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A B S T R A C T

Laminated composite plates and shells have been widely used in aeronautical, mechanical, and naval structures.
Stability is a major concern in the design of these structures due to their high slenderness. Therefore, it is
necessary to properly analyze their post-critical behavior, assessing their sensitivity to initial imperfections and
load-carrying capacity. This paper presents a methodology based on the Isogeometric Analysis to study the
stability of laminated plates and shallow shells. In this formulation, the geometry and displacement field are
described using NURBS basis functions. Appropriate integration schemes are used to avoid the locking problem
for thin-walled plates and shells. The proposed formulation was applied in the stability analysis of various
examples and excellent results were obtained. The influence of the composite layup and geometric imperfections
on the buckling load and post-critical behavior is studied. New bifurcation solutions to a well-known laminated
shell buckling benchmark problem are presented.

1. Introduction

Fiber reinforced composite materials present high mechanical per-
formance and low weight, high corrosion and fatigue resistance, and
good structural damping. These characteristics are responsible for the
increase of the application of composite materials in engineering. In
particular, composite plates and shells have been widely used in man-
ufacturing structural components for aeronautical, mechanical, and
naval engineering applications. Due to the practical importance of these
structures, the development of analysis methods to composite plates
and shells is a very active research field [1–9].

The Isogeometric Analysis (IGA) is a recent numerical method that
uses for displacement approximation the same functions used for geo-
metric modeling by CAD programs [10–18]. The discretization of the
isogeometric model can be easily carried out using well-known tech-
niques from geometric modeling, as knot insertion and degree elevation
[19]. Moreover, it is possible to use a new discretization approach,
different from the h and p refinements used in the Finite Element
Method (FEM), known as k refinement, which increases not only the
basis order but also the continuity between adjacent elements. Thus,

there is an ongoing effort to develop isogeometric formulations for
analysis of composite plates and shells [17,20–29].

It is worth noting that structural stability is of paramount im-
portance in the design of laminated plates and shells, as they are usually
very slender and prone to buckling [30–33]. Thus, this work presents an
accurate and efficient isogeometric formulation for geometrically non-
linear analysis of laminated composite shallow shells based on the
Reissner-Mindlin plate theory and Marguerre strains.

The use of NURBS functions allows the exact representation of
complex geometries throughout the analysis, independent of the dis-
cretization level used to approximate the displacement field. This is an
important issue in the stability analysis of thin-walled plates and shells
since geometric imperfections have a considerable influence over the
obtained results. Thus, errors in the representation of the geometry can
lead to incorrect equilibrium paths for imperfection sensitive structures.

The proposed approach allows the modeling of laminated plates
(perfect and imperfect) and shallow shells with arbitrary layups.
Furthermore, this formulation does not require the use of artificial
geometric imperfections in order to study the post-buckling behavior.
As shown by the numerical examples, it can analyze perfect and
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imperfect structures, trace complex equilibrium paths, detect buckling
points and obtain the secondary paths after bifurcation. In addition, the
numerical response can be easily improved using h, p and k refinements.

It is important to note that isogeometric analysis does not eliminate
shear locking for fully integrated Reissner-Mindlin elements [34]. In
addition, curved shell elements suffer not only shear locking but also
membrane locking [35]. However, reduced integration schemes have
been successfully used for NURBS-based isogeometric formulations for
small displacement analysis [36,37]. In this work, the accuracy of dif-
ferent numerical integrations schemes will be assessed for the stability
and nonlinear analysis of plates and shallow shells. The numerical ex-
amples show that the use of high regularity basis functions obtained by
k-refinement and an appropriate reduced integration scheme not only
avoids locking but also reduces the computational cost, resulting in a
very accurate and efficient approach for nonlinear analysis of laminated
plates and shallow shells.

The proposed formulation will be applied in the stability analysis of
various examples including the evaluation of the buckling load and
post-critical behavior. The influence of the composite layup and geo-
metric imperfections on the buckling load and post-critical behavior
will be studied and discussed. New bifurcation solutions to a well-
known laminated shell buckling benchmark problem [38] will be pre-
sented.

This paper is organized as follows. Section 2 discusses the laminated
modeling, including kinematics and sectional forces. Section 3 presents
the proposed isogeometric formulation for nonlinear analysis of plates
and shallow shells. Section 4 presents the numerical examples and
Section 5 presents the main conclusions.

