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When the flush of a new-born sun fell first on Eden’s green and gold,

Our father Adam sat under the Tree and scratched with a stick in the mould;

And the first rude sketch that the world had seen was joy to his mighty heart,

Till the Devil whispered behind the leaves,“It’s pretty, but is it Art ?”

Rudyard Kipling



Resumo

Um número significativo de redes reais possui características locais ou não-locais bem
definidas. Nós estudamos como estas características podem influenciar processos de naveg-
ação e processos percolativos que venham a ocorrer nas mesmas. Primeiramente, estudamos o
problema de navegação em redes regulares com ligações de longo alcance e sujeitas a um vín-
culo de custo. Neste caso, a rede é construída a partir de uma rede regular de dimensão d a ser
melhorada por meio da adição de ligações de longo alcance (atalhos) com uma probabilidade
Pi j ∼ r−α

i j , onde ri j é a distância de Manhattan entre os sítios i e j. Mostramos que a condição
de navegação ótima, α = d+1, permanece ótima, independente da estratégia de navegação uti-
lizada, seja ela baseada em um conhecimento local ou global da estrutura da rede. Em seguida,
apresentamos um processo de crescimento de agregados que fornece uma clara conexão entre
a Mecânica Estatística no equilíbrio e o processo percolativo não-local conhecido como Per-
colação Explosiva. Mostramos que dois ingredientes são suficientes para obter uma transição
abrupta na fração do sistema ocupada pelo maior agregado: (i) os tamanhos de todos os agrega-
dos devem ser mantidos aproximadamente iguais durante o processo percolativo e (ii) a inclusão
de ligações de fusão (i.e., ligações que conectam agregados diferentes) deve dominar o processo
em detrimento de ligações redundantes (i.e., ligações que conectam sítios em um mesmo agre-
gado). Por último, introduzimos um modelo que generaliza a regra do produto para Percolação
Explosiva que revela os efeitos da não-localidade no comportamento crítico do processo de
percolação. Mais precisamente, pares de ligações não ocupadas são escolhidos de acordo com
uma probabilidade que decai em lei de potência com sua distância de Manhattan, e apenas a
ligação que conecta agregados para os quais o produto de seus tamanho é o menor, é ocupada.
Nossos resultados para redes regulares finitas em diversas dimensões sugerem que, na critical-
idade, o expoente da lei de potência tem uma influência significativa nos expoentes de escala,
onde observa-se uma transição nos expoentes da percolação tradicional para os expoentes da
percolação explosiva (não-local) em determinados casos.



Abstract

A significant number of real networks have well-defined local and nonlocal features. We
investigate the influence of these features in the navigation through small-world networks and
in explosive percolation. First, we investigate the navigation problem in lattices with long-range
connections and subject to a cost constraint. Our network is built from a regular d-dimensional
lattice to be improved by adding long-range connections (shortcuts) with probability Pi j ∼ r−α

i j ,
where ri j is the Manhattan distance between nodes i and j, and α is a variable exponent. We
find optimal transport in the system for α = d+1. Remarkably, this condition remains optimal,
regardless of the strategy used for navigation being based on local or global knowledge of the
network structure. Second, we present a cluster growth process that provides a clear connection
between equilibrium statistical mechanics and the nonlocal explosive percolation process. We
show that the following two ingredients are sufficient for obtaining an abrupt transition in the
fraction of the system occupied by the largest cluster: (i) the size of all growing clusters should
be kept approximately the same, and (ii) the inclusion of merging bonds (i.e., bonds connecting
nodes in different clusters) should dominate with respect to the redundant bonds (i.e., bonds
connecting nodes in the same cluster). Finally, we introduce a generalization of the product
rule for explosive percolation that reveals the effect of nonlocality on the critical behavior of the
percolation process. Precisely, pairs of unoccupied bonds are chosen according to a probability
that decays as a power law of their Manhattan distance, and only that bond connecting clusters
whose product of their sizes is the smallest becomes occupied. Our results for d-dimensional
lattices at criticality shows that the power law exponent of the product rule has a significant
influence on the finite-size scaling exponents for the spanning cluster, the conducting backbone,
and the cutting bonds of the system. For all these types of clusters, we observe a clear transition
from ordinary to (nonlocal) explosive percolation.
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The red line follows k = 2−4/N, the expected behavior for the connectivity

where S = N/2. The black line is a fit of the form k = p1 + p2 ×N−p3 , with

p1 = 1.99±0.03, p2 = 3.14±0.02, and p3 = 0.53±0.05. In the limit N → ∞

both curves converge to k ≈ 2, that is in the thermodynamic limit we observe

at k = 2 a discontinuous transition in the order parameter from a vanishing

fraction, P∞ ∼ N−1/2, to a finite fraction, P∞ = 1/2, confirming the approach

to a first-order transition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 68
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show the average fraction accupied by the largest cluster versus the average

connectivity k, while the insets show log-log plots of the average size of the

largest clusters versus the distance from the transition point. We use β = 1.0

in both cases, with α = 4.0 on panel (a) (clusters grow as trees), and α =

2.0 on panel (b) (clusters are saturated with internal bonds). The results in

(a) are essentially identical to those of Fig. 6.4. As shown in (b), the finite

dimensionality has some effect on the saturated case, α = 2.0. Since there is

a maximum possible connectivity kmax = 4 on the square lattice, the system

has to form an infinite cluster when it approaches this limit. This effect is not

relevant in the case of fully connected graph, since there is no upper limit for

the connectivity in the thermodynamic limit. . . . . . . . . . . . . . . . . . . p. 69
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7.2 Snapshots of the largest cluster at pc for different values of the exponent

α , and a lattice size L = 64. The bonds forming the conducting backbone

are in blue, the cutting bones are in red, and the remaining bonds of the

largest cluster are presented in green. Although no major difference can be

observed on the mass Mclus of the largest cluster, one can notice that the

conducting backbone occupies a larger fraction of the largest cluster as α

increases, leading to a substantial decrease on the number of cutting bones

Mcut . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . p. 74
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1 Introduction

Networks are systems composed by nodes, sometimes called vertices or sites, which have

a connection or link between them. Therefore, it is natural to represent complex systems usu-

ally composed by a large number of constituents, which typically interact between them, by a

network. In this case, the nodes play the role of the constituents, and the links represent their

interaction. These systems are complex because certain features of their global behavior emerge

nontrivialy from their microscopic dynamics, in other words, the whole system has properties

that are not verified when one analyzes its constituents individually.

Real networks are found in several branches of science, such as in Computer Science, with

the World Wide Web (WWW) [1, 2], in Information Technology with the Internet [3], the

cellular network of metabolic process [4] in Biology, and in Social Sciences in networks of

acquaintances of individuals in social groups [5, 6]. In these systems typically one finds a

network of nontrivial interactions, however the study of real network data reveals that there are

common properties between presumably distinct networks [7, 8]. Therefore, the study of the

topological features of these networks is important to the understanding of complex systems [9].

In this thesis, we first study the effects of locality and nonlocality on the problem of

navigation in spatially embedded small-world networks, following the construction of Klein-

berg [10, 11], where shortcuts between two nodes are added to a regular lattice according to

the probability, P(ri, j)∼ r−α
i, j , where i and j are distinct nodes of the regular lattice. After that,

we show that the nonlocal features of the explosive percolation is the main key to postpone the

percolation threshold, and consequently, obtain an abrupt transition in a percolation process. Fi-

nally, we make use of a power law probability to generalize the product rule (PR) of explosive

percolation, introduced by Achlioptas, D’Souza, and Spencer [12], in order to study the effect

of nonlocal features in the scaling exponents of such percolation process.

This thesis is organized as follows: In Chapter 2, we present briefly some concepts of

network theory, such as the degree and the degree distribution, the shortest path and clustering.

After that, we present the Erdős-Rényi network model [13], discussing its structural evolution
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and properties. At the end of this chapter, we present the small-world phenomenon explained in

terms of the Milgram’s experiment [14], and the paradigm of Watts and Strogatz for small-world

networks [15, 16].

In Chapter 3, we present the Kleinberg’s model for small-world networks and his decen-

tralized algorithm for local navigation [10, 11]. After that we introduce a global navigation

process in Kleinberg’s network model [17], and show the sharp difference between global and

local knowledge in the navigation process. In Chapter 4, we introduce a network navigation

model with a cost constraint [18], conceptually inspired on Kleinberg’s model. We show that

this limitation changes substantially the navigation process in the network for the decentralized

local algorithm and for global navigation.

Chapter 5 deals with percolation. In this chapter we briefly introduce the percolation model

and the main features of the traditional percolation process. After that, we present the Prod-

uct Rule (PR) for explosive percolation [12] and its consequences in the percolation processes

taking place on the Erdős-Rényi network and on a square lattice. In Chapter 6, we introduce

a Hamiltonian approach for explosive percolation [19]. We study the asymptotic behavior of

the proposed Hamiltonian model and analyze the simulation results. Later, we present an equi-

librium solution for the Hamiltonian model. In chapter 7, we introduce a generalized PR for

explosive percolation, and present results of this generalized PR for finite d-dimensional lattice.

Finally, we leave the final remarks of the thesis for Chapter 8.
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2 Basic concepts of network science

Complex systems have been the focus of several relevant studies by the scientific commu-

nity. In particular, the investigation on complex networks has been shown to be fruitful among

fields traditionally distinct as Physics, Chemistry, Biology, and Ecology, with other subjects as

Social Science and Economy [7, 8]. Complex systems typically have a huge number of con-

stituents, which interact in such a way that certain phenomena emerge from the ensemble, but

they are absent when we analyze each constituent individually. One of the basic approaches

used in network science, inspired by the seminal work of Watts and Strogatz [20], is the com-

parative study of networks from different fields of science. Therefore, many network models are

proposed based on the observations of properties of real systems. Basically, these networks are

identified from natural and artificial systems, from the Internet to biological and social systems.

Statistically, they share similar mathematical characteristics [8, 7, 9]. Academically, Social Sci-

ence has a long history studying real networks, specifically, since the work of Moreno during

the 1920’s and 1930’s, where he and his colleagues presented patterns of friendship relations on

small groups of people. [21].

In this chapter, we present some basic concepts about complex networks. For this, we

introduce firstly, concepts of graph theory, as the degree, shortest path, and clustering. Then,

we present the so called Milgram’s experiment and small-world phenomenon, followed by the

Watts-Strogatz [20] paradigm and the Kleinberg model [10, 11].

2.1 Network theory

The first real problem to be solved by network theory, called by mathematicians as graph

theory, is now regarded as the celebrated solution of the Swiss mathematician Leonhard Euler

(1707-1783), at the year of 1735, to the problem of the seven bridges of Königsberg (nowadays,

the city is known as Kaliningrad, an exclave of Russian Federation, located between Poland

and Lithuania on the Baltic Sea). Figure 2.1(a) shows the structure of all possible paths in

Köningsberg at Euler’s time. The nodes represent separated land masses, and the links the



2.1 Network theory 23

(a) (b) (c)

Figure 2.1: (a) Euler’s network for the Königsberg bridge problem, (b) directed and (c) undi-
rected networks. (a) The links represent the bridges of the old Königsberg’s city connecting
four different land masses, represented by the nodes. The nodes are the Kneiphof island and
the banks on the Pregel River. (b) A directed network G = (V,E), as defined in Subsec. 2.1.1,
where V = {1,2,3,4} and E = {(1,2),(2,2),(2,3),(2,4),(3,1),(3,4),(4,3)}. The link (2,2) is
a loop, in this case an 1-loop. (c) An undirected network G = (V,E), where V = {1,2,3,4} and
E = {(1,2),(1,4),(2,4)}. The node 3 is an isolated node. The Euler’s network is an example
of an undirected network, since there is no preferential way to cross any bridge.

bridges connecting these pieces of land in old Köningsberg. Euler presented the answer to the

following question: Is it possible to walk through Köningsberg crossing each bridge only once?

Euler proved that such a walk was impossible to the pedestrians1.

In this Section, we present some properties that characterize the structure of a network, and

their definitions on the framework of network theory.

2.1.1 Definitions and notations

Mathematically, we can represent a network, complex or not, by a graph. A graph is a pair

of sets G = (V,E) [22], where V is finite set of N nodes, and E is a binary relation of V , which

determines the links between two nodes of V . Each link is represented by a pair of nodes (i, j),

and it can be classified in two types of links, a directed link, or an undirected link.

In directed networks, at least some fraction of the links are directed, in other words, the

network has at least a link that has a specific direction, from one node i to other node j. The

network of citations of scientific papers is an example of a directed network [23], where the

direction of the links is well defined, namely they are directed from newer papers towards older

ones. Figure 2.1(b) is a pictorial representation of a directed network G, with a set of nodes

V = {1,2,3,4}. The circles represent the nodes, and the arrows the links. Directed networks

1Many years later, in 1873, Carl Hierholzer proved that such kind of walk exists if, and only if, each node has
an even number of links.
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may have loops, meaning links that begin and end at the same node.

An undirected network is represented by the set G, as a directed network, however the set

of links E is an unordered set, meaning that (i, j) = ( j, i), as depicted in Fig. 2.1(c), which

represents an example of undirected network. In undirected networks i 6= j, which prohibits the

presence of self-loops, implying that the link (i, j) consists of a pair of distinct nodes.

2.1.2 Degree and degree distribution

The degree of a node i on an undirected network is the number of adjacent nodes to the

node i [8], in other words, the degree ki of i is equal to its number of neighbors, or its number

of links. If we are dealing with a directed network, the degree of a node is composed of two

distinct portions: kout
i which is the number out-going links, and the number kin

i of in-going links

to the node i. Then, the net degree of node i is

ki = kin
i + kout

i . (2.1)

One can define the fraction pk of nodes with degree k, hence, pk is the probability to choose,

at random, a node with degree k. The graphical representation of pk can be made by a histogram

which is known as degree distribution P(k). The degree distribution is the simplest statistical

signature of a network, and is only the first step to its analysis, but generally, the degree dis-

tribution is significant for the understanding of a network and the processes taking place on it,

additionally, its low- and high-degree parts are important for different network properties and

functions.

