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Abstract—This paper develops a novel channel estimation
technique for frequency-selective mmWave MIMO channels using
a hybrid analog-digital architecture. By adopting a tensor formal-
ism to model the effective channel, we link the channel estimation
problem to the theory of multi-way compressive sensing of sparse
tensors via Parallel Factors (PARAFAC) analysis. By leveraging
on this link, a joint estimation of the compressed channel bases
(spatial transmit, spatial receive and delay) can be obtained by
means of an alternating least squares algorithm. Once these
bases are estimated, the channel parameters are extracted by
solving a simpler compressive sensing (CS) problem for each
basis. Some useful bounds on the minimum number of beams and
pilot sequence length can be derived from Kruskal’s uniqueness
conditions for sparse PARAFAC models. Remarkable channel
estimation performance is obtained with short pilot sequences
and very few beams, as shown in our simulation results.

I. INTRODUCTION

Beamforming for 5G mobile communication systems
promises a great increase in wireless data rates by leveraging
on the massive number of antennas at the base station (BS).
Massive multiple-input multiple-output (MIMO) has the poten-
tial to provide extremely high energy and spectrum efficiencies
required to 5G networks [1]. This potential is achieved if
the system (i) implements digital beamforming and (ii) has
accurate channel state information (CSI) available [2].

The implementation of a complete digital architecture for
massive MIMO systems is a tremendous challenge [3]. A
dedicated radio frequency (RF) chain is used at each antenna,
including a power amplifier (low-noise amplifier at the re-
ceiver) and a digital to analog converter (DAC) (analog to
digital converter (ADC) at the receiver) [3], [4]. However,
for a very large number of antennas, the power consumption
levels of high resolution ADC and DAC become prohibitive
[3], [5]. To face such a problem, the use of hybrid beamform-
ing (HB) architectures in massive MIMO systems has called
attention, especially in millimeter wave (mmWave) systems.
Essentially, a hybrid architecture combines analog and digital
signal processing by using a limited number of RF chains
(much smaller than the number of antennas). The digital part
performs baseband processing using microprocessors, while the
analog part is implemented at the RF domain by using phase-
shifter networks [3], [5], [6].

To foresee the expected massive MIMO gains, a HB
transceiver must have partial or complete channel state in-
formation (CSI) knowledge. Usually, channel estimation is
accomplished by resorting to pilot-assisted (beam training)
schemes [6], [7]. The channel acquisition problem plays an
important role in large array systems due to the pilot overhead.
Some works, such as [7]–[9] have addressed the estimation of
a massive MIMO channel by exploiting the intrinsic channel

sparsity. With the growing interest in hybrid architectures,
the development of bandwidth-efficient channel estimation
schemes capable of operating with a minimum pilot overhead
is a hot topic, especially in wideband systems where channel
frequency selectivity poses an additional challenge.

The works [3], [6] discuss the problem of channel esti-
mation for HB architectures, where solutions based on com-
pressive sensing (CS) are developed. In [10], a solution to
deal with frequency selective channels is proposed. Therein,
the authors propose to stack the time-domain samples of the
received signal during multiple frames, each one associated
with a given transmit beam. Using a traditional (vector-based)
CS framework, the receiver is capable of extracting the channel
parameters (angle of departure (AoD) and path gain). Accurate
channel estimates can be obtained at the price of a high
computational complexity due to the large dimension of the CS
problem at hand. When considering multiple receive antennas,
the approach of [10] results in even higher complexity, which
may be prohibitive in a practical setting. It is worth noting,
however, that the frequency-selective mmWave channel model
admits a sparse representation in three dimensions (spatial
transmit, spatial receive and delay) and can be modeled as
a sparse (compressible) low-rank tensor.

In this work, we exploit both sparse and multidimensional
structures of the frequency-selective mmWave MIMO channel.
By using a tensor modeling formalism, we recast the channel
estimation problem as a multi-way compressed sensing prob-
lem [11]. Based on this link, we present a tensor-based channel
estimation method consisting of two phases. First, a joint
estimation of the compressed channel bases (spatial transmit,
spatial receive and delay) can be obtained by means of an al-
ternating least squares algorithm. Then, the channel parameters
are extracted by solving a simpler compressive sensing (CS)
problem for each basis (i.e. per tensor dimension). We also
derive useful conditions on the minimum number of beams and
pilot sequence length that guarantee the unique recovery of the
channel bases, by exploiting Kruskal’s uniqueness conditions
for sparse Parallel Factor (PARAFAC) models [11].