2. Laminated shallow shells

The kinematic formulation for shallow shells adopted here is based
on Reissner-Mindlin theory for bending and transverse shear strains and
on Marguerre theory for nonlinear membrane strains, including the
effect of initial curvatures and moderate rotations. This formulation
allows the nonlinear analysis of perfect and imperfect plates and
shallow shells in a simpler and more efficient manner than the use of
general shell elements [12,16,18]. It is worth noting that the compu-
tational efficiency is very important to the optimization of composite
structures using bio-inspired algorithms [30–33] since these methods
require a large number of structural analyses in order to find the op-
timum design.

The basic hypothesis of Reissner-Mindlin theory, also known as first-
order shear deformation theory (FSDT) [39], is that a straight line,
normal to the middle plane of the plate, remains straight but not ne-
cessarily normal after deformation, as shown in Fig. 1. Thus, displace-
ment of the plate at any point is given by:

= +
=
=

u x y z u x y z
u x y z v x y z
u x y z w x y

( , , ) ( , )
( , , ) ( , )
( , , ) ( , )

x y
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where u, v and w are the midplane displacements in the x, y and z
directions; x and y are the rotations about x and y axes, respectively.
The transverse shear strains are given by:
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When displacements are moderately large, there is an interaction
between membrane and bending effects due to transverse displace-
ments. Using Marguerre theory [40], the in-plane strains are given by:
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Where the curvatures are given by
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And the membrane strains are
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where z x y( , )0 is the elevation of the shell mid-surface. It is interesting
to note that this expression reduces to the von Kármán strains for an
initially flat plate ( =z 00 ).

The generalized Hooke's Law can be used to obtain the stress-strain
relationship in the local system of the ply. For a plane stress condition,
the constitutive relation is given by Ref. [39]:
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where 1 and 1 are the stress and strain vectors at local ply system
(Fig. 2) and Qm is the elastic constitutive matrix, whose terms are given
by:
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In structural analysis, it is necessary to transform the stresses from
the ply system to the global one:

= =T Q T Q( )m
T

m m m (8)

where the transformation matrix (Tm) is given by

=T
cos sin sin cos
sin cos sin cos

2sin cos 2sin cos cos sin
m

2 2

2 2

2 2 (9)

Fig. 1. Initial and deformed geometries.
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The transverse shear stresses in the ply system can be computed
from

= =Q
Q Q0

0 s
13
23

44

55

13

23
1 1

(10)

where Qs is the transverse shear constitutive matrix in the local system,
whose terms are =Q G44 13 and =Q G55 23. These stresses can be trans-
formed to the global system using the expression:

= =T Q T Q( )s
T

s s s (11)

where the transformation matrix (Ts) is given by

=T cos sin
sin coss

(12)

The internal forces and moments are obtained integrating stresses
through the laminate thickness:
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Finally, the stress resultants ˆ can be written in terms of the gen-
eralized strains ˆ as:

= =
N
M
V

A B 0
B D 0
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Cˆ ˆ
m

(14)

where A, B, D and G are the extensional, membrane-bending coupling,
bending and shear stiffness matrices, respectively, whose elements are
given by:
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where np is and number of plies and ks is the shear correction factor
(taken as 5/6 in this work).

It is worth pointing out that there are three types of membrane-
bending coupling in laminated shallow shells: the first due to the effect
of the composite layup on B matrix, the second due to von Kármán
nonlinear strains, and the third due to the initial curvature of the
structure. These couplings affect the nonlinear behavior of shallow
shells and imperfect plates. An important consequence is that

compressed imperfect plates, even with symmetric layups ( =B 0),
generally do not present bifurcation buckling due to the membrane-
bending coupling caused by the initial imperfections.

3. Isogeometric analysis

Isogeometric formulations approximate the displacement field using
the same basis functions used by the CAD systems for geometric mod-
eling. This feature not only simplifies the communication between CAD
and analysis programs, but also allows the geometry of the structure to
be exactly represented, independent of the discretization level adopted
in the numerical analysis. This is a major advantage over FEM, where
the geometry of the structure is approximated using polynomial basis
functions.

3.1. NURBS

Non-Uniform Rational B-Splines (NURBS) are parametric re-
presentations widely used in geometric modeling, since they offer a
mathematical description capable to represent both analytic and free
form surfaces using the same database. Moreover, the use of NURBS
allows the exact representation of quadric surfaces, as cylinders, ellip-
soids and spheres [19].

