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ABSTRACT

Cooperative communications have shown to be an alternative to combat the impairments of
signal propagation in wireless communications, such as path loss and shadowing, creating a
virtual array of antennas for the source. In this work, we start with a two-hop MIMO system
using a a single relay. By adding a space-time filtering step at the receiver, we propose a rank-
one tensor factorization model for the resulting signal. Exploiting this model, two semi-blind
receivers for joint symbol and channel estimation are derived: i) an iterative receiver based on
the trilinear alternating least squares (Tri-ALS) algorithm and ii) a closed-form receiver based
on the truncated higher order SVD (T-HOSVD). For this system, we also propose a space-time
coding tensor having a PARAFAC decomposition structure, which gives more flexibility to
system design, while allowing an orthogonal coding. In the second part of this work, we present
an extension of the rank-one factorization approach to a multi-relaying scenario anda closed-
form semi-blind receiver based on coupled SVDs (C-SVD) is derived. The C-SVD receiver
efficiently combines all the available cooperative links to enhance channel and symbol estimation

performance, while enjoying a parallel implementation.

Keywords: MIMO Systems, Cooperative Communications, Semi-Blind Receivers, Rank-One

Tensors.



RESUMO

Comunicagdes cooperativas tém mostrado ser uma alternativa para combater os efeitos de
propagacdo do sinal em comunicagdes sem-fio, como, por exemplo, a perda por percurso e
sombreamento, criando um array virtual de antenas para a fonte transmissora. Neste trabalho,
toma-se como ponto de partida um modelo de sistema MIMO de dois saltos com um tnico relay.
Adicionando um estagio de filtragem no receptor, € proposta uma fatoragao de posto unitario para
o sinal resultante. A partir deste modelo, dois receptores semi-cegos para estimacdo conjunta de
simbolo e canal sdo propostos: i) um receptor iterativo baseado no algoritmo trilinear de minimos
quadrados alternados (Tri-ALS) e ii) um receptor de soluc¢do fechada baseado na SVD de ordem
superior truncada (T-HOSVD). Para este sistema, é também proposto um tensor de codificacao
espacial-temporal com uma estrutura PARAFAC, o que permite maior flexibilidade de design
do sistema, além de uma codifica¢io ortogonal. Na segunda parte deste trabalho, é apresentada
uma extensao da fatorac@o de posto unitdrio para o cendrio multi-relay e um receptor semi-cego
de solucdo fechada baseado em SVDs acopladas (C-SVD) € desenvolvido. O receptor C-SVD
combina de modo eficiente todos os links cooperativos disponiveis, melhorando o desempenho

da estimacdo de simbolos e de canal, além de oferecer uma implementacdo paralelizavel.

Palavras-chave: Sistemas MIMO, Comunica¢des Cooperativas, Receptores Semi-Cegos, Ten-

sores de Posto Unitario.
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1 INTRODUCTION

The use of multiple antennas at the transmitter side and receiver side brought new
gains to wireless communications to exploit and new challenges compared with single antenna
wireless systems. Among these gains, we highlight spatial diversity and spatial multiplexing
gains. The spatial diversity gain comes from the use of multiple antennas to combat the fading
in wireless communications. The spatial multiplexing gain comes from the transmission of
multiple data streams in rich scattering environments, increasing the system spectral efficiency
[1, 2, 3]. However, consider the case of a MIMO wireless system where the source has no line of
sight with the destination or, the links between them are too poor. In this scenario, the use of
relay stations has shown to be an alternative to combat fading and to increase the capacity and
coverage of wireless system [4, 5, 6]. The benefits of relay-assisted wireless communications
strongly rely on the accuracy of the CSI for all the links involved in the communication process.
Moreover, the use of precoding techniques at the source and/or destination [7, 8] often requires
the instantaneous CSI knowledge of all links. An example of a cooperative communication
scenario is that of a multi-user system, where each user can be viewed as a relay station that
assists the source.

Even thought, those users may have a single antenna only, the system exploits the
spatial diversity as a MIMO system, due to the virtual antennas provided by the relay nodes.
Some works in this application can be viewed in [9, 10, 11, 12]. In [9], the authors investigate a
multi-user cooperative system with relay coding to enhance the performance of 4G systems. In
[10] and [11], a multi-user cooperative system with AF protocol at the relay is studied. In[10],
the authors focus on the problem in which scenario the relay must cooperate, and in [11], the
authors proposed a multi-user detection for uplink DS-CDMA in a multi-relaying scenario
taking advantage of the multidimensional nature of the signal, using tensor decompositions
for parameter estimation. In [12], the authors investigate the problem of power allocation
for a multi-user multi-relaying system with DF protocol in cognitive radio networks using
bandwith-power product to reach a optimal spectrum-sharing. In the context of 5G systems,
we can cite the recent work [13] where the authors proposed a non-orthogonal multiple access
for downlink, where the system is divided in K time slots with K — 1 users and each user
performs a SIC approach to estimate their own data. Since such approach at each receiver
demands processing time, in order to turn this operation less complex the authors proposed

a modified version of the SIC method. In the past decade, the use of multilinear algebra or
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tensor algebra for wireless communications has been growing up, at most after the work of
Sidiropoulos [14]. The main interest has been on the use of tensor decompositions to model
the received signal as well as to derive receiver algorithms exploiting multiple forms of signal
diversity. The two most common tensor decompositions are PARAFAC (Parallel Factor) [15] and
Tucker [16] decompositions. Alternative tensor decompositions have been developped recently
([17, 18, 19, 20]). The PARAFAC decomposition is the most popular one, and not only for its
conceptual simplicity but also for its uniqueness property [21]. The Tucker decomposition, is
note unique in general. However, when the core tensor it is known, the factors are unique under
some scalar ambiguity [17]. In the context of MIMO wireless communication, in [19, 20, 22]
semi-blind receivers have been proposed to jointly estimate the channel and the symbols using
tensors modeling.

In the cooperative scenario, some works that propose receivers based on the use of
tensor modelling can be found in [23, 24, 18, 17]. The work [23] develops a tensor-based channel
estimation algorithm for two-way MIMO relaying systems using training sequences. In [24], a
supervised joint channel estimation algorithm is proposed for one-way three-hop communication
systems with two relay layers. In [18], the authors proposed a semi-blind receiver for two-hop
MIMO relaying systems using a Nested PARAFAC model. The authors in [17] developed first a
generalization of the work [18], so called Nested Tucker decomposition, by using full tensors
as space-time coding (random exponential structure), at the source and the relay. They also
proposed two semi-blind receivers. The first one is an iterative solution based on the ALS (Alter-
nating Least Squares), while the second is a closed-form solution based on LSKP (Least Squares
Kronecker Product) factorization. The ALS receiver exploits the dimensions of the received
signal to estimate symbol and channel matrices. However, this algorithm requires extensive
matrix products and matrix inversions for each iteration. On the other hand, the Kronecker
factorization receiver is suboptimal since it divides the relay-destination channel and symbol
estimations into two steps (2LSKP), and the estimation for source-relay channel depends on the

accuracy of the previous estimation.

1.1 Relay Channels

Relay channels were introduced by Meulen in 1971 [25], the author investigates the

three-terminal system where a user (terminal 1) is assisted by another user (terminal 2) to send
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Figure 1 — Three terminal system example
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the data to destination (terminal 3), such cooperation divides the transmission into two phases, in
the first, the terminal 1 sends the data to terminal 2 by a source-relay channel and to terminal 3
by a direct link, source-destination channel. Then, in the second phase, the terminal 2 sends to
terminal 3 its own data plus the data from terminal 1 in the first phase. The system is illustrated
in Figure 1, where the red line represents the transmission in the first phase and the blue in the

second phase.

1.1.1 Cooperative Communications

In Figure 2 a three-terminal MIMO system is illustrated. This configuration combines
the gains of MIMO systems and cooperative communications which can be summarized as
e Spatial Diversity

As discussed in MIMO wireless advantages, the spatial diversity is related the use of
multiple antennas for transmitting and receiving signals. In the case of cooperative
communications, this can be achieved by single antenna users, since the relay node can
be viewed as a virtual antenna for the source. Such case can be related into multi-user
environment where each user (mobile) has a restriction on the number of antennas due
to hardware, and in the end, the system takes advantage of the spatial diversity of MIMO

systems [6].
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Figure 2 — Three terminal MIMO system example
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e Spatial Multiplexing
Considering the system in figure 2 the multiplexing gain is related to the gain of using
multiple antennas for transmitting independent data streams (as discussed previously). The
difference is that in this cooperative communication, the independent data streams are sent
through the relay channels, leading to the next advantage.

e Coverage Area
As seen in Figure 2, the link between terminal 1 and terminal 2 and the link between
terminal 2 and terminal 3 are shorter than the link between the terminal 1 and terminal
3, 1.e. the path loss is smaller in the relay links than in the direct link, resulting in a less
power for terminal 1 to reach terminal 3.

In terms of medium access, the relays usually are characterized as

e Full-Duplex
In the full-duplex configuration, the relay can transmit and receive the signals at the
same time.This approach presents a low latency in the system, although cross interference
between the transmitted and received signals are introduced and must be accounted for.

Some works dealing with full-duplex relays can be found in [26, 27].
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e Half-Duplex

In this configuration, the relay receives and transmits at different time slots. However, the
latency of the system is increased, which in the case of a two-hop one relay system, the
transmission rate has a drop of 50%. This configuration is the most common for relays,

and appears in several works [17, 18, 28, 29].
In literature, there are many relay processing protocols that can be found in [4, 30, 31].
Basically, the protocols are divided into fixed relaying schemes and selective relaying schemes
[4]. In a simple way, for the fixed relaying schemes the protocol used at the relay node is
independent of the quality of the channel. The selective relaying schemes take into account the
SNR of the received signal at the relay node. If the SNR exceeds a predefined threshold, the relay
can apply the protocol. Else, the relay can remain idle. Next, we present some fixed relaying

schemes protocols.

e Fixed Amplifying and Forward (AF)
Also known as a non-regenerative protocol, the relay receives the signal from the source
and scales it. This protocol is attractive for systems that consider constant channels, due
to simplicity and latency time. The use of the AF protocol makes more sense in the
cases where the relay is closer to the destination than the source to compensate the fading.
Otherwise, the relay has to use more power which also amplifies the noise in the received

signal [6].

e Fixed Decode and Forward (DF)
Also known as a regenerative protocol, the DF consists of decoding the signal at the
relay, then possibly applying some coding before forwarding to the destination. This
scheme, compared with AF protocol, increases the latency of the system since some signal
processing technique must be applied to decode the signal. For such protocol, it is useful
that the relay is closer to the source than to the destination to have a better probability to

decode the signal correctly than if the relay is closer to the destination [4, 6].

1.2 Contributions

The main contributions of this thesis can be summarized as

1. Minimization of the Frobenius norm of a matrix by the Kronecker product of N matrices.
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This process is a generalization of the Kronecker product approximation introduced by Van
Loan in [32] that minimizes the Frobenius norm of a matrix by the Kronecker product of
two matrices, rearranging the structure to a rank-one matrix. The proposed generalization
rearranges the matrix structure into a tensor which can be approximated by the outer
products of N vectors, where those vectors are the vectorization of the original matrices
involved in the Kronecker product.

2. Orthogonal effective codes designed by the exact Khatri-Rao factorization of a DFT matrix.
We show that a DFT of size K x K can be factorized into the Khatri-Rao product of N
matrices, with the constraint that k1 k> - - - ky = K, where k,, is the number of rows of the
n-th matrix factor.

3. Two semi-blind receivers for two-hop MIMO cooperative systems are proposed by exploit-
ing a rank-one tensor approximation. The first receiver is iterative (based on ALS), while
the second is a closed-form solution (based on the HOSVD).

4. A coupled SVD-based semi-blind (C-SVD) for a multi-relaying MIMO system which

provides closed-form estimates of the channels and symbols by coupling multiple SVDs.

1.3 Thesis organization

e Chapter 2 - Tensor Prerequisites
In this chapter, tensor arrays with some definitions and operations are introduced. The
useful tensor decompositions for this thesis is presented. Also, an important topic is
discussed, the generalization of the Kronecker approximation by Van Loan [32] which is
the core part of the signal processing applied in the latest chapters and the DFT factorization
by a Khatri-Rao product.

e Chapter 3 - Two-Hop MIMO Relaying
A two-hop MIMO relay system is presented, which is modelled using the decompositions
introduced in Chapter 2, resulting into two semi-blind receivers. The first one is iterative
while the second is based on a closed-form solution. Both receivers exploit the rank-one
tensor formulation of the received signal after a space-time combining.

e Chapter 4 - Multi-Relaying MIMO System
A multi-relaying MIMO system is presented, taking advantage of the two-hop system
modelled in Chapter 3 and using the generalized Kronecker approximation of Chapter 2.

A closed-form solution to channel and symbol estimation is derived by coupling multiple
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rank-one tensors (one for each cooperative link) using the SVD.
e Chapter 5 - Conclusions
In this chapter, we draw the final comments and conclusions of this work, and highlight

topics for future work.

1.4 Scientific production

Two papers have been produced as a result of this thesis. The first to a national
congress of telecommunications and signal processing (SBrT 2017). The second paper has been
submitted to the Journal of Communications and Information Systems, and we are waiting for
the response.

1. Bruno Sokal, André L. F. de Almeida and Martin Haardt "Rank-One Tensor Modeling
Approach to Joint Channel and Symbol Estimation in Two-Hop MIMO Relaying Systems
published in the XXXV Simpdsio Brasileiro de Telecomunicacdes, Sao Pedro, Brazil,
2017 ;

2. Bruno Sokal, André L. F. de Almeida and Martin Haardt "Semi-Blind Coupled Receiver
to Joint Symbol and Channel Estimation Using Rank-One Tensor Factorizations for MIMO

Multi-Relaying System Journal of Communication and Information Systems, 2017;



20

2 TENSOR PREREQUISITES

In this chapter, we start with the basis of tensor algebra, some properties and notations.
In a second part, some useful decompositions that we make use in this thesis are presented.
Finally, the generalized Kronecker approximation and the DFT factorization by a Khatri-Rao

product are discussed.