Usually, in classical random graph theory, the degree distribution has a fast decay form for

large k, e.g., P(k) ∼ 1/k!. As a consequence, all the moments of k, ∑k knP(k) are finite, even

when reaching the thermodynamic limit, i.e., N → ∞. In this situation, the average degree,

〈k〉 = ∑N kP(k) is a characteristic scale of the network. In contrast, for many real networks,

the degree distribution typically decays slowly, with the presence of hubs (highly connected

nodes). The power law, P(k) ∼ k−γ , is an example of slow decay distribution, usually found

in real networks. Since the form k−γ allows a rescaling of k by a constant, which only has

the effect as a multiplicative factor, (ck)−γ = c−γk−γ , the power law distributions are called

scale-free distributions, and networks that present a power law form on its degree distribution

are then called “scale-free networks”. For a scale-free distribution, the value of the moment

〈kn〉 = ∑k knP(k) is bounded by the upper limit of the sum. Therefore, for an infinite network,

if γ ≤ n+1, the nth and higher moments of its distribution diverge.
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2.1.3 Shortest path and clustering

A path from a node i to another node i′ in a network defined by a graph G = (V,E) is

a sequence of links {(i0, i1) ,(i1, i2) , . . . ,(il−1, il)}, where i = i0, i′ = il , and im ∈ V for m =

0,1,2, . . . , l [22]. Therefore, the path length li,i′ = l is the number of links that connects the

nodes i and i′ throughout this path. In this way, one can define the shortest path length ℓi,i′

between two nodes of a network as the sequence of links that minimizes the path length li,i′ . As

a consequence, the average shortest path length, 〈ℓ〉, of the entire network is defined as [24]

〈ℓ〉= 1
N(N −1) ∑

i, j∈G;i 6= j

ℓi j. (2.2)

The definition 2.2 is not convenient for networks that are composed of more than one compo-

nent, because of the existence of nodes belonging to different clusters, for which a path length

is undefined. Usually, we consider that the shortest path between this kind of pair of nodes

diverges, which leads to a divergent average shortest path length. To avoid this problem, it is

common to neglect pairs of nodes placed in disconnected clusters, in other words, only pairs of

nodes that have paths between them are considered to compute 〈ℓ〉. Figure 2.2(a) explains the

notion.

Another important topological measure to characterize networks is the clustering2, which

is defined as the probability of three nodes being pairwise connected. On social networks,

we can say that the clustering is the probability for two distinct friends of a person to be also

friends of each other. In network theory, the clustering probability measures the probability to

find a triangle in the network, in other words, the existence of sets of three nodes, where each

node is connected to the other two. One can quantify the clustering by the clustering coeffi-

cient C, following Watts and Strogatz [20], which can be computed using the local clustering

coefficient (see Fig. 2.2(b)) defined as,

ci =
2ei

ki(ki −1)
. (2.3)

The quantity ei is the number of links between the neighbors of i, and ki(ki − 1)/2 represents

all possible links between the neighbors of i. The clustering coefficient is the mean value of ci

over all nodes of the network,

C =
1
N

∑
i∈G

ci. (2.4)

2The concept of clustering was adapted from the social science, where it is called transitivity.
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(a) (b)

Figure 2.2: (a) The sequences of links {(1,2),(2,3),(3,5)}, {(1,2),(2,4),(4,5)}, and
{(1,3),(3,5)} are all paths between nodes 1 and 5, however, only the latter is the shortest
path of length 2. Here, the average shortest path of the entire network is 〈ℓ〉= 1.4. (b) The local
clustering coefficient of the central node is 2/3.

2.1.4 Lattices and fractals

In finite-dimensional lattices, which are supposed to have no long-range connections, the

average shortest path length, 〈ℓ〉, depends on the lattice size, N, as a power law

〈ℓ〉 ∼ N1/d, (2.5)

where d is the dimensionality of the lattice, an integer number. In contrast, fractals may present

non-integer dimensionalities. To a fractal, the form of the dependence with N is unchanged,

meaning that, 〈ℓ〉 ∼ N1/d f , where d f is its fractal dimension. One can notice that there is no big

difference between a lattice and a fractal, in terms of the scaling behavior of 〈ℓ〉. For example,

for a square lattice of 104 nodes, 〈ℓ〉 ∼ 102. This is not true when d or d f tends to infinity. In

a finite size system, is possible to compute its dimension (or its fractal dimension), by counting

down the number o nodes n(ℓ) within a distance ℓ from an arbitrary node. In both cases this

number is n ∼ ℓd f .

2.2 The Erdős-Rényi model

The interest of mathematicians on graphs started with the work of Paul Erdős and Alfred

Rényi [13] on random networks. In it, they proposed a network model of N nodes connected by

m links randomly chosen with probability p. The Erdős-Rényi (ER) model defines an ensemble

of networks, G(N, p), where m links exist with probability
(

M
m

)

pm(1− p)M−m. The quantity

M = N(N −1)/2 is the number of possible nonredundants3 links of a network of size N. Many

3A redundant link is defined as a link connecting two nodes already connected by another link.
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analytical results can be obtained from the ER model in the limit of large N. In this limit, the

ER network has a characteristic average degree, given by

〈k〉= p(N −1)≃ pN. (2.6)

In this section, we present some characteristics of the ER model.

2.2.1 The structural evolution of the network

Many properties of the ER model depend on p. One can assume p(N)∼ N−z, where z is a

tunable variable in the range [0,∞). Several values of z are threshold to different arrangements

of the ER model. For values of z larger than 3/2, the presence of isolated clusters is dominant,

however, when z → 1, the network presents increasingly larger clusters. A simple analysis

reveals a phase transition on the connectivity of the network, when z = 1, corresponding to a

critical probability of pc = 1/N, and a critical average degree of 〈k〉c = 1, so that

• For p < pc, the network does not present clusters larger than O(lnN), and any cluster has

more than one loop.

• When p = pc, a giant cluster of size O
(

N2/3
)

emerges; at the neighborhood of the transi-

tion, the cluster size distribution follows a power law P(s)∼ s−µ , with exponent µ = 5/2

(or 3/2 when we are dealing with the cluster size distribution of randomly chosen nodes)4.

• For p > pc, the network has a cluster of size O(N).

This corresponds to a second-order phase transition, which belongs to the universality class

of percolation on infinite dimension.

2.2.2 Degree distribution of the ER model

The degree distribution P(ki) of the ER model with connecting probability p follows a

binomial distribution

P(ki = k) =Ck
N−1 pk(1− p)N−1−k. (2.7)

Since the node i is allowed to have up to N −1 links, the probability of node i to have ki links is

pki , and the probability of the other links to be absent is (1− p)N−1−ki . The factor C
ki

N−1 is the

4It is easy to see that the probability P′(s) of a node to be in a connected cluster of s nodes is proportinal to the
size of the cluster s times the cluster size distribtuion P(s). Therefore, P′(s)∼ sP(s) = s−3/2.
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number of ways that the ki links can be arranged in all N−1 possibilities. In the thermodynamic

limit, N → ∞, the Poisson distribution asymptotic behavior is valid, so that

P(k)≃ e−pN (pN)k

k!
= e−〈k〉 〈k〉k

k!
. (2.8)

Therefore, although there are many ways to arrange the links, the ER model is homogeneous,

meaning that the majority of nodes has approximately the same degree 〈k〉.

2.2.3 Average shortest path length of the ER model

One way to characterize and study diffusion, scattering, the navigation of a property or the

propagation of information on a random network, as the ER model, is computing the average

shortest path length 〈ℓ〉 between two arbitrary pair of nodes in the network.

For the ER model, from Eq. (2.8), one can say that each node i has, on average, 〈k〉 first

neighbors, and through all first neighbor an average of 〈k〉2 second neighbors can be reached.

So, an arbitrary chosen node i will have on average 〈k〉ℓ nodes apart by a length ℓ. If the number

N of nodes of the network is sufficiently large, therewith ln(N) ≫ 〈k〉, the number of nodes

apart from node i by a shortest path length of ℓi will grow exponentially, so the number of

nodes on the ℓth shell will be O(N). Equating 〈k〉ℓ with N by the logarithm function, leads us

to the following equation:

〈ℓ〉 ∼ ln(N)

ln(〈k〉) , (2.9)

which gives the average shortest path length of the ER model, therefore 〈ℓ〉 is asymptotically

dependent on the logarithm of N. In the next section, we will see that this type of behavior of

the average shortest path length characterizes the so-called “small-world” phenomenon. Using

Eq. (2.6), we can write 〈ℓ〉 as:

〈ℓ〉 ∼ 1
1− z

. (2.10)

The average shortest path length increases from 〈ℓ〉 = 1 with z = 0 (the graph is a fully

connected graph with p = 1) to higher values when 0 < z < 1, and eventually diverges when

z → 1 (p → pc), meaning that exists a tree-like spanning cluster at the critical threshold p = pc.

One can found negative values of 〈ℓ〉 when 1 < z < ∞, meaning that the graph is basically

disconnected.
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2.2.4 Clustering coefficient

Considering a node i of a random network generated using the ER model, and its first

neighbors, the probability of two neighbors of node i to be connected with each other is equal

to the probability of two randomly chosen nodes to be connected. Therefore, the clustering

coefficient of the ER model is

CER = p =
〈k〉
N

. (2.11)

Thus, from Eq. (2.11), the fraction CER/〈k〉 decreases with N−1. This property reveals that the

ER model is not a good choice to model real networks, which are usually large, but still present

a very strong clustering [25].

2.3 The small-world phenomenon

2.3.1 The Milgram’s experiment

The term “small-world” is very common in our daily vocabulary. In 1967, the psychologist

Stanley Milgram, introduced the term in the scientific community [14]. Milgram proposed an

experiment which consists in mailing a box between two different individuals in the United

States of America (USA). Using the jargon of network science, these two people correspond to

different nodes of a real social network, where the links represent the connection between then,

i.e., friendship. For the experiment, one person was labeled as a “target”, who lived in Boston,

Massachusetts; and, at random, “source” people were chosen in Omaha, Nebraska5 (Fig. 2.3).

The source individuals received a box with a brief summary of the experiment, together

with some information about the target, namely the complete name, a photography of, and the

address of the target. The basic procedure is described as follows:

Basic procedure of the Milgram’s experiment

1. The participants should include their complete name and the name of the next person that

would receive the box to a list.

2. They should send a postcard, which were contained in large quantity in the box, back to

Milgran. This part of the procedure allowed Milgram to follow the “path” of the box.

5In fact, it was the second attempt of Milgram. The first one, with starting points in Wichita, Kansas, and a
target person in Sharon, Massachusetts, resulted only in three finished chains.
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Figure 2.3: Stanley Milgram built a social network of acquaintances in USA. Source people
(white circles) were asked to send a letter to a target person at Boston (blue star) through chains
of acquaintances (green circles). Note that some chains were broken off.

3. If the holder of box knew the target6, the box should be addressed directly to the target.

4. If he/she did not know the target, the holder should address the box to a known person,

whom he/she believed would speed up the delivering process.

Although many boxes did not reach the target person, the fraction of boxes that approached

the target indicated that it was necessary, on average, only 5.5 social links; a surprising result

to Milgram. This is what is known as the “six degrees of separation”. The experiment received

many criticisms, since Milgram had to work with (i) poorly defined and subjective material,

and (ii) poor statistics. However, the experiment has been recently reproduced by D. Watts

and his collaborators [15], using e-mail messages with 18 target people from 13 countries, and

61163 source people spread across 166 countries, which resulted in 21163 distinct chains of

acquaintances. Although only 384 of these chains were completed, they turned out to have a

average length of 4, even less the the six degrees of separation.

2.3.2 The Watts-Strogatz model

The Milgram experiment revealed a type of network, very common in real situations,

namely the small-world network. The first small-world network model was proposed by D.

Watts and S. Strogatz [20], which incorporate two important characteristics, evidenced by the

analysis of real networks, and by the Milgram experiment. First, as said before, real networks

present very strong clustering, represented by a high value on the clustering coefficient C when

6In the experiment, by cultural reasons, to know a person means the existence of a friendship relation, charac-
terized by treat him by the first-name.
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Figure 2.4: Six degrees of separation. Pictorial representation showing that for the information
to be exchanged between nodes A and B, it is not necessary more than six links. Figure extracted
from wikipedia.org.

compared with N. Second, the Milgram experiment showed that social networks have very

small 〈ℓ〉, even when the network is large. So, the small-world phenomenon should be charac-

terized by a slow (logarithmically) increase of 〈ℓ〉 with N.

Classical random networks display values of the clustering coefficient (Eq. 2.11) too small

to model real small-world networks. Meanwhile, lattices (where the average degree is constant)

present high shortest path lengths 7, what makes them unable to reproduce the six degrees of

separation. However, due to its dealing with lattices, depending on their local structure, there is

a high randomness, these networks present high 〈ℓ〉; in counterpart, probability to find loops. In

other words, depending of the lattice topology, C would present values compatible with the ones

found for real networks. With this information at hand, Watts and Strogatz conjectured, and

proved, that a model able to reproduce the small-world phenomenon, should have a topology in

between the topology of a lattice, and the one of a completely random network.