A tensor product NURBS surface of degree ( ×p q) is defined by a
linear combination of bivariate rational basis functions (R) and a matrix
of control points (p):

=
= =

S R p( , ) ( , )
i

m

j

n

ij ij
1 1 (16)

where ξ and η are the parametric coordinates. The rational basis func-
tions R are evaluated based on a set of weights wij associated to each
control point and B-Spline basis functions N defined for each parametric
variable:

=R
N N w

W
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(17)

where W is the bivariate weight function expressed as:

=
= =
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A NURBS surface with its mesh of control points is shown in Fig. 3.
The definition of Ni p, basis requires a knot vector, composed by non-

negative and non-decreasing parametric values bounded by the para-
metric interval in which the surface is defined. It is important to note
that one knot vector is required for each parametric variable of the
surface. Given a knot vector = … + +[ , , , ]n p1 2 1 , the B-Spline basis
functions are evaluated by the recursive Cox-de Boor formula [19]:

= < +N ( ) 1,
0, otherwisei

i i
,0

1

(19)
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+

+ +

+ + +
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The number of basis functions n can be evaluated based in the knot
vector size ks and the degree p by:

=n ks p 1 (21)

Fig. 2. Local and global coordinate systems for a ply.

Fig. 3. NURBS surface and its control mesh.
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NURBS basis functions inherits important properties from B-Spline
basis functions [19]:

• Non-negativity, since N ( ) 0i p, ;
• Linear independence;
• Partition of unity ( == N ( ) 1i

n
i p1 , );

• Compact support, since the basis Ni p, are zero for parametric values
outside the knot interval + +[ , ]i n p i ;

• The basis Ni p, has continuity Cp k at the knots, where k is the knot
multiplicity.

The partial derivatives of NURBS basis functions showed in
Equation (17) can be evaluated using the quotient rule:

=

=

R w N

R w N
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( )

ij ij j q
W N W N
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W N W N
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where the derivatives of B-Spline basis functions are given by

=
+ + + +

+N p N p N( ) ( )i p
i p i

i p
i p i

i p, , 1
1 1
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(23)

The derivatives of NURBS basis functions are used in the evaluation
of the stiffness matrix of the isogeometric element presented in the
following.

It is important to note that there are efficient algorithms to modify
the description of a NURBS surface without modifying its shape [19].
The Knot Insertion algorithm adds one new knot i in the knot vector, as
well as new basis functions and new control points to the NURBS sur-
face. The Degree Elevation algorithm increases the degree of a NURBS
keeping its current continuity between the knot spans. These algorithms
can be used to refine the numerical model without modifying the shell
geometry and are equivalent to the h and p refinements used in FEM,
respectively. The k-refinement is obtained by combining both algo-
rithms, increasing the continuity between isogeometric elements within
the same patch [10]. Fig. 4 illustrates B-Spline basis functions obtained
by k-refinement.

3.2. Element formulation

In this work, the geometry of a shallow shell is described by a
NURBS surface given by:

= = =
= = =

x R x y R y z R z; ;
k

nn

k k
k

nn

k k
k

nn

k k
1 1 1

0
(24)

where Rk are the functions defined by Equation (17) and nn is the
number of control points of the surface ( = ×nn n m). It is important to

note that a single index k is used to identify the control points and
bivariate bases. Such index is related to the indices i and j of the bi-
variate bases as = +k j n i( 1) .

The concept of an isogeometric element can be associated with each
knot span of a NURBS patch [11]. The property of compact support of
NURBS basis functions allows associating the degrees of freedom of
each element with the control points whose base functions are non-zero
at the corresponding knot span. Thus, the integrations required to
compute the internal forces and stiffness matrix can be carried out in an
element-wise fashion. The global vectors and matrices are assembled
summing up the element contributions, exactly as in FEM.

In the isogeometric analysis of shallow shells, the in-plane and
transverse displacements (u, v and w, respectively) and rotations ( x and

y) at the element mid-surface are approximated from the element de-
grees of freedom at control points as:
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;
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k k k
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k yk
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This equation can be written in matrix format as

=u R ue (26)

where u and ue are the vectors of displacements of the shell mid-surface
and its control points, respectively, and R is the matrix of shape func-
tions, given by:

= …R R R R[ ]nn1 2 (27)

The sub-matrix associated with each control point is

= ×RR Ik k 5 5 (28)

where I is the identity matrix.
The generalized shell strains can be written as:
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m m
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These strains are related to the element degrees of freedom:
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Using Equations (2), (4), (5) and (25))-(28), the sub-matrices of for
each control point are given by:

Fig. 4. B-Spline basis functions.