2.1 Tensors

A tensor is an array with order greater than two (scalars have order zero, vectors
order one, matrices order two), or simply a multidimensional array.
A tensor 2~ € Cl1*12%xIv i 3 multidimensional array with order N, with elements Pir iy i)

where i, = {1---Iy}. In the following, some definitions are presented. For a better understanding

consider a third-order tensor 2~ € C/*/*K,

Figure 3 — Illustration of a third-order tensor 2"

K

A

Source: Created by the Author

Definition 1. Fibers
Fibers are vectors formed by fixing the indices of all dimensions with the exception of one.
For third-order tensors, there are three types of fibers: Column fibers, denoted by x jx, where
the indices for the J and K dimensions are fixed and the indices of the I dimension is varying,
forming a vector of size [ x 1; Row fibers are denoted by X; ¢, in this case the fixed dimensions
are / and K, and the dimension J is varying, resulting in a vector of size J x 1. At last, Tube fibers
are denoted by x;; creating a vector of size K x 1 by fixing the indices of the I and J dimensions,

and varying the indices along the K dimension. Figure 4 illustrates this representation.
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Figure 4 — (a) Column fibers; (b) Row fibers; (c) Tube fibers
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Figure 5 — (a) Frontal slices; (b) Lateral slices; (c) Horizontal slices
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Definition 2. Slices
Slices are formed by fixing one index and varying the others. For a third-order tensor 2~ €
CI*I*K _glices are matrices and there are three different ways to slice it. Frontal slices are de-
noted by X ; and are formed by varying the first and second modes and fixing the index along the
third mode resulting in K matrices of size I x J. Lateral slices are denoted by X ; , in this case the
index of the J dimension is fixed while the indices of the first and third modes are varying, at total
resulting in J matrices of size I X K. The last one for third-order tensors are the Horizontal slices,
denoted by X; , where now the index of the first mode is fixed and the indices of the second and

third modes are now varying, yielding / matrices of size J x K. Figure 5 shows this representation.

Definition 3. n-mode unfolding
One way to matricizes a tensor is to compute the n-mode unfolding. Consider the tensor
2 € C*/>*K the n-mode unfolding of 2" is denoted by X(») and this operation separates the
n-th mode fibers and put them along the rows, resulting in the flat n-mode unfolding X(,), or

in the columns forming the tall n-mode unfolding, which is the transposition of the flat one.
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Since 2 it is a third-order tensor, there are three possible ways to matricize it. Let us denote

X(j) € CIK X (5) € C7*'K and X 3) € CK* as the flat 1-mode, 2-mode and 3-mode unfolding

of 2. The elements of the n-mode unfolding X ()’ X2 GB) and X 3) oy OT€ mapped from 2
as
o=j+(k—1)J, (2.1)
B=i+(k—1), (2.2)
y=k+(j— 1)K, (2.3)

withi={1---I}, j={1---JhLk={l---K},a={1---JK},B={1---IK} and y={1---1J}.
This mapping is known as the little-endian convention, defined in [33]. For the general case

of a N-th order tensor % € Ch>**IN the element of the flat n-mode unfolding Y(,,) (ind) €

Clxhi-ln—tlr1--Iv js mapped from % as
=i+ (iz — 1)]1 + (i3 — 1)[112 + -4 (iN — 1)11 .. 'In711n+l - Iy, (24)

where in = {1 In} and [ = {1---11 ~--I(n,1)l(n+1)---l]\]}.

Definition 4. Generalized n-mode unfolding
Instead of separating one mode from the others, as in the n-mode unfolding, the generalized
n-mode unfolding matricizes the tensor by combining multiple modes as rows and columns of the
resulting unfolding matrix. Defining j = {i1, -+ ,i,} and k = {i;41,--- iy} with i, = {1--- I},

the n-mode generalized unfolding maps the elements of @(il - ,iy) Into a matrix Y; ) as
j=i+ (iz — 1)1] + (i3 — 1)1112 +---+ (in — 1)1112 R S (2.5)
k=ini1+ (ing2 — D1 + -+ (iv — D1 L2 - - In—1 (2.6)

Definition 5. n-mode product
Given the third-order tensor .2~ € C*/*K and a matrix A € CR*/, the n-mode product linearly
combines the 1-mode fibers with the columns of the matrix A resulting a tensor #/**/*K_The

n-mode product is denoted as
Y = 2 %A 2.7)
This combination can be also expressed in terms of the n-mode unfolding , i.e.

Y =AX()). (2.8)
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The n-mode product has the following property:

@:%xlelBXIC (29)
= 2 x| CBA <> (2.10)
Y(;) = CBAX ). (2.11)

Definition 6. Contraction
This operation combines two tensors that have a common mode [34]. For example, given two
third-order tensors 2 </ *K and @7/ *L*M \yhere J is a common mode, the contraction between

them is defined as
G = W, (2.12)

where @/*KxLxM i a fourth-order tensor. The upper index in the operator "e" refers that the
contracted mode is, in this case, involves the first mode of the tensor at the right side and the
lower index indicates the mode that will be contracted in the left side tensor. In element-wise,
the tensor ¢ can be written as

J
Gijegm) = 21 2, i)Y am) (2.13)

J:

Definition 7. Concatenation

%lx]xl{

Consider the third-order tensor and the following matrices A of size I x J, with

i={1---R}. We can form a tensor ¢/ */*(K+R) a5
94 = %U3A(1)|_|3A(1) |_|3---|_|3A(R). (2.14)

This operation concatenates all the matrices along the third dimension K. In this case, the frontal

slices of tensor ¢ are given by:

G =X« (2.15)
G, =AY (2.16)
G, =A" (2.17)
G =AR. (2.18)
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Consider now a fourth-order tensor % € C*/*K*L and R third-order tensors 2 (") € C/*KxL,
we can concatenate all those R tensors into the second mode of the tensor ¢/, forming the

fourth-order tensor .7 € CIXUHR) XKL 4q.
T=H U, XDy, 2® (2.19)

The third-order tensors formed by fixing the second mode of .7 are given as:

1. =Y (2.20)
T, =W 2.21)
Ty =20 (2.22)
Tyop. =2 ® (2.23)

Definition 8. Rank-one tensor
A N-th order tensor /1% *IN i said to have a rank-one if we can write % as the outer product

of N vectors,

W =allo...oa®™) (2.24)

where al?) is a vector of size I; x 1, and i = {1---N}.

Definition 9. Tensor rank
The typical rank of the tensor 2" is given by the smallest number of rank-one tensors yield 2

as linear combination. If 2" has rank R, we have
R
2 =Y aob,oc (2.25)
r=1

Definition 10. vec(-) operator

Given a matrix A € C/*/

A=|a, - ag| . (2.26)

IxXR
the vectorization of A consists of stacking the columns of A as:

a]
vec(A)= | . (2.27)

a
R IRx1
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The unvec(-) operator is the inverse operator of the vec(-).

Definition 11. Kronecker Product
Given a matrix A of size I X J and a matrix B of size R x §, the Kronecker product C = A ® B is

defined as

a B apB -+ ayB
a1B a»nB --- a/B
e (2.28)
I anB apB -+ ayB L rivsy

Note that the matrix C can be viewed as a block matrix with R blocks in the rows, S blocks in
the columns and each block is a matrix of size I x J. Let us define some useful properties of this

product. For matrices A, B, C and D of compatible dimensions, we have:

(A2B)T=ATeBT (2.29)

(AQB) = A*®@B* (2.30)

(A®B)" =AT @B (2.31)
(A®B)(C®D)=AC®BD (2.32)
vec(ABC) = (CT ® A)vec(B) (2.33)
vec@o...oal)=al @...0a® (2.34)

Definition 12. Khatri-Rao Product

This product is also known as the column-wise Kronecker product. Given the matrices X € CM*V,
Y € CI*N | the Khatri-Rao, defined as Z = X oY, is given by
7= [X1®Y1 X ®y2 - XN®XN]LM><N (2.35)

where X, and y,, are the n-th column of the matrices X and Y,respectively. For matrices A, B, C

and D of compatible dimensions, we have:

(A®B)(CoD) = ACoBD (2.36)
vec(AD,(B)C) = (CToA)b], (2.37)

where D,,(B) is a diagonal matrix formed by the n-th row of the matrix B, and b,, is the n-th row

vector of B.
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2.2 Tensor Decompositions

We now present a few tensor decompositions that will be useful in the next chapters,
namely the PARAFAC, Tucker and Nested Tucker decompositions. During the past decade,
others decompositions were developed with applications in communication systems, such as:
CONFAC [19], PARATUCK [20]. More recently, some generalized tensor decompositions have
been developed such as the Tensor Train (TT) decomposition [35], Nested PARAFAC [18] and
Nested Tucker [17].

2.2.1 PARAFAC Decomposition

Figure 6 — [llustration of a third-order PARAFAC decomposition as the sum of the outer products
of three vectors.

. c1y czy cRy
1 1

N . s —
I x b, b, b

J a a a

Source: Created by the Author

The Parallel Factors (PARAFAC) decomposition, also known as Canonical Decom-
position (CANDECOMP) [36] and Canonical Polyadic (CP) [37], is the most popular tensor
decomposition. It factorizes a N-th order tensor into a sum of the outer product of N vectors. In
order to simplify, Figure 6 shows a PARAFAC decomposition of a third-order tensor .2 /*/*K

with the factors matrices being as
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A= a, ap --- ag B = b1 b2 bR
I N P I R I
e
C= c C CR
I N N P
So we can write 2~ using a shorthand notation as
R
2 =Y aob,oc, (2.38)

r=1

= [[A,B,C]].
2.2.1.1 PARAFAC Slices

For a third-order PARAFAC tensor, its matrix slices can be represented as a function

of its factor matrices. The frontal, horizontal and lateral slices can be respectively written as

X = AD;(C)BT (2.39)
X; = CD;(A)BT (2.40)
X ; =AD;(B)C’ (2.41)

2.2.1.2 n-mode unfolding

Considering now a N-th order tensor 2 1<*IV of rank R and factor matrices A (%)
of size I; X R, with i = {1---N}. The tensor .2 can be expressed in terms of the n-mode product

notation as

X = Ig x1 AW x, AP x5 xy AW (2.42)

where .#g is the superdiagonal N-th order tensor of size R X --- x R with the entries equal to one,
if all indices are the same, and zero else. From Equation (2.42), the flat n-mode unfolding of 2

can be written as:
X(n) :A(”)(A(N)<>---<>A(”+1)<>A(n_l)<>"'<>A(1))T (2.43)

In the PARAFAC decomposition, the Kronecker operator "®" is replaced by the

Khatri-Rao operator "o" due the core tensor .#g being an identity tensor.
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2.2.1.3 Uniqueness

One of the properties that makes PARAFAC such a popular tensor decomposition
is uniqueness. Differing from matrix decompositions, such as SVD, where the pair of singular
matrices is unique under the imposition of orthogonality, the uniqueness of the PARAFAC
decomposition can be achieved by a far simpler condition. Uniqueness means that in Equation

(2.38) the columns of the factor matrices can be arbitrarily permuted and scaled, so that
2 = [[ATIA4,BIIAg, CITIA]], (2.44)

where II is some permutation matrix and Ay, Ap, Ac are diagonal matrices containing the
scaling factors, with Ay ApAc = Ig, where Iy is the identity matrix of size R x R.

For third-order tensors, in 1977, Kruskal [21] derived a sufficient condition for
uniqueness. This condition relies on the so-called k-rank. If a matrix have a k-rank equal to /, it
means that every set of / columns of this matrix is linearly independent. Denoting as k, kg and

kc as the k-rank of A, B, C the PARAFAC decomposition is unique if
ka +kp+kc > 2R+2. (2.45)

In [38], Sidiropoulos and Bro generalized the Kruskal’s condition to an N-th order tensor.

Consider the N-th order tensor 2 /1% >IN ag
X = Ig x1 AW x3 AP x5 xy AW (2.46)

where A is a matrix of size I, X R, with n = {1---N}, and R is the tensor rank. The general-

ization of the Kruskal’s condition is given by

N
Y kyw >2R+(N—1). (2.47)

n=1

2.2.1.4 ALS Algorithm

Consider the third-order tensor 2~ of Equation (2.38). Suppose we want to approxi-
mate it by a third-order tensor % = [[A,B, C]], such that

min]| 2" - Z|F- (2.48)
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Algoritmo 1: ALS
1: Initialize randomly ﬁo and Co; it=20;
20 it=1t+ 1;
3: Compute anAestimate of A
A =X(1)(Cir—1 0By’
4: Compute an estima}e of B
By =X5)(Ci—1 0A;_y)"
5: Compute an estimaAte of C
Cir =X (Bi—1 0A;_1)"
6: Return to step 2 until convergence.
7: Return A, B and C.