Notation: Scalars are denoted by lower-case letters (a, b),
vectors by bold upper-case letters (a,b, ..), matrix by bold
upper-case letters (A,B, ..), and tensors are defined by calli-
graphic upper-case letters (A,B, ...). a(i) denotes the ith entry
of vector a ∈ CI , A(i, j) denotes the (i, j)th entry of matrix
A ∈ C

I×J , while A(i, j, k) represents the (i, j, k)th entry of
tensor A ∈ C

I×J×K . The vec{·} operator vectorizes a matrix
by stacking its columns, ⊗ stands for the Kronecker product,
and � is the Khatri-Rao product (column-wise Kronecker
product). The 1-mode unfolding of tensor Y ∈ C

I1×I2×I3

is denoted as Y1 ∈ C
I2I3×I1 . The 2-mode (resp. 3-mode)

unfolding of this tensor is denoted as Y2 ∈ C
I3I1×I2 (resp.

2017 IEEE 7th International Workshop on Computational Advances in Multi-Sensor Adaptive Processing (CAMSAP)

978-1-5386-1251-4/17/$31.00 ©2017 IEEE

Authorized licensed use limited to: UNIVERSIDADE FEDERAL DO CEARA. Downloaded on November 17,2022 at 18:22:01 UTC from IEEE Xplore.  Restrictions apply. 



s = [0, . . . , 0︸ ︷︷ ︸
Nc

, s1, . . . , sP ] s = [0, . . . , 0︸ ︷︷ ︸
Nc

, s1, . . . , sP ] . . .
s = [0, . . . , 0︸ ︷︷ ︸

Nc

, s1, . . . , sP ]

F(:, 1)W

frame 1

F(:, 2)W

frame 2

F(:, I)W

frame I

transmit beamreceive beams

Fig. 1. Pilot transmission structure. The receiver uses the same set of beams
while the transmitter changes its beams from frame-to-frame.

Y3 ∈ C
I1I2×I1 ). The n-mode product between a tensor

A ∈ C
I1×I2×I3 and a matrix X ∈ C

Rn×In is defined as
Y = A×n X, so that Yn = AnX

T , n = 1, 2, 3.

II. SYSTEM MODEL

Consider a single user MIMO system where the transmitter
and the receiver are equipped with Nt and Nr antennas,
respectively. Assume that both transmitter and receiver employ
a hybrid beamforming structure using Mt and Mr RF chains,
respectively. The transmitter uses multiple beams to send a
length-P pilot sequence over I spatial directions, while the
receiver uses the Q RF chains to collect the incoming training
signals from these different directions. The spatial filters at the
transmitter and receiver are denoted as F = FRFFBB ∈ C

Nt×I

and W = WRFWBB C
Nr×Q, where I ≤ Mt and Q ≤ Mr

denote the number of beams used in the same communication
resource at the transmitter and receiver sides, respectively. The
channel matrix is defined as a summation of Nc delay tap
matrices Hd, d = {0, 1, . . . , Nc − 1}. The received signal is
expressed as

ri,n =
√
ρ

Nc−1∑
d=0

HdF(:, i)sn−d + zi,n, (1)

where i is the beam index associated with a given transmit
frame, sn is the nth non-zero instance of the training frame

s = [0, . . . , 0︸ ︷︷ ︸
Nc−1

, s1, s2, . . . , sP ] (2)

of length N = P + Nc − 1, ρ denotes the average received
power, and zn ∼ N (0, σ2I) the circularly symmetric complex
Gaussian noise vector. As mentioned in [10], the Nc − 1 zero
padding allows for RF reconfiguration between frames, while
avoiding interframe interference.

Each transmit frame is associated with a specific beam
pattern, i.e. assuming a codebook with I beam patterns, the
system needs I training frames to use the beams specified by
the codebook. Each frame carriers a pilot sequence with P
symbols. Figure 1 shows the frame configuration of the system.
By applying the spatial filters (combiners), we get

yq,i,n =
√
ρW(:, q)T ri,n

= W(:, q)T
Nc−1∑
d=0

HdF(:, i)sn−d + z̃q,i,n, (3)

where z̃q,i,n = W(:, q)T zi,n. Therefore, the output signal can
be modeled as a third-order tensor Y ∈ C

Q×I×P , whose
(q, i, n)th entry can be written as [12]

yq,i,n = H×1 W(:, q)T ×2 F(:, i)
T ×3 S(:, n)

T + z̃q,i,n

where H ∈ C
Nr×Nt×Nc is the channel tensor obtained by

concatenating the Nc channel matrices {Hd}Nc−1
d=0 along its

third mode, i.e. H = H0 �3 H1 �3 . . . �3 HNc−1, and S ∈
C

P×Nc is the convolution matrix containing the pilot sequence

S =

⎡
⎢⎢⎣
s1 0 . . . 0
s2 s1 . . . 0
...