J.S.C. Praciano, et al. Thin-Walled Structures 143 (2019) 106224

4



=
+

=

=

=
+

R Z R
R Z R

R R Z R Z R

R
R
R R

R R
R R

W R
W R

W R W R

B

B

B

B

0 0 0
0 0 0

0 0

0 0 0 0
0 0 0 0
0 0 0

0 0 0
0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

m
k x x k x

k y y k y

k y k x x k y y k x

b
k x

k y

k x k y

s k x k

k y k

L
m

x k x

y k y

x k y y k x

0

, ,

, ,

, , , ,

0

,

,

, ,

0
,

,

,

,

, , (31)
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3.3. Nonlinear analysis

The internal force vector g is obtained from the Principle of Virtual
Work:

= dAg u B( ) ˆ
A

T
0

0 (33)

where = +B B BL0 relates the variation of the generalized strains with
the variation of displacements ( = B uˆ e). The integration is carried
out at the original element mid-surface, since the element is based on
the Total Lagrangian (TL) approach.

The equilibrium equations of the isogeometric model for displace-
ment independent loads can be written as

=r u g u f( , ) ( ) (34)

where r is the residual vector, u is the vector of degrees of freedom, g is

the internal force vector, λ is the load factor, and f is the reference load
vector. The load-displacement curve can be obtained using appropriate
incremental-iterative algorithms, as the arc-length method [40].

These incremental-iterative algorithms are based on Newton-
Raphson iterations, requiring the computation of the tangent stiffness
matrix (KT):

= = +K g
u

K KT L (35)

where material stiffness matrix KL and the geometric stiffness matrix
K are given by:

= =dA dAK B
u
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where CT is the tangent constitutive matrix (d = dCˆ ˆT ) and

=

=

R
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N N
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S
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k y

x xy
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(38)

The arc-length method and other path-following methods can trace
the equilibrium paths presenting complex nonlinear behavior (e.g.
snap-through, snap-back and loops), but can only trace the fundamental
(primary) path of structures with bifurcation buckling. It is worth
noting that the study of the post-critical behavior of thin-walled
structures is very important since it allows classifying the stability loss,
determining the structure load capacity and quantifying its sensitivity
to initial imperfections. Therefore, numerical approaches to stability
analysis require the evaluation of critical points and the determination
of post-critical paths [41–43].

The tangent stiffness matrix is singular at critical (limit and bi-
furcation) points. Therefore:

=K udet ( , ) 0 (39)

Alternatively, the critical point can be detected using the zero ei-
genvalue condition:

Fig. 5. Gauss integration for cubic NURBS.

Fig. 6. Square plate subjected to biaxial compression.

Table 1
Composite material properties.

E E/1 2 G E/12 2 12 G G/12 13 G E/23 2

25 0.5 0.25 1 0.2
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= =K u( , ) 0, with 1 (40)

where is the associated eigenvector, which represents the buckling
mode. Therefore, the critical point (u ,cr cr) along the equilibrium path
can be determined as the solution of the nonlinear system

=
r u

K u
( , )

( , )
1

0
(41)

Numerical procedures have been proposed to efficiently solve this
system [41–43]. After the critical point computation, the bucking mode
can be used for its classification [43]:

=
f
f

{
0 limit point
0 bifurcation point

T

T (42)

Finally, the buckling mode can be used to perform the branch-

switching [43] to the post-critical path at a bifurcation point. It is im-
portant to note that this approach can be used to study the stability of
perfect and imperfect structures, with both bifurcation and limit point
instabilities.

3.4. Numerical integration

The isogemetric formulation presented in this work can be used
considering linear or nonlinear constitutive models. In the case of
materials with linear behavior, the constitutive matrices (Qm and Qs) of
each ply is constant, as well as the laminate constitutive matrix
( =C CT ). In this case, the C matrix can be computed exactly from the
A, B, D, and G matrices presented in Equations (14) and (15). There-
fore, the numerical integration is performed only on the element mid-
surface using the Gaussian quadrature. The full integration of the ele-
ment stiffness matrix requires +p 1 integration points for each para-
metric coordinate, due to the presence of basis functions Rk of degree p
in matrix Bs

0, as shown in Equation (31).
It is important to note that IGA cannot avoid the shear locking that

degrades the convergence of fully integrated Reissner-Mindlin elements
[34], especially for thin-walled plates and shells and low order ap-
proximations. According to Ref. [44], locking is present independent of
the order of the adopted polynomial and Reissner-Mindlin shell ele-
ments undergo membrane and transverse shear locking. This occurs due
to the field inconsistency of the adopted displacement interpolation,
which does not depend on the order of the displacement approximation.
Therefore, the use of higher order displacement approximations reduces
but does not eliminate locking.