One solution is to compute the Alternating Least Squares (ALS) algorithm. Since the tensor 2

is a third-order PARAFAC tensor, its n-mode unfolding can be written as

X(1)=A(CoB)" e CK, (2.49)
X2y =B(CoA)" e C/K, (2.50)
X(3=C(BoA)" e CK*. (2.51)

The ALS algorithm is an iterative method that solves a Least Squares (L.S) problem for each

mode of 2", by minimizing the following cost functions

A =argmin||X ;) —A(CoB)T|| (2.52)
A

B =argmin| X5, —B(CoA)T|| (2.53)
B

C =argmin|[X3) — C(BoA)"|]. (2.54)
C

First, the ALS algorithm solves for A using the random initializations of B and C next, it solves
for B using the previously estimated matrix A and the matrix C initialized at the beginning,
finally, solves the cost function for C using the matrices A and B computed before, finishing the
first iteration. The algorithm continues until the error between two iterations becomes smaller
than a predefined threshold or reach the total number of iterations. The random initialization is
not optimal and the ALS can be stuck in a local minimum. The authors in [39, 40, 41] proposed
some alternatives for initializing the ALS algorithm. The standard ALS algorithm is summarized

in Algorithm 1. One usual convergence criterion for the ALS algorithm is
A7 (CioBir)T = A1 (Cimy oBiy—1) [ < €. (2.55)

In this thesis we consider € = 107°.
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2.2.2 Tucker Decomposition

Figure 7 — Illustration of a Tucker decomposition.

o _ 1l A pcq J
Q

Source: Created by the Author

The Tucker decomposition was introduced by Tucker in 1963 [16]. It decomposes
the tensor into a core tensor and factor matrices. The PARAFAC decomposition can be viewed
as special case of Tucker decomposition, where the core tensor % is a diagonal tensor. Figure 7

ZI<IXK into a core tensor @F*C@xR

illustrates the Tucker decomposition of a third-order tensor
and the factor matrices A € C*P, B € C/*€ and C € CK*R_ The tensor .2 can be written in

n-mode product and scalar forms as

2 =G % A xyB x3C (2.56)
P O R

Xij) = Zl Zl Zlg(p,an(i,p)B(f,q)C(kw) (2.57)
p=lg=1r=

2.2.2.1 Uniqueness

In general, the Tucker decomposition is not unique since the core tensor can be

transformed by a non-singular matrix and still fit, i.e.

2 =9 x1U; x1 AU, x2 Uy x2 BU, ' x3U;3 x3CUS (2.58)
=4 x1 AU;'U; x, BU, 'U; x5 CU; U3, (2.59)
=4 x1Ax;B x3C. (2.60)

In [17], the authors showed that if the core tensor is known, the factor matrices are

unique under some scaling factors.

Proof. Consider a N-th order tensor 211 *IN with the core tensor &% <R~ and the factor

matrices A1) of size I; X R;, where i = {1---N}, and U of size R; X R; are some non singular
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matrices. Computing the 1-mode unfolding of 2~ we have
X1y =AVG ANV ... AD)T (2.61)
Applying Property 2.33 yields
vee(X()) =AM @@ AWV)vec(G()) (2.62)
Replacing A® by AOUY we have

vec(X(p)) = AMUWM g ... ®A(1)U(l))vec(G(1))
= (A(N) Q- ®A(1))(U(N) Q- ®U(1))(G(1)) (2.63)

The equations (2.62) and (2.63) are equal only if the term UV g...@UWisa identity matrix

. . N .
meaning that Ul = aiI(‘) and [] o = 1, with 1) is the identity matrix of size R; X R;. ]
i=1

2.2.2.2  Special Tucker Decompositions

Figure 8 — Illustration of a Tucker-(2, 3) decomposition.

o 1 - [ 7

Q

Source: Created by the Author

In [42] the authors introduced the concept of Tucker-(N;,N), where N denotes the
order of the tensor with N — N; factors matrices equal to the identity matrix. Two decompositions
that are used later in this thesis are the Tucker-(2,3) and Tucker-(1,3).

(C1><J><K

For the Tucker-(2,3) decomposition, a tensor .2~ € is decomposed into a

core tensor 4 € CP*2*K and two factor matrices A € C'** and B € C/*€. Figure 8 illustrates
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the decomposition. The tensor 2~ can be expressed as

X =G x1AxyBx;slg (2.64)
P Q

L= 2 Y, DraiAipnBiig) (2.65)
p=1g=1

X ; =AG BT (2.66)

where I is the identity matrix of size K x K and X is the k-th frontal slice of 2.

Figure 9 — Illustration of a Tucker-(1,3) decomposition.

I‘x = P (q

J
Source: Created by the Author
The Tucker-(1,3) is the case where the tensor 2~ € C/*/*K is decomposed into a

core tensor ¥ € CP*/>*K and a factor matrix A € C'”. Figure 9 shows the decomposition. In

this case, the tensor 2 is given by

%:gXIAX2I] ><3IK (267)
P

i ja) = Zl A Dp.jb) (2.68)
p:

X i =AG (2.69)

2.2.2.3 Higher-Order Singular Value Decomposition (HOSVD) Algorithm

Tucker decomposition is also known as High-Order Singular Value Decomposition
[43]. As explained in the uniqueness section, the Tucker decomposition it’s not unique, meaning
that we can only provide a basis for the true factors. In the case, the HOSVD algorithm computes
a basis for each factor matrix by via SVD for each n-mode unfolding of the tensor, selecting
the left singular matrix (if it’s the flat n-mode unfolding) and truncating into the specific size.

Computing the SVD of Equation (2.61) we have

Xy =USVI =AG (AN - 0 AP)T (2.70)
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since U is an orthogonal matrix that spans the subspace of AW of size I x Ry, and truncating U
to the R columns, will exist a non-singular matrix T, of size R; X Ry, such that

A =UT. 2.71)

However, for a rank-one matrix the uniqueness condition is under some scale factor [44]. The

HOSVD algorithm is described in Algorithm 2.

Algoritmo 2: HOSVD
1: Compute the SVD for 1-mode of 2"
_ H
Xy =Um>mVy
A = Uy Truncated to the first P columns
2: Compute the SVD for 2-mode of 2~
_ H
X =Up22)Vp
B = U, Truncated to the first Q columns
3: Compute the SVD for 3-mode of 2~
_ H
X =Ue>e) Ve
C = U3 Truncated to the first R columns
4: Compute the core tensor ¢ as
G =9 XIAH XQBH ><3CH
5: Return ¢4, A, B and C.

2.2.3 Nested Tucker Decomposition

Figure 10 — 3-D Illustration of a N-th order Nested Tucker decomposition.

\X — A C (1) AR C(2) A® LR C (N-2) AN-1)

Source: Created by the Author

Nested Tucker decomposition was introduced in [17]. This decomposition is a
general case of the Nested PARAFAC decompositions in [18], where the core tensors are full
tensors. This decomposition can be viewed as a special case of the TT decomposition developed
by Oseledets in 2011 [35]. The difference is that in the TT decomposition, a N-th order tensor
is decomposed into N third-order core tensors with two matrices in the edges, and the Nested

Tucker decomposition is a train of Tuckers-(2,3) and Tuckers-(1,3) in a contraction (or a train
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of Tuckers-(1,3) and Tuckers-(2,3)), where those decompositions share a factor matrix. In this
thesis, we make use of Nested Tucker decompositions of orders four and five, also referred to as
NTD(4) and NTD(5), respectively, to model multi-relaying MIMO systems, as shown in Chapter
4.

Consider the N-th order tensor .2 /1*~*IV illustrated in Figure 10, the core tensors
%) are of size R>,—1 X Ry, x I, 11 with exception of the last core % (N=2) that is of size Ry,_1 X
R>, x Iy , and the matrices at the edge A and AV-1) are of size I xRy and Iy_{ X Ron—_4,
while the matrices between the cores A1) are of size Ry, X Ry,41. This will be clear next
section where the simple cases are introduced. The tensor 2~ can be written as

R R Ry—_i (N-2) V-1)
P i Z Z Z ll,rl rlar2’12).'.(g(rN—Zer—l»iN)A(iN—l7”2N—4) (2.72)

ry= 1}’2 1 rN— 1—

2.2.3.1 Fourth-Order Nested Tucker Decompositions (NTD(4))

Figure 11 — 3-D illustration of a 4-th order Nested Tucker tensor.

X=IBR1C RZU RsW IsD

R, R, 3 R, R,

Source: Created by the Author

Also called as NTD(4), it decomposes a fourth-order tensor 2~ as a contraction
between a Tucker-(2,3) and Tucker-(1,3) decompositions. The Nested Tucker decomposition of a
fourth-order tensor 2~ € Cl*2xxIsj[lystrated in Figure 11, with factor matrices as B € C/1 *R1

U € CR*Rs P e CB*R4 and core tensors € € CRi>Rexb sy ¢ CRy>Raxla jg written as

Ri Ry R3 Ry

l1 i2,i3,i4) Z Z Z (i1,r1) r17r27i2)U(r27r3)Vﬁ(r37r47i4)D(i3J4) (2.73)

ri=lrn=1rn=1r=1

Defining the following Tucker-(2,3) and Tucker-(1,3) decompositions:

TV = x B x,UT ¢ Clhi<Rsxh (2.74)
T3 =9 x,D € CRsx I3l (2.75)
T8 =€ x,B € Clhi<Raxh (2.76)

TG =« Ux>D c CRexbxly, (2.77)
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The tensor 2~ can be viewed as a contraction involving .7 (1) and .7 ® with the common mode

as Rs, i.e. a contraction between a Tucker-(2,3) and Tucker-(1,3) tensors. We have:

X =[(€x1Bx,UT) e #]x3D (2.78)
= (€ x1Bx,UT) o) (# x,D) (2.79)
=g el 72 (2.80)

Alternatively, the tensor .2~ can be viewed as a contraction between tensors .7 (3) and 7™ with

the common mode as R», i.e. a contraction between Tucker-(1,3) and Tucker-(2,3) tensors, i.e.

X =[(€ x1B) e} (# x;U)] x3D (2.81)
= (€ x1B) e} (# x;Ux,D) (2.82)
=70 e 7™, (2.83)

In any case, the (i2ig)-th slice of 2 is expressed as

X, i, =BC_,UW DT € C/1*5, (2.84)

2.2.3.2 Fifth-Order Nested Tucker Decomposition (NTD(5))

Figure 12 — 3-D illustration of a 5-th order Nested Tucker tensor.
2 |3 5

x = 1, |AD | R CO) R A@ | R, | C @ RJA® R C @ L |A®

R R
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Source: Created by the Author

This particular case is introduced to simplify the understanding of the MIMO relaying
system model in Chapter 4. In this case, we can define the following Tucker-(2,3) and Tucker-

(1,3)

g) — ) ><1A(1) ><2A(2)T e Ch*xRsxh (2.85)
g2 — ) ><2A(3)T e CR3xRsxI3 (2.86)
g0) =B ><2A(4) € CRs*laxIs (2.87)

In the NTD(5) case, the tensor 2" can be viewed as a train of one Tucker-(2,3) and two
Tucker-(1,3) as
2 =7V e 7y el 70 (2.88)
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and the (.ipi3.i5)-th slice of 2" is given by

X.i2i3.i5 _ A(l)C(I)A(Z)C(z)A(3)C(3)A(4)T c Chixla, (2.89)

) .13 ..1l5
2.3 Kronecker Product Approximation

In this section, the Kronecker product approximation is presented. First, we introduce

the Van Loan case [32] and then we describe our proposed generalization.
2.3.1 From Kronecker Approximation to Rank-one Matrix

Consider the following Kronecker product X = B ® C, where X of size RI x SJ, B

of size I x J and C of size R x § and the minimization problem
¢(B,C)=|X-BRC||F. (2.90)

Van Loan in [32] shows that solving (2.90) is the same as solving for a permuted version of X

and then computing a rank-one SVD, as follows
¢ (B,C) = ||X — vec(B)vec(C)T||r (2.91)

A small example can illustrate this rearrangement. Consider asJ =R =S5 =2 and I = 3. The

matrix X can be divided into blocks due to the Kronecker product, as

Puny Pupy
X= P(Z,l) P(272) 5 (2-92)
Psiy Pay) |

where each block P is a matrix of size 2 x 2. The matrix X is constructed as

vec(Py )T
VeC(P(zJ))T
< vec(P;3 )T (2.93)
Vec(P(l,z))T
vec(Pp )"
I Vec(P(gg))T |

Note that this rearrangement maps the elements of X into a rank-one matrix X and computing it
SVD as
X =UxnVH, (2.94)
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yields a solution for B and C as

B = unvec(y/o1U,. ;) (2.95)
C= unvec(y/o1V{ ). (2.96)

Note that the estimated B and C are affected by arbitrary scalar factors that compensate each

other, i.e.:

oB (2.97)

B
C C (2.98)

RIm—

2.3.2 From Kronecker Product Approximation to Rank-one Tensor

In [45], the authors already proposed an extension of the Van Loan’s Kronecker
approximation problem to multiple matrices, by rearranging the cost function into tensor product.

Consider the generalized minimization problem as

min |X—AD@...@ AN, (2.99)
A AW)

where A() € CPi*9 and X e CPN"P1*4v41 The authors propose to rearrange the cost function

as
|t — .7 x3u® xgu@ .y ™|, (2.100)

where .# € CPN*aN<pP1q1<xpy-1an-1 | # — AWN) ¢ CPv*av*1 gpd uy - - -uy. are vectors formed
by reshaping the factor matrices AWM ... AW=1) Problem (2.100) can be solved by means of the
HOOI (Higher-Order Orthogonal Iterations) algorithm [43].

Our proposed generalization of the Van Loan’s Kronecker approximation consists of
rearranging the problem into a rank-one tensor where, comparing to [45], the core tensor is a
superdiagonal tensor, i.e. assumes a PARAFAC decomposition. Consider the minimization in

(2.99), we proposed a permutation in X such that the minimization problem becomes

min |K—aV®---@a®)||g, (2.101)

all)...aV)
where X is a vectorization of a permuted version of X and al) is the vectorization of the A"

factor matrix. From Property (2.34), we can rewrite the minimization in (2.102) as

min(1)|y7—a<N> o---oal||f. (2.102)
..a

alv).
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From Definition 8, the tensor .2~ € CPNIN*""*P141 can be considered as a rank-one tensor. Now,
we consider the special case of a Kronecker product involving the Kronecker product of three

matrices: X = A ® B® C. Consider the following cost function:
¢(A,B,C) = |X-—ARB&®C||F, (2.103)

where X € ChhbxRiRoRs - A ¢ CB*Rs B € C2%R2 and C € C"*Ri, Minimizing (2.103) is the

same as minimizing the following cost function

¢(a,b,c)=|X—abec||F <= (2.104)
=||2Z —coboallr

where a = vec(A), b = vec(B), ¢ = vec(C), X = vec(X) is a vector of size I} R{LRyI3R3 X 1,

and 2 is a rank-one tensor of size [}R; X LR> X LR3.