The Watts-Strogatz (WS) model consists on adding random links to a lattice of any dimen-

sion or topology. Following the WS model, the addition of these shortcuts can be made by two

different procedures. One can simply add them between pairs of nodes of the lattice with prob-

ability p, or by changing links of the lattice using shortcuts with probability p. The most widely

studied network based on the WS paradigm is built starting from an one-dimensional network

with periodic boundary conditions with N nodes (basically, a ring, or a loop of length N − 1)

7An example of regular lattice is the square lattice, very used to model magnetic systems, where 〈ℓ〉 ∼
√

N.
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Figure 2.5: Rewiring of regular links. The number of links is unchanged. We started with a
regular ring with N = 10 and 〈k〉 = 4. For p = 0, the original network remains, but with the
increase of p, there is an increasing of the disorder, and when p = 1, it becomes a random
network.

connected with their K first neighbors to the left and to the right, leading to 〈k〉= 2K. Starting

from this circular networks, one performs the rewiring process8, as depicted on Fig. (2.5). On

the WS model self-loops and redundant links are forbidden.

To better understand the effect of the addition of shortcuts, one could analyze the behavior

of the clustering coefficient, C(p), and of the average shortest path length, 〈ℓ〉 as a function of

p. When p = 0, the network is a regular ring. Since C(p) is the probability to find a triangle in

the network, we can start by computing the number of triangles in the network. Observing that

a walk around any triangle, on such a network, is composed of two steps in the same direction

on the ring, say a clockwise, followed by a third step to close the triangle. The third step can

take at most k/2 network spacements, since it is the longest possible link on the network. Thus,

the number of the two first steps is the number of different ways of choosing the node for those

steps from the k/2 possibilities, which is, k(k/2−1)/4. Therefore, the number of triangles on

the ring is Nk(k/2−1)/4. The number of possible triangles involving a particular node belongs

to is simply k(k− 1)/2, which leads, for the whole network, to Nk(k− 1)/2. As a result, one

can write the clustering coefficient as

C =
1
4Nk(1

2k−1)×3
1
2Nk(k−1)

=
3(k−2)
4(k−1)

. (2.12)

The factor 3 arises at the numerator since a triangle gets counted three times when counting the

number of possible triangles of the network. So, for p = 0, C = 0 for k = 2 (which is the case

of a ring where each node is connected to its two first neighbors), and to the limit of k → ∞,

C = 3/4. In this regime (p = 0) the shortest path length is linearly dependent on N. At the

8A simple algorithm to perform the rewiring process consists in choosing two existing links, namely
{(A,B),(C,D)}, and replace them by two nonexisting links, {(A,D),(C,B)}.
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Figure 2.6: Average shortest path length 〈ℓ(p)〉 and the clustering coefficient C(p) of the WS
model, as a function of p. The results were renormalized by 〈ℓ(0)〉 and C(0). The comparison
between 〈ℓ(p)〉 and C(p) highlights a significant range of p where the network presents the
small-world phenomenon. Here, N = 1000 and k = 10, and the simulations were performed
over 20 realizations

other extreme limit, p → 1, the network becomes completely random, 〈ℓ〉 ≃ ln(N)/ ln(k), and

C ≃ 2k/N. Figure 2.6 show results of the computations of C(p) and 〈ℓ(p)〉 for the WS model.

One can notice that, there is a considerable range of p where there is a small characteristic path

length, as in a random network, but C(p)≫CER, i.e., highly clustered like a regular lattice.

One can notice that for small values of p the presence of these “defects”, from the rewiring

of few links, reflects drastically as a non-linear behavior of 〈ℓ(p)〉. On the other hand, only

when the randomness is predominant, there is a considerable change in the value of the cluster-

ing coefficient, which leads C(p) to be practically constant in the small p regime. The logarithm

scale of Fig. 2.6 shows how fast it decreases, and that, during this intense variation, C(p) re-

mains virtually unchanged, indicating a transition between a regular topology and a small-world

topology, almost imperceptible at the local level.
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3 The navigation problem

The navigation problem consists in sending a message, data or some piece of information

to a particular node of the network. The Milgram’s experiment is just an example of this task,

where participants were asked to delivery a message to a target person passing it through chains

of acquaintances. The Milgram’s experiment brought to light evidence of how close connected

people are, coining the “six degrees of separation” concept. Many years latter, Jon Kleinberg

pointed out another, but not less important, characteristic of the experiment: short paths not only

exist on the network, but people are good at finding them. The main result found by Kleinberg

explained how the underlying topology, and the particular structural characteristics of network

can be determinant on how easy and efficient the transport of message, data, or information

throughout the network can be done.

In this chapter we introduce the problem of navigation, the Kleinberg’s model for a spa-

tially embedded small-world network, and the consequences of considering the transport of

information on such an underlying geographical scenario.

3.1 The Kleinberg’s network model

As we presented earlier, social networks exhibit the small-world property. Since the results

presented by Milgram, many models have been proposed in order to reproduce such a phe-

nomenon. The WS model was the first to be successful being considered as a paradigm to other

models. However, other models were able to show why two arbitrary nodes on real networks

are capable to find effective short chains of links which connected them. Kleinberg showed how

these chains are found as a consequence of the constrained space where the network is placed.

Thus, he proposed a family of random networks, which naturally generalize the WS model,

showing that a model of this family is efficient to reproduce the Milgram’s Experiment.

The Kleinberg’s model has been inspired on the paradigm presented by Watts and Strogatz,

in other words, a network that is rich in local links, and has few long-range links. However, in-
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Figure 3.1: Connections of a node i. Each node i receives a link with its first neighbors within a
distance l = 1 (a, b, c, and d), and a link with a randomly chosen node j. The node j is chosen
with probability P(ri, j)∼ ri, j

−α .

stead of using an one-dimensional ring as the underlying network, Kleinberg opted to use a two-

dimensional square lattice. With this, a set of nodes, the individuals of the social network, are

mapped by the nodes of an L×L square lattice, {i = (u,v) : u ∈ {1,2, . . . ,L},v ∈ {1,2, . . . ,L}}.

Thus, the distance between two distinct nodes i = (u,v) and j = (m,n) is

ri, j = |m−u|+ |n− v|. (3.1)

Notice that, geographically, the distance ri, j is the “Manhattan distance”, meaning the number

of links that connect the nodes i and j. On the Kleinberg’s model, there are three universal

parameters:

• l > 1 - Each node i has a directed link with any other node within a Manhattan distance l.

These are the local neighbors of node i.

• q > 0 e α > 0 - Each node i receives q long-range links randomly with a node j, with

probability P(ri, j)∼ ri, j
−α .

The Kleinberg’s model has a simple geographical interpretation: Individuals on a social network

know their neighbors within a certain distance l, and other people distributed throughout the

network. The power law probability distribution, P(r) ∼ r−α , indicates that the probability of

two different people to know each other is higher if they “live” close geographically to each

other. Taking l and q as constants, the Kleinberg’s model has only one parameter, α , which

defines an entire family of random networks. For α = 0, the Kleinberg’s model is equivalent to

the WS model, where the choice of a new link is independent on the lattice position of the new
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acquaintance of i. As α increases, the long-range acquaintances of u become nearer to i.

3.2 Kleinberg’s local navigation

3.2.1 The decentralized algorithm

The procedure defined in Milgram’s experiment is a basic algorithm, remarkably a particu-

lar one from the class that computer scientists call decentralized algorithms, called the greedy

algorithm. The algorithm that constitutes the Kleinberg’s model to navigation is clearly in-

spired by the process stated by Milgram’s experiment. The algorithm proposed by Kleinberg

aims to compute the number of steps necessary to deliver a message from a source node s to

a target node t. Both nodes are randomly chosen. At each step of the algorithm, the holder of

the message u should choose among its connections, whether they are local or long-range con-

nections, a node v to be the next message’s holder. This choice takes into account the distance

rv,t between node v and the target one t. This characteristic of the Kleinberg’s decentralized

algorithm reproduces the main ingredients of the Milgram’s experiment: The message holder

should choose a connection that he/she believes will speed up the message delivery.

During this process, the holder u has only local knowledge of the network, in other words

he/she knows:

(i) The underlying geography of the network (the square lattice).

(ii) The network position of t.

(iii) The network position of its connections, the local and long-range ones, as well as the

network position of any node that, once, was the message holder.

The main property of the algorithm is that u does not know the long-range connections of

any other node on the network. The expected delivery time τ is the expected value of the

number of steps necessary to the decentralized algorithm to deliver the message throughout the

network from a node s to a node t, making use or not of the long-range connections added to

the geographical lattice in terms of the power law distribution P(r).

In the original work of Kleinberg [11], he presented simulations for d = 2, obtaining that

the effective exponent is α = 2 (when the delivery time is minimum to this scenario). With the

analysis of the results, Kleinberg conjectured that the effective exponent is α = d. Roberson

and ben-Avrahan [26] showed that this is valid also for fractal networks, where ℓ ∼ N1/d f , in

other words, the effective exponent α = d f holds for any real value of d.
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Figure 3.2: The expected mean delivery time τℓ, namely the number of steps needed for a
message starting from a source node s = 0 to reach the target node t = L in a 4L length ring, as
a function of α . The most efficient navigation is reached for α = 1.

The Kleinberg’s local navigation was solved analytically [27, 28] for the 1-dimensional

case. For convenience, one can take P(ri j) independent of i [27] by adopting periodic boundary

conditions. In order to do it, let us consider case of a ring of length 4L, where the source node

s = 0, the target node t = L, and with the length of long-range connections limited to 2L− 1.

Consequently

P(ri,i+b) = Ab−α ; (3.2)

where A is a normalization factor given by

A =
1

2∑2L−1
b=1 b−α

. (3.3)

One can consider the probability Π(n;ℓ), which is the probability that a message, at a

distance ℓ from t, takes n additional steps to reach t. Clearly, Π(n;ℓ) has two “boundary con-

ditions”: Π(n,0) = δn,0 and Π(0, ℓ) = δ0,ℓ, where δi, j is the Kronecker delta function, defined

as δi, j = 0, if i 6= j, and δi, j = 1, if i = j. These two conditions are due to the fact that, if the

message holder is the target, it takes no additional step to reach t.

The probability Π(n;ℓ) should satisfy the following equation:

Π(n;ℓ) = A
2ℓ−1

∑
b=1

b−αΠ(n−1; |ℓ−b|)+
(

1−A
2ℓ−1

∑
b=1

b−α

)

Π(n−1;ℓ−1). (3.4)

The first term on the right hand side represents the probability that the first of the additional
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n steps to be a long-range connection of length b, with which one may leave the message to a

distance of |ℓ− b|. The second, represents the probability for a step take place on the regular

ring, where the message will advance only a single lattice spacement.

Considering the first moment of Π(n;ℓ), 〈n〉 ≡ τℓ, i.e., the expected delivery time from a

node at a distance ℓ away from the target node. So,

τℓ = ∑
n

nΠ(n;ℓ). (3.5)

As a consequence, we have that,

∑
n

nΠ(n−1;ℓ) = ∑
n

(n+1−1)Π(n−1;ℓ) = ∑
n

Π(n−1;ℓ)+∑
m

mΠ(m;ℓ) = 1+ τℓ. (3.6)

Here, m = n−1. Multiplying Eq. (3.4) by n and summing over n, we obtain the master equation

for τℓ, given by

τℓ = A
2ℓ−1

∑
b=1

b−α (1+ τ|ℓ−b|
)

+

(

1−A
2ℓ−1

∑
b=1

b−α

)

(1+ τℓ−1) , (3.7)

for ℓ= 1,2, . . . ,L. Figure (3.2) shows simulations results (symbols) for the Kleinberg’s greeding

algorithm in d = 1 yielding a perfect agreement with the numerical integration of Eq. (3.7)1.

One can notice that, with the increase of L, the minimum value of τℓ approaches the effective

value of α = 1.

In his original study [11], Kleinberg conjectured that the correlations between the local net-

work structure and the long-range connections in small-world networks provide fundamental

“clues” to the nodes, so that they are able to find effective chains of acquaintances that connect

them. This interplay between the local topology and the long-range connection structure gen-

erates a “gradient” which permits the nodes to find such chains. For larger values of α , this

interplay vanishes, since this type of effective chain does not exist anymore. One can notice

that, for α < d, short chains exist, but, the decentralized algorithm, based on local information,

makes the nodes unable to find these shortcuts.

3.2.2 Scaling behavior for the expected delivery time

Kleinberg [11] studied how the underlying structure of the network may interfere on the de-

centralized algorithm which aims to find short chains of acquaintances between arbitrary nodes

of a network. When the parameter α = 0, the long-range connections are added to the network

1Here, we used τ1 = 1 as initial condition.
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independently of its underlying structure. For this scenario, we can use random networks theory

arguments to prove that the short chains between two nodes exist, and that they are limited by

O(lnL), in other words, the average shortest path length 〈ℓ〉 increases with the network size N

logarithmically, at most, as in the WS model. This property is somehow obvious, since Klein-

berg proposed his model inspired on the paradigm defined by Watts and Strogatz. However,

as we will show in the following, this scenario is not efficient in finding effective chains of

acquaintances. To analyze this problem in a general way, we consider a d-dimensional square

lattice.

From the proposed model, we know that the probability of a node u having the node v

connected through a long-range connection is given by the power law:

P(ru,v)∼ [ru,v]
−α , (3.8)

which should be normalized by a factor of ∑v6=u ru,v
−α , scaling as:

∞

∑
v6=u

ru,v
−α ∼

∫ L

1
x−αx(d−1) dx

∼















(α −d)−1 , if α > d,

lnL , if α = d,

Ld−α , if α < d.