An alternative to avoid shear locking is to use the third-order shear
deformation theory (TSDT) [39] instead of the FSDT (Reissner-Mindlin
theory). However, TSDT is less efficient that FSDT, since it requires the
evaluation of additional sectional forces and matrices [39]. It is also
more complex since it requires C1 continuity, which leads to difficulties
for structures with multiple NURBS patches. On the other hand, the
proposed formulation based on FSDT requires only C0 continuity,
simplifying the analysis of complex structures with multiple patches. In
addition, the differences in displacements and buckling loads obtained
using TSDT and FSDT for thin-walled composite structures are negli-
gible [39]. It is also important to note that curved shell elements suffer
not only shear locking but also membrane locking [35].

According to Ref. [45], several techniques are used to alleviate the
locking problem, as Uniform Reduced Integration and Selective Re-
duced Integration [37], B method [46] and Discrete Shear Gap [17,34]
approach. In the uniform reduced integration the bending and shear
stiffness matrices are integrated using the same number of Gauss points,
while the selective integration adopts a different number of points for

Fig. 7. Isogeometric model ( =p 3).

Table 2
Buckling loads ( = N a D/cr

2 2 ) for isotropic plates.

Mesh Full Dif (%) RFEM Dif (%) RIGA Dif (%)

×4 4 4.4265 10.66 4.4077 10.19 3.9820 −0.45
×6 6 4.2492 6.23 4.2041 5.10 3.9942 −0.14
×8 8 4.0780 1.95 4.0575 1.44 3.9975 −0.06
×10 10 4.0227 0.57 4.0161 0.40 3.9984 −0.04

[50] 4.0000

Table 3
Buckling loads ( = N a E h/cr

2
2

3) for cross-ply plates (0/90)s.

Mesh Full Dif (%) RFEM Dif (%) RIGA Dif (%)

×4 4 12.779 8.79 12.526 6.63 12.010 2.24
×6 6 11.937 1.62 11.883 1.15 11.851 0.89
×8 8 11.784 0.31 11.774 0.23 11.795 0.41
×10 10 11.757 0.08 11.754 0.06 11.772 0.21

[39] 11.747

Table 4
Buckling loads ( = N a E h/cr

2
2

3) for angle-ply plates (45/-45)s.

Mesh Full Dif (%) RFEM Dif (%) RIGA Dif (%)

×4 4 18.767 18.19 18.213 14.70 16.469 3.72
×6 6 16.710 5.24 16.538 4.15 16.107 1.44
×8 8 16.195 1.99 16.142 1.66 15.987 0.68
×10 10 16.033 0.98 16.008 0.82 15.913 0.22

[39] 15.878
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Fig. 8. Buckling loads for k-refinement.

Fig. 9. Post-critical behavior of perfect plates with =p 3 and h-refinement.
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each matrix, leading to a more complex computational implementation.
It is well known that the uniform reduced integration scheme R( )FEM

using p integration points for each parametric coordinate does alleviate,
but not eliminates, locking of Reissner-Mindlin elements in FEM while
also generating spurious (or hourglass) modes. On the other hand [37],
presented a uniform reduced integration scheme R( )IGA that eliminates
shear and membrane locking, without generating spurious modes, in
NURBS based isogeometric analysis of plates and shells with small
strains. Owing to the high regularity of NURBS basis functions with
Cp 1 continuity obtained through k-refinement, this approach increases
simultaneously the accuracy and computational efficiency of IGA for-
mulation. In this work the accuracy of Full, RFEM and RIGA integration
schemes will be assessed in the buckling and geometrically nonlinear
analysis of plates and shells. These integration schemes are illustrated
in Fig. 5 for =p 3.

It is interesting to note that an IGA discretization generated by k-
refinement uses fewer degrees of freedom (DOF) than a finite element
model with the same number of elements and basis degree (p). Since the
reduced integration scheme R( )IGA requires less Gauss points than the
finite element method R( )FEM , this isogeometric approach is computa-
tionally more efficient than FEM with C0 elements.