Due to the Kronecker structure, the matrix X can be viewed in three different ways:
First, as a block matrix of size I,I3 X RyR3 with each element being a matrix of size I} X R;.
Second, a block matrix of size I3 X R3, where each element is a matrix of size I;/» X R;R, formed
by the block B ® C, and, finally, the total matrix X. Our goal is to rearrange the elements of X

into a matrix X such that X = a®b ® ¢. The matrix X can be viewed as

1) (1) (1) (1)
LteN [P(1 ry)] P [P(1 y)]
1) 1) 1) 1)
Fianl = Wamlleg, - Wanl = Pl
_ 5 : (2.105)
(1) (1) (1) (1)
Pyl o [Py Pl [Py
(1) (1) (1) (1)
[P(Izvl)] [P(Iz»Rz)] PEZ)J) [P(’2»1)] [P(lzsz)] ng&) p®

(171)
where each block P(1) is a matrix of size I1 X Ry, each block P?) is a matrix of size Iih X RiR>,

and the block P is the total matrix of size I1 L5 X R{RyR3. The sub indices only indicates the

block position in reference to the big block, e.g. the sub indices of Pg)l) indicates that is the

first block in the bigger block Pg.)m), where n = {1---I3} and m = {1---R3}. After this block
(n.m)

division, we can define a matrix X of size I1 R| X IR, where each column is the vectorization
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of each block P(!) in the bigger block Pgi?m), following the row sense.
X\ [Vec(PE}?l));Vec(PE}Z)J));~-- ;VCC(PE}Z)’R”)]PE?M)'
Defining the matrix X of size I; R{ LR, x I3R3 as the matrix whose column vectors are formed
by vec(i(n’m))
X = [Vec(i(l’l));--- ;VGC(X(I3’1));--- ;VGC(X(137R3))] (2.106)

Equation (2.106) represents our rearrangement, i.e. vec(X) =a®b®c, and 2 is the third-order
rank-one tensor of size I1R| X LR, X I3R3, given by the tensorization of X. This tensor can be
written as

2 =coboa. (2.107)

In this case, we approximate a matrix by the Kronecker product of three matrices
by rearranging it as a third-order rank-one tensor, the matrices can be estimated, for example,
by using the ALS algorithm or the HOSVD algorithm and it will be unique with some scaling
factor.

Next, a simple example of the rank-one tensor approximation of the Kronecker

product of three matrices, X = A ® B ® C, with the matrices defined as

ay a by b c] ¢
A=| P B=| ' ° c=|" . (2.108)
ay a4 b2 b4 Cy) C4

Also, we have the vectors a = vec(A), b = vec(B) and ¢ = vec(C),

aj by €1
a b c
a— |’ b= | ° c=| 7. (2.109)
as b3 3
ay b4 C4q

Defining X =a®b ® ¢, we have:

a1b161
aibicy

aibics (2.110)

ol
I

dabacy 64x1

By the proposed block division (2.105), the matrix X is given as



arbicy

arbica

arbycy

arbxco

axbicy

arbico

axbrcy

axbyco

aibics

a1b104

aleC3

a1b2C4

axbic3

a2b104

axbarcs

arbrcy

aibzcy

arbzcr

a1b4cl

a1b462

axbzcy

axbzco

arbacq

arbscr

aybzcz

a1b304

a1b4C3

a1b4C4

axbzcz

a2b3C4

arbycs

arbacy

azbicy

a3b1C2

azbycy

azbyco

a4b1c1

a4b102

asbyrcq

asbrcr

azbic3

a3b104

azbycs

a3b204

asbics

a4b104

asbsrcs

asbrcy

a3b3c1

a3b3C2

a3b4c1

a3b402

asbscy

a4b362

asbacy

asbsco

azbzcs

a3b3C4

a3b4C3

a3b4C4

asbscs

a4b3C4

asbycs

asbacy

@
P

(2.111)

oy
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As described for the special case of the Kronecker product of three matrices, we start
the vectorization in the blue blocks until the first bigger block (red block, Pg)l)) is completed, so

(L,

we can define the matrix X S

D) = fvec(P(l) ivee(PLL), )ivee(P!) vec(Pl), )] o @112)

arbicy aibacy aibszcy ajbscy

aibicr aibrcr aibscr aibsc
_ 1b1cy aibacy apbszcy ajbscy 2.113)

a1b103 a1b26‘3 a1b3C3 a1b4cl

arbics aibrcy aibzes apbscy

(L,1)

Note that the vectorization of D is equal to the first 16 elements of d in Equation (2.110).

Now, we do the same steps in the row sense, i.e. we vectorize the blue blocks of the Pg) 3 red
block. So, in the end, our reshaped matrix D is given by
D= [Vec(ﬁ(l’l));vec(ﬁ(z’l));Vec(ﬁ(l’z));Vec(ﬁ(z’z))] 164 (2.114)

Now, its easy to see that d = a®b ®¢. And finally we define the rank-one tensor §4X4X4 as in

Equation (2.107).
2.3.3 From Kronecker-Sum Approximation to Rank-R Tensors

This section is an extension of the problem in Equation (2.99) a rank-R problem of
the previous one. Since the Van Loan’s case also was extended to a rank-R problem, for our
proposed generalization the same logic can be applied. This is equivalent to define the following
problem:

R
min IX-Y AV @B @c)||x (2.115)
ANBNQCH) r=1,.-- R =1
Considering the matrices Al ), B( ), C") of the same size as in (2.103) and X of the same size as

D. Following the proposed generalization, the minimization in (2.115) can be reformulated as

R
min R||%—Zc,ob,oa,”F. (2.116)

cob.oa, r=1,-, =1

The tensor .2 is an approximation of a rank-R PARAFAC given by
2 = Irx1 Cx2B x3A, (2.117)

where A = [aj;ay;--- ;ag] with a, = vec(A(")), B = [by;by;--- ;bg] with b, = vec(B(")) and

C = [c;;¢0;- - ;€8] with ¢, = vec(C)).
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2.4 Khatri-Rao factorization of a DFT matrix

In this section, we show that W = Wy oWy_jo---o W, where W € CK*K i a

N
DFT matrix and W,, € C&>*K with [] K, =K.

n=1
1 1 1 1
1 w? k-1
— 1
W — N 1 o2 ot .. @2k-D (2.118)
| okl @2k ... pE-DE-1)

where @ = ¢~ 2%//K_The idea is to factorize each column of W as the Kronecker product of N
vectors. Note that for the first column the factorization is straightforward since all the columns
1s filled with ones, i.e. all the N vectors are vector columns with ones of size K,, X 1. For the

(k + 1)-th column of W we have the following relation:

B 7 B 7 N r 7 -1 B 7%
1 1 1 1
ok ok o* ok
= : ® , ® - ® _ (2.119)
wkK=1) wk(En—1) wk(Ky-1—1) wkEKi—1)

where @, = [] K; with a; = 1. In this case, we factorize the (k+ 1)-th column of the matrix W
as the Kronelc:kler product of N vectors, where the n-th vector is of size K, X 1. We can conclude
that the matrix W can be factorized as a Khatri-Rao product, since this product is also known as
the column-wise Kronecker product.

Let us consider an example. Given a DFT matrix W € C8*8, we want to factorize

it as the Khatri-Rao product of three matrices W; € C2*8, W, € C>*8 and W3 € C>*8 (K; =



K> = K3 = 2). The matrix W is given by

1 1 1 1 1 1 1
1 2 0 0t @ o
1 2 4 wb o 00 o2
| 1 & o o 02 o of

W= —

V8 1 o o 02 0 o o
1 & 0° o 0 0¥ @0
1 0 02 o® o®* 0 @
1 o o 0¥ 0¥ 0¥ o®

As explained, the first column of the W; matrix is filled with ones

second column of W is given by

43

14
21
. (2.120)
35
42

49

. According to (2.119), the

1
2
K> K K
w’ 1 1 1
= ® & (2.121)
w* ® ® )
e
w6
o’
The matrices W3, W, and W, are given as
- 1 1 1 1 1 1 1 1 1 5 127
T2 ot o 02 0f 0 o of (2-122)
- 1 1 1 1 1 1 1 1 1 5123
V211 0 of o o 0° o2 o (2.123)
- 1 1 1 1 1 1 1 1 1 (2.124)
1= —= :
V2|11 0 o @ o 0 o o

At the end, it is easy to see that W =W30W,oW].

In the previous example, we considered the matrix W e

C3*8 and we factorize it as

the Khatri-Rao product of three matrices with size 2 x 8. The case where a column of a DFT
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matrix it is factorized into the Kronecker product of vectors with two rows, e.g. as in Equation
(2.121), we call as the minimum possible factorization, and it is unique in the sense that all
vectors are the same (only changing the exponent). However, we have another two possibilities.
The first case is to factorize W as the Khatri-Rao product of two matrices Wy € C**3 and

W, € C**3. The second column of W is given by:

(0]
= @ . (2.125)
(0]

So, in this case we have the two factor matrices are:

W 1 1 1 1 1 1 1 1 1 5 196
2 V2 1 o o8 o2 of 00 o o8 (2.126)
1 1 1 1 1 1 1 1
111 0o 0 0 o o o0 o
W, = — (2.127)
Va4 1 0 o* o o 0° 0?2 o
1 @ o o 02 o of @

The last possibility is to factorize W as the Khatri-Rao product of two matrices, Wi € C>*® and

W, € C**3. Again, the second column of W is given by:

0
= ® . (2.128)
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In this case, the matrices W and W, are given by:

I 1 1 | 1 1 1 |
111 0 ot 08 o 0?0 @?2 e
W, =— (2.129)
VAl 1 of o 02 0% 0 o* o
1 @ 02 08 0¥ 0 0¥ o

W 1 1 1 1 1 1 1 1 1 (2.130)
‘l = — . .
V211 0 0 o o o o o

Note that the difference between (2.125) and (2.128) is only a permutation in the order of vector

basis leading into a changing of the exponent a,.

2.5 Summary

In this chapter, some background material on tensor algebra and tensor decomposi-
tions have been provided. This material serves as a basis for the next chapters. As a contribution
of this thesis, we have elucidated the link between the Kronecker factorization of multiple
matrices and a rank-one tensor factorization. This fundamental link will be exploited in the
upcoming chapters, in order to connect a Nested Tucker decomposition to a rank-one PARAFAC

decomposition.
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3 TWO-HOP MIMO RELAYING

In this chapter, we propose two semi-blind receivers for joint channel and symbol
estimation in MIMO relay-based communication systems. These receivers are developed for a
two-hop system, assuming a tensor coding at the source and relay nodes. The central idea of the
proposed approach is on the rank-one tensor modeling of the received signal, which allows the
use of efficient estimation algorithms. The first receiver utilizes an iterative solution based on the
alternating least squares (ALS) algorithm, while the second provides closed-form estimations of
the channel and symbol matrices from a truncated higher-order singular value decomposition
(T-HOSVD). The proposed approach has a lower complexity compared to the receiver developed

in a previous work, while providing remarkable performance.

3.1 System Model

Figure 13 — System model.

Relay
T Ty |
| o [HSR S : [HED > 1 | gy

>
[
»
I“‘

Source: Created by the Author

Consider a one-way two hop MIMO relaying system, where Mg and Mp denote
the number of antennas at the source and destination, respectively. We assume that the relay
has Mg, receive antennas (operating during the first hop) and Mg, transmit antennas (operating
during the second hop). Figure 13 provides an illustration of the system model. The source-relay
channel HS®) € CMri*Ms and the relay-destination H(RP) ¢ CMp*Ms are assumed to undergo

flat Rayleigh fading and are constant during the whole transmission period. We consider a



47

half-duplex relay with AF protocol. At both the source and relay, space-time coding is assumed.
Let S € CV*R denote the symbol matrix containing R data streams with N symbols each. At the
source, these R data streams are jointly spread across Mg antennas and P time slots by means of
the tensor space-time coding (TSTC) ¥ € CMs*R*P A space-time redundancy is then created
since each symbol is repeated P times and loaded into all Mg antennas. The signal received at

the relay (in absence of noise) can be written as

2R = 5  HO®) %, § € CMri *N*P, (3.1

In the second hop, the source stays silent while the relay forwards a space-time coded version of

><MR1

the received signal to the destination. Let % € C¥si *J denote the space-time coding tensor

used at the relay. The coded signal is given as:
%‘(SR) — W.é %‘(SR) c (CMSI XIXNXP (3.2)

In a way similar to the first hop, the role of tensor # is to jointly spread the received signal
across Mg, transmit antennas and J time frames, where each time frame comprises P time slots.