(3.9)

For 0 < α < d, one can consider a region with an arbitrary radius R around the target node t,

such that R = Lδ , where δ < 1. Equation 3.9 states that the probability for a node u to have a

long-range connection with a node v is

P(ru,v)∼
ru,v

−α

Ld−α 6
1

Ld−α . (3.10)

Thus, the probability for a node to be chosen among one of the connections of node u within

the shell defined by R must obey the relation:

P(ru,v | rv,t < R) 6
Rd

Ld−α

6 Lδd−d+α . (3.11)

Since δ < 1 and R = Lδ , for large L, R increases more slowly than L if δd > d −α , or it

decreases if δd < d −α , which indicates that the source node is likely to be outside the shell.

This result has two consequences. First, any path between s and t should pass through, at least,

one long-range connection that leaves the message into the shell. Second, the expected delivery

time is limited to τ ≥ R.
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The probability for a node with such a long-range connection to be reached in at least R

steps is less than R×Lδd−d+α . If this probability goes to zero when L → ∞, then the expected

value for the number of steps is also limited by R, at least. For this probability to become zero,

it is necessary that,

0 < R×Lδd−d+α < 1, (3.12)

in other words,

0 < Lδ (d+1)−d+α < 1, (3.13)

implying,

δ (d +1)−d +α < 0,

δ < (d−α)
(1+d) . (3.14)

Therefore, the expected number of steps can not be lower than L(d−α)/(1+d) for 0 < α < d.

For α > d, the probability of a long-range connection longer than Lγ (0 < γ < 1), according

to Eq. (3.9) should scale with the network size as,

∫ ∞

Lγ

x−(α−d+1)

α −d
dx ∼ Lγ(d−α), (3.15)

so, the probability of the message taking a step longer than Lγ , e.g. Lβ (γ < β < 1), is lower

than Lβ Lγ(d−α). However, this probability vanishes when L → ∞, which means that the total

distance traveled by the message does not overcome the value Lβ+γ . Nevertheless, since the

distance that separates the source node s from the target node t should be proportional to L, it

gives that,

β + γ = 1. (3.16)

On the other hand, the probability that long-range connections longer than Lγ exist vanishes

when β + γ(d −α)< 0. These two conditions give that,

β <
(α −d)

(α −d +1)
, (3.17)

so that, τ should not be lower than Lβ ∼ L(α−d)/(α−d+1).

For the singular value α = d, one can make the following analysis: the target node t is

surrounded by a number y of shells with radius ey−1 < R < ey, y = 1,2, . . . . Now, suppose that

the message holder u is located on shell y, the probability that u has a connection with some
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Figure 3.3: Delivery time exponent, η , as a function of α . Results from Eq. (3.20) (red solid
line) are compared with the lower bounds proved by Kleinberg (blue dashed line) and with the
simulation results from the delivery decentralized algorithm (black circles). One can notice
that, for α = 2, the behavior of τ does not depend of L as a power law. Indeed, its behavior is
given by O(ln2 N).

node v on the (y−1) shell is, according with Eq. (3.9),

P(ru,v)∼
∫ em

em−1

y−1

lnL
dy =

1
lnL

. (3.18)

The probability to reach the y− 1-shell in more than x steps is p(x) = (1−1/ lnL)x, and the

mean number of steps needed to do it is

〈x〉=
∫ ∞

0
p(x)dx ∼ lnL. (3.19)

Since the larger shell is the one where ey = L, the number of shells between s and t should be

O(lnL), therefore, τ should not overcome O
(

(lnL)2
)

.

Analytically, one can notice that τ is bounded by Lη , except for α = d, where τ has the

upper bound of (lnL)2, which increases more slowly than the powers of L presented above.

Carmi et al. [27] showed that the asymptotic behavior of the exponent η is given by

η =















d−α
d+1−α , 0 ≤ α < d,

α −d , d < α < d +1,

1 , α > d +1.

(3.20)

Figure (3.3) shows the behavior of the exponent η as a function of α . The bounds calculated

by Kleinberg are shown as the blue dashed lines. The asymptotic values of η are presented as

the red solid lines. The symbols (black circles) are the results from the simulation. All three

results are for the 2-dimensional case.
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3.3 Global navigation on Kleinberg’s network

The decentralized algorithm presented by Kleinberg approaches the navigation problem in

a small-world network model [10, 11], in a procedure that makes use only of local information.

As was presented in the last section, one can consider a d-dimensional square lattice with N =

Ld nodes. Kleinberg considered that each node u would be connected with its first neighbors

within a perimeter l ≥ 1, and in addition, would receive q ≥ 0 long-range connections. The

probability that u has a long-range connection with node v, randomly chosen, is proportional

to r−α
u,v , where ru,v is the Manhattan distance between them, and α is a tunable parameter. One

can notice that for α = 0, P(tu,v) is uniformly distributed, as in the WS model, where the long-

range connections are added to u independently of the “geographical” characteristics of the

network. When α > 0, the long-range connections of u become even more clustered around its

neighborhood.

In this section, we present the behavior of 〈ℓ〉 for the Kleinberg’s network, wherewith we

can study the navigation throughout the network with global knowledge. In order to do it, we

use a variant of Kleinberg’s model, where l = 1, but only 10% of nodes receive a long-range

connection. To compute 〈ℓ〉 we use

〈ℓ〉= 1
N(N −1) ∑

u6=v

ℓu,v, (3.21)

where ℓu,v is the shortest path length between the pair of nodes u and v.

The relation between navigation with global knowledge and 〈ℓ〉 is justified since, with

global access to the entire information of the network structure, the nodes “know” which is

the shortest path between them and any other node on the network. Figure (3.4) show the

computation of 〈ℓ〉 for different network dimensions d, according to Eq. (3.21). For global nav-

igation, efficient navigation occurs for α < d, where 〈ℓ〉 seems to be invariant. Since α = 0 is

a trivial solution, when P(ru,v) is uniform, and permits high frequency of long-range connec-

tions, one can consider it as the optimal value for the exponent α , in sharp contrast with what

is observed for Kleinberg’s decentralized algorithm, where the message holder only has access

to local information, and the efficient exponent is α = d for a d-dimensional square lattice.

So, since the navigation is based on a global information algorithm, the message holder takes

greater advantage of the power law distribution P(ru,v,α = 0)∼ [ru,v]
−α .

This result does not change when a constraint is imposed to the size of long-range con-

nections, e.g., if long-range connection is restricted to be smaller than bℓ × L (0 ≤ bℓ 6 1).

Figure (3.5) shows the behavior of 〈ℓ〉 for different values of bℓ and L = 103, while in Fig. (3.6)
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Figure 3.4: Shortest path length 〈ℓ〉 as a function of α for different lattice dimensions d (d = 1,
2, and 3) over 4× 103 realizations. 10% of nodes of the d-dimensional regular lattice, with
linear size L = 103, are randomly selected to receive a long-range connection. The optimal 〈ℓ〉
is achieved for α = 0.

we fix bℓ = 0.04 and compute 〈ℓ〉 for different linear sizes L. In both cases, the effective navi-

gation was achieved at α = 0. So, one can conclude that the underlying geographical structure

of the network does not affect the process with global knowledge of the network location of

nodes.

Kosmidis, Havlin, and Bunde [17] showed equivalent results to the ones presented here for

a network model similar to the Kleinberg’s model and to the long-range percolation model [29].

Moreover, they showed that

〈ℓ〉 ∼















log(N), α ≤ d,

(log(N))δ , d ≤ α < 2d,

N1/d,2d ≤ α.

(3.22)

The above equation indicates that for α ≥ 2d, the network behaves as a lattice, belonging to

the “large-world” class of networks, but, more important, for α < 2d the Kleinberg’s network

model behaves as a small-world network. Their results suggest that the exponent δ of the scaling

logarithm for d ≤ α < 2d is approximately δ = 1/(α(2−α)) for d = 1, and δ = 4/(α(4−α))

for d = 2 [17].



3.4 Local vs. global navigation 44

0 0.5 1 1.5 2 2.5 3

 α 
0

50

100

150

〈l〉

b
l
 = 0.04

b
l
 = 0.08

b
l
 = 0.10

Figure 3.5: 〈ℓ〉 as a function of α . When the long-range connections are constrained to be
within a region ru,v 6 bℓ×L, the effective navigation is achieved for α = 0. The behavior of 〈ℓ〉
is similar to the unconstrained case. Here, L = 103 is the linear size of the square lattice, and
20% of nodes were randomly selected to receive a long-range connection.
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Figure 3.6: 〈ℓ〉 as a function of α to different linear size L of the square lattice. The nodes u

and v are constrained to a distance bℓ×L again, but to a fixed b(ℓ) = 0.04. One can notice that
the more efficient navigation does not change, and is achieved for α = 0. Again, 20% of nodes
were randomly selected to receive a long-range connection.

3.4 Local vs. global navigation

The algorithms presented by Kleinberg for local navigation (decentralized), and the algo-

rithm for global navigation (basically, the breadth-first-search algorithm [22]), provide simple
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Figure 3.7: How the navigation algorithms work. If the goal is to reach the target (node t) start-
ing from the source node s, Kleinberg’s decentralized (greedy) algorithm gives two solutions.
The first, passing through node a is the better one in this scenario and has length 4. The sec-
ond, passing through node f has length 6. On the other hand, the global navigation algorithm
(breadth-first-search) results in a path passing through node d, which is 3 steps long.

methods for the analysis of the navigation problem. The results presented in the previous sec-

tions imply a simple interpretation, which can be illustrated by the following example.

Figure 3.7 presents a limited region of a square lattice, which may be infinite. That region

contains the source node s, and the target node t. There are two long-range connections, the

first between nodes a and b, and a second, between nodes d and e. In this simple example, the

source node s at the beginning of the Kleinberg’s local navigation algorithm, is the the message

holder. At the first step of the algorithm, s verifies that node a and f are closer to the target node

t than its other neighbor d. If s chooses node f as the next message holder, the decentralized

algorithm will result in many different chains of acquaintances of length 6. If, however, s

chooses node a, the algorithm will result in only one possible chain of acquaintance of length 4.

This better solution is the sequence of links [(s,a);(a,b);(b,c);(c, f )]. These dubious solutions

are natural on Kleinberg’s local navigation, since s does not “know” that node a has a long-range

connection with node b. For the same reason, although this solution is the optimal one in the

local navigation scenario, since s does not know that its neighbor d has a long-range connection

with node e, in an extreme case, it is far from the optimal solution to this delivery task.

In the global information navigation scenario, any network node has knowledge of all the

long-range connections of any other network node. Thus, for this case, the breadth-first-search

algorithm provides s knowledge about the existence of the long-range connection between d

and e. And after that, in the third step of the delivery task, e is the message holder and delivers
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it to the target node t. The sequence [(s,d);(d,e);(e, t)], which is 3 steps long, is the chain that

solves the delivery task for the global information scenario.

Clearly, in a real situation it is not always possible to make use of global knowledge of the

network to solve transport problems, but this simple comparison indicates that sometimes it is

better to give a step back than to go further.
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4 Towards design principles for optimal

transport networks

The interplay between topology and dynamics in complex systems represents the focus of

many studies in different fields of research with important scientific and technological applica-

tions. Due to their enormous potential to represent the intricate topology of numerous systems

in nature, complex networks [30, 20, 31] have recently been used as substrates in combination

with a plethora of dynamical models to describe the behavior of biological, social, chemical,

physical and technological networks [32, 33, 34]. Much attention has been dedicated to the

problem of navigation in complex network geometries [10, 26, 27, 28, 35, 36, 37, 38, 39, 40].

In most cases, the influence of the underlying network geography on the performance of the

transport process is investigated assuming that only local information is available for naviga-

tion [10, 26, 27, 28, 41].

For many navigation problems of interest in science and technology, global rather than local

information is required, i.e., any source node s possesses the knowledge of the entire network

topology. In this situation, the average shortest path 〈ℓ〉 from source to target becomes the

relevant navigation variable to be optimized. For example, in a subway network, such as in

Manhattan, the travel routes should be planned or changed in such a way as to minimize the

travel time for a given limited reconstruction cost. This task is performed by considering the

whole structure of the network in terms of its nodes and links, namely, by knowing the location

of all subway stations, their connections and the shortest path between any two stations. If

we now consider an underlying network of streets and avenues over which one has to plan or

improve an existing subway network, and if the aim is to minimize the average travel time

between its stations, the search for an optimal strategy to add new connections in the network

for a given budget should therefore play a key role. In this chapter we show that the imposition

of a cost constraint represents a crucial ingredient in the design and development of efficient

navigation networks. Optimal navigation with the presence of long-range links in a lattice

network without constraints was studied recently by Kleinberg [10]. Here we show that a rather

different behavior can be observed for this problem when realistic constraints on total length
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Figure 4.1: Shortest-path length, ℓ, from each node to the central node in the network for differ-
ent values of α . In this case we impose a constraint in the length of the long-range connections.
The sum of the length of these connections is limited, Λ = ∑ri j = N, where N is the number of
nodes in the underlying lattice. The network model is constructed from a square lattice with L2

nodes, with L = 256. We can clearly observe that the best condition for shortest path length is
obtained for α = 3.

are imposed on the process of adding long-range connections.

4.1 Model for network navigation with cost

Consider the case of an existing subway network which needs improvements [41, 42]. The

financial cost to build up a large number of new direct connections between distant stations (i.e.,

non-neighboring sites) can make it prohibitive, since only limited resources are normally avail-

able for this task. This problem can be modeled by the following system. In a 2-dimensional

regular square lattice, with all N = L2 sites present, each site i is connected with its four nearest

neighbors. The sites represent the stations and the bonds represent the routes of the subway. In

our model, pairs of sites i j are then randomly chosen to receive long-range connections with

probability proportional to r−α
i j , where ri j is the Manhattan distance between sites i and j, as in

the Kleinberg’s model. Finally, the addition of long-range connections to the system stops when

their total length (cost), ∑ri j, reaches a given value Λ. Since α controls the average length of

the long-range connections, we obtain that, for a fixed value of Λ, and small values of α , longer

connections, but fewer in number can be added due to the imposed total length limit. We there-

fore expect that an optimal navigation condition must be revealed as a trade-off between the

length and the number of connections added to the system.

