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RESUMO

Considere um grafo G em que ¢,,(7) € {0, 1} denota o estado do vértice v € V(G) em um dado
tempo T € N. Se ¢,(7) =0, dizemos que o vértice v estd inativo ou ndo-infectado no tempo
T; caso contrario, dizemos que v estd ativo ou infectado no tempo 7. Uma colecao de estados
Cr = (cy(7))vev(c) € dita uma configuragio de G no tempo 7. Uma sequéncia de configuragdes
P = (Cr)ren de G é chamada de um processo dindmico discreto em G. Dados um grafo G,
uma funcgdo 7 : V(G) — N que atribui a cada vértice v de G um valor chamado de limiar de
v, e um conjunto S C V(G) de vértices inicialmente infectados, dizemos que & = (G, S) é
um processo z-irreversivel em G se & é um processo dindmico discreto em G tal que, para
todo v € V(G), temos que ¢,(0) = 1 se e somente se v € S e ¢,(T+ 1) = 1 se e somente
se [{u € Ng(v) | cu(t) = 1}| > t(v). Ou seja, em um processo t-irreversivel & = I;(G,S),
iniciamos com todos os vértices de S infectados no tempo 7 = 0 e, a cada passo de tempo
sucessivo, um vértice nao-infectado v torna-se infectado se tiver pelo menos seu limiar #(v) de
vizinhos infectados no passo de tempo anterior. Além disso, uma vez que um vértice € infectado,
ele permanece infectado. Dizemos que o processo termina quando mais nenhum vértice pode
ser infectado. Processos irreversiveis sao utilizados para modelar diversos fendmenos, entre
eles: difusdo de (des-)informagdes e doengas contagiosas. Processos 7-irreversiveis sdo bastante
estudados na literatura principalmente com o objetivo de encontrar um conjunto de vértices
inicialmente infectados que satisfagca algum critério. Este critério geralmente é maximizar o
numero de vértices infectados; ou minimizar o tempo necessdrio para infectar todos os vértices;
entre outros similares. Porém, em contextos de contdgio e difusdo como os citados acima,
torna-se natural pensar em como conter a infec¢@o, ou seja, restringir o nimero de vértices
infectados no fim do processo a um conjunto pequeno. Fazemos isto através do que chamamos
de imunizagdo de vértices. Um vértice imunizado nao pode ser infectado e ndo contribui
para infectar outros vértices. (CORDASCO et al., 2023) introduziu o problema INFLUENCE
IMMUNIZATION BOUNDING (IIB) em que, dado um processo t-irreversivel &2 = [,(G,S) e
naturais k e ¢, o objetivo é encontrar um conjunto ¥ C V(G) de vértices a serem imunizados tal
que |Y| < ¢ e o nimero de vértices infectados ao fim do processo é no maximo k. Dizemos que
Y é um conjunto k-restritor. No mesmo artigo, os autores mostraram que o problema é W/[1]-
dificil e W|2]-dificil parametrizado por alguns parimetros, entre eles k, ¢, a largura em édrvore
do grafo e a diversidade de vizinhanca do grafo. Eles também mostraram alguns algoritmos

FPT parametrizados por combinacdes destes parametros. Neste trabalho, nés estudamos I1B



em diversas classes de grafos. Para grafos bipartidos e split, nés mostramos que o problema
continua W|2]-dificil parametrizado por ¢. Mostramos também que IIB ¢ NP-completo mesmo
em grafos planares bipartidos subcubicos. Para drvores, conjecturamos que o problema também
permanece NP-completo. Para grafos completos em que os limiares de todos os vértices sao
iguais, mostramos como encontrar um conjunto k-restritor minimo. Mostramos também alguns
limitantes superiores para o tamanho de um conjunto k-restritor de caminhos, arvores, grafos
planares e exoplanares e outras classes de grafos quando k € suficientemente grande e o subgrafo

induzido por S € conexo.

Palavras-chave: Algoritmo; Imunizacio; Complexidade Parametrizada; Processos Irreversiveis;

Processos Dinamicos em Grafos; Teoria dos Grafos.



ABSTRACT

Consider a graph G in which ¢,(7) € {0, 1} denotes the state of the vertex v € V(G) at a given
time T € N. If ¢,(7) = 0, we say that vertex v is inactive or uninfected at time 7; otherwise, we
say that v is active or infected at time 7. A collection of states Cz = (¢y(7))yey(g) 1s said to
be a configuration of G at time 7. A sequence of configurations &2 = (Cz)en of G is called a
discrete dynamic process on G. Given a graph G, a function ¢ : V(G) — N that assigns to each
vertex v of G a value called the threshold of v, and a set S C V(G) of initially infected vertices,
we say that & = I,(G, S) is a t-irreversible process in G if & is a discrete dynamical process in
G such that, for all v € V(G), we have that ¢,(0) = 1 if and only if v € Sand ¢,(7+ 1) = 1 if and
only if [{u € Ng(v) | cu(7) = 1}| > ¢(v). In other words, in a -irreversible process & = I;(G,S),
we start with all the vertices of S infected at time T = 0 and, at each successive time step, an
uninfected vertex v becomes infected if it has at least its threshold #(v) of neighbors infected
at the previous time step. Furthermore, once a vertex is infected, it remains infected. We say
that the process ends when no more vertices can be infected. Irreversible processes are used to
model various phenomena, including the spread of (dis-)information and contagious diseases.
Irreversible ¢-processes are widely studied in the literature, mainly with the aim of finding a set
of initially infected vertices that satisfies some criterion. This criterion is usually to maximize the
number of infected vertices; or to minimize the time needed to infect all vertices; among other
similar ones. In contexts of contagion and diffusion such as those mentioned above, however, it
becomes natural to think about how to contain the infection, that is, to restrict the number of
infected vertices at the end of the process to a small set. We do this through what we call vertex
immunization. An immunized vertex cannot be infected and does not contribute to infecting
other vertices. (CORDASCO et al., 2023) introduced the problem INFLUENCE IMMUNIZATION
BOUNDING (IIB) in which, given a t-irreversible process &2 = I,(G,S) and naturals k and /, the
goal is to find a set Y C V(G) of vertices to be immunized such that |Y| < ¢ and the number of
infected vertices at the end of the process is at most k. We say that Y is a k-restricting set. In
the same paper, the authors showed that the problem is W[1]|-hard and W|2]-hard parameterized
by some parameters, including k, /, the treewidth of the graph and the neighborhood diversity
of the graph. They also showed some FPT algorithms parameterized by combinations of these
parameters. In this work, we study IIB on several classes of graphs. For bipartite and split
graphs, we show that the problem remains W|2]-hard parameterized by ¢. We also show that

IIB is NP-complete even for subcubic bipartite planar graphs. For trees, we conjecture that the



problem also remains NP-complete. For complete graphs where the thresholds of all vertices are
equal, we show how to find a minimum k-restricting set. We also show some upper bounds for
the size of a k-restricting set for paths, trees, planar and outerplanar graphs and other classes of

graphs when k is large enough and the subgraph induced by S is connected.

Keywords: Algorithms; Dynamical Processes on Graphs; Graph Theory; Immunization; Irre-

versible Processes; Parameterized Complexity.
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1 INTRODUCTION

What our acquaintances and other people around us do or think influences us. We
can think of several situations in which that happens. Banerjee (1992) has listed some of them:
investors choose their assets based on what their fellow investors are investing (KEYNES, 1937);
voters tend to be influenced by opinion polls predictions (CUKIERMAN, 1991); people tend to
adopt new technologies or innovations if their colleagues are adopting them (RYAN; GROSS,
1950; COLEMAN et al., 1957; GRANOVETTER, 1978); academics tend to research topics
that are "hot" in their communities; we often choose which restaurant to go to or what school
to attend based on how popular they are or on what our friends and family think of them; our
opinions tend to be similar to those of the people we trust.

These phenomena can be seen as a cascading effect. A non-influenced individual
is influenced by his contacts and starts to influence other contacts, which will influence others,
and so on. Other contagion-like events can also be seen in this framework. For example, we can
contract a contagious disease by coming into contact with an infected individual. Or we can get
a computer virus by receiving an infected packet or file from some computer in our network.

That is the point: individuals or things connected in a network can influence each
other. And they can be connected by several ways. Two people can be connected because
they are friends. Or they can be connected because they live in the same neighborhood. Two
computers can be connected because they share the same router. And the structure of the network
— the graph — formed by these connections determines how the contagious agent will spread,
whether it is a piece of information, an innovation, a virus, or something else. As evidence of
this, we can cite a recent and familiar real-world event: the Covid-19 pandemic. In (COLIZZA
et al., 2006), the authors show that the airline transportation network structure provided reliable
information to predict how the virus would spread.

To model networks such as those we have mentioned, we are going to use a sim-
ple and undirected graph G = (V,E). The vertices in V(G) will represent the subjects. The
connections between two distinct subjects will be represented by the edges in E(G). Each
vertex will belong to one of two states: either active (infected) or inactive (uninfected). To each
vertex v € V(G), we assign a natural value 7(v), called vertex threshold. This value represents
how susceptible a vertex is to be infected by its contacts. More specifically, 7(v) is the number
of infected neighbors necessary for v to get infected. The infection then happens in discrete

time steps synchronously, that is, all the infected vertices update their states at each time step.
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Starting with a given subset of initially infected vertices, S C V(G), new vertices are getting
infected. Once a vertex gets infected, it stays infected. The infection stops when there are no
more susceptible vertices with enough infected neighbors to get infected. This is an irreversible
threshold process (DREYER; ROBERTS, 2009), which we refer to as the threshold model.

Figure 1 illustrates such a process.
1 3

(o) o |30 o<

Qa .

2 1 2 2 1 2
(a) The set of initially infected vertices is S = (b) At time step T = 1, vertices ¢ and d get in-
{a,e}. fected.
1 3 2
2 1 2

(c) At time step T = 2, the remaining vertices get
infected.
Figure 1 — Example of an infection diffusion in a graph with thresholds.
Source: Made by the author.

The threshold model and other contagion models have gained a lot of attention
from several areas, such as Economics (BANERIJEE, 1992; MORRIS, 2000); Marketing (GRA-
NOVETTER, 1978; WANG; STREET, 2018); Epidemiology (BARABASI; POSFAI, 2016;
NEWMAN, 2010); Physics (MELLO et al., 2021); and, of course, Computer Science. Kempe et
al. (2003) were the first to study problems related to the Threshold Model from the computational
point of view. They introduced the problems INFLUENCE MAXIMIZATION and TARGET SET
SELECTION. Given a graph G = (V, E) and a threshold function 7 : V(G) — N, both problems
consist of finding a small subset of initially infected vertices maximizing the number of infected
vertices at the end of the process. In TARGET SET SELECTION the goal is to infect all the
vertices. The motivations for both problems come from viral marketing.

But rather than trying to influence or infect everyone, it is natural to think about how
to contain the infection. A very studied problem in this direction is the FIREFIGHTER (FINBOW;
MACGILLIVRAY, 2009; HARTNELL, 1995). In the classical version of this problem, we

are given a graph G = (V,E) and a vertex s € V(G). The vertex s is the source of the fire, and
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this fire will spread. One neighbor in fire is necessary for a vertex to catch fire too. In other
words, the threshold of every vertex is equal to one. The problem works like a solitaire game.
At each round, the fire spreads and we can choose a non-burning vertex to place a firefighter.
Once we place a firefighter on a vertex, it is protected against the fire from the current round on.
That is, the vertex with a firefighter on it cannot catch fire. The problem consists then in saving
the maximum number of vertices from the fire. Figure 2 shows an example of FIREFIGHTER.
Other variations of the problem are also studied, such as one in which the number of available
firefighters at each round is strictly greater than one (BAZGAN et al., 2013), or the one in which
the goal is to protect a given vertex set S C V(G) (KING; MACGILLIVRAY, 2010).

Y ¥ Y ¥

(a) In this example, the fire starts at the root of the (b) In this case, when we place a firefighter in a
tree. vertex, all its descendants are protected.
“ @
VN SN
o o @ o
/A VAN /A VAN

Y ¥ Y ¥

(c) After we place a firefighter, the fire continues (d) In round 2, we place a firefighter in another
to spread to adjacent vertices. vertex.
@
SN
@ ]
/N VA RN
@ /@\ v 9@

Y ¥

(e) The game then ends when no more vertices
can get burned.
Figure 2 — Example of FIREFIGHTER problem.
Source: Made by the author.

A very similar problem is the (k,¢)-INFLUENCE IMMUNIZATION BOUNDING, in-

troduced by Cordasco et al. (2023). In this problem, we are also given a graph G = (V, E) with
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threshold function 7 : V(G) — N and a set of initially infected vertices S C V(G). Just like in the
FIREFIGHTER problem, the goal here is to choose a set of vertices to protect (the word we use is
to immunize) so that the infection gets restricted to a small number of vertices. To immunize a
vertex means that it cannot get infected, nor it cannot infect others. Notice that this is analogous
to removing the vertex from the graph. There are some key differences from the FIREFIGHTER
though. In this problem, the thresholds of the vertices do not need to be equal to 1. Another
difference is that we do not have the game-like dynamics here. There are no rounds in which
we choose vertices to immunize, we only choose a subset of vertices to immunize before the
process begins and that is it.

Figure 3 shows an example of an entry for (k,¢)-1IB and a solution. The thresholds
of the graph are shown in red and the set of initially infected vertices in black. The vertices
highlighted in blue form a solution when k = 3 and ¢ = 2. By immunizing ¥ = {c,h} in the

graph of the figure, the infection gets restricted to only the 3 already infected vertices.

Figure 3 — Example of a entry and a solution for (k,¢)-INFLUENCE IMMUNIZATION BOUNDING
with k =3 and ¢ = 2.