At the destination, the noiseless received signal is then given as

%(SRD) _ j(SR) ><1H(RD) € CMpxJxXNxP (3.3)

Define /7 RP) as the space-time coded channel linking the Mg, relay antennas to the Mp

destination antennas:

A RD) — ., HRD) ¢ CMp>Mpy <7 (3.4)

Plugging (3.2) into (3.3), and using (3.4), we get:

%(SRD) — (W .é %‘(SR)) X H(RD)
= (W X1 H(RD)) .é (%‘(SR)
— <%?(RD) .é %(SR) c (CMDXJXNXP (35)
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Comparing (3.5) with (2.80) we conclude that the signal received at the destination follows a

Nested Tucker model, and the following correspondences can be established:

(70, 7?) = (%” 2 5R) (3.6)

(B,U,D) < (HRP) HBK) §) (3.7)

(I,I,15,1;) <= (Mp,J,N,P) (3.8)

(RlaRZ,R37R4) — (MSNMRUMSaR) (39)

Slicing the received signal tensor 2 (SRD) by fixing the second and fourth modes (i.e. p and j)
yields the following

XU — gEDW (R C ST e cMoN (3.10)

Letx;, = Vec(X(f )) Using Property (2.33), we have:
Xjp=(S @ HEP))vec(W. ~H(SR)CHP)
= (SeH®)(CT, @ W._;)vec(HP) (3.11)
Applying again the same property in (3.11) yields
Xjp = (vec(H(Sm)T RS® H(RD))vec(CTp QW_;). (3.12)

Next, using Equation (3.12) the coding tensor will perform a important role in our modelling.
3.1.1 Coding Tensor Structure

Each coding tensor is considered as a tensor with PARAFAC structure, i.e. the source

and the Relay 1 coding tensor are given by:
€ = I, x1 C1 x2Cy x3 C3 € CMs*RxP (3.13)
W = g, x1 Wy x2 Wy x3 Wy € CMsi>Mey<J (3.14)
where C; € CMs*Fi_C, € CR*F1 Cy e CP*F1 W, € CMsi %P2 ' W, € CMri*F2 W, € CT*F2, are
the factor matrices of the tensors ¢ and % respectively, with F| and F, being the tensor rank.

Using the formula of PARAFAC frontal slices and applying the Properties 2.33, 2.32 and 2.37 at

the term Vec(C ®@W_;), we have:
Vec(CT ®W._;) = vec(CoD,(C3)CT @ WD ;(W3)W)) (3.15)

= vec[(C2 @ W) (D,(C3) ®D;(W3))(C; @ W2)T] (3.16)
zjp =[(C; @W2) o (C2@W))](C3, @W3,)T (3.17)
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Backing to the signal model, the Equation (3.12) can be written as
xjp = (vec(HS)T @ HFP) © 8)z,, (3.18)
Defining X(®P) as the matrix that contain all the JP vectors collected in Equation (3.18)
XRP) = (vee(H®)T @ HERP) 0 8)Z € CMPN /P, (3.19)

where Z € CMsiRMrMs>IP i¢ the matrix formed by the collection of the JP vectors z;,, which

can be written as
Z=(G;oG,)G], (3.20)

with G = C; @ W, € CYR M P2F1 G, = C, @ Wy € CYI® 201 and G3 = C3 @ Wi € C/P*PA,
Note that this Kronecker structure matrix Z contains the known parameters of the proposed
model, i.e. contain the information of the coding tensors from the source and the relay and for
that, we propose a orthogonal design for Z. Such design is based on the unitary structure of a

DFT matrix where can be factorized by the Khatri-Rao product of N matrices, detailed in Section

2.4.
3.1.2 Noisy model and rank-one tensor formulation

Let ¥ SR) € CMri*N*P pe the additive noise tensor at the relay. During the second

(SR) (RD)

hop, the tensor ¥">*/ is filtered by the coding tensor # and the relay-destination channel H

as

) — (7 oLy 5R)) | HRD)
= (# x HEP)) o] 7/ (5K)

— Q%?(RD) .é /V(SR) c CMDXJXNXP (321)

(2) € CMpxJxNxP

and considering ¥ as the additive noise at the destination, the global noise is

given by
o/ (SRD) _ /(1) 4 4 (2) (3.22)

Plugging the noise term at the Equation (3.19) yields

X(SRD) — y7, 4 V(SRD), (3.23)
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CMisMRlMSX‘IP

where Y € is the matrix defined as

Y = vec(H®M)T 0 S o HRP), (3.24)

and VISRD) ¢ CMpN*JP ig the unfolding matrix of the global noise, which is constructed in the

same way as X(SRD)

It is worth drawing a comment on the meaning of matrices Y and Z. The first involves
the Kronecker product of the unknown factors of our system model (i.e. channel matrices and
symbol matrix), which we seek to estimate. The latter represents the equivalent space-time
coding matrix, accounting for the combined source-relay coding operations. In other words,
(3.23) provides an input-output relation. Since the coding tensors 4 and # are known at the
receiver, a direct approach to estimate the useful signal matrix Y in the presence of noise from

(3.23) is to use a least squares (LS) criterion, i.e.
Y = argmin||X©EP) —YZ||f, (3.25)
Y

the solution is given by Y = XGRD)ZT, Note that Y is a linearly transformed version of the
received signal obtained by combining (filtering) the columns of the matrix X containing the
space-time samples of the received signal with a zero forcing filter designed from the effective
space-time coding matrix Z, and in the orthogonal cases, the matrix Z can be viewed as a
matched filter, i.e. the solution of (3.25) is given by Y = XOSRD)ZH 1t i important to notice that
the orthogonal design is crucial to our system, since all the useful parameters are in the matrix Y
and the solution of Equation (3.25) will preserve the noise characteristics. Let us have a closer

look at the structure of Y. This matrix can be partitioned as follows

P(ll) T P(LRMRIMS)

)
I

(3.26)
Povay o Pov.rg, m)

i.e., due to the Kronecker structure, the matrix Y can be viewed as a concatenation of N

row blocks and RMg, Ms column blocks, respectively, where the (i, j)-th block P; ; is of size

Mp XMSI-

Using the Kronecker approximation described in Section 2.3.2, the rank-one tensor can be given
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Figure 14 — Rank-one decomposition of the filtered signal tensor.

Vs
l |
g L s
MDMS1 p h((RD)
NR
Source: Created by the Author
by
@ ~ h(RD) oso h(SR) c (CMDMSI XNRXMRIMS7 (327)

with hR) ¢ CMsMr, 1 [(RD) c cMpMs <1 and s € CVR*! being the vectorized forms of S,

H(ED) and HISK) respectively.

3.1.3 Uniqueness

The uniqueness for Nested Tucker decompositions has been discussed in Section
2.2.2.1. In the three-hop MIMO relaying model, since the coding tensors are known at the

(RD)

receiver, the uniqueness of S and H is guaranteed up to scaling factors. To eliminate this

scaling ambiguity, we assume the knowledge of the entries S(; ;) and Hglfll))) . Solving the Equation
(3.25) consists of computing the pseudo-inverse of Z which must have full row-rank to ensure

the uniqueness of the parameters. This implies satisfying the following conditions:
P> F; > MgR J > Fy > Mg, Mg, (3.28)

The proof of these conditions is given in Appendix B.

Since our proposed model was based on the proposed in [17], it is worth to comment

the uniqueness conditions of the competitor system. For the ALS Nested Tucker, the authors
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derived the following conditions:

Ms, Mg R M
szax(z\TRivM_sf)’ szax(m,7>, (3.29)
N>R, PN>Mg, JMp>Ms. (3.30)

For the 2LSKP receiver proposed in [17], the uniqueness conditions are similar to our proposed
system, i.e. the conditions are given by Equation 3.28, with the difference that the parameters
Fy and F; are only addressed to our proposed model, since these parameters are the related to
the PARAFAC design imposed in our model, where F] and F; are the tensor rank of 4 and
W , respectively. From this conditions, we can conclude that the ALS proposed in [17] has
more degrees of freedom. However, as we will see in Section 3.4, this algorithm has the greater

computational complexity.

3.2 Semi-Blind Receivers

We present two semi-blind receivers for joint channel and symbol estimation, by

capitalizing on the rank-one property of the filtered received signal tensor 2.
3.2.1 Tri-ALS receiver

The Trilinear (Tri-)ALS algorithm consists of estimating s, h(RD), and h®®) in an

alternate way by solving the following three cost functions:

h*?) —argmin[P(y) ~ H*?) (R0 o8)7) (331
h(RD)
§ =argmin||P ) — s(hSR) o ARPNT]| (3.32)
S
LR :arg(m)in] ]1_3(3) —hOR(RRD) 68)TY, (3.33)
h(SR

where 13(”:17273), are the n-mode unfoldings of the tensor 2, constructed according to Equations
(2.39) to (2.41) with the following relationship: (A,B,C) <= (h(RP) s h(SR)),
The solutions of Equations (3.31) to (3.33) are given by

Py (RO 08)"

RRD) = (3.34)
|hGRY[[3][8]13
P (ROR) o R(RD))*
g_Fohroh ™) (3.35)
|[h(SR)[[3|[(RD)| |3
o f(RD)*
ﬁ<SR>:P<3|>(S°h ) (3.36)
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Proof. Considering a full-row rank matrix A € C"™*" full row-rank, its right pseudo-inverse is
given by
AT = A AAT) ! (3.37)

By replacing A by (h*®) 0§)T we have

(B 63)T]7 = (B 03)* (B 08)T (R 08)°] ! (3:38)

Noting that the Khatri-Rao product is the column-wise Kronecker product and since h(*®) and §

are only column vectors, we can rewrite Equation (3.38) as
[(HR) ©8)T)" = (AR ©8)*[(AR) 2 8§)T (AR w§)* . (3.39)

Using Properties (2.31), (2.30) and (2.32) we have

= —A o @8 (3.40)
[IhSRI|318]]3
O
The scaling ambiguity is defined as
S= OCIS H(RD) = azﬁ(RD) H(SR) = (X3ﬁ<SR) (3.41)
with,
(RD)
oSy Moy
1= 3 ~ A(RD -
S(Ll) HEI,I)) o0

The Tri-ALS algorithm is summarized in Algorithm 3.
3.2.2 T-HOSVD receiver

The Truncated (T)-HOSVD algorithm is a closed-form solution based on subspace
estimation. It consists of taking the HOSVD on the filtered received signal tensor &2, which
corresponds to calculating the SVD of its matrix unfolding. Since .2 is a rank-one tensor, the
three matrix unfolding can be approximated as rank-one matrices. Therefore, h®D) s and h(SR)

are obtained from the dominant left singular vectors of the unfoldings 1_)(1) e CMpMs, xNRMp,Ms
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Algoritmo 3: Tri-ALS

1: Initialize randomly fl(()RD) and ﬁ(()SR); it=0;

2: it=it+1;
3: Compute an estimate of §
A~ 3 2(SR) £ (RD)\x /11 (SR ~(RD
i =Py (AL 0By ™) /(IR I3RS 113)
4: Compute an estimate of h(RD)
~(RD) 5 ((SR) « 1/ 11E(SR A
B =Py (B o8 /(B 31181 113)

i ir—1
5: Compute an estimate of hGR)

~(SR) w5 £(RD) A s e (RD) 121 1a
B = Py (B 081 )* /(1B 113118i-113)
6: Return to step 2 and repeat until convergence;

7. Apply the “unvec” operator to recover S, H®D) H(

8: Remove the scaling ambiguities according to (3.41)

SR)

Algoritmo 4: T"-HOSVD

1: Forn=1,2,3:
Compute the SVD of the matrix unfolding P,
P(n) —ymxmymH

2: Select the dominant left singular vector from Uj,):
~ 1
h(RD) = BlUE:7)l);
s =BUC);
R0 = BU()

3: Apply the “unvec” operator to recover S, ARD) {SK),

4: Remove the scaling ambiguities according to (3.43)

1_)(2) c (CNRXMDMSIMRIMS’ and l_)(S) c (CMRlMSXMDMSlNR.

In case of the HOSVD algorithm, since each n-mode unfolding of & is approxi-

mately a rank-one matrix the scaling factors are given as:

HED) = B ARD) §=,8 HOR = ;AR (3.42)
with,
(RD) (3) «(3)H
Hi S 0V
ﬁl = (1) ﬁz = (2) B3 — (RD) (343)
U(1,1) U(1,1) S(lal)H(l,l)

where the matrices U™, (") and V(") are the left singular matrix, singular values matrix and

the right singular matrix of P(,). The T-HOSVD algorithm is described in Algorithm 4.
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Table 1 — Computational Complexity for the algorithms

o) Algorithm
Tri-ALS T-HOSVD
Multiplication | &' (12(NRMpMs, Mg, Ms))
O(4(NRMg,Ms) +
Kronecker O (4(MpMs, Mg, Ms) +
O (4(MpMs,NR)
ﬁ(zL(MDMS1 (NRMpg, Ms)?
+(MpMs,)*)+
SVD ﬁ(4(NR(MDM51MR1MS)
+(NR)?)+
o4 (MRIMS(NRMDMSI)
+(MR1MS) )
LS Solution ﬁ(4(MDNMSIRMR1M5.]P))

3.3 Computational Complexity

Given a matrix A € C"™*" and a matrix B € C"*? the complexity associated with
the multiplication between A and B (neglecting the additions) is of order &'(4(mnp)). The
computation of the Kronecker product A ® B has a complexity & (4mn?p) and the SVD of A, has
a complexity & (4(mn*+4-n?)). For the Tri-ALS algorithm, only matrix by vectors multiplications,
vectors Kronecker products and some normalizations for each iteration (neglected) are computed,
while for the T-HOSVD only three SVD’s are required. to be computed. Table 1 shows the
number of FLOPS of each algorithm.

3.4 Simulation Results

In this section, we evaluate the performance of the proposed receivers in terms
of symbol error rate (SER), normalized mean square error (NMSE) for channel estimation,
computational complexity, and convergence, comparing with the receivers proposed in [17]. We
consider 64-QAM modulation. The results are averaged over 10* Monte Carlo runs, each run
corresponding to an independent realization of the channels, symbols, and noise. The channel
matrices are assumed to have i.i.d. complex Gaussian entries with zero-mean and unitary variance.
The coding tensors ¢ and # are normalized as 1//FiRMjs and 1/./F>Mg, Mg, respectively in
order to ensure the same power at the antennas. Note that, with this normalization for P > RMs,
J > Mg, Mg, we have Z7ZH = 71, where 7 can be viewed as the gain obtained by increasing
the total redundancy of the system. Also we assume the same noise variance at the relay and

destination.
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3.4.1 Perfect CSI Channels

In Figure 15 the code gain by varying P and J is illustrated. Note that comparing
the cases P=4,J =4 and P=8,J =4 with P=4,J =4 and P = 4,J = 8 we can noticed that
increasing the value of P is better than increasing J, this was expected since an increase of J also
increases the correlation with the noise (Equation (3.21) ), which does not evolves the source

coding.
3.4.2 Symbol Error Rate

Figure 16 depicts the performance of the Tri-ALS and T-HOSVD receiver in compar-
ison with the two receivers proposed in [17] (namely, ALS Nested Tucker and 2L.SKP receivers),
using the proposed DFT structure for the source and relay coding tensors. It can be noticed the
two proposed receivers reach the same performance as those of [17], while being less complex,

as will be shown in the sequel.
3.4.3 Normalized Mean Square Error

The NMSE is given as:

|y [HO -AV|Z
=0l

for both H®) and H®P) channels and L is the total number of runs.