To better demonstrate the competition between total length and number of links, we gener-



4.2 Global navigation in a small-world network with cost 49

ate a single network realization (L = 256) for a given value of α and compute the shortest-path

length, ℓ, from each node in the network to its central node. This calculation is performed as fol-

lows. Once we choose the root node (e.g., the central one), we visit all its neighbors, including

the neighboring nodes connected by long-range connections. These visited nodes are classified

as shell one nodes, meaning that they are only one time step away from the root node 1. After

that, we visit all the neighbors of these nodes not visited before and classify them as shell two

nodes. Following this procedure for all network nodes, we obtain the ℓ values (time) for each

node to be reached from the root node. Figure 4.1 shows the contour plots representation of the

ℓ values performed for four different values of the parameter α . For α = 1 and 2 the number of

long-range connections is small. As a result, only a few little islands sparsely dispersed in these

networks are really close to their central nodes (only a few short and/or long-range connections

away). For α = 3 the added long-range links are shorter, but more numerous, thus substantially

decreasing the shortest path over the whole network. For α = 4, due to the very short length size

of the added connections, only a limited region surrounding the central node displays a reduced

shortest path. Sites which are further away from the origin have significantly larger path length

ℓ to the origin.

4.2 Global navigation in a small-world network with cost

We extract more quantitative information about this navigation problem by performing ex-

tensive simulations for different values of α and many realizations of different system sizes.

In each case, the average shortest path 〈ℓ〉 is calculated over all realizations, considering all

the shortest distances between each pair of nodes. We assume that the total length (cost) is

proportional to the total length of the links in the underlying network, i.e., Λ = AL2, where A

is a constant. That is, the budget to improve the system is a fraction of the cost of the current

network (without long-range connections) 2.

The results presented in Fig. 4.2 clearly indicate the presence of a minimum 〈ℓ〉 for different

system sizes at the same value of the exponent α = 3, where optimal navigation is achieved with

(global) knowledge of the shortest paths and cost limitations. The way in which 〈ℓ〉 scales with

system size L, however, seems to follow rather different behaviors, depending on the value of

α . We tested two possible forms for 〈ℓ〉 vs N, a power law and a power of logN. As shown

in the main plot of Fig. 4.3a, our results for α 6= 3 suggest that the shortest path 〈ℓ〉 follows a

1We assume that the traverse time of a link is almost the same for both short-range and long-range links since
most of the time is spent in station and for decelerating and accelerating

2Here, we show the case A = 1 but we obtained similar results for several values of A, 0 < A < 1.
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Figure 4.2: Average shortest path length 〈ℓ〉 as a function of α . There is a constraint in the
total length of the long-range connections, Λ = ∑ri j = L2, where L is the size of the underlying
square lattice. We find that the optimal shortest-path is achieved for α = 3. With the restriction
on total length, the number of long-range connections are not fixed (e.g.. with α = 0, large long-
range connections become frequent, which reduces the total number of long-range connections.)
To obtain these results, we simulated 10,000 realizations for L = 512, 3500 realizations for
L = 1024 and 2048, and 25 realizations for L = 4096.

Figure 4.3: In (a) we show the average shortest path length 〈ℓ〉 as a function of the lattice size L

for the square lattice. The constraint in the total length of the long-range connections is Λ = L2.
The curve with α = 3 increases more slowly with L compared to any other value of α . In
the inset, the plot of the successive slopes δS obtained from log10〈ℓ〉 versus log10 L reinforces
the display of power law behavior of 〈ℓ〉 with L for α 6= 3. The plot of the successive slopes
γS obtained from log10〈ℓ〉 versus log10(log10 L) shown in (b) indicates that 〈ℓ〉 increases as a
power of the logarithm of L for the optimal condition α = 3.

power law with system size L. This is supported by the plot of successive slopes δS obtained

from log10〈ℓ〉 versus log10 L, which are almost invariant, as shown in the inset of Fig. 4.3a. In

contrast, in the case of α = 3, the increase with L of 〈ℓ〉 appears to be less rapid than a power

law. Interestingly, the successive slopes γS obtained from log10〈ℓ〉 versus log10(log10 L), as
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Figure 4.4: Average shortest path length 〈ℓ〉 as a function of α for (a) a one dimensional lattice,
for (b) a fractal of dimension d f = 1.89, and (c) for a three dimensional lattice. (a) the total
length Λ of long range connections is limited 10% of N. We find the optimal shortest path
length at α = d +1 = 2. We simulated 4,000 realizations for each L. (b) The total length Λ is
limited to N f , namely the number of nodes that benlong to the largest percolation cluster. We
find the optimal navigation is achieved at α = d f +1= 2.9. We simulated 4,000 realizations for
L = 512 and 1024, 1,600 realizations for L = 2048, and 400 realizations for 4096. (c) Average
shortest path length 〈ℓ〉 as a function of α for three-dimensional lattice with additional long-
range connections. The total length Λ of long-range connections is limited to N = L3. We find
the optimal shortest path length is achieved at α = d + 1 = 4. We simulated 4000 realizations
for L = 125 and 250, 400 realizations for L = 500 and 80 realization for L = 1000.

presented in Fig. 4.3b, indicate that 〈ℓ〉 increases as a power of the logarithm of L, 〈ℓ〉 ∼ logγS

10 L,

rather than a power of L, only for α = 3. This provides clear support for the fact that in the

optimal condition, α = 3, the transport will improve even further as L increases, as suggested

by Fig. 4.2.

We also studied our model for a one-dimensional lattice, for a three-dimensional simple

cubic lattice, and for the a fractal network (the largest percolation cluster on a square lattice at

the critical threshold obtained from the regular bond percolation process) and observed similar

behavior. The optimal condition we obtained in these case at α = 2 (d = 1), α = 4 (d = 3), and

α = 2.9 (to the percolation cluster, where d f = 1.89). These results, shown in Fig. 4.4, lead us

to conjecture that the optimal value is obtained at α = d + 1, where d is the dimension of the
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underlying lattice.

In the following, we present analytical arguments showing that α = 3 is indeed the only

case where logarithmic scaling of 〈ℓ〉 with L can occur for the square lattice, while for α 6= 3 a

power law with L should exist. By arbitrarily fixing the cost parameter to Λ = AL2, we obtain

that ρ ∼ 〈r〉−1, where ρ is the density and 〈r〉 is the average length of the added long-range

connections. Since 〈r〉 ∼ ∫ L
1 r2−αdr, it follows that for 2 ≤ α < 3, ρ ∼ Lα−3 and for α < 2,

〈r〉 is limited by the network size leading to ρ ∼ L−1. Thus, for all values of α < 3 the density

of the long-range links added, due to the constraint, decreases as a power law with L. As a

consequence of this power law decrease in density, 〈ℓ〉 must increase as a power of L. To see

this we argue that 〈ℓ〉 is bounded by the relation 〈ℓ〉 > ρ−1/d . The right hand side, ρ−1/d ,

appears for the case of the small world model, where α = 0, with a fixed concentration of

links, 〈ℓ〉 ∼ ρ−1/d lnL [31]. Since for the case 0 < α < 3, 〈ℓ〉 decreases with increasing α , the

bound 〈ℓ〉 > L(3−α)/d is rigorous and 〈ℓ〉 in this range must scale as a power of L. For α > 3

and sufficiently large networks, 〈r〉 is finite and the density becomes independent of the system

size, i.e., ρ ∼ L0. Thus, the effect of the constraint Λ on navigation should become negligible.

However, the finite value of 〈r〉 suggests that long-range links can be neglected and therefore 〈ℓ〉
should scale as a power of L. Thus, it follows that only for α = 3, 〈ℓ〉 can scale logarithmically

with L, as suggested by our numerical simulations (see Fig. 4.3).

4.3 Local navigation in a small-world network with cost

It is important to note that our global navigation scheme with 〈ℓ〉 can be considered as a

lower bound to any other transport navigation process. For example, a strategy based on purely

local knowledge of the network structure will necessarily perform worse than any other with

global information. In Ref. [10], for example, the greedy algorithm is introduced as a paradigm

based on local information, where the traveler, when leaving a node, chooses to move to the one

among its neighbors which has the smallest Manhattan distance to the target. Kleinberg found

that α = 2 is the optimal value in the navigation with the greedy algorithm for d = 2 [10]. We

next ask, what would be the optimal α for the greedy algorithm when cost restriction Λ = AL2

is imposed? We find also for the greedy algorithm that the optimal value is α = 3. This is shown

in Fig. 4.5, where we plot the average delivery length 〈ℓg〉 that a message travels with only local

information of the system geometry. The message is sent from the source node s to the target

node t through a network generated with the constraint Λ = L2. Remarkably, the presence of a

minimum also at α ≈ 3 shows that the type of information (local or global) used by the message

holder to pass it through the system during the navigation process becomes unimportant if the
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Figure 4.5: The characteristic average delivery time 〈ℓg〉/L as a function of α for navigation
with the greedy algorithm. The cost Λ involved to add long-range connections changes the
behavior of the density of long-range connections. As a result of that, a minimum is observed
at α ≈ 3. Each data point is a result of 4000 simulations and the cost Λ is fixed at L2.

network is constructed under length (cost) limitations. However, the two mechanisms display

very different and distinct behaviors regarding the scaling with system size. While we observe

logarithmic growth for the optimal condition α = 3, in the case of global information, the time

to reach the source, with the greedy algorithm and with cost constraint, appears to increase

linearly with size for all values of α . The linearity of 〈ℓg〉 with L is observed in the scaling

collapse (Fig. 4.5) of the curves of 〈ℓg〉/L vs. α . The 〈ℓg〉 dependence on L for different α for

the Kleinberg model was recently derived analytically [27, 28].

4.4 Conclusion

In conclusion, we have investigated the effect of introducing a cost constraint on the opti-

mal design of a transportation network. Our results show that, regardless of the strategy used

by the traveler, based on local or global knowledge of the network structure, the best transporta-

tion condition is obtained with an exponent α = d +1, where d is the topological dimension of

the underlying lattice. The results recently reported by Bianconi et al. [43] on the US airport

network provide striking support for the validity of our optimal exponent α = 3. The fact that

the probability of a flight connection within US decays as a power law with the distance be-

tween airports, r−α , where α = 3.0±0.2, reveals the optimized aspect of the network under the

conditions of uniform geographical availability (for customer satisfaction) and cost limitations

(for airline companies profit). The result α = 3 is in sharp contrast with the results obtained

for unconstrained systems with global and local information, where the optimal conditions are
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α = 0 [35] and α = d [10, 26], respectively. The contrast between the optimal results is even

more dramatic. While in the unconstrained case the mean length of a link diverges, we find

that when cost is considered the mean length is finite. In the case where the traveler has global

knowledge of the network, and is able to identify the shortest path for navigation, we obtain a

slow (logarithmic) growth with size for the transit time at the optimal condition. A different

picture is obtained if the traveler has only local knowledge of the network. For example, in

the case where the transportation path is decided based on the Manhattan distance to the target,

we obtain a linear growth of the transit time with system size, for all values of the exponent

α . Finally, our results suggest that the idea of introducing a cost constraint on the navigation

problem offers a different and more realistic theoretical framework to understand the evolving

topologies of other important complex network structures in nature, such as subways, trains, or

the Internet.
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5 The nonlocal explosive percolation

process

The percolation paradigm represents a formidable example where a simple geometrical

construction leads to profound concepts in statistical physics, with special emphasis on phase

transitions, and real applications in science and technology [44, 45, 46, 47, 48, 49]. Standard

percolation processes are based on local rules, since they are accomplished through random

allocation of sites or bonds, therefore disregarding any spatial correlation or global information

involved in the occupation of other elements on the lattice. However, in the case of long-range

spatially-correlated percolation [50, 51, 52, 53, 54], the probability for a site to be occupied

depends on the occupancy of other sites. Moreover, it has been shown that spatial long-range

correlations in site occupancy can give rise to important changes on the structural characteristics

of the spanning cluster as well as its corresponding conducting backbone [54]. These changes

are strong enough to modify the scaling exponents of traditional (local) percolation.

Recently, a new percolation model has been proposed, based on the so-called Achlioptas

process, in terms of a bond occupation process that is essentially nonlocal [12]. In this model,

at each step, two unoccupied bonds are randomly chosen and associated with weights related to

the cluster sizes they would potentially connect. By comparison with the traditional percolation

model [44], the Achlioptas process presents a more abrupt transition when applied to different

network topologies [55, 56, 57, 19, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69]. As poten-

tial applications, the Achlioptas process has been recently associated to the growth dynamics

of Protein Homology Networks [70] as well as to the formation of bundles of single-walled

nanotubes [71]. In this chapter, we shortly present the classical bond percolation, we discuss

its locality and briefly analyze its evolution on a square lattice. In the following, we present

the explosive percolation model proposed by Achlioptas et al. [12] and its implementation on a

square lattice.
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Figure 5.1: Example of a percolation. (a) The lattice nodes are occupied, but the absence
of links renders the network complete disconnected. (b) As the links are gradually occupied,
the global connectivity of the network can be achieved with the insertion of a single link, for
example, the link connecting the nodes at the center of the second column (dashed).