Problems like FIREFIGHTER and (k, ¢{)-INFLUENCE IMMUNIZATION BOUNDING
have clear applications in stopping the spreading of (mis-)information, viruses, and other unde-
sirable objects in a network.

The problems TARGET SET SELECTION, INFLUENCE MAXIMIZATION, FIRE-
FIGHTER, and (k, {)-INFLUENCE IMMUNIZATION BOUNDING mentioned above are all NP-hard.
In this work, however, we are going to study the (k,¢)-INFLUENCE IMMUNIZATION BOUNDING
problem. Cordasco et al. (2023) introduced the problem and studied it from the parameterized
complexity point of view. We study the (k,)-INFLUENCE IMMUNIZATION BOUNDING in
different graph classes.

For bipartite graphs and split graphs, we show that the (k,¢)-IIB remains W[2]-hard
parameterized by the maximum number of vertices to be immunized, /. We show that the
problem is NP-complete even for subcubic bipartite planar graphs. All these results are for

instances in which the threshold of every uninfected vertex is exactly equal to its degree and
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k = |S|. They are presented in Chapter 4. For trees, we conjecture that the problem also remains
NP-complete. In Chapter 5, we show how to solve (k,¢)-IIB exactly in some graph classes. We
solve (k,¢)-IIB in complete graphs when all vertices have the same threshold value. In the case
that k = |S|, which is called total restriction, we show how to solve the problem in trees with
any thresholds and in general graphs when each vertex has threshold equal to 1. We also present
upper bounds on the number of immunized vertices needed to restrict the infection for paths,
trees, planar graphs, outerplanar graphs and other graph classes when £ is large enough and the
subgraph induced by S is connected. Chapters 2 and 3 are dedicated to the concepts of graph
theory and complexity theory needed throughout this dissertation and to a review of the main
results about irreversible processes and other related problems in graphs, respectively. Finally,
we make our final remarks in Chapter 6, summarizing our results and pointing open questions

and future work.
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2 PRELIMINARIES

In this chapter, we present the basic concepts needed throughout this dissertation. In
Section 2.1, we present the definitions concerning Graph Theory. Then, in Section 2.2, we talk

about Computational Complexity and Parameterized Complexity.

2.1 Graph Theory

The majority of definitions in this section follow those from (WEST, 2000). Thus,
we refer the reader to this reference to take more details about the concepts we introduce here.
Other sources that may be consulted are (DIESTEL, 2000; BONDY; MURTY, 2008).

A graph G = (V,E, @) is a triple defined by a non-empty set of elements V called
vertices, a set E of elements called edges, and an incidence function ¢ that maps each edge from
E to an unordered and not necessarily distinct pair of vertices. Figure 4 illustrates a graph. Its
vertex setis V = {w,x,y,z} and its edge set is E = {e1,e3,e3,e4,e5,e6,e7}. Its function ¢ maps
e to the pair of vertices {x,w}; e, to the same pair of vertices; e3 to the pair {w,z}; and so on.
If e is an edge of a graph G = (V,E, @) and ¢ maps e to a pair u,v € V, we say that u and v are
the endpoints of e; u and v are neighbors or adjacent; and e is incident to u and v. For example,

in the graph of Figure 4, w and x are endpoints of the edges e; and e;.

X
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Figure 4 — Visual representation of a graph.
Source: Adapted from West (2000).

A loop is an edge e in which both endpoints are equal. Two edges e; and e, are
multiple edges if their endpoints are equal. A graph is simple if it has no loops nor multiple edges.
Throughout this work, we are going to deal only with simple graphs. Thus, from now on, unless
stated otherwise, every time we refer to a graph, it is simple. Notice that, when we are dealing
with simple graphs, we can omit the incidence function @, writing each edge as its endpoints. If

¢ maps an edge e of a graph to vertices {u, v}, for example, we simply write e = uv. Thus, when
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we are referring to a simple graph, we write it as pair G = (V,E), where V is its vertex set and E
is a set of non-ordered pairs of vertices. In Figure 5, we exemplify a simple graph with vertex set
V ={a,b,c,d,e, f,g} and edges E = {ab,ag,bc,bg,cd,ce,de,eg,eg, fg}. We often write V (G)
and E(G) to denote the vertex set and edge set of a graph G, respectively. The order of the graph
is denoted by n(G) or simply by n, and it is equal to the number of vertices |V (G)|. The number

of edges |E(G)| is denoted by m(G), or simply by m.

Figure 5 — Example of a simple graph ¢.
Source: Made by the author.

Given a graph G and a vertex v € V(G), the degree of v, denoted by dg(v), is the
number of edges that are incident to v. Its neighborhood, denoted by Ng(v) is the set of neighbors
of v. The neighborhood of a set of vertices S C V(G) of G is the union of the neighborhood
of every vertex in S. The closed neighborhood of v in G, denoted by Ng[v], is Ng(v) U{v}.
Analogously, the closed neighborhood of a set of vertices S C V(G) of G, denoted by Ng[S], is
Ng(S)US. We denote by A(G) the maximum degree over all vertices of G. Similarly, we denote
by 0(G) the minimum degree over all vertices of G. In Figure 5, the degree of a is dy(a) =2
and its neighborhood is Ny (a) = {b,g}, while A(¥) =4 and 6(¥) = 2. A graph G is k-regular
if A(G) = 6(G) =k, i.e., the degree of all vertices of G is equal to k. We say that a 3-regular
graph is a cubic graph (Figure 6c¢).

A sequence of vertices vi,vs,...,V is a path of G if v; is adjacent to v;y, for
i=1,...,k—1,in G. We say then that v| and v are the endpoints of the path; vy, ..., v, are the
internal vertices of the path; and the path is a vy, vg-path. The length of a path is the number of
edges in the path. The distance between two vertices u and v of a graph G, denoted by dg(u,v),
is the minimum length of a u, v-path in G or +oo if such a path does not exist. The diameter of
G, denoted by diam(G) is the maximum distance between any two vertices of G. A path graph
is a graph such that its vertex set can be listed in an order vi,vy,..., v such that its edges are
vivir1 fori=1,...,k—1. We denote a path graph of order k as P, (Figure 6a).

A subgraph H of G is a graph such that V(H) C V(G) and E(H) C E(G). We denote
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itby H C G. A subgraph H of G is said to be a spanning subgraph of G if V(H) = V(G). For a
graph G and an edge e € E(G), we denote by G — e the graph obtained by removing e from G. If
M C E(G), then G — M is analogous. Similarly, for a graph G and a vertex v € V(G), we denote
by G — v the graph obtained by removing v and all the edges incident to v from G. If S C V(G),
then G — S is analogous. A subgraph H of G is said to be induced if it can be obtained from G by
sequentially removing vertices not in S = V(H). In this case, we say that H is the subgraph of G
induced by S and denote it by H = G[S]. The graph from Figure 6b, for example, is the subgraph
of the graph ¢ from Figure 5 induced by {b,c,e,g}.

A graph G is connected if, for every pair of vertices s, € V(G), there is an s,z-path
in G. If this condition is not met, then we say that G is disconnected. A maximal connected
subgraph of G is called a component of G. A 2-regular connected graph is called a cycle, and we
denote a cycle of order k by C; (Figure 6b). If a cycle has an odd number of vertices, we say that
it is an odd cycle, otherwise it is an even cycle.

Let x,y be two distinct vertices of a graph G such that x and y belongs to the same
component of G. A set S C V(G) is said to be a x,y-separator or simply a separator of G if
x and y are in different components of G — S. Given S,T C V(G), we denote by [S,T] the set
of edges of G with one endpoint in S and the otherin 7. If T = S = V(G) \ S, we call [S,S] an
edge-cut of G.

b c
a b c i I
O—O0—O0 & ¢

(a) A path graph of order 3. (b) A cycle graph of order 4. (c) A cubic graph.

Figure 6 — A P3, a C4, and a cubic graph.
Source: Made by the author.

A graph G is said to be acyclic or a forest if it has no cycle as a subgraph. A
connected acyclic graph is called a tree. Path graphs, for example, are trees. Let 7" be a tree graph
and v € V(T), we say that v is a leaf vertex if dp(v) = 1 and that v is internal vertex otherwise.

Trees are a widely studied class of graphs and they have several useful properties.
Theorem 2.1. (West (2000)) Every tree with at least 2 vertices has at least 2 leaves.

Theorem 2.2. (West (2000)) Let T be a tree. Then, the following are equivalent:
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1. T is connected and has no cycles;
II. T is connected and has n — 1 edges;
IIl. T has n—1 edges and no cycles;
IV. Foreveryu,v € V(G), T has exactly one u,v-path.

A tree T is said to be a caterpillar tree if, by removing all the leaves of T, the
remaining graph is a path graph. Figure 7d shows a caterpillar tree.

Given a graph G and a set S C V(G), we say that S is an independent set of G if,
for every u,v € S, we have that uv ¢ E(G). In other words, there are no edges between any two
vertices of S in G. The size of a maximum independent set of G is called the independence
number of G, denoted by (G). Similarly, we say that S is a clique of G if there is an edge
between any two vertices of S in G. The size of a maximum clique of G is called the clique

number of G, denoted by o(G).

a by
a by
as bs
(b) A complete bipartite graph
(a) A complete graph Ks. K3 3. (c) A hypercube graph Q3.
OO\E{;I\QOV
(d) A caterpillar tree.

Figure 7 — Some examples of other graph classes.
Source: Made by the author.

We say that G is a complete graph if V(G) is a clique. We denote complete graphs
on n vertices by K,,. Figure 7a shows a K5 graph. A graph G is said to be a bipartite graph if it is
possible to partite V(G) into two independent sets A and B and, in this case, we say that (A, B) is

the bipartition of G. The following theorem characterizes the bipartite graphs.
Theorem 2.3. (Konig (1937)) A graph is bipartite if and only if it has no odd cycles.

A bipartite graph G with bipartition (A, B) is said to be complete if, for every u € A
and v € B, we have that uv € E(G). We denote it by K, ,, where n = |A| and m = |B| without

loss of generality. Figure 7b shows a K3 3 graph.
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The hypercube graph, denoted by Q,,, is the simple graph whose vertices are all the
binary n-tuples and the edges are the pairs of n-tuples that differ in exactly one position. Figure

7c shows a Q3 graph.
Theorem 2.4. (West (2000)) Q,, is n-regular and bipartite.

Given a graph G, a set D C V(G) is a dominating set of G if every vertex in V(G) \ D
has a neighbor in D. The size of a minimum dominating set of G is called the domination number
of G, denoted by y(G). A set S C V(G) is a vertex cover if, for every edge e € E(G), e has an
endpoint in S. The vertex cover number of G, denoted by B(G) is the size of a minimum vertex
cover of G. A matching of a graph G is a subset of its edges M C E(G) such that no edge in M
share an endpoint. The matching number of G, denoted by a'(G), is the size of a maximum

matching of G.
Theorem 2.5. (West (2000)) If G is a bipartite graph, then o (G) = B(G).

Theorem 2.6. (Edmond’s Blossom Algorithm (WEST, 2000; EDMONDS, 1965)) Given any

graph G, we can compute a maximum matching of G in polynomial time.

A vertex v of a graph G is said to be a simplicial vertex if Ng(v) is a clique of G. A
perfect elimination ordering of G is an ordering v, ...,v; of V(G) such that v; is a simplicial
vertex of G[{vi,...,v;i}]. A chord of G is an edge connecting two non-consecutive vertices of a
cycle in G. A cycle of G is said to be chordless if it has no chords in G. A hole of a graph G is a
chordless cycle of G with at least 4 vertices. A graph G is chordal if it has no holes, i.e., every
cycle with at least 4 vertices have a chord in G.

A graph G is called a split graph if its vertex set can be partitioned into a clique and
an independent set. Observe that split graphs and complete graphs are subclasses of chordal

graphs. Chordal graphs are characterized by the existence of a perfect elimination ordering.

Theorem 2.7 (Dirac (1961)). A graph G is chordal if and only if G has a perfect elimination

ordering.
The following properties of chordal graphs are also very useful.
Theorem 2.8 (Dirac (1961)). If G is chordal, then any induced subgraph of G is also chordal.

Theorem 2.9 (Dirac (1961)). If G is a chordal graph and is not a complete graph, then G has at

least two non-adjacent simplicial vertices.
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A graph G is said to be a planar graph if it can be drawn on the plane without
crossing edges. The graphs from Figure 6, for example, are all planar graphs. The graphs Kj
and K3 3 from Figures 7a and 7b, however, are not planar graphs. In fact, they are the minimal
non-planar graphs and all planar graphs are characterized by the exclusion of them as minors,

which we will define next.

b b

u d d

e e

(a) Graph G before the edge contraction. The con- (b) Graph G/uv. The new vertex created by the
tracted edge is uv, highlighted in red. contraction is highlighted in red.

Figure 8 — Example of edge contraction in a graph.

Source: Made by the author.

Given a graph G and an edge ¢ = uv € E(G), the operation of edge contraction,
denoted by G/e, is the operation of removing e from G and merging its endpoints u and v into a
new vertex w whose neighborhood is (Ng(u) UNg(v)) \ {u,v}. A graph H is a minor of a graph
G if we can obtain a copy of H by deleting and/or contracting edges of G. Now, we can state the

following characterization of planar graphs.

Theorem 2.10. (Wagner (1937)) A graph G is planar if and only if G has no Ks nor K3 3 as

minors.

An apex graph is a graph G in which there is a vertex v € V(G), called an apex, such
that G — v is planar. An outerplanar is a graph that excludes K4 and K 3 as minors. Outerplanar
graphs are also planar by Theorem 2.10.

A graph class € is said to be minor-closed if, for any graph G in %, the graphs
obtained by taking minors of G are also in the %".

