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RESUMO

O processamento de dados longitudinais € de interesse significativo para varios campos, incluindo
aplicacdes biomédicas e agrondmicas. Para abordar isso, varios modelos mistos foram intro-
duzidos na literatura (bem como modelos baseados em Equacdes de Estimativa Generalizadas,
GEE), por exemplo. Esses modelos geralmente consideram a dependéncia dentro do sujeito ao
parametrizar a matriz de dispersdo usando a decomposicao de Cholesky modificada (MCD) ou a
decomposicdo de Cholesky alternativa (ACD). Os modelos tradicionais geralmente assumem
que os residuos seguem uma distribui¢do normal. No entanto, essa suposi¢do pode ndo ser valida
para muitos casos praticos. Extensdes baseadas nas distribuicdes Student-t e Laplace foram
propostas, mas podem ser muito restritivas devido a forma paramétrica fixa. Para abordar essas
limitacdes, esta tese apresenta dois novos modelos de regressao que assumem que os residuos sao
extraidos da familia de misturas de escala de distribui¢des normais, considerando duas estruturas
de decomposic¢ao diferentes para a matriz de dispersao. Desenvolvemos estimativas de maxima
verossimilhanga para esses modelos e as comparamos a modelos semelhantes que assumem
distribui¢des diferentes, incluindo os modelos normal, Student-t e Laplace. Um estudo usando
dados simulados demonstra que os modelos propostos s@o eficientes em comparaciao a modelos
semelhantes e produzem resultados promissores para prever novas observagoes. Além disso, a
metodologia € validada em dados reais, demonstrando bom desempenho em termos de precisdao

de estimativa e robustez a outliers.

Palavras-chave: Dados longitudinais. Mistura de escala de distribui¢des normais. Decom-

posicdo de Cholesky modificada.



ABSTRACT

Longitudinal data processing is of significant interest for several fields, including biomedical and
agronomic applications. To address this approach, several mixed models have been introduced in
the literature (as well as models based on Generalized Estimating Equations, GEE), for example.
These models usually consider within-subject dependence by parameterizing the scatter matrix
using the modified Cholesky decomposition (MCD) or the alternative Cholesky decomposition
(ACD). Traditional models often assume that errors follow a normal distribution. However, this
assumption may not be valid for many practical cases. Extensions based on the Student-# and
Laplace distributions have been proposed, but they might be too restrictive due to the fixed
parametric form. To address these limitations, this thesis presents a two new regression models
that assum that the errors are drawn from the family of scale mixtures of normal distributions,
considering two different decomposition structures for the scatter matrix. We develop maximum
likelihood estimates for these models and compare it to similar models that assume different
distributions, including the normal, Student-t, and Laplace models. A study using simulated data
demonstrates that the proposed models are efficient compared to similar models and produces
promising results for predicting new observations. Furthermore, the methodology is validated on
real data, demonstrating good performance in terms of estimation accuracy and robustness to

outliers.

Keywords: Longitudinal Data. Scale Mixture of Normal distribution. Modified Cholesky

Decomposition.
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1 INTRODUCTION

In this chapter, we introduce, in Section 1.1, the concept of what we call longitudinal
data, a data framework that will be the basis for the development of our methodology and the
importance of considering dependent data. Also in this chapter, in Section 1.2 we present the
formulation of the chosen problem, in Section 1.3 we present the contribution of this thesis, and

in Section 1.4 we present the thesis organization.

1.1 Longitudinal Data

1.1.1 Context about Longitudinal Data

Independence between observations is a common assumption for the application of
numerous statistical techniques and is generally adequate when only one value is observed for
each sample subject, as presented by (GELMAN; HILL, 2003; SEARLE et al., 2009; MILLER;
BEASLEY, 2015). In this structure, called a cross-sectional study, the sample is collected at a
single time.

However, it is common for experiments to have more than one observation for each
subject (a structure called repeated measures), and it