5.1 What’s percolation?

Imagine a sheet of paper where small holes were pierced in such a way that they look like a

square lattice (Figure 5.1(a)). One can successively choose randomly pairs of neighboring holes

and connect them by cutting the paper. After some steps of this “algorithm” one of the possible

configurations is depicted in Fig. 5.1(b), before it breaks apart. If in the next step the pair of

nodes (holes) placed at the center of the second column is chosen, this sheet of paper will break

into two, losing its global connectivity. There are various ways to cut the sheet of paper with

very few or very large number of cuts, but configurations like the one in Fig. 5.1 appear with

much higher probability.

Percolation theory deals, specifically, with problems like the one posed in the preceding

paragraph, the problem of long-range connectivity in macroscopic systems. In a formal sense,

percolation corresponds to an equilibrium phase transition, which became a crucial paradigm

of criticality of continuous transitions, due to its simplicity and broad range of application.

In section 1.2, we presented a percolation problem when we discussed the structural evolu-

tion of the Erdő-Rényi random network. Due to its generality the percolation problem can be

stated in many ways and in different network models. In the following, in order to illustrate the

beauty and general features of the percolation problem, we present the bond percolation prob-

lem, which is the type of percolation problem treated in the following sections and chapters, on

a square lattice.
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Figure 5.2: An ensemble’s member of the bond percolation process on a square lattice of L =
124. Suddenly, a spanning cluster appears at the vicinity of the percolation threshold pc = 0.5.
Before this critical point the clusters are disconnected. After its emergence, the spanning cluster
rapidly becomes predominant (p > pc).

5.2 The traditional percolation process

In the percolation example presented for the evolution of the ER network all the nodes of

the network exist, but they are not connected. At each step of the evolution of the ER network

one unoccupied link is chosen and the pair of nodes that define this link becomes connected. In

this situation, for a fully disconnected network, there are no constraints to the spatial position of

the nodes, and one node can be connected to any other node of the network. This is not true for

lower dimensional cases, e.g., when the percolation occurs on a 2-dimensional square lattice.

Here we present the simplest case, in which a node can be connected only to its first neighbors.

One can define a control parameter p as the fraction of occupied links. At the beginning of

the process, p = 0, any link is empty and there is no global connectivity in the network. For

p = 1, all the links exist and any path between any pair of node is possible. It is possible to

define the order parameter for this percolation process as the fraction of nodes belonging to

the largest cluster, P∞. For small values of p, where the lattice is sparsely occupied, P∞ must

be zero if compared with sufficiently large lattice sizes, but with the increase of p, there is a

critical value of p= pc, called the percolation threshold, for which P∞ > 0. Figure 5.2 shows the

evolution of the bond percolation on a square lattice. The links belonging to the largest cluster

are highlighted in blue, and any other occupied link is highlighted in green. When p < pc the

largest cluster size is small when compared with the system size. At the neighborhood of the

transition, the largest cluster expands throughout the lattice, providing global connectivity for

the lattice. When p > pc, there is almost no link that does not belong to the largest cluster.

For bond percolation on a square lattice it is easy to show that the percolation threshold is

pc = 1/2 using a simple argument, which makes use of a dual lattice. The position of the nodes
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Figure 5.3: Behavior of the order parameter P∞. With the increment for the lattice size L, the
value of pc becomes close to 0.5, the thermodynamic limit of the transition. For sufficient large
systems, Eq. 5.1 is valid, and the microscopic details of the system do not affect the behavior of
macroscopic quantities.

of a dual lattice are placed at the centers of the squares defined by the nodes of the “real” lattice.

Therefore it is easy to argue that the links of the dual lattice cross the links of the original lattice.

The argument is the following: The links of the dual lattice are occupied if, and only if, the links

of the original lattice are not occupied, thus the control parameter p∗ of the dual lattice is 1− p.

Thus, the dual lattice percolates only if the original lattice does not percolate. Consequently,

because of the symmetry between the original and the dual lattice, the percolation threshold is

pc = 1/2.

This is easier to see graphically, either by Fig. 5.2, or by analyzing the characteristic behav-

ior of the order parameter P∞. The behavior of P∞ near the percolation at the thermodynamic

limit (L → ∞) is given by

P∞ ∼ (p− pc)
−β , (5.1)

which is an analogous to the equation that describes the behavior of the order parameter for a

temperature-induced transition near the critical temperature Tc. Here (p− pc) is equivalently

to (T − Tc), and β = 5/36 for the 2-dimensional case. However, for our case of a finite 2 -

dimensional lattice, the behavior of P∞ can not be so simple. For a finite lattice with L2 nodes, a

spanning cluster can appear with only 2L links (two straight lines connecting the opposite sides

of the lattice). So, even for small values of p, the percolation probability becomes larger than

zero. Figure 5.3 shows the behavior of P∞ versus p for different lattice sizes. Remarkably, for

small finite sizes, the order parameter P∞ increases with p far from pc = 1/2 (highlighted by

the vertical dashed line), which does not agree with Eq. 5.1. However, this finite size effect

disappears for large L, when the value of the order parameter P∞ remains zero for a broader
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(a) (b)

Figure 5.4: (a) Mass of the largest cluster M as a function of L. One can notice that the order
parameter scales with a power law of L with an exponent of d f ≈ 1.89,the fractal dimension
of the spanning cluster, revealing a scale invariance with the system sizes. (b) The distribution
of cluster sizes ns, which also follows a power law, but with s. At criticality, all the scales of
cluster size are present, another consequence of the scale invariance of a typical second-order
phase transition.

range of p, and the behavior described by Eq. 5.1 emerges near the percolation threshold. A

natural question arises from the analysis of Fig. 5.3: How is the finite size behavior of the largest

cluster at the percolation threshold? Figure 5.4(a) shows the behavior of the mass of the largest

cluster M as a function of L. One can notice that

M ∼ Ld f , (5.2)

where d f ≈ 1.89 is the fractal dimension of the spanning cluster. For this random displacement

of bonds, clusters of different sizes s are formed at criticality, and the spanning cluster can

present a complex shape. Figure 5.4(b) shows the cluster size distribution, which also follows a

power law

ns ∼ s−τ , (5.3)

with τ ≈ 2.05. A pictorial example of this last property is depicted on Fig. 5.5, where several

clusters of different sizes are shown (in black we highlight the largest cluster).

Briefly, we presented three critical exponents. The first, β , which describes the divergence

of the order parameter near the transition, the fractal dimension d f of the spanning cluster, and

finally the Fisher exponent τ for the cluster size distribution. They are just a fraction of the

several critical exponents that describe the behavior of many macroscopic (thermodynamic)

parameters of percolation near the transition, usually defined by relations similar to Eq. 5.1.

Theses relations, as stated earlier by Eq. 5.1, emerge only in the thermodynamic limit, which
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Figure 5.5: Example of bond percolation process at the critical limit (p = pc = 0.5), in a 256×
256 square lattice. The black bonds belong to the largest cluster.

is natural since we are dealing with macroscopic parameters. The emergence of power laws

describing the behavior of macroscopic quantities is possible since, for sufficiently large sys-

tems, the microscopic details of the system are negligible and only the long length scales are

important. A consequence of losing microscopic degrees of freedom is that distinct systems

present similar macroscopic behavior, characterized by the same critical exponents. This prop-

erty is know as universality 1. Systems that present the same set of critical exponents belong

to the same universality class, for example the bond and site percolation. If instead of random

occupation of empty links in the lattice, we occupy the nodes of an empty lattice, and at the

transition we measure macroscopic quantities, we will find the same critical exponents, e.g.,

d f = 1.89. These two percolation models are different at the small scales, however, they seem

the same at large scales. The other remarkable feature of continuous phase transitions is the

ubiquitous presence of power laws related with the scales of the system. By analyzing Eq. 5.2

and Eq. 5.3 one can say that the bond percolation presents scale invariance. This roughness

and fractal-looking of the spanning cluster, the presence of all cluster sizes at criticality, both

1This notion becomes clear when considered under the light of the renormalization group theory [72].
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Figure 5.6: Scale dependence of the mass of the backbone (a) and the mass of cutting bonds
(b). Both follow power laws with L, defining the fractal dimension of the backbone (d f = 1.64)
and of the cutting bonds (d f = 0.75).

come from a hidden symmetry of the problem, namely, percolation is invariant under a change

in length scale.

When we look at the internal structure of the spanning cluster, this self-similarity plays an

important role. The spanning cluster is responsible for the global connectivity of the lattice.

If one applies an electrical potential difference between two opposite sides of the lattice, the

transport of charge will occur through the spanning cluster. The number of bonds that conduct

current in the cluster constitutes the so-called conducting backbone of the spanning cluster. One

can imagine that, at the thermodynamic limit, the spanning cluster appears precisely at pc = 1/2,

thus there are some bonds, occupied just before the percolation threshold that, if removed, will

brake the global connectivity of the spanning cluster. These bonds are called cutting bonds 2.

Interestingly, the mass of the conducting backbone Mback and the mass of cutting bonds Mcut

scales with the linear system size L as power laws, Mback ∼ Ldback and Mcut ∼ Ldcut (see Fig. 5.6).

5.3 Explosive percolation

5.3.1 The product rule for explosive percolation

The percolation transition is a type of second-order transition, where the order parameter

changes continuously beyond the critical threshold. Many thermal induced transitions on mag-

2The cutting bonds are also called red bonds.
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Figure 5.7: Comparison between the traditional percolation (a) and the explosive percolation
(b) on a fully-connected network (Erdös-Rényi). In (c) the evolution of the order parameter is
presented. One can notice the different transition of the PR (red) if compared with the traditional
(black).

netic systems are also within this class of transitions. However, the transition of an amount of

liquid water into a block of solid ice at 0◦C, perhaps the most familiar phase transition, does not

belong to this family of phase transitions. The liquid-solid transition of water, which involves

latent heat, is a first order phase transition, where the system (water) either absorbs or releases

a fixed amount of energy, but during this process the temperature T = Tc, the control parameter,

remains constant.

Due to the simplicity of the percolation transition, the question of whether it could present a

first order phase transition was an open question until Achlioptas and his collaborators [12] pre-

sented a modification to the rule of the classical percolation process on the ER model of random

network, which led to an abrupt transition called explosive percolation. At their seminal paper, it

is proposed the product rule (PR) for percolation. Figures 5.7(a-b) depict the difference between

the traditional percolation and explosive percolation. At the traditional percolation process, one

unoccupied bond is chosen one by one connecting two nodes of a cluster, or connecting two

different clusters per step 3. For the PR process, at each step, two different unoccupied bonds

{e1,e2} are chosen, but only one is selected and inserted in the network, namely the one that

minimizes the product of the sizes of the clusters it connects 4. Figure 5.7(c) shows that the

PR postpone the critical threshold, leading to an abrupt transition. Interestingly, the traditional

percolation process is a local process, since the insertion of a bond is independent of the oc-

cupation of the others. In the case of explosive percolation this is not true. At each step it is

necessary to know the distribution of cluster sizes for the entire network.

3An isolated node is a cluster of unitary size.
4If one bond is internal to a cluster, the squared value of this cluster size is considered by the PR.
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5.3.2 Explosive percolation on a square lattice

The PR process on an L× L square lattice was first considered by Robert Ziff [67, 68],

where the links were added randomly and one at a time, tracking the internal cluster structure

of clusters during the process [73]. Using finite size scaling analysis, Ziff presented a set of

critical exponents. In particular, he showed that the scaling of M can be described in terms of

the fractal dimension d f ≈ 1.95 [68]. This result was confirmed later by Andrade et al. [69].

Moreover, they studied the transport behavior of the exploding percolation cluster on a square

lattice, using the best-of-m generalization of the PR model [64]. They showed that for diverse

values of m the mass of the spanning cluster Mclus, and the mass of the conducting backbone

Mback, and the mass of the cutting bonds Mcut are all described by power laws of the system size

L. The behavior of the fractal dimension of the spanning cluster dclus increases monotonically

with m due to the delay of the percolation transition, since the transition occurs with a higher

fraction of bond occupation. Interestingly, the scaling exponents dback and dcut displays a non-

monotonic behavior with m. In particular, they showed that for the original PR process, the

fractal dimensions are given by dclus ≈ 1.95, dback ≈ 1.52, and dcut ≈ 1.02 respectively, which

correspond to different exponents when compared with the ordinary percolation.

5.4 Local vs. global percolation process

The remarkable difference between the ordinary percolation process and the explosive per-

colation resides on the nonlocal feature of the product rule. For the traditional percolation, the

only information accessible is if the bond chosen to be inserted in the lattice already exists. On

the other hand, the abrupt of the PR process is possible only by controlling the largest cluster

size [58]. Since at each step the information about the cluster size distribution of the entire

network must be available to apply the PR, in the thermodynamic limit there is no loss of infor-

mation, and the macroscopic parameters are affected by the microscopic details of the network.

Therefore, the PR breaks the universality class of classical percolation.

Regardless of initial claims of a first order transition in the Achlioptas process, however,

recent analytical and numerical works [74, 75, 76, 77] have demonstrated that the alleged “Ex-

plosive Percolation” process actually displays a continuous, i.e., a second-order phase transi-

tion. This apparent drawback of the PR model has been somehow overstated, in the sense that

the model proposed by Achlioptas and his colleagues [12] certainly represents an original and

interesting contribution to the field. For instance, much less importance has been given to the

nonlocal attributes of the Achlioptas process. This will be investigated in the next chapters.



64

6 A Hamiltonian approach for explosive

percolation process

In this chapter we investigate what are the basic principles that lead to the abrupt phase tran-

sition observed in the explosive percolation model. First we name merging bonds those edges

that connect nodes in distinct clusters, while redundant bonds are edges connecting nodes in the

same cluster. We show that two conditions are necessary for obtaining a first-order transition in

a growth process where bonds are included one by one, namely, the process has to favor the in-

clusion of bonds that keep all the clusters at about the same size, and the process has to preclude

the introduction of redundant bonds, at least below the critical point. More precisely, merging

bonds must be introduced with much higher probability than redundant bonds. In Fig. 6.1 we

show a pictorial description of these two ingredients.

