = 0,
contradiction. Therefore it follows that I, N liop(t;) = (). Assume now the conditions of
(b). 0 # ws € wy(1y Nwy(ry implies one of the three below:
L. w, C wyqy- In this case, (a) gives us I, N Lyop(ry) = 0. As I, C Lip(ry), we conclude
that I, N I, = 0.
2. wy C wy(1). Same argument used in the previous item applies here to conclude that
I,NI,=0.
3. wy = wy, which implies || = |I,|. As u and v are different tiles, we must have
I.NI,=0.
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We claim that it suffices to prove that

ST ST LKl | < Clliopery)| (165)

3€T/, ueU
Ws Clu(1)

Indeed, using [163] [162] and [I65] we have:

[\
[NIES

(D) < (@ P)lgllz D oner €@ Pl | Do [ D 11ul21(016u)]

scT’ ueU
T \wsCwu()

< CE&(g; P)* g% Zmop

Adding our estimates for (I) and (II) in (160) we conclude (159). Let us prove [165]
By lemma [4.6] different tiles u that appear as parameters in [I65 have associated disjoint
intervals I, contained in (Lip(t,))¢. Let ¢; = top(T;). Using proposition |5.5] . we get:

? 2
1
sl ) 2 I —1d
S Y mbleded| <X | > ,M;(ll D / Lt
€T\l seT) | weU ' (1+\m c(fs>l)
Ws Cwy(1) J wstu(l) \Isl

2

<c>l| Y /(1 AR

1,

) =y + le=etl] s>|>
J wSCwu(l) ‘ Sl

2

<O I / | d
(It,)° (

20
T 14l c(m\)

s]
|I,|tdx
<C I
Z| |/ |lz—c(Ls)]
SET’ + |I|
(III)

Since (III) < 1 as one can see by making a change of variables and comparing it to
Je(1 4 |y|)"*°dz < 1. For each k > 0 the intervals I, with s € T and |I,| = 27*|I, | are
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pairwise disjoint and contained in I;;. This way,

—Ldx > 9k dx
Z |I|/ | lo—cllo)] _Z! I, Z 1] [e—c(1)]\ *°
TR ) s€T; )0 <1+ TR )

|I.|:2*k|lt "

= dxdy
Tl % Lt (1+52)"
1A 2-’% | .

> dxdy
SCkz:|zt|/lt/1t)c $y|>0

<C’Z i |2 21, |7

_ C”|It]—|

where we used lemma [5.5, This finishes the proof of this lemma.

4.7 Proof of lemma [4.5]

Proving this lemma for ||g||;2 = 1 and replacing g by ¢/||g||z2 proves it for a
general g € L?(R), so we will concentrate ourselves in this case. Fix a function g with L?
norm 1, a tree T, a measurable function N : R — R* and a measurable set £ with finite
measure.

Define J' to be the set of all dyadic intervals J such that 3.J does not contain
any I, s € T. By taking dyadic intervals small enough, we can always find one interval
in J' that contains a x € R. Define J to be the set of all maximal subsets of 7' (under
inclusion). This way, J is a partition of R.

Observe that (g[¢s) (XEnN-1w,)]|@s) is a complex number, so we can multiply
it by some unitary vector €, € C such that the result is its absolute value (we are just
rotating the original complex number). Precisely, there exists €, € C with |e;| = 1 such
that

[(g1Bs) (X BN 1w, 21| D) | = €5(g]Ps) (X BAN-1[, (2] P5)
We can rewrite the left-hand side of ((148)) as

Z €s <g|¢s> <XEON*1[wS(2)] |¢s> < Z €s <g‘¢s>XEﬂN*1[ws(2)]¢s

se€T seT HE
- Z ZES g|¢s XENN-— 1[%(2)}(;5
JeTJ |ls€T L)

< X+



where

=Y %

seT
|7s]<2].J]|

SR>

JeJ

seT
[7s|>2]J]

€s <g|¢S>XEﬂN_1 [UJS<2>} (bs

6.5 <g|¢S>XEﬂN_1 [ws(g)} ¢S

LYT)

