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ABSTRACT: In this work we analyze the zero mode localization and resonances of 1/2—spin
fermions in co-dimension one Randall-Sundrum braneworld scenarios. We consider delta-
like, domain walls and deformed domain walls membranes. Beyond the influence of the
spacetime dimension D we also consider three types of couplings: (i) the standard Yukawa
coupling with the scalar field and parameter 7y, (ii) a Yukawa-dilaton coupling with two
parameters 72 and A and (iii) a dilaton derivative coupling with parameter h. Together
with the deformation parameter s, we end up with five free parameter to be considered.
For the zero mode we find that the localization is dependent of D, because the spinorial
representation changes when the bulk dimensionality is odd or even and must be treated
separately. For case (i) we find that in odd dimensions only one chirality can be localized
and for even dimension a massless Dirac spinor is trapped over the brane. In the cases (ii)
and (iii) we find that for some values of the parameters, both chiralities can be localized
in odd dimensions and for even dimensions we obtain that the massless Dirac spinor is
trapped over the brane. We also calculated numerically resonances for cases (ii) and (iii)
by using the transfer matrix method. We find that, for deformed defects, the increasing
of D induces a shift in the peaks of resonances. For a given A with domain walls, we find
that the resonances can show up by changing the spacetime dimensionality. For example,
the same case in D = 5 do not induces resonances but when we consider D = 10 one peak
of resonance is found. Therefore the introduction of more dimensions, diversely from the
bosonic case, can change drastically the zero mode and resonances in fermion fields.
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1 Introduction

The world where we live is described by two important theories, the General Relativity and
Standard Model. These theories were originally formulated in a four-dimensional space-
time and successfully predict most of the physical quantities that we are able to measure.
General Relativity is a classical theory that includes gravitational interactions by requiring
invariance under general spacetime coordinate transformations. The Standard Model is
the formulation of the quantum non-gravitational interactions as a consequence of a local



invariance principle, generalizing the gauge invariance of electrodynamics [1]. These theo-
ries are incompatible since a quantum theory of gravitation is not known. The unification
of these theories has always been the will of physicists throughout history. The first model
that aimed the unification of theories as electromagnetism and gravity, through a compact
single extra dimension, was Kaluza-Klein model [2]. Although it does not exist any experi-
mental evidence for the existence of extra dimensions, universes with higher dimension are
important. This is the case of supersymmetric theories, for example String Theory [3].

In this context at the end of the last century, Lisa Randall and Raman Sundrum pro-
posed a model that would satisfactorily solve the Higgs hierarchy problem, called Randall-
Sundrum Model (RSM). The setup of RSM assumes the existence of a single extra dimen-
sion and therefore spacetime is five-dimensional (D = 5). This model is subdivided into
two: RSM-I and RSM-II. In RSM-I the extra dimension is compactified on a circle whose
upper and lower halves are identified. Formally, this means that we work in S!/Zs orb-
ifold, where S! is the one-dimensional sphere (i.e., the circle) and Zs is the discrete group
{=1,1}. This construction entails two fixed points, one at the origin ¢ = 0 and one at the
other extremity of the circle ¢ = w. On each of these boundaries stands a four-dimensional
world, like the one we live in. By analogy with membranes enclosing a volume, these worlds
with 341 dimensions have been called 3-branes. The RSM-I explains how a exponential
hierarchy between mass scales can be generated [4]. The RSM-II assumes that the extra
dimension is large (called y) and only one 3-brane, localized in y = 0, exists. It shows how
the gravity is confined in the 3-brane and explains how as the gravity in 4D emerges in the
newtonian limit becoming an alternative to compactification [5].

Since in RSM-II the extra dimension is not compact all the matter fields, and not only
gravity, must be trapped on the brane to provide a realistic model. Therefore after the
conception the RSM-II, several works studied the field localization problem. This problem
concerns the creation of a mechanisms for trapping various spin fields over the membranes.
If S(P) is the action for the field in D-dimensional spacetime and the brane has dimension
(D — 1) it is always possible to write

(o0}

57 =00 [ aylop = 5O, (1)
—0o0

S(P=1) is the effective action and ¢(y) is a function of extra dimension y [6]. A field is said

to be localized if the integral [ is finite, i.e., the function ¢(y) is square integrable. Thus, it

is possible to a use the Schrodinger picture of non-relativistic quantum mechanics to study

brane models.

The D-dimensional localizations problems with only one extra dimension are called
co-dimension one problems. The work [7] treats the field localization problem for D = 5
in RSM-II context and shows that beyond zero mode gravity, the zero mode of scalar
fields (0-spin) are localizable on the 3-brane. However, the same work also shows that the
zero mode of gauge fields (spin 1) and the zero mode of fermionic fields (spin 1/2) are no
localized over the membrane. In another direction localization models based in RSM-IT has
a singularity due to the presence of delta-like membranes, what motivated appearance of
smooth brane models [8]. In this model a scalar field is introduced responsible for generating



the brane dynamically. In this context, beyond gravity and scalar fields, also left handed
fermions (or right, but no both) are localized by a Yukawa coupling with the scalar field, but
gauge fields continue non-localizable. Recently, the problem of gauge fields localization was
solved in two ways: (i) introducing a new degree of freedom in gravitation action, called
dilaton [8], or (ii) introducing non-minimal coupling called geometrical coupling [9-12],
where no news degrees of freedom are necessary. However, all these works considers only
D = 5 and by then nobody had studied the conditions for localization of zero modes of
these fields, except for g-forms [13, 14].

The case of Spinorial fields has been considered in D = 5,6 braneworld models [15—
19]. In the RSM-II framework Dirac’s fermions are not localized, as mentioned previously.
Thus, according [20] the zero mode of left handed fermions is localized when a interaction
of fermions with a scalar field ¥V is introduced. In smooth RSM-II, zero mode of chiral
massless spinorial field is localized [8]. When the dilation is add the spinoral fields are
localized, choosing rightly dilaton coupling constant. The authors of the paper [21] showed
that a Yukawa potential can localize fermions because the coupling between the fermion
and the background scalar field is an odd function of extra dimension. However, the same
authors showed also that, if the scalar is an even function of the extra dimension, this
mechanism does not work anymore, and we need to introduce a new localization mechanism.
It is worth mentioning that in [22] the authors showed that geometrical derivative coupling
gives localized fermions on the branes. We should point that the above mentioned works
treat the localization problem only in D = 5, 6.

