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U1(J1 : U1 −→ R)
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ζ1, ζ2 ∈ U1
å
ζ1

áxÅ
¼;»ÑØ:»½¼àâ�Ýt»½×'À
ζ2
º�»Håx»&º�Ä!ÌE»½Æ�¾à»�º�»Hå

J1(ζ1) ≤ J1(ζ2) è
��£t�;£e¬�¯�¥�¢¦;�;£t����¢x«:��²�«:¡:¬ ¦;��¢](��t¢�¬�«:��¢*´�¡&¥�c���µ����Õ¥�?¡GKÕ¡�#��¯��e©&«:��²�¢�¬�´�¡:�;£t´�����T^¡:¢¦;¡
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éëê�ìoídî ê ��ï¹Ø�ð	ñ$òôósõpö\÷pø
ùôúàûôò�ü�ý¦÷�þÐÿ�òôö�ò©ü�ý����Óÿ�òôöhùôü�òôø�ý����
�
	�� ê� 	�� ����� ê�� 	 �ê ��������� ê ������� ê � ����� �! 	#" ì%$�í ���'&(	

)
u1 ∈ [0,∞) J1(u1, u2) = u2

1
+ u1u2 − u1*

u2 ∈ [0,∞) J2(u1, u2) = u2

2
+ u1u2 − u2
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T^��¢,���µ���¢&¡:¢¦e�!¦;¬�«:��¢1¡�	�#¥�¡:¢¦§�t����� ¡:¢���£��:�r´�£t¢1¡:¢¦;�;£!¦;©:µ�¬.£t¢&´�¬�¢��
��²�L ¶�¡:¬�¢\��£t�;£ «·£t´�£
���µV£t´�����©6¥�C«:��²?�¥�²V¦;��«:��²V¦$L�²#¥��1¡^£t¢,��¥�²����#¡:¢±«:¥�¢¦;��¢;�t�1¦§£�2(
©� «:��²V¦$L�²#¥�£t¢:��æ�¥�£t¯/�#¥�¡:�
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Ui ⊂ R

1 �
®�����E£t¯*n¡:²V¦;¡��¡�â¥�g���µ��6´�¡]î�D/���µV£t´�����¡:¢��!�^«:��²?�¥�²V¦;�^´�¡±¡:¢¦;�;£!¦;©:µ�¬.£t¢
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Ã#Ä!ÐAò»½¼;Ä Ú§Ä!Ì î�Ð)Ý:Ä;ËVÀVÇ#Ät¼;»§ºHå�Ú§Ä!ÆÕº½¹ÑÇ#»½¼;»qá:Ò�»KÄ
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J1(u1, · · · , uN )
Ú¿Ä!Ì ¼;»§ºàÅ�»½¹�¾àÄ1À

u1 ∈ U1
º�»/Ý½À1Àt¾Ñ¹�Æ$Ët¹ÑÇ#Ä±Å�Àt¼�À�Ú;ÀVÇVÀ

u−1 ∈ U−1

å
º�»½Æ
Ç#Ä

u−1 , u2, · · · , uN
»
U−1 , U2 × · · · × UN è Ó�Æ�¾ÁÃ#Ä\å&ÄrÚ§Ä!Æ\Ý§Ò$Æ�¾àÄ

Σ1(u−1) ⊂ U1áXÚ§Ô�ÀtÌnÀVÇ#ÄEÇ#»XÚ§Ä!Æ\Ý§Ò$Æ�¾àÄdÇ#» é�æ�çà¶'÷�çtè�ðts�è�ñàê]ð]Ä!ÒGÇ$»�é�æðr���7÷us�èàñ�ê]ð è Ó�º½¾à»nÚ§Ä!Æ\Ý§Ò$Æ�¾àÄUá
Ç#»Aõ,Æ�¹ÑÇ#ÄEÚ§Ä!ÌEÄwv

Σ1(u−1) = {ζ ∈ U1 : J1(ζ, u−1) ≤ J1(u1, u−1),∀u1 ∈ U1}.
<%·$� ¼O@

É±Ä!ÌEÄ�ÄrÚ§Ä!Æ\Ý§Ò$Æ�¾àÄ
Σ1(u−1)

áeÒ$Æ�¹ÑÇt¹�ÌE»½ÆÕº½¹ÛÄ!Æ
Àt× å^»½×�»gáEÚ§Ô�ÀtÌnÀVÇ#ÄvÇ#»EÚ½Ò$¼¿Ý!ÀrÇ#»e¼;»;À�ÂÃ#ÄrÄ!Ò
Ø§Ò$Æ�ÂÃ#ÄdÇ#»�¼;»;À�ÂÃ#ÄdÇ#ÄÌÝ:Ä;ËVÀVÇ#Ä!¼�Þ è bcºXÚ½Ò#¼½Ý!Àº�Ç#»�¼;»;À�ÂÃ#ÄdÇ#»eÚ;ÀVÇVÀ;Ý:Ä;ËVÀVÇ#Ä!¼
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Σ1

J1 xFyZz�{N|K}ZzZ|�~

Σ2

J2 xSyjz�{'|�}ZzZ|�~

u1

���N����� ê ��ï¹Ø�ðPñë÷�ø?H\ù=�	ü�ýJø�ýàùôúàûôò�ü�ý'ü�ò=>��mÿ�òôöhùôü�òôø�ý����
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Év� Ð���� ´ µ�� Å Ü'ÌnÀvº�Ä!× ÒÕÂÃ#Ä�Ç#»d»;á:Ò$¹�×)âÑã:¼¿¹ÛÄ�Ç$»Qî1Àº§Ô
u∗i , i ∈ NJ

ád»§º½¾ÁÙtÝt»½×±Ú§Ä!Ì ¼§»§ºàÅ�»½¹�¾àÄ
ÀnÒ$Ì »§º·á:Ò�»½ÌnÀ

Υ
Ç#»�Ç#»§º½Ý�¹ÛÄEÇVÀeº�Ä!× ÒÕÂÃ#Ä�º�»*Å�Ä·Ç#»�º�»½¼�Ä�ã:¾Ñ¹ÑÇVÀvÚ§Ä!ÌEÄdÄn× ¹�Ìe¹�¾à» Ç$Ä�Å
¼;Ä�Ú§»§º§º�Ä

¹�¾à»½¼�Àt¾Ñ¹�ÝtÄwv

u∗i = lim
k→∞

ui(k),
<%·$�¸» @

ui(k + 1) = arg min
ui∈Ui

Ji(u
Υk

−i , ui), ui(0) ∈ Ui, i ∈ NJ .
<%·$� ½t@
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−i = u−i(k),
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i ∈ NJ

º�»/Ý½À
Ui
Ò$Ì º½Ò�ã¿Ú§Ä!Æ\Ý§Ò$Æ�¾àÄcØ:»§Ú§Ô�ÀVÇ#Ä\å±× ¹�Ìe¹�¾ÁÀVÇ$Äv»XÚ§Ä!Æ�Ýt»�§$Ä

Ç#»*Ò$Ì »§ºàÅ�À�Â!Ä »½Ò�Ú½× ¹ÑÇ�¹ÑÀtÆ7Ä1Ç#»cÇt¹�ÌE»½ÆÕº·Ã#Ä�õ,Æ�¹�¾ÁÀ è Y4»/Ý½À
Ji : U1 ×· · ·× UN −→ R

À�Ø§Ò$Æ�ÂÃ#Ä
Ú½ÒVº½¾àÄ\å*Å�Àt¼�ÀG¾àÄ·Ç#Ä
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�
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«:�  �

= {u1, · · · , uN} ∈ U , U1 × · · · × UN
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Σ = (Σ1, · · · ,ΣN )
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Σi
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Σ
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Σ
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U
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Σ
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∗
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¢�¡:²�´��
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i = 1

¡6£t¢�¢�¥�E£d�#¥�¡��$£t�&«:��²V¦;�$�t��¬����
Σ1
©*´�¡:¢�«:��²V¦$L�²#¥�£&¡�

(u2(0), · · · , uN (0))
�

0c¯�©� ´�¬�¢�¢����*¢�¡���£
Σ1(u2(0), · · · , uN(0)) = u1(0)
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�
(k) , (u2(k), · · · , uN (k)); k ∈ K∗}

¦§£t¯��#¥�¡
(u2(0), · · · , uN(0))

© �E¯�¬/X¬ ¦;¡
´�¡:¢¦§£n¢�¡��Os�-:²�«:¬.£��oE£t¢

u1(0)
²��t�n©1�n¯�¬/n¬ ¦;¡�´�¡

Σ1(u2(k), · · · , uN (k))
�#¥�£!²�´��

k →∞
�
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�
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�
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{˜� (k)} ��¦§£t¯1�#¥�¡ Σ1(˜� (k)) «:��²V¶�¡:��µ�¡#��£t�;£v¥� ¯�¬/X¬ ¦�¡
{ũ1(0)} 6= u1(0)
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J1(ũ1(0), u2(0), · · · , uN (0)) < J1(u1(0), u2(0), · · · , uN(0)),
<%·$� Ùt@

�#¥�¡��e�¥�²V¦§£�n¡:²V¦;¡�£
{ũ1(0)} 6= u1(0)
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¬�²�¬�«:¬�£t¯7´�¡l�#¥�¡

u1(0)
©1�#6�²�¬�«:�

u1
�#¥�¡ln¬�²�¬*n¬*.·£

J1(u1, u2(0), · · · , uN (0))
�+j���µ����

Σ1
©

«:��²V¦$L�²#¥�£Õ�10 «:��²V¦;¬�²#¥�¬�´�£t´�¡&´�¡
Σi
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i > 1
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�#´�¡1¢;¡½�9������¶t£t´�£e´�¡^E£t²�¡:¬��;£e£t²��t¯���µV£Õ�
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R
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£t��µ�¥�n¡:²V¦;��¢
u1
¡
u2
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Tc£t¢�°��7£X«:��²#¶�¡GKÕ¬�´�£t´�¡ ´�£t¢^��¥�²����#¡:¢�«:¥�¢¦;�
J1
¡
J2
«:�  ��¡:¢��
¡:¬ ¦;������¡:¢��
¡:«½¦;¬ ¶!£�n¡:²#¦;¡��7£

u1¡
u2
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¥�E£���¥�²��·�t�e´�¬ ��¡:��¡:²�«:¬;��¶�¡:¯7©\�#¥�¡&¢�¥�£�´�¡:��¬ ¶t£t´�£�´�¡\����¬/n¡:¬���£�����´�¡�?¢�¡���£e¬�µ�¥�£t¯7£2.:¡:������£t¢
«:¥��¶!£t¢^´�¡1��¡·£��·�t�X´�¡�£�a(���¢*��¢����µV£t´�����¡:¢*¢;�t�n� (Õ¦;¬�´�£t¢��

∂J1
∂u1

= 2u1 + u2 − 1 = 0 =⇒ u1 =
1− u2
2

,
<%·$� ¶ Ët@

∂J2
∂u2

= 2u2 + u1 − 1 = 0 =⇒ u2 =
1− u1
2

,
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=
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u∗1 = lim
k→∞

u1(k) = lim
k→∞

1− u2(k)

2
=
1

3

u∗2 = lim
k→∞

u2(k) = lim
k→∞

1− u1(k)

2
=
1

3
.
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lim
k→∞

u1(k + 1) = lim
k→∞

1− u2(k + 1)

2

lim
k→∞

u2(k + 1) = lim
k→∞

1− u1(k + 1)

2
.
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¡
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lim
k→∞

u1(k + 1) = lim
k→∞

u2(k + 1) =
1

3
.
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lim
k→∞

ui(k + 1) = lim
k→∞

ui(k) = u∗i , i = 1, 2.
<%·$� ¶ ½t@
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f : X × U1 × · · · × UN −→ X
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h : X × U1 × · · · × UN −→ R
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∗
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pi(k + 1)dBm = pi(k)dBm + ρtidB − ρi(k)dB.
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V$¥�(�¢�¡��·�t�I·$�¸·$� ¶ ¡���´�¡^E£t²�¡:¬��;£�¢�¬/#��¯�¬�)�«·£t´�£��Õ²�£X®�¬�µ�¥��;£R·$�¸·r��¥�E£e´�¡½¦;¡:��n¬�²�£t´�£e¢���¯�¥��·�t�
´�¡�¡��#¥�¬�¯/L/(���¬ �n´�¡aTc£t¢�°G©�µ�¯�� (�£t¯/X¡:²V¦;¡ ¡:¢¦e�·¶�¡:¯�¢�¡��4¬�²�´�¡��
¡:²�´�¡:²V¦;¡�n¡:²V¦;¡X´�£E²�£!¦;¥���¡�.·£d´�£
¶!£t��¬.£��·�t�P¬�²�¬�«:¬.£t¯�«:�  ��¡:¯.£��·�t���P¡:¢¦;�;£!¦;©:µ�¬.£�"t¦;¬/E£r��¡:¯.£P«:��²V¶�¡:��µ�¡z��£t�;£@£��#¥�¡:¯.£P¢���¯�¥��·�t�
����¬�µ�¬ ²�£t¯Ñ�,¤r£t¬�¢f����¡:«:¬�¢;£�n¡:²V¦;¡���£!¦;�;£·¶�©:¢x´�£ �c¡&)�²�¬/�·�t�aº��$²�£aV$¥�(�¢�¡��·�t�R·$�¸·$� ¶ �Õ£�¢���¯�¥��·�t� ´�¡
¡��#¥�¬�¯/L/(���¬ �n´�¡2Tc£t¢�°

p∗i , i ∈ NJ

© ¡:¢¦e�·¶V¡:¯�«:�  ��¡:¢��
¡:¬ ¦;�v£E¥� ¡:¢��#¥�¡�E£
Υ
´�¡�´�¡:¢¶$¬��d´�£

¢���¯�¥��·�t�X¢�¡^�
�#´�¡1¢�¡:�6� (Õ¦;¬�´�£e«:� n�X¥�������#«:¡:¢�¢��E´�¡1¯�¬/X¬ ¦�¡��

p∗i = lim
k→∞

pi(k),
<N¼�� Ùt@

pi(k + 1) = arg min
pi∈Ui

ci(p
Υk

−i , pi), pi(0) ∈ Γi, i ∈ NJ ,
<N¼�� ¶ Ët@

¢�¡:²�´��Q�#¥�¡
pΥk

−i

��¡�����¡:¢�¡:²#¦§£ ¥� ¶�¡½¦;���±´�¡����t¦$-:²�«:¬.£t¢±´�¡^¦;�#´���¢±��¢����µV£t´�����¡:¢�<�«:� ó¡GKÕ«½¡����!�
´��v¹%Dà©:¢�¬/n�J���µV£t´����e@�«:¥?���¢x¶t£t¯�����¡:¢x´�¬ ��¡½�;¡&?´���¢x¡:¯�¡�n¡:²V¦;��¢x´��e¶�¡½¦;���x´�¡\�
�t¦$-:²�«:¬.£t¢x´�£t´��
��¡:¯.£e¢���¯�¥��·�t�X´�¡1¡��#¥�¬�¯/L/(���¬���´�¡lTc£t¢�°4�

¨,²V¦§�t����£��È"�¢*¥�¢;£t�^£e¡GK�����¡:¢�¢§�t�E´�£e¬�²V¦;¡:���¡:��-:²�«:¬.£SD�E£t¬ ¢�Dà��¥�L ´��e²�£e¡GK�����¡:¢�¢§�t�E´��R�
��²V¦;�
´�¡n¡��#¥�¬�¯/L/(���¬ � ´�¡�Tc£t¢�°�����¡:¢��
¡:«½¦;¬ ¶!£�n¡:²#¦;¡���¨1�#¢:�,<AºÕ� ¶ ºt@�¡U<N¼��¸» @G���r¢�¡:µ�¥�¬�²V¦;¡n��¡:¢�¥�¯ ¦§£t´��r©
� (Õ¦;¬�´����

pi(k) = ρti

∑N
l=1 [pl(k)gl] + σ2

gi
,

<N¼�� ¶ ¶ @
¢�¡:²�´��

l 6= i
¡
gi
� µV£t²�°���´�¡n«·£t²�£t¯,´��a���µV£t´����

i
�
i ∈ NJ

�#0���¯�¬�«·£t²�´�� � ¯�¬/n¬ ¦;¡�²�¡:¢¦§£
6�¯ ¦;¬/n£�¡&�#¥�£��·�t�E¡1«½��²�¢�¬�´�¡:�;£t²�´��E£R¨1���M<N¼�� Ùt@G�



ª�% #�%'a�"�b�"m,�[r�s"�(�� *+"�! [¾,�[¾l\"����](�t]^ �_[]eUq
^ `+� []eo�r,�[rq
[]*ÓxY^ -]"tÃ�(�^ t]" �kØ

p∗i = lim
k→∞

ρti

∑N
l=1 [pl(k)gl] + σ2

gi
.

<N¼�� ¶ · @
³6¡½¦;����²�£t²�´��2� ´�¬�¢�«:¥�¢�¢;�t�e«:� ó��¡:¢��
¡:¬ ¦§�2�2¨1���H<N¼��¸Ä @G�$«:��²�«:¯�¥�¬�Dà¢�¡9�#¥�¡���´�¡:¢¶$¬���´�£ ¢���¯�¥��·�t�
´�¡&¡��#¥�¬�¯/L/(���¬ ��´�¡^Tc£t¢�° ²��X¬�²�¢¦§£t²V¦;¡

k + 1
«:������¡:¢��
��²�´�¡l��¢�¬ ¦;¥�£��·�t�e¡���#¥�¡&��¢M���µV£t´�����¡:¢

��¡·£S�¥�¢¦§£� ¢�¥�£t¢�£����#¡:¢�¢;¬*e¥�¯ ¦§£t²�¡:£�n¡:²V¦;¡�¡� ��¡:¢��
��¢¦§£d�t¢kE£t¬�¢'��¡:«:¡:²#¦;¡:¢,£����#¡:¢�´���¢���¥Õ¦;����¢
���µV£t´�����¡:¢�����¥�¢�¡���£r�

pΥk

−i = p−i(k)
²�£R¨1���M<N¼�� ¶ Ët@¿�10c¢�¢�¬/_�

pi(k + 1) = ρti

∑N
l=1 [pl(k)gl] + σ2

gi
, l 6= i.

<N¼�� ¶ ºt@
j���µ����

lim
k→∞

pi(k + 1) = lim
k→∞

pi(k) = p∗i , ∀i ∈ NJ .
<N¼�� ¶ ¼O@

�����¦§£t²#¦;���$£t¢±«:��²�´�¬/���$¡:¢�²�¡:«:¡:¢�¢$�t��¬.£t¢�¡c¢�¥�)�«:¬�¡:²V¦;¡:¢,��£t�;£�£�¡GKÕ¬�¢¦$-:²�«:¬.£ ´�¡^¥�E£�¢���¯�¥��·�t�
´�¡�¡��#¥�¬�¯/L/(���¬��*´�¡+Tc£t¢�°Q��£t�;£6�1���µ��6´�¡±«:��²V¦;����¯�¡�´�¡f�
�t¦$-:²�«:¬.£6´�¬�¢¦;��¬/(�¥�L�´��x�����;£� ¢;£!¦;¬�¢��¡:¬ ¦§£t¢
¡a¡:¢¦§£�¢���¯�¥��·�t��«:��²�¢�¬�¢¦;¡G¡� ¥�E£]²���¶t£�´�¡:´�¥��·�t�l´��l£t¯�µ�����¬ ¦�n�]���± c�]0 ¢;�t¯�¥��·�t�]����¬
n��¢¦;�;£t´�£q¢�¡:��6�²�¬�«·£K¡?�n£t¯�©�y´�¬�¢�¢����e¡:¢¦e��¶�¡:¯%�XµV£t�;£t²V¦;¬�²�´���£t¢�¢�¬/R£K«:��²V¶�¡:��µ -:²�«:¬.£�´��
£t¯�µ�����¬ ¦$X���
Í ® ² ® À ~�¢ ¡ ��� � ����� �'� � � � ����È¢��ß�'�8������Î �kÆV��� ����oÒ,�
�½���	Ò � � � �4�#� �'� ´��
� �'�

¨â�r¢ � ��� Ï ��àÁ���?´��
T^¡:¢¦§£X¢�¥�(�¢�¡��·�t�����R����� (�¯�¡�E£ ´��X«:��²#¦;����¯�¡�´�¡\�
�t¦$-:²�«:¬.£a��£t�;£�¢�¬�¢¦;¡�E£t¢]�#¥�¡1�t��¡:��¡:«:¡�

£���¡:²�£t¢*¢�¡:�¶$¬/�:��¢6´�¡dn¡:¯�°�����¡:¢�������:�X¢�¡:�$�X£�(�����´�£t´��X£!¦;�;£�¶�©:¢*´�£ ¦;¡:����¬.£ ´���¢M���µ���¢:�10^¢;¢�¬/
«:� n� ²�£�¢�¥�(�¢�¡��·�t�G£!²#¦;¡:��¬�������£'n�$´�¡½¯.£tµ�¡� £�����¡:¢�¡:²V¦§£t´�£�²�£ �������¥�¯.£��·�t�v´��_����� (�¯�¡�E£
´�¡1«:��²V¦;����¯�¡&´�¡^�
�t¦$-:²�«:¬�£X²�£#V$¥�(�¢�¡��·�t�IºÕ�¸·$� ¶ ¢�¡:�$�X¥Õ¦;¬�¯�¬*.·£t´�£Õ�

� ���± @«:¯;�t¢�¢�¬�«:�6©,����¬�µ�¬�²�£t¯*X¡:²#¦;¡�¥�â£t¯�µ�����¬ ¦$X�*´�¡�«:��²V¦;����¯�¡,´�¡����t¦$-:²�«:¬.£]�#¥�¡±�;£t¢¦;��¡:¬.£
£!Vr��Tc³,D�£t¯ ¶����*«:� n���
�#´�¡GDà¢�¡G«:� #������¶t£t���
¡:¯.£�¢�¥�£���¥�²��·�t��«:¥�¢¦;��²�£!V$¥�(�¢�¡��·�t��¼�� ¶ � ¶ �
�c¡:¢�¢;£1������E£���²��t��¢;�t��«:��²�¢�¬�´�¡:�;£t´�£t¢�¢�¬ ¦;¥�£����$¡:¢�¬�²�´�¬ ¶$¬�´�¥�£t¬ ¢�´���¢±¡:²�¯.£t«:¡:¢�«:� C��¡:¯.£��·�t��£t��¢
��¡:«:¥���¢���¢,´�¡*�$�t´�¬��c¡:²#¦;��¡*´�¥�£!¢�£!¦;¥�£t¯�¬/.·£����$¡½¢�´��� x��j�¨]����¥e¢�¡���£��V²��t�&°�����¡eKÕ¬/(�¬�¯�¬�´�£t´�¡�«:� 
��¡:¢���¡:¬ ¦;�'�'Vr��Tc³,D�£t¯ ¶����\¨,¢¦;¡e²��t�v©����
���¦§£t²V¦;���7¥� £t¯�µ�����¬ ¦$X�d£t´�¡��#¥�£t´��v´�¡X£t´�£?�Õ¦¿£?�·�t�
´�¡:���t¦$-:²�«:¬.£]´�¡a¦;�;£t²�¢�n¬�¢�¢;�t�!��£t�;£]¢�¡:�¶$¬/�:��¢v´�¡:n¡:¯�°����E¡:¢�������:��� �����v¬�¢�¢����6¥� ²���¶V�
£t¯�µ�����¬ ¦$X��´�¬�¢¦§��¬/(�¥�L ´��e´�¡1«:��²V¦;����¯�¡&´�¡^�
�t¦$-:²�«:¬.£a��£t�;£�¦§£t¬�¢*¢�¡:�¶$¬/�:��¢6©^����� �
��¢¦;���

� £t¯�µ�����¬ ¦$X� ����� �
��¢¦;��� ´�¡:²�� n¬ ²�£t´�� B&ª+D����±  <�´�� ¬�²�µ�¯/-:¢qE6ÀtÌE»½Ð·Ö4Ô�»§Ä!¼§»½¾Ñ¹ÛÚ
¸1¹�º½¾Ñ¼¿¹Ñã:Ò$¾à»;ÇdÊ6Ä?>�»½¼vÉ±Ä!Æ�¾Ñ¼;Ä!×%@^¯�¡½¶!£v¡� «:��²�¢�¬�´�¡:�;£��·�t� £t¢&«:��²�´�¬/���$¡:¢&¬�²�´�¬ ¶$¬�´�¥�£t¬�¢c´�¡e«·£t´�£
¡:²�¯.£t«:¡��#´�¡½¦;¡:��n¬�²�£t²�´��^��£t�;£1«·£t´�£�¥�C´�¡:¯�¡:¢��$¡� «·£t´�£�£!¦;¥�£��·�t��´���«:��²V¦;����¯�¡6´�¡9���t¦$-:²�«:¬.£��
¥�E£JVr��Tc³,D�£t¯ ¶��6£t´�¡��#¥�£t´�£Õ��V$¬/e¥�¯ ¦§£t²�¡·£�n¡:²V¦;¡���¡:¢¦;¡±£t¯�µ�����¬ ¦$X�,����� n��¶V¡��6�;£t¢¦;��¡·£�n¡:²V¦;�



��� ������� � ��! "_ª�%;�s"�(�� *+"�! [¾,�[¾l\"����](�t]^ �mf�«Ht]^ [](�� [�c�����! ^ t/��-/.�"m,H��Z\[]"�*+^ ��,�"�`�a�"�b�"�`
´�£�Vr��Tc³,D�£t¯ ¶����
«:� n�E�Ñ£�.:¡� ��¢&£t¯�µ�����¬ ¦$X��¢^«:��²V¶V¡:²�«½¬���²�£t¬�¢�´�¡�«:��²V¦;����¯�¡ ´�¡2�
�t¦$-:²�«:¬.£Õ� ~
¬/#�����¦§£t²#¦;¡�¡:²Õ�Ñ£!¦;¬/.·£t�]�#¥�¡��IB&ª+D����± �¡GKÕ¬�µ�¡1¡GK�£!¦§£�n¡:²V¦;¡ £Rn¡:¢�E£e¬�²Õ������E£��·�t�a�#¥�¡���¢
£t¯�µ�����¬ ¦$X��¢x«:��²V¶V¡½²�«:¬���²�£t¬�¢���²��t�X´�¡�E£t²�´�£t²�´��#�#¥�£t¯/�#¥�¡:�6��¡:«:¥���¢��n¡GK$¦;�;£Õ�

�!���µ��&¡:¢¦e�!¦;¬�«:��²��t�?Dà«:�#� �
¡:�;£!¦;¬ ¶��1´�¡6¢�� E£SDà²��t�?D�.:¡:���&´���«:��²V¦;����¯�¡*´�¡J�
�t¦$-:²�«:¬.£&´�¡^¥�
¢�¬�¢¦;¡�E£e«:¡:¯�¥�¯.£t�]�#¥�¡��t��¡:��¡:«:¡ £��
¡:²�£t¢^¢�¡:�¶$¬/�:��¢^´�¡^n¡:¯�°����*¡:¢�������:�E©���¡:²V¦§�t����´�¡:²�� n¬�²�£t´��
ì
K = [NJ , {Γj}, {cj}]

�'�c���µ��íì
K
©E£t²��t¯���µ���£t�a£t²V¦;¡:��¬�����n¡:²V¦;¡n£�����¡:¢�¡:²V¦§£t´��[E

K
�

´�¬ ��¡:��¡:²�«:¬.£t²�´��?Dà¢�¡1´�¡:¢¦;¡�«:� ß��¡:¯.£��·�t�E£t�X¦;¬/���n´�¡�¢�¡:�¶$¬/�:�E�t��¡:��¡:«:¬�´��#�
¡½¯��n¢�¬�¢¦;¡�E£X«:¡:¯�¥�¯.£t�
¡����
���*«:��²�¢�¡��Os�-:²�«:¬.£���«:�  ��¡:¯.£��·�t�R�#Vr��Tc³,D�£t¯ ¶����10�(�£t¬�KÕ����£X´�¡G)�²�¬/�·�t�n´�£e¡:¢¦;�;£!¦;©:µ�¬.£�´�¡
«·£t´�£d���µV£t´����*¡�W�#¥�£t¯/�#¥�¡:�6¬�²�¢¦§£t²V¦§¡

k
´��\���µ��îì

K
��²��#�#¥�£t¯'��¢����µV£t´�����¡:¢*¦$-�

j
«:� n�

L�²�´�¬�«:¡��

min
pj(k+1)∈Γj

{
cj
(
pj(k + 1),

Ò
−j(k + 1)

)
= |ρtj(k + 1)− ρj(k + 1)|

2
}
.

<N¼�� ¶ » @

ê ¡���£��#¥�¡X£_Vr��Tc³,D�£t¯ ¶��
ρtj(k + 1)

�H��£t�;£d¦;�#´��
j ∈ NJ

��©�¶!£t��¬.£t²#¦;¡�²��d¦;¡�#�
���Q¨,¢¦§£
¡:¢¦;�;£!¦;©:µ�¬.£v©X£t´�¡��#¥�£t´�£r£!� ¦;¬/��� ´�¡X¢�¡:�¶$¬/�:���t��¡:��¡:«:¬�´��'�
¡:¯�� ¢�¬�¢¦;¡�E£r�������#¥�¡X��¢1¢�¡:�¶$¬/�:��¢
´�¡`n¡:¯�°����q¡:¢�������:� £t´�n¬ ¦;¡�g²�L ¶�¡:¬�¢K´�¡|�#¥�£t¯�¬�´�£!´�¡ ´�¬ ��¡:��¡:²�«:¬.£t´���¢��]£t¢�¢�¥�n¬�´�£�n¡:²#¦;¡
��¡�����¡:¢�¡:²V¦§£t´���¢§�����§Vr��Tc³6¢�D�£t¯ ¶���� 0ì¡:¢�«:��¯�°�£ ´�¡:¢¦§£t¢3Vr��Tc³6¢�D�£t¯ ¶�� © ¥� £t¢��
¡:«½¦;�
¬/#�����¦§£t²#¦;¡�������¬�¢�¡:¯.£U���$´�¡v¯�¡½¶!£t���P¢�¬�¢¦;¡�E£a£a¥� �
��²V¦;�G´�¡v� �
¡:�;£��·�t�:E£t¬�¢ ¡&)�«:¬�¡:²V¦;¡
¡�?¦;¡:��n��¢*´�¡1¡:²�¡:��µ�¬.£���£t¯�©�?´�¡^E£t²V¦$-GDà¯��e¡:¢¦e�·¶�¡:¯Û�

79 «:��¬ ¦;©:��¬��1£t´�¡��#¥�£t´���´�¡6´�¡½¦;¡:��n¬�²�£��·�!�1´�£lVr��Tc³,D�£t¯ ¶��&´�¡½¶�¡^¯�¡½¶!£t�,¡�C«:��²�¢�¬�´�¡:�;£��·�t�
� ²�L ¶�¡:¯�´�¡¹�
�t¦$-:²�«:¬.£ �;¡&�#¥�¡:��¬�´�£|��£t�;£C£t¯�«·£t²��·£t�l¦§£t¯ ²�L ¶�¡:¯�´�¡�Vr�~T^³1�I¨1 T ½t» V ��¦§£t¯
�����#«:¡:´�¬/n¡:²#¦;�K© ��¡·£t¯�¬/.·£t´���� æ�¥�£t²�´���¥�y¦;�;£t²�¢�n¬�¢�¢����@£t¥�n¡:²V¦§£K¢�¥�£��
�t¦$-:²�«:¬.£��e¡�
��¡:¢�����¢¦§£G£�¥�j£t¥�n¡:²#¦;��´�£r¬ ²#¦;¡:���¡:��-:²�«:¬.£ ��¥�£�¥�E£ ´�¬/n¬�²#¥�¬/�·�!��´��rµV£t²�°��r´�¡E«·£t²�£t¯%�
¢�¥�£2Vr��Tc³,D�£t¯ ¶V�1©^��¡:´�¥�.:¬�´�£Õ�� �� n� £QVr��Tc³,D�£t¯ ¶���´��1¦;�;£t²�¢�n¬�¢�¢�����´�¬/n¬�²#¥�¬�µ��;£t´�¥�£t¯/n¡:²V¦;¡
«:�  £X¡:¯�¡½¶!£��·�t�E´�£X¢�¥�£#�
�t¦$-:²�«:¬.£X´�¡1¦;�;£t²�¢�n¬�¢�¢;�t����¡:¢¦§£E£�(
����´�£tµ�¡� ©�«§°�£�E£t´�£X´�¡eº�ÄØ§¾
Çt¼;Ä§ÅVÅ
¹�Æ$Ët����#����¬/n¬ ²�´��@¥�E£@¢�¬/#��¯�¬�)�«·£��·�t�@²�£@��¥�²��·�t�]´�¡zE£��
¡·£�n¡:²V¦;��´�£5���t¦$-:²�«:¬.£
´�¡e¦;�;£t²�¢�n¬�¢�¢;�t� ²�£zVr��Tc³,D�£t¯ ¶���£�����¡:¢�¡:²V¦§£t´�£�¡�ST ½t» V ��£zVr��Tc³,D�£t¯ ¶�� «:� n� ¥�E£d��¥�²��·�t�
«:��²V¦$L�²#¥�£ä¡(¯�¬�²�¡·£t�P´�£����t¦$-:²�«:¬.£ä´�¡/¦;�;£t²�¢�n¬�¢�¢;�t���E£�a(�£t¢�¡�T¡:¢�«·£!¯.£ ¯���µV£t��L ¦$X¬ «·£��n©
´�¡&)�²�¬�´�£��

ρtj(k + 1)dB = α− βpj(k + 1)dBm.
<N¼�� ¶ ½t@

ª�¡:�t�;¬ «·£�n¡:²#¦;¡�����¥Õ¦;�;£t¢^��¥�²����#¡:¢d�#¥�¡ ��¡·£t¯�¬/.:¡� � º�ÄØ§¾6Çt¼;Ä§ÅVÅ
¹�Æ$ËI�
�$´�¡� ¢�¡:�c¥�¢;£t´�£t¢c«:� n�
E£���¡·£�n¡:²#¦;�e´�£a�
�t¦$-:²�«:¬.£e´�¡&¦;�;£t²�¢�n¬�¢�¢;�t�X²�£#Vr��Tc³,D�£t¯ ¶V���

��¢U��£t�$Â�n¡½¦;����¢
α
¡
β
¢;�t�[����¢�¬ ¦;¬ ¶���¢r¡]´�¡&)�²�¬�´���¢G£!¦;�;£·¶�©:¢a´���¢a¢�¡:µ�¥�¬�²V¦;¡:¢:����²#¦;��¢



ª�% #�%'a�"�b�"m,�[r�s"�(�� *+"�! [¾,�[¾l\"����](�t]^ �_[]eUq
^ `+� []eo�r,�[rq
[]*ÓxY^ -]"tÃ�(�^ t]" ��y
¡GK$¦;��¡�n��¢6´�£e��¡½¦§£�� (

pdBmmin , ρ
t
max

dB
) ¡ (

pdBmmax , ρ
t
min

dB
) ��j���µ�����¢�¥�£t¢6¡GK�����¡:¢�¢$�#¡:¢c¢;�t���

α = ρtmin
dB
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«:¥�¢¦;�U<
pmin > 0

@G��£e¡��#¥�£��·�t�E£t²V¦;¡:��¬����x¦;����²�£SDà¢�¡��

[−2βθ] p
−2(β+1)
j (k + 1) + [−ξ(−β + 1)] p

−(β+1)
j (k + 1) + 2δ = 0.

<N¼��¸·?¼O@
0`¨1���k<N¼��¸·?¼O@x£��o"�¢^£e¢�¡:µ�¥�¬�²#¦;¡^�¥�´�£t²��·£e´�¡&¶t£t��¬;�·¶�¡:¯H���$´�¡1¢�¡:�6��¡:¡:¢�«:��¬ ¦§£��

p
−(β+1)
j (k + 1) = F.

<N¼��¸· » @
j���µ�����¥�E£���¥�²��:�t�#�#¥�£t´��$�!¦;¬�«·£e´�£�¶t£t��¬;�·¶V¡:¯

F
1� (Õ¦;¬�´�£��

[−2βθ]F 2 + [−ξ(−β + 1)]F + 2δ = 0.
<N¼��¸·?½t@

V$��¯�¥�«:¬���²�£t²�´��d£I¨1����<N¼��¸·�½t@6¡�
F
¡���¡½¦;����²�£t²�´��I��£t�;£v£n¶!£t��¬;��¶�¡:¯

pj(k + 1)
£!¦;�;£�¶�:¢

´�£�¨1���1<N¼��¸· » @G�
� (Õ¦��aDà¢�¡��I����²#¦;�E´�¡�¡��#¥�¬�¯/L/(���¬ �n´�¡2Tc£t¢�°��7«:��²�¢�¬�´�¡:�;£t²�´��
pj(k + 1) > 0��£t�;£�¦;�$´��

j ∈ NJ

¡
k ∈ K∗

�f¨1 ¡:¢�«·£t¯.£e¯���µV£t��L ¦$n¬ «·£��$¡:¯�¡�1¡GK�����¡:¢�¢��E«:� n���

pj(k + 1)dBm =
1

β + 1

[
α + Ij(k + 1)dBm − gj(k + 1)dB

]
.

<N¼��¸· Ä @



ª�% #�%'a�"�b�"m,�[r�s"�(�� *+"�! [¾,�[¾l\"����](�t]^ �_[]eUq
^ `+� []eo�r,�[rq
[]*ÓxY^ -]"tÃ�(�^ t]" ��
� � � � � ´ µ��l��� Ð�ÆV� � � ���
0ó«:�t²�´�¬/�·�t� ¢�¥�)�«:¬�¡:²#¦;¡X´�¡X�t¦;¬/E£t¯ ¬ ´�£t´�¡2��£t�;£v¥�E£d��¥�²��·�t��´�¥�£t¢&¶�¡�.:¡:¢�´�¬ ��¡:��¡:²�«:¬;��¶�¡:¯

'�#¥�¡r¢�¥�£@´�¡:��¬ ¶!£t´�£P´�¡�¢�¡:µ�¥�²�´�£�����´�¡� ¢�¡���£@´�¬ ��¡:��¡:²V¦§¡ ´�¡_.:¡:������0 ´�¡:��¬ ¶t£t´�£���£t��«:¬.£t¯
´�¡e¢�¡:µ�¥�²�´�£v����´�¡� ´�£d��¥�²��·�t� «:¥�¢¦;�

cj
«:�  ��¡:¢��
¡:¬ ¦;�'�����t¦$-:²�«:¬.£v´�¡�¦;�;£t²�¢�n¬�¢�¢;�t�

pj


¡GK�����¡:¢�¢;£E£�(�£t¬�KÕ���

∂2cj
∂p2j(k + 1)

=
[
4β2θ + 2βθ

]
p
−2(β+1)
j (k + 1)

+ [ξβ(1− β)] p
−(β+1)
j (k + 1) + 2δ,

<N¼��¸·�¿t@

¢�¡:²�´��
θ, ξ, δ, β > 0

�
7^¢;£t²�´��5E£t¬�¢X¥�E£G¶�¡�.a£�¨1���d<N¼��¸· » @2��£t�;£P¡½��¡½¦;¥�£t�n¥�E£�e¥�´�£t²��·£P´�¡ ¶t£t��¬;�·¶V¡:¯%��£

¨1���k<N¼��¸·�¿t@+�
�#´�¡1¢�¡:�6�;¡½¡:¢�«:��¬ ¦§£X«:� n�X¥�E£���¥�²��·�!�#�#¥�£t´��$�!¦;¬�«·£e´�£�¶t£t��¬;�·¶V¡:¯
F
�

∂2cj
∂p2j(k + 1)

=
[
4β2θ + 2βθ

]
F 2 + [ξβ(1− β)]F + 2δ.

<N¼��¸·�Ùt@

V$¡�£e´�¡:��¬ ¶!£t´�£e´�¡1¢�¡:µ�¥�²�´�£X����´�¡�?´�£���¥�²��·�t�n«:¥�¢¦;�
cj
1¡:¢¦;��¬ ¦§£�n¡:²V¦;¡\����¢�¬ ¦;¬ ¶t£��

cj


¡:¢¦;��¬ ¦§£�n¡:²V¦;¡&«:��²V¶V¡eK�£Õ�f0c¢�¢�¬/_��´�¡:²�� n¬�²�£SDà¢�¡
ε
�e¶t£t¯����,#L�²�¬/X��´�£#¨1���k<N¼��¸·�Ùt@G�

ε = −
[ξβ(1− β)]2 − 4 [4β2θ + 2βθ] 2δ

4 [4β2θ + 2βθ]
.

<N¼�� º��t@
®�£�.:¡:²�´��

ε > 0
�
µV£t�;£t²V¦;¡GDà¢�¡Q�#¥�¡e£n´�¡:��¬ ¶t£t´�£n´�¡�¢�¡:µ�¥�²�´�£E����´�¡� ´�£n��¥�²��·�t�d«:¥�¢¦;�

cj&¡:¢¦§��¬ ¦§£�X¡:²#¦;¡\�
��¢�¬ ¦;¬ ¶!£��Õ¡�£X¢�¡:µ�¥�¬�²V¦;¡1´�¡:¢�¬�µ�¥�£t¯�´�£t´�¡1&� (Õ¦;¬�´�£��

β3 < 2β2 + 7β + 4 =⇒ β < 4.
<N¼�� º ¶ @

0c¢�¢�¬/_�$£1��¡:¢¦§��¬/�:�t� ¬/#����¢¦§£^��¡:¯.£1´�¡:¢�¬�µ�¥�£t¯�´�£t´�¡Q<N¼�� º ¶ @,£t�Q��£t�$Â�n¡½¦;���
β
���¥�²#¦§£�n¡:²V¦;¡

«:�  £���¡:¢¦;��¬/�·�t��´�¡#����¢�¬ ¦;¬ ¶$¬�´�£t´�¡e´�£�´�¡&)�²�¬/�·�t��´�¡:¢¦;¡���£t�$Â�n¡½¦;������£t¢�¢�¡:µ�¥��;£�j£�¡:¢¦;��¬ ¦§£
«:��²V¶�¡GKÕ¬�´�£t´�¡�´�£���¥�²��·�t� «:¥�¢¦;�

cj
��´�¡&)�²�¬�´�£l²�� ¢�¥�(
«:��²?�¥�²V¦;�

[pmin, pmax] ∈ R
��«:� 

pmin > 0
�	0c¯��Í´�¬�¢�¢�����¡:¯.£t¢a«:������¡:¢�����²�´�¡� �t¢a¢�¡:µ�¥�¬�²V¦;¡:¢a��¡:¢¦;��¬/���$¡:¢U���$�!¦;¬�«·£t¢r«:� 

��¡:¢���¡:¬ ¦;�E£t��¢x¶t£t¯�����¡:¢*¡GK$¦;��¡�n��¢6´�¡^�
�t¦$-:²�«:¬.£e´�¡&¦;�;£t²�¢�n¬�¢�¢;�t�X¡1´�¡QVr��Tc³,D�£t¯ ¶����

0 < ρtmax
dB
− ρtmin

dB
< 4

[
pdBmmax − pdBmmin

]
.