...
. . .

...
sP . . . . . . sP−Nc+1

⎤
⎥⎥⎦

T

.

Collecting the N time-domain samples during I frames (trans-
mit beams) from Q RF chains (receive beams), we get

Y = H×1 W
T ×2 F

T ×3 S
T + Z̃ (4)

There are two basic multiway models largely used in the
literature: Tucker3 and PARAFAC. The first is essential for
data compression as shown in [13], but its uniqueness cannot be
ensured in general. The second is unique under mild conditions
related to the Kruskal-rank concept [11], [14].

III. CHANNEL ESTIMATION VIA MULTIWAY

COMPRESSIVE SENSING

In this section, We formulate a multidimensional sparse
channel estimator for mmWave bands by leveraging on the
uniqueness properties of sparse PARAFAC models.

A. Sparse PARAFAC Formulation

Consider a geometric channel model for a frequency selec-
tive scenario

Hd =
L−1∑
l=0

αlg(dTs − τl)v(θl)v(φl)
H , d = 0, . . . , Nc − 1,

where g(τ) denotes the system pulse shaping evaluated at τ ,
αd ∈ C is the complex gain associated with the dth path, τd
∈ R is the delay of the dth path, θ ∈ [0, 2π) and φ ∈ [0, 2π)
are the AoA and AoD, respectively, v(θ) ∈ C

Nr and v(φ) ∈
C

Nt are the steering vectors for the transmitter and receiver,
respectively.

Let us define the matrices Vr ∈ C
Nr×L and Vt ∈ C

Nt×L

concatenating the receive and transmit steering vectors respec-
tively, and the matrix D ∈ C

Nc×L, the (d, l)th entry of which
is given by D(d, l) = αlg(dTs − τl). The dth channel matrix
Hd can be compactly written as Hd = Vrdiag{D(d, :)}VH

t ,
where diag{D(d, :)} defines a diagonal matrix formed from
the dth row of D. This matrix corresponds to the d-th frontal
slice of the channel tensor H ∈ C

Nr×Nt×Nc , which follows a
rank-L PARAFAC model, i.e.

H = I3,L ×1 Vr ×2 V
∗
t ×3 D, (5)

where I3,L is the third-order identity tensor of dimensions
L× L× L. The uniqueness of the model is guaranteed under
Kruskal-rank of Vr, Vt and D. The Kruskal-rank of Vr,
denoted as kVr

, is the maximum k such that any k columns
of Vr are linearly independent (kVr

< rVr
≡ rank(Vr)).

Given the channel tensor H, if kVr
+ kVt

+ kD ≥ 2L + 2,
then (Vr,Vt,D) are unique up to a column permutation and
scaling [11]. In this work, however, we do not explore directly
the model (5) to estimate the channel parameters. Instead, we
resort to a multi-way compressed representation of the channel.
To this end, let us first substitute (5) into (4), yielding

Y = I3,L ×1 (W
TVr)×2 (F

TV∗
t )×3 (S

TD) + Z̃ (6)
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Comparing (5) and (6), we can see that W, F, and S play
the role of compression matrices associated with the first,
second and third modes of the channel tensor H, respectively.
The received signal tensor Y can also be interpreted as the
“effective” (compressed version of the) mmWave channel. We
assume that the channel tensor H admits a sparse representa-
tion at each mode, which translates into imposing sparsity on
the spatial receive, spatial transmit, and delay domains. Under
this assumption, Y can be expressed as rewritten as

Y = I3,L ×1 (W
TΦ1B1)×2 (F

TΦ2B2)×3 (S
TΦ3B3) + Z̃,

(7)
where Φ1 ∈ C

Nr×Nr , Φ2 ∈ C
Nt×Nt , and Φ3 ∈ C

Nc×Nc ,
are orthogonal bases to the spatial receive, spatial transmit and
delay modes. Likewise, B1 ∈ C

Nt×L, B2 ∈ C
Nr×L, and B3 ∈

C
Nc×L are sparse matrices associated with each mode of the

channel tensor H. Without lacking of generality, we assume
Φ1, Φ2, and Φ3 are Fourier matrices.