In another direction, even if the zero mode is not localized it is important to analyze the
possible appearance of unstable massive modes. For this we need to find the Schrodinger
like equation that drives the massive modes. Therefore, as mentioned previously, our prob-
lem can be addressed as if we were dealing with an one dimensional quantum mechanical
problem with potential given by U(z), as in the refs. [23-25]. The unstable modes can
be found by looking for resonances of the effective potential. The potentials in this work
satisfy the condition

Zgrfoo U(z) =0, (1.2)
and therefore, according to elementary quantum mechanics, does not exist a discrete spec-
trum for m > 0. Also, the wave function is not normalizable because any solution for
positive m is a plane wave asymptotically. The conclusion is that the zero mode is the only
possible eigenstate of the Schrodinger like equation localizable on the membrane.

The goal of this paper is to study the localization of zero modes and resonances of
fermions in co-dimension one braneworlds generated by delta-like branes as well as smooth
versions of it. For this we consider Yukawa, dilaton and dilaton derivative couplings. This
work is organizaded as follows: in section 2 we review the main aspects of (D —2)-Branes in
D—dimensional Randall-Sundrum models. In section 3 we review the constrution spinorial
representation in arbitrary dimensions, in section 4 we discussed the zero mode fermions
localization and in section 5 we show and discussed the arbitrary case of resonance pattern
in massive modes. Finally, in section 6, some final remarks.



2 Review of Randall-Sundrum model

In this section we will review some aspects of co-dimension one Randall-Sundrum
braneworld scenarios. We will consider delta-like, domain walls and deformed domain
walls membranes.

2.1 The delta-like brane
The thin brane model can be defined by action [26]

S = 2Mp/dDg;¢?g(R —A) — V/ \/ —gBdP g, (2.1)

where p = D — 2, MP is fundamental scale of energy of theory, A is a D-dimensional
cosmological constant, V is tension of the brane and ¢®) is the induced metric determinant
on the p-brane, which obeys the boundary condition g, (z,y =0) = g,(g) ().

The ansatz for the space-time metric in this setup, is

ds* = ezA(y)an:c“da:" + dy?, (2.2)
where 7, = diag(—1,1,...,1) is the metric of p-brane. The Einstein equations for this
model are

+1) Vv
A+ PP gy oa = Vg 2.
PAT(Y) + = )+ A= 50), (2.3)
1
p(p2+)A,2(y) +A=0. (2.4)

The solution for the function A(y) is A(y) = —kp|y|, where k, = \/—2A/p(p+1). As we
can see the solution respects the orbifold symmetry, i.e., invariance under the transforma-

tion y — —y. Therefore the interval (2.2) becomes [26]
ds® = e_zkp‘wnwdx“d:c” + dy?. (2.5)

In this way the interval is determined, specifically, the bulk cosmological constant A. Note
that the RSM-II consist of one flat p-branes imbedded discontinuously in a larger space.
In the next subsection we will consider a version smooth of the RSM-II.

2.2 The thick brane case

In the thick brane case we consider branes as topological defects, in particular domain wall.
This is represented by a real scalar field that depends only on the extra dimension. The
ansatz for the metric is the same as (2.2). But the action for this model is

S = /dD—la:/dy\/?g [QMPR — %3M¢3M¢ — V(¢>)] , (2.6)

where ¢ is a real scalar field that generates the p-brane and V(¢) introduces bounce like
solutions. The energy-momentum tensor of real scalar field is [27]

Tyn = Om¢ONG — gun [;8A¢8A¢ + V(¢)} ; (2.7)



and equations of motion are given by

)+ ) = - 5024 vie)|. (28)
0ED) 42y - e Baﬁﬂ - v(¢)] , (2.9)
&+ + VAW = G 210

The solution of these equations can be obtained through the superpotential method, accord-

ow
ing to [6, 8, 28], introducing the superpotencial W (¢) by ¢’ = ——. Therefore, choosing

0
¢(y) = atanh(by) the superpotencial W (¢) is given by i
¢2

After determining the superpotential W (¢), the scalar potential V' (¢) can be written as

2
V(g) = % (%‘Z) - (gp&? w2, (2.12)
Thus, the superpotential definition leads to
, 1
W) =~ (2.13)
Finally we get
A(y) = —B, |Incosh? (by) + %tanhz(by) , (2.14)

where 3, = a?/4pMP. Note that just as in the of RSM-II case, here A(y) also represents a
localized and smooth metric warp factor. We will consider a = 1 and M = 1 for resonances
analyzes of 1/2-spin fields. In the next subsection we will consider the braneworld scenario
with a new degree of freedom: the dilaton.

2.3 Dilaton coupling

As already mentioned in the introduction, the dilaton field is commonly used in localization
of gauge fields in D = 5, for example see [8, 13, 29, 30]. This new degree of freedom is
represented for m. We propose the following action for this setup:

S = / dPx/—g [ZMPR — %(8M¢BM¢ + M) + Vg, 7). (2.15)

The ansatz for the space-time interval with dilaton coupling is

ds® = eQA(y)anx“d:L‘” + 2BW 2. (2.16)



The jacobian for this case is \/—g = ePtDAW+BWY)  that, as expected, depends on the
dimensionality of space-time. The equations of motion resulting from the action (2.15) are

A(y) + (p";l)A’?(y) ~Ay)B'(y) = - 4p]1wp [;qs’? + %W’Z + 2Oy (4, w)} , (2.17)

@2+1)A’2(y) = 4;\@ Bw + %W - e2B(y)V(d>,7r)] , (218)

80+ [0+ VAW - B0 = 5 (219)

w(y) + [0+ DA') ~ B ) = o (220)
We use again the superpotencial method with

V (¢, ) = exp < p&pw) [; <88{Z>2 _ ;ﬂlw; T)WQI , (2.21)

where r is a real positive constant. The solutions for the above system of equations are
given by (2.14) and

7(y). (2.22)

Now, according [31] we will investigate the values that the constant r can assume. For
this, we will analyze the energy density of the system Tpo(y). With the solution (2.22), it
is given by

1-2
Too(y) = —dpMP [A"(y) + <p—i—2r> A’Z(y)} 62(1—r)A(y)_ (2'23)

Asymptotically, when y — +oo, we have A(y) — —20p|y|, and therefore the tensor Ty
becomes

Too(y) — 8bpMPB, [26(y) — (p + 1 — 2r)b] e~ 2(1=7bBelyl, (2.24)

where §(y) is the Dirac’s delta. Therefore the behavior of Tyy when y — +oo is

0, 0<r<1
—8b2pMpﬁp(p - 1), r=1
Too(ly| = o0) = —o0, l<r<(p+1)/2. (2.25)
0, r=((p+1)/2>1
00, r>(p+1)/2

In the section 4 we will mainly discuss the effect of the parameter r on the localization of
spinorial field.