<N¼�� ºt· @
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�c¡:¢�¢;£d������E£����l���µ�� ì

K

£t´�n¬ ¦;¡�¥�E£#6�²�¬�«·£E¢���¯�¥��·�t�E´�¡�¡��#¥�¬�¯/L/(���¬��n´�¡aT^£t¢�°��4´�£t´�£
��¡:¯.£�¨1���1<N¼��¸·�Ä @¿�J0 «:��²V¦;¬�²#¥�¬�´�£t´�¡�´�£X��¥�²��·�t�d«:¥�¢¦;�

cj
�È��£t�;£X¦;�$´��

j ∈ NJ
�2�µV£t�;£t²#¦;¬�´�£

«:�  £6��¡:¢¦;��¬/�·�t�
pmin > 0

�¡:²��#¥�£t²V¦;���#¥�¡±£*¢�¥�£Jn¬�²�¬*n¬*.·£��·�t�3�µV£t�;£t²V¦;¬�´�£x¢�¡±£t¢'��¡:¢¦;��¬/���#¡:¢
´�£e´�¡:¢�¬�µ�¥�£t¯�´�£t´�¡#<N¼�� ºt· @�¢;�t�X¢;£!¦;¬�¢��¡:¬ ¦§£t¢:�

¨,²V¦;��¡½¦§£t²#¦;���7«:� n�d´�¬�¢�«:¥Õ¦;¬�´��d²�£�V$¥�(�¢;¡&�·�t�'¼�� ¶ � ¶ �7¥�E£E�$����¬�´�£d£!¦;¥�£��·�t�d´��d«:��²#¦;����¯�¡
´�¡I�
�t¦$-:²�«:¬.£4v£t¢�¢�¥�n¬�´�£����:�#¥�¡��
¡:��n¬ ¦§¡E£a¥Õ¦;¬�¯�¬*.·£��·�t�r´�£G£�������KÕ¬/E£��·�t�r´�¡&)�²�¬�´�£U�
¡:¯.£
¨1���k<N¼��¸Ä @¿�1�à¢¦;�n¢�¬�µ�²�¬*)�«·£2�#¥�¡ £R¨1���k<N¼��¸· Ä @+�
�$´�¡1¢�¡:�6��¡:¡:¢�«:��¬ ¦§£e«:� n���

pj(k + 1)dBm =
1

β + 1

[
α + Ij(k)dBm − gj(k)dB

]
.

<N¼�� º ºt@
V$¡

pj(k)dBm
c£t´�¬�«:¬���²�£t´��&¡6¢�¥�(Õ¦;�;£�L�´���²���¯.£t´��1´�¬���¡:¬ ¦;�&´�¡:¢¦§£�¡��#¥�£��·�t���$¡:¯.£&²��t��¢��t����¡

£t¯ ¦;¡:�;£����#¡:¢'¡��S)�²�£t¯/n¡:²V¦;¡��!�^£t¯�µ�����¬ ¦$X�*´�¡�«:��²V¦;����¯�¡,´�¡f�
�t¦$-:²�«½¬.£�B&ª+D����± ��S����� ����¢¦§�J��£t�;£
¥� ¢�¬�¢¦;¡�E£2�#¥�¡��t��¡:��¡:«:¡�£��
¡:²�£t¢6¢�¡:�¶$¬/�:��¢^´�¡^n¡:¯�°����x¡:¢�������:�������$´�¡1¢�¡:�^£�����¡:¢�¡:²#¦§£t´����

pj(k + 1)dBm =
1

β + 1

[
α + pj(k)dBm − ρj(k)dB

]
,

<N¼�� º�¼O@
¢�¡:²�´����#¥�¡���¢R��£t�$Â�n¡½¦;����¢

α
¡
β
¢;�t�@´�¡&)�²�¬�´���¢�����¡:¢��
¡:«½¦;¬ ¶!£�n¡:²#¦;¡���²�£t¢#¨1�#¢:��<N¼�� ¶ Ä @ ¡

<N¼�� ¶ ¿t@¿��0 ª�£�(�¡:¯.£R¼�� ¶ £�����¡:¢�¡:²V¦§£X�n��¡:¢�¥�n�X´��E£t¯�µ�����¬ ¦$X���
éëê�ìoídî ê �¾ï¹Ø�ð(	Pý���÷�þ�ò©ü�ò�ùD;)ö�òôø?>A9�þ�ò×�403�g2rÞ$ñ��

â î ��	��=�'��Já	65 é37 ü�8:9
pj(k + 1)dBm = 1

β+1

[
α+ pj(k)dBm − ρj(k)dB

]

α = ρtmin
dB

+


ρtmax

dB
−ρtmin

dB

1−
pdBm
min

pdBm
max


 ; β =

ρtmax
dB

−ρtmin
dB

pdBm
max−p

dBm
min

�dý
ρtmax

dB ý
ρtmin

dB 9�ý�ópü�ý�þ G�ùWø
ù
ρtdB ;

pj(k + 1)dBm = pj(k)dBm + ρtjdB
− ρj(k)dB

�����¦§£t²#¦;����£ ������e¥�¯.£?�·�t��´��a«:��²V¦;����¯�¡n´�¡��
�t¦$-:²�«:¬.£�´�¡:¢�«:¡:²V¦;�;£t¯�¬/.·£t´��a«:� n�r¥�����µ��
¡:¢¦e�!¦;¬�«:��²��!�?Dà«:�$� �
¡:�;£!¦;¬ ¶��1´�¡^¢�� E£SDà²��t�?D�.:¡:������²��Q�#¥�£!¯�«·£t´�£]���µV£!´����,¦;¡� «½� n��� (r�¡½¦;¬ ¶V�
£�´�¡&)�²�¬/�·�t�X´�¡&¥�E£RVr��Tc³,D�£t¯ ¶���¡1£e¢�¬/�¥�¯ ¦eÂt²�¡·£Qn¬�²�¬/X¬*.·£��·�t��´��e¡:�����R�#¥�£t´��$�!¦;¬�«:�e¡:²V¦;��¡
£#Vr��Tc³,D�£t¯ ¶��X¡�£�Vr��Tc³â£!¦;¬�²�µ�¬�´�£���£�����¡:¢�¡:²V¦§£n«:� n�X¢���¯�¥��:�t�n´�¡1¡��#¥�¬�¯/L/(���¬ �e´�¡lTc£t¢�°r¥�E£
������E£Xµ�¡½²�¡:�;£t¯�¬/.·£t´�£n´��d£t¯�µ�����¬ ¦$X�E���± ��7£�����¡:¢�¡:²#¦§£t´��d²�£�¨1���1<N¼�� ¿t@¿�6���$´�¡GDà¢�¡�� (�¢�¡:�¶!£t�
²�£t¢c¡��#¥�£����$¡:¢\�#¥�¡e´�¡G)�²�¡� ��¢d��£t�$Â�n¡½¦;����¢

α
¡
β
�#¥�¡��4¢�¡e��¢c²�L ¶�¡:¬�¢d#�SKÕ¬/n�n¡2#L�²�¬/X�

´�£#Vr��Tc³,D�£t¯ ¶����
ρtmax

dB ¡
ρtmin

dB ��¦;¡:²�´�¡�W��£t�;£e¥��6�²�¬�«:�X¶!£t¯����
ρtdB

����¢J��£t�$Â�n¡½¦;����¢
α¡

β
¦;¡:²�´�¡�_�$��¡:¢��
¡:«½¦;¬ ¶!£�n¡:²#¦;¡��Õ£

ρtdB
¡<�Õ�� ��  ¬�¢�¢����r���$´�¡GDà¢�¡c� (�¢�¡:�¶!£t�+�
¡:¯.£l¨1����<N¼�� º�¼O@

�#¥�¡&��B&ª+D����± �£?���;��KÕ¬/E£SDà¢�¡c´��n���± K«:¯;�t¢�¢�¬�«:����³6¡½¢�¦;��¬/���#¡:¢9��¡GKÕ¬�¢¦$-:²�«:¬.£e¡^�e¥�²�¬�«:¬�´�£t´�¡



ª�% #�%'a�"�b�"m,�[r�s"�(�� *+"�! [¾,�[¾l\"����](�t]^ �_[]eUq
^ `+� []eo�r,�[rq
[]*ÓxY^ -]"tÃ�(�^ t]" ��Ô
´��l����²#¦;�1´�¡^¡��#¥�¬�¯/L/(���¬ �&´�¡�Tc£t¢�°n´��]���µ�� ì

K

¢;�t��´�£t´�£t¢f��¡:¯.£1´�¡:¢�¬�µ�¥�£t¯�´�£t´�¡l<N¼�� ºt· @G�#£t¯��
´�¡�£a�
�t¦$-:²�«:¬.£e´�¡&¦;�;£t²�¢�n¬�¢�¢;�t�e¢�¡:�^¡:¢¦;��¬ ¦§£�n¡:²V¦;¡\�
��¢�¬ ¦;¬ ¶!£��

pmin > 0
�

~ � /�¢ � �:�r�'� � � �
� �#� ¡ Î �kÆV��� �'�]~�¢ ¡ �
� � �S�@� �'¯&¨eÉ�� �
æ�¥�£t²V¦;���G£t²��t¯�¬ ¢�¡E´�£a«:��²V¶V¡:��µ -:²�«:¬.£a´��P£t¯�µ�����¬ ¦$n�UB&ª+D����± ���¡:¯.£4v¢�¬/n¬�¯�£!�Q���#¥�¡:¯.£

��¡·£t¯�¬/.·£t´�£*²�£^¢�¥�(�¢�¡��·�t�1£t²V¦;¡:��¬�������£t�;£^�����± c���c¡x£t«:����´��c«:� â��¢�«:��²�«:¡:¬ ¦;��¢�£�����¡:¢�¡:²#¦§£t´���¢
²�£'V$¥�(�¢�¡��·�t�U·$�¸·$� ¶ �4£v¥�²�¬�«:¬�´�£t´�¡ ´�£v¢���¯�¥��·�t�d´�¡e¡��#¥�¬�¯/L/(���¬��E´�¡RTc£t¢�°P²��t�=eµV£t�;£t²V¦;¬.£n´�¡
¢�¥�£1¡:¢¦§£�(�¬�¯�¬�´�£t´�¡�����¥n¢�¡���£��$£1«:��²V¶�¡:��µ -:²�«:¬.£�´�� £t¯�µ�����¬ ¦$X�\����� �
��¢¦;��²��!��6µV£t�;£t²#¦;¬�´�£d�
¡:¯��
�Ñ£!¦;�e´�¡�£X¢���¯�¥��·�t�X´�¡1¡��#¥�¬�¯/L/(���¬ ��´�¡lTc£t¢�°�� (Õ¦;¬�´�£a��£t�;£e�d���µ��îì

K
¢�¡:�J6�²�¬�«·£Õ�

j���µ�����£t²V¦;¡:¢e´�¡v¢�¡:µ�¥�¬��e�t¢a��£t¢�¢���¢X¥�¢;£t´���¢e²�£G£t²��t¯�¬�¢�¡d´�¡v«½��²#¶�¡:��µ -:²�«:¬.£G´��P���± ���£
¢���¯�¥��·�t�X´�¡1¡��#¥�¬�¯*L/(���¬���´�¡lTc£t¢�°�1¡:¢�«:��¬ ¦§£X¡� ¡:¢�«·£t¯.£e¯�¬�²�¡·£t���

pj(k + 1) = 10
α/[10(β+1)]

[
Ij(k + 1)

gj(k + 1)

]( 1

β+1)
.

<N¼�� ºt» @
0��È"�¢�¥�¢;£t��£x¡GK�����¡:¢�¢§�t�^´�£*¬�²#¦;¡:���¡:��-:²�«:¬.£SD�E£!¬ ¢~DÁ��¥�L�´��^<A¨1���r<AºÕ� ¶ ºt@�@
²�£]6�¯ ¦;¬/n£�¡��#¥�£��·�t���

� (Õ¦��aDà¢�¡&�X¢�¡:µ�¥�¬�²V¦§¡&��¡:¢�¥�¯ ¦§£t´����

pj(k) = 10
α/[10(β+1)]

[∑N
l=1 [pl(k)gl] + σ2

gj

]( 1

β+1)

,
<N¼�� º ½t@

¢�¡:²�´��
l 6= j

¡
gj
�dµV£t²�°��E´�¡�«·£t²�£t¯�´��l���µV£t´����

j
�
j ∈ NJ

��0c¢�¢�¥�n¬�²�´��v£X¶t£t¯�¬�´�£t´�¡�´�£
¨1���k<N¼�� Ùt@G�

p∗j = lim
k→∞

10α/[10(β+1)]

[∑N
l=1 [pl(k)gl] + σ2

gj

]( 1

β+1)

.
<N¼�� ºtÄ @

³6¡½¦;����²�£t²�´��2� ´�¬�¢�«:¥�¢�¢;�t�e«:� ó��¡:¢��
¡:¬ ¦§�2�2¨1���H<N¼��¸Ä @G�$«:��²�«:¯�¥�¬�Dà¢�¡9�#¥�¡���´�¡:¢¶$¬���´�£ ¢���¯�¥��·�t�
´�¡&¡��#¥�¬�¯/L/(���¬ ��´�¡^Tc£t¢�° ²��X¬�²�¢¦§£t²V¦;¡

k + 1
«:������¡:¢��
��²�´�¡l��¢�¬ ¦;¥�£��·�t�e¡���#¥�¡&��¢M���µV£t´�����¡:¢

��¡·£S�¥�¢¦§£� ¢�¥�£t¢�£����#¡:¢�¢;¬*e¥�¯ ¦§£t²�¡:£�n¡:²V¦;¡�¡� ��¡:¢��
��¢¦§£d�t¢kE£t¬�¢'��¡:«:¡:²#¦;¡:¢,£����#¡:¢�´���¢���¥Õ¦;����¢
���µV£t´�����¡:¢:�10c¢�¢�¬/_��¥�¢;£t²�´��E£R¨1���M<N¼�� ¶ �t@G�

pj(k + 1) = 10
α/[10(β+1)]

[∑N
l=1 [pl(k)gl] + σ2

gj

]( 1

β+1)

.
<N¼�� º ¿t@

j���µ����

lim
k→∞

pj(k + 1) = lim
k→∞

pj(k) = p∗j , ∀j ∈ NJ .
<N¼�� º Ùt@

0 ¢���¯�¥��·�t�G´�¡v¡��#¥�¬�¯/L/(���¬ �r´�¡'Tc£t¢�°�����¬+n��¢¦;�;£t´�£r¢�¡:�a6�²�¬�«·£a¡��±£t¯��j´�¬�¢�¢�����¡:¢¦e�·¶�¡:¯Û�
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(k) = [p1(k), ..., pN (k)]
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¢��0�����C�0���0�B�0�v�����C��� y

(k)
 \�mºg£0�P���³��F{»�¦P���V�B���0���0�B�0�v���ù¦6���0�����B���Y����� y

−m(k)
���<�

�0�]�����I�8¦0¯������\�����bç]��¯v�������j�0�\���1ç]��¯���D �
K

�����{���PåY�����Y���+��¤Y���Èºg��Ê

min
pi(k+1)∈Γm

{
ci
(
pi(k + 1),

y
−i(k + 1)

)
= |ρti − ρi(k + 1)|

2
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min
pj(k+1)∈Γm

{
cj
(
pj(k + 1),

y
−j(k + 1)

)
= |ρtj(k + 1)− ρj(k + 1)|

2
}
,

è¬Ô�� ÔvÀvé

�j�0�����
ρti
�{Ã�ÄÆÅ<Ç3»Æ���V§��?ågº��?¢Y�����?�<ç]��¯v�������

i
 
i ∈ NJ

 
ρtj(k + 1)

�{Ã�ÄÆÅ<Ç3»Æ���V§v���^ç]���]��¹¥§v�0�
¢Y�������<ç]��¯v�������

j
 
j ∈ NJ

 ��
ρm(k+1)

��Ã�ÄÆÅ<Ç ¢2�0�j£0�0¤����Y�?¢2���3¦*�Y����¦*���0� ç]��¯v�������
m
���

�����]�����v���
k + 1

 Y¢Y�����?�������
m ∈ NJ

�
k ∈ K∗

�

� ��¯��� ����C�����]�����*���
k
 2£¥���Y�1ç]��¯v�������

i
���0�>�C��¤�ç]�P���V§v�B�������P���0�j�B���Y���+�C�j�0�6¢��S§�¢��j���

��¸V§��0�
���=¢�����©0��£0���6¢Y�����4�°¢��S§¥ºg���B�6�����]�����v���� (���¨�����N�C�����0�����6�6�I������¯�������Ã�ÄÆÅ<Ç3»Æ���V§����
Ú ���1���g���j�T�������� ë�=��¤gç]�P���V§��T����£¥���Y��ç]��¯v�������

j
¦� @�j���?���V�������¥���{�0�*���� ë���P���0�j�B���Y���:���C�

Ã�ÄÆÅ<Ç3»Æ���V§�� ��¢��j��¢��j�����Y�®�°��¢2����©0��£0�����������������j�B�V�����������0£0�0�j��¹��j��� ¢Y����� ����£¥�����¥¹^»æ�����Y�
¢��S§¥ºg���C�¨�I���Y���¥���=���=£0���*���j����������¢2����©0��£0���g���<�:«¬�����0���0��£0���]���

ci
�
cj
�����������0¦*�Y���Y���0 

¢������(¢Y�����:�j�0�]§����0��������@:�*Ã?¯v�������v�������1�������V�����b��¸V§��0���b���<Ã�ÄÆÅ<Ç��Y�����j�0�j���V�������0� ¯v����É����
���3���0�j�0�B¢��0��É��� *�0��¦*�Y���v���1¦*���� *���:£¥���j�1�����b�j�0�]§����0���(���3�B�0��É���� �0�]«¬���j�0�� v���V�����d��¸V§��0���d���
Ã�ÄÆÅ<Ç³���B¢��V�V£¥��� ���V���������^º���� �������������j�B���j�������bÛ
���v�������� �¢Y�����+����¤���� ��������¢2���@���N���P�j§��V�0�� 
���g������� ² ���¥�������:��¸V§��0���3���:¢2����©0��£0���?���B¢��S§�¢��j�V���0 ����=�j�Æçj�g g¦*���1�j�0�j���V���0� �0�¿Ã�ÄÆÅ<Ç �����V���
�����]�����v���=è¬�C�����+���V���B���4�C�����+¤Y���Èº��vé\�Y�=Ã�ÄÆÅ<Ç3»Æ���V§��� �¦�¢��0�Y����� ² ���Y�B£0���>���Ü���V���B£0���]�����
c(�]���"¦����C�C�Y���1���B¢2���]�����v���0�<£¥������£P���0�j¸��]����£¥���:�Y�C«¬���j�?�������¥���C¢��j��¢2���]���g ë¢2�����:�j�����P§I�=�
��� ¢����*�������<��¢2�0�����¥���?¦*���<���I�����]«R� ² ���
£0�j�V�8¦0�j�����N���<¦*�Y�������Y�����+���<�C�����0�������PåY£0���0�v���<�0�
���0�j�B���\�����0���0�j¯����g�

µØ£0�j�V�8¦0�j���1���¡�0�j£0����ÉY�1�Y��Ã�ÄÆÅ<Ç3»Æ���V§���¢Y�����1���(�j�0�]§����0�������¡�B�0��É����b�0�]«¬���j�0�� *�0� «¬�����¥���
�Y�1¢2����©0��£0���1���0£0�0�j��¹��j���1¢Y�������I������¯�¸È»æ���� Í¦\���{�0�j�B����¢��j�0�j�0�v���������Y��Ã���¤����P�¥����Ô��V¼��tà��}c(���
¦N�j�0¢��j�0�j�0�v�������:¢2�0���Jc(¦��gè¬Ô��V¼ ´ ém I�j�0¢��j����� ² ���Y�<��¤Y���Èºg�� I�N¢2�0���<Ód��¯������\Ô��V¼��bµ:�d¢Y����·��B�P���j���
α
�
β
�����{���0�j£0�j�V�����¡¢2�0�����lc(¦*�0�dè¬Ô��V¼^¾�é
�Cè¬Ô��V¼.övém�



ì�� îvï,ð�ñ ò�ó�ô õëö�÷<î�õæøÆò�ùVõæô ú�û�ú�üyõ,ò�m¬ø�ý¬þ ï�ÿ���ý¬þ ú¬øÆò�ú��BÒgð�ô þ ýRï����,õ�û�ï	�yú¬õæùVþ ï�û�õ�
��æõ�æõ�


ρtj(k + 1)dB = α− βpj(k + 1)dBm.
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∗(k) = [p∗1(k), ..., p

∗

N (k)]
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m ∈ NJ
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cm
(
p∗m(k + 1),

y
∗

−m(k + 1)
)
≤ cm

(
pm(k + 1),

y
∗

−m(k + 1)
)
.
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µ �0�j¢Y���0�C�����0�]�����I�8¦0¯������
Γm = [pmin, pmax]
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ci = ρt
2
− 2ρt

[
gi(k + 1)

Ii(k + 1)

]
pi(k + 1) +

[
gi(k + 1)

Ii(k + 1)

]2
p2i (k + 1).
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cj = θp−2βj (k + 1)− ξp−β+1j (k + 1) + δp2j(k + 1),
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�
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pj(k + 1) 6= 0
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∂ci
∂pi(k + 1)

= 0 =⇒ pi(k + 1) = ρt
Ii(k + 1)

gi(k + 1)
.
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pj(k + 1)dBm =
1