Let us define m1 (resp. m2,m3) as an upper bound on
the number of non-zero elements per column of B1 (resp.
B2,B3). More specifically, m1 and m2 are the maximum
number of receive and transmit beams contained in Φ1 and
Φ2, respectively, that describe the spatial response of a channel
path, while m3 is the maximum number of delayed pulse
shaping responses contained in Φ3 that describe the time-
domain impulse response of a channel path. To estimate the
channel tensor, the receiver explores the multi-way compressed
representation given in (7), where the sparse factor matrices
B1, B2, and B3 are the parameters of interest. Their unique-
ness are linked to the theorem stated in [15], as follows:

Theorem 3.1: Considering the upper bounds m1,m2, and
m3 on the number of nonzero elements per column of B1,B2,
and B3, respectively, if

min(Q, kB1) + min(I, kB2) + min(P, kB3) ≥ 2L+ 2, (8)

and Q ≥ 2m1, I ≥ 2m2, P ≥ 2m3, then the matrices B1,B2,
and B3 are almost sure identifiable.

Exploiting Theorem 3.1, the system can properly choose the
number of receive beams, transmit beams, and pilot symbols
that guarantee model uniqueness. Assume that rB1 = kB1 ,
rB2

= kB2
, and rB3

= kB3
, which means that B1, B2,

and B3 do not contain proportional columns. In our context,
this assumption implies the channel paths have different spa-
tial signatures and different propagation delays. Under these
constraints, we have the following:

1) If Q ≥ L and I ≥ L, then P ≥ 2m3 pilot symbols per
frame are enough to estimate L paths. Thus, the overhead
per frame can be reduced at the minimum of 2m3.

2) If Q ≥ L and P ≥ L, then I ≥ 2m2 transmit beams are
sufficient to estimate L paths. Since the transmit beams
are associated with the training frames, the total number
of frames is reduced to 2m2.

3) If I ≥ L and P ≥ L, then Q ≥ 2m1 receive beams
are sufficient to estimate L paths. This configuration
can be useful for scenarios where the receiver has a
limited number of RF chains. This means the system must
increase either the number of beams or the pilot sequence
length.

Theorem 3.1 also asserts the matrices B1,B2, and B3 are
indentifiable from the received signal Y if Q > kB1 , I > kB2 ,
P > kB3

as if the receiver had available the channel H. Note
that if we neglect the tensor structure of the channel by using a

Algorithm 1 ALS description

Initialize the factor matrices A1, A2, and A3.
while e > σ2 do
ÂT

1 ← (Â2 � Â3)
†Y1

ÂT
2 ← (Â3 � Â1)

†Y2

ÂT
3 ← (A1 � Â2)

†Y3

Ŷ1 ← (Â2 � Â3)Â
T
1

e ← ‖Ŷ1 −Y1‖2F /‖Y1‖2F
end while

vector-CS problem, then QIP ≥ 2Lm1m2m3 measurements
are required to estimate the vectorized channel. If we assume
m1 = m2 = m3 = m, the vector-based CS formulation would
need 2Lm3 measurements while the tensor-based one requires
8m3. Therefore, in our approach, the number of measurements
does not depend on the number of paths, but rather on the
sparsity of the factor matrices representing the spatial transmit,
spatial receive and delay domains. In principle, if we know that
Φ1, Φ2, and Φ3 return the sparsest factor matrices, the system
overhead achieves the its lower-bound to measure the channel
tensor H using the minimum number of samples.

B. Algorithm Description

We propose a two-stage approach to reconstruct the
mmWave channel tensor (5) from its multi-way compressed
representation (7). First, the alternating least squares (ALS)
algorithm is used to fit a PARAFAC model to (7) in the
presence of noise. As a second stage, we compute the minimum
l1-norm solutions for the sparse factor matrices B1,B2, and
B3. Let us define compressed factor matrices of Y as

A1 = WTΦ1B1, A2 = FTΦ2B2, A3 = STΦ3B3 (9)

We exploit the unfolding representations of (7) given by

Y1 = (A2 �A3)A
T
1 (10)

Y2 = (A3 �A1)A
T
2 (11)

Y3 = (A1 �A2)A
T
3 (12)

The ALS algorithm makes use of (10), (11), and (12) to update
the factor matrices A1, A2, and A3 in the least squares (LS)
sense. Each ALS iteration has three steps. At each time, one
matrix Ai is updated by fixing the other two to their values
estimated in previous steps. The procedure is repeated until
e = ‖Ŷ1−Y1‖2F /‖Y1‖2F < σ2, where e is the reconstruction
error computed at every iteration, and σ is a threshold. The
ALS algorithm is summarized in Algorithm 1.