2.4 Deformed brane

The last case of our interest, is the deformed brane, approached in [24]. The deformation
method is based in modifications of the potential of models containing solitons in order to
produce new and unexpected solutions [32]. Now we introduce the deformation parameter,
called s, that controls the kind of deforming topological defect, in order to simulate different
classes of branes. For this case the interval can be written as

ds? = 62A3(y)17uydx“dx” + e2BsW 2. (2.26)
As in subsections 2.2 and 2.3 we will use the superpotential method to solve the system of
equations
r INEUAS p+1—7) o
V. = — — - W|. 2.27
() =exp ( pMp”s> [2 ( 96, ) sphr (227)
The superpotential chosen is
1/s 1/s
S a s s
= bo? — — = 2.2
Wis(9s) = b [251 <¢8> 2s+1 <a> ] ’ (2.28)
and
s [y
¢s(y) = atanh® | = || (2.29)
s
-1
by 2s03 by — 1 by
2 ; 2
As(y) = —Bs,ptanh? <S> - 257—2)1 [lncosh <S - nzl 5, tanh® (== )1, (2.30)
where 8, s = 4;%253?' Note that, for s = 1, the undeformed solutions are reproduced.

In the next sections, we will use the above backgrounds to study the localization and

resonances of spinor fields in arbitrary dimensions.

3 Dimensional reduction and mass equation for fermions in arbitrary
dimensions

As mentioned in the introduction, the mass spectrum of the fields in RSM-II is driven by
a Schrodinger like equation. In this section we derive this equation for an arbitrary space-
time dimension. We will see that the cases with odd and even dimensions needs to treated
separately. As a starting point, we will consider the D—dimensional action for massless
Dirac fermion in a curved background given by

Sijo = /d%\/fg UMDy — F(p,m) — TMOy H (¢, 7)T] T, (3.1)

where F(¢, ), H(¢, ) are interaction terms which involves the scalar field ¢ and dilation 7
and Dy = Oy +wjy is the covariant derivate and wyy is the spin connection. The equation
of motion resulting from the action (3.1) is

[TM Dy — F(¢,m) —TMOy H (¢, m)T] ¥(2,y) = 0. (3.2)



In a curved space-time, the Clifford algebra reads {FM TN } = 2948 where gMN =
eaMepNnAPB is the curved space metric and e4™ are the vierbeins. The index A, B,C, ..., J
are Lorentz index and L, M, N, ..., Z are curved space index. The spin connection is de-

fined by

1
Wy = ZeAL(aMeBL + Ty nvePN DA . (3.3)

The nonzero spin connection components for the metric (2.2) are
1
W, = §A/(y)eA(y)_B(y)FNFy, (3.4)

where greek index represents the coordinates in the brane. Therefore, the equation (3.2)

can be written as

1y 1 oAW-Bm) (p+1)
(7 Oute [3y+ 5

A’(y)] T, —e W [F(¢,7)+0,H(¢, n)]> U(z,y)=0. (3.5)
Now, we need a better understanding of fermion representations in arbitrary dimensions
since the behavior of this fields are different in odd or even dimensions. This is the topic
of next section.

3.1 Review of spinors in arbitrary dimensions

The spinorial representations of SO(1, D —1) group changes depending on the dimensional-
ity of space-time [33]. There is a very instructive way to build the 1/2 spin representations
in arbitrary dimensions [34], which is very common in String Theory. The Clifford algebra,
the starting point to build spinorial representation of Lorentz group, is given by

{r4, 17} =297, (3.6)

where T4 are Dirac matrices and nap = diag(—1,1,1...,1) is the Minkowski metric. We
first consider that the dimensionality D of space-time is even, i.e., D = 2k + 2, where k
is a positive integer number. It is known that there is a relationship between the rotation
and the Lorentz groups. The spin idea is introduced through the generators
AB _ _troa

»AB = _Z[F ,T'B, (3.7)
satisfying the Lie algebra of Lorentz group. The Dirac representation is not irreducible, and
can be broken in two disjunct subspaces, called Weyl representation. In this representation
we define the matrix

D—-1
=i * [ =i*rort.. o771 (3.8)
1=0
which has the properties
r?=1, {I,7 =0, [,x4]=0 (3.9)



The eigenvalues of T, called chirality, are +1. The 2* states with I' eigenvalue +1 form a
Weyl representation of the Lorentz algebra, and the 2% states with eigenvalue —1 form a
second, inequivalent, Weyl representation.

1 62 and 02 as gamma matrices,

In two-dimensions, one can take the Pauli matrices o
ie., T0=i0? and I'' = o!. AlsoT' = ¢%. In D = 2k + 2 dimensions, the gamma matrices

can be written as [35]
F(a) — ,y(a) ® 0_1’ FD*Q =7 ® 0_1’ FD*I -1® 0,37 (310)

where (o) =0,1,2,...,D — 3 and 'y("‘), ~v and 1 are 2k x 2k Dirac matrices, chirality and
identity in D — 2 dimensions.

For an odd dimension, i.e, D = 2k + 3, the matrix I' = I'? is included in the Clifford
algebra, due to the (3.9), and does not exists chirality in this dimensionality. Now, we have
the necessary mathematical tools for perform the dimensional reduction of the mass Dirac
equation (3.5).