β + 1

[
α + Ij(k + 1)dBm − gj(k + 1)dB

]
.
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0 < ρtmax
dB
− ρtmin

dB
< 4

[
pdBmmax − pdBmmin

]
.
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pi(k + 1)dBm = pi(k)dBm + ρtdB − ρi(k)dB.
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Þ]Â�Ö#»]ÞKÃYµGÉ#Â�¾�µ_¿#ºIµ4c�{�o\éX¦ÊÉ#»�vvà
¿#¾¹¿WkGÄ¹¸¼Â�¾]Õ#Þ]Â�º«Â_É#»]¾¹Þ]Ä¹¸ÇÃOÂ_»]º e vÍö g Ñ

y;Ö#¸¼Þ]¸°µG·¼º_»]Ö�ÃO»GÕ�Â´É#»]¾CÙGµGÖ#»]Þ]¸¼º«»]Ö�ÃOÂ5É#» ×p»]ÛÅ¿#»]ÖNµ5»]¾¹ÞMµG·°µÏ¦ É#»]¾¹Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÉ#Â�Þ]Â�º Â
Â�à�çC»KÃO¸ÇÙ�Â§É#»(µmÙaµG·¼¸°µGÄ
µSÞ]Â�Ö�Ù�»]Ä4\�ÝKÖ#Þ]¸°µ�É#Â�µG·]\�Â�Ä¹¸�ÃOº«Â�É#»hÞ]Â�Ö�ÃOÄ¹Â�·¼»AÉ#»h×pÂGÃOÝ]Ö#Þ]¸°µS×#Ä¹Â�×pÂ�¾CÃOÂ
×NµGÄOµ(ºEc#·ÇÃO¸Ç×#·ÇÂ�¾Ê¾¹»]ÄCÙ"¸¼À]Â�¾¦»Aµ(¾¹¿Nµ�ÞMµG×NµGÞ]¸¼ÉNµGÉ#»«É#»IµaÃO»]Ö#É#»]Ä
µGÂ�¾¦Ä¹»]ÛÅ¿#¸¼¾¹¸ÇÃOÂ�¾ÊÉ#»IÛÅ¿NµG·¼¸¼ÉNµGÉ#»
É#Â�¾ÒÉ#¸ÇÚj»]Ä¹»]Ö�ÃO»]¾ÒÃO¸¼×pÂ�¾�É#»�¾¹»]ÄCÙ"¸¼À]Â#Ñ�Ú�µGÄOµ�»]¾CÃXµEµGÖWkG·¼¸¼¾¹»GÕ*µ
»KÙ�Â�·¼¿#ÀMÁGÂ
ÃO»]º«×pÂ�ÄOµG·pÉNµGuayzq|{ É#ÂG¾
¿#¾¹¿WkGÄ¹¸¼Â�¾�»]ºÆ¿#º�Q�SUTBVWQXWY)ZÌÃ6i¼×#¸¼Þ]Â�É#ÂEÞ]»]ÖWkGÄ¹¸¼Â
É#»<ÃO»]¾CÃO»�¦�º«Â�¾CÃOÄOµGÉNµ¦ÖNµ�Ó�¸]\�¿#ÄOµ�Ô#Ñ ª*Ñ�Ú�µGÄOµ
ÖNÁGÂ�ÃOÂ�Ä¹ÖNµGÄvÉ#¸ÇÚ�i¼Þ]¸¼·Åµ�Ù"¸¼¾¹¿NµG·¼¸]bMµGÀMÁGÂ�ÉNµ+åW\�¿#ÄOµ*Õ�µG×p»]ÖNµG¾+^ÒÉ#Â�¾�àG��¿#¾¹¿WkGÄ¹¸¼Â�¾�É#»3@<ÂKu�\�µGÄOµGÖÅÃO¸¼É#Â
»®à�É#Â�¾�}�¿#¾¹¿WkGÄ¹¸¼Â�¾hÉ#»§º«»]·]s#Â�ÄA»]¾CÚjÂ�Ä¹À]Â½ÃOÝ]ºqµ�»KÙ�Â�·¼¿#ÀMÁGÂ½É#»§¾¹¿Nµ�uayzq|{ ¸¼·¼¿#¾CÃOÄOµGÉNµ�ÖNµ
åW\�¿#ÄOµ*Ñ}cÌÖ�ÃOÄ¹»KÃYµGÖ�ÃOÂ#Õ�Â�¾�É#»]ºIµG¸¼¾�¿#¾¹¿WkGÄ¹¸¼Â�¾�Â�à*ÃO¸ÇÙ�»KÄYµaº�Þ]¿#ÄCÙGµG¾Ì¾¹»]º_»]·]sNµGÖÅÃO»]¾�aG¾�É#Â�¾�¿#¾¹¿WkGÄ¹¸¼Â�¾
¾¹»]·¼»]Þ]¸¼Â�ÖNµGÉ#ÂG¾MÑ�f<¾hÙGµG·¼Â�Ä¹»]¾h»Bm"ÃOÄ¹»]º«Â�¾(É#»�×pÂGÃOÝ]Ö#Þ]¸°µ¯É#»§ÃOÄOµGÖ#¾¹º«¸¼¾¹¾OÁGÂ½¾OÁGÂ½¿#¾OµGÉ#Â�¾�Þ]Â�º«Â
×zÂGÃOÝ]Ö#Þ]¸°µ_¸¼Ö#¸¼Þ]¸°µG·.»GÕz»]ºÐÃOÂ"É#Â�¾�Â�¾©ÞMµG¾¹Â�¾]Õp×zÂ�¿#ÞMµG¾�¸ÇÃO»]ÄOµGÀ]Î"»]¾©É#ÂAµG·]\�Â�Ä¹¸�ÃOº_ÂE¾OÁGÂIÖ#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾
×NµGÄOµEµ
Þ]Â�Ö�Ù�»]Ä4\�Ý]Ö#ÞK¸°µ_ÉNµGuayzq|{ É#»�ÞMµGÉNµ
¿#¾¹¿WkGÄ¹¸¼ÂE×NµGÄOµEµGÛÅ¿#»]·°µ
ÛÅ¿#»ÊÞ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»ÊµGÂEÖ2iÇÙ�»]·
É#»Ê×zÂGÃOÝ]Ö#Þ]¸°µEÉ#»ÊÃOÄOµGÖ#¾¹º«¸¼¾¹¾OÁGÂEÉ#»KÃO»]Ä¹º«¸¼ÖNµGÉ#Â_×z»]·¼Â_×pÂ�Ö�ÃOÂ«É#»Ê»]ÛÅ¿#¸¼·]iÇà#ÄO¸ÇÂ
É#»�q�µG¾4s=Ñ

f<¾«Ä¹»]¾¹¿#·ÇÃYµGÉ#Â�¾«¸Ç·¼¿#¾CÃYÄOµGÉ#ÂG¾_ÖNµ®Ó�¸]\�¿#ÄOµ°Ô#Ñ ª�ÖNÁaÂ�¾OÁGÂ�¾¹¸]\�Ö#¸VåNÞMµaÃO¸ÇÙ�Â�¾_×NµGÄOµ�µ�µmÙaµG·¼¸°µGÀMÁGÂ
É#Â«É#»]¾¹»]º«×z»]Ö2s#ÂAÉ#ÂIµG·]\�Â�Ä¹¸ÇÃ¹º«ÂB×1Ù5nCB_u*Ø:ÚNÛ Þ]Â�º Ä¹»]·°µGÀMÁGÂ?aG\�µGÄOµGÖ�ÃO¸°µEÉ#Â�¾©Ä¹»]ÛÅ¿#¸¼¾¹¸ÇÃOÂ�¾©É#»
ÛÅ¿NµG·¼¸¼ÉNµGÉ#» É#»3µGº
àpÂ�¾�Â�¾�ÃO¸¼×zÂ�¾�É#»Ò¾¹»]ÄCÙ"¸¼À]Â#Õ�×zÂ�¸¼¾�Ä¹»KÃOÄOµaÃYµ<µa×p»]ÖNµG¾ÌµG¾¹×p»]ÞKÃOÂ�¾ÌÉ#»ÒÞ]Â�Ö�Ù�»]Ä4\�Ý]Ö#Þ]¸°µ
»¢¾¹Â�º«»]Ö�ÃO»¢»]º ¿#º�Q�SUTBVWQXWY)Z\Ñ ÚvÂ�Ä¯¸¼¾¹¾¹Â#Õh¿#ºIµ ¾¹¸¼º
¿#·°µGÀMÁGÂ É#»�^m�*Ñ ������Q�SUTBVWQXWY)Z[Q(¦
Ä¹»MµG·¼¸]bMµGÉNµ*Ñ�È Ó�¸]\�¿#ÄOµBÔ#Ñ�^m�AµG×#Ä¹»]¾¹»]Ö�ÃYµhµG¾<Þ]¿#ÄCÙGµG¾<ÉNµ«Új¿#Ö#ÀMÁGÂhÉ#»
É#¸¼¾CÃOÄ¹¸¼à#¿#¸¼ÀMÁGÂ«Þ]¿#º
¿#·°µaÃO¸ÇÙGµ
è ÛÒØ:Ó�Õ#É#Â_¸¼Ö2\�·¼Ý]¾Eb�R"FER"T�T�ZRãUWGH�Z�ã]Q�ZRâmã\[]RaZRã�Y)S��.RaS.P�ZRã�Y)Sëé�ÉNµjuayzq|{ Â�à*ÃO¸¼ÉNµ
×p»]·¼Â«µG·]\�Â�Ä¹¸�ÃOº_Â
×1Ù5nCB_u*Ø:ÚNÛÆ×NµGÄOµ�µGº
àpÂ�¾_Â�¾«ÃO¸¼×zÂ�¾«É#»�¾¹»]ÄCÙ"¸¼À]Â�Ö#Â�Þ]»]ÖWkGÄ¹¸¼Â�É#»�ÃO»]¾CÃO»�É#»�ÞMµGÄ4\�µ�º«¸¼¾CÃYµ*Ñ
È�·�¦]º É#¸¼¾¹¾¹Â#Õ�»]¾CÃYµTåW\�¿#ÄOµ(ÃXµaºEà$¦]º ÃOÄOµ�bIµ�Þ]¿#ÄCÙaµ�ÉNµ6ÛÒØ:Ó ÉNµ_uayzq|{¬×NµGÄOµ�Â�Þ]»]ÖWkGÄ¹¸¼Â�É#»
¾¹»]ÄCÙ"¸¼À]Â�c#Ö#¸¼Þ]Â=è�@<ÂKuG\�µGÄOµGÖ�ÃO¸¼É#Â*é�Þ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»]Ö�ÃO»GÕ#Â�¿I¾¹»Æç¹µ*Õ*×NµaÄYµ¦µ¦º«»]¾¹ºIµ¦ÞMµGÄ4\�µÊÃOÂGÃYµG·NÉ#»
à<}
¿#¾¹¿WkGÄ¹¸¼Â�¾3É#Â_Þ]»]ÖWkGÄ¹¸¼Â_É#»�ÃO»]¾CÃY»aÑ

f<à#¾¹»]ÄCÙ�»´ÛÅ¿#»GÕ�Þ]Â�º Ä¹»]¾¹×p»]¸ÇÃOÂÆµGÂ�¾ ¿#¾¹¿WkGÄ¹¸¼Â�¾¢É#»�¾¹»]ÄCÙ"¸¼À]Â�¾ É#»5@<ÂKu�\�µGÄOµGÖ�ÃO¸¼É#Â#Õ�Â
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É#»]¾¹»]º«×z»]Ö2s#Â<É#Â�µG·]\�Â�Ä¹¸�ÃOº«Â+×1Ù5nCB_u*Ø:ÚNÛ�Ö#Â�Þ]»KÖWkGÄ¹¸¼Â�É#» º
c#·ÇÃO¸¼×#·ÇÂ�¾+¾¹»]ÄCÙ"¸¼À]Â�¾�¦�Þ]Â�º«×NµGÄ6kmÙ�»]·
µGÂ�É#»]¾¹»]º«×z»]Ö2s#ÂSÉ#ÂSØ:ÚNÛ´Þ]Â�Ö�Ù�»]Ö#Þ]¸¼Â�ÖNµG·�Ö#Â�Þ]»]ÖWkGÄ¹¸¼Â�É#»«¾¹»]ÄCÙ"¸¼À]Â�c#Ö#¸¼Þ]Â�Þ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»]Ö�ÃO»GÑ
� Â<\�Â#Õ�×pÂÅÉ#»Bn;¾¹»hÞ]Â�Ö#Þ]·¼¿#¸¼Ä�ÛÅ¿#»hÂ§µG·]\�Â�Ä¹¸ÇÃ¹º«Â�×#Ä¹Â�×pÂ�¾CÃOÂ§Þ]Â�Ö#¾¹»~\�¿#»(µGà#¾¹Â�ÄCÙ�»]Ä
Â§¸¼º«×NµGÞKÃOÂ�ÉNµ
×#Ä¹»]¾¹»]Ö#ÀMµ�É#»�¿#¾¹¿WkGÄ¹¸¼Â�¾�É#»�¾¹»]ÄCÙ"¸¼À]Â�¾�É#»�º«»]·]s#Â�Ä(»]¾CÚjÂ�Ä¹À]Â�Ö#Â ¾¹¸¼¾CÃO»]ºIµ*Õ�ÛÅ¿#»�µG×#Ä¹»]¾¹»]ÖÅÃYµGº
Ä¹»]ÛÅ¿#¸¼¾¹¸ÇÃOÂ�¾3É#»ÊÛÅ¿NµG·¼¸¼ÉNµGÉ#»<¾O¿#×z»]Ä¹¸¼Â�Ä¹»]¾�µGÂ�¾©É#Â�¾©¿#¾¹¿WkGÄ¹¸¼Â�¾3É#»Ê¾¹»]ÄCÙ"¸¼À]Â�¾�É#»�@<ÂKuw\�µGÄOµGÖ�ÃO¸¼É#Â#Ñ

È�·�¦]º8É#¸¼¾¹¾¹Â#Õ3µG¸¼Ö#ÉNµ�ÖNµ�Ó�¸]\�¿#ÄOµ�Ô#Ñ�^m�*Õ�Â�¾I¿#¾¹¿WkGÄ¹¸¼Â�¾«É#Â�¾«¾¹»]ÄCÙ"¸¼À]Â�¾IÉ#»�º«»]·]s#Â�Ä_»]¾CÚjÂ�Ä¹À]Â
»Bm*×z»]Ä¹¸¼º«»]ÖÅÃYµGº Ö2iÇÙ�»]¸¼¾AÉ#»�uayzq|{ Þ]Â�Ö#Þ]Â�Ä¹ÉNµGÖ�ÃO»]¾(Þ]Â�º Â�¾AÉ#»PåNÖ#¸¼É#Â�¾hÖ#Â�¾h×NµGÄ6hGº«»XÃYÄ¹Â�¾IÉ#Â
µG·]\�Â�Ä¹¸�ÃOº_Â#ÕÌ»]Ö�ÃOÄ¹»Ñö§ÉWo¬»�^�}SÉWo�Ñ ô º�Â�¿*ÃOÄ¹Â�Ä¹»]¾¹¿#·ÇÃYµGÉ#Â�¸¼Ö�ÃO»]Ä¹»]¾¹¾OµGÖÅÃO»(Þ]Â�º�Ä¹»]·°µGÀMÁGÂ�µGÂ�¾
¿#¾¹¿WkGÄ¹¸¼Â�¾AÉ#Â�¾h¾¹»]ÄCÙ"¸¼ÀKÂ�¾(É#»§º_»]·]s#Â�ÄI»]¾CÚjÂ�Ä¹À]Â ¦�µ¯µG·ÇÃYµ�×#Ä¹Â�àNµGà#¸¼·Ç¸¼ÉNµGÉ#»�É#»S¾¹»]¿#¾(Ö2iÇÙ�»]¸¼¾AÉ#»
uayzq|{Ë»]¾CÃYµGÄ¹»]º�µGÞ]¸¼ºIµ�É#Â�Ö2iÇÙ�»]·�ºji¼Ö#¸Çº«Â�Ä¹»]ÛÅ¿#¸¼¾¹¸ÇÃYµGÉ#Â#Ñcq�Â�Þ]»]ÖWkGÄ¹¸¼Â�Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÉ#Â#Õ3»]¾CÃYµ
×#Ä¹Â�àNµGà#¸¼·¼¸ÇÉNµGÉ#»�¦ÊÉ#»¦µG×#Ä¹Â
m*¸¼ºIµGÉNµGº_»]ÖÅÃO»�ª<v��AÑ

ò ¾¹»]º«×#Ä¹»§¸¼Ö�ÃO»]Ä¹»]¾¹¾OµGÖ�ÃY»§µmÙaµG·¼¸°µGÄ«Â¯Þ]Â�º«×pÂ�ÄCÃYµGº«»]Ö�ÃOÂ�É#»§¿#º�µG·]\�Â�Ä¹¸ÇÃOº_Â�É#»SÞ]Â�ÖÅÃOÄ¹Â�·¼»
É#»I×zÂGÃOÝ]Ö#Þ]¸°µ�»Kº¶¿#º¶µGº
à#¸¼»]Ö�ÃO»«É#¸¼ÖWhGº«¸ÇÞ]Â#Õv¸¼¾CÃOÂ ¦GÕ�ÖNµ�×#Ä¹»]¾¹»]Ö#ÀMµSÉ#Â�É#»]¾CÙGµGÖ#»]Þ]¸¼º«»]Ö�ÃOÂSÉ#»
×z»]ÛÅ¿#»]ÖNµ�»]¾¹ÞMµG·°µ*Ñ¨Ú�µGÄOµ�¸¼¾¹¾¹Â#Õ1¿#ºIµ(Ö#ÂmÙGµ(¾¹¸¼ºE¿#·°µaÀMÁGÂ(É#»�^m�*Ñ ������Q�SUTBVWQXWY)Z[Q«ÚjÂ�¸ÌÄ¹»MµG·¼¸]bMµaÉNµ*Ñ
È�Ó�¸]\�¿#ÄOµ�Ô*Ñ�^<^�µG×#Ä¹»]¾¹»]Ö�ÃYµAµG¾©º«»]¾¹ºIµG¾©Þ]¿#ÄCÙaµG¾�É#»�ÛÒØ:Ó�º«Â�¾CÃOÄOµGÉNµG¾©ÖNµBÓ�¸]\�¿#ÄOµ�Ô#Ñ�^m�*Õ#ºIµG¾
µ�\�Â�ÄOµ
Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÖ#É#Â«Â�¾©»KÚj»]¸ÇÃOÂ�¾3É#Â_É#»]¾CÙGµGÖ#»]Þ]¸¼º«»]Ö�ÃOÂ«É#»Ê×p»]ÛÅ¿#»]ÖNµ«»]¾¹ÞMµG·°µ*Ñ

f<à#¾¹»]ÄCÙ�»hÖNµG¾?Ó�¸]\�¿#ÄOµG¾�Ô#Ñ�^m��»CÔ#Ñ�^<^AÛÅ¿#»IÉ#Â§µGº
à#¸¼»]Ö�ÃO»«»]¾CÃkaÃO¸¼Þ]ÂS×NµGÄOµ�ÂSÉ#¸¼ÖWhGº_¸¼Þ]Â�sWk
¿#ºIµhÉ#»~\�ÄOµGÉNµGÀMÁGÂ�»]º ÃO»]Ä¹º«Â�¾¦µGà#¾¹Â�·¼¿*ÃOÂ�¾ÊÉ#Â�É#»]¾¹»]º«×z»]Ö2s#ÂSÉ#Â�¾�µG·]\�Â�Ä¹¸�ÃOº«ÂG¾�»]º ÃOÂ"ÉNµG¾�µG¾
Þ]¿#ÄCÙaµG¾vÉ#»3ÛÒØ:Ó�ÑIÚvÂ�ÄS¦]º�Õa×NµGÄOµ©Â�¾1¿#¾¹¿WkGÄ¹¸¼Â�¾1É#» ¾¹»]ÄCÙ"¸¼À]Â�¾vÉ#»�@<ÂKuD\�µGÄOµGÖÅÃO¸¼É#Â*Õaµ©×NµG¾¹¾Oµ�\�»]ºÏÉ#Â



�5! îvï,ð�ñ ò�ó�ô õëö�÷<î�õæøÆò�ùVõæô ú�û�ú�üyõ,ò�m¬ø�ý¬þ ï�ÿ���ý¬þ ú¬øÆò�ú��BÒgð�ô þ ýRï����,õ�û�ï	�yú¬õæùVþ ï�û�õ�
��æõ�æõ�


2 3 4 5 6 7 8 9 10 11 12 13 14 15
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Serviço Único
Multi-Serviço, QoS Garant.
Multi-Serviço, Melhor Esf.ú Ý®û
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Þ]»]ÖWkGÄ¹¸¼Â©»]¾CÃkaÃO¸¼Þ]Â©×NµGÄOµ©Â©É#¸¼ÖWhGº«¸¼Þ]Â3¸¼Ö#É#¸¼ÞMµÒ¿#ºIµ3É#»~\�ÄOµGÉNµGÀMÁGÂ�É#»�É#»]¾¹»]º«×p»]Ö2s#Â�É#Â�µG·]\�Â�Ä¹¸�ÃOº_Â
×1Ù5nCB_u*Ø:ÚNÛ�ºIµG¸¼Â�Ä.É#Â©ÛÅ¿#» µ3É#»~\�ÄOµGÉNµGÀMÁGÂ©É#»ÌÉ#»]¾¹»]º«×p»]Ö2s#Â�Â�à#¾¹»]ÄCÙaµGÉNµ©×pÂ�Ä+¿#¾¹¿WkGÄ¹¸¼Â�¾+É#»]¾CÃO»
ÃO¸¼×zÂ_É#»Ê¾¹»]ÄCÙ"¸¼À]Â«»]ºÐ¿#ºÐ¾¹¸¼¾CÃO»]ºIµEÉ#»Ê¾¹»]ÄCÙ"¸¼À]Â«c#Ö#¸¼Þ]Â#Ñ