A graph parameter that has proved very useful for making graph problems easier
to solve is the tree width, or treewidth. Intuitively, this is a parameter that seeks to measure
how “tree-like” a graph is. Using dynamic programming algorithms on graphs that have limited
treewidth, computer scientists have been able to solve various problems in polynomial or even
linear time. To understand what treewidth is, we first need to understand the concept of tree

decomposition.
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A tree decomposition of a graph G = (V,E) is a pair ({X; i € I}, T = (I,F)) where
each node i € I of the tree T has associated to it a subset of vertices X; C V(G), called the bag of
i, such that:

I. Each vertex of G belongs to at least one bag: (J;c; X; = V(G);
II. For every vw € E(G), there exists i € I such that v,w € Xj;
III. Forevery v € V(G), the set {i € I|v € X;} induces a subtree of T'.

The same graph can have several tree decompositions. Take, for example, the graph
2 in Figure 9a. Figures 9b and 9c show two different tree decompositions for 7.

Figure 9 — Example of tree decomposition.
(a) A graph 7 (b) A tree decomposition of 77

(c) Another tree decomposition of .77

Source: Made by the author.

Given a tree decomposition of a graph G, we can define the width of a tree decompo-
sition. The width of a tree decomposition is the size of its largest bag minus one. That is, let
I ={Xi|iel}, T =(I,F)) be a tree decomposition. Then the width of .7 is max;es|X;| — 1.

Observe that the tree decomposition in Figure 9b has width 3, while the one in Figure
9c has width 2. Based on the width, we define treewidth. The treewidth of a graph G is the
smallest width of a tree decomposition among all the tree decompositions of G. We denote the
treewidth of a graph G by tw(G).

A path decomposition of a graph G is a tree decomposition of G in which the
underlying tree is a path. Both tree decompositions shown in Figure 9 are path decompositions.

The smallest width of a path decomposition of a graph G is the pathwidth of G, denoted by

pw(G).



26

2.2 Classical and Parameterized Computational Complexity

A string x is a finite sequence of symbols that are chosen from a finite alphabet X.
For a natural number n, we denote the set of all strings of size n over the alphabet ¥ as ¥"*. In
addition, we denote the size of x as |x|.

Let X be an alphabet. The Kleene closure of ¥, denoted by X* is the set of all strings
of size i, for i > 0, formed by the elements of X. We denote the string of size 0, i.e. the empty
string, as €. Note that for any alphabet X, we always have € € £*.

A Turing Machine is a quadruple M = (K, X, 0,s), where K is a finite set of states;
s € K is the initial state; ¥ is a finite set of symbols (we say that X is the alphabet of M); and ¢ is
a transition function that maps K x X into (K U{h,“yes”,“no”}) x £ x {<—, —,—}. We assume
that K and X are disjoint sets; X always contains the symbols LI (empty) and > (first); & is the
stop state, “yes” is the accept state, “no” is the reject state; and the pointer directions <— (“go
left”), — (“‘go right”) and — (“‘stay in the same position”) do not belong to K UX.

The function 0 is the “program” of the Turing Machine. It specifies, for a current
state ¢ € K and a symbol o € X, the triple 6(¢,0) = (p,p, D), where p is the next state, p is the
symbol to be written over ¢ and D € {<—,—,—} is the direction in which the pointer should
move.

The program starts in state s and the Turing Machine receives as input a string whose
first character is > followed by a finite string x € (X — {UL})*. The symbol > always directs the
pointer to the right and is never deleted. The pointer starts at > and the Turing Machine follows
its program according to the rules described by 0, until it reaches one of the three stop states A,
“yes” or “no”.

Let L C (X—{U})* be a language, that is, a set of strings composed of the symbols
of £ —{U}. Let M be a Turing Machine such that, for every string x € (X — {U})*, if x € L, then
M(x) = “yes”, and if x ¢ L, then M (x) = “no”. In this case, we say that M decides L.

Looking at the definitions given so far, we can think of a Turing Machine as a
machine that solves problems related to strings. But observe that we can encode other finite
mathematical objects using the format of strings and describe them using languages.

An encoding of a set S is a mapping e of elements of S into the set of binary strings
{0,1}* = {¢,0,1,00,01,10,11,000,...}. A common example is encoding decimal numbers
in binary numbers. For example, ¢(25) = 11001. To represent more complex objects, such as

graphs, we can combine the encodings of their constituent parts, generating an encoding for the
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entire object. A graph can be encoded in different ways. Despite this, we usually agree that the
size of an encoding of a graph G is O(n+ m), where n = |V (G)| and m = |E(G)|.

We can see then that a Turing Machine can solve other problems defined on more
general mathematical objects and, thus, we can visualize Turing Machines as algorithms.

A decision problem is a binary relation between a set I of instances and a set of
solutions {“yes”, “no”}. We can then think of an algorithm that solves a decision problem as a
Turing Machine that accepts a string x; that encodes an instance i € [ if it represents an instance
“yes” of the decision problem and rejects it otherwise. In this case, we say that the algorithm
decides the problem. From now on, the terms “algorithm” and “Turing Machine” will be used
interchangeably.

Let f,g: Nt — R*. Suppose that g(n) is the number of steps that an algorithm &7
takes to produce the solution to a problem as a function of the size n of its input. If there are
constants ¢y, cz,n9 € R such that for all n € NT, n > ng, we have that g(n) < c; - f(n) + ¢z, so
we say that g(n) € O(f(n)), i.e., f(n) is an asymptotic upper bound of g(n). We also denote
g(n) € O(£(n)) by g(n) = O(f(n).

Let M be a Turing Machine that decides a language L C {0,1}*. Let f be a function
from the non-negative integers to the non-negative integers. We say that the machine M operates
in time f(n), if, for any input string x € L with n = |x|, we have that the number of operations
needed until M halts is O(f(|x|)).

Let L C {0,1}* be a language. If there exists a Turing Machine M that decides L
such that M operates in time n*, for some constant k > 0, then we say that L is a language
decidable in polynomial time and that there exists a polynomial Turing Machine (or polynomial
algorithm) that decides L. We then denote by P the class of languages (or, equivalently, decision
problems) that are decidable in polynomial time.

A language L C {0, 1}* is in NP if there is a polynomial function p : N — N and a
polynomial Turing Machine M such that, for all x € {0,1}*, we have that x belongs to L if and
only if there exists u € {0,1}”(*) such that M (x,u) = “yes”. In this case, we say that M is a
verifier of L and u is a certificate of x. Intuitively, the verifier (or verification algorithm) checks
the validity of a proposed solution u for an instance x of a decision problem in polynomial time.

See that P C NP, since, for a language L € P, we can simply use the machine M}
that decides L to be the verifier and make u = €. However, it is not yet known whether P = NP.

In fact, this is one of the most important open mathematical problems today.
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This difference between the complexities of different decision problems has led
computer scientists to wonder whether it is possible to capture the notion of “hardness” between
problems. This led to the concept of reduction and NP-hardness.

A language L € {0, 1}* is reducible in polynomial time to a language L’ € {0,1}*,
denoted by L <, L, if there exists a polynomial-time computable function f : {0,1}* — {0, 1}*
such that, for all x € {0, 1}*, x € L if and only if f(x) € L.

We then say that L' is NP-hard if L <, L, for all L € NP. When L’ is NP-hard and
L' € NP, then we say that L’ is NP-complete.

However, in order to use polynomial reductions, a first NP-complete problem had
to exist. The first problem to be shown to be NP-complete consists of deciding whether a set
of logical clauses can be satisfied. It is called SAT and was shown to be NP-complete through
a famous theorem, called the Cook-Levin Theorem (GAREY; JOHNSON, 1979). From this
theorem, we began to show that other problems are NP-complete, by reducing from SAT. We
now know several NP-complete problems that are also used to prove the NP-completeness of
other problems.

NP-hardness captures the intuitive notion that a problem is “at least as hard” as
another problem. Moreover, by the very definition of NP-hardness, if there is a polynomial
algorithm for some NP-hard problem, then there is a polynomial algorithm for all problems in
NP, implying that P = NP. However, no one has managed to find a polynomial algorithm that
solves any NP-complete or NP-hard problem. So NP-hardness or NP-completeness is seen as
evidence that these problems are intractable.

A problem is said to be easy or tractable if and only if there is a polynomial algorithm
that solves all of its instances. A problem is said to be intractable if and only if no polynomial
algorithm is known that solves all of its instances. Note that we may know of polynomial
algorithms that solve a subset of the instances of an intractable problem, but not all of them.
We still can’t rule out the possibility that an algorithm exists that solves all instances of an
(supposedly) intractable problem. If such an algorithm is discovered, we say the problem it
solves is no longer intractable.

It is often possible to turn NP-hard or NP-complete problems into “easier” ones by
considering more restricted cases and fixing the size of certain parameters of the input. Consider,

for example, the classical problem VERTEX COVER.

VERTEX COVER
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Input: A graph G and k € N.

Question: Does G have a vertex cover of size at most k?

As this is an NP-complete problem (GAREY; JOHNSON, 1979), there is no known
algorithm that solves all instances of VERTEX COVER in polynomial time. However, now

consider the following parameterized problem.

k-VERTEX COVER
Input: A graph G and k € N.
Parameter: k.

Question: Does G have a vertex cover of size at most k?

For this new problem, now with a fixed parameter k, there is an algorithm that solves
it in time O(2%|V(G)|) (DOWNEY; FELLOWS, 2012), which is generally feasible in most cases.
That said, let’s now define parameterized problems and the complexity classes related to them.

A parameterized problem is a language L C ¥* x N, that is, a pair (P,q), where
P € ¥* is a decision problem and g € N is what we call a parameter.

We say that a parameterized problem L is in FPT (or is FPT or treatable by fixed
parameter) if there exists a computable function f and an algorithm that decides L in time
f(k)-1x|°M) for all (x,k) € L. The P-VERTEX COVER problem is an FPT problem, since it has
an algorithm that decides it in time O(2% - n), where n = [V(G)|.

Similarly, we say that a parameterized problem L is in XP (or is XP) if there are
two computable functions f and g and an algorithm that decides L in time f(k) - n® ®) for all
(x,k) € L. The problem k-CLIQUE, shown below, when parameterized by the solution size k, has

an algorithm that decides it in time O(k? - n¥) and is therefore in XP.

k-CLIQUE
Input: A graph G and k € N.
Parameter: k.

Question: Does G have a clique of size at least k?

Just as classical complexity has the concepts of polynomial reduction, NP-hardness
and NP-completeness to capture the intractability of problems, parameterized complexity has
the concepts of parameterized reduction, W [t]-difficulty and W [t]-completeness for the same

purpose. To understand these new concepts, we first need some definitions.
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A Boolean circuit C of n variables is a DAG (acyclic directed graph) (the reader can
find more information about DAGs in (WEST, 2000)) such that: every vertex with entry degree
0 1s an entry vertex; every vertex with entry degree 1 is a negation vertex; and every vertex with
entry degree at least 2 is either an and vertex or an or vertex. In addition, exactly one of the
vertices of output degree 0 is designated as the output vertex (in addition to being, for example,
an and vertex). We say that the depth of C is the size of the longest path between an input vertex
and the output vertex. We say that a vertex of C is a small vertex if it has entry degree at most 2.
In the case where the entry degree of a vertex is greater than 2, we say that it is a large vertex.
The weft of C is then defined as the maximum number of large vertices on a path between an

input vertex and the output vertex. See Figure 10 for an example of a Boolean circuit.

Figure 10 — A boolean circuit with depth 3 and weft 1.

Source: Adapted from Cygan et al. (2012).

By assigning values TRUE (1) or FALSE (0) to the input vertices of C, the values of
the other vertices are automatically obtained by the operations of each vertex. We say that C has
been satisfied if, given an assignment of values to the input vertices, we have that the value of
the output vertex is TRUE. The weight of an assignment 7 is defined as the number of variables
assigned the value TRUE in 7.

Let’s denote by €; 4 the class of circuits with weft at most # and depth at most d. The
circuit in Figure 10, for example, is in the class of circuits 47 3. We then define the parameterized
problem P-WEIGHTED CIRCUIT SATISFIABILITY restricted to a class of circuits %; 4, also called

WCS[%; 4], as follows:

P-WEIGHTED CIRCUIT SATISFIABILITY (WCS[%; 4])
Input: A circuit C € 6; 4 and k € N.
Parameter: k.

Question: Is there an assignment T with weight at most k such that 7 satisfies C?
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The evidence so far suggests that WCS[¢; 4], for all t > 1 and d > 1, is not in
FPT. Parameterized intractability theory is built on this hypothesis. Once WCS is considered
intractable (or “hard”), we can transfer the intractability of WCS to another parameterized
problem via a parameterized reduction.

Let A,B C £* x N be two parameterized problems. A parameterized reduction from
A to B is an algorithm that, given an instance (x,k) of A, returns an instance (x',k") of B such that:
(x,k) is a “yes" instance of A if and only if (x',k) is a “yes" instance of B; kK’ < g(k) for some
computable function g; and the algorithm operates in time (k) - |x|°(!) for some computable
function f.

Let L be a parameterized problem. For ¢t > 1, we say that L belongs to the class
W(t] if there exists a parameterized reduction of L to WCS[¥; 4| for some d > 1. Conversely,
we say that L is W[t|-hard if WCS[%; 4] can be reduced to L via a parameterized reduction, for
t > 1andd > 1. If, for some t > 1, L belongs to W|t] and is W|t]-hard, then we say that L is
W{t]-complete.

A famous W(1]-complete problem that is often used to show that other problems are
WI[1]-hard or W[1]-complete is the k-CLIQUE problem.

Finally, we have that FPT C W[1] CW[2] C --- C XP. Although we don’t know if
FPT = W[1], most computer scientists believe that FPT # W|1] and therefore showing that a
problem is W|t]-hard or W|t]-complete is considered strong evidence that such a problem is not
in FPT.