Figure 17 and 18 shows the NMSE performance of the estimated channels. We can
note that in all cases, the NMSE curves decrease linearly as a function of the Eg/No. In figure
17 the performance of the T"HOSVD receiver is explained by the fact that this receiver computes
independents SVD’s meaning that each parameter can be computed in parallel, which not occurs

(SR)

for the other receivers, neither the 2L.SKP which for the estimation of H channel needs the

(RD) (RD)

estimation of H or S. Now, for the estimation of H channel, all receivers has practically
the same performance, with a small difference between the subspace methods (T-HOSVD and
2LSKP) and the iterative ones (Tri-ALS and ALS Nested Tucker). To conclude, it was expected
that the estimation of H®P) would have a better performance than the estimation of HOR) due

the using of coding at the source and at the relay.
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3.4.4 FLOPS

Now, we evaluate the computational complexity of the proposed receivers by mea-
suring the number of floating point operations (FLOPS) required by the different receivers to
accomplish joint channel and symbol estimation. To this end, the lightspeed MATLAB toolbox
[46] was used to count the number of FLOPS. And the relation Eg/No was set in 21dB, i.e. for
the iterative algorithms, only three iterations are needed to reach the convergence.

Figure 19 corroborates the benefits of the proposed rank-one tensor based receivers in
terms of computational complexity, when compared to the competing receivers. We can note that
the Tri-ALS receiver becomes much less complex than its competing Nested Tucker based ALS
solution, since the proposed iterative receiver computes three matrix by vector multiplication and
normalization for each iteration and three Kronecker product between vectors while the ALS
Nested Tucker compute extensive matrix by matrix products for each iteration and also computes
inversion and Kronecker between matrices. When it comes to the closed-form receivers, these
results show that the T-HOS VD receiver is more attractive than the 2LSKP receiver as the number
Mp of antennas grows. Another advantage of T-HOSVD over 2LKSP is related with parallel
implementation, since the T-HOSVD consists of three independent SVDs, the estimation of the
source-relay, relay-destination and symbol matrices can be carried out in parallel. This is not the
case of 2LSKP, which consists of two consecutive SVD’s steps, where the result of the second
step depends on the output of the first. Figure 20 shows the impact of the proposed DFT-based
design for the source and relay coding tensors on the convergence of ALS-based receivers. To
this end, we compare the proposed Tri-ALS receiver with the Nested Tucker based ALS receiver.
For the latter, we consider the random exponential structure as proposed in [17], and the proposed
DFT coding structure. Note that the proposed one yields a reduction on the number of iterations

to convergence. For high SNR, the number of iterations reduces approximately from 11 to 3.



Figure 15 — Coding gain of the Zero-Forcing with Perfect CSI knowledge.
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Figure 16 — Symbol error rate performance vs. Eg/No.
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Figure 17 — NMSE for Source-Relay channel.
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Figure 18 — NMSE for Relay-Destination channel.
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Figure 19 — Number of FLOPS vs. Mp receiver antennas.
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Figure 20 — Number of iterations for ALS’s algorithms to converge.
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3.5 Summary

In this chapter the two semi-blind receivers were presented. As shown in the
simulations-results, the proposed receiver has the same performance as the receivers proposed in
[17]. The Tri-ALS receiver its attractive for high values of Eg/No due to the fewer number of
iterations to converge, and the T"THOSVD for the possibility of parallelism. In general, this chapter
has demonstrated a satisfactory performance of the proposed modelling based on rank-one tensor
approach combined with the orthogonal code design, which resulted in a reduced complexity
of the receivers, parallelism (for T-HOSVD receiver), and reduced number of iterations for the

iterative receivers to converge.
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4 MULTI-RELAYING MIMO SYSTEM

Diversity is one of the key features of MIMO cooperative systems, as discussed in
Chapter 1. In order to exploit cooperative diversity, this chapter provides an extension of the rank-
one factorization approach to the multi-relaying MIMO scenario, where multiple cooperative
MIMO links are combined at the receiver. A coupled-SVD (C-SVD) receiver algorithm, based
on a closed-form solution, is developed for joint channel and symbol estimation. In addition to

be closed-form, the steps of the C-SVD receiver can be executed in parallel.

4.1 System Model

Figure 21 — MIMO multi-relaying system.

i X .

Ms

Source: Created by the Author

The scenario consists of a multi-relaying system where the source is assisted by two
half-duplex relays using the AF protocol. In this system, Mg denotes the number of transmit
antennas from the source, M; denotes the total number of antennas at Relay 1, where the number
of transmit and receive antennas are denoted by Mg, and Mg, respectively, M5 is the total number
of antennas at the Relay 2 with Mg, being the number of transmit antennas and Mg, the number
of receive antennas, and Mp is the number of receive antennas at the destination. Figure 21

illustrates the system configuration.

Phase 1

The source transmits the signal to Relay 1 and Relay 2. The symbol matrix S € C¥*R contains
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Figure 22 — First phase of the transmission.

Source: Created by the Author

R data streams of N symbols each. These data streams are encoded at the source by means of
a space-time coding tensor ¢ € CMs*R*P_Figure 22 shows the system operation in this phase.

(S) € CMsxNxP

The transmitted signal tensor 2~ is given by the following n-mode product:

2O =€ x,8 4.1)

S
x% =c_,s". (4.2)
Each symbol is repeated P times over the Mg antennas creating a space-time redundancy.
Considering HSR1) ¢ CMri*Ms 45 the channel between the source and the Relay 1, and HOR) ¢
CMry*Ms a5 the channel between the source and Relay 2, the signal received at Relay 1 is the

tensor 2" SR1) € CMr *N>P and can be written, in n-mode product and slice notation, respectively,

as

2SR — 97 5, HIRD 4y (SR1) 4.3)

X8R — gORIC ST+ VER) @ cMr NP, (4.4)

where ¥ (5R1) e CMri*N><P 5 the additive noise at Relay 1. The signal received at Relay 2,
 SR2) ¢ CMry*NXP g given by

2 SR) — gr(8) 5| HIR2) 1 oy (SR2) (4.5)

X(SI;RZ) _ H(SRZ)C,,pST—f—V,(i;RZ) € CMry XNxP. (4.6)

with ¥ (SR2) € CMry*N*P peing the additive noise at Relay 2.
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Phase 2

(SRy)

The source and Relay 2 stay in silent while Relay 1 transmits the signal 2~ , received in

Figure 23 — Second phase of the transmission.

a1

g
s

Source: Created by the Author

the previous phase, to Relay 2 and destination. The signal is coded at Relay 1 by means of a

space-time coding tensor # € CMs) *Mp, >xJ

and sent through the My, antennas, as illustrated in
Figure 23. Similarly to Phase 1, a space-time redundancy is created, since now the NP symbol
periods are repeated J times. Considering H®R1R) ¢ CMry*Msy y5 the channel between Relay 1
and Relay 2, and H(RD) ¢ CMp*Ms; the channel between Relay 1 and destination, the signal

received at Relay 2, 2 (SKiR2) ¢ CMry*IXNXP s oiven, in n-mode product and slice notation,

respectively, as

<Q/"(SR1RZ) — (W .; %(SRI)) ><1H(RIRZ) +/7/(SR1R2)
= (W x4 H(RIRZ)) o% 9 (SR1) + 4/ (SR1Ry)

:%(Rle) .% %’(SRI)_i_/V(SRlRZ) c (CMRZXJXNXP (47)
XG0 _ gty XG0 oy Sk 43)

where ¥ (SRiR2) ¢ CMry*IXNXP i¢ the additive noisy tensor at Relay 2 and 7 (RiR2) ¢ CMry*Mry </

is the effective channel tensor. The signal received at the destination, 2~ (SR1D) ¢ CMp*JxNxP

2

can be written as

9 (SRiD) _ 52(R\D) .; g (SR1) 4 4/ (SRD) (4.9)

(SR, D)

ip (4.10)

X(}SIEID) — H(R10)w]x(~;Rl) 4V
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with ¥ (SRiD) ¢ CMpxIXN*P peing the additive noisy tensor at the destination and 7 (R1P) =

W x HRiD) ¢ CMp*Mr, %/ i the effective channel tensor.

Phase 3

Now, the source and Relay 1 stay silent while Relay 2 transmits the signal received in Phase 1

Figure 24 — Third phase of the transmission.

Source: Created by the Author

A (SRZ)) and in Phase 2 (2~ (SR1R2)) to Relay 1 and the destination. This phase is illustrated in

(SR>)

Figure 24. For this transmission, the Relay 2 concatenates the signal 2 along the second

mode of the tensor 2" SRiR2) a5

y — :%‘(SRIRz) |_|2 %(SRZ) c CMRZX(J+1)><N><P (411)

y.]].. — %‘(SR]Rz) c (CMR2><J><N><P (412)

Z .= 28R € CMry*1XN*P (4.13)

Then, the signal is coded by means of a space-time coding tensor .7 € CMsy*Mry K and sent

trough the Mg, antennas. The coding tensor introduces another space-time redundancy to
the system, having now, P(J + 1)K symbol repetitions (channel uses). Consider H(RR) ¢
CMri*Ms, a5 the channel between the Relay 2 and Relay 1, and H®2D) ¢ CMP*Ms, 45 the

o : . .. —=(SR{RyD
channel between Relay 2 and the destination. The signal received at the destination .2~ (SR RaD) €

CMpxKx(J+1)xNxP ¢ given by:
y(SRIRzD) _ yp(RD) 05 7 +7(SR1R2D) 4.14)
< (SR1R,D) < <(SR1R,D)
X~k(jl+12)-p - H<R2D)T~kx.(j+l)-p TV j1+12).p (4.15)
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—(SR R,D ) .. ) .
where the ”//( 1R2D) € CMp*Kx(J+1)xNxP j¢ the additive noisy tensor at the destination, and

S RD) = & X1 H(R2D) ¢ CMp>*Mry XK §g the effective channel. The destination extracts the two

signals from y(SRleD)

g SRiRD) o CMp*KXIXNXP and the (J + 1)-th slice to form the signal J SR2D) ¢ CMp*KxNxP

by separating the first J slices of the second mode, forming the signal

In this phase, Relay 1 only considers the signal 2~ (SR2) 'je. the slice (J + 1)-th of the tensor

2, since the tensor 2 (SR1R2) was sent in the previous phase. So, the received signal at Relay 1,
2 (SRaR) o CMr *KXNXP in Phage 3, is written as:

@ (SRRy) _ s2(RaRy) o 2 (SR2) 4/ (SRaRy)

(SRaRy)

(SRaR))
Xop k.p )

o = HRIT X v

(4.16)

where ¥ (SRa2R1) ¢ CMry *KXNXP iq the additive noisy tensor at Relay 1 and JZRR1) = 7 x;

H(R2R1) ¢ CMr *Mgy¥K jg the effective channel tensor.

Phase 4

(SRaRy) c (CMRI x K XNxP

In the last phase, Relay 1 transmits the signal 2" to the destination, as

Figure 25 — Fourth phase of the transmission.

Source: Created by the Author

illustrated in Figure 25. The signal is coded by the space-time coding tensor’”, introduced in

Phase 2, creating for the signal another redundancy, resulting in PKJ symbol repetitions. The

(SRyR D) c (CMD><J><K><N><P

signal 2 received at the destination can be expressed as

9 (SRaR\D) _ pR\D o g (SRaR1) 4~/ (SRoR1D)

(SR2Ry)
k.p

(SRyR D)

+V.jk.p

X(SR2R1D) _ H(R]D)WJX (417)

.Jk.p
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The tensor ¥ (SR2R1D) ¢ CMp*IxKXNXP renresents the additive noise at the destination, in Phase
4. Considering that the total redundancy in the system is NP(J + K + 2JK) symbols, NPJ from

Phase 2, NPJK + NPK from Phase 3 and NPKJ from Phase 4, the rate of the system is given

NR—1

by NPU+KI2IK)" The factor NR — 1 comes from assuming the knowledge of one symbol at the

receiver. However, this factor can be neglected by using a differential modulation.
4.1.1 Destination Signals

At the end of transmission, the destination contains four tensors signals, provided
by the different phases: 2~ (SRiD) = @~ (SRD) — 9~ (SRiR2D) gnq 9 (SR2R1D) - Oyr idea is to use
this diversity to jointly estimate symbol and channel matrices. Before the estimation, we first
rearrange all the signals in order to permute their structure to a rank-one approximated tensor.
Since 2" SR1D) has the same structure as 2" (SR2P) and 2" (SRiR2D) has the same structure as

2 (SR2R1D) the rank-one approximation will be described only for 2 (SR1P) and 2 (SRiR2D)
4.1.2 Coding Tensor Structure

As in Chapter 3, we assume a PARAFAC structure for each coding tensor. In this

scenario, we have as additional space-time coding tensor from Relay 2,
nyFB x1T; x2T> X3T3€CMS2XMR2XK (4.18)

where T € CM2*3 T, € CMr*F5 and T3 € CK*F5 are the factor matrices of the tensor .7 . For

the proposed multi-relaying scenario, we have four effective codes. In the 2 (SRiR2D)

processing,
there are two matrices used formed by the space-time coding structure, Z; and Z) . The matrix

Z; is formed by stacking column-wise the J frontal slices vectorized of the tensor %/,

Z;=[vec(W_1);---;vec(W j)] € CMsi Mr, %/ (4.19)

The matrix Z(!) is equal to the matrix Z defined in Equation (3.20). Now, for the .2 (SR2RiD)
processing, we have two matrices formed by the space-time coding tensors. The matrix Zg is
formed by stacking column-wise the K frontal slices of the tensor .7. The matrix 22 follows
the steps in Equations (3.15) to (3.17) for the term Vec(CTP ®T. ). As in Chapter 3, all these

matrices have an orthogonal design, as detailed in Appendix A.
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4.13 2 SRD) Processing

Consider the Equation (4.10), ignoring the noise. By replacing X (SR1)

(4.4), we have

in Equation

(SR1)
p

(SRiD) _ yy(R(D) ,
X6RP) _ gRD)wy X

—HRO)W_ HORIC ST, (4.20)

Comparing Equation (4.20) with Equation (3.10), it can be noticed that both equations have the

same structure, only the parameters are changed, meaning that the same processing applied for

Equation (3.10) can be applied to signal 2" *R12) and consequentially to signal 2 (S%2P) We
can formulate the input-output relation for the signal 2~ (SR1D) g5
X(SRiD) _ y(SRiD)7,(1) | y(SRID) ¢ CMpNxJP, 4.21)
where YSRID) ¢ CMpN>*Ms, RMpMs 7(1)  Msi RMrMs>*JP gre defined as:
YORD) — yec(HSRN)T @ S @ HFIP) (4.22)
Z) = (G 0G,)G]. (4.23)

(SR1D)

Equation (4.21) is a generalized unfolding of the received signal tensor 2~ which separates

the unknown parameters from the known parameters, which are the coding tensors. Also,
VRID) ¢ CMpNXJIP jg o generalized unfolding of the global noise in this transmission. The first
processing at the receiver, since the Z)) matrix is known, is to use the LS approach.