3.2 Reduction of mass equation in odd dimensions

By using the results of the last section now we can consider the dimensional reduction for
the cases with odd dimensions. In this case we perform the decomposition

(p+1)

U(z,y) =e 2

AN Wk (@) fur (9) + (@) fa ()], (3.11)

n

where we defined Y, + () = ¥p4(x) and Y, () = —1b,— () as the left and right-handed
fermion fields in D — 1 dimensions, respectively. The equations for massive field D — 1
dimensions are

o oﬂ/Jn-i,-(«T) = MpPn— (x)7 (3‘12)
fVOC awn— (.1‘) = mnwn—&-(w) (3'13)

Thus, replacing (3.11) in (3.5), the equation of motion for extra dimension becomes

{0y + P [F(6,7) + 0,H (6, M)} fu- () = macPD AW f (), (3.14)
{0, 0 [F(6,m) + 0,HH(6.7)} s (0) = ~mncPVAD g (). (3.15)
These equations can be transformed in equations of the type

[dz,d )
~ oz PO+ V)| 20) = mQu)e() (3.16)

The best way to study this equation is to transform it in a Schrodinger like equation

d? = =
-2+ U] 8) = ma(e) (3.17)
ToIw. ) =20)8) (3.18)



through the transformations [23]

Q. 9w =ew | 72| Q). (3.19)

and

Viy)  Py)Q(y)—Q"(y)
VO T e (3.20)

where the prime is a derivative with respect to y. The effective potentials are

e

Us(z) = AW [F(p,m) + 0,H (¢, m)]* £

)
S0, () [F(6.m) + 0, H (o, )]}, (3.21)

where the changing of variables is defined by dz/dy = e? ) -Al),

3.3 Reduction of mass equation in even dimensions

For the case where the dimensionality is even, the separation of variables is

U(z,y) = an ® &nly (3.22)

where 1 (z) is a 2F-dimensional Dirac’s spinor and &,(y) is a two dimensional spinor.
Replacing I'y = 1 ® o the Dirac operator I'M D, ¥ (x, y) becomes

FMDM‘I/(ﬂf,@/) — e_<P;3>A(y) an(x) ® |:mn0_1 4 eA(y)_B(y)o.?)ay] gn(y) (323)

So replacing (3.22) in (3.5), the equation for massive modes in the extra dimension is

dén(y)

o feB<y>{[F(¢, ) + 0, H (¢, )] 0% — mpe” y)i02}§n(y):0. (3.24)

The matrix o2 is the chirality matrix in two dimensions, where I'Y = jg? and I'! = ¢! are

Dirac matrices. So we can write the two dimensional spinor &, (y) as

_ §n+(y)
&nly) = [ b (y)] : (3.25)

where &,1(y) and &,—(y) are complex functions. Therefore replacing (3.25) in the equa-
tion (3.24), we obtain the following differential equations

{0+ P [F(6,7) + 0,H (6, m)] } € () = mae PO AW, (1), (3.26)
{0 = P [F(6,7) + 0,H (6, m)] |} €4 (y) = —mnePO =400, _(y). (3.27)

These equations are identical to those related the odd dimensionality, i.e., equations (3.14)
and (3.15). Therefore, the potentials and the Schrédinger’s equation are the same however,
here, it is possible choose §,+(y) # 0 and &,—(y) = 0 or &,+(y) = 0 and &, (y) # 0. This

~10 -



choice implies that not exists massive modes in the membrane. In even dimensions it is
possible because this procedure is equivalent to take Weyl spinors

0
En—(y)

from the beginning in the equations of motion. This procedure is not true for odd dimen-

§n+ (y)

Vi(oy) =Y tn@ e |

;U (zy) =) Pn(r)®

] , (3.28)

sions because in this case, according to section 3.1, chirality is not defined. These results
will be used to study the zero mode localization and resonances of fermions in arbitrary

space-time dimensions.

4 The zero mode localization

In this section we will analyze the localization of zero modes over the membrane. The
condition for localization is that we can obtain a well defined (D — 1)—dimensional action.
Therefore we look for solutions such that the integral (1.1) is finite, which is like the
square integrable condition of quantum mechanics. Together with transformations (3.19)
we obtain a standard Schrodinger-like equation problem. According to the subsection 3.1,
the Dirac matrix representation change when the bulk dimension is odd or even. First we
will attack the zero mode localization problem when the dimensionality is odd, after the
case where it is even.

4.1 General case

For the case that the dimensionality is odd, the equations (3.14) and (3.15) for the zero
mode reduces to

Fioly) F "W [F (g, m) + 0, H (¢, )] froly) = 0. (4.1)

The solutions to these equations are
o) = Caexp { [ aye™) [Flo(s)n(s) + 0,10 m)] | (42
y

where the positive signal refers to right, the negative signal to left handed spinors and C+
are arbitrary constants. We note that, in this scenario, the interaction term is fundamental
for the localization of spinorial fields. Replacing (3.11) in the action (3.1) for the zero mode,
the effective (D — 1)-dimensional action becomes

Sy = /dD_lCU Yo7 Optbot [/ dye_A(y)+B(y)|f0+(y)’2} +

_I_/dD—1x Do Outbo_ [/ dye—A(y)+B(y)|f0(y)|2] (4.3)
The localization of the zero mode will depend on the finitude of the integrals
+00
Lz = | dye B0 ()] (4.4

- 11 -



which, by using the solution (4.2), becomes

TIogqs = /+OO dy exp {—A(y) + B(y) +£2 / dy' eBW) [F (¢, 7) + Oy H (9, TF)]} (4.5)

oo y
Now we turn our attention to even dimensions. In this case the equations (3.26)
and (3.27) for m = 0 becomes

Eo1(y) F W [F(¢,m) + 0, H (¢, m)] 04 (y) = 0, (4.6)

with solution
fos) = & exp { & [ ay' e [F (o) ) + 0,60/ x| (47
y
where &4 are arbitrary complex constants. Replacing (3.22) in the action (3.1), the effective
(D — 1)—dimensional action for the zero mode is

PR +Oo
&ﬂ:/#”w%wm%/ dye=AWHBW) (|6, (N2 + €0- ()] . (48)

—0o0

Similarly to the previous case, we must analyze the convergence of integral

+o0
Teven = / dye” "B e, () + |&o-(9) ] - (4.9)

—00
Therefore, as previously case, replacing the equation (4.7) in the integral Ioyen, it can be
written as

Ieven = dodd+ + Iodd— . (410)