For more details on classic and parameterized computational complexity theory, we

refer the reader to Garey and Johnson (1979), Cygan et al. (2012).
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3 BIBLIOGRAPHIC REVIEW AND RELATED PROBLEMS
3.1 Irreversible Processes on Graphs

Suppose you are a worker in a factory whose set of workers is denoted by V. Imagine
that different workers have different safety requirements and different levels of satisfiability with
their jobs. A more radical worker starts a strike, but the strike will be successful only if many
workers join. A crucial concept here to describe the variations amongst the individuals is that of
a threshold. In this situation, the threshold of a worker will be defined as the number of fellow
workers in the strike he needs to also join it. Define a graph G = (V,E) in which the edges
represent a friendship between two workers. We can represent the above situation in the graph G
by assigning a state (1:“joined the strike”; 0:“did not join the strike™) and a threshold value #(v)
to each vertex v. Then, step by step, workers check their neighborhood and update their state
according to its threshold.

This simple model, as well as the example above, was introduced by Granovetter
(1978) in his work “Threshold Models for Collective Behavior”, and other models follow along
similar ideas, for example (BANERIJEE, 1992; BIKHCHANDANI e? al., 1992; DEGROOT,
1974; JR, 1956). Granovetter (1978) provides us with some extra examples and applications of
this model, from which we highlight the following.

Diffusion of innovations and (mis-)information. Several empirical works have veri-
fied that innovations and information spread in a “threshold-like” manner. Some physicians are
more prone (have small thresholds) to innovations and start using a new medicine. Then, as their
fellow physicians start adopting the new medicine, other physicians adopt it too (COLEMAN
et al., 1957). A similar behavior was verified in farmers who began to use a new corn seed as
their neighbors were using too (RYAN; GROSS, 1950). Information and misinformation spread
from person to person, but some may have more credulity than others, and some may need to see
many friends talking about it to believe.

Disease spreading. We can replace “credulity” by “vulnerability” and see how this
model also applies to diseases. In many diseases, some kind of contact with an infected person
is needed to get infected. The number of contacts needed (the threshold) for a person to get
infected may vary according to their vulnerability.

We can formally describe the model above, which we will refer to as the threshold

model, by using an automata network (GOLES; MARTINEZ, 1990; WOLFRAM, 1986). An
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automata network is a triple & = (G, 0, (f,),ev(c)) defined by a graph G, a finite set of states
Q, and transition functions f, : Q" — Q for each vertex v € V(G). Each vertex v € V(G) will
be in a state ¢,(7) € Q in a non-negative integer time step 7. From time step T to T+ 1, the
transition functions ( fv)vev(G) are applied, updating the state of a vertex (sequential iteration)
or a set of vertices (synchronous iteration). In the synchronous iteration, we apply the rule
ci(t+1) = fi(e1(7),...,cn(7)) for every i € V(G). In the sequential iteration, the rule is applied
one vertex at a time. In this work, the iteration type we deal with is synchronous. For more
details on automata networks, the reader can check (GOLES; MARTINEZ, 1990).

Automata networks have been used to model and study several themes and phe-
nomena, such as spin glass physics (DERRIDA, 1988); statistical physics (WOLFRAM, 1986;
WOLFRAM, 1985); ergodic theory and finite Markov fields (KINDERMANN; SNELL, 1980;
WOLFRAM, 1986; DOBRUSHIN et al., 1978); crystal growth chemistry (ULAM et al., 1962);
genetic interactions (KAUFFMAN, 2017; KAUFFMAN, 1969) and other biological applica-
tions (DOBRUSHIN et al., 1978); urban growth and organization (LIU et al., 2014); social
self-organization (MEDINA et al., 2017) and behavior (SEITZ et al., 2014). Famous automata
networks are the von Neumann Cellular Automata (NEUMANN et al., 1966), which is known
for having the same computability power as a Turing Machine, and John Conway’s Game of
Life (CONWAY et al., 1970).

The threshold model we study here falls into a specific kind of automata networks,
called dynamic systems on graphs. A dynamic system on a graph is an automata network
in which we have only two states, for example Q = {0,1} or Q = {4+, —}, and the transition
function f, for a vertex v depends on the states of the neighborhood of v.

Let G be a graph. To each vertex v € V(G) is assigned one of two states. We
will refer to the states as active or infected (1), and inactive or uninfected (0). Given a set of
initially infected vertices, which we call a seed set, S C V(G), the initial states of the vertices,

(ci(0))iev (q)» is defined as follows.
1 (“active”) ifies,

ci(0) =
0 (“inactive™) otherwise.

Each vertex is associated with a threshold value determined by the threshold function
t:V(G) — N. As we have discussed before, the threshold value of a vertex models its suscepti-

bility to change its state from inactive to active by taking into account its neighbors’ states. An
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inactive vertex v € V(G) at time T changes its state to active at time 7+ 1 if it has at least 7(v)
active neighbors at time 7. At each time step 7 > 0, the following update rule is applied on all

vertices of G.

1 (“active” ifci(t)=1or|{u e Ng(i) | cu(t) =1} > (i),
ey ] e @ =lor e Nel) @ =11z i,
0 (“inactive™) otherwise.

A configuration of a graph G at a time T > 0 is a collection of states of the vertices
of G at time 7, Cz = (¢i(7));ev(c)- An infinite sequence of configurations & = (C¢)en of
G is called a discrete dynamic process on G. Observe that, in the process we defined above,
once a vertex gets active it stays active. Such processes are called irreversible processes. This
means that there is a minimum time step 7 in which either all vertices are active or no more
vertices can get active. We say that g is the final time of a irreversible process. We call a
threshold process based on the rule defined on Equation 3.1 of a ¢-irreversible process (JR, 2000;

DREYER; ROBERTS, 2009). We illustrate such a process in Figure 11.
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(a) The configuration at T = 0. (b) The configuration at T = 1.
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(c) The configuration at T = 2. (d) The configuration at T = 3.

Figure 11 — Example of an irreversible -process. The thresholds are shown in red and the active
vertices are in black.

Source: Made by the author.

As imagined, one can also define reversible (threshold) processes. That kind of
processes, however, are not the object of study of this work even though they are also very
interesting. For more on reversible processes, the reader may refer to (LIMA, 2017).

Adapting the notation used in (LIMA, 2017), given a graph G with thresholds
t:V(G) — Nand a seed set S C V(G), we will denote a z-irreversible process in G by (G, S) =
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(Ct)zen.

Other irreversible processes exist in the literature, with a variety of names and
updating rules, both threshold-based and non-threshold-based. In the zero forcing process (AIM
Minimum Rank Special Graphs Work Group, 2008; BURGARTH et al., 2009; KALINOWSKI
et al., 2019), we are given a graph G with a set of initially active vertices B C V(G). An inactive
vertex v of G at time T gets active at time 7 + 1 if it has an active neighbor u such that the only
inactive neighbor of u is v at time 7. The idea is that if an active vertex has only one inactive
neighbor, it forces him to become active. Such a process appears in the literature also under the
name of power domination (DORBEC, 2020) and has applications in quantum computing and
controllability of quantum networks (BURGARTH et al., 2009).

The k-forcing process (AMOS et al., 2015) is a generalization of the zero forcing
process. Starting with a set of initially active vertices B from a graph G, if a vertex u has at most
k inactive neighbors at time 7, then all of them get active at time T+ 1. When k = 1, this is
equivalent to the zero forcing process.

When the thresholds 7(v) of each vertex v of a graph G are all equal to 1, the ¢-
irreversible process defined by the rule 3.1 appears in the literature under the name of graph
burning (FINBOW; MACGILLIVRAY, 2009; BONATO et al., 2014; BONATO et al., 2016;
BESSY et al., 2017; BONATO, 2020). Figure 12 shows a graph burning process in a tree.
Similarly, when #(v) = r for all v € V(G), the process receives the name of r-neighbour bootstrap
percolation (RIEDL, 2010; BENEVIDES et al., 2015; MARCILON; SAMPAIO, 2018), or
simply of r-irreversible process (DREYER; ROBERTS, 2009).

Convexities on graphs can also be framed as irreversible processes. Under the P;
convexity (CENTENO et al., 2011), an inactive vertex u gets active at time 7+ 1 if it lies on
a path of length 3 between two active vertices at time 7. Under the geodesic (monophonic)
convexity (HARARY; NIEMINEN, 1981; JAMISON; NOWAKOWSKI, 1984), an inactive
vertex u gets active at time 7+ 1 if it lies on a minimum (induced) path between two active
vertices at time 7.

Given a t-irreversible process & = I;(G,S) = (Cz)rcn, we define the set of active

vertices at time T as

A P) =i € V(G) | ci(t) = 1}.

Observe that Ag(Z?) C A1(Z?) CA(Z) C ... The set of final active vertices of
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(c) The configuration at T = 2. (d) The configuration at T = 3.

Figure 12 — Example of a graph burning process. Every vertex that is adjacent to an active vertex
gets active in the next time step.

Source: Made by the author.

& is defined as
A'(2) = JA(2).
>0

Several NP-complete or NP-hard problems arise from irreversible processes on
graphs such as those we have discussed. Given a graph G and a threshold function ¢ : V(G) — N,
the TARGET SET SELECTION problem (KEMPE et al., 2003; CHEN, 2009) asks to find a
small set of initially active vertices S of G such that all vertices become active, i.e., A*(Z =
I;(G,S)) = V(G). This problem also appears in the literature under different nomenclatures, such
as finding dynamic monopolies (ZAKER, 2012; EHARD; RAUTENBACH, 2019). All the other
irreversible processes we mentioned in this section also have analogous problems associated
with them.

However, problems such as these, in which the goal is to maximize the number of
active vertices, are not the object of study of this dissertation. Rather, we study a problem that
falls into a class of problems that we call immunization problems. They are the subject of the

next section.
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3.2 Immunization Problems in Graphs

Recall the two applications of the threshold model we have seen in the last chapter:
diffusion of innovations and (mis- )information, and disease spreading. In contexts like these, it is
natural to think about restricting the number of active or infected vertices rather than maximizing
them. We do that by immunizing or protecting vertices.

Let G be a graph with thresholds 7 : V(G) — N. As far as we know, there are two
variants for the immunization of a vertex. In the first variant, we immunize a vertex by raising its
threshold 7(v) to 4o or dg(v) + 1 (EHARD; RAUTENBACH, 2019). In the second variant, the
immunization of a vertex is analogous to its removal from the graph (CORDASCO et al., 2023).
In both variants, an inactive immunized vertex cannot get active in any z-irreversible process on
G. However, observe that these two variants behave differently. In the first one, if an immunized
vertex is already active, its immunization makes no difference — the vertex will still influence
its neighbors. In the second one, this does not happen: an immunized vertex, already infected
or not, cannot influence others nor get active. In this work, we focus on the second variant of

immunization.

O—O0—0O—®

¢ e 8 i k

(a) The configuration at T = 0 with vertices f and d (b) The configuration at T = 1 with vertices f and d
immunized. immunized. No more vertices can be infected.
Figure 13 — Example of an irreversible 7-process with immunized vertices. The immunized
vertices are circled in blue.
Source: Made by the author.

Given a t-irreversible process &2 = I;(G,S) and a set Y C V(G) of immunized
vertices, we define a t-irreversible process with immunized vertices Py = L,(G—Y,S—Y).
Observe that we did not add the restriction that Y NS = @. In fact, we allow initially active
vertices to be immunized. However, this does not mean that an initially active vertex that is
immunized becomes inactive. It just means that it is not “contagious” anymore, i.e., it will not
influence the states of its neighbors. Figure 13 shows an example of a ¢-irreversible process with
immunized vertices. In this example, the seed set is S = {a, f} and the set of immunized vertices

isY ={d, f}. Observe that f € Sand f € Y. In time 7 = 1, if f were not immunized, the vertex
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h would get active, but since & is immunized, it does not influence the states of its neighbors
anymore. Observe that we can assume that 7(v) < dg(v) for all v € V(G) \ S, since a vertex v
with ¢(v) > dg(v) would never get active.

For a natural k > |S|, we say that Y is a k-restricting set of & if |A*(ZPy) US| < k.
That is, by immunizing the vertices in Y, the number of final active vertices, counting with the
initially infected ones, does not exceed k. In other words, the infection is restricted to at most
k vertices by immunizing Y. In the example of Figure 13, Y = {d, f} is a 4-restricting set of
that process. If Y is a |S|-restricting set, we also call it a total restriction set of &?. Observe
that, if Y is a total restriction set of &2, then A*(Zy)US = S, i.e., all initially inactive vertices
remain inactive for the whole process. We define the k-restricting number of &7, denoted by
R(A,k), as the cardinality of a smallest k-restricting set of &?. Observe that, for any k > |S|,
such a set always exists. Similarly, the total restriction number of &2, denoted by Rr(2), is
the cardinality of a smallest total restriction set of &?. Figure 14 shows a total restriction set of

size 1. The following observations are going to be useful throughout this work.

Observation 3.1. Forany k > |S

, we have that R(Z,k) < R (2).

Proof. If Y is a total restriction set for &, then Y is also a k-restricting set for &, for any

k> |Sl. O

Observation 3.2. Let & = I,(G,S) be a t-irreversible process and ' = I,(G,S) be the t-
irreversible process defined by the same graph and seed set but with thresholds t' (v) = 1 for all
v € V(G). Then, for any k > |S|, we have that R(2,k) < R(2 k).

Proof. Ift(v) =t'(v) = 1 forall v € V(G), the equality R( P, k) = R(2! k) follows. Otherwise,
t(v) > t'(v) for some vertex v € V(G). Let Y be the k-restricting set of #!. Then, the immu-
nization of Y also restricts the infection to at least k vertices in &2. Thus R(Z, k) < R(L2! k)
follows. [

e
f

Figure 14 — Example of a total restriction set. The immunized vertices are circled in blue.