YORD) — argmin||X(K1P) — ySRiD) Z,(1)) - (4.24)

Y(SR1D)

As discussed in Chapter 3, when Z(!) has an orthogonal design, the solution of Equation
(4.24) is YSR1D) — X (SRiD)7z,(1)H, Using the generalized Kronecker approximation introduced in

Section 2.3.2 for the matrix Y®1P), we can define the approximated third-order rank-one tensor
th(SRlD) E (CMDMSI XNRXMRIMS.

P(SRID) - h(R1D) o g o hSR1). (4.25)
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SR,D)

Following the same steps for the signal 2~ ( , a similar pre-processing is done with the

following correspondences:

The main difference is that Z(2) = (B; o By)B} € CM:fMiMs*KP g the matrix formed by
collecting the K P vectors of the expression VCC(CTp ®T ), withB; =(C;®T;), By =(C,®T)
and B3 = (C3 ® T3). The approximated rank-one tensor, obtained from 2~ (SR2D)

by

signal, is given
PSRaD) o K(RaD) g o W(SR2) & MpMs, XNRxMp,Ms (4.26)

4.14 2 SRiR:D) Processing

Following the slice approach used for the 2" (S®1P) using Equations (4.4) and (4.8),

ignoring the noise term, we have that:

(SR\R,D)
kj.p

— HRD) kX(SRle)

X J-p

— H(RZD)T“kH(Rle)W..jX(SRI)
_ H(RZD)T“kH(R1R2)W“jH(SR1)CNPST_ (4.27)
Note that Equation (4.27) is similar to Equation (2.89), meaning that the signals 2 (SR1k2D)

and 2" SR2R1D) follow a fifth-order Nested Tucker decomposition (NTD(5)). Applying Property

(SR{R>D)

(2.33) three times, and defining Xy, = VCC(X.kj.p

) yields

xjp = (S@HEL)yvec(T HERIW HORIC )

— SaH®)(CT & T p)vec(HFFIW_HR))

= (S@H®P)(CT T ;) (HERT o HER) yvec(W_ ;) € CMPN*1, (4.28)
Collecting the J frontal slices of #  as in Equation (4.19), we have:

X4p = (S@HFP)(CT, 0T 4)

(H(SRl)T ®H(R1R2))ZJ, 4.29)
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where X ;. , € CMPN*/ Multiplying Equation (4.29) at the right-hand side by Z! (since Z; is an

orthogonal matrix), we can define the matrix X ;. » € CMoN*Ms Mg, 4.

X1p = (SoH®)(CT, o T o) (HEWT @ HER)). (4.30)

Applying Property (2.33), with X, = vec(X x. ), yields:
Xip = (HR) @ HERIT o § 0 HFL) Yvee(CT, @ T 1) (4.31)
Now the KP left vectors are collected to form the matrix X(SRiR2D) ¢ CMpNMs Mz, xKP - Noe

that, collecting the KP vectors of the expression VCC(CTP ® T k) yields the matrix yAON

X(SRiRD) _ y(SRiRD)7(2) | y(SRiR2D) (4.32)

with
Y(SRiRD) _ py(SR1) o RIR)T o §  H(R2D) ¢ CMpNMs, M, xMs, RM, Ms (4.33)
Z® — (B, oB,)BT € CMs:RMis Ms<KP, (4.34)

and VSRiR2D) ¢ cMpNMsy Mgy xKP boing the generalized unfolding of the noisy tensor ¥ (SRiR2D),

Using the LS criterion, we can formulate

Y (SRiRD) _ argmin HX(SR]RZD) _Y(SRleD)Z(Z)HF_ (4.35)
Y(SRleD)

(SRR,D)

Applying the Kronecker approximation of Section 2.3.2, to the matrix Y We can express

the approximated fourth-order rank-one tensor as
PSRIRD) o |y (R2D) g o p(RiR2) o (SR (4.36)
with P2 (SRiR2D) ¢ CMpMsy X NRxMsy My xMi, Ms gy p(RiR2) — yec(HR1RIT) | Similarly to 2 (SRiR2D),

the signal 2 (SR2R1D) hag the same processing, with the difference that the first stack it is in K-th

mode, so that we have the following correspondences:

( SR1R2D ) — (%‘ SRleD )
(X(SR]RzD SR]RzD ) — (X SRleD (SRQR]D))
(2;,2%))) < (Zg,ZV)
(H(SRI)’H(RIRZ (R2D) ) < (H SRz H(R2R1) H(RID))
( SR[RQD ) “— ((@ SRQRID )

SRyR|D)

At the end, the approximated fourth-order rank-one tensor 2 is given by:

C@(.S‘RleD) ~ h(RlD) OSOh(Rle) Oh(SRZ) c (CMDMSI XNRXMR1M52><MR2MS' (437)
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4.1.5 Uniqueness

Considering the four signals 2 (SR1) - @ (SR2) -~ g (SRiR2) and 27 (SR2R1)  for each

signal an LS estimation is performed, and the conditions to ensure the uniqueness are given by

P> F, > MR, (4.38)
J>F > Mg Ms,, (4.39)
K > F3 > Mg,Ms,. (4.40)

The proof of conditions (4.38) to (4.40) are given in Appendix B.

4.2 C-SVD Receiver

After the pre-processing step at the receiver, the four rank-one approximated tensors

are given by

P SRID) 5 hR1D) 6 o h(SKY) (4.41)
P SRD) 5 p(R2D) 6 50 h(SR2) (4.42)
PSRIRD)  p(R2D) oo o y(RiR2) o 1y (SRy) (4.43)
P SRRID) o p(RID) ¢ o y(ReR1) oy (SR2). (4.44)

The Coupled-SVD receiver combines all the four rank-one tensor signals to joint
symbol and channel estimation by coupling the n-mode unfolding of those tensors to estimate
the parameters via SVDs of rank-one approximated matrices, and those SVDs can be computed
in parallel as we show next.

For symbol estimation, in Equation (4.41), we have the vector s containing the

symbols. By coupling the tall 2-mode unfolding of each tensor we have

ngll)) ] (h(SR1) o h(R1D))
ngZD) (h(SRZ) o h(RZD) ) T
(SRiR:D) | SR RFD) on®oD)y | (349
Po e )
Pg;eleD) (h(SRz) oh(RR1) Qh(RlD))

Equation (4.45) is an approximation to a rank-one matrix of size MsMp[Mg, Ms, (1 +Mg,Ms,) +
Mpg,Ms, (14 Mg, Ms, )] x NR. Computing the SVD of (4.45) as U3,V the first right singular

vector only provide us a basis, i.e. § = OC1V:(, 1) where o is a scalar factor that compensates
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the orthonormal basis from the SVD. Assuming that we have the knowledge of one symbol, for
instance S 1), the scalar factor is found as oy =Sy ) / V;‘(Ll). At the end, the unvec operator is
applied, i.e., S= unvec(8s).

For channel estimation, the same approach is applied. Once again, since the SVD
only provides a basis for the estimated parameters and to remove the scalar ambiguity, while
keeping the parallelism at the receiver, it is necessary to assume the knowledge of at least one

(RiD) (RaD) g(RiR2) (RaRy)

link of four channels, which, in this work, are considered as H( > Hy s Heg nd H( T

Coupling the 1-mode unfolding of the tensor 2 (SR1P) and g2 (SR2R1D) PEff'D) and
(SR2R\ D)

P , we have a rank-one approximated matrix of size MsNR[Mg, (1 + Mg, Ms, )| x Ms,Mp,
given as
(SR, D) SR
Pu) ~ (W os) h(RiD)T (4.46)
PE‘:;QZRID) (h(SRZ) oh(m) <>S)
Consider the SVD of (4.46) as URD) 3 (RID)y(RIDH e have that hR1P) = OCZVE{QS))*, where
o = RID VALY RID and H®'P) = unvec(h(®1P)).
For h(R2P), the PESf2D) nd PESfleD) 1-mode unfolding of the tensors 22(5R2)

and P (SRiR2D) respectively, are coupled to form the rank-one approximated matrix of size

MsNR[MRz(l —|—MR1M51)] X MS2MD,

Pgsle)) (h(5R2) & 5)
PES;’QIRZD) - (h(SR) o h(RiR2) . g)

h(RD)T (4.47)

By computing its SVD as URP) B (RD)y(R:D)H e have that H(R2P) = unvec(hR2P)), where
ﬁ(RZD) = (X3VERi)D)* and o3 = R2D /V R2D

For the source—Relay 1 channel estlmation, the C-SVD receiver couples the 3-mode
unfolding of the tensor 22(SR1P) with the 4-mode unfolding of the tensor 22 (SRiR2D) forming a

rank-one approximated matrix of size NRMpMs, (1 + Mg, Ms,) x Mg, Ms, given by

(SR, D) R\D
o' " | | Goh®P) e (4.48)
Py " (h®1R2) 5.5 o p(R2D))

Computing the SVD of (4.48) as UBRS(SR)YSROH the channel is estimated as h(SF1) =

o VESR)I) Since, in this case, there is no knowledge of any link of H

given as 0y = Ugfﬁl))ngﬁl)) / (S(lvl)HEf}g))’ and AR = unvec(h(SRV).,

(SRl), the scalar factor is
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(SR>)

Following the same steps for h , the rank-one approximated matrix of size

NRMpMs, (1+Mg,Ms, ) x Mg, Ms is formed by coupling the 3-mode unfolding of P (SRD) vyith
(SR2D) (SR2R\ D)

the 4-mode unfolding of P SRR\ D) P(3) and P( 4) , respectively, as
(SRyD) (R2D)
Pe) ~ (soh =) hSRIT, (4.49)

PEszRlD) - (h(Rle) <>S<>h(R1D))

being USR2) 33 (SR2) y (SR2)H the SVD of (4.49), we can estimate the channel as HSR2) — unvec(ﬁ(SRZ)),

where h(S%2) = ¢ VESR)Z) and the scalar factor as o5 = Ugfﬁz))ilgl%) /(Sq, 1)HEIFZII)))).

For the remaining channels (H®1R2) H(R2R1)) we have two different approaches.
The first is when the Relay 1 and Relay 2 are transmit with the same number of antennas as they
receive (Mg, = Mg, and Mg, = Mj,). In this case, we can consider that HRi1R) = HRR)T gince
we assume that the channels are constant during all phases. By coupling the 3-mode unfolding

of the tensors P2 (SRiR2D) anq gp(SReRiD) ngleD) nd PESTZRID) respectively, we have

ngleD) (h(SR] o8 <>h(RzD))

iP5 ") | TI(h6R os0n®D)
where the matrix II is a permutation matrix that maps the elements from h(RR1) {0 h(RiR2),
The SVD of (4.50) can be given as URIR)IS(RiR)y(RiR)H and following the same steps
h(RiR) — g VRIR)* where o = R1R2 /Y R1R2 . Noting that h(®1R2) = yec(H®1R2)T) and

HRiR) — H(RzR')T, we have ﬁ(R‘R2) = H<R2R')T.

h®R)T, (4.50)

In the case where the Relay 1 and Relay 2 transmit with different number of antennas,

the channel estimation takes a direct approach from the 3-mode unfolding of the respective

(R1R2)

tensors, i.e. there is no coupling at the receiver. In the case of H , we compute the SVD of

(SR\R,D)

the 3-mode unfolding of tensor & , given by

URIR) 2 (RiRy) 5 (RiR)H _ (h(SRl) oS Qh(RzD))h(m)T

and h(R1R2) — B, Vi R' 2* Where By = R'R2 Vi) RIRZ . At the end, applying the unvec operator,
we recover the estlmated channel matrix as H(R le) = unvec(h®1RT,
For H(”2R1) | the same approach is used, the SVD of the 3-mode unfolding of the

tensor 2 (SR2R1D) g computed as

UR2R) 2 (RoR) )y (R2R1H (h(SRz) oS Oh(RlD))h(m)T

we obtain h(R2R1) — ﬁzVET)*, where [, = RZRI /V RzR' . Finally, applying the unvec

operator, we recover the estimated matrix as ﬁ(Rle) = unvec(ﬁ(R2R1>)T.