According to equation (4.10), the Dirac spinor vy (z) is localized only if both I,qq44 and
Ioqq— are finite. In many cases, this condition is not obeyed simultaneously, compromising
the localization mechanism. This apparent problem can be solved, only for zero mode,
choosing appropriately the functions &y (y) and &4 (y) such that they continue to satisfy
equations (3.26) and (3.27). We will choose &y+(y) # 0 and &-—_(y) = 0 if the integral
Ioqq— is divergent, and therefore the equation (4.10) becomes Ieyen = Ioqd+, or &o+(y) =0
and &—(y) # 0 if the integral I,qq4 is infinite, making the equation (4.10) in the form
Teyen = Ioaa--

4.2 Thin brane

First we are going to analyze fermions localization for the case of a delta-like brane.
Replacing, A(y) = —kply|, F(¢,7) = H(¢,m) = 0, B(y) = 0 in the equations (4.2)
and (4.7) we find fo(y) =constant and &y(y) = &. For this case the localization inte-
gral for odd dimension is

+oo
Togd+ = loqaa— =1 = |C|2/ dyek’}'y‘ — 0. (4.11)

—0oQ
Therefore free Dirac fermions are not localized in both odd and even dimensions. It is
the same result obtained by [7] for D = 5. The localization is only successful for negative
tension brane (k, < 0). In order to localize 1/2-spin fermions in the RSM-II framework,
we will use, in the next sections, the method of localization propose by [8], which consists
of the introduction of an interaction of fermions with scalar and dilaton fields.
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4.3 Thick brane without dilaton coupling

When we consider smooth Randall-Sundrum model without dilaton coupling, A(y) is given
by (2.14) and can be written as

exp %” tanh? (by)}

Aly) —
e = 4.12
[cosh(by)]z’gp (4.12)
Considering a Yukawa interaction given by F(¢,7) = n1¢, we get
+oo
I, = \Ci|2/ dylcosh(by))?PrEam/b) exp [sz tanh? (by)} (4.13)

The evaluation of localization integral is done asymptotically. For y — 400, the integrand
behavior is proportional to e??lWI(BpEam/b) and the integral (4.13) will converge if

Im| > iy (4.14)
a

Therefore, for odd dimensions, Weyl left fermions v¢y_(x) are localizable if the condition
m > 0 is satisfied. However, if 1 < 0 only Weyl right fermions o (z) are localizable
if the same condition on the 7, is true, as well the choice. We conclude that, in odd
dimensions, Weyl spinors with different chiralities are not localizable simultaneously. For
even dimensions not exist Weyl spinors on the p-brane, thus the signals + are related
to complex functions £y (y). Therefore according to section 3.1 and section 4.1 Dirac’s
fermions are localizable, for 71 > 0 if {4+ (y) = 0 and &_(y) # 0 and for n; < 0 if

€o+(y) # 0 and & (y) = 0.

4.4 Thick brane with dilaton coupling
In the case of dilaton coupling with Yukawa interaction i.e., A(y) given by (2.14), B(y)
given by (2.22), F(¢,n) = noge ™", and H (¢, ) = 0, the integral (4.5) becomes
+o0 ,
Ioddi_‘C:I:P/ dyexp {(r—l)A(y)jﬁang/dy’e(TH)‘VTPMP)A(y)tanh(by') . (4.15)
o y

Here we define o, = 7+ 2A\\/rpMP, and there are two cases to be analyzed: (i) o, = 0 and
(ii) ap # 0.
4.4.1 Casel: ap =0

In this case, the localization integral (4.15) can be written as

2L b)) o PO e (416)

o [T [
Toaa+ = |C4| / dye

The evaluation of localization integrals (4.16) is done asymptotically. When y — o0,

+oo 2
/ dy exp (ii)n?]yo, for r = 1;

Iodd:t & /—lczooo

we have

(4.17)
dyexp {2 [Bpb(1 —r) £ ang]|y|}, for r # 1.

—0o0
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Thus, similarly to the thick brane case, i.e., for r = 1, we can localized left (72 > 0)
or right (n2 < 0) fermions in odd dimensions. In even dimensions Dirac fermions are
localizable if we choose &4 (y) = 0, &o—(y) # 0 and for 72 > 0 or if we choose &p4+(y) # 0
and &—(y) = 0 for ne > 0. However, for r # 1, the analysis is more delicate, because of
the energy density (2.25) must be finite. In this case, the localization will be successful if
Bpb(1 —r) £ an < 0.

For 0 < r < 1, this condition can be written as |n2| > B,b(1 — r)/a and we conclude
that, in odd dimensions, if 72 > 0 left handed fermions are localizable, but if 72 < 0 only
right handed fermions are localizable. For even dimensions, the Dirac spinor g (z) will
be localized for 1y > 0 if we choose &y4(y) = 0, {o—(y) # 0 and for e < 0 if we choose
§o+(y) # 0 and &—(y) = 0.

For r = (p+1)/2 > 1, the localization condition can be written as 12| < B,b(D — 3)/2a,
where D is the bulk dimensionality. Therefore, both 73 > 0 and 72 < 0, the Dirac spinor
¥o(x) is localized for both odd and even dimensions. Beyond this, in this case, the local-
ization mechanism is improved with the increase of bulk dimensionality.

4.4.2 Case 2: ap #0

In this case we define

I(y) = / dy' e tanh(by'), (4.18)
Y
and for y — +o0o we have
1
I _ —aplyl 4.19
(y) 20, (4.19)

and therefore the localization integral (4.15) becomes

+oo
dy exp <:FCZ72€%3/|>7 for r = 1;
Toaas o< 755 ’ 4.20
e o d anz —aylyl| (420
yexp |—(r —1)Bpbly| F —e , for r # 1.
—00 Qayp

For r = 1, we will analyze two situations: o, < 0 and a;, > 0. When «;, < 0, accord-
ing (4.20), for odd dimensions right handed fermions g, (z) are localized if 7y > 0 or left
handed fermions are localized if 12 < 0, but Weyl spinors with different chiralities are not
localizable simultaneously. In even dimensions the Dirac spinor ¢y(x) will be localized if
we choose o+ (y) # 0, &—(y) = 0 for n2 > 0 or we choose &y+(y) = 0, &—(y) # 0 for
n2 < 0. When «, > 0, the first integral of the equation (4.20) is always divergent, and
therefore can not possible localize spinors both in odd as even dimensions.