Source: Made by the author.
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Cordasco et al. (2023) introduced the problem (k, ¢)-INFLUENCE IMMUNIZATION
BOUNDING ((k,¢)-1IB), which we state bellow. Even though we do not agree with the name of
the problem, we are going to stick to it and keep calling it by (k, ¢)-IIB throughout the rest of

this work.

(k,?)-INFLUENCE IMMUNIZATION BOUNDING ((k,¢)-1I1B)
Input: A t-irreversible process & = I,(G,S), and naturals k > |S|, and /.

Question: Is there a k-restricting set Y of &2 such that |Y| < £?

Cordasco et al. (2023) studied the (k, ¢)-IIB problem from a parameterized complexity point
of view. They showed several W[1]-hardness and W|[2]-hardness results for a set of parameters,
and FPT algorithms for combinations of some of these parameters. Their results on (k,¢)-11B
are summarized on Table 1. As this is a fairly recent problem, their results are the only results
on this problem to the extent of our knowledge. Thus, we focus in this chapter on reviewing

problems with similar concepts and connections to (k, £)-IIB.

Parameter Hardness | Restriction on the entry
k WI[1]-hard tv)=1 Wy
4 WI[1]-hard tv)y=1 Wy
k42 FPT
S|+ ¢ W[2]-hard Bipartite graphs
k+|S| FPT
A(G)+/4 W/|2]-hard t(v) <2 Wy
tw(G) WI[1]-hard
nd(G) WI[1]-hard
k+nd(G) FPT
{+nd(G) FPT
min(A(G), k) +tw(G) + 4 FPT

Table 1 — Summary of parameterized complexity results of Cordasco et al. (2023).
Source: Made by the author with data from Cordasco et al. (2023).

Observe that, when we restrict &7 to be a graph burning process, i.e., the thresholds
of all vertices are equal to 1, then (k,¢)-1IB is equivalent to the problem of finding a small
unbalanced vertex separator of the graph. This is the problem studied in (FOMIN et al., 2013).
Given a graph G, a source vertex s € V(G) and parameters k,¢ € N, they study the problem
of finding a separator . of G that separates V(G) \ .7 in two sets A and B such that |.| < ¢,
|A| <k, and s € A. This problem was called CUTTING k VERTICES WITH TERMINAL (CVT-k).

Fomin et al. (2013) showed that CVT-k is W([1]-hard with respect to the parameters k and /.
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Observe the resemblance of CVT-k to (k,£)-1IB and the correspondence of parameters k and
¢ in both problems. In fact, the reductions of Cordasco et al. (2023) showing that (k,¢)-IIB is
W/[1]-hard for these parameters are straightforward from CVT-k.

This problem falls under the umbrella of a wide class of problems called Node-
Deletion Problems. In a problem of this class, we are given a graph G and a property 7 and are
asked to find a small subset of vertices of G such that, after their deletion from G, the remaining
graph satisfies 7. The complexity of such problems is intrinsically related to the property 7. A
property 7 is said to be hereditary on induced subgraphs if, for any graph G satisfying 7, the
graph resulting from the deletion of any vertex from G also satisfies 7. Similarly, a property 7 is
said to be non-trivial for a class of graphs % if it is satisfied by the trivial graph, and there are
infinitely many graphs in % that satisfy 7 and infinitely many graphs in 4 that does not satisfy
T.

If 7 is hereditary on induced subgraphs, Lewis and Yannakakis (1980) showed that
the associated Node-Deletion Problem is NP-complete on general (undirected and directed)
graphs. Complementing this result, Yannakakis (1981) showed that, for any non-trivial property
7, the associated Node-Deletion Problem is NP-complete even when restricted to bipartite
graphs, except for the VERTEX COVER problem.

Node-Deletion Problems in which the property 7 involves connectivity measures
of the graph are called Critical Node Detection Problems (LALOU et al., 2018). One example
is the NETWORK DISMANTLING problem, which asks for a small set of vertices of a graph G,
such that its removal dismantles G into components of small size (BRAUNSTEIN et al., 2016;
REN et al., 2019). Node-Deletion Problems such as these also have applications in epidemic and
misinformation control, thus we also framed them here as immunization problems.

But not only vertices can be immunized. Mehta and Reichman (2022) studied a very
similar problem to (k,¢)-IIB in which the goal is not to find a subset of vertices to immunize,
but rather a subset of edges. The notion of immunization of an edge in their work is similar to
ours of immunization of vertices: an immunized edge is analogous to a removed edge. They
also do not work with general thresholds but with r-neighbour bootstrap percolation. Recall that,
in the r-neighbour bootstrap percolation, the thresholds of all vertices in the graph are equal
to r. Mehta and Reichman (2022) showed that, for » > 2, a given constant d, and a parameter
x < n'~¢ with & € (0,1), the problem can be solved with high probability on random graphs

G(n,p), where p = %, in time 2°() . poly(n).
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Another similar problem to (k,¢)-IIB can be formulated in terms of an edge cut
problem. The standard setup of the (min-)edge cut problem is the following: given a directed

graph D = (V,A), a source s, and a sink ¢, we wish to find a cut [S,S] of D with minimum size.
When we look at a cut [S, S], we can think of S like the set of vertices “on the side” of the source s,
and S the set of vertices “on the side” of the sink 7. Hayrapetyan et al. (2005) studied a variation
of the edge cut problem in which the goal is to minimize the number of vertices in the source side
with an edge cut subject to a cardinality constraint. They showed an efficient (%, ﬁ)—bicriteria
approximation algorithm for this problem, for any 0 < A < 1. This result comes from an analysis
of the linear relaxation of an integer programming formulation of the problem. Let (x*,y*)
be the optimal solution to the linear relaxation, and ¢ be a random uniformly chosen number
from the interval [1 — A, 1], with 0 < A < 1. Then, define S = {v | x} > ¢}. Hayrapetyan et al.
(2005) showed that [S,S] is an edge cut of size at most %B such that the number of vertices
on the source side is at most ﬁ times more vertices than the minimum for an edge cut with
capacity B. They improved this result by showing a parametric maximum flow algorithm that
avoids solving the linear programming model and outputs either a ( %, 1)-approximation or
a (1, ﬁ)—approximation. They also showed that this problem is FPT parameterized by the
treewidth of the graph.

Another problem with a very similar concept to that of (k,¢)-1IB, and perhaps the
most studied problem among the problems we mention in this chapter, is the FIREFIGHTER,
introduced by Hartnell (1995). As this is a widely studied problem with similarities to (k, ¢)-IIB,
we are going to see next the main results about it. The setup of the FIREFIGHTER problem is a
graph burning process. We have a graph G and a vertex s € V(G) where the fire starts, i.e., s is
the only initially active vertex. We say that an active vertex is burning. Then, we are given b
firefighters, b > 1, and the goal is to control the fire. The most common version of FIREFIGHTER
is with b = 1. The problem works like a solitaire game, where at each time step (or round of the
game), the player needs to choose b vertices from G to place b firefighters. Once a firefighter is
placed on a vertex u € V(G), then u will never burn in any of the next rounds and we say that u
is protected. However, firefighters cannot protect already burned vertices. After the player has
chosen the vertices to protect, the fire spreads in a graph burning manner: if a non-protected
vertex has one burning neighbor, then it starts to burn too. The game stops when the fire can no
longer spread. Figure 15 shows an example of the FIREFIGHTER problem. At the end of the

game, we can partition V (G) into two sets: the set of burned vertices B and the set of non-burned
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vertices, which we call saved vertices, S. Several variations of FIREFIGHTER appear in the
literature with different goals for the player (FINBOW; MACGILLIVRAY, 2009). Common
goals are to maximize the number of saved vertices (FINBOW et al., 2007; HARTNELL, 1995),
which is the classical FIREFIGHTER problem; and to decide if a given set P C V(G) can be fully

protected from the fire (KING; MACGILLIVRAY, 2010), which we call S-FIREFIGHTER.

Ay
S

(a) The configuration before the game begins. (b) The configuration at the end of round 1.

(c) The configuration at the end of round 2.
Figure 15 — Example of a firefighting in a caterpillar graph.
Source: Made by the author.

FIREFIGHTER was studied in several different graph classes, such as trees, bipartite
graphs, planar graphs, and regular graphs. The problem is NP-complete in all of these classes
(FINBOW et al., 2007; KING; MACGILLIVRAY, 2010; BAZGAN et al., 2013). Even if we
restrict the problem to the class of subcubic trees, it remains NP-complete (FINBOW et al.,
2007). Observe that, even though (k,/)-1IB is very similar to FIREFIGHTER, the first is not
a generalization of the latter. In (k,¢)-IIB, the thresholds are general and we do not have the
notion of rounds: the immunization shall be made at the beginning of the process, not during it.
Besides that, in (k, £)-IIB several vertices may be initially active, whilst in FIREFIGHTER only
one vertex starts the fire. Thus, those hardness results cannot be generalized to (k,¢)-IIB.

There are, however, some easy cases for FIREFIGHTER. Given G and s € V(G), we
denote the maximum number of vertices that b firefighters can save when the fire starts in G at

vertex s by MV S(G,s;b). When b = 1, we may omit the last parameter, writing only MV S(G,s).

Theorem 3.3. (MACGILLIVRAY; WANG, 2003; FINBOW; MACGILLIVRAY, 2009) The follow-
ing affirmations are true:

I Forn>2, MVS(K,,s) =1;

Il. Forn>2, MVS(P,,s) =n—1ifsisaleaf and MVS(P,,s) = n— 2 otherwise;
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HI. Forn>3, MVS(Cp,s) =n—2;
IV. Forn>2, MVS(Qy,s) =n;
V. For2 <m <n, MVS(Kp n,s) = 2.

We define a strategy for a FIREFIGHTER instance as a sequence of valid choices
of vertices for the player for each round 7 > 1. We say that a strategy is optimal with respect
to a given goal if the outcome of the strategy is the best possible result concerning the goal.
For example, if the goal is to maximize the number of saved vertices, we say that a strategy
is optimal if, when the fire stops, the maximum number of vertices are saved by the strategy
choices. MacGillivray and Wang (2003) proved that the following strategy saves the maximum

amount of vertices in a caterpillar graph.

Theorem 3.4. (MACGILLIVRAY; WANG, 2003) Let G be a caterpillar graph and the fire breaks
out at the vertex s € V(G). If s is a leaf, then protect the only neighbor of s. Otherwise, protect
the neighbor of s with the highest degree at round 1. If the fire has not stopped yet, protect
the vertex with the highest degree that is adjacent to a burning vertex. This strategy saves the

maximum possible number of vertices in G.

Figure 15 is an example of this strategy. Another important result from (MACGILLIVRAY;
WANG, 2003) is the following result concerning trees.

Theorem 3.5. (MACGILLIVRAY; WANG, 2003) Let T be a tree and the fire breaks out at the
vertex s € V(T). Then, in any optimal strategy, the vertex protected at each time is adjacent to a

burning vertex.

Recall that the FIREFIGHTER problem is NP-complete even for subcubic trees
(FINBOW; MACGILLIVRAY, 2009). By following the above result, the following strategy for

binary trees comes up.

Theorem 3.6. (WAGNER, 2021) Let T be a rooted binary tree with root r and suppose the fire
breaks out at r. The following strategy is optimal for T concerning the goals of maximizing the
number of saved vertices and minimizing the time in which the fire stops. At each round, protect
a vertex u that is adjacent to a burning vertex and for which the distance from u to its descendant

of degree 2 is maximized.

Another surprising result that improves on the result of Theorem 3.6 shows that if

the fire breaks out on a subcubic tree at a vertex of degree 2, the problem is in P (FINBOW et
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al., 2007; KING; MACGILLIVRAY, 2010). Thus, if P # NP, FIREFIGHTER is NP-complete
on subcubic trees only if the fire breaks out at a vertex of degree exactly 3. Generalizing this
result, Bazgan et al. (2013) showed that, for any b > 1, the problem is NP-complete on trees of
maximum degree b + 2, but polynomially solvable if the fire breaks out at a vertex with degree
at most b+ 1. In (CAI et al., 2008), a sub-exponential algorithm for FIREFIGHTER on trees is
presented, which has running time 20(vlogn),

From the point of view of parameterized complexity, there are also some hardness
results and some fixed-parameter tractability results, which we summarize below. Let us denote
by k the parameter that measures the number of saved vertices and x; the number of saved
leaves in a tree. For a given graph G, denote by cvd(G) the parameter cluster vertex deletion
of G, which is defined as the minimum number of vertices to be removed from G such that
the remaining graph is a disjoint union of complete graphs. Bazgan et al. (2013) showed that
FIREFIGHTER is W([1]-hard parameterized by k even when restricted to bipartite graphs. For
the parameters k and ky, FIREFIGHTER is FPT in trees with running times 4<x°(°¢%)  O(n)
and 20(¥) 4 O(n), respectively (CAI et al., 2008). Bazgan et al. (2014) showed that, for planar
graphs, the problem is FPT when parameterized by x + b with an algorithm of complexity
0(2K2+(b+1)+"bpoly(n)), where b is the maximum degree. For the pathwidth of the graph
pw(G), Chlebikova and Chopin (2017) showed that the problem is para-NP-hard, but FPT
when parameterized by the same parameter combined with the maximum degree pw(G) + A(G).
They also showed that the problem is FPT parameterized by c¢vd(G). Das et al. (2019) studied
FIREFIGHTER parameterized by modulator parameters. They showed that the problem is W/[1]-
hard parameterized by modulators to split graphs and diameter 2 graphs. On the other hand, they
showed that the problem is FPT parameterized by modulators to cographs and disjoint unions of

stars.