@<¿NµGÖ�ÃOÂ�µGÂ�¾�¿#¾¹¿WkGÄ¹¸¼Â�¾�É#Â�¾Ê¾¹»]ÄCÙ"¸¼À]Â�¾ÊÉ#»Eº«»]·]s#Â�Ä<»]¾CÚjÂ�Ä¹À]Â#Õvµh×#Ä¹Â�àNµGà#¸¼·¼¸ÇÉNµGÉ#»
É#ÂG¾ÊÖ2iÇÙ�»]¸¼¾
É#»juayzq|{´»]¾CÃYµGÄ¹»]º µGàNµG¸�m*ÂhÉ#Â(Ö2iÇÙ�»]·Ìºji¼Ö#¸Çº«ÂIÄ¹»]ÛÅ¿#¸¼¾¹¸ÇÃYµGÉ#Âq¦_É#»_µG×#Ä¹ÂEm*¸¼º«µGÉNµGº«»]Ö�ÃO»w^Ev��AÑ
ÚvÂ�ÄCÃYµGÖ�ÃOÂ#Õ'sWk�ÃYµGº
à�¦]ºsÖ#»]¾CÃO»�ÞMµG¾¹Â�¿#ºIµ�É#»~\�ÄOµGÉNµGÀMÁGÂ�É#Â�É#»]¾¹»]º«×p»KÖ2s#Â É#Â¢µG·]\�Â�Ä¹¸�ÃOº_Â
×1Ù5nCB_u*Ø:ÚNÛÏÖ#Â�µGº
à#¸¼»]Ö�ÃO»
É#¸¼ÖWhGº«¸ÇÞ]Â#Õ.ºIµG¾]Õ+µG×p»]¾OµGÄ�É#¸¼¾¹¾¹Â#Õ=×pÂÅÉ#»Bn;¾¹»_Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÄ<ÛÅ¿#»_¿#º
µG·ÇÃOÂ(Ö2iÇÙ�»]· É#»«¾OµaÃO¸¼¾CÚ\µGÀMÁGÂÑ¦IµaÃO¸¼Ö2\�¸¼É#Â(×p»]·¼Â�¾Ê¿#¾¹¿WkGÄ¹¸¼Â�¾¦É#»I¾¹»]ÄCÙ"¸¼À]Â�¾¦É#»Iº«»]·]s#Â�Ä�»]¾CÚjÂ�Ä¹À]Â#Õ�ç4k
ÛÅ¿#»Ê»]¾CÃO»]¾©ÙGµG·¼Â�Ä¹»]¾3¾OÁGÂ«Ä¹»]·°µaÃO¸ÇÙ�Â�¾3µ_¿#ºÐÞ]»KÖWkGÄ¹¸¼Â_É#»¦Þ]µGÄ4\�µ«µG·�ÃXµ"Ñ

Û�Â�º&Â�Â�à�çC»KÃO¸ÇÙ�Â�É#»IÂ�à#¾¹»]ÄCÙaµGÄ�Â�\�ÄOµG¿�É#»I×#Ä¹»]Þ]¸¼¾OÁGÂ�Ö#Â�ÄOµG¾CÃYÄ¹»Mµaº«»]ÖÅÃOÂ�ÉNµ_uayzq|{+n%µG·ÇÙ�Â
É#ÂÏµG·]\�Â�Ä¹¸ÇÃOº_Â ×#Ä¹Â�×pÂ�¾CÃOÂÏ×NµGÄOµ ¾¹¸¼¾CÃO»]ºIµG¾�É#»�º
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Ù"¸°µGà#¸¼·Ç¸ÇÉNµGÉ#»_É#ÂSµG·]\�Â�Ä¹¸ÇÃOº_Â4×1Ù5nCB_u*Ø:ÚNÛ´×NµGÄOµ�¿#¾¹¿WkGÄ¹¸¼Â�¾¦É#»I¾¹»]ÄCÙ"¸¼À]Â�¾�É#»Iº«»]·]s#Â�ÄÊ»]¾CÚjÂ�Ä¹À]Â
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Multi-Serviço, QoS Garant.
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ÛÅ¿NµG·¼¸¼ÉNµGÉ#»©É#»�»]Ö#·°µaÞ]»�Ä¹»]ÛÅ¿#»]Ä¹¸¼ÉNµ*Ñ³q�Â�¾�¾¹¸¼¾CÃO»]ºIµG¾ Þ]»]·¼¿#·°µGÄ¹»]¾ Ä¹»MµG¸¼¾]ÕÅºIµGÖ�ÃO»]Ä Â�Ö2iÇÙ�»]·pÉNµruayzq|{
µGÞ]¸¼ºIµ�É#»]¾CÃO»Ê·¼¸¼º«¸¼µGÄ`¦�É#¸ÇÚ�i¼Þ]¸¼·\Õ"»]¾¹×p»]Þ]¸°µG·¼º«»KÖÅÃO»�×NµGÄOµ
ÞMµGÄ4\�µG¾�µG·ÇÃYµG¾]Ñ(ÚvÂ�Ä3¸¼¾¹¾¹Â#Õ#¿#ºIµEºIµGÄ4\�»]º
µGàNµG¸�m*Â�É#ÂE·¼¸¼º_¸¼µGÄ ÉNµxuayzq|{õ¦�µGÉ#ÂGÃYµGÉNµ*Õ*ÖNµ�ÛÅ¿NµG·+µ�ÛÅ¿NµG·¼¸¼ÉNµGÉ#»�É#»<¾¹¸¼ÖNµG·�¦�µG¸¼Ö#ÉNµ
µG¾¹¾¹¿#º«¸¼ÉNµ
µGÞ]»]¸ÇÃkMÙ�»]·�Ñ�È É#¸ÇÚj»]Ä¹»]Ö#ÀMµÊ»]ÖÅÃOÄ¹»©Â¦·¼¸¼º«¸¼µaÄ�ÉNµ�uayzq|{¢»�µ�uayzq|{�ÛÅ¿#»�Þ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»JaÊÛÅ¿NµG·¼¸¼ÉNµGÉ#»
ºji¼Ö#¸ÇºIµ
µGÞ]»]¸ÇÃkMÙ�»]·+×pÂÅÉ#»Ê¾¹»]Ä©Ù"¸¼¾CÃYµEÞ]Â�º«Â_¿#ºIµ
ºIµGÄ4\�»]ºÆÉ#»Ê×#Ä¹ÂGÃO»]ÀMÁGÂ#Ñ

cÌÖ�ÃYÁGÂ#ÕÅµ�ÚjÄOµGÀMÁGÂ�É#Â<ÃO»]º«×pÂ<º?¦]É#¸°µ�»]º´ÛÅ¿#»�µ'uayzq|{�»]¾CÃkx^3ÉWo½µGàNµG¸ m*Â�ÉNµ'uayzq|{ ·¼¸¼º_¸¼µGÄ
×NµGÄOµ�ÞMµGÉNµ�ÃO¸¼×zÂ�É#»�¾¹»]ÄCÙ"¸¼À]ÂAè�d�ÉWo ×NµGÄOµ�Â�¾«¾¹»]ÄCÙ"¸¼À]Â�¾IÉ#»S@<ÂKu¦\�µGÄOµGÖÅÃO¸¼É#Â�» ö�ÉWo ×NµGÄOµ
Â�¾<¾¹»]ÄCÙ"¸¼À]Â�¾�É#»
º«»]·]s#Â�Ä�»]¾CÚjÂ�Ä¹À]Â*éG¦EµG×#Ä¹»]¾¹»]ÖÅÃYµGÉNµAÖNµ¨Ù�µGàp»]·°µl´#Ñ dA×NµGÄOµIÂhÞ]»]ÖWkGÄ¹¸¼ÂAÉ#»
ÃO»]¾CÃO»
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Û�Â�º¬ÂEÂ�à�çC»KÃO¸ÇÙ�Â
É#»�µGÖNµG·¼¸¼¾OµGÄ�Â
¸¼º«×NµGÞKÃOÂ�ÉNµ�¸¼Ö#¾¹»]Ä¹ÀMÁGÂ
É#»<¿#¾¹¿WkGÄ¹¸¼Â�¾�É#»<¾¹»]ÄCÙ"¸¼À]Â�¾3É#»�º«»]·]s#Â�Ä
»]¾CÚjÂ�Ä¹À]Â�»]º�¿#º�¾¹¸¼¾CÃO»]ºIµ§¸¼Ö#¸¼Þ]¸°µa·¼º_»]Ö�ÃO»hÉ#»(¾¹»]ÄCÙ"¸¼À]Â�c#Ö#¸¼Þ]Â�èj¾¹Â�º«»]Ö�ÃO»�@<ÂKu¶\�µGÄOµGÖÅÃO¸¼É#Â*éXÕ�µ
Ù�µGàz»]·°µ·´#Ñ d�ÃYµGº
à�¦]º¶ÚjÂ�Ä¹Ö#»]Þ]»h¸¼Ö*ÚjÂ�Ä¹ºIµGÀ]Î"»]¾
¾¹Â�à#Ä¹»h»]¾CÃO»(¾¹¸¼¾CÃO»]ºIµSÉ#»(¾¹»]ÄCÙ"¸¼ÀKÂ�c#Ö#¸¼Þ]Â#Õ�Þ]Â�º
à<}�¿#¾¹¿WkGÄ¹¸¼Â�¾]Ñ�BSµa¸¼¾ ¿#ºIµÊÙ�»~b+åNÞMµ�Þ]Â�º«×#Ä¹ÂmÙaµGÉNµ�µ¦ÞMµG×NµGÞ]¸¼ÉNµGÉ#»�É#Â
µG·]\�Â�Ä¹¸ÇÃ¹º«Â�×1Ù5nCB_u*Ø:ÚNÛ
É#»ÊµaÃO»]Ö#É#»]Ä�µGÂ�¾©Ä¹»]ÛÅ¿#¸¼¾¹¸ÇÃOÂ�¾3É#»�ÛÅ¿NµG·¼¸¼ÉNµGÉ#»�É#»D\�ÄOµGÖ#É#»Ê×NµGÄCÃO»�É#Â�¾©¿#¾¹¿WkGÄ¹¸¼Â�¾3»]ºÐ¿#ºÐÞK»]ÖWkGÄ¹¸¼Â
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ÚvÂ�ÄCÃYµGÖÅÃOÂ#ÕhÂ�µG·]\�Â�Ä¹¸ÇÃOº_Â É#» Þ]Â�Ö�ÃOÄOÂG·¼»¢É#» ×pÂGÃOÝ]Ö#Þ]¸°µÏ×#Ä¹Â�×pÂ�¾CÃOÂ�×NµaÄYµÏ¾¹¸¼¾CÃO»]ºIµG¾¯ÛÅ¿#»
ÂGÚj»]Ä¹»]Þ]»]º ºEc#·ÇÃO¸Ç×#·¼ÂG¾¯¾¹»]ÄCÙ"¸¼À]Â�¾ º«Â�¾CÃOÄOµ�n;¾¹» µG×*ÃOÂ´µ�Ä¹»MµG·¼¸]b]µGÄ¯Â´Þ]Â�º«×NµGÄCÃO¸¼·�sNµGº_»]ÖÅÃOÂ�É#ÂG¾
Ä¹»]Þ]¿#Ä¹¾¹Â�¾�É#»Ê×zÂGÃOÝ]Ö#Þ]¸°µ_É#Â_¾¹¸¼¾CÃO»]ºIµE»]Ö�ÃOÄ¹»�ÃOÂ"É#Â�¾©Â�¾©¿#¾¹¿WkGÄ¹¸¼Â�¾]Õ#¸¼Ö#É#»]×p»]Ö#É#»]Ö�ÃO»]º«»]Ö�ÃO»¦É#Â«¾¹»]¿
ÃO¸¼×zÂ�É#»I¾¹»]ÄCÙ"¸¼À]Â#Ñ�fÆ¾¹»]¿¯É#»K¾O»Kº«×p»]Ö2s#Âñ¦«¾OµaÃO¸¼¾CÚ\µaÃ8§�Ä¹¸¼Â#Õ+×pÂ�¸¼¾]Õ�º_»]¾¹º«Â�»]º ¿#º&Þ]»]ÖWkGÄ¹¸¼Â�É#»
ÞMµGÄ4\�µ�µG·ÇÃYµ*Õh¦�µG·ÇÃYµ�µ�×#Ä¹Â�àNµGà#¸¼·¼¸ÇÉNµGÉ#»�É#» »]·¼» ¾¹»]Ä�ÞMµG×Nµ�b�É#»�µG¾¹¾¹»~\�¿#ÄOµGÄ�Â�¾�Ä¹»]ÛÅ¿#¸Ç¾O¸Ç¾¹ÃOÂ�¾vºji¼Ö#¸Çº«ÂG¾
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º
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f<¾�¾¹»]ÄCÙ"¸¼À]Â�¾�ÚjÂ�ÄOµGº�Þ]·°µG¾¹¾¹¸VåNÞMµGÉ#Â�¾�»]º�¾O»KÄ¹Ù"¸ÇÀ]Â�¾�É#»©@<ÂKu�\�µGÄOµGÖ�ÃO¸¼É#Â�»�¾¹»]ÄCÙ"¸¼À]Â�¾�É#»�º«»]·]s#Â�Ä
»]¾CÚjÂ�Ä¹À]Â#ÑNÛ Â�º Â�¸¼Ö�ÃO¿#¸ÇÃOÂ¦É#»�Ä¹»]×#Ä¹»]¾¹»]Ö�ÃYµGÄÒàp»]º µG¾�ÞMµGÄOµGÞKÃO»]Ä4i¼¾CÃO¸¼ÞMµG¾ É#»�ÞMµGÉNµ¦ÃO¸¼×pÂ¦É#»<¾¹»]ÄCÙ"¸¼À]Â
»�Â¦Â�àgçC»XÃY¸�Ù�Â¦É#»�ÞMµGÉNµ¦¿#¾¹¿WkGÄ¹¸¼Â#ÕÅ¿#ºIµ�Új¿#Ö#ÀMÁGÂ¦Þ]¿#¾CÃOÂ�ÚjÂ�¸zµG¾¹¾¹Â"Þ]¸°µGÉNµ¦µ¦ÞMµGÉNµÊ¿#º�É#Â�¾ ÃO¸¼×zÂ�¾�É#»
¾¹»]ÄCÙ"¸¼À]Â#ÑvÈ½Új¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ�É#Â�¾v¿#¾¹¿WkGÄ¹¸¼Â�¾1É#» ¾¹»]ÄCÙ"¸¼À]Â�¾vÉ#»Ò@<ÂKuD\�µGÄOµGÖ�ÃO¸¼É#Âl¦�Â�»]Ä¹Ä¹Â�ÛÅ¿NµGÉ#Ä6kaÃO¸¼Þ]Â
»]Ö�ÃOÄ¹»
µwuayzq|{+n%µG·ÇÙ�ÂBå%m#µI»�µ»uayzq|{�µaÃO¸¼Ö2\�¸¼ÉNµ*ÕN»]Ö#ÛÅ¿NµGÖ�ÃOÂAÛÅ¿#»Eµ«É#Â�¾�¿#¾¹¿WkGÄ¹¸¼Â�¾�É#»�¾¹»]ÄCÙ"¸¼À]Â�¾
É#»�º«»]·]s#Â�ÄÌ»]¾CÚjÂ�Ä¹À]Â ¦©ÃYµGº
à�¦]º5Â�»]Ä¹Ä¹Â¦ÛÅ¿NµGÉ#Ä6kaÃO¸¼Þ]Â¦»]ÖÅÃOÄ¹»�µ�uayzq|{+n%µG·ÇÙ�Â¦»�µ�uayzq|{ µaÃO¸¼Ö2\�¸¼ÉNµ*Õ
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2
Π−1 6= 0

Ñ
q�»]¾CÃO»¬º«Â�º«»]Ö�ÃOÂ#Õ ¦�¸¼º«×zÂ�ÄCÃYµGÖÅÃO»´Â�à#¾¹»]ÄCÙaµGÄ�µÐÄ¹»]·°µGÀMÁGÂ »]Ö�ÃOÄ¹»�Âg6N·ÇÃOÄ¹Â

H∞

»�Â
6N·ÇÃOÄ¹Â�É#»cÿÊµG·¼ºIµGÖ=ÑÔfh6N·ÇÃOÄ¹Â

H∞

¦ Ä¹»]¾¹¿#·ÇÃYµGÉ#Â�É#ÂØçCÂ<\�Â�É#» ¾¹Â�ºIµ�nÈb]»]Ä¹Â�»]Ö�ÃOÄ¹» É#Â�¸¼¾
çCÂ<\�µGÉ#Â�Ä¹»]¾SÞMµGÄOµGÞKÃO»]Ä¹¸]bMµGÉ#Â¢ÖNµ(cÌÛzÑ{è�}"Ñ�^���éXÕ�Ö#Â ÛÅ¿NµG·
Â�¾§É#Â�¸¼¾BçCÂ<\�µGÉ#Â�Ä¹»]¾�ÃOÝ]ºxÂ�àgçC»KÃO¸ÇÙ�Â�¾
Â�×zÂ�¾CÃOÂ�¾�»]º Ä¹»]·°µGÀMÁGÂïa�º«»]¾¹ºIµÏÚj¿#Ö#ÀMÁGÂ´Þ]¿#¾CÃOÂ

JH∞
(ẑ;x0, r,v)

� Â�×#Ä¹¸¼º«»]¸¼Ä¹Â�É#»]¾¹»Æç¹µ
º«¸¼Ö#¸Çº«¸�bMµGÄ

JH∞
(ẑ;x0, r,v)

Õz»]Ö#ÛÅ¿NµGÖÅÃOÂIÂI¾¹»~\�¿#Ö#É#ÂAÛÅ¿#»]Ä�º«µ�m*¸¼º«¸�bMµGÄ
JH∞

(ẑ;x0, r,v)
Ñ�f

6N·ÇÃOÄ¹Â�É#»�ÿÊµG·¼ºIµGÖ=Õ ×pÂ�Ä«¾¹¿Nµ�Ù�»~bGÕ3Ä¹»]¾¹¿#·ÇÃYµ�É#»�¿#º8×#Ä¹Â"Þ]»]¾¹¾¹Â�É#»�ÂGÃO¸¼º«¸�bMµGÀMÁGÂ�»]º�ÛÅ¿#»�sWk
µG×z»]ÖNµG¾�¿#ºÐÂ�à�çC»KÃO¸ÇÙ�Â#Õ#ÛÅ¿NµG·+¾¹»Æç¹µ*ÕzµGÛÅ¿#»]·¼»ÊÄ¹»KÚj»]Ä¹»]Ö�ÃO» aFcÌÛzÑdè�}"Ñ v�éKÑ

ù�Â�Ö#¾¹¸¼É#»]Ä¹»«µÑcÌÛzÑNè�}"Ñ�^EvvéXÕ+ÛÅ¿#»«Ä¹»KÃOÄOµaÃYµhÂ(×#Ä¹Â"Þ]»]¾¹¾¹Â�É#»_ÂGÃO¸¼º«¸�bMµGÀMÁGÂAÉ#Â�ÛÅ¿NµG·ÌÄ¹»]¾¹¿#·ÇÃYµhÂ
6N·ÇÃOÄ¹Â

H∞

ÑÐf<à#¾¹»]ÄCÙ�»�ÛÅ¿#»�µSÚj¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ�¿*ÃO¸¼·¼¸�bMµGÉNµ�Ö#Â�É#»]¾¹»]Ö�Ù�Â�·ÇÙ"¸¼º«»]ÖÅÃOÂ�É#ÂL6N·ÇÃOÄ¹Â§É#»
ÿÊµG·¼ºIµaÖ=Õ

JH2
(x0, r,v)

Õ#»Bm*×pÂ�¾CÃYµ«ÖNµFcÌÛzÑ è�}"Ñ vvéXÕÈ¦Ê×NµGÄCÃO»ÊÉNµFcÌÛzÑdè�}"Ñ�^EvvéB�

min
ẑ
max
x0,r,v

{
JH∞

(ẑ;x0, r,v) =
K∑

k=0

||zk − ẑk||
2 − γ2 {JH2

(x0, r,v)}

}
.

è�}"Ñ�^
´*é

Ø�»]¾¹¾Oµ
ÚjÂ�Ä¹ºIµ*Õ"ÛÅ¿NµGÖÅÃOÂEºIµG¸¼Â�Ä*¦�Â
ÙaµG·¼Â�ÄÒÉ#ÂE×NµGÄ6hGº«»KÃOÄ¹Â
γ
»]ºÆÞ]Â�º«×NµGÄOµGÀMÁGÂ
Þ]Â�ºÆµ
»]Ö#»]Ä4\�¸°µ

É#Â�»]Ä¹Ä¹Â�É#»�»]¾CÃO¸¼ºIµGÀMÁGÂ#Õ�º«»]Ö#Â�Ä?¦Sµ�¸¼Ö�ÓN¿#Ý]Ö#Þ]¸°µ�ÉNµ�º«¸¼Ö#¸Çº«¸�bMµGÀMÁGÂ�Þ]Â�º�Ä¹»]¾¹×z»]¸ÇÃOÂ¯µ
ẑ
Ö#Â

×#Ä¹ÂÅÞ]»]¾¹¾¹ÂIÉ#»¦ÂGÃO¸¼º«¸�bMµGÀMÁGÂ#Ñ³Îzµ�b]»]Ö#É#Â
γ À 1

ÕN×NµGÄOµE»]Ä¹Ä¹Â�¾©É#»¦»]¾CÃO¸¼ºIµGÀMÁGÂEÉ#»
zk
·¼¸¼º_¸�ÃYµGÉ#Â�¾]Õ#µ
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ÂGÃO¸¼º«¸�bMµGÀMÁGÂ
Þ]Â�Ö#¾¹¸¼¾CÃO»Ê»]º��

max
x0,r,v

{
JH∞

(ẑ;x0, r,v) = −γ
2 {JH2

(x0, r,v)}
}
=⇒ min

x0,r,v
JH2
(x0, r,v).