74
4.2.1 Similar Systems

Maintaining the number of relays as two, we have three possible systems. The first
is the proposed system, with four phases and four signals that can be coupled in the C-SVD
receiver. The second possibility is the proposed system with three phases and, consequentially,
only three signals to be coupled at the C-SVD receiver, i.e. the C-SVD receiver contains the
signals  (SRiD) = 97 (SRD) angq g (SRiR:D) o 9 (SRaD) -~ 9~ (SRiD) qnq 7 (SR2R1D) if in Phase
2, the Relay 2 transmits instead of Relay 1. For a third variant, we have three phases but only
two signals coupled at the C-SVD receiver, 2 SR1D) and 2 (5R2D) in this case, the relays do
not transmit to each other, there is only source to relay and relay to destination transmission.
Following this approach, we also compare two other systems, the first is considering three relays,
where the destination contains the signals 2" (SRiP) | 27 (SR2D) and 27 (SRsD) " and the second is

(SR1D) s the signal received at the destination. Table

the system proposed in Chapter 3, where 2~
2 shows the transmission rate for each system.
The tensors €, #', .7 and .Z (only in the case of three relays) are normalized

by the factor 1/\/F1RM5, 1/\/F2MR|MSIa 1/@ /F3MR2M52 and 1/\ /F4MR3MS3 respectively, to

ensure the antennas have the same power, as in Chapter 3. Noting that, with this normaliza-

tion for P > RMs, J > Mg, Ms, and K > Mg,Mjs, the coding matrices Z)z (" — BI, where 3
can be viewed as the gain by increasing the code length. Consider that the space-time coding

tensor of Relay 3 is . € CMs3*Mrs*L with factors L; € CM:*F4 L, € CMR*F4 gnd Ly € CL*F4,

4.3 Simulation Results

In this section, we evaluate the performance of the C-SVD receiver in terms of
symbol error rate (SER) and normalized mean square error for the channel estimation. We
consider 64-QAM modulation. The results are averaged over 10* Monte Carlo runs and each
run corresponding to an independent realisation of the channels, symbols, and noise. The
channel matrices are assumed to have i.i.d. complex Gaussian entries with zero-mean and unitary
variance, the noise variance is assumed to be equal at the relays and destination. First, we present
the performance of the Zero-Forcing with perfect CSI for all links. In second, we compare the
performance of the proposed system with their variants, mentioned in Section 4.2.1. Finally, we

present the normalized mean square error of the channels of the C-SVD receiver, comparing the
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Table 2 — Proposed system and its variants
Phases | Relays | Coupled Signals Rate

SRID pSR2D NR—1
4 3 Pi)D’ P(Z) ’ NP(J+K+L)
3
P
SRID pSR.D
Poy P
3 2 NP(leII(QJJInLK)
N
240
P
3 2 pSRID_pSRD Ngf,f,()
2 @)

pSRID pSR2D
2 9

4 2 ) 2 ° NR—1
P SleD, NP(2JK+J+K)
RoR\D
Po)
—1
2 1 pSKiD NRL

(2)

gain related to the number of signal coupled at the receiver.
4.3.1 Symbol Error Rate

The scenario simulated is the following: Mg = Mg, = Ms, = Mg, = Mg, = Mg, =
Mg, =2, R=4,Mp=4,] =K=L=4P =28, F| =RMg, F, = Mg, Ms,, F3 = Mg,Ms, and, in
the case of three relays, F4 = Mg, Mg,. In the symbol rate analyses, we compare the systems at
the maximum rate of each, i.e. R = P/2.

Figure 26 shows the code gain for our proposed system with perfect CSI, note that
increasing the code length P at the source is more relevant than increasing the code length at the
relays (J,K), this is due the fact the increasing J and K also increases the correlation with the
noise at the relays, as in Chapter 3.

In Figure 27 an interesting comparison is the performance of the proposed system
where we have four phases and four signals coupling (green line) with the three phases system
where are only two signals coupling (blue line). Such result for the blue curve can be explained
by the fact that in this system the noise is correlated only by one relay, while in our proposed
system, two of four signals (2~ (SRiR>D) and 2 (SR2R1D)) increases even more the correlation with

the noise, due to the relay-relay transmission, in this case, the system with three phases and
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two signals has the advantage of latency. However, our proposed system is the only one that
in the C-SVD receiver all the available links are coupled, resulting in a gain for the channels
relay-destination and the relay-relay channels. The system with three relays (yellow curve),
have the better performance, as expected, since there the system counts with one more resource
and the transmission follows the source-relay relay-destination direction, there is no relay-relay

transmission.
4.3.2 Normalized Mean Square Error

Since the scenario can be considered symmetric for the relays (the code-length and
the number of antennas are equal), in Figure 28 the NMSE of the links passed by different relays
are approximately the same.

The channels of relay-destination have a better performance over relay-relay chan-
nels, which have also a better performance over the source-relay channels, as expected. Such
results can be explained by the fact the for relay-destination channels the signal has already be
encoded by three space-time coding tensors, for relay-relay channels, the signal was encoded by
two tensors, and for source-relay channels, the signal was encoded only at the source. Also, for
the source-relay channels, there is no knowledge of any link, which causes a degradation in the

RiR;)

performance. This also explains, in Figure 29, the approximate performance of H( with only

one signal (the case where there is no coupling at the receiver) and HX1?)

with one signal, since
in this case, the signal is modelled from the two-hop system (2 (SRiD)) "and for both channels
the signal was encoded by two space-time coding tensors. Finally, it can be noticed that there

SR1) at the receiver, this is because

is no gain by coupling the source-relay channel matrix H(
for source-relays channels, the signal is encoded only once, however in a scenario where the
relays have a different path loss, the coupling approach could be applied for source-relay channel
estimation.

Globally, the proposed system exploit all the available links enjoying three space-
time coding tensors, which increases the performance for channel estimation. The system with
three phases and three signals at the receiver enjoying of three space-time coding tensors, but for
one link, i.e. for 2 (SRiRD) op 27 (SR2R1D) The gystem with three phases but only two signals
has the advantage of a reduced latency. However, since there are only two space-time coding

tensors, the gap in the performance of relay-destination channels is considerable. It is worth

noting that all parameters can be estimated in parallel by computing independents SVDs.
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Figure 26 — Perfect CSI performance for different values of P, J and K.
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Figure 27 — Performance of the proposed receiver with different number of phases and signals to
couple.
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4.4 Summary

In this chapter, a MIMO multi-relaying system was presented, combining the rank-
one tensor approximation with the diversity of cooperative communications, resulting in a semi-
blind receiver (C-SVD) capable of estimating the desired parameters via independent SVDs.
Moreover, we compared the proposed system with its variants, corroborating the existence of a

trade-off between diversity gain and latency.
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5 CONCLUSION

In this thesis, we proposed semi-blind receivers for MIMO relay and multi-relaying
cooperative systems.

The two-hop MIMO relay, presented in Chapter 3, was based on the Nested Tucker
system proposed in [17], and the main differences are: In [17], the authors proposed two semi-
blind receivers that have a direct data approach, i.e. using the n-mode unfolding of the received
Nested Tucker signal, an iterative receiver (ALS, with high computational complexity) and a

(SR)

two steps closed-form based on receiver (2LSKP), which the estimation of the H channel

depends on the previous estimation of the symbols (S) or the H(RD)

channel, were proposed.
However, our proposed system exploits the knowledge of the space-time coding tensors at the
receiver, to form a generalized n-mode unfolding of the Nested Tucker received signal and
then design a filter, which is the effective space-time code of the system. The filtered signal
is modelled as a rank-one approximated PARAFAC tensor, and from this rank-one tensor, two
semi-blind receivers were proposed. The first is a iterative (Tri-ALS) and the second is based on
a closed-form solution (T-HOSVD). As shown in Section 3.4, all the receivers achieve the same
performance for symbol and channel estimation. However, in terms of computational complexity,
our proposed receivers have shown to be more attractive, specially the T"THOSVD receiver which
can estimate the desired parameters in parallel. The remarkable performances of our proposed
system are due to the orthogonal design of the effective space-times code, leading to the next
contribution of our design compared with the desing in [17]. The authors in [17] proposed a
random exponential structure for the space-time coding tensors since they only make use of the
n-mode unfolding of those tensor in the algorithms. However, in our proposed system, we work
with the effective space-time code, which is desirable an orthogonal design for such code since it
will preserve the noise properties. From such orthogonal design, we show that a DFT matrix can
be factorized into the exact Khatri-Rao product of N matrices, with some conditions in the size.
In Chapter 4, a MIMO multi-relaying system is studied by exploiting the rank-one approach
discussed in Chapter 3. The proposed scenario takes advantage of the diversity of the cooperative
system by combining the multiple copies (in the specific case, four copies) of the transmitted
signal from different paths with a coupled receiver (C-SVD). The C-SVD receiver couples the
n-mode unfolding of the approximated rank-one tensors into approximated rank-one matrices,
enjoying of parallel processing by computing independents SVDs. Also, when we compare the

proposed system with its variants, we illustrated a trade-off between latency and performance.
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Overall, the rank-one approximation has shown to be an interesting method, due to
the system simplification and performance, as shown in Chapters 3 and 4. One drawback of
proposed approach is the more restrictive uniqueness conditions for the LS estimator, which

limits the transmission rate.

As perspectives for future works, we can highlight the following:

e A deeper study of the tensor contraction operator including the analysis of its properties
and its generalization to multiple contractions (i.e. involving several tensors).

e Generalization of the proposed algorithms to multi-user cooperative systems. In this case,
we can deduce that the receiver will be based on a rank-R tensor approximation, for R
users.

e Adaptation of the proposed algorithms to massive MIMO systems. In [47] the authors
proposed a hybrid architecture for massive MIMO where the analogue beamformer is de-
composed as the Kronecker product of N vectors, which is basically our proposed rank-one
tensor approximation. However, in [47], the authors does not exploit the multidimensional

nature.
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APPENDIX A - CODING ORTHOGONALITY DESIGN

As previous defined, the factor matrices of the coding tensors are, C; € CMs>F
Cy € CRFi, C3 € €PN, Wy e CY7 2, Wy € CM 7 Wy € C7F2, T e CY927B, T, €
CMry*F3 gnd T; € CX*F3_ Given the structure of matrix Z(l), or Z(z), we design the parameter
such that Z(NZMWH =T or Z@Z@H =1, Taking the example of yAQ given by equation (3.20),

by applying some permutation, we define the matrix Zg) € CMrMs| RMsxJP oq

zY) =zm
=[(Ci@W3)o(Cr@W))|(Cs ®W3)TH
= [(C1<>C2)®(W1<>W2)](C3 ®W3)T, (A.1)

where II is some permutation matrix. Note that if ZI(DI) is orthogonal, then Z!) would be also

orthogonal, since a permutation matrix is orthogonal. Defining as C = C, ¢ C; € CMs®*f1 and
W =W, 0 W, € CMsiMri 2 and replacing in equation (A.1), multiplying by its Hermitian at

the right-hand side, yields

270" = (CoW)GIG;(Co W)H (A.2)
For the term GgG; by choosing C3 and W3 as DFT matrices (assuming that P = F; and J = F>),

the product its orthogonal.

* 1 *
GiG} = J—P(C3 @ W3)T(C3 @ W3)
1

~JP

= IF2F17 (A3)

(C3C; @ W5 W3)

where \/LTP is the normalization factor for the DFTs matrices. In the case of P > F} and J > F,

we design the matrices C3 and W3 as truncated DFT.

The same approach is done for the left term as

— — = 1

(CoW)(CeaW)i = —(CCH o (WW)
FF
= Lragv, M, (A.4)

Then, since each column of a DFT matrix (C, W) can be factorized into Kronecker between

two or more vectors, the DFT matrix C can be factorized into the Khatri-Rao of two or more
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matrices. For this, suppose that the matrix C is a DFT of size F} x F; and F; = RMj as

1 1 1 1
1 o w? oh-1

— 1

C=r |1 @ ot o @dF-D) (A5)
1 ofti—! @2E-1) ... @E-DE-])

We factorize each column of C as ¢/t = cé‘ ® c{ I where ¢! is the vector at the f1 column of C.

For the first columns its straightforward. For the (f] 4 1)-th column we have the following:

r 1Ms) .
1 1
0] 0]
a)fl(R_l) a)fl(MS_l)

We conclude that, after factorizing all columns of C, the matrix C = C, ¢ Cy. The same approach
is applied to the matrix W. The permutation in (A.1) was performed to change the Khatri-Rao
and Kronecker product position, since we cannot performer a Kronecker factorization in a DFT

matrix, but the Khatri-Rao is possible.
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APPENDIX B - UNIQUENESS CONDITION

As mentioned in Section 4.1.5, the matrices Z(l), Z(z), Z; and Zg must be full
row-rank. The following Properties will be used to derive the conditions:
e rank(A ® B) = rank(A)rank(B)
e rank(AB) = rank(A) if B is a full rank matrix.
The rank of Z(!) its equal to the rank of Zg), and is given by

rank(Zg )) = rank([C® W]G3). (B.1)
The rank of Gg is expressed as

rank(G1}) = rank(C} @ W3)

= rank(C} )rank(W?). (B.2)

Since Cj is of size P x F; and W3 of size J x >, for Gg € CPF*IP being a full row-rank matrix
we have rank(C3) = F; and rank(W3) = F,, following that P > F} and J > F;. Since the matrix

Gg is full row-rank, the rank of ZI(DI) is given by

rank(Zg)) = rank(C @ W)

= rank (C)rank(W)
= rank([C, ¢ Cy])rank([W, o Wy]). (B.3)
For ZI(DI) being a full row-rank, then C € CRMs*Fi and W e CMsiMri 2 a150 must be a full

row-rank, and we have Fy > RMg and F, > Mg Mg, . At the end, for ZY) and Z(?) we have the
final conditions in (4.38) to (4.40).
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