3.3 Other Variations and Similar Problems

Even though this is a very hot and interesting topic, especially after the COVID-19
pandemic, there are not many studies from an algorithmic, combinatorial, and computational
point of view, and even less when we talk about immunization in z-irreversible processes. Most
works focus on stochastically modeling the spread of an epidemic in different settings and in
different types of networks, and on empirically studying the allocation of vaccines using intuitive

greedy or random algorithms, such as selecting vertices with high degrees or by using some
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centrality measure. Examples of works in this vein can be seen in the books (NEWMAN, 2010;
BARABASI; POSFALI, 2016) and in (PASTOR-SATORRAS et al., 2003; GIAKKOUPIS et al.,
2005; PRAKASH et al., 2010; VENTRESCA; ALEMAN, 2015; YANG et al., 2018). Some
game-theoretical works model agents with different payoffs as vertices interacting in a graphical
game. Examples of these works are (ASPNES et al., 2006; MOSCIBRODA et al., 2006; CHEN
etal.,2010; MEIER et al., 2014).

Several works approach the problem of finding a set of vertices or edges to immunize
by using methods from spectral graph theory. These works usually adopt the larger eigenvalue of
the graph’s adjacency matrix as a measure for the vulnerability of the graph (CHAKRABARTI
et al., 2008; CHEN et al., 2016; TARIQ et al., 2017; AHMAD et al., 2020). They focus on
identifying a set of influential vertices from the graph such that their immunization leads to the
decrease of the larger eigenvalue to the minimum, thus decreasing the “vulnerability” of the
graph to some infection. Similar spectral works focusing on edge sets rather than vertex sets can
be found in (TONG et al., 2012; KUHLMAN et al., 2013).

Kimura et al. (2009) studied a different propagation model, the Independent Cascade,
in which the infection spreads from an infected vertex to an uninfected neighbors with a certain
probability. They studied the problem of finding a subset of the edges of the graph such that its
removal would minimize the proportion of infected vertices and showed greedy heuristics and an
approximation algorithm for this problem. Sheikhahmadi ef al. (2023) also studied the problem
of minimizing an infection in a network by immunizing some vertices, similar to (k,/)-IIB.
They approached it by identifying communities in the graph and vertices with a high centrality
measure to immunize.

As we can see, there is a wide universe of different models and problems if one
wants to study problems related to dynamic processes and immunizations in graphs. In this work,
however, we focus on one of them: the (k,¢)-INFLUENCE IMMUNIZATION BOUNDING problem,
which we introduced at the beginning of this section. From the next chapter on, we will talk

about our results on (k,¢)-IIB.



46
4 HARDNESS RESULTS FOR IIB RESTRICTED TO SOME GRAPH CLASSES

Recall that, in this work, we study the (k,¢)-INFLUENCE IMMUNIZATION BOUND-
ING ((k,?)-1IB) problem, in which the goal is to decide if a z-irreversible process &2 = I,(G, S)
has a k-restricting set of size at most . As we have seen in Table 1, IIB is W][l]-hard and
WI[2]-hard even for small threshold values and for bipartite graphs (CORDASCO et al., 2023),
implying also in NP-completeness of this problem in such instances. In this chapter, we com-
plement these results by showing classical and parameterized hardness results for I1IB in split
graphs, a subclass of chordal graphs; bipartite graphs; and planar subcubic graphs with different
thresholds.

4.1 Bipartite graphs and split graphs

One of the hardness results from (CORDASCO et al., 2023) for (k,/)-1IB was
that the problem is W[2]-hard parameterized by |S|+ ¢ even for bipartite graphs in which the
threshold of every uninfected vertex is equal to 1 or equal to the vertex degree. They reduced
from the HITTING SET problem, obtaining a bipartite graph in which all the vertices from one
part are uninfected while the other has both infected and uninfected vertices mixed. Figure 16
illustrates a graph that Cordasco et al. (2023) creates during their reduction. What we are going
to do now is to make a reduction that restricts the instance to a split graph in which all vertices
from the clique are infected while the independent set has only uninfected vertices, showing that
the problem is W|[2]-hard parameterized by ¢ even in such instances. We are going to see that
this reduction also leads us to another proof of W/[2|-hardness parameterized by ¢ for bipartite
graphs in which one of the parts has only infected vertices while the other has only uninfected
vertices, thus a more restricted instance if compared with the one from Cordasco et al. (2023).
Moreover, the thresholds of all vertices are going to be exactly equal to their degree.

The reduction is from SET COVER. In SET COVER, we are given a universe set
U ={ay,az,...,a,}, acollection . = {S1,S,,...,S,} of subsets of %, and a parameter ¢ € N,

and the goal is to find C C .’ such that |C| < ¢ and the union of all sets in C is equal to % .

Theorem 4.1. (k,¢)-11B is W[2]-hard parameterized by the maximum number { of immunized
vertices even if we restrict the problem to total-restriction instances in which the graph is a
split graph, the entire clique is initially infected and the threshold of every vertex is equal to its

degree.
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Figure 16 — Illustration of a bipartite graph obtained by the reduction in (CORDASCO et al.,
2023). The thresholds are shown in red and the initially infected vertices are shown
in black. The part B has uninfected and infected vertices mixed.

Source: Made by the author.

Proof. Letl = (% ={ay,...,ay}, ={S1,...,Su},c) be an instance of SET COVER. Let’s
create a split graph G such that V(G) = % U and E(G) = {a;S; | a; € S;}U{S:S; | Si,Sj € 7 }.
Define k = ||, £ = ¢, and set the seed set S = .7. Finally, set t(a;) = |{S; | ai € S;}| or,
equivalently, #(a;) = dg(a;), for all i € {1,...,n}. The entry for (k,¢)-IIB is going to be the
t-irreversible process & = I,(G, S), and the parameters k and £. In other words, we want to find
a total restricting set of & of size at most £ = ¢. The infected vertices correspond to subsets
of 7 and, by immunizing some S;, we cover/protect all the elements of % that belong to S;.
The goal is then to cover/protect the whole %, thus restricting the infection to k = || vertices.
Figure 17 illustrates this reduction.

Now, suppose that C C . is a solution for SET COVER instance /. Notice that C is
also a total restricting set of &, since by immunizing the vertices from C, we have that every q;
will have at most dg(a;) — 1 < #(a;) infected and non-immunized neighbors. As |C| < ¢ =/, we
have that C is a solution for our instance of (k, ¢)-IIB.

Conversely, let Y be a total restricting set of &. First, let us show thatif Y £ .¥,
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we can obtain a new total restricting set Y’ of same size for £2. Suppose that g; € Y, for some
i€{l,...,n}. Thereis asetS; such thatq; € S;. Define Y’ = (Y \ {a;}) U{S;}. Observe that ¥’
is also a total restricting set of &?. We can keep on doing that until we get a total restricting set
that is subset of .. Assume then that Y C .%. Since Y is a total restricting set of G, every a; is
covered by at least one S;. Thus, Y is a set cover of % and, as |Y| < ¢ =c, wehave thatY is a
solution for /.

Observe that the size c of the set cover corresponds to the size ¢ of the restriction set.
Thus, since SET COVER is W|2]-hard parameterized by ¢ (DOWNEY; FELLOWS, 2012), we
have that (k, ¢)-IIB is W[2]-hard parameterized by /.

Figure 17 — Example of a split graph G obtained by our reduction to bipartite graphs and a total
restricting set shown in blue.
Source: Made by the author.

Figure 17 shows an example of a graph obtained by the above reduction. In this
example, suppose that 7 = {1,2,3,4,5}, . = {S; = {1,2,3},5, = {2,4},53 = {3,4},54 =
{4,5}}, and ¢ = 2. A solution for this instance of SET COVER is C = {S},S4}, which is also a
total restricting set for the process.

The main observation we need to adapt this same reduction for bipartite graphs is
to notice that edges between initially infected vertices do not interfere on the solution. Thus,
let S be the set of initially infected vertices for an instance we create in Proposition 4.2. S is a
clique, but we can turn § into an independent set of the graph by removing every edge between
vertices in S and the solution remains the same. Thus, the reduction also works for bipartite

graphs, which brings us to the following.
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Corollary 4.2. (k,()-1IB is W[2|-hard parameterized by { even if we restrict the problem to
total-restriction instances where the graph is a bipartite graph G = (AUB, E) where the seed
set is made by all vertices from one of the parts and the threshold of every vertex is equal to its

degree.

Figure 18 shows the bipartite graph obtained by the reduction using the same SET

COVER instance from Figure 17.

Figure 18 — Example from Figure 17 but now in a bipartite graph. The total restricting set is
shown in blue.
Source: Made by the author.

4.2 Subcubic bipartite planar graphs

We now turn our attention to another very important graph class: the planar graphs.
We are going to show that (k, £)-IIB is also NP-complete even in very restricted instances of this
class.

The reduction is from RESTRICTED PLANAR 3-SAT (R-PLANAR-3-SAT for short).
In R-PLANAR-3-SAT, we are given a CNF formula in which every clause has at most 3 literals,
and every variable occurs exactly 3 times: twice as a positive literal and once as a negative literal.
Moreover, the clauses have size only 2 or 3 and the graph associated with the formula is a planar

graph. R-PLANAR-3-SAT was proven to be NP-complete in (DAHLHAUS et al., 1994).

Theorem 4.3. (k,{)-IIB is NP-complete even if we restrict the problem to total-restriction

instances in which the graph is a subcubic planar bipartite graph.
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Proof. Let @ be an R-PLANAR-3-SAT formula, V(@) the set of variables of ¢, and €’ (¢) the set
of clauses of ¢. In R-PLANAR-3-SAT, a graph G is associated to the formula ¢, such that G is
a bipartite graph with vertex set V(@) U % (¢) and there is an edge between a variable x and a
clause C if C has a literal x or X. Observe that, in this graph, a variable vertex x is connected to
exactly three clauses, one of them being a clause in which x is a negated literal. Let Cx be this
clause. Then, there is an edge xCx in the graph. We can subdivide this edge, obtaining a new
vertex X without breaking the planarity of the graph (Figure 19). Now, in this graph, we have

vertices representing the literals which are connected to their respective clauses.

()

X C

a @ @ :
e (b) Graph after the subdivision assuming that C; is

(a) Ilustration of x before the subdivision. the clause that contains the literal X.
Figure 19 — Subdividing a edge to separate the literals x and X without breaking planarity.
Source: Made by the author.

We are going to create a graph Gy = (V, E) with thresholds 7, and a set of initially
infected vertices S,. For each variable x € V(¢), we are going to add to G the gadget depicted
in Figure 20. The gadget consists of two infected vertices x and X, representing the positive and
negative literals of variable x, respectively, together with an auxiliary vertex x’ with threshold

to(x") = 2 that is connected with both x and x.

Figure 20 — The gadget for each variable of V(¢). The infected vertices are shown in black and
the auxiliary vertex is shown in gray. The threshold is shown in red.
Source: Made by the author.

Next, for each clause C € €'(¢@), we are going to create an uninfected vertex C which

is connected with the vertices relative to its literals. The threshold of a clause vertex is equal to
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the number of literals it has, i.e., if C is of the form (xV yV z), then 75(C) = 3, otherwise if C is
of the form (xV y), then #,(C) = 2. Observe that this graph is exactly the graph we described in
the first paragraph of this proof, with the addition of the auxiliary vertices x’ for each variable x.
But we can see x’ as the vertex obtained from a subdivision of the edge xx, thus the addition of
the auxiliary vertices do not break the planarity of the graph.

With this, we have the 7,-irreversible process @¢ = I,(p (G(p, S(p). Finally, we define
k=2|V(@)|and £ = |V(¢)|, i.e., we want to find a total restricting set for &, with size at most
|V(¢)|. The idea is that immunizing a vertex codifies the assignment of the value TRUE to the
correspondent literal.

Let us exemplify such a construction. Take, for example, the following R-PLANAR-

3-SAT formula:
O=wVvVWW)A@VYVX)ANUVIVI)IANGV)AWVZVY)A (VI A(WVZ). 4.1)

We have that V(@) = {u,v,w,x,y,z} and € (@) = {C},C3,...,C7}. Let Ci, i € {1,...,7}, denote
the i-th clause from left to right in ¢. Figure 21 shows the graph obtained by this construction.
We have already argued that G is planar. Let us show now that G is also bipartite

and subcubic.

Claim 4.4. The graph G is a subcubic bipartite planar graph.

Proof. One can see that G is subcubic by looking at the degrees for each type of vertex: a
clause vertex has degree at most 3, a positive literal vertex has degree 3, a negative literal vertex
has degree 2, and an auxiliary vertex has degree 2. Thus, G is subcubic.

Let A= {x'|x € V(¢)} be the set of auxiliary vertices of Gy. To see that G, is
bipartite, define the partition (X,Y) of the set of vertices of G, such that X = € (¢) UA and
Y = {x,X|x € V(¢)}. It’s clear that the edges of G, are only from vertices in X to vertices in

Y. U

Now, assume that ¢ has a satisfying assignment . : V(@) — {TRUE, FALSE}.

Claim 4.5. Y = ({x | .“(x) = TRUE} U {X | -7 (x) = FALSE}) is a total restricting set for P
and |Y]| <[V (9)|.

Proof. For each variable x € V (), either x € Y or X € Y, but not both. By this, we have that
Y] < |V(@)|. Moreover, this fact also implies that each vertex x’, for x € V(¢), is safe, since its

threshold is 2 and it is connected only with x and X. Finally, since each clause has at least one
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2 ( Ce

Figure 21 — The subcubic bipartite planar graph obtained in this reduction for the R-PLANAR-3-
SAT formula 4.1.
Source: Made by the author.

TRUE literal, we have that every clause vertex is also protected by Y. Thus, Y is a total restricting

set for . O]

Conversely, assume that &, has a total restricting set Y such that |Y| < |V (¢).