6.1 Hamiltonian model for explosive percolation

In order to validate our hypothesis, we propose an extension of the percolation model that

describes a general growth process in the space of graphs. For this, we define a Hamiltonian

that depends on the graph G describing the network. The probability of finding the system in a

certain state G will be given by P(G) = Z−1 exp(−βH(G)), where Z = ∑G exp(−βH(G)). A

simple form for a Hamiltonian that includes the two ingredients is

H(G) = ∑
i∈C

s2
i + ℓis

α
i , (6.1)

where the sum is over the entire set of clusters C, si is the number of nodes in cluster i, and ℓi is

the number of redundant bonds added to this cluster. If the number of bonds in the cluster is bi,

we have ℓi = 1+bi − si. Note that each time one includes a redundant bond, one also closes a

new loop in the cluster, thus ℓi is also a measure for the number of loops in the cluster.

We can now simulate a process of cluster growth controlled by the Hamiltonian of Eq. (6.1).

This is performed by starting with a network of N nodes without bonds, so that each vertex
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α

β

γ

Figure 6.1: Two ingredients for explosive percolation. Here we show a possible configuration
for a growth process where, at each step, any unoccupied bond can be introduced in the graph.
For instance, in this figure we show three bonds that could be added in the next step, namely,
α , β , and γ . The two ingredients for obtaining a sharp transition are the following: (i) bonds
that keep the clusters approximately at the same size are favored over bonds that result in larger
size discrepancies; and (ii) bonds that connect nodes in the distinct clusters (merging bonds) are
favored over bonds that connect nodes in the same cluster (redundant bonds). Thus, among the
bonds indicated, α has the smallest probability due to condition (ii), β is not accepted due to
condition (i), and the most probable is the γ bond.

initially belongs to a different cluster. At each step, a new bond can be placed between any

pair of nodes not yet connected. The probability of including a particular bond b is given by

Πb ∼ exp(−β∆Hb), where ∆Hb is the energy change after including this bond. Such a growth

model emulates equilibrium configurations of graphs following the Eq. (6.1) and having a given

number of bonds Nb. However, since the removal/rewiring of bonds is not considered during

growth, this corresponds to an out-of-equilibrium process. Consequently, some differences

should be expected between the observed results and the actual thermal equilibrium.

6.2 Asymptotic behavior of the hamiltonian model

For small values of α , redundant bonds are favored over merging bonds, while for large

values of α the opposite takes place. Let us investigate the asymptotic behavior in the two

different scenarios. If redundant bonds are favored, one might expect that a new merging bond

will be included only after the addition of all possible redundant bonds. Since clusters of equal

size minimize Eq. (6.1), we can assume that, for low temperatures, all clusters have about

the same size S, so that fully connected sub-graphs with S(S − 1)/2 bonds are formed with

ℓ = (S− 1)(S− 2)/2. After adding the next bond, two of these clusters shall merge to form a
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Figure 6.2: Transition to explosive percolation. When the process favors redundant bonds,
α = 2.5, the largest cluster follows a slow continuous growth. When the merging bonds are
favored, α = 2.7, the system displays an abrupt transition around a critical connectivity k = 2.
In this case the transition becomes sharper as the system size increases, suggesting a first-order
transition type of behavior. In all simulations, we use β = 1.0 and take an average over 1000
realizations of the growth process.

new largest cluster, into which redundant bonds can be included. At this point we can calculate

the energy variation for a redundant bond, ∆Hr = (2S)α , and for a merging bond between pair

of clusters, ∆Hm = 2S2 +(S− 1)(S− 2)(2α − 1)Sα . Surprisingly, for any value of α , in the

asymptotic limit of very large clusters, S → ∞, merging bonds have higher energy variation

than redundant bonds, and the growth process with fully connected clusters is stable.

The situation becomes quite different when the presence of merging bonds is favored. As

before, we use that all clusters have approximately the same size S. However, without redundant

bonds, the clusters are all tree-like with exactly S−1 bonds, and ℓ = 0. At this point, we have

∆Hr = Sα , and ∆Hm = 2S2. Thus, for large S, the inclusion of merging bonds will lead to smaller

energy variations, as long as α > 2. We then conclude that, in the large cluster limit, S ≫ 1,

both scenarios are stable for α > 2.

6.3 Simulation results

The evolution of the system towards tree-like or fully connected clusters is determined

at the beginning of the growth process. Considering that S = 3 represents the minimal size

necessary for the inclusion of a redundant bond, we obtain ∆Hr = 3α and ∆Hm = 2× 32 =

18. Thus, merging bonds become more probable when α > ln(18)/ ln(3) = 2+ ln(2)/ ln(3)≈
2.63, which corresponds to a threshold condition above which the system exhibits an abrupt

transition. One should note that this is an approximate result, since we do not account for
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Figure 6.3: Growth process when redundant bonds are favored. Here we show results for
β = 1.0 and α = 2.0. Since in this situation merging bonds are less likely to be included, the
graph has to reach states where it splits in several fully connected sub-graphs, before a new
merging bond is introduced. When the merging bond is included, a new and larger cluster is
created. This explains the presence of discontinuous jumps in the size of the largest cluster.
Assuming that the system consists of only fully connected clusters of the same size, we obtain
the dotted line shown in the inset, S = k+1. This condition corresponds to the minimum bound
for the simulation results, that approximately follows this theoretical prediction. Since the
largest cluster S is finite for any finite connectivity k, the system does not display a percolation
transition.

fluctuations in the cluster size distribution. However, as shown in Fig. 6.2, the results for α = 2.5

and 2.7 indeed confirm the change in behavior from a sharp transition for the larger value of α

to a slow continuous growth for the smaller value. Note also that the threshold value for α is

not universal and could be readily changed by adding a multiplicative constant to any of the two

terms constituting the Hamiltonian of Eq. (6.1).

Let us examine in more detail the scenario for a small value of α = 2.0. In Fig. 6.3 we show

that the fraction occupied by the largest cluster P∞ systematically increases with the average

connectivity k, with a growth rate that decreases with system size N. The inset of Fig. 6.3

shows the same results, but for the size of the largest cluster S = NP∞. One can see that S

follows approximately a linear growth with the connectivity k. In this scenario, a merging bond

is expected to be placed only when all clusters become saturated with redundant bonds. If we

now use that all clusters have about the same size S, we obtain k = S−1, which corresponds to

the dotted line in the inset. The deviations of the numerical results from this prediction should

be expected. In the growth model, the merging of two clusters can only double the value of

S, so that the values of S at the plateaus observed in the curves are approximately powers of

two. However, we see that the curves always approach the dotted line before doubling S. This



6.3 Simulation results 68

0 1 2 3
k

0

0.2

0.4

0.6

0.8

1
P∞

N=2
5

N=2
6

N=2
7

N=2
8

N=2
9

N=2
10

10
-3

10
-2

10
-1

10
0

2-k

10
0

10
1

10
2

10
3

S

10
1

10
2

10
3

10
4

N

1.4
1.6
1.8
2.0

k
t

↑N

Figure 6.4: Growth process when merging bonds are favored. For β = 1.0 and α = 3.0, the
system does not include redundant bonds and all clusters remain tree-like until the critical point
kc = 2 is reached. Supposing that the system comprises only clusters of the same size S, we
have that S = 2/(2− k) for the case of trees. This relation works as a minimum bound for
the simulation results, as shown in the inset on the left. Thus we have the critical condition
kc = 2, where the size of the largest cluster diverges to occupy the whole network. For k < kc

the largest cluster remains finite and its occupation fraction P∞ goes to zero as the system size
grows, characterizing a typical first-order transition. The inset on the right shows the threshold
connectivity kt to obtain a largest cluster greater than the square root of the system size, S>N1/2

(black circles), and greater than half the system size, S>N/2 (red squares). The red line follows
k = 2−4/N, the expected behavior for the connectivity where S =N/2. The black line is a fit of
the form k = p1+ p2×N−p3 , with p1 = 1.99±0.03, p2 = 3.14±0.02, and p3 = 0.53±0.05. In
the limit N → ∞ both curves converge to k ≈ 2, that is in the thermodynamic limit we observe at
k = 2 a discontinuous transition in the order parameter from a vanishing fraction, P∞ ∼ N−1/2,
to a finite fraction, P∞ = 1/2, confirming the approach to a first-order transition.

linear growth for P∞, with a slope that decays with the system size N, indicates that, in the

thermodynamic limit, this system does not undergo a percolation transition, namely, P∞ = 0 for

any finite value of k.

Figure 6.4 shows results for α = 3.0. Here we are in the scenario where the clusters grow

as loopless trees. In this case, the system undergoes a transition that becomes sharper as the

the number of nodes N increases. Again, if we assume that the system is divided in trees of the

same size S, we obtain S = 2/(2−k), as indicated by the dotted line in the inset. As before, the

size S increases in steps due the out-of-equilibrium nature of the growth process. Strikingly, the

theoretical relation for the equilibrium state still provides a consistent prediction for the lower

bound of the largest cluster size. Since S remains finite for any k < 2, and at the critical point

k = 2 a tree that spans all the system is formed, it follows that the order parameter P∞ displays

a first-order transition in the thermodynamic limit.

In addition, we performed additional simulations with our model implemented on a two-
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Figure 6.5: Results of the hamiltonian model on square lattice of size L. The main panels show
the average fraction accupied by the largest cluster versus the average connectivity k, while the
insets show log-log plots of the average size of the largest clusters versus the distance from the
transition point. We use β = 1.0 in both cases, with α = 4.0 on panel (a) (clusters grow as
trees), and α = 2.0 on panel (b) (clusters are saturated with internal bonds). The results in (a)
are essentially identical to those of Fig. 6.4. As shown in (b), the finite dimensionality has some
effect on the saturated case, α = 2.0. Since there is a maximum possible connectivity kmax = 4
on the square lattice, the system has to form an infinite cluster when it approaches this limit.
This effect is not relevant in the case of fully connected graph, since there is no upper limit for
the connectivity in the thermodynamic limit.

dimensional square lattice. As shown in Fig. 6.5(a), for large values of α the results are es-

sentially identical to those of Fig. 6.4, implying that the results are independent on the dimen-

sionality of the underlying lattice on which the process is applied, that is, an abrupt transition

is observed at kc = 2, and the size of the largest cluster diverges as (kc − k)−1 . For small

values of α (see Fig. 6.5(b)), similar results are also obtained. However, differently from the

fully-connected graph, there is an upper limit for the connectivity of the nodes in lattices of low

dimensionality. On the square lattice, for instance, the size of the largest cluster remains finite

until the saturation is reached at k = 4, where all bonds are included in the lattice.

6.4 Equilibrium solution

As already mentioned, this growth process bears some differences with a thermal equi-

librium state of graphs with the proposed Hamiltonian Eq. (6.1) at low temperatures. In fact,

for k → 2 there is always an energy gain in breaking large trees into smaller highly connected

graphs. One may then ask whether the sharp transition observed in the simulations is just a

feature of the irreversible growth process or could be reproduced in an equilibrium statistical

framework. We now show that in fact in the limit of large α we can obtain an exact equilibrium

solution that exhibits a first-order transition.
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If we impose that all clusters in the system are loopless trees, α → ∞, it is possible to

enumerate all possible ways in which the network can be divided into a set of clusters of a given

size. Let Ω represent the number of ways that a fully connected graph can be divided into trees

with ni trees of size i = 1,2,3... We then have

Ω = N!∏
s

(

Ts

s!

)ns 1
ns!

, (6.2)

where N is the total number of nodes in the network, and Ts is the number of trees that span a

fully connected graph of size s, given by Cayley’s formula, Ts = ss−2 [78]. Since all clusters

are trees, we can relate the number of clusters Nc with the system size N and the average

connectivity k as Nc = N(1−k/2). Therefore, given a fixed value of k, the values of ns obey the

following two constraints: ∑ns = Nc and ∑sns = N, where the sum is over all possible cluster

sizes s. In our generalized percolation model, we still need to impose a fixed energy value,

∑Esns = E, where Es = s2 is the energy of a tree with size s. Using Lagrange multipliers, η ,

λ , and β to deal with each of these constraints, we can find the cluster size distribution that

maximizes Ω,

ns = eη−β s2−λ s ss−2

s!
. (6.3)

The critical condition takes place when the distribution Eq. (6.3) diverges. One can verify

that, for β = 0, this happens when λ = λc(β = 0) = 1. The critical connectivity can then be

determined as

k = 2

(

1− Nc

Ns

)

= 2

(

1− ∑ns

∑sns

)

, (6.4)

yielding kc = k(λc = 1,β = 0,η → ∞) = 1. Note that, at the critical condition ns ∼ s−5/2, the

fraction occupied by the largest cluster follows P∞ = k−kc, thus reproducing the known critical

properties of the standard Erdös-Rényi model [13].