4. Numerical examples

The formulation presented in this work was implemented in FAST
(Finite element AnalySis Tool), which is a structural analysis program
implemented in C++ programming language using object-oriented
programming (OOP) techniques. FAST was initially developed to per-
form finite element analysis of structures with homogeneous and
composite materials. Recently, the software was extended with the
implementation of NURBS-based isogeometric analysis using the Bézier
extraction approach [13]. This software was used in the numerical
analysis presented in the following. The results obtained using IGA/
FAST will be compared with results available in the literature and re-
sults obtained using the quadratic Reissner-Mindlin shell element with
reduced integration (S8R) of software ABAQUS [47].

4.1. Stability analysis of simply supported plates

This example deals with the study of buckling and post-buckling
behavior of simply supported square plates, isotropic and laminated,
subjected to uniaxial or biaxial compression, as shown in Fig. 6. The
elastic properties of the composite material are presented in Table 1.

The boundary conditions used by Refs. [48,49] were adopted here:

= = = =
= = = =

= = = =
= = = =

x u w
y v w

x a u w
y b v w

At 0, 0
At 0, 0

At , constant and 0
At , constant and 0

x

y

x

y (43)

An isogeometric model of the laminated plate with 6 × 6 cubic
elements is shown in Fig. 7. It is interesting to note that, unlike FE
nodes, NURBS control points are not necessarily located at the element
boundaries.

Initially, a convergence study of the proposed formulation was

Fig. 10. Application of an initial imperfection in plates.

Fig. 11. Nonlinear behavior of imperfect plates.
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carried out for the classical linearized buckling (eigenvalue) analysis,
considering different meshes, basis functions degrees, layups, and in-
tegration schemes. It is important to note that the isotropic plates are
subjected to uniaxial loading and the laminated plates are subjected to
biaxial loading. The reference buckling loads for isotropic plates are
computed using the analytical solution for Kirchhoff theory [50], for
cross-ply plates are computed using the analytical solution for the
Classical Lamination Theory [39] and for angle-ply plates are computed
using FEM with a very fine mesh ( ×40 40). The layups adopted for

cross-ply and angle-ply plates are (0/90)s and (45/-45)s, respectively.
Table 2, Table 3, and Table 4 present the buckling loads of thin-

walled isotropic, cross-ply and angle-ply square plates with =a h/ 1000,
respectively, evaluated using IGA with cubic basis functions ( =p 3).
The results show that the proposed formulation converges to the re-
ference values with mesh discretization for all layups and integration
schemes. It is interesting to note that convergence is faster for isotropic
than laminated plates. Moreover, the couplings present in the D matrix
of angle-ply laminates degrade the accuracy with respect to cross-ply
laminates. Finally, the results show that the accuracy of RIGA is clearly
superior to the other options, leading to excellent results even for coarse
meshes.

Fig. 8 presents the results obtained using IGA models generated with
k-refinement and Cp 1 continuity. A fixed ×4 4 mesh is used in all
analysis while the a h/ ratio is varied. The accuracy of solutions ob-
tained using Full and RFEM integrations clearly degrades when thickness
decreases, especially for quadratic and cubic elements, due to shear
locking. As occurs for the h-refinement, shear locking is smaller for
isotropic plates, intermediate for cross-ply plates and worse for angle-
ply plates.

As expected, the shear locking decreases for high order elements.
Thus, fourth order elements generate excellent results for all integration
schemes for the entire range of a h/ considered here, which includes
very thin plates.

Finally, the results show that the RIGA integration eliminates shear
locking, since its accuracy is independent of the a h/ ratio. It can be
noted that excellent results are obtained even for quadratic approx-
imation. Since RIGA is not only more accurate, but also more efficient
than the other integration schemes, it will be used in the nonlinear
analyses presented in the following.

The geometrically nonlinear analysis of isotropic and laminated
plates was carried out and the results are presented in the following.
The plates have =a h/ 100, except for only one example with an iso-
tropic plate where the ratio is =a h/ 50, since these are the same ratios
used by Refs. [21,48]. Fig. 9 presents the post-buckling equilibrium
paths of perfect plates obtained using cubic isogeometric meshes and h-
refinement. It is worth noting that very good results were obtained even
for the coarsest mesh (4 × 4). Comparison with the analytical post-
buckling solution for thin isotropic plates [50] shows the convergence
of the isogeometric solution under h-refinement. In addition, isogeo-
metric results for angle-ply plates are in good agreement with [48] and
the small differences are due to the very coarse mesh used in their FEM
solution. For all layups, the convergence is from below, with stiffer
post-buckling responses obtained for more refined meshes.

Fig. 12. Effect of the number of plies.