Claim 4.6. Let x € V(@). We have that exactly one vertex from the triple (x,x',x) isin Y.

Proof. Suppose that none of them are in Y. This implies that the vertex x” will be infected. Thus,
Y is not a total restricting set of Z.

Now, suppose that at least two of them are in Y. Since |Y| < |V (¢)], there exists a
variable, let us say y, such that both vertices correspondent to its literals, y and y, are notin Y.

But then y’ gets infected. This means that Y is not a total restricting set of Z. U

By the claim above, we can obtain an assignment . : V(¢) — { TRUE, FALSE} for

¢ in the following way. For each x € V (@), if x € Y we set . (x) = TRUE, otherwise if x € Y,
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we set . (x) = FALSE. If X' € Y, then any value assignment to variable x do not interefere in the
formula satisfiability. Since each clause is protected by some immunized literal, we have that .
satisfies the formula ¢.

With this, we have proved that (k, ¢)-IIB is NP-complete even for subcubic bipartite
planar graphs. ]

In this chapter, we have seen that even for very restricted graph classes it is still
unlikely for (k,¢)-IIB to have efficient algorithms even when we parameterize by ¢. In the next

chapters, we are going to explore other classes, looking for positive results.

4.3 A brief commentary and a conjecture about the hardness of (k, /)-IIB on trees

Trees are a very important and wide graph class and it is a subclass of planar graphs,
chordal graphs, and bipartite graphs, all classes for which we have hardness results as seen in the
last chapter. The FIREFIGHTER problem, which is very similar to (k, ¢)-1IB, is also NP-complete
for trees. Even though we do not have the game-like behavior in (k, ¢)-11B, which might make
the problem “easier” if compared to FIREFIGHTER, we still have general thresholds and a seed
set that can be big and disconnected instead of being a single vertex that might make the problem
“harder”.

Moreover, when we started to think and design an algorithm to solve (k,¢)-I1IB
on trees, there is a problem that appeared that is similar to the KNAPSACK problem. In the
KNAPSACK problem, we are given a set of items / = {1,...,n} with values V = {vy,...,v,} and
weights P = {py,...,pn} where v; and p; are the value and weight of item i, respectively, and a
maximum weight W. The goal is to choose a subset of items such that the sum of their weights
do not surpass the maximum weight W and the sum of their values is maximum. Suppose you
have a rooted tree 7" with root r and we want to restrict the infection to at most k vertices. If
r has p children, we may want to know how many vertices out from the maximum k infected
vertices are going to be in subtrees 7,...,T),, where T; is the subtree rooted at child i of r. In
other words, we want to distribute the maximum number of infected vertices k or k — 1 (in the
case we let r get infected) among the subtrees. If we let less vertices get infected in a given
subtree, we might need more vertices to immunize in that subtree to protect the rest. Now, we
can make an analogy to the KNAPSACK in the following way. We can think on the number of

vertices we immunize in a subtree as its weight and the number of vertices saved in that subtree
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as its value. Now, every possible way to immunize a given subtree can be viewed as an item with
value and weight and we want to maximize the sum of the values, i.e., the total number of saved
vertices, without surpassing the maximum number of immunized vertices k. This is then very
similar to KNAPSACK.

We, however, do not have a proof of NP-completeness for (k, ¢)-IIB restricted to
trees (yet!). Since KNAPSACK and FIREFIGHTER are both NP-complete problems and, given the

reasons outlined above, we make the following conjecture.

Conjecture 4.7. (k,0)-11B is NP-complete even if the graph is a tree.
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S BOUNDS AND EXACT VALUES FOR THE k-RESTRICTING NUMBER OF SOME
GRAPH CLASSES

As seen in the last chapter and the work from Cordasco et al. (2023), (k,¢)-1IB is
hard in bipartite, chordal, split, planar, and subcubic graphs. This Chapter shows that (k, ¢)-IIB
can be solved efficiently on some graph classes. Moreover, we also show some potentially
useful observations about the problem and bounds for the k-restricting number of ¢-irreversible
processes under some reasonable conditions.

We start first by proving the following result which is similar to Theorem 3.5 for

FIREFIGHTER.

Theorem 5.1. Let G be a graph with thresholdst : V(G) — N, S CV(G) a seed set, & = I,(G,S)
a t-irreversible process, and Y a minimum total restricting set for 2. For each vertexy € Y, we

have that y € S or y is adjacent to some vertex from S.

Proof. Suppose that there exists a minimum total restricting set Y for &7 that immunizes a vertex
x € V(G) such that x ¢ S and x is not adjacent to any vertex from S. Then, Ng[x] Z S. But then
Y' =Y\ {x} is a total restricting set of &2 with |Y'| < |Y]. O

Now, we show another observation about total restricting sets in graphs where the

threshold of every vertex is equal to its degree.

Theorem 5.2. Let & = I,(G,S) be a t-irreversible process in a graph G with thresholds t(v) =
dg(v) for each v € V(G), and seed set S. Then, there always exists a minimum total restricting

setY for & such thatY CS.

Proof. Let v be an initially uninfected vertex from G. If the number of infected neighbors of
v is strictly less than dg(v), then v is not in a minimum total restricting set, otherwise it would
not be minimum. Suppose then that all neighbors of v are infected. Let Y’ be a minimum total
restricting set for & and suppose that v € Y’. Since Y’ is minimum, all neighbors of v are not in
Y’ because, if at least one neighbor of v is in Y/, then v is already protected and does not need to
be immunized. Let w be one such neighbor of v. Then, ¥ =Y’\ {v} U{w} is a minimum total

restriction set of 2. [
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5.1 The k-restricting number for complete graphs with all thresholds equal

Complete graphs are a subclass of chordal graphs, a class of graphs for which (k,/)-
IIB is W[2]-hard as we have seen in Chapter 4. In this section, we give exact values of the
k-restricting number of complete graphs. We start by looking at the case when all the thresholds

of all uninfected vertices are equal.

Theorem 5.3. Let ¢ = c(n) and & = I(G,S) be a t-irreversible process defined over a complete

graph G = K,, and thresholds t(v) = t(u) = c for all vyu € V(G)\ S. Then, for any k > |S|, the

following holds:

min{|S|—c+1,n—k}, if|S|>c
(7. = 4 TS boifls]

0, otherwise.

Proof. 1If |S| < ¢, no vertex will ever be infected since there aren’t enough infected vertices to
surpass the threshold. So, in this case, R(Z,k) = 0 (Figure 22a).
Suppose now that |S| > ¢ and, by absurd, that R(Z?,k) < min{|S| —c+ 1,n —k}.
Let Y be a k-restricting set of & with size R(Z, k). We have three cases:
* Y CS. Since R(Z,k) < |S| —c+1, all vertices in V(G) \ S are going to be infected
because they all have at least ¢ infected non-immunized neighbors.
* Y CV(G)\S. Since R(Z, k) < n—k, more than k vertices are going to be infected.
* Y ZV(G)\SandY ¢ S. Neither the number of infected vertices decreases below ¢ nor
the infection is contained to k vertices.

In all the three cases, we conclude that Y is not a k-restricting set of 2. O

5.2 Bounds for the k-restricting number for paths with thresholds 2

We establish the following simple bound on the k-restricting number of a process in

which the graph is a path and the thresholds are all equal to 2.

Theorem 5.4. Let G = P, be a path graph with n vertices and thresholds t(v) = 2 for each
v e V(G), seed set S CV(G), & =1(G,S). Then

Ry () < H
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3

(b) Suppose k = 4. Then, we have two options: we
either immunize |S| —c+ 1 = 2 infected vertices
(a) When |S| < ¢, no vertex will ever be infected. (blue) or n — k = 2 uninfected vertices (green).
Figure 22 — Some examples of the immunization number on complete graphs when all thresholds
are fixed. The thresholds are shown in red.

Proof. For G = P, and seed set S C V(G), define an S-alternating path of G as a maximal path
with 3 or more vertices of G in which the vertices alternate in pertinence to S (Figure 26). The
main observation is that the only vertices that get infected are the vertices in S-alternating paths
because they need 2 neighbors to get infected. Because of this, we can split G into S-alternating
paths and consider them separately (Figure 26).

This proof follows by induction on the number of S-alternating paths of G.

Do not change state!

N o

An S-alternating path of G

Figure 23 — The vertices in subgraphs of G that are not S-alternating paths will never change
their states because all the thresholds are 2 and each such vertex has at most one
infected neighbor. The infected vertices are shown in black.

Source: Made by the author.

Base case: G has exactly one S-alternating path. Let P = vyv;...v, be the S-
alternating path of G. If p = 3, we can stop the infection by immunizing any vertex from P

(Figure 24). If p = 4, we also have that only one vertex is enough to stop the infection (Figure

25).
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.—O—E

(a) The infection stops by immunizing any vertex. The

immunized vertex is shown in blue.
o—e—=O

(b) When the S-alternating path has length 3 and starts with
an uninfected vertex, the infection does not spread.
Figure 24 — Possible options with S-alternating paths of length 3.

Source: Made by the author.

Figure 25 — When the S-alternating paths has length 4, we can inhibit the infection by immunizing
only one vertex.
Source: Made by the author.

When p > 5, we can split the S-alternating path into several S-alternating paths of
size 4 starting with an infected vertex, perhaps with the exception of the last one, which will
have length p mod 4. For each piece of the path, we can immunize only one vertex, inhibiting

the infection in that piece. Doing this on all pieces, we have that (22, k) < [§].

Figure 26 — Splitting a bigger S-alternating path into pieces of length 4 starting with infected
vertices.

Source: Made by the author.

Now, let G be a path with thresholds 2 and p > 1 S-alternating paths. Then, G has
two consecutive vertices u and v between two S-alternating paths such that both # and v have
the same state. By removing the edge uv from G, we split G into two paths P; and P, with
thresholds 2 and less S-alternating paths. Let &) = I,(P;,SNV(P})) and &2, = L(P,,SNV(P)).

By the inductive hypothesis, we have that for any k, R(Z1,k) < ['V(‘Lﬂ-‘ and

V(P
R(S,k) < P(4—2)|1 From this, we have:
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5.3 Upper bounds on the k-restricting number based on the pathwidth

Several NP-complete problems have been solved when parameterized by the tree-
width. This is one of the reasons why the treewidth is such a studied and important parameter
of graphs. Several graph classes were shown to have bounded treewidth, leading to strong
polynomial algorithms to solve a number of problems in these classes. (k,¢)-1IB, however, is
W/[1]-hard parameterized by the treewidth as shown by Cordasco et al. (2023), suggesting that
we cannot solve (k,¢)-IIB in FPT time parameterized by this parameter. Another parameter that
is closely related to the treewidth is the pathwidth.

Path decompositions are a special case of tree decompositions in which the subjacent
tree of the decomposition is a path. The smallest width from a path decomposition of a graph is
called the pathwidth of the graph, denoted by pw(G). Of course, tw(G) < pw(G), and then every
graph with bounded treewidth also has bounded pathwidth. This list includes trees, caterpillars,
planar and outerplanar graphs, series-parallel graphs, and Halin graphs. There are also some
graph classes in which pw(G) = tw(G), such as cographs.

We show next that, if some conditions about the seed set and the maximum number of
allowed infected vertices hold, we can obtain a small (although possibly not optimal) restriction

set which depends only on the pathwidth of the input graph.
5.3.1 Definitions

Let 7 = (X, T) be a tree decomposition of a graph G. Recall that, for a vertex v of
G, the bags of .7 in which v is in induce a subtree 7, of 7. When .7 is a path decomposition of
a graph, then 7, is a subpath of T'.

Let G be a graph, & = I,(G, S) a t-irreversible threshold on G, and .7 = (X,T) be a
path decomposition of G. For a vertex v € V(G), let us denote by A", () the set of final active

vertices of & that share a bag of .7 with v. That is:
A7(2)=( U Xx)nA"(2).
ieV(T,)
For a graph G with thresholds ¢ : V(G) — N and seed set S C V(G), let us define a
transformation of G we call the one-seed transformation. We apply the one-seed transformation
on (G,t,S), obtaining (G’,',{s}) and we call G’ the one-seed graph,t' : V(G') — N the one-seed

thresholds, and s the one-seed vertex of (G,t,S).
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The one-seed graph G’ of (G,t,S) is obtained by identifying all the initially active
vertices S in G. Let s be the vertex that is generated by such an identification, then s is the

one-seed vertex. Now, we define the thresholds ¢’ as follows.

(

max{t(v) — |SNNg(v)|+ 1,1} ifveV(G)\S,and Ng(v)NS #0,

f(v)=<1,ifv=s

\t(v), otherwise.

Now, let 2’ = I,(G',{s}) be the t'-irreversible process on the one-seed graph G’
and one-seed thresholds ¢’ of (G,t,S). Observe that Az(Z?') \ {s} = A¢(Z)\ S, for any 7 > 0.
That is, at each time step, the vertices that get active in 92’ are that same vertices that get active
in & at the same time step.

Now, let us state the condition that we need to prove our result. Let & = I,(G, S) be
a t-irreversible process and &' = I,(G’, {s}) be the z-irreversible process in which (G',#',{s})
is the one-seed transformation of (G,z,S). Let .7’ = (X, T) be the path decomposition of the

one-seed graph G'. Now, for k > |S|, we state the Condition 5.5.
Condition 5.5. k—[S|+1 > |A%,,(2)].

Intuitively, Condition 5.5 means that the maximum number of allowed infected
vertices (i.e., the parameter k) is at least the number of vertices that share a bag with s and that

gets infected during the process.
5.3.2 Proof of bounds

Now, we are ready to state our result and prove it.