For β > 0, the distribution always converges unless λ → −∞. From Eq. (6.4), we obtain

that kc = k(λ →−∞,β ,η → ∞) = 2. For k < kc all clusters are finite trees, therefore occupying

a vanishing fraction of the network. At k = kc = 2, a giant tree spans the entire network,

characterizing a first-order transition. Of course, this simple approach to the problem is only

possible due to the imposition of tree-like clusters. The general enumeration of connected

graphs with any number of redundant bonds is not a simple task [79], and the cluster size

distribution in this generalized condition might be quite different. However, at least in the

situation where redundant bonds are not present, explosive percolation can be duly explained

within the framework of equilibrium statistical mechanics.
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6.5 conclusion

In conclusion, we have shown that two simple conditions, namely, the absence of loops and

the imposition of clusters of similar sizes, are the only necessary ingredients for a percolation

process to display first-order transition in the size of the infinite cluster as function of the average

degree of the network. We argue that both conditions are implicitly present in the explosive

percolation model proposed in Ref. [12]. We emphasize that these conditions are essentially

non-local, namely, the probability of adding a particular bond depends on the global structure

of the graph. Moreover, our model provides a simple connection between explosive percolation

and equilibrium statistical physics, leading to a clear interpretation of the mechanisms behind

this growth process. Finally, other possibilities for the energy function can also be investigated

in different contexts, revealing a whole new family of percolation-like models.
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7 Nonlocal Product Rules for

Percolation

In this chapter we introduce a generalization of the PR model in which the range of its

nonlocal features can be systematically controlled. This is carried out by imposing that pairs

of bonds for selection are randomly chosen according to a probability that decays as a power

law of their Manhattan distance, namely the distance measured as the number of connections

separating the sites in a regular lattice. This physically plausible assumption is inspired on

a geographical model for complex networks where long-ranged shortcuts are incorporated to

regular lattices. Such a conceptual construction has been extensively used as a way to explain

the emergence of optimal navigation and efficient transport in small-world systems [11, 80, 18,

81, 82, 83]. As a consequence of the selection rule adopted here, we show that the scaling

properties of the system become dependent on the specific value of the corresponding power

law exponent. A transition is then revealed from the traditional to the PR percolation behavior.

Moreover, the results of our extensive numerical simulations provide strong evidence for the

fact that the AER model [84], when applied to regular lattices in two-dimensions, falls in the

same universality class as ordinary percolation.

7.1 The model

As shown in Fig. 7.1, our bond percolation process takes place on a square lattice of size L.

At each step, two sites i and j are randomly selected with probability P(ri j) ∼ r−α
i j , where ri j

is the Manhattan distance between i and j, measured as the number of connections separating

these sites in the underlying regular lattice 1. From each site i and j, one bond is then selected

among its four adjacent edges, namely ei and e j, respectively. If at least one of these two bonds

is already occupied, the entire process of selection is restarted. If not, following the product

1In fact, to account for the number nr of neighbors that are at the Manhattan distance r from a particular site in
a square lattice (Nr = 4r), the random distance r mast be generated following a power law distribution proportional
to r(1−α)
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Figure 7.1: Pair of unoccupied bonds ei and e j (dashed lines) randomly selected for the appli-
cation of the product rule, according to the probability P(ri)∼ r−α

j , where ri j is the Manhattan
distance between sites i and j (black circles), and α is a variable exponent. Following the PR
model, the bond ei, merging the two clusters in blue (with 3 sites each), becomes occupied.
The bond e j would merge the the clusters in red (4 sites) and yellow (6 sites), but remains
unoccupied.

rule, weights are assigned to each of these bonds, in proportionality to the product of the size

(number of sites) of the clusters they would potentially connect. In the case that a bond connects

two sites in the same cluster, the weight is equal to the square of the cluster size. The bond

associated with the smallest weight becomes occupied, while the other stays unoccupied, but

can be selected again in later steps.The percolation process stops when one among all clusters,

namely the spanning cluster, connects the lattice from top to bottom [44]. At that point, the

fraction p of occupied bonds corresponds to the percolation threshold pc.

Our model displays two distinct limiting behaviors, depending on the exponent α . For

α = 0, we recover the usual PR, for which the preliminary random selection of the bonds e1

and e2 constitutes a highly nonlocal process [63, 74]. In the limit of α → ∞, the bonds e1 and e2

are always adjacent, which corresponds to the AER process proposed in Ref. [84], but applied

here to regular lattices. Although more spatially restricted than the PR process, the AER is still

nonlocal, since it requires information about the masses of the joining clusters [74]. As we show

later, the finite low-dimensionality of the square lattice employed here attenuates even further

the already weaker nonlocal features of the AER process.
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Figure 7.2: Snapshots of the largest cluster at pc for different values of the exponent α , and a
lattice size L = 64. The bonds forming the conducting backbone are in blue, the cutting bones
are in red, and the remaining bonds of the largest cluster are presented in green. Although no
major difference can be observed on the mass Mclus of the largest cluster, one can notice that
the conducting backbone occupies a larger fraction of the largest cluster as α increases, leading
to a substantial decrease on the number of cutting bones Mcut .

7.2 Results and discussion

Figure 7.2 shows typical realizations of the largest cluster at the critical point pc for different

values of α . For α = 0, we obtain pc = 0.527±0.001, which is in good agreement with previous

simulation results of the PR on the square lattice [66, 68]. Moreover, we find that pc decreases

smoothly and monotonically with α from this value to 0.522± 0.001 at α = 4 (not shown).

Next we apply the burning algorithm [85] to compute the mass of the spanning cluster Mclus,

the mass of its conducting backbone Mback, and the mass (number) Mcut of cutting bonds. The

last ones, also called red bonds, if removed, would break the spanning cluster into two, therefore

destroying the global connectivity of the system.

Our results show that, regardless of the value of α , all these critical quantities scale with

the system size L as typical power laws, Mback ∼ Ldback , Mcut ∼ Ldcut (see Fig. 7.3), and Mclus ∼
Ldclus , where dback, dcut and dclus are the fractal dimensions of the conducting backbone, the

cutting bonds, and the largest cluster, respectively. In Figs. 7.4(a)-(c) we show that all these

exponents exhibit a monotonic variation with α , going from a saturation regime of (nonlocal)

explosive percolation at α = 0 to another compatible with ordinary bond percolation (BP) at

sufficiently large values of α . Accordingly, for α = 0, we recover the previously numerically
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Figure 7.3: (a) Log-log dependence of the mass of the spanning cluster Mclus on the system
size for different values of the exponent α . (b) and (c) the same as in (a), but for the mass
of the conducting backbone Mback and the number of cutting bonds Mcut , respectively. In all
cases and for all values of α , the evidence of scaling behavior substantiates the calculation of
the fractal dimensions dclus, dback, and dcut as the slopes of the corresponding straight lines that
are best-fitted to the simulation data. All quantities are averaged over at least 2500 realizations
precisely at the point in which the largest cluster appears.

calculated values of dclus = 1.96±0.01 [65, 67], dback = 1.52±0.03, and dcut = 1.02 [69]. In

all three cases, by increasing α , a crossover from PR to BP takes place in the interval 1 <α < 3.

More precisely, dclus decreases in this interval and starts fluctuating around 1.89 for α > 3 (see

Fig. 7.4a), in agreement with the classical 2D value of 91/48 [44]. After increasing in the

interval 1 < α < 3, the exponents dback and dcut remain practically constant for α > 3, around

1.64 [45] (see Fig. 7.4b) and 0.75 [44] (see Fig. 7.4c), respectively. These values are fully

compatible with previously reported numerical calculations for ordinary (local) percolation in

2D. The variations of the exponents dclus and dback within 1 < α < 3 reflect relevant changes in

the compactness of the spanning cluster and its conducting backbone. Although the spanning

cluster becomes less compact as α increases (dclus decreases), the mass of the backbone Mback

tends to occupy a larger fraction of Mclus, since the dimension dback increases in the same

interval of α values, as shown in Fig 7.3. In these circumstances, a more compact conducting

backbone implies a smaller number of cutting bones (see Figure 7.3), therefore explaining the

decrease in the exponent dcut .
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Figure 7.4: Dependence on the exponent α of the size-scaling exponents for (a) the mass of
the spanning cluster dclus, (b) the mass of the conducting backbone dback, and (c) the number of
cutting bonds dcut . In all cases, a crossover can be observed in the interval 1 < α < 3 from a
regime of non-local explosive percolation at α = 0, to a regime that is compatible with ordinary
bond percolation (BP), at sufficiently large values of α . The dashed red lines correspond to
dclus = 1.96 and 91/48 in (a), dback = 1.52 and 1.64 in (b), and dcut = 1.02 and 0.75 in (c).

Next we provide some analytical arguments that indicate how nonlocal features are intro-

duced in our percolation model through the power law probability P(ri j). We first consider the

average distance between all pairs of sites in a empty lattice, 〈r〉 = ∑L
r=1 rNrr

−α/∑L
r=1 Nrr

−α ,

where Nr = 4r is the number of sites that are at a Manhattan distance r from a given site in the

square lattice. Approximating the sum by an integral, we obtain that 〈r〉 ∼ ∫ L
1 r2−αdr. It fol-

lows that, for α < 2, 〈r〉 is limited by the network size, leading to 〈r〉 ∼ L, while, for 2 ≤ α < 3,

this distance scales as 〈r〉 ∼ L3−α . For α ≥ 3 and sufficiently large lattice sizes, 〈r〉 is always

finite. As a consequence, the effect of nonlocality on the scaling properties of the system would

only play a role for α < 3. In addition, distinct non-local behaviors should be expected for the

intervals α < 2 and 2 ≤ α < 3. These characteristics are consistent with the results displayed in

Fig. 7.4. The observed mismatch between expected and numerically calculated crossover val-

ues of the exponent α is a consequence of finite-size scaling effects as well as the fact that the
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sequential bond allocation leads to the presence of spatial correlations in the percolation pro-

cess. These correlations make the assumption of an ever empty lattice, as adopted to compute

〈r〉, is no longer strictly valid.

7.3 Limits of the model on hyper-cubic lattices

D pc,AP pc,AER dclus - AP dclus - AER dclus - Classical [44]
2 0.52655(0) 0.5200(7) 1.955±0.002 1.899±0.001 91/48
3 0.32209(6) 0.28536(0) 2.788±0.003 2.530±0.003 2.53
4 0.23416(0) 0.20216(3) 3.665±0.009 3.079±0.005 3.06
5 0.18465(6) 0.16045(4) 4.61±0.01 3.59±0.04 3.54
6 0.15264(2) 0.13411(3) 5.558±0.005 4.46±0.01 4

Table 7.1: Estimated values of the percolation threshold pc and the scaling exponent dclus for
hyper-cubic lattices of dimension D calculated using the jump method. The presented values
correspond to averages over a minimum of 2500 realizations of systems with sizes up to L =
4096 (D = 2), 256 (D = 3), 64 (D = 4), 28 (D = 5), and 16 (D = 6).

In order to better confirm the role of nonlocality on the PR process, we perform additional

simulations in the two limits of the model at higher dimensions, namely for α = 0, which

corresponds to the original PR process, and for the AER process, α → ∞. In these cases,

improved performance can be achieved by adopting the so-called jump method to analyze the

behavior of the order parameter Mclus [64, 86, 87]. For each realization, we compute the average

fraction p of occupied bonds at which a jump takes place, defined as the maximum change on

Mclus from the occupation of a single bond. This value of p corresponds to the percolation

threshold pc. The results for pc and dclus in both limits and different dimensions are summarized

in Table 7.1. Interestingly, the discrepancy between the fractal dimensions calculated for PR

and AER models increases substantially with lattice dimensionality. Moreover, our calculations

suggest that the resemblance between regular BP and the limiting case α → ∞ stands only up

to five dimensions, when compared with previous results from the literature [44, 45].

7.4 Conclusion

In summary, we have proposed a generalization of the PR model where the range of non-

locality in the percolation process can be explicitly tuned. Our results show that this model

displays a rich variety of scaling behaviors, going from ordinary to nonlocal explosive perco-

lation. We expect our PR model, since it is based on a geographical choice of bond pairs,
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to provide relevant physical insights into the role of nonlocality on the critical properties of

percolation.
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8 Conclusions and perspectives

In the first part this thesis, the navigation in small-world networks, under a cost constraint,

is studied using computer simulation results. We have introduced a modification in Kleinberg’s

network model to characterize how this cost constraint change the navigability in spatially em-

bedded networks. Under unconstrained conditions for a d-dimensional network, the effective

exponents are α = d and α = 0, for global and local navigation, respectively. However, in real

situations, it is difficult to find systems where unlimited resources are available to introduce

shortcuts in order to improve transportation in real networks. For the network model presented

here, the cost constraint breaks this dichotomy between local and global navigation, leading to

a value of the effective exponent α = d +1 that is unique for both local and global navigation,

established here for d = 1, 2, 3 for regular lattices and for the spanning cluster of percolation

with d f = 1.89.

In our work, the long-range connections are equivalent to each other, i.e., these connections

have no weight. In the future, the influence of long-range connections with weight, where

this weight could be related to the length of the long-range connections, would provide new

insights for a more complete understanding of the navigation problem in spatially embedded

networks. Another open problem is the analytical solution for dimensions higher than one for

the navigation problem with local knowledge with a cost constraint in Kleinberg’s network.

In the second half of this thesis, we have addressed two different problems related with

explosive percolation. To better understand the ingredients that produce the abrupt transition of

explosive percolation, we propose a Hamiltonian approach which revealed that the absence of

loops and an ensemble of networks composed by disconnected clusters of similar sizes are the

two simple and sufficient conditions, which are essentially nonlocal, for a percolation process

to display an abrupt transition.

The second percolation study was the generalization of the product rule (PR) for explosive

percolation, in which the nonlocal features of the PR can be controlled by a parameter α . We

showed that the scaling behavior of the mass of the spanning cluster, the mass of the conducting
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backbone, and the mass of the cutting bonds are described by power-laws. Furthermore, we

showed that the related scaling exponents present different values according to the parameter

α , going from (local) ordinary to (nonlocal) explosive percolation. In addition, our results

suggest that the similarity between the limiting case of α → ∞ and the traditional percolation

stands only up to five dimensions.

The complete characterization of the critical behavior of the PR for explosive percolation

in finite dimension lattices is an open question. The computation of all critical exponents which

describe second order phase transitions of the PR for explosive percolation is crucial for a better

understanding of the effects of such nonlocal percolation process.
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