For 0 < r < 1, we will also analyze o, < 0 and o, > 0. When «;, < 0, we have
the localization integral I,qq+ asymptotically identical to case r = 1, providing the same
results. When «;, > 0, the integral I,qq+ becomes

“+o0
s = / dye =Bt o (4.21)
— 00

Thus, can not possible localize spinors both in odd as even dimensions.
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For r = (p+1)/2 > 1, we obtained the same results from the case r = 1 if o, < 0.
However, for oy, > 0, we have

T dye T2 bl
Toqd+ & dye 2 < 00, (4.22)

—00

and we conclude that the Dirac spinor ¢y(x) is localized for both odd and even dimensions,
independent of the parameter 7.

4.4.3 Dilaton derivate coupling

Finally, we will analyze the localization for F'(¢,7) = 0 and H (¢, 7) = hrw(y), where h is a
real coupling constant. In this case, the localization integral (4.5) becomes

+oo pMp
Todas = |Cx]? / dyexp |(r — 1)A(y) F 4h er AW | (4.23)
oo r
To verify the convergence of this integral, we must again evaluate it asymptotically,

+00
/ dy exp <:F4h\/pMpe_2bﬁp|y|), for r = 1;
Togax o § " T (4.24)
Wi
/ dy exp [—2b6p(7‘ — D|y| F 4hy/ pre_%'gmy] , for r £ 1.

—00

For r = 1, the integral I,qq+ diverge, because e 2Plvl 5 0 when y — Z4oo, and
therefore F4hy/pMPe=2Plvl 5 constant. Thus, we conclude that spinorial fields are not
localizable in odd and even dimensions.

For 0 < r < 1, the integral I,qq4+ becomes
+0o0
Loaas o / dye2B(1=rl _y o, (4.25)
— 0o

Therefore we have that Dirac’s fermions are not localized in odd or even dimensions.
For r = (p+1)/2 > 1, we have

e 26, L2
Iodd:toc/ dye™ Bp==5 "yl < 00, (4.26)

—00

showing that Dirac spinor are localizable for both odd and even dimensions.

5 Resonances

Now let us turn our attention to the massive modes of Dirac equation. We are interested
only in the study of resonant modes and must use the transfer matrix method. They
depend strongly of the form of the potential and, therefore, of the model considered. Here
we will study the model similar to that found in [8].
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U(z)

Figure 1. The double potential barrier.

U(z)

Figure 2. Potential approximation by barrier.

5.1 Review of the transfer matrix method

Here we will give the details of the program used to compute the transmission coefficients
by transfer matrix [23-25]. First, we write the equation of motion for massive modes as a
Schrodinger like equation, as demonstrated in (3.17). Due to similarity with usual quantum
mechanics, we calculate the transmission coefficient, but numerically. For this, we will use
the transfer matrix method. This method is based on the concept of potential barrier. The
solutions before and after the potential barrier are plane waves, and using this fact it is
possible to approximate this type of solution in each barrier.

We consider as an example the simple case given by the double well barrier as shown
in figure 1. The solution of the Schrodinger equation for each region is given by

D;(2) = Aje™i* 4 Bje'ki k; = /2(E-U;), j=1,2,3,4,5. (5.1)

The idea therefore is to apply the results above to a more general case. For this
purpose the potential can be approximated by a series of barriers showed in the figure 2.
The Schrodinger equation must be solved for each interval z;_; < 2z < zj, where we have
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approximate the potential by
Uz) =U(zj1) = Uj-1, Zj—1 = (2 + 2j-1)/2. (5.2)
The solution in this interval is
D;1(2) = Aj_leikj*” + Bj_le"kfflz, ki1 =y/m?—Uj_1. (5.3)

The continuity of the (i)jfl(z) and (i);'fl

Aj N _ o [ Aia
() - (41) o

In the above equation we have that

(2) at z = z; give us

1
M; = —

o (5.5)

(kj — kj_p)e®itki-0z (ki 4 ki _q)elki—ki=1)2

(ky + ky-1)e= 5105 (ky — k)il R0 ]

and performing this procedure iteratively we reach

where,

The transmission coefficient is therefore given by

1

A
| Mo |?

(5.8)
This expression must be a function of m?. To obtain the numerical resonance values we
choose the zpax to satisfy U(zmax) ~ 1074 and m? runs from Uiy = U(2max) t0 Unmax (the
maximum potential value). We divide 2zmax by 10* or 10° such that we have 10* + 1 or
10° 4 1 transfer matrices.

5.2 The case F(¢,7) = n2¢pe ™™ and H(¢p,7) =0

In this subsection we will analyze the resonances for the potential F(¢, ) = nope ™ and
H(p,m) =0, with r =1, 7o = 1 and for the dimensionalities D = 5,10, for s =1, s = 3
and s =5 for two cases, A = 0,4 and A\ = 1//pMP.

In the case where A\ = 0, 4, we will analyze left and right handed resonance fermions (for
odd dimensions) and Dirac spinor (even dimensions). We show in figure 3 the plots for the
potentials and of the transmission coefficient for left fermions (odd dimensions) and Dirac
spinor (even dimensions, using the function &,_(y)). Particularly, for even dimensions, if
the transmission coefficients of &, () or &,— (x) show peaks for m? < Upay, it is sufficient
for that to be found resonance modes in Dirac’s fermions. This fact is a consequence of
decomposition (3.22), that is different of odd case (3.11).
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Figure 3. Potentials U(z) and Transmission coefficient T'(m?) for massive left fermions (odd
dimensions) and Dirac fermions (even dimensions choosing &, (z)) with A = 0,4 for D = 5 (line)
and D = 10 (dotted), with n =1 and s =1 (a, d), s =3 (b, ¢) and s =5 (c, f).

The potential for left handed and Dirac fermions for s = 1 is very similar to a double
barrier and we should expect the existence of resonant modes [23-25]. But for right handed
fermions, when s = 1 this will not be true, because the potential in this case is a single
barrier. We observe that, in this case, the deformed topological defects are responsible
for the appearance of resonance peaks. The number of resonance peaks is very similar to
the previous case but not their positions. The table 1 shows the values of the peaks of
resonance. We observed that, for D = 5,10 and s = 1, although the potential takes the
form of a double barrier, no resonance peaks were found.