è�}"Ñ�^�}�é

ñ Â�ÄCÃYµGÖ�ÃOÂ#Õ1µG·ÇÃOÂ�¾<ÙaµG·¼Â�Ä¹»]¾�É#Â(×NµGÄ6hGº«»KÃOÄ¹Â
γ
·¼»KÙaµGº Âi6N·ÇÃOÄ¹Â

H∞

µh¾¹»«µG×#Ä¹Â
m*¸¼ºIµGÄ<É#Âi6N·ÇÃOÄ¹Â
É#»GÿÊµG·¼ºIµaÖ=Ñ�ù�Â�º«Âh»]¾CÃO»E×NµGÄ6hGº«»KÃOÄ¹Âh¸¼Ö#É#¸¼ÞMµIÂh·¼¸¼º«¸�ÃO»¦¾O¿#×z»]Ä¹¸¼Â�Ä�É#»E»]Ö#»]Ä4\�¸°µAÉ#Â�¾<»]Ä¹Ä¹Â�¾�É#»
»]¾CÃO¸¼ºIµGÀMÁGÂ�É#»KÙ"¸¼É#ÂùaG¾_×p»]ÄCÃO¿#Ä¹àNµGÀ]Î"»]¾«»�¸¼Ö#Þ]»]ÄCÃO»~bMµG¾]ÕÒÞ]Â�Ö#Þ]·¼¿#¸�n;¾¹»hÛÅ¿#»�»K·¼»(×pÂ"É#»�¾¹»]Ä«¿#¾OµGÉ#Â
×NµGÄOµ«É#»KÃO»]Ä¹º«¸¼ÖNµGÄ�Âw\�ÄOµG¿SÉ#»�Ä¹Â�à#¿#¾CÃO»~bEÉ#Â@6N·ÇÃOÄ¹Â#ÕzÞ]Â�º«ÂI¸¼·¼¿#¾CÃOÄOµGÉ#ÂI»]ºÏ\GÄYµa¿#¾<É#»�Þ]¸¼Ö2bMµIÖNµ
Î�¸]\�¿#ÄOµG}"Ñ�^�Ñ

H∞ H2
−→

←−

{©Â�à#¿#¾CÃO»~b

γ

���������� zÇÈ#°ÍT&Ì�*689U1:<>=:+,68Nh/�0O6l+�H.021�;?3K6ó0O+:ÎK;5-�/O6�PG6ó+ E 1�0$;�),68/�0O+
γ
_

Ø�»«Ù�Â�·ÇÃYµ a(ÚjÂGÄOº
¿#·°µGÀMÁGÂ(É#Â�×#Ä¹Â�à#·¼»]ºIµ(ÉNµj6N·ÇÃOÄOµ�\�»]º
H∞

Õ�Þ]Â�º Â�¿#¾¹ÂSÉNµ cÌÛzÑ3è�}"Ñ¥p�éXÕ
ÛÅ¿#»ÊÄ¹»]·°µGÞ]¸¼Â�ÖNµ
ÂEÙ�»XÃYÂGÄ©É#»Êº«»]É#¸¼ÉNµ*Õ

yk
ÕNµGÂ_Ä¹¿2i¼É#Â_É#»Êº«»]É#¸¼ÉNµ*Õ

vk
ÕN×pÂÅÉ#»Bn;¾¹»¦Â�à*ÃO»]Ä~�

vk = D
−1
k (yk −Ckxk).

è�}"Ñ�^Edvé
� Â<\�Â2�

||vk||
2 = vTk vk = (yk −Ckxk)

TR−1
k (yk −Ckxk)

=⇒ ||vk||
2 = ||yk −Ckxk||

2
R−1

k

.

è�}"Ñ�^�p�é

cÌÖ�ÃYÁGÂ#Õ�¾¹¿#à#¾CÃO¸ÇÃO¿#¸¼Ö#É#Â¬µG¾(cÌÛÅ¾]Ñ®è�}"Ñ övé½»Âè�}"Ñ�^�p�é�ÖNµ cÌÛzÑ®è�}"Ñ�^<^^éXÕ�µ´Új¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ

JH∞
(ẑ;x0, r,v)

×zÂ"É#»Ê¾¹»]Ä©Ä¹»]»]¾¹Þ]Ä¹¸ÇÃYµ_Þ]Â�º«Â2�

JH∞
(ẑ;x0, r,v) =

K∑

k=0

||Lkxk − ẑk||
2

−γ2

{
K∑

k=0

||rk||
2 +

K∑

k=0

||yk −Ckxk||
2
R−1

k

+ ||x0 − x0||
2
Π−1

}
.

è�}"Ñ�^.övé

Ø�»]¾¹¾Oµ¯ÚjÂ�Ä¹ºIµ*Õ©Â½×#Ä¹Â�à#·¼»]ºIµ�º«¸¼Ö#¸ÇºIµEm�»]Ö�ÃOÄ¹»
ẑk

»
(x0, rk,vk)

×NµG¾¹¾Oµ½µ¯¾¹»]Ä(»]Ö�ÃOÄ¹»
ẑk

»
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H∞

Í�¨NÍ

(x0, rk,yk)
Ñ

È�¾Ê»]¾CÃO¸¼ºIµaÃO¸ÇÙaµG¾�§GÃO¸¼ºIµG¾<¾OÁGÂ(É#»]Ö#ÂGÃYµGÉNµG¾]Õ1Ä¹»]¾¹×z»]ÞKÃO¸ÇÙGµGº«»]Ö�ÃO»GÕv×zÂ�Ä
ẑ∗k
»
(x∗0, r

∗

k,y
∗

k)
ÑGf

Ä¹¿2i¼É#Â�É#»«×#Ä¹Â"Þ]»]¾¹¾¹ÂSÂ�¿�×p»]ÄCÃO¿#Ä¹àNµGÀMÁGÂ�É#»I×#¸¼Â�ÄÊÞMµG¾¹Â ¦IÄ¹»]×#Ä¹»]¾¹»]Ö�ÃYµGÉ#ÂS×pÂ�Ä
r∗k
Ñ�fÆÄ¹¿2i¼É#Â�É#»

º«»]É#¸¼ÉNµAÉ#»«×#¸¼Â�Ä<ÞMµG¾¹Â#Õ
v∗k
Õ1Þ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#» ahº«»]É#¸¼ÉNµ

y∗k
Ñ_È¬¾¹Â�·¼¿#ÀMÁGÂz§GÃO¸¼ºIµAÉ#Â(×#Ä¹Â�à#·¼»]ºIµ

º«¸¼Ö#¸ÇºIµEm"¦GÕN»]Ö�ÃXÁaÂ#ÕNÞ]Â�Ö#¾CÃO¸ÇÃO¿2i¼ÉNµE×zÂ�Ä
(ẑ∗k,x

∗

0, r
∗

k,v
∗

k)
Ñ

2=eRc=eRclk ý�Mvn û\��m ú {_  ú u ú {M{]2þ)ûjwN{«n úon k�û\l�wNg@ûjn1wNn ú n ú
JH∞

(ẑ;x0, r,v)

È�Ö�ÃO»]¾¯É#»�Ù�»]Ä¹¸�6NÞMµGÄ¯µG¾�Þ]Â�Ö#É#¸¼À]Î"»]¾�Ö#»]Þ]»]¾¹¾kGÄ¹¸°µG¾�É#»¢ÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»�ÉNµ Új¿#Ö#ÀMÁGÂÏÞ]¿#¾CÃOÂ

JH∞
(ẑ;x0, r,v)

Õ�¿#ºIµ�º«ÂÅÉ#¸�6NÞMµGÀMÁGÂ�Ö#»]¾CÃYµ�Új¿#Ö#ÀMÁGÂ ¦SÄ¹»MµG·¼¸]bMµGÉNµ%��µ�º
¿#·ÇÃO¸¼×#·Ç¸ÇÞMµGÀMÁGÂ�×z»]·°µ
Þ]Â�Ö#¾CÃYµGÖ�ÃO» 1

2
γ−2

ÑÀy;¾CÃOÂ�ÖNÁGÂ�µG·ÇÃO»]ÄOµ©µG¾1×#Ä¹Â�×#Ä¹¸¼»]ÉNµGÉ#»]¾vÉ#»�ÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»�ÉNµ3Új¿#Ö#ÀMÁGÂ�»ÌÃO»]ºÏÞ]Â�º«Â
Â�à�çC»KÃO¸ÇÙ�Â�µG×p»]ÖNµG¾EÚ\µGÞ]¸¼·¼¸�ÃYµaÄ
µ§ºIµGÖ#¸¼×#¿#·¼µGÀMÁGÂSºIµaÃO»]ºlkaÃO¸ÇÞMµ*Ñ�ÈÐÚj¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ�º«ÂÅÉ#¸�6NÞMµGÉNµ*Õ
JH∞

(ẑ;x0, r,v)
Õ{¦Ê»Bm*×#Ä¹»]¾¹¾Oµ«Þ]Â�º«ÂÑe ö<v g �

JH∞
(ẑ;x0, r,v) =

1

2
γ−2

K∑

k=0

||Lkxk − ẑk||
2

−
1

2

{
K∑

k=0

||rk||
2 +

K∑

k=0

||yk −Ckxk||
2
R−1

k

+ ||x0 − x0||
2
Π−1

}
.

è�}"Ñ�^mªvé

È|\�Â�ÄOµ*Õ=¿#¾OµGÖ#É#Â(Â�¾�Þ]Â�Ö#Þ]»]¸ÇÃOÂ�¾�É#»]¾¹»]ÖÅÙ�Â�·ÇÙ"¸¼É#Â�¾ÊÖNµ�u"¿#à#¾¹»]À]ÁGÂL�"Ñ!�ÅÑ!�A×NµGÄOµ�çCÂ<\�Â�¾�É#¸¼ÖWhGº«¸ÇÞ]Â�¾]Õ
ÖNÁGÂ)n;Þ]ÂÅÂ�×p»]ÄOµaÃO¸ÇÙ�Â�¾]ÕNÉ#»¦¾¹Â�ºIµ�nÈb]»]Ä¹Â#Õ#É#»a�En�çCÂ<\�µGÉ#Â�Ä¹»]¾]ÕN¾¹»~\�¿#»]ºËµ_Ù�»]Ä¹¸�6NÞMµGÀMÁGÂ«ÉNµG¾�Þ]Â�Ö#É#¸¼À]ÎÅ»]¾
Ö#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾SÉ#»�ÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»�ÉNµ�Új¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ

JH∞
(ẑ;x0, r,v)

»GÕÊ×pÂ�¾CÃO»]Ä¹¸¼Â�Ä¹º«»]Ö�ÃO»GÕ¦µ
Ù�»]Ä¹¸�6NÞMµGÀMÁGÂ_ÉNµG¾©¾¹¿NµG¾�Þ]Â�Ö#É#¸¼À]ÎÅ»]¾©¾O¿p6NÞK¸¼»]ÖÅÃO»]¾�É#»ÊÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»GÑ

~Ïwpq/û\l¶û�ü�wN���2ý�n ú
JH∞

(ẑ;x0, r,v)
u<ýpl 4wú {]y ú ûUkEý�w

x0
ú
rk

ñ µGÄOµ�ºIµ�m*¸¼º«¸�bMµGÄ
JH∞

Þ]Â�º�Ä¹»]¾¹×z»]¸ÇÃOÂ¯µ
x0

»
rk
Õ3Â�·°µ�\�ÄOµGÖ2\�»MµGÖ#Â�ÉNµ�Új¿#Ö#À]ÁGÂ�Þ]¿#¾CÃOÂ

º«ÂÅÉ#¸�6NÞMµGÉNµ ¦?e ö<v g �

LG =
1

2
γ−2

K∑

k=0

||Lkxk − ẑk||
2 −

1

2

{
K∑

k=0

||rk||
2 +

K∑

k=0

||yk −Ckxk||
2
R−1

k

}

−
1

2

{
||x0 − x0||

2
Π−1

}
+

K∑

k=0

λ
T
k+1(Akxk +Bkrk − xk+1),

è�}"Ñ!�G�vé

»]º ÛÅ¿#»
λ
Ä¹»]×#Ä¹»]¾¹»]Ö�ÃYµIÂ_Ù�»KÃOÂ�Ä�É#»¦Þ]Â)n;»]¾CÃYµGÉ#Â#Ñ�È�×$§�¾�¸¼¾¹¾¹Â#ÕzÂjsNµGº«¸¼·�ÃOÂ�Ö#¸¼µGÖ#ÂEÉNµ?cÌÛzÑbè�}"Ñ!�G�vé

¦�É#»KÃO»]Ä¹º«¸¼ÖNµGÉ#Â2�
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Hmk =
1

2
γ−2||Lkxk − ẑk||

2 −
1

2

{
||rk||

2 + ||yk −Ckxk||
2
R−1

k

}

−
1

2

{
||x0 − x0||

2
Π−1

}
+ λTk+1(Akxk +Bkrk).

è�}"Ñ!�a^^é

u"»Æç¹µ
(x∗k,λ

∗

k)
µ�ÃOÄOµ^çC»KÃ8§�Ä¹¸°µÑ§GÃO¸¼ºIµ�É#»

(xk,λk)
ÛÅ¿#»hÞ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»Ña�×p»]ÄCÃO¿#Ä¹àNµGÀMÁGÂ§É#»

×#¸¼Â�Ä�ÞMµG¾¹Â
r∗k
ÑËcÌÖ�ÃYÁGÂ#Õ=É#»
µGÞ]Â�Ä¹É#ÂhÞ]ÂGº µG¾<É#¸¼¾¹Þ]¿#¾¹¾¹Î"»]¾�É#»]¾¹»]Ö�Ù�Â�·ÇÙ"¸¼ÉNµG¾�ÖNµ»u"¿#à#¾¹»]ÀMÁGÂr�"Ñ!�"Ñ!�"Õ

µG¾3Þ]Â�Ö#É#¸¼À]Î"»]¾©Ö#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾�É#»ÊÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»<¾OÁGÂEÙ�»]Ä¹¸�6NÞMµGÉNµa¾�µE¾¹»~\�¿#¸¼Ä~�
k ý�Mvn û\���2ý 3

∂Hmk

∂λk+1
= x∗k+1 =⇒ x∗k+1 = Akx

∗

k +Bkr
∗

k.
è�}"Ñ!����é

k ý�Mvn û\���2ý c

∂Hmk

∂rk
= 0 =⇒

∂

∂rk

{
−
1

2
rTk rk + λ

T
k+1Bkrk

}
= 0 =⇒ r∗k = B

T
kλ

∗

k+1.
è�}"Ñ!��vvé

k ý�Mvn û\���2ýts

∂Hmk

∂xk
= λ

∗

k =⇒ λ
∗

k =
∂

∂xk

{
1

2
γ−2(xTkL

T
k − ẑ

T
k )(Lkxk − ẑk)

}

+
∂

∂xk

{
−
1

2
(yTk − x

T
kC

T
k )R

−1
k (yk −Ckxk) + λ

T
k+1Akxk

}
.

è�}"Ñ!�)´*é

� Â<\�Â2�

λ
∗

k =
∂

∂xk

{
1

2
γ−2

[
xTkL

T
kLkxk − x

T
kL

T
k ẑk − ẑ

T
kLkxk + ẑ

T
k ẑk
]
+ λTk+1Akxk

}

+
∂

∂xk

{
−
1

2

[
yTkR

−1
k yk − y

T
kR

−1
k Ckxk − x

T
kC

T
kR

−1
k yk + x

T
kC

T
kR

−1
k Ckxk

]}
.
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È�¾¹¾¹¸¼º�Õ#¾¹¿#×zÂ�Ö#É#Â
Rk = R

T
k

�

λ
∗

k = γ−2LTkLkx
∗

k − γ−2LTk ẑk +A
T
kλ

∗

k+1 +C
T
kR

−1
k yk −C

T
kR

−1
k Ckx

∗

k,
è�}"Ñ!��dvé
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ñ Â�ÄCÃYµGÖ�ÃOÂ2�

AT
kλ

∗

k+1 = λ
∗

k + (C
T
kR

−1
k Ck − γ−2LTkLk)x

∗

k + γ−2LTk ẑk −C
T
kR

−1
k yk,

è�}"Ñ!�<p�é

Þ]Â�º
λ
∗

N+1 = 0
Ñ

k ý�Mvn û\���2ý d

∂Hm0

∂x0
= λ

∗

0 =⇒ λ
∗

0 =
∂

∂x0

{
−
1

2
(xT0 − x

T
0 )Π

−1(x0 − x0)

}
.

è�}"Ñ!�Bövé
ñ Â�ÄCÃYµGÖ�ÃOÂ2�

λ
∗

0 = −
[
Π−1x∗0 −Π

−1x0
]
=⇒ x∗0 = x0 −Πλ

∗

0.
è�}"Ñ!�Gªvé

È�¾�cÌÛÅ¾]Ñ�è�}"Ñ!����éXÕ�è�}"Ñ!��vvéXÕYè�}"Ñ!�<p�é+»�è�}"Ñ!�Gªvé+Þ]Â�Ö#¾CÃO¸ÇÃO¿#»]º�¿#ºvu;×#Ä¹Â�à#·¼»]ºIµ©É#»ÒÉ#Â�¸¼¾�×pÂGÖÅÃOÂ�¾�É#»
ÙaµG·¼Â�Ä¹»]¾Ì·¼¸¼º«¸�ÃO»1w1è¬Ù ñ oyx ñ Õ�É#ÂÊ¸¼Ö2\�·¼Ý]¾�L1`5Y<^§Y�	[SWZ{z7YaRaS���T��1|*}WTGT RNHQ3^��6Y�[]T¼HKF¨é`e pBö*Õ@pGª*Õoö<v g Ñ
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Ö#Â�¾©¸¼Ö#¾CÃYµGÖ�ÃO»]¾

k
»
k + 1

�

x̂k+1 +Pk+1λ
∗

k+1 = Ak(x̂k +Pkλ
∗

k) +Bk(B
T
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Õ
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∗
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Ωk > 0,∀k ∈ [0, K].
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.
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T
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−1
k

[
CT
kR

−1
k (yk −Ckx̂k)− γ−2LTk (ẑk − Lkx̂k)
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∂(ẑk − Lkx̂k)
·
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,

è�}"Ñ ´���é
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k CkPkΩ
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∂yk
= −2(LkPkΩ
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T
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ẑ
×pÂ�Ä

ẑ∗
»¦É#»

y
×pÂ�Ä

y∗
Ä¹»]¾¹¿#·ÇÃYµ_»]º

JH∞
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(ẑ;x∗0, r

∗,y)
Õ�cÌÛzÑ¡è�}"Ñ ´2^^éXÕZ¦

Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÉNµ*Ñ ñ µGÄOµIÛÅ¿NµG·¼ÛÅ¿#»]Ä<¸¼Ö#¾CÃYµGÖÅÃO»
k
Õ+µG¾�É#»]Ä¹¸ÇÙGµGÉNµG¾<×NµGÄ¹Þ]¸°µG¸¼¾�É#»
¾¹»~\�¿#Ö#ÉNµhÂ�Ä¹É#»]º ÉNµ

Új¿#Ö#ÀMÁGÂ
JH∞
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É#¿#ÄOµGÖ�ÃO»�¿#º Z�	UFIH'QKT]Y)Z�×NµGÄOµ«¿#ºIµwu%q|{�É#»r´��IÉWo�ÑÜù�¸¼Ö#Þ]Â
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γ
É#Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞

¾YÁaÂ�¿#¾OµGÉ#Â�¾]Ñ�f ×#Ä¹¸¼º«»]¸¼Ä¹Â
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»�}"Ñ!�ª¥jÞ�¦XÕ�Â
»]ÛÅ¿NµG·¼¸]bMµGÉ#ÂGÄ

H∞[γ = 1, 2]
Õ1×pÂ�Ä�»Bm*»]º«×#·¼Â#Õ1µG×#Ä¹»]¾¹»]Ö�ÃYµ(×#Ä¹»]Þ]¸¼¾OÁGÂ(·¼¸]\�»]¸¼Ä¹µGº«»]Ö�ÃO»
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É#Âj{ � uA»¦µG¸¼Ö#ÉNµEÞ]Â�Ö#¾¹»]ÄCÙaµ«ÄOµ�b]Â�µMÙ�»]·¼º«»]Ö�ÃO»�ÞMµGÄOµGÞKÃO»]Ä4i¼¾CÃO¸¼ÞMµG¾3É#»ÊÄ¹Â�à#¿#¾CÃO»~bGÑ
ÈðÎ�¸]\�¿#ÄOµ�}"Ñ v*Õ"ÛÅ¿#»�¸¼·¼¿#¾CÃOÄOµÊÂ
É#»]¾¹»]º«×p»]Ö2s#Â
É#Âx{ � u«»�É#Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞

»]º�ÃO»]Ä¹º«Â�¾
É#»¨Ùlc�o�Õ�Þ]Â�Öp6NÄ¹ºIµSµG¾EµGÖWkG·¼¸¼¾¹»]¾�ÛÅ¿NµG·¼¸ÇÃYµaÃO¸ÇÙaµG¾�É#»]¾¹»]Ö�Ù�Â�·�Ù"¸¼ÉNµG¾EÞ]Â�º ÂS¿#¾¹Â§ÉNµG¾EÞ]¿#ÄCÙaµG¾EÉ#»
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¥jÞMµGÖNµG·v¸¼Ö�ÙGµGÄ¹¸°µGÖ�ÃO»ÊÖ#ÂIÃO»]º«×pÂ#ÕUÎ�¸]\�¿#ÄOµl}"Ñ v�¥\µ ¦0¦3Â»{ � u(¾¹»
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Â�×pÀMÁGÂ�×NµGÄOµ�µ§»]ÛÅ¿NµG·¼¸]bMµGÀMÁGÂ§É#Â�ÞMµGÖNµG·�ÑefË»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞ÃO»]Ö#É#»Iµ�¾¹»IÉ#¸¼¾CÃYµGÖ#Þ]¸°µGÄ�É#Â_{ � u a(º«»]É#¸¼ÉNµ(ÛÅ¿#»IÂ�×NµGÄ6hGº«»KÃOÄ¹Â
γ
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H∞[γ = 5]

×#ÄOµaÃO¸¼ÞMµGº«»]Ö�ÃO»
Þ]Â�Ä¹Ä¹»]¾¹×zÂ�Ö#É#»�µGÂj{ � upÑ
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H∞[γ = 1]
Õ ÛÅ¿#»hÃO»]º�×#ÄOµaÃO¸¼ÞMµGº«»]Ö�ÃO»AÂ�º«»]¾¹º«Â�É#»]¾¹»]º«×z»]Ö2s#Â�É#»TÙlc�o
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Þ]Â�º«×#Ä¹Â�º«¸¼¾¹¾¹Â#Õ.×z»]Ä¹Þ]»]àp»Bn;¾¹»
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Õ¦Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞

ÃO»]º Â�É#»]¾¹»]º«×p»]Ö2s#Â¢ºE¿#¸ÇÃOÂ�×#ÄS§Em*¸Çº«Â É#ÂÉ{ � u ×NµGÄOµ�ÛÅ¿NµG·¼ÛÅ¿#»]Ä
u%q|{ÊÑGcÌÖ#ÛÅ¿NµGÖ�ÃOÂ�¸¼¾¹¾¹Â#ÕÊ×NµGÄOµ µ½Ù�»]·¼ÂÅÞ]¸¼ÉNµGÉ#»�É#»�^m����ÓÅºAß)s=ÕÊµG×z»]¾OµGÄ�É#»�Â É#»]¾¹»]º«×p»]Ö2s#Â
É#Â�¾�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä¹»]¾�¾¹»]Ä¹»]º ºE¿#¸ÇÃOÂ ×#ÄS§
m*¸¼º«Â�¾]Õ
6NÞMµ »KÙ"¸¼É#»]Ö#Þ]¸°µGÉNµ ¿#ºIµ ÃO»]Ö#É#Ý]Ö#Þ]¸°µ É#» Â
»]ÛÅ¿NµG·¼¸]bMµGÉ#ÂGÄ
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¿#¾¹¿WkGÄ¹¸¼Â#Ñ ô ºIµ¦»]¾CÃOÄOµaÃ8¦~\�¸°µ�É#»�µGÉNµG×*ÃYµGÀMÁGÂ
É#Â
×NµGÄ6hGº«»KÃOÄ¹Â

γ
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»]º ¿#º�c#Ö#¸¼Þ]Â�µa·]\�Â�Ä¹¸ÇÃOº_Â#Õ�Â�ÛÅ¿#»(×pÂ"É#»hÄ¹»]¾¹¿#·ÇÃYµGÄE»]º�¿#ºIµS»]ÛÅ¿NµG·¼¸]bMµGÀMÁGÂ
É#»
ÞMµGÖNµG·vÄ¹Â�à#¿#¾CÃYµA»
Þ]Â�ºËàpÂ�º É#»]¾¹»]º«×z»]Ö2s#Â(»]ºËÃO»]Ä¹º«Â�¾�É#»
×#Ä¹»]Þ]¸¼¾OÁGÂ#ÑËcÌº ¾¹»~\�¿#¸¼ÉNµ*Õ=¿#º
Â�¿*ÃOÄ¹ÂÊÞ]»]ÖWkGÄ¹¸¼ÂÊÉ#»�É#¸�6NÞ]¿#·¼ÉNµGÉ#»3×NµGÄOµ¦µ�»]ÛÅ¿NµG·¼¸]bMµGÀMÁGÂÊÉ#»�Þ]µGÖNµG·{¦�Þ]Â�·¼ÂÅÞMµGÉ#ÂÊ»�¿#º«µÊ»]¾CÃOÄOµaÃ8¦~\�¸°µ
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γ
¦¦µG×#Ä¹»]¾¹»]Ö�ÃYµGÉNµ*Ñ

2=e s eRc 4 ýz���v{Kk ú ü�w2ý 4 �v�\n/ýÏÎ]l�y��vg\{
ûU��ý
ô º�Ö"c#º«»]Ä¹Â�¾¹¸]\�Ö#¸�6NÞMµaÃO¸ÇÙ�Â§É#»�Ä¹¿2i¼É#Â�¾E×#Ä¹Â"É#¿2b]¸¼É#Â�¾_×p»]·¼Â�s#Â�º«»]º ÃO»]º8ÞMµGÄOµGÞKÃO»]Ä4i¼¾CÃO¸¼ÞMµ

¸¼º«×#¿#·Ç¾¹¸ÇÙGµ*Ñ�{©¿2i¼É#Â�¾¦×#Ä¹Â"É#¿2b]¸¼É#Â�¾�×p»]·°µ�¸]\�Ö#¸¼ÀMÁGÂ�É#»Aº«ÂaÃYÂGÄO»K¾MÕ�×pÂ�Ä�·¼¸¼Ö2sNµG¾ÊÉ#»IÃOÄOµGÖ#¾¹º«¸¼¾¹¾OÁGÂ
É#» »]Ö#»]Ä4\�¸°µ*ÕS×pÂ�Ä�ÚjÂ�Ä¹Ö#Â�¾ É#» º«¸¼Þ]Ä¹Â"Â�Ö#ÉNµG¾]Õ�»]Ö�ÃOÄ¹» Â�¿*ÃOÄ¹Â�¾]Õ§¾OÁGÂ5Ä¹¿2i¼É#Â�¾ ¸¼º«×#¿#·¼¾¹¸�Ù�Â�¾ »GÕ
Ä¹»]Þ]Â�Ö2s#»]Þ]¸¼ÉNµGº_»]ÖÅÃO»GÕÅÞMµG¿#¾OµGº´»]Ä¹Ä¹Â�¾�»]º´Þ]Â�º
¿#Ö#¸¼ÞMµGÀ]Î"»]¾ÌÉ#¸]\�¸ÇÃYµG¸Ç¾vÙ"¸°µ<Ä6kGÉ#¸¼Â#Ñ�È¢×#Ä¹»]ÂÅÞ]¿#×NµGÀMÁGÂ
Þ]Â�º8Â�Ä¹¿2i¼É#Â�¸¼º«×#¿#·Ç¾¹¸ÇÙ�Â�Ö#Â�Þ]ÂGÖÅÃO»Bm"ÃOÂ�É#Â�¾«¾¹¸¼¾CÃO»]ºIµG¾_É#»(ÃY»K·¼»KÚjÂ�Ö#¸°µ§Þ]»]·¼¿#·°µGÄF¦GÕ�×pÂ�ÄCÃYµGÖ�ÃOÂ#Õ
§C¿#¾CÃO¸�6NÞMµGÉNµ*Õ#×#Ä¹¸¼Ö#Þ]¸¼×NµG·¼º_»]Ö�ÃO»�×NµGÄOµEÞ]»]ÖWkGÄ¹¸¼Â�¾�	[S��KYEY��XÑ
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Þ]Â�º«×zÂ�ÄCÃYµGº«»]ÖÅÃOÂ¦É#Âx{ � u«Þ]Â�Ö�Ù�»]Ö#Þ]¸¼Â�ÖNµG·p»<É#Â
»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞

¦<Â�à#¾¹»]ÄCÙaµGÉ#ÂEÖNµ�×#Ä¹»]¾¹»]Ö#ÀMµ
É#»E¿#º Ä¹¿2i¼É#Âh¸¼º«×#¿#·¼¾¹¸ÇÙ�Â#Ñ ñ Â�Ä�ÛÅ¿#»]¾CÃOÎ"»]¾¦É#»_¾¹¸¼º_×#·¼¸¼Þ]¸ÇÉNµGÉ#»
»EÉ#»EÙ�»]Ä¹¸�6NÞMµGÀMÁGÂ�µG×p»]ÖNµG¾]Õ1ÖNÁGÂ
ÚjÂ�¸zµGÉ#ÂGÃYµGÉ#Â¦¿#º�º«ÂÅÉ#»]·¼ÂÊ×#ÄOÂGàNµGà#¸¼·]i¼¾CÃO¸ÇÞ]ÂÊ×NµGÄOµÊÂ¦Ä¹¿2i¼É#Â¦¸¼º«×#¿#·¼¾¹¸�Ù�Â#Ñ-u*ÁGÂ¦Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÉ#Â�¾ É#Â�¸¼¾
Ö2iÇÙ�»]¸¼¾<É#»EÄ¹¿2i¼É#Â2��ÂhÄ¹¿2i¼É#Âh¸¼º«×#¿#·¼¾¹¸�Ù�ÂAÞ]Â�º ×pÂGÃOÝ]Ö#Þ]¸°µ_^m�IÙ�»~b]»]¾¦ºIµG¸¼Â�Ä�É#Â(ÛÅ¿#»_µh×zÂGÃOÝ]Ö#Þ]¸°µ
º?¦]É#¸°µ�É#Â_¾¹¸¼ÖNµG·.ÖNµE»]Ö�ÃOÄOµGÉNµEÉ#Â_»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä]�*»�Â_º«»]¾¹º«Â
Ä¹¿2i¼É#ÂEÞ]Â�ºÐ×zÂGÃOÝ]Ö#Þ]¸°µ»^m����Ù�»~b]»]¾
ºIµG¸¼ÂGÄ�É#Â(ÛÅ¿#»_µh×pÂGÃOÝ]Ö#Þ]¸¼µhº?¦]É#¸°µIÉ#Â(¾¹¸¼ÖNµG·�ÖNµh»]Ö�ÃOÄOµGÉNµhÉ#Âh»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä]Ñrf¬¸¼Ö#¾CÃYµGÖ�ÃO»
É#»
ÂÅÞ]Â�Ä¹Ä¹Ý]Ö#Þ]¸°µEÉ#Â«Ä¹¿2i¼É#Â_¸¼º«×#¿#·¼¾¹¸�Ù�Â4¦�6%m*Â5¥j¸ÇÃO»]ÄOµGÀMÁGÂlpG� ¦XÕ#Þ]Â�ºÐÂ«Â�à�§C»KÃO¸ÇÙ�Â_É#»ÊÃOÂ�Ä¹ÖNµGÄ3Þ]·°µGÄOµEµ
Ä¹»MµGÀMÁGÂ_É#Â�¾©»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä¹»]¾©µGÂEÚj»]Öª��º«»]Ö#Â#Ñ
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γ
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H∞[γ = 1]
µG×#Ä¹»]¾¹»]Ö�ÃYµ_×#¸¼Þ]Â�¾©É#»Ê»]Ä¹Ä¹Â_º«»]Ö#Â�Ä¹»]¾©É#Â«ÛÅ¿#»ÊÂ�¾©É#»]ºIµG¸¼¾]Ñ
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H∞

Þ]Â�ºx×NµGÄ6hGº«»KÃOÄ¹Â�¾
γ
»]·¼»KÙaµGÉ#Â�¾�¥jº«»]Ö#Â�¾
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H∞[γ = 1]
µG×#Ä¹»]¾¹»]ÖÅÃYµÊÂ
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¸¼º«×#¿#·Ç¾¹¸ÇÙ�Â
»<É#ÂE¾¹¸¼ÖNµG·�¦r^m�*Õ
Â_Ö2iÇÙ�»]·+É#» c @ÊB&µG×�§�¾©Â_Ä¹¿2i¼É#ÂF¦Ê×#ÄYµ}ÃY¸ÇÞMµGº«»]ÖÅÃO»�Â_º«»]¾¹º«Â_×NµGÄOµ
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y;¾CÃOÂh×pÂ"É#»E·¼»KÙaµGÄ,aAÞ]Â�Ö#Þ]·¼¿#¾OÁGÂhÉ#»EÛÅ¿#»_Â¬{ � u ¦_µhº_»]·]s#Â�Ä<Â�×zÀMÁGÂ(×NµGÄOµhµA»]ÛÅ¿NµG·¼¸]bMµGÀMÁGÂAÉ#»
ÞMµGÖNµG·�Õ�§4k_ÛÅ¿#»�»]·¼»Ê×pÂ�¾¹¾¹¿#¸vàpÂ�º É#»]¾¹»]º_×p»]Ö2s#ÂAº?¦]É#¸¼Â«»GÕzÖNµ«×#Ä¹»]¾¹»]Ö#ÀMµIÉ#»¦Ä¹¿2i¼É#Â«¸¼º«×#¿#·¼¾¹¸�Ù�Â#Õ
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¿#º¬Ä¹¿2i¼É#Â
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1]
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H∞[γ = 1]
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È µaÃO¿NµGÀMÁGÂ(É#»]¾CÃO»«»]ÛÅ¿NµG·¼¸]bMµaÉ#Â�Ä

×#ÄOµaÃO¸¼ÞMµGº«»]Ö�ÃO»�¸ÇÖ#É#»]×p»]Ö#É#»¦ÉNµE¸¼ÖÅÃO»]Ö#¾¹¸¼ÉNµaÉ#»ÊÉ#Â_Ä¹¿2i¼É#Â#Ñ
È×Î�¸]\�¿#ÄOµ¶}"Ñ ´/¥jà/¦_»Bm*¸¼àz»§¿#ºË\�ÄOµGÖ#É#»�\�µGÖ2s#Â¯É#Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞[γ = 1]
¾¹Â�à#Ä¹»SÂ�¾

É#»]ºIµG¸¼¾�µG×$§�¾�ÂAÄ¹¿2i¼É#ÂI¸¼º«×#¿#·¼¾¹¸�Ù�Â#Ñ ñ Â�ÄS¦]º�Õp»]¾CÃYµ@6W\�¿#ÄOµ_ÃYµGºEà$¦]ºË¸¼·¼¿#¾CÃOÄOµ«µI¾¹¿#×p»KÄO¸ÇÂ�Ä¹¸¼ÉNµGÉ#»
É#Âj{ � uA»ÊÉNµG¾ÒÙ�»]Ä¹¾¹ÎÅ»]¾�º«»]Ö#Â�¾©Ä¹Â�à#¿#¾CÃYµG¾©É#Â_»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞

µGÖ�ÃO»]¾©É#Â«Ä¹¿2i¼É#ÂE¸¼º«×#¿#·¼¾¹¸�Ù�Â#Ñ
q�ÂmÙGµaº«»]ÖÅÃO»
¾O¿#Ä4\�»E¿#º ÛÅ¿NµGÉ#Ä¹Âh¾¹¿2\�»]¾CÃO¸ÇÙ�Â(É#»EÄ¹»MµG·¼¸]bMµGÄ�µ(µGÉNµG×*ÃYµGÀMÁGÂhÉ#Âh×NµGÄ6hGº«»KÃOÄ¹Â

γ
É#Â

»]ÛÅ¿NµG·¼¸]bMµGÉ#ÂGÄ
H∞

Ñ

���=�1wNg@û�ü�wNn/ý�þ@Õ��j� þ)û\n/ý 4iÖ �p³
H∞

ù�Â�º«Â�Â
»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä
H∞[γ = 1]

\�µGÄOµGÖ�ÃO»�¿#º¬º«»]¾¹º«Â
Ö2i�Ù�»]·pÉ#»Ëc @ÊB µGÖÅÃO»]¾�»<É#»]×pÂ�¸Ç¾
ÉNµÊÂ"Þ]Â�Ä¹Ä¹Ý]Ö#Þ]¸°µÊÉ#Â�Ä¹¿2i¼É#Â¦¸¼º«×#¿#·¼¾¹¸ÇÙ�Â#ÕÅµ¦µGÉ#Â"ÀMÁGÂ�É#»�¿#º�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä�s2i¼à#Ä¹¸¼É#Â�{ � u�n

H∞[γ =

1]
×pÂ"É#»Ì¿#Ö#¸¼Ä1µÒ×#Ä¹»]Þ]¸¼¾OÁGÂ©É#Â�{ � uËaÒÄ¹Â�à#¿#¾CÃY»�b É#Â3»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä
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É#»]Þ]¸¼¾OÁGÂ(É#»EÄ¹»MµG·¼¸]bMµGÄ<ÂhÞBsNµMÙ�»MµGº«»]Ö�ÃOÂ�»]Ö�ÃOÄ¹»_Â�¾�º«Â"É#Â�¾�É#»EÂ�×p»]ÄOµGÀMÁGÂ(É#»]×z»]Ö#É#»«ÉNµ(µGÖWkG·¼¸¼¾¹»
ÉNµI×pÂGÃOÝ]Ö#Þ]¸°µIÉ#Âh¾¹¸¼ÖNµG·vÖNµA»]Ö�ÃOÄOµGÉNµAÉ#Âh»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä]Ñ ô ºIµIÄ¹»~\�ÄOµI¾¹¸¼º«×#·¼»]¾�É#»
É#»]Þ]¸¼¾OÁGÂq¦Eµ
µGÉ#ÂÅÀMÁGÂ(É#»_¿#º ·¼¸¼º_¸�ÃO»
É#»_×pÂGÃOÝ]Ö#Þ]¸°µ"ÕvµGÞ]¸¼ºIµIÉ#Â�ÛÅ¿NµG·�Þ]Â�Ö#¾¹¸¼É#»]ÄOµ�n;¾¹»_ÛÅ¿#»js#ÂG¿*Ù�»_¿#º Ä¹¿2i¼É#Â
¸¼º«×#¿#·Ç¾¹¸ÇÙ�Â#Ñ§Ø�»KÃO»]ÞKÃYµGÉ#Â�ÂSÄ¹¿2i¼É#Â#ÕÌÂ§µ�§C¿#¾CÃO»A¸¼Ö#¾CÃYµGÖ�ÃhGÖ#»]Â§É#ÂS×NµGÄ6hGº«»KÃOÄ¹Â

γ
É#Â56N·ÇÃOÄ¹Â

H∞×NµGÄOµEÂ_ÙaµG·¼Â�ÄD^Q¦ÊÄ¹»MµG·¼¸]bMµGÉ#ÂE»GÕzµaÃ8¦ÊÂO6NÖNµG·+ÉNµGÛÅ¿#»]·¼»GZ�	UFIHDQKT]Y)Z\ÕNÖ#Â«ÞMµG¾¹Â«É#Â«¾¹¸¼¾CÃO»]ºIµ~��u#B�Õ
Â«º«Â"É#Â_É#»¦Â�×p»]ÄOµGÀMÁGÂ?¦¦Â
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H∞[γ = 1]
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H∞[γ = 1]»�µGÂ�¾©É#»]ºIµG¸¼¾§s2i¼à#Ä¹¸¼É#Â�¾]Ñµf�Ö2iÇÙ�»]·1É#» c @ÊB&Â�à*ÃO¸¼É#Â«×pÂ�Ä©»]¾CÃO»�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä3¾¹»�ºIµGÖ�ÃO»]ºÐ»]º
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µ�ÃO»]Ö#É#Ý]Ö#Þ]¸°µ
É#»�Ä¹»KÃOÂ�ºIµGÉNµ�É#ÂEÖ2i�Ù�»]·.É#»Ëc @ÊB
µGÖ�ÃO»]Ä¹¸¼Â�Ä4a§Â"Þ]Â�Ä¹Ä¹Ý]Ö#Þ]¸°µSÉ#Â�ÄO¿2iÇÉ#Â#ÑÉcÌ¾CÃYµ§ÃO»]Ö#É#Ý]Ö#Þ]¸°µ§×��"É#»h¾¹»]Ä_Þ]Â�Öp6NÄ¹ºIµGÉNµ§×pÂ�ÄEº«»]¸¼ÂSÉ#»
ÃO»]¾CÃO»]¾�Þ]Â�ºÐ¾¹»]ÛÅÜ#Ý]Ö#Þ]¸°µG¾�ºIµG¸¼¾Ò·¼Â�Ö2\�µG¾ÒÉ#»Êà#¸ÇÃO¾]Ñ

È ¾¹¸ÇÃO¿NµGÀMÁGÂ½»]º�ÛÅ¿#»�µ¯×pÂGÃOÝ]Ö#Þ]¸°µ¯É#Â½Ä¹¿2i¼É#Â¯¸¼º«×#¿#·¼¾¹¸�Ù�ÂÉ¦¦^m����Ù�»~b]»]¾�ºIµG¸¼Â�ÄIÉ#Â½ÛÅ¿#»
µ�×pÂGÃOÝ]Ö#Þ]¸°µ�º?¦]É#¸°µ�É#Â¯¾¹¸¼ÖNµG·�É#»S»]Ö�ÃOÄOµGÉNµ�É#Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä ¦�ÃYµGº
à�¦]º�Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÉNµ*ÑÏÈ
Î�¸]\�¿#ÄOµe}"Ñ¥}ª¥jà/¦AÄ¹»KÙ�»]·°µÐ\�µaÖ2s#Â�¾�»Bm*×#Ä¹»]¾¹¾¹¸ÇÙ�Â�¾�É#Â »]ÛÅ¿Nµa·¼¸]bMµGÉ#Â�Ä¬s2i¼à#Ä¹¸¼É#Âe{ � u�n