Fig. 13. Shallow shell subjected to a concentrated load.

Table 5
Composite material properties.

E1 E2 12 =G G12 13 G23

3300 1100 0.25 660 440

Fig. 14. Initial quadratic model for k-refinement with 9 control points and 1
element.
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It is interesting to note that, while the critical loads of angle-ply
plates are higher than the cross-ply ones, the opposite occurs for the
post-critical strength reserve, since the N N/ cr ratio of cross-ply plates
present a much smaller increase with the transverse displacements
(w h/ ). However, all laminates present a stable symmetrical post-critical
behavior.

In order to study the imperfection sensitivity, the geometry of im-
perfect structures can be modeled as a linear combination of their
buckling modes ( i):

= +
=

x ximp perf
i

n

i i
1 (44)

where ximp and xperf are the coordinates of the points that define the
geometry in the imperfect and perfect configuration, respectively, and

i is the amplitude of imperfection related to the buckling mode i,
whose largest component has a unit value. In this work, only the first
buckling mode will be used to describe the geometric imperfection.

It is worth noting that, contrary to FEM nodes, the isogeometric
control points do not interpolate the geometric model. Thus, an im-
perfect geometry with specific amplitude cannot be obtained directly by
the application of Equation (44). However, as NURBS have the affine
invariance property [19], the geometry with the correct imperfection
amplitude can be obtained by applying a scale transformation

=S /c u1 in z-coordinates of the plate control points. Fig. 10 illustrates
this procedure.

A ×10 10 mesh of cubic C2 elements is used to study the

imperfection sensitivity, except for the square isotropic plate with
=a h/ 50, where a ×6 6 mesh is used for comparison with the results

obtained by Ref. [21]. It is important to note that the boundary con-
ditions for in-plane displacements u v( , ) are not specified in Ref. [21].

The IGA results are compared with FEM results obtained using a
×40 40 mesh of S8R shell elements and other results available in the

literature. The curves presented in Fig. 11 show that the proposed
shallow shell isogeometric formulation leads to very accurate results in
the nonlinear analysis of imperfect plates when compared with FEM
and reference solutions. On the other hand, there is a clear difference of
the results presented by Ref. [21] with respect to the other results. This
difference was erroneously attributed to certain characteristics of the
IGA approach [21]. However, as the IGA formulation proposed in the
present work lead to very accurate results, the differences in the results
obtained by Ref. [21] are probably due to the use of different boundary
conditions for in-plane displacements.

The results show that the cross-ply plates have a higher post-critical
stiffness than isotropic and angle-ply plates. In fact, the results show
that plates with angle-ply layups present a negligible post-critical
strength increase. It is interesting to that laminate plates, as isotropic
ones, are only mildly imperfection sensitive.

Finally, the proposed formulation was used to study the effect of the
number of plies in the post-critical behavior. In this study, the number
of plies was increased keeping constant the laminate thickness.
According to Fig. 12, the increase in the number of plies does not in-
fluence the post-critical response of cross-ply plates, but further de-
creases the post-critical stiffness of angle-ply plates.

Fig. 15. Load-deflection curves of the cylindrical roof.
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4.2. Cylindrical roof

This example addresses the nonlinear analysis of a cylindrical shell
subjected to a concentrated load, as shown in Fig. 13. This shell was
analyzed by several authors, including [38]. The geometric parameters
of the structure are R= 2540, = 0.1 rad, and L = 254. The structure is
simply supported ( = =u w 0) in AB andDE and free in AD and BE. The
isotropic material properties are =E 3102.75 and = 0.3. The compo-
site material properties are presented in Table 5. It is important to note
that the fibers in the °0 direction are parallel to the y-axis.

The FEM solution considered the symmetry and only a quarter of
structure was discretized [38]. This increases the computational effi-
ciency, but excludes non-symmetric deformation modes from the
structural analysis. On the other hand, the symmetry was not used here
and the whole shell was modeled using IGA in order to allow the
consideration of symmetric and non-symmetric deformation modes. All
meshes are obtained by k-refinement over an initial quadratic model
with 1 element and 9 control points (Fig. 14). Several analyses were
carried out considering isotropic and laminated shells with =h 6.35 and

=h 12.7 and the results are presented in Fig. 15.
Fig. 15a presents IGA results for cubic basis functions with ×8 8,
×16 16 and ×32 32 meshes, while Fig. 15b presents results obtained

using a ×16 16 with quadratic, cubic and quartic IGA models. Both
Full and Reduced (R )IGA integrations were considered. The results with
cubic and quartic elements and both integration schemes are almost
identical to the results of [38]. On the other hand, the quadratic

approximation with RIGA yields better results than those with Full in-
tegration, due to the locking presented by the fully integrated IGA
formulation with low order basis functions.