Upon convergence of the ALS algorithm, the second step
consists of solving three CS problems to estimate the channel
parameters (AoA, AoD, and delay) from B1, B2, and B3,
respectively, as follows

min
b1

‖â1 −
(
I⊗WTΦ1

)
b1‖2 + β‖b1‖1, (13)

min
b2

‖â2 −
(
I⊗ FTΦ2

)
b2‖2 + β‖b2‖1, (14)

min
b3

‖â3 −
(
I⊗ STΦ3

)
b3‖2 + β‖b3‖1, (15)

where ân ≡ vec{Ân} and bn ≡ vec{Bn}, n = 1, 2, 3. The
problem in (13) is a least absolute shrinkage and selection
operator (LASSO) problem, which can be handled with convex
optimization solvers [16]. Once the sparse factor matrices
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Fig. 2. NMSE of the estimated channel tensor Ĥ for different number of
transmit beams.

B1, B2, and B3 are estimated, the channel tensor H can be
reconstructed by the following multi-way mapping

Ĥ = I3,L ×1 (Φ1B1)×2 (Φ2B2)×3 (Φ3B3). (16)

Remark: It is worth noting that the transmit/receive spatial
filters and pilot sequence define the structure of the measure-
ment matrices W, F, and S of our multi-way CS model.
An optimum design of these matrices yields the maximum
channel compression and, consequently, the optimum use of
the system resources. This problem is not investigated in this
paper, and we assume W = WRF and F = FRF . In this
work, the entries of these matrices are drawn from a Bernoulli
distribution which meets the constant modulus restriction of the
analog beamforming network. Although such a distribution is
convenient, it is known that the complex Gaussian distribution
provides the best performance in terms of sparse recovery [17].

IV. SIMULATION RESULTS

The performance of the proposed channel estimation al-
gorithm is evaluated in terms of the normalized mean square
error (NMSE) defined as

NMSE(H) =
R∑

r=1

‖Ĥr −H‖2F
‖H‖2F

, (17)

where r is the number of Monte Carlo runs. The ALS im-
plementation is the plain vanilla algorithm described in 1.
Although more efficient implementations are present in the
literature, such as in [11], [18]–[20], our focus is not on the
algorithm design itself, but rather on the modeling of the
problem. The factor matrices estimated by the ALS algorithm
are affected by column permutation and scaling ambiguities.
However, these ambiguities are irrelevant to our problem, since
we are interested in the extraction the channel parameters after
the sparse recovery step. To this end, a traditional matching
pursuit algorithm [21] is used. We consider a scenario with
Nt = 64, Nr = 16, Nc = 20, and L = 5. Both arrays are
linear with half wavelength spaced antennas.

Figure 2 shows the estimation performance for different
numbers I = {2, 6, 20, 32} of transmit beams (frames). Note
that the proposed algorithm fails in estimating the channel
for I = 2, since the second corollary of Theorem 3.1 is
not satisfied in this case. More specifically, since we assume
L = 5, the number of transmit beams should satisfy I ≥ 6 to
ensure a unique channel recovery. It can also be seen in 2 that
the estimation accuracy increases as more transmit beams are
used, which also implies more training frames, i.e. an increased
training overhead. Figures 3, 4, and 5 illustrate the algorithm
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Fig. 3. NMSE of the estimated AoDs.
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Fig. 4. NMSE of the estimated AoAs.
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Fig. 5. NMSE of the esimated path delays.

performance in terms of AoD, AoD, and delay estimation. The
proposed algorithm provides accurate estimates with very few
measurements by exploiting the low-rank tensor structure of
the effective mmWave channel.

V. CONCLUSION

In this paper, we investigated the problem of frequency-
selective channel estimation in mmWave MIMO systems us-
ing a hybrid beamforming architecture at the transmitter and
receiver. The proposed solution jointly exploits the intrinsic
sparsity and multidimensional nature of the channel by resort-
ing to a multi-way CS model. Based on this link, bounds on the
minimum number of transmit beams, receive beams, and pilot
sequence length can be obtained from Kruskal’s uniqueness
conditions for sparse PARAFAC models. In future works, we
shall extend the proposed estimator to time-varying channels.
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