H∞[γ = 1]
¾¹Â�à#Ä¹»ÊÂ�¾©É#»]ºIµG¸Ç¾3»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä¹»]¾µs2i¼à#Ä¹¸¼É#Â�¾]Ñ ò ¸¼Ö�ÃO»]Ä¹»]¾¹¾OµGÖ�ÃO»�µaÃO»]Ö�ÃYµGÄ3×NµGÄOµ_ÂEÚ\µaÃOÂ_É#»ÊÛÅ¿#»ÊÂ
s2i¼à#Ä¹¸¼É#ÂÊÞ]Â�Ö�Ã8¦]º¬µG¾ ÞMµGÄOµGÞKÃO»]Ä4i¼¾CÃO¸¼ÞMµG¾ÌÚ\µMÙ�Â�Ä6kMÙ�»]¸¼¾ É#»�×#Ä¹»]Þ]¸¼¾OÁGÂ¦É#Âr{ � uE»GÕ*µGÂ¦º«»]¾¹º«ÂÊÃO»]º«×zÂ#Õ
µG¾¦ÞMµGÄOµGÞKÃO»]Ä4i¼¾CÃO¸¼ÞMµG¾�É#»IÄ¹Â�à#¿#¾CÃO»~bIÉ#ÂS»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Ä

H∞[γ = 1]
Õ/§4k�ÛÅ¿#»GÕÌµG¾¹¾¹¸¼º&Þ]Â�º«Â�»]¾CÃO»

c#·ÇÃO¸¼º_Â#Õ©Â�»]ÛÅ¿NµG·¼¸]bMµGÉ#Â�Äws2i¼à#Ä¹¸¼É#Âe{ � u�n
H∞[γ = 1]
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H∞[γ = 1]
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H∞[γ = 1]
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É#»�×#Ä¹Â�à#·¼»]ºIµG¾«É#»�ÂGÃO¸¼º«¸�bMµGÀMÁGÂ�É#¸¼ÖWhGº«¸ÇÞMµ�×NµGÄOµ�ºIµG¸¼¾_É#»¶^�nR§CÂ<\�µaÉ#Â�Ä]Õ�ÃYµG·©Þ]Â�º«Â�Új»]¸ÇÃOÂ�Ö#Â
ùÒµG×2iÇÃO¿#·¼Â~�"Ñ

�Ï�$#���������-%?HÇ3�+4^ó �+,.�+4"4��Ì!#-%/�4¯:</Ì!#/�� �������"!#��$%�`ô��*-C05�

ù�Â�Ö#¾¹¸¼É#»]Ä¹»�Â�¾¹¸¼¾CÃY»KºIµ�·¼¸¼Ö#»MµGÄ1» ÙGµGÄ¹¸°µGÖ�ÃO» Ö#Â�ÃO»]º«×pÂ�Ä¹»]×#Ä¹»]¾¹»]Ö�ÃYµGÉ#Â�Ö#Â<»]¾¹×NµGÀ]Â<É#»�»]¾CÃYµGÉ#Â�¾
×z»]·°µE»]ÛÅ¿NµGÀMÁGÂIµGàNµG¸�m*Â2�

xk+1 = f(xk,uk), uk ∈ U, k ∈ K
∗,

¥jÈ�Ñ�^�¦
»]ºËÛÅ¿#»

f : X × U −→ X
¦�¿#ºIµ_Új¿#Ö#ÀMÁGÂAÉ#»KÃO»]Ä¹º«¸¼ÖNµGÉNµ*�

xk ∈ X
¦�Â«Ù�»KÃOÂ�Ä�É#»�»]¾CÃYµGÉ#Â�¾

É#ÂI¾¹¸¼¾CÃO»]ºIµ*�
uk ∈ U, k ∈ K∗

Õ�¦�ÂIÞ]Â�ÖÅÃOÄ¹Â�·¼»¦Â�¿�Ù�»KÃOÂ�Ä<É#»¦ÙaµGÄ¹¸ÂkmÙ�»]¸¼¾�É#»�É#»]Þ]¸¼¾OÁGÂ#�.»
X
»
U

¾OÁGÂ_¾¹¿#àpÞ]Â�Ö�§C¿#Ö�ÃOÂ�¾�É#»Ê¿#ºÐ»]¾¹×NµGÀ]Â«Ù�»KÃOÂ�Ä¹¸°µG·=»]¿#Þ]·¼¸¼É#¸°µaÖ#Â#Ñ
f�É#»]¾¹»]º«×p»KÖ2s#ÂÊÉ#Â<¾¹¸¼¾CÃO»]ºIµ�É#»KÙ�»Ò¾¹»]Ä�ÂGÃO¸¼º«¸�bMµGÉ#Â�µaÃOÄOµMÙK¦]¾�ÉNµ�º«¸¼Ö#¸¼º_¸�bMµGÀMÁGÂ�ÉNµ�¾¹»~\�¿#¸¼ÖÅÃO»

Új¿#Ö#ÀMÁGÂ_Þ]Â�ºÐÄ¹»]¾¹×p»]¸ÇÃOÂ?aEÙaµGÄ¹¸ÂkMÙ�»]·
u
e ö�} g �

J(x,u) , h0(x0) +
K∑

k=1

h(xk,uk),
¥jÈ�Ñ!��¦

»]º ÛÅ¿#»
uk = Σk(xk)

Õ�Þ]Â�º
Σk

ÄO»K×#ÄO»K¾O»KÖÅÃYµGÖ#É#Â5¿#ºIµÏ»]¾CÃOÄOµaÃ8¦~\�¸°µ�É#» Þ]Â�Ö�ÃOÄ¹Â�·¼» Ö#Â
»]¾CÃk�\�¸¼Â

k ∈ K∗
Õ
h0 : X −→ R

»
h : X × U −→ R

Ñ
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È�¾¦¾¹»]ÛÅÜ#Ý]Ö#ÞM¸°µa¾�É#»I»]¾CÃYµGÉ#Â�¾¦»«É#»_ÙGµGÄ¹¸ÂkMÙ�»]¸¼¾ÊÉ#»IÉ#»KÞ]¸¼¾OÁGÂ�ÛÅ¿#»I·¼»KÙaµGº&µhÚj¿#Ö#ÀMÁGÂ

J(x,u)
µGÂ�¾¹»]¿�ºji¼Ö#¸¼º_Â(¾OÁGÂ§µG¾�¾¹»]ÛÅÜ#Ý]Ö#Þ]¸°µG¾ §GÃO¸¼ºIµG¾]Ñ�fÆ×#Ä¹Â�à#·¼»]ºIµ(É#ÂSÞ]Â�Ö�ÃOÄ¹Â�·¼»?§GÃO¸¼º«Â(Þ]Â�Ö#¾¹¸¼¾CÃO»GÕ
»]Ö�ÃYÁGÂ#ÕN»]º¬�

min
u

{
J(x,u) , h0(x0) +

K∑

k=1

h(xk,uk)

}
,

¥jÈ�Ñ v ¦
¾¹¿�§C»]¸ÇÃOÂzazcÌÛÅ¿NµGÀMÁGÂ�È�Ñ�^_»_µ

x0 = x
Ñ
È�¾¹»~\�¿#¸¼Ä]Õ1µG¾�Þ]Â�Ö#É#¸¼À]Î"»]¾�Ö#»]Þ]»]¾¹¾kGÄ¹¸°µG¾Ê»E¾¹¿p6NÞ]¸¼»]Ö�ÃO»]¾

×NµGÄOµ_µEÂ�à*ÃO»]Ö#ÀMÁGÂ«É#Â�¾©×zÂ�ÖÅÃOÂ�¾©É#»Êºji¼Ö#¸Çº_ÂEÉ#»
J(x,u)

¾OÁGÂ«ÞKÂ�Ö#¾¹¸¼É#»]ÄOµGÉNµG¾]Ñ
ñ µGÄOµ�¸¼Ö#Þ]·Ç¿#¸¼ÄvµG¾�Ä¹»]¾CÃOÄ¹¸¼À]ÎÅ»]¾�É#»�6NÖ#¸¼ÉNµG¾�×p»]·°µJcÌÛÅ¿NµGÀMÁGÂ<È�Ñ�^�Õ�µ©Új¿#Ö#ÀMÁGÂ<Þ]¿#¾CÃOÂ�¦�º«ÂÅÉ#¸�6NÞMµGÉNµ

×z»]·°µ�¸¼Ö�ÃOÄ¹Â"É#¿#ÀMÁGÂ�É#»�¿#º�Ù�»KÃOÂ�Ä�É#»�º
¿#·ÇÃO¸¼×#·Ç¸ÇÞMµGÉ#Â�Ä¹»]¾vÉ#» � µ�\�ÄOµGÖ2\G»GÕ�Þ]Â�º«Â�º«Â�¾CÃOÄOµGÉ#Â<µGàNµG¸�m*Â2�

LG(x,u,λ) = h0(x0) +
K∑

k=1

h(xk,uk) +
K∑

k=1

λ
T
k+1[f(xk,uk)− xk+1],

¥jÈ�Ñ ´�¦
»]º�ÛÅ¿#»

λ
¦�ÞsNµGºIµGÉ#Â Ù�»KÃOÂ�Ä�É#»�ÙaµGÄ¹¸ÂkmÙ�»]·IµGÉ�§C¿#Ö�ÃYµ Â�¿´Þ]Â)n;»]¾CÃYµGÉ#Â#Ñ cÌÖ�ÃYÁGÂ#ÕI×NµGÄOµ µ

º«¸¼Ö#¸Çº«¸�bMµGÀMÁaÂEÉNµEÚj¿#Ö#ÀMÁGÂ_Þ]¿#¾CÃOÂ
J(x,u)

ÕzµG¾3¾¹»~\�¿#¸¼ÖÅÃO»]¾©»Bm*×#Ä¹»]¾¹¾¹Î"»]¾�É#»KÙ�»]º ¾¹»]Ä©Ù)kG·¼¸¼ÉNµG¾~�

∂LG(x
∗,u∗,λ∗)

∂xk
= 0,

¥jÈ�Ñ¥}�¦

∂LG(x
∗,u∗,λ∗)

∂uk
= 0.

¥jÈ�Ñ d ¦
È�Ö�ÃO»]¾�É#»�Ä¹»MµG·¼¸]bMµGÄ1µG¾�Â�×z»]ÄOµGÀ]Î"»]¾�É#»�É#»]Ä¹¸ÇÙaµGÀMÁGÂ�×NµGÄ¹Þ]¸°µG·�Õ}Â|sNµGº«¸¼·�ÃOÂ�Ö#¸¼µGÖ#Âl¦ ¸¼ÖÅÃOÄ¹ÂÅÉ#¿2b]¸¼É#Â#Õ

Hm : X × U × R
n −→ R

ÕN»ÊÉ#»�6NÖ#¸¼É#Â_Þ]Â�º«ÂÑe ö�}��5ö�p g �

Hmk(xk,uk,λ) , h0(x0) + h(xk,uk) + λ
T
k+1[f(xk,uk)], ∀k ∈ [0, K].

¥jÈ�Ñ¥p�¦
È�¾¹¾¹¸¼º�Õ_ÉNµG¾[cÌÛÅ¿NµGÀ]Î"»K¾¯È�Ñ¥} »�È�Ñ d »�ÉNµ É#»]Ä¹¸ÇÙaµGÉNµ ×NµGÄ¹Þ]¸°µG·_É#ÂcsNµGº«¸¼·�ÃOÂ�Ö#¸¼µGÖ#Â#Õ_µG¾

¾¹»~\�¿#¸¼Ö�ÃO»]¾©Ä¹»]·°µGÀ]Î"»]¾3¾OÁGÂ«Â�à*ÃO¸¼ÉNµG¾~�

∂LG(x
∗,u∗,λ∗)

∂xk
=
∂Hmk(x

∗,u∗,λ∗)

∂xk
− λ∗

k = 0,
¥jÈ�Ñ ö ¦

∂LG(x
∗,u∗,λ∗)

∂x0
=
∂h0(x

∗

0)

∂x0
− λ∗

0 = 0,
¥jÈ�Ñ ª ¦
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∂LG(x
∗,u∗,λ∗)

∂uk
=
∂Hmk(x

∗,u∗,λ∗)

∂uk
= 0.

¥jÈ�Ñ�^m� ¦
cÌ¾CÃYµG¾�Ä¹»]·°µGÀ]ÎÅ»]¾�Ä¹»]¾¹¿#·ÇÃYµGºqÖNµG¾�ÛÅ¿NµaÃOÄ¹Â Þ]ÂGÖ#É#¸¼À]Î"»]¾�Ö#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾�É#»�ÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»�×NµGÄOµ½Â
×#Ä¹Â�à#·¼»]ºIµ
É#Â_Þ]Â�Ö�ÃOÄ¹Â�·¼»Ë§GÃO¸¼º«ÂE»]ºÐÛÅ¿#»]¾CÃYÁGÂ2�
k ý�Mvn û\���2ý 3�f ���=�1wN��m ú {«n ú ��{KkmwNn/ý

x∗k+1 = f(x∗k,u
∗

k),
¥jÈ�Ñ�^<^�¦

Þ]Â�º
x∗0 = x

Ñ

k ý�Mvn û\���2ý c8fak ý�Mvn û\���2ý�n/ýtÕ�wNl¶û\g°kEý�M ûUw�M/ý

∂Hmk(x
∗,u∗,λ∗)

∂uk
= 0.

¥jÈ�Ñ�^���¦
k ý�Mvn û\���2ýts f ���=�1wN��m ú {«f«npú]�ÊMpkmwN{Gýp��n ú k ý#³O��{KkmwNn/ýp{

λ
∗

k =
∂Hmk(x

∗,u∗,λ∗)

∂xk
.

¥jÈ�Ñ�^Ev ¦
k ý�Mvn û\���2ý defak ý�Mvn û\���2ý�n ú k ý�MpkEý�þ�M/ý

λ
∗

0 =
∂h0(x

∗

0)

∂x0
.

¥jÈ�Ñ�^
´�¦
È�¾�Þ]Â�Ö#É#¸¼À]ÎÅ»]¾�Ö#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾S×NµGÄOµ�ÛÅ¿#»

u∗
¾¹»Y§¹µ�¿#ºIµ�»]¾CÃOÄOµaÃ8¦~\�¸°µ½É#»�Þ]Â�Ö�ÃYÄ¹Â�·Ç» §GÃO¸¼ºIµ

ÚjÂ�ÄOµGº É#»]¾¹»]Ö�Ù�Â�·�Ù"¸¼ÉNµG¾
µ(×NµGÄCÃO¸¼ÄÊÉ#Â r�þ)û�Mvu��UyÀû�ý�n ú ~���M û\l²ý¢n ú r7ý�MpkEþ�ûpw#iUû�M e ö�}��5ö�p g Õ
ÛÅ¿#»ÊÚjÂ�¸1¸¼Ö#¸¼Þ]¸°µa·¼º_»]Ö�ÃO»ÊÉ#»]¾¹»]Ö�Ù�Â�·ÇÙ"¸¼É#ÂI×NµGÄOµ«Â�¾�ÞMµG¾¹Â�¾�»]º ÛÅ¿#»�Ä¹»]¾CÃOÄ¹¸¼À]Î"»K¾�ÛÅ¿NµGÖ�ÃOÂ"a_ÙaµGÄ¹¸ÂkmÙ�»]·
É#»SÞ]ÂGÖÅÃOÄ¹Â�·¼»

u ∈ U
»]¾CÃYÁGÂ¯×#Ä¹»]¾¹»]Ö�ÃO»]¾]Õ�Â�¿�¾¹»Y§¹µ*Õ

U
¦S¿#º ¾¹¿#àzÞ]Â�Ö�§C¿#ÖÅÃOÂ¯É#»S¿#º »]¾¹×NµGÀ]Â

Ù�»KÃOÂ�Ä¹¸°µG·Ì»]¿#Þ]·¼¸¼É#¸°µGÖ#Â#Ñ"cÌÖ�ÃYÄ¹»KÃYµGÖ�ÃOÂ#Õ�Â�×#Ä¹¸¼Ö#Þ~i¼×#¸¼Â(É#»Iºji¼Ö#¸Çº«ÂAÃYµGºEà$¦]º ×pÂ"É#»«¾¹»]Ä
µG×#·¼¸¼ÞMµGÉ#Â
»]º ×#Ä¹Â�à#·¼»]ºIµG¾�»]º ÛÅ¿#»_µIÙGµaÄO¸]kmÙ�»]·�É#»EÞ]Â�Ö�ÃOÄ¹Â�·¼»�ÖNÁGÂh¾¹ÂGÚjÄ¹»
ÄO»K¾¹ÃOÄ¹¸¼À]ÎÅ»]¾~¥jÞMµG¾¹Âh»]º ÛÅ¿#»

U
¦

¿#ºÐ»]¾¹×NµGÀ]Â_Ù�»KÃOÂ�Ä¹¸°µG·=»]¿#Þ]·¼¸¼É#¸°µGÖ#Â�¦XÑ

�Ï��� ��������-%?HÇ3�+4�2+Æ�ü<,.-%�+���*�+4¯:</Ì!#/��Æ����� �"!#��$%�`ô��*-C05�

È�¾«Þ]Â�Ö#É#¸¼À]Î"»]¾«Ö#»]Þ]»]¾¹¾6kGÄ¹¸°µG¾IÉ#»�ÂGÃO¸¼ºIµG·Ç¸ÇÉNµGÉ#»(ÉNµ§Új¿#Ö#ÀMÁGÂ�Þ]¿#¾CÃOÂ�É#»]¾¹»]Ö�Ù�Â�·ÇÙ"¸¼ÉNµG¾AµGÞ]¸¼ºIµ
ÖNÁGÂ�¾OÁGÂ#Õ�»]º�\�»]ÄOµG·�Õ(¾¹¿p6NÞ]¸¼»]Ö�ÃO»]¾]Ñ È º«¸¼Ö#¸¼º_¸�bMµGÀMÁGÂ�ÉNµ�Új¿#Ö#ÀMÁGÂ´Þ]¿#¾CÃOÂ

J(x,u)
Þ]Â�º

Ä¹»]¾CÃOÄ¹¸¼ÀMÁGÂÊÞ]Â�Ä¹Ä¹»]¾¹×pÂ�Ö#É#»JaÊº«¸¼Ö#¸Çº«¸�bMµGÀMÁGÂ�É#ÂÊ·°µ�\�ÄOµGÖ2\�»MµGÖ#Â
LG(x,u,λ)

ÕÅÛÅ¿#»GÕ"×pÂ�ÄÌ¾¹¿NµÊÙ�»~bGÕT¦
»]ÛÅ¿#¸ÇÙaµG·¼»]Ö�ÃO»,a�º«¸¼Ö#¸¼º_¸�bMµGÀMÁGÂ�É#ÂxsNµGº«¸¼·�ÃOÂ�Ö#¸¼µGÖ#Â#ÕÅÞ]Â�º«Â
»Bm*×pÂ�¾CÃOÂ_ÖNµ cÌÛÅ¿NµGÀMÁGÂ_È�Ñ�^m�*ÑÌØ�»]¾¹¾Oµ
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ÚjÂ�Ä¹ºIµ*Õ3×NµGÄOµ

u∗
º«¸¼Ö#¸¼º_¸�bMµGÄ«Â¦sNµGº«¸¼·ÇÃOÂGÖ#¸°µaÖ#Â[¦SÖ#»]Þ]»]¾¹¾6kGÄ¹¸¼Â½ÛÅ¿#»�µÉcÌÛÅ¿NµGÀMÁGÂ½È�Ñ�^m��¾¹»Y§¹µ

Ù)kG·¼¸¼ÉNµ*Õ*×pÂ�ÄS¦]ºÐ¸¼¾CÃOÂ_ÖNÁGÂF¦Ê¾¹¿p6NÞ]¸¼»]Ö�ÃO»GÑ
cÌÖ�ÃOÄ¹»KÃYµGÖÅÃOÂ#Õ�Þ]Â�Ö#¾¹¸¼É#»]ÄOµGÖ#É#ÂÊ¿#ºIµ�Új¿#Ö#ÀMÁGÂÊÞ]¿#¾CÃOÂ¦ÛÅ¿NµGÉ#Ä6kaÃO¸¼ÞMµ<ÖNµ<ÙGµGÄ¹¸ÂkMÙ�»]·#É#»©É#»]Þ]¸¼¾OÁGÂ*Õ

u
Õ

¾¹»¦µFcÌÛÅ¿NµGÀMÁGÂ«È�Ñ�^m�F¦�¾OµaÃO¸¼¾CÚj»]¸ÇÃYµE»GÕzµG·�¦]ºÆÉ#¸¼¾¹¾¹Â#ÕNµEºIµaÃOÄ¹¸]b

∂2Hmk(x
∗,u∗,λ∗)

∂u2k

¥jÈ�Ñ�^�}�¦
¦¯É#»�6NÖ#¸¼ÉNµ ×zÂ�¾¹¸ÇÃO¸ÇÙGµ*Õ�»]¾CÃYµG¾�Þ]Â�Ö#É#¸¼À]ÎÅ»]¾�¾OÁGÂ ¾¹¿p6NÞ]¸¼»]Ö�ÃO»]¾�×NµGÄOµÉ\�µGÄOµGÖ�ÃO¸¼ÄSÛÅ¿#»

u∗
·¼»KÙaµ¢Â

sNµGº«¸¼·�ÃOÂ�Ö#¸¼µGÖ#ÂEµ_¿#ºÆºji¼Ö#¸¼º_Âx\�·¼Â�àNµG·}e p"Õ�ö�}��Tö�p g Ñ
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B�µG¸¼Â¬^mª�}<pÅÑ
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^mª<d�}"Ñ
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e d g {ÊÑlo�ÑhB�
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