Fig. 15c and d used only cubic bases and RIGA integration. Fig. 15c
shows results for ×16 16 and ×32 32 meshes, where the difference is
only perceptible for large downward displacements ( >w 30). Fig. 15d
presents the results obtained for thickness =h 12.7, which are very
close to the results of [38].

Fig. 15 indicates that, unlike from the plates studied in the previous
example, these cylindrical shells present a nonlinear behavior even for
small loads and lose stability by limit point. The results show that the
thinner shells present a complex nonlinear behavior with snap-through,
snap-backs, and loops (Fig. 15a, b, and 15c). On the other hand, the
thicker shells present a simpler nonlinear behavior characterized by
snap-through buckling. Moreover, it can be noted that the composite
layup has a strong influence on the structure load-carrying capacity and
nonlinear behavior.

The load-displacement curves presented in Fig. 15 correspond to the
classical solution of this well-known benchmark problem [38], whose
isotropic version was initially proposed by Ref. [51]. These curves re-
present a complex nonlinear behavior with snap-through and snap-
back, but no bifurcations. However [52], showed that the isotropic shell
presents a bifurcation point at a load level below the first limit point.
Thus, a lower-energy equilibrium path exists corresponding to a bi-
furcation into an asymmetric deformation mode.

The critical point evaluation and branch-switching procedure

Fig. 16. Primary and secondary paths of the cylindrical roof ( =h 6.35).
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discussed in Section 3.3 were applied to the isogeometric model
( ×16 16 mesh with =p 3 and RIGA integration) of the isotropic and
composite cylindrical shell. The obtained results are presented in
Fig. 16. A very good agreement was obtained with the finite element
results presented by Refs. [52,53] for the isotropic shell (Fig. 16a),
confirming that the load-carrying capacity of this shell is smaller than
the first limit load of the classical benchmark solution.

Furthermore, the cross-ply shells (Fig. 16b and c) present a similar
behavior with a bifurcation at a load level inferior to the first limit
point. Therefore, the composite shells also present a smaller load-car-
rying capacity than the classical benchmark solution presented in the
literature [38] and the benchmark solution should be extended to
consider not only the primary equilibrium path, but also the post-
buckling secondary path. The angle-ply shell (Fig. 16d) was not studied
in Ref. [38], but the primary paths obtained by IGA and FEM are in very
good agreement. This shell also presents a bifurcation load smaller than
the first limit load. Finally, it is worth noting that the load-carrying
capacity of the cylindrical roof depends on the composite layup,
showing the importance of using optimization techniques in the design
of composite shells.

5. Conclusion

This work presented a NURBS-based isogeometric formulation for
geometric nonlinear analysis of laminated plates and shallow shells
based on the Reissner-Mindlin and Marguerre theories. This approach
allows the exact representation of curved geometries and an easy ap-
plication of the h, p and k refinements. The proposed formulation was
successfully used in the stability analysis of plates and shallow shells
with complex nonlinear behavior. Both bifurcation and limit point in-
stabilities of perfect and imperfect structures were addressed. A clas-
sical laminated shell-buckling benchmark was extended to include post-
buckling secondary paths after bifurcation points. It is important to
note that not only the primary paths but also the bifurcation loads and
post-buckling paths are strongly dependent on the composite layup.

The formulation presents a faster convergence for cross-ply and
isotropic laminates, requiring coarser meshes than angle-ply laminates.
Angle-ply plates subjected to biaxial loading present a higher buckling
load than cross-ply plates with the same thickness. On the other hand,
cross-ply plates exhibit a much higher post-buckling stiffening than
angle-ply plates, independent of the number of plies. The results also
showed that the nonlinear behavior of composite shells is strongly in-
fluenced not only by the composite layup but also by the shell thick-
ness.

The obtained results show that the use of higher order basis func-
tions alleviates, but not eliminates, locking when the isogeometric ap-
proach is used in the stability and geometrically nonlinear analysis of
thin-walled plates and shells. However, locking can be easily eliminated
using the appropriate reduced integration scheme for NURBS-based IGA
approach. Finally, it is important to note that the use of this reduced
integration scheme improves not only the accuracy but also the com-
putational efficiency of the proposed formulation.
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