LY(T)
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(166)

(167)

Let us start by estimating ;. For every s € T, {s} is a 2-tree contained in T. By the

definition of energy,

{glos)] < |I,|2€(g: T)

Using this, we obtain

5y Y e | 11,164 (2)]da
Je JﬂEﬁN*l[wS@)]

seT
11s|<2|J]

7!
<c £(g: || /
; Z JﬁEﬂN*l[wS(z)]

seT
[1s|<2]J]|

<CZ Z £(g; T)|E|M(E; T)|I,| sup

x€J |lz—c(Is

|15|<2|J|

(L)
<1+ Ll

1

&

dx

log, 2|J]|

< CE(gT)EMET)Y Y 28 Y 1

5
JeTJ k=—oc0 seT <1_|_ dist(J, I)) (1+ dlst( ))

)>10

|L|=2*

(168)

Remember that all I, with s € T and |I,| = 2* are pairwise disjoint and contained in

Liop(ty. Therefore, 27 *dist(J, I,) > |Liop(T)

dist(J, I,)\
(1+—2,c )

<1 I dlst(JIS))5

Moreover, the sum

seT
|I5|=2"

- (1 N dist(J, Itop(T)))—5

[ Tiop(T) |

1

|~ 1dist(J, Jrop(T)) and we have the estimate

is controlled by a finite constant, since for every m € Z* there exist at most two tiles s € T

with |I,| = 2¥ such that I, are not contained in 3.J and m2* < dist(J, I,) <

(m + 1)2%.
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Therefore, we obtain

log, 2|J|

2k
:Cg(ga |E‘M E T Z Z dist(J,1 ) 5
Jed k——oo + 2 top(T) )
|]top(T)|
/]
< Cg(gv T)‘E‘M(E’ T) Z dist(J, Iiop(T)) b
Jeg (1 + ﬁ) (169)
Cg(ga |E|M E T Z/ |x c(Tiop(T))! d$
JeT W)

< Clliop(r)|E(9; T)|E|M(E;T)

since J is a partition of R and by a change of variables. For this part to be complete, we
still must verify the penultimate inequality (x) above.
Since J and Iop(T) are dyadic intervals, we have three cases:
1. JN igp(r) = 0
2. J C Liop(m)
3. Liop(r) C J
Actually, we just have the first two cases. The third does not happen because
3J does not contain li,p(ry. In the first case we have |J| < dist(J, yop(t)) since 3J does
not contain liopery. In the second case we obviously have |J| < [ljop(r)|. Thus in both

cases we have |J| < dist(J, Liop(t)) + |Liop(ry|- This way, for any « € J we have

Lo
= Uy < 1]+ dist (], Lipery) + 22

) + 3|-[t0p(T)|

< Qdist(J, Itop(T) 5

Therefore,

dx /] (5)°1]
5 Z . 5 Z . 5
J (1 + |1'_C(Itop(T))|> (5 + 2dlst(J,Itop(T))> (1 + dlSt(J,Itop(T))>

[Teop(m)| 2 [Tiop(m)l [Tiop(m)!

This verification completes the estimate for ;.

Let us now focus on Y,. Assume without loss of generality that for all J
appearing in (167), the set of s in T with 2|J| < |I,| is nonempty. Thus, if J appears in
this sum we have 2|J| < |I;| < |Liop(m)|- We claim that J is contained in 3/ip(t). Indeed,
since J is maximal, if it is not contained in 3/, it has size larger than %|Itop(T)|.

Let Ty be the 2-tree of all s € T such that wiop(Ty2) C ws(z). By defining
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T, = T\T; we see that T is a 1-tree minus its top. Now set

R T el

seT
[1s[>21J]

Foy= ) elglo)Xpn-11u,u) s
s€Ty
|Is|>2]J]

We obviously have

Yy < Z | Fusllzrery + Z | Fasllz1sy = a1 + Xo2
JeJ JeJ

To finish the proof, we will deal with both X; and Xas. If the tiles s and s’ that appear
in the definition of F; have different scales, then the sets wy) and wy () are disjoint and
thus so are the sets £ N N~ wye)] and EN N7 wg(z)]. Set

Gr=Jn U EﬂN’l[ws(g)]
seT
[s[>2]J]
Then F}; is supported in the set G; and we have

||F1J||L1(J) < ||F1J||L°°(J)|GJ|

S Z Z €S<g|¢S>XEﬂN71[UJ5(2>]¢S |GJ|

k>log, 2|J| s€T1
|1s|=2" Lo (J)

< sup Z 65<g|¢s>XEﬂN*1[ws(2>]¢s |GJ|
k>log, 2|J| s€T,
al=2* Lo ()
—k
k 272
< sup sup »  E(g;T)2 /Gl
k>logy 21| w€) T (1 X |w—c£fs>\>
||=2" 2
< C&(g; T)|G|

where we used ([168) and the fact that all the I that appear in the sum are disjoint.
Claim 4.6. For all J € J we have
G| < ClEIM(E;T)|J| (170)

Once we prove ([170]), sum over all J that appear in the definition of Fj; and
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observe that all of these intervals are pairwise disjoint and contained in 3Iiop(). This

implies the desired estimate for »o;.

Proof of claim[{.6 Consider the unique dyadic interval J of length 2|J| that contains J.
By the maximality of 7, 3.J contains I, ;> Where s; € T is a tile. We have two cases:

1. I, is either (J —|J])UJ or JU (J + |J]).

2. I,, is contained in one of the two dyadic intervals J — |.J|, J + |J|.

Figure 4: J and J

J— 1| J J+|J|
F—————————— i i i =
T T T T I T
| - —— - |
| L 4 Feped
| |
b o o ___ 4
3J
In the first case let u; = s;. This way, |us| = 2|J|. In the second case,

whichever of these two dyadic intervals that contains [

s, is contained in [iop(T), since it

intersects is and has smaller length than it. This way, there exists a tile u; € D with

|1, | = |j| such that I, C I, € Liop(r) and wiep(r) € Wy, € ws,. In both cases we have
a tile uy satisfying s; < uy < top(T) with |w,,| being either ﬁ or ﬁ Then for any

s € T with |I;| > 2|J| we have |w;| < |w,,|. Since both w, and w,,, contain wip(T), they
must intersect, so ws C w,,. We conclude that any s € T with |I;| > 2|J| must satisfy
N~Yw,] € N~ !w,,]. This (together with the definition of G ;) implies

Gy CJNENN Yw,,] (171)

Therefore
dz

L 7™
’E|E<M7 T) - igg ilelg /;ﬂNl[Wu] 1 |I—C(Iu)| 10
s<u + |]u|

L, |

> / gdr
JNENN=[wu] (1 4 M)

T
> oL, JNENN 1w,

> cllu,| 7G|

where we used (171]) and the fact that for x € J we have

|z —c(Ly,)] < 4J] < 2|1,

|

It follows that . A
G| < EIEIM(E;T)IIWI < EIEIM(E; T)|J|

and this is exactly what we wanted in (4.6]). O
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Now we turn our attention to the estimate for Yoo = >,/ || Fosl[z1(s). Since
Ty is a 2-tree, all intervals wy) with s € Ty are nested. Therefore, for each x € J for
which Fy;(x) is nonzero, there exists a largest dyadic interval w,, and a smallest dyadic
interval w,, (for some u,, v, € ToN{s : |I;s] > 4|J|}) such that for s € ToN{s : |I| > 4|J|}

we have N () € wy() if and only if w,, € ws C w,,. Then we have:

Fyy(z) = Z Es<g’¢s>XEﬂN—1[ws(2)}(x)¢8(x)

se€To
|1s1>2]J]

= xxr(7) Z €s(glds) s ()

s€eTo
lwuy | <lws | <oy |

1

. . . - . . 1
Now pick a Schwartz function ) whose Fourier transform v(¢) is supported in |t| < 5+ 155

and that it is equal to 1 in [¢] < 3.

Claim 4.7. For all z € R, if |wy, | < |ws| < |wu, |, then

<¢s . {M o) Dl ) M) Dl () }) () =6 (72

Proof. Computing the Fourier transform (in z) of the function inside the curly brackets
(using the relations in lemma we get

~ (€ — c(wu, ~ (€ — c(wu(2)
7 < (Wua)\ 7 (2)
jw, | [wo.(2)]
which is equal to 1 in the support of ¢, for all s € T that satisfy |lwo, | < |ws| < |wa, | but

vanishes on wy, (2).- O

Taking z = z in yields

F2J(x) = Z 68<9|¢8>¢8(£)XE(I)

s€To
|wvx |S|ws ‘S‘wux |

c(wuz) Plwug |~ e(Wog(2)) PDlwug 2yl 71
= [ZGS@@)@]*{M D™ ) Mo DPeo (w)}<x>xE<x>

_1 _1
s€Ty |wuz| 2 |wvz(2)| 2

Since all s that appear in the definition of Fy; satisfy |ws| < (4]J])7!, we have:

1 T —z
(5|

Fys(2)] < 2xp(z)  sup /

5>|wﬂz|_l

Z €s(g]9s)bs(2)

s€To

Z €s(g]9s)Ps(2)

s€T2

1 x+0
< C sup —

dz
54101 20 Jy_s
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Where we used lemma[5.2]in the last inequality. Observe that the maximal function

above satisfies the property

1 x+0
sup sup — dz < 2inf sup — / )|dz
ved o>4)] 20 Jo_s Ih(2)] 2€J 539|720 2l

Using this we obtain

S22 <) Pl € ) 1 Fesllocl Gl

JeJ JeJ
z+0
<C E|M(E;T)|J|sup sup €s(g|os)ps(2)| dz
S EMET s o |13 allo)on
JCBLop(T)
< 2C|EIM(E;T) Z / sup — Z €s(g|ds)Ps(2)| dzdx
JeJg 7 6>2|J] 25 s€Ty
TCB L)
< C|BIM(E; T) |M (Z es<g|¢s>¢>s)
s€Ty

Lt (3Itop(T))

Cauchy-Schwarz inequality,

HM (Z es<g!¢s>¢>s)

s€To

where M is the Hardy-Littlewood maximal operator. Using that M is (2,2)-strong and
M <Z €5<g|¢5>¢5) (2)| dz

= [ Xt 2
R s€To

Lt (3Itop(T))
D eulgles)os

s€T2

1
< OlLiop(my |2

L*(R)

By lemma [5.4] we deduce

> eulgles)

s€To

Qbs < C <Z |€s<g‘¢s>¢s|2> < C1/|Itop(T)|%g(g; T)
L*(R)

s€To

where we used ((159)) to justify the second inequality above. We conclude that
Yoy < C|E|M(E; T)|liopm)|E(g; T)

which is exactly what we needed to prove. This completes the proof of this lemma.
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5 USEFUL RESULTS

Proposition 5.1. Fiz ¢y > 0 and a function ¢ € S(R) such that its Fourier transform is

3 3
N {
¢(t+§)

supported in [-2,2] and satisfies
bs(x) = 27 F (27 x — k)22 "0

878
where s = [k2™, (k+1)2™) x [127™, (I4+1)27™) is a tile in D,,. Prove that for all f € S(R)
we have:

(a)

2

D

lez
forallt € R. Fix m € Z and define

> (fls) bs = cof

seD,,
(b)
1F112 =

€Dy,

Proof of (a). Using the Poisson summation formula,

5 ) = Y oz - 1) (g — g e ek

$€Dm s€Dm,

=22 0@ K)o <2my - 1) 22T e g2y~ k)
kEZ IEZ 2

- Z (E (2my o £> ezﬂi@imx%) Z ¢(27m$ — 2771(*72”1 )(— k)>
leZ 2 =

g é; (me é) 627rl‘(2*mgci) Z 7__27mm¢(_k;)627m(,_2my)( )>
leZ v

n I\ oria-mpl

_ Mg, _ _ Ti(27™ma ) mo L

N ¢<2 Y 2)6 ZT2—mx¢(2 Yy 2+k>>
lEZ =
I€Z 2 e 9

— ;Z; (2my _ £)$ (2my _ E) 627”33?4

2 2

leZ

— CO€27rixy

Multiplying both sides of the equation obtained by fand integrating on y, using Parseval
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and Fourier inversion, we conclude this item. O

Proof of (b). Take L? norms on both sides of the previous item, use the orthogonality of
the functions ¢¢ and the fact that |||z = ||¢]|2 for all s and we are done. O

Proposition 5.2.
/ Mdm = msgn(b)
x

—00

Proof. Let I be the integral above. If b > 0 we make the change of variables bx = y and

get
I [*sin(br) [ sin(y) _/°° : _/°° ds  m
2—/0 . dx—/o " dy = i L(sin(y))(s)ds = A il
where £ is the Laplace transform. If b < 0, observe that sin(br) = —sin(—bz) and

proceed the same way. In any case we get

I = wsgn(b)
L]
Proposition 5.3.
. 6_27"#(5_77) )
lim ———dt = —imsgn(§ — n)
=0 Jecp|<1 t
Proof.
—2mit(§—n) . ol
lim e—dt = —isgn(& — ) lim sin(|§ — 1| )dt
€0 Jecpt< L 13 0 ) < el t
= —imsgn(& — )
by proposition [5.2] u

Lemma 5.1. Let k > 0 be a function on [0, 00) that is continuous except at a finite number

of points. Suppose that K(x) = k(|x|) is an integrable function on R"™ and satisfies
2] <yl = K(z) = K(y)
In other words, k is decreasing. Define K. as

K.(z) = ~K (f)

en €

Then the following estimate s true:

sup (|f] + Keo) (@) < [ Kl M(£)()
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for any f € L (R").

Proof. See theorem 2.1.10 in (GRAFAKOS (2014a). O

Lemma 5.2. Let K(z) = (1 + |z|)™"° be defined on R™. There exists a constant C,, s

such that for all eg > 0 we have the estimate

sup([f] * K.)(z) < Cpgsup = F()ldy

e>eo e>e0 € J|y—z|<e
for all f locally integrable on R™.
Proof. Apply a minor and convenient modification to the proof of lemma [5.1] O
Lemma 5.3. Let (X, u) be a o-finite measure space and let 0 < p < 0o. For all measurable
functions g, on X we have:

| lim inf | gp| || oe < Cpliminf || gp|| 2o
n—00 n—oo

Proof. See GRAFAKOS) (2014al), 1.1.12, page 14. ]

Lemma 5.4. Let ¢ be as in definition[4.1] and let Ty be a 2-tree. There is a constant C

such that for all sequences of complex scalars {\s}set, we have

%
<C (Z |Asl2>
LZ(R) s€To

Sketch of the proof. Define G,, = {s € Ty : |I5] = 2™}. Then for s € G,, and §' €

G, the functions ¢, and ¢4 are orthogonal to each other, and it suffices to obtain the

> Ao

s€To

corresponding estimate when the summation is restricted to a given G,,. But for s € G,,,
the intervals I, are disjoint and we may use the idea of the proof of lemma Use that
D vy —w, [(Ps]@u)| < C for every fixed s. O

Proposition 5.4. We have the following characterizations of operators in an Fuclidean

space with certain properties of symmetry:

(a) Let T be a bounded linear operator mapping L*(R™) to itself. Then a necessary and
sufficient condition that T' commutes with translations is that there exists a measure
w € B(R™) so that Tf = f* p, for all f € LY(R™). One has then ||T|| = ||p||-

(b) Let T be a bounded linear operator mapping L*(R™) to itself. Then a necessary and
sufficient condition that T commutes with translations is that there exists a bounded
measurable function m(y) (called multiplier) such that ﬂ(y) = m(y)f(y), for all
L3(R™). One has then | T|| = || f|lo-
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Proof of (a). Define

¢( ) C e‘m|2/(‘x|2_1) lf ‘:L'| < 1
) =
0 if |[x] > 1

where ¢ is chosen such that [, ¢(z)dz = 1. Define also ¢.(z) = e "¢(e 'z). We have that
| T¢c||1 is bounded as € — 0, so there is a sequence {¢;} and a Radon measure p such that

T, — p weakly in L'. Since T is continuous, linear and commutes with translation,

[ p(r) = lim f(y) Toe(z —y) dy

k—o00 Rn

— lim f@) T(¢e,(z —y)) dy

k—o0 R™

- Jzzz ! (/ T dule )
=T (lggo ) dalz—y) dy)
=Tf(x)

The other direction is trivial. O

Proof of (b). Let ¢(x) = e™™ so that 1 (&) = ¥(€).

SOTHEO = (=T
([ ve-nrima) ©

- ( v T =y) dy)A (&)

= ([0 re-w ) ©

= (T*)MEF(€)

Let m(&) = (T )" (&) /1(€), then we have

(TF)ME) =m(&)f(€)

and therefore, ||m| p = ||T||z2. The other direction is also trivial. O

Proposition 5.5. For ¢4 as in definition [{. 1] we have:
(a)

10
Y el <0 Y ( L”) <

S GDm S GDm
Wy =Ws Wyt =Ws
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(b) If |1,| < |Is|, then for M big enough:

2 1
balond] < O (1L / 1A
|I’LL‘ I |w C(IS)| M
" <1+|—)

Proof of (a). Let ® be the set of all ¢, in the sense of definition where s is a dyadic
rectangle of scale m and p : ® — D, given by p(¢s) = I X ws, which we already

know to be injective since different dyadic tiles of same scale are disjoint. In the proof
of we proved . follows from the definition of ¢, and is obvious since
|s||ws| = |Is]|ws| = 1 for all s,s" € D,,. Remember that we are now considering only
tiles for which wy = wy, so ¢(Is) # c¢(Iy) and 2|15 > |Iy|. This shows that p is a phase
plane representation and we are in the same setting of lemma [3.4 Following its proof

(and using the same conventions) we have:

1 1 — [s/ —10 1 1 o [s —10
{60, 60} < CILIH 1|2 (1 " %) + 31 (1 + M)

: ~10
< <1 N dzst(2];, Isl))

Summing over all tiles s, s’ € D,,, such that wy = w, we obtain (a). O

Proof of (b). Just use the identity

(¢slpu) < C

and the fact that
[ — L) e(lu) — C(Is)l‘ <
| 1] | 1] B

for all x € I,,. O

Lemma 5.5. There is a constant C' > 0 such that for any interval J and any b > 0 we

d d
¢ 1_|_ \x y|

leI

have:

Proof. If J = (a, ) and we make the change of variables

r— T —

y—y—-«



then the integral above becomes

/ / dxdy
L= TN\
07 J @) (1 + lx—y|)

blJ|

Now we proceed with the change
x
% _
]
)
% [
T

and we get

T dxdy 92 dxdy
F=08 fopy Sy @l = oy Sy T

We only need to show that this integral is dominated by a constant C'. Indeed,

](x)_/w dy _/°° i 1
1 Aty - i 00 19141 - )"

107
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6 CONCLUSION

We conclude by discussing the proof of theorem as a consequence of the
stronger version of Carleson’s theorem. It is known that the Carleson operator is not only
(2,2)-weak, but also (p, p)-strong for all 1 < p < co. For f € C®(T!) and R > 0 we have

f# Dre)= Y flk)em
keZ
|k[<[R)]
where Dpg is the Dirichlet kernel
DR<£L') _ Z e271'ikx
keZ
|kI<|R]

We have the following theorem:
Theorem 6.1. There is a constant C' such that for all f € C*(T') we have

< O f[l2(ry (173)
L2(T)

sup |f * Dyl
NeZ+

By an argument similar to the given in claims [£.1] and [£.2] we see that theorem
[6.1] implies theorem [1.4]

Definition 6.1. Given 1 < p < oo we denote my M,(R") the set of all bounded functions
m on R™ such that the operator defined on S(R™) by

is bounded from LP(R™) to itself. The norm of m in M,(R") is denoted by

lmllag, = T llzo L0

Definition 6.2. Given 1 < p < oo we denote my M,(Z") the set of all bounded sequences
{a@m }mezn such that the operator defined on C*°(T™) by

T(f)@) = 3 apf(m)ezm

meZ”

is bounded from LP(Z") to itself. The norm of {am}tmezr i My(Z") is denoted by

H{am}m”Mp =T f|lzr—r»
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Definition 6.3. Let tg € R™. A bounded function b on R™ is called regulated at ty if

b is called regulated if it is requlated at every tqg € R".

Let b be a bounded function defined on R™. For R > 0 we introduce the

multiplier operators

Sr(f)(@) = bm/R)F(m)e™™™*,  f € C=(T")

mezZn

Ty n(f)(2) = / bE/R) (&) dr, | e CF(RT)

n

We introduce the maximal operators

My (f)(x) = sup [ Sy, r(f)(2)],

R>0

Ny(f)(2) = sup [Ty, v (f) ()],

R>0

(174)

And we have the following theorem:

Theorem 6.2. Let b be a function defined on R"™, requlated and integrable on any cube.
Assume also that t — b(§/t) has only countably many discontinuities on RY. Let 1 < p <
oo and C, < oo and suppose that b € M,(R™). Let M, and Ny as in (174)). Then the

following are equivalent:

My (f)llzrceny < Collbllag [[f Loy, f € C=(T")

[INe ()| oy < Collbllpg, 1 fll ory,  f € C(R™)
Proof. See GRAFAKOS)| (2014a) page 282. O
Proof of theorem[6.1. Consider the following function defined on R:

when |z] < 1,

b(x) = when |z| =1,

O = =

when |z| > 1.

then b is bounded, integrable over any interval and regulated. Also, given any x € R, the
function ¢ — b(z/t) is discontinuous only for ¢t € {z,—z}. Let S, r be as above with b

being the function we just defined.
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Claim 6.1. The inequality

sup [Spr(f)l|| < Cpllfllze

R>0

Lp
implies theorem
Proof of claim [6.1 'We have:

Z f 27rimx if R ¢ Z+,
<|R

]
(R) 27T’L£ER_|_f( ) —2mizR
2

Se,r(f)(z) = (175)

Dp_1* f(z) + if ReZ™,

Since supp- IF(ER)| < |Ifllr < |If|lL», it follows that if the above holds, then theorem
holds with constant C}, = C, + 1 O

To use theorem we only need to prove that b € M,,. To this end we invoke
the following:

Theorem 6.3. Suppose that b is a bounded function on R™, integrable over any cube.
Suppose that the sequences {b(m/R)}mezn are in M,(Z") uniformly in R > 0 for some
1 <p<oo for somel <p<oo. Then b€ M, and we have

bl ey < 0D I{b(m/ B}z g

Proof. See GRAFAKOS (2014al) page 279. O

Observe that
sup ||f * DRHLP(’]Tl) = sup ||f * DN“LP(’]I‘l) < C{,’Ilfllm(qu)
R>0 Nez+

where the last estimate follows from the LP convergence theory of Fourier series. The
equality is due to the fact that Dy = Dy, if 0 < e < 1. Also,

Hb('/R)HMp(Z) = ||f % DRHLP(’[[‘l) if R¢ 7+
||b('/R)||Mp(Z) < |\ f = DR—lHLP(Tl) + ||fHLp(1r1) if ReZ*

Then sup g [|6(-/R) | m,z) < 0o. By theorem[6.3) b lies in M,,. We can now use theorem
in the particular case p = 2 and n = 1. The L*(R) boundedness of the maximal

operator

Ny r( = sup
R>0

| e e (176)
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is equivalent to that of

My r(f)(x) = sup

R>0

—~ . m
S Fmyermmen () ‘ = sup |l ) ) ()
s R>0

But ((176)) is the Carleson operator, which we said in the beginning of this section that
is (p,p)-strong for 1 < p < oo. In particular, it is (2,2)-strong. In view of ((175) and of
the fact that supp., \f(j:R)] < ||fllze, the LP boundedness of (177) is equivalent to the
conclusion of theorem [6.1] This completes the proof. O
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