Theorem 5.6. Let G be a graph with thresholds t : V(G) — N, S CV(G), and (G',t',{s}) be
the one-seed transformation of (G,t,S). Let 7' = (X, T) be a path decomposition of G' with
width pw(G'). Suppose that Condition 5.5 holds for & = I,(G,S), 2' = 1,(G',{s}), 7' and
k> |S|. Then

R(P,k) <2(pw(G') +1).

Proof. Let X; and X be the bags from .7 which corresponds to the endpoints of the subpath 7.
Let X; | and Xy, denote the predecessor and successor bags of X; and X, respectively, if they

exist. If X; | or X7 do not exist, let they be the empty set. Figure 27 illustrates this.
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Xi1 Xi Xy X1

o o o
Figure 27 — Illustration of a path decomposition of G’ with T in blue and X;_1, Xy in red.
Source: Made by the author.

Define Y = X; 1 UXy, . Recall that every bag of a tree decomposition is a separator
of the graph. Thus, by immunizing the vertices from Y, we are preventing every vertex outside of
the T} bags from being infected. Moreover, Y retains the infection to exactly |A%,,(Z?')] vertices.
Thus, Y is a |A*,, (') |-restricting set of &'

That means that, in &, the same set ¥ will restrict the infection to |A%,, (2?')|+|S| —1
because, in &2, the seed set is the whole set S instead of a single vertex. Since Condition 5.5 holds,
Y is a k-restricting set of &7. Moreover, the size of Y is |[Y| = [X;—1| + |X41| < 2(pw(G') +1).

This concludes our proof. 0

If we receive a path decomposition of the graph as input, the proposition above gives
us an algorithm to find such restriction set. In the example of Figure 28, we show a restriction
set obtained from the path decomposition of the one-seed graph. Deciding if a graph has a path
decomposition of width w is NP-hard for planar graphs, chordal graphs, and distance-hereditary
bipartite graphs, among other classes (BODLAENDER, 1993). However, itis FPT parameterized
by the width w and can be computed in polynomial time for forests, interval graphs, and some
other graph classes with bounded treewidth. There are also some known upper bounds on pw(G),
which helps us derive better upper bounds for some graph classes by using Theorem 5.6 when
Condition 5.5 holds.

However, since the one-seed graph G’ is obtained from G by identifying a set of
vertices, the pathwidth of G’ might differ a lot from the pathwidth of G. In Theorem 5.6 we
are always dealing with G, but we want to say more about G by using G’. Few graph classes
are closed under the identification of vertices and, as far as we know, none also have bounded
treewidth or pathwidth. On the other hand, there are several graph classes closed under the
contraction of edges that have bounded treewidth and pathwidth, such as trees and planar graphs.
Then, if we have G[S] connected in these graph classes, which is a reasonable assumption since
the infection spreads “through the edges”, we know that G’ is also from the same class because
the identification of vertices from the seed set would be analogous to edge contractions. This is

what brings us to the next results.
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(a) Graph G with thresholds in red and the restriction set Y = {F,H,J} obtained from the path decom-
position of G’ highlighted in blue. We can see that it is possible to further decrease the size of this
immunizing set by removing J, obtaining a 7-restricting set for G of size 2.

(b) Graph G’ obtained with the one-seed transformation of (G,#,S = {C,D,E,G,I}) and the subgraph
induced by the vertices from the bags of T} in red.
Xi Xy Xpi1

A,B,s s, EH E H,J E I L E 1K K.M M,N, O

(c) The path decomposition of G’ with X;, X/, and X, highlighted.
Figure 28 — Illustration of the process to obtain a restriction set as in Theorem 5.6.
Source: Made by the author.

5.3.3 Application in classes that are closed under edge contractions

If a graph G belongs to a class which is closed under edge contractions and have
bounded pathwidth, we can state Theorem 5.6 in terms of pw(G) rather than pw(G’). Fortunately,
there are several such graph classes which have bounded treewidth or pathwidth. In this
subsection, we are going to show bounds for specific classes by using Theorem 5.6.

First, let us state the following result from Korach and Solel (1993).

Theorem 5.7. (Korach and Solel (1993)) Let G be a graph with treewidth tw(G). Then, pw(G) €
O(tw(G) -logn).

To get to the result above, Korach and Solel (1993) show that
pw(G) <2-tw(G)(logn+2).

We are going to use this expression next.
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Corollary 5.8. Let T be a tree with n vertices, thresholds t : V(G) — N, seed set S CV(T) such
that T[S is connected, & = I,(T,S), and k € N such that Condition 5.5 holds. Then

R(LP,k) <4-(log(n—|S|+1))+10.

Proof. Since S is connected, we have that the graph T’ obtained by the identification of S is
also a tree, thus rw(7T’) = 1 and, by the result from Korach and Solel (1993), we have that
pw(T") <2-tw(T")(log(|V(T")|) +2) =2 - (log(n—|S| + 1) +2). By Theorem 5.6, we get that
R(P,k) <2-(2-(log(n—[S|+1)+2)+1) =4-(log(n—|S|+1)) + 10. O

Trees are connected graphs that exclude K3 as a minor. Now we show similar bounds
for other two important graph classes: outerplanar, which excludes K4 and K5 3 as minors; and
planar, which excludes Ks and K3 3 as minors. To show our bounds, we use the following result

from Bodlaender (1998).

Theorem 5.9. (Bodlaender (1998)) Let G be a graph on n vertices. If G is outerplanar, then
tw(G) < 2. If G is planar, then pw(G) € O(y/n).

Corollary 5.10. Let G be an outerplanar graph with n vertices, thresholds t : V(G) — N, seed
set S C V(G) such that G[S|] is connected, & = I;(G,S), and k € N such that Condition 5.5 holds.
Then

R(Z,k) € O(log(n—|S|+1)).

Proof. Since G[S] is connected, we have that the one-seed graph G’ is also outerplanar. Thus,
tw(G’') <2 by Theorem 5.9. Since Condition 5.5 holds, we have by Theorem 5.6 and Theorem
5.7 that R(Z2,k) < 2(pw(G') + 1) € O(tw(G") - log(|V(G)|)). As [V(G)|=n—|S|+1, we
conclude that /(2. k) € O(log(n—|S| +1)). O

Corollary 5.11. Let G be a planar graph with n vertices, thresholds t : V(G) — N, seed set
S C V(G) such that G[S] is connected, & = I;(G,S), and k € N such that condition 5.5 holds.
Then

R(P,k) € O(/n—|S[+1).

Proof. Since G|S] is connected, we have that the one-seed graph G’ is also planar. Thus,

pw(G') € O(/|V(G)|) = O(y/n—|S| + 1) by Theorem 5.9. Since Condition 5.5 holds, then by
Theorem 5.6 we conclude that R( 22, k) € O(\/n—|S|+1). O
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Bodlaender (1998) has another result for planar graphs in terms of its radius. We can

also use this result in a similar fashion to what we have been doing in this last few results.

Theorem 5.12. (Bodlaender (1998)) The treewidth of a planar graph with radius d is at most
3d+1.

Corollary 5.13. Let G be a planar graph with n vertices and radius d, thresholds t : V(G) — N,
seed set S C V(G) such that G[S] is connected, & = I,(G,S), and k € N such that Condition 5.5
holds. Then

R(L,k) <4 <(3d—|— 1)-log(n—|S|+1)+ 1> .

Proof. Since G[S] is connected, we have that the one-seed graph G’ is also planar. Moreover,
the radius of G’ is no more than d and, when we identify vertices, we might also decrease
distances between vertices. Thus, by Theorems 5.12 and 5.7, and Theorem 5.6, we have that

R(P,k) <2-(2+2-(3d+1)-log(n—|S|+1)) = 4- ((3d+1)-1og(n—\sy+1)+1). 0

Let us generalize results such as these. We are going to use the following results

from Robertson and Seymour (1986) and Eppstein (2000).

Theorem 5.14. (Robertson and Seymour (1986)) For every planar graph H there is an integer
t(H) > 0 such that every graph in the class ¢ = exc(H) has treewidth at most t(H).

Theorem 5.15. (Eppstein (2000)) Let € be a graph class. We say that € has the diameter-
treewidth property if every graph G from € has tw(G) € O(d(G)), where d(G) is the diameter
of G. € has the diameter-treewidth property if and only if € does not contain every apex graph.

Corollary 5.16. Let H be a planar graph and € = exc(H) be the graph class that excludes H as
a minor. For a graph G in € with n vertices, thresholds t : V(G) — N, seed set S C V(G) such
that G[S| is connected, & = I;(G,S), and k € N such that Condition 5.5 holds, we have that

R(2,k) € Olog(n— |S|+1)).

Proof. Since ¢ is minor-closed and G[S] is connected, the one-seed graph G’ is also in ¢ and,
by Theorem 5.14, tw(G') is bounded. By using Theorem 5.7 and Theorem 5.6, we have that
R(Z,k) <2-(pw(G)+1) € O(tw(G') -log(n—|S|+ 1)) = O(log(n— |S| + 1)). O
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Corollary 5.17. Let € be a minor-closed graph class with the diameter-treewidth property. For
a graph G in € with n vertices and diameter d, thresholdst : V(G) — N, seed set S C V(G) such
that G[S] is connected, & = I;(G,S), and k € N such that Condition 5.5 holds, we have that

R(Z,k) € O(d-log(n—|S|+1)).

Proof. Since ¢ is minor-closed and G[S] is connected, the one-seed graph G’ is also in ¢ and,
by Theorem 5.15, tw(G') € O(d(G’)). By using Theorem 5.7 and Theorem 5.6, we have that
R(LP, k) <2-(pw(G)+1) € O(tw(G") -log(n—|S|+1)) = O(d -log(n— |S| + 1)). O

We now finish this compilation of corollaries from Theorem 5.6 by showing a result
that does not depend on the graph induced by S being connected nor on minor-closed graph
classes. Rather, it says to us that the fewer the edges the easier it is to contain the infection. For

this last corollary, we rely on the following result from Kneis et al. (2009).

Theorem 5.18. (Kneis et al. (2009)) Let G be a graph with m edges. Then, pw(G) < =555 + 3.

Corollary 5.19. Let G be a graph with m edges, thresholds t : V(G) — N, seed set S C V(G),
P =1,(G,S), and k € N such that Condition 5.5 holds. then,

m
<
R(Z,k) < 2.6O7+8
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6 CONCLUSIONS AND FUTURE WORK

In this work, we studied the problem (k,¢)-INFLUENCE IMMUNIZATION BOUNDING
BOUNDING, introduced by Cordasco et al. (2023). In Chapter 4, we showed some hardness
results. The problem remains W/|2]-hard or NP-hard even if we restrict the graph to be in very
restricted classes. Moreover, all our hardness results are for the specific case of (k,£)-1IB when

, 1.e., we want to restrict the infection only to the already infected vertices, which

we setk = |S
we call total restriction. We also conjectured that the general case of (k, ¢)-IIB is NP-complete
for trees. In Chapter 5, we showed that (k,¢)-IIB can be solved efficiently in complete graphs
when all thresholds are equal.

These results allow us to provide a new complexity scenario for the problem, com-

plementing Table 1.

Graph Class (k,¢)-1IB General Case (k,¢)-1IB Total Restriction
W-hard (several parameters) W(2]-hard (¢) [4.1]
General Graphs | (R DASCO et al., 2023) NP-complete [4.3]

Trees Open problem [Conjecture 4.7] Open problem
Pforz(v)=c VYv[5.3] Pfort(v)=c Vv[5.3]

Complete Open for general thresholds Open for general thresholds
Split W{2]-hard (¢) [4.1] W(2]-hard (¢) [4.1]
Chordal W{2]-hard (¢) [4.1] W(2]-hard (¢) [4.1]
Bipartite W{2]-hard (¢) [4.2] W(2]-hard (¢) [4.2]
Planar NP-complete [4.3] NP-complete [4.3]
Subcubic NP-complete [4.3] NP-complete [4.3]

Table 2 — (k,¢)-IIB complexity table with our results for some graph classes.

We also proved a simple bound for the number of immunized vertices necessary
to restrict the infection in paths with thresholds equal to 2 and bounds for minor-closed graph
classes such as planar graphs, outerplanar graphs, and trees when £ is sufficiently big and the
seed set is connected.

As future work, we may want to keep studying other graph classes and parameters,

searching for polynomial algorithms or FPT algorithms for (k,¢)-1IB. Interesting classes to
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be explored are subclasses of those in Table 2 and other similar classes. For example, paths,
caterpillars, or regular graphs seem to be good classes to be explored. We think that the general
case of (k,£)-1IB is in P for paths. FIREFIGHTER, which is a very similar problem to (k, ¢)-11B,
can be solved efficiently by a simple greedy algorithm in caterpillar, thus it might be a good class
to also explore. Both paths and caterpillars are trees. Regular graphs such as grids are also a
class with a very specific structure and well behaved structures might make it easier to restrict
infections. We also want to fill the gaps in Table 2 by showing if the general case of (k,¢)-IIB is
NP-complete or not for trees and complete graphs, also proving or disproving our Conjecture
4.7.

From the parameterized point of view, there are several parameters to be studied
other than those studied by Cordasco et al. (2023) and showed in Table 1. Modulators are
parameters that measure “how distant” a graph is from being in a certain class. For example, the
vertex cover number of a graph measures how many vertices we need to remove from the graph
for it to become an independent set. As future work, we want to study the problem parameterized
by modulator parameters and/or other parameters, seeking for parameterized hardness results or
FPT algorithms. We can also investigate how good the bounds established by Condition 5.5 are
by investigating the maximum number of bags that a vertex might be in a path decomposition or
in a tree decomposition of a graph.

The version of the problem for directed graphs, in which only the in-neighborhood
of a vertex influences its state, is not studied yet. Another variation that is not studied is the
version for reversible process, in which active vertices can get inactive and vice-versa. We want

to introduce both variations of (k, ¢)-IIB and study them as future work.
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