For right handed fermions (odd dimensions) and Dirac fermions (even dimensions,
using the function &, (y)), the potentials and transmission coeflicient are showed in figure 4.
We observed that, in this case, the potentials do not have the form of a double barrier and
therefore there are no resonant modes. For this reason we do not find peaks of probability
for massive fermions coupled with the dilaton when A = 0,4, as shown in figure 4(d).
The results obtained enforces the previous affirmation that the resonances are strongly
dependent on the topological defect parameter s. The table 2 shows the peaks of resonance.
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Topological Defects Resonances Peaks (m?)
s=1 - - | =] - -
s=3 035 — | —1032|15] -
5=05 0,36 | 0,75 | — | 1,75 | 2,3 | 2,85

Dimensionality D=5 D =10

Table 1. Peaks of resonances for massive left handed fermions (odd dimension) or Dirac fermions
(even dimensions choosing &, (z)) for A = 0, 4.
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Figure 4. Potentials U(z) and Transmission coefficient T'(m?) for massive right fermions (odd
dimensions) and Dirac fermions (even dimensions choosing &, (z)) with A = 0,4 for D = 5 (line)
and D = 10 (dotted), withn=1, M =1and s =1 (a,d), s=3 (b, e) and s =5 (c, {).

As said previously, the peaks of resonances are strongly dependent on the s. For D = 5,
if the potential looks like the double well barrier, we can observe resonances. But, other
hand, if the potential is a one single barrier we cannot observe resonances. For this reason
we only plot the potentials and transmission coefficient for left handed (odd dimensions)
and Dirac (even dimensions, using function &, (y)) fermions for the case A = 1/(2,/p)
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Topological Defects | Resonances Peaks (m?)
s=1 - - - -

s=3 063 | — |065| 1,9

s=05 048 (09| 14 1,9
Dimensionality D=5 D =10

Table 2. Peaks of resonances for massive right handed fermions.
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Figure 5. Potentials U(z) and Transmission coefficient T((m?) for massive left fermions (odd
dimensions) and Dirac fermions (even dimensions, choosing the function &, (z)) with A = 1/(2,/p))
for D =5 (line) and D = 10 (dotted), with n =2 and s =1 (a, d), s=3 (b, e) and s =5 (c, ).

(figure 5). However, we discovered in this case that in D = 10 and s = 1 we find resonant

modes for Dirac fermions, in even dimensions.

resonance peaks are dependent of the bulk dimensionality. The table 3 shows resonance

In other words, we discovered that the

peak in m? ~ 10,5, when D = 10, while for D = 5 no resonant peaks appear.
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Topological Defects Resonances Peaks (m?)
s=1 - - | - l105]| - | -
5=3 04|15 — | 28 |40 —
5=5 0812 |1,7] 3,0 | 36|42

Dimensionality D=5 D =10

Table 3. Peaks of resonances for massive left handed fermions.

Topological Defects | Resonances Peaks (m?)
s=1 - - - -
s—3 016 | — |065| —
s=5 002017 | 015 | —
Dimensionality D=5 D =10

Table 4. Peaks of resonances for massive right handed fermions.

5.3 The case F(¢,7) =0 and H(¢,w) = hr

Here we consider the next important case, which is known as coupling with dilaton deriva-
tive, F'(¢,m) = 0 and H(¢,m) = hm. These cases has already been studied in [21] for
D = 5. But we will generalize it to the case with co-dimension one and in the light of the
Transfer Matrix Method.

We show in figure 6(a) the graphics of the left handed fermion potential with the
coupling H (¢, ) = hm. In figure 6(d) we show the transmission coefficient, when D = 5,10
and s = 1. In figures 6(b), (c) and 6(e), (f) we show the graphics of the potential and
transmission coefficient with s = 3,5, respectively. Here we note that the increase of the
dimensionality leads a decrease in height, which on the other hand is compensated by a
gain in the potential width. Also we note that, in this case the resonance peaks occur
at a lower energy scale. For example, in case F/(¢,7) = n¢e ™ and H(p,7) =0, s = 3
and D = 5 (table 3), the first peak of resonance occur at m? ~ 0,4, while for this case
(figure 6(d)) the same occur in m? ~ 0, 15.

For right handed fermions, the potentials and transmission coefficient are showed in
figure 7. In figures 7(a) and 6(d) we show the potential and transmission coefficient for
s =1, when D = 5,10. The figures 7(b), (c) and 6(e), (f) we show the graphics of potential
and transmission coefficient with s = 3,5, respectively. Here we note that the increase of
bulk dimensionality does not contribute to the appearance of resonance peaks. Thus we
conclude that only s = 3,5 topological defects induces the appearance of resonance peaks
for the case with derivative coupling.

6 Conclusion

In this work we have analyzed the localization of zero mode and resonances of 1/2-spin
fermions in co-dimension one Randall-Sundrum-like models. This matter has already been
studied before for many authors, but adopting the bulk with five or six dimensions. There-
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Figure 6. Potentials U(z) and Transmission coefficient 7'(m?) for massive left fermions for D =5
(line) and D = 10 (dotted), with n =1 and s =1 (a, d), s = 3 (b, e) and s = 5 (c, f) in derivate
dilaton setup.

Topological Defects | Resonances Peaks (m?)
s=1 - - - -
s5=3 1.6 - 06 | —
5=5 0,02 | 0,17 | 0,15 | —

Dimensionality D=5 D=10

Table 5. Peaks of resonances for massive right handed fermions.

fore the authors generalize the study of fermions localization to consider the influence of
space-time dimension. We discovered that the zero mode localization as well as the reso-
nances depends strongly on this. The results of the localization of zero modes are given in
the tables 6 and 7.

We found that in the delta-like braneworld, both the odd and even dimensions, the
zero mode of fermions are not localized, except for negative tension brane (k, < 0). For
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(a) (d)

Figure 7. Potentials U(z) and Transmission coefficient 7'(m?) for massive left fermions for D =5
(line) and D = 10 (dotted), with n =1 and s =1 (a, d), s = 3 (b, e) and s = 5 (c, f) in derivate
dilaton setup.

thick brane without dilaton but with Yukawa coupling F(¢) = ni¢, the zero mode is
localized for one chirality for odd dimensions, if the condition |7:| > £,b/a is satisfied. In
this situation, for odd dimensions left chirality is localized if 11 > 0 or right chirality if
m < 0. However, for even dimensions, we discovered that Dirac spinor is localizable if
o+(y) = 0 and &-(y) # 0 for m1 > 0 or &+ (y) # 0 and &o—(y) = 0 for 71 < 0. In the
dilaton scenario, F(¢,n) = nape 7, the zero mode localization in co-dimension one for
Dirac fermions is divided into two cases: o, = 0 and «,, # 0, whose localization depends
on the parameters 72 and r to be successful (tables 6 and 7). In the case a;, = 0, for 12 > 0
(m2<0)and 0 <7 <1lorm >0 (n <0)and r =1 we have that left (right) handed
fermions 1o_ (1o ) are localized for odd dimensions and Dirac spinor ¢y(x) is localized
if £o—(y) # 0 (€o+(y) # 0) and &o4(y) = 0 (§o—(y) = 0). In the case o, # 0, right (left)
handed fermions o1 (x) (¢o—(z)) are localized in the cases 72 > 0 (72 < 0) 0 < r < 1 and
r =1if oy, < 0. For » = (p + 1)/2 Dirac spinor is localized independently of «,,, both
odd and even dimensions and also independent of the signal of 1. Lastly, in the derivate

~ 93 -



Setup Parameters Result
Thin brane k, >0 - Yo+ () is not localized
k, <0 - o+ (x) localized
>0 - _ is localized
Thick brane without dilaton n Yo () ?s oca ?ze
m <0 - o4 () is localized
O0<r<l1
T o () is localized
ne >0 r=1
= 1)/2 localized
Thick brane with dilaton (a, = 0) r=p+1) Yoz () are localize
0<r<l1 Vs () is localized
x) is localize
12 <0 r=1 ot
r=(p+1)/2 o(x) is localized
O0<r<l1
is localized if o, < 0
>0 p— Yo+ () is localized if a,
r=((p+1)/2 o+ are localized
Thick b ith dilat 0 0<r<l1
ick brane with dilaton {ay 7 0) T . Yo—(x) is localized if o, < 0
T =
<0
” o—(z) is localized if o, < 0
r=(p+1)/2 : —
Yo(x) is localized if a; > 0
0<r<l1 Yo+ () is not localized
Dilaton derivate h#0 r=1 Yo+ () is not localized
r=((p+1)/2 Yo+ (z) is localized

Table 6. Summary of results of zero mode fermions localization in odd dimensions. The ¥y(x) and
1o+ (z) are Dirac and Weyl spinors on the brane, respectively.

dilaton coupling case, H (¢, ) = hm, the parameter h does not influence in the localization
mechanism and Dirac’s fermions are localizable only if r = (p+1)/2 > 1.

For the study of resonances in undeformed and deformed Randall-Sundrum Models,
we used the transfer matrix method. In all Randall-Sundrum-like models the issue of
localization is studied through an associated one dimensional Schrodinger equation with
a respective potential. In general, the results obtained enforces the previous affirmation
that the resonances are strongly dependent on value of parameter 72 and h. Beyond this,
both cases are strongly dependent on s. The authors of this paper also observed that,
when A = 1/2,/pMP, specifically for D = 10 (p = 8), the resonance peaks are dependent
of the bulk dimensionality, as shown in figure 5(d) and table 5. However, the same does
not occur for the cases with s = 3,5, where these topological defects are responsible for
the appearance of resonance peaks. Another interesting aspect is the displacement of the
resonance peaks with the increase of the bulk dimensionality. This happens in the figures
(s = 5, figures 3(f) and 4(f)) and figures (s = 3, 5, figures 5(e) and (f)). Phenomenologically,
this fact can be interpreted as an increase of the energy scale. In the derivate coupling
case, for left handed fermions the inverse occurs: in the cases s = 3,5, the numbers of
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Setup Parameters Result
Thin brane kp>0 - 1o(z) is not localized
k, <0 - wo(x) localized
>0 - is localized if =0
Thick brane without dilaton n Yol@) ?S oca ?ze 1 So+(v)
m <0 - ¥o(z) is localized if §o—(y) =0
O0<r<l1
r Wo() is localized if & (y) = 0
n2 >0 r=1
= 1)/2 localized
Thick brane with dilaton (o, = 0) r=ptl) Yo() are localize
TEEE L o) s Tocalised if & () = 0
x) is localized if &—(y) =
m2 <0 r=1 0 -\
r=(p+1)/2 Yo(x) is localized
0<r<l1 o(z) is localized if oy, < 0
m2 >0 r=1 and §—(y) =0
r=(p+1)/2 o(x) are localized
Thick brane with dilaton (ay, # 0) 0<r<l1 o (z) is localized if oy, < 0
ol o €0.(0) -
o(x) is localized if oy, < 0
r=p+1)/2
and &9 () = 0
o(x) is localized if oy, > 0
0<r<l1 ¥o(x) is not localized
Dilaton derivate h#0 r=1 o(x) is not localized
r=(p+1)/2 () is localized

Table 7. Summary of results of zero mode fermions localization in even dimensions. The () is

the Dirac spinor on the brane.

resonance peaks diminish with increasing bulk dimensionality for left handed fermions

(odd dimensions) and for Dirac fermions (even dimensions, choosing the function &_,(y))

(see figures 6(e) and (f) and table 4). The same is not true for right handed fermions (odd

dimensions) or for Dirac Fermions (even dimensions choosing &, (y)).

Finally, we can conclude that both the localization of the zero mode and the appearance

of unstable resonant modes are affected by space-time dimensionality. For example, we note

the possibility of localizing both chiralities and the appearance of new peaks and shifts of

these peaks in domain walls when the dimensionality increase. We can summarize the main

results of this work as follows:

1. For even dimensions the zero mode of Dirac spinor can be localized, prohibiting

massive modes.

2. For odd dimensions only one zero mode chiralities can be localized.

3. The localization of zero mode depends strongly on the coupling constants and the

parameter r.

4. The resonance peaks for massive modes are displaced with increasing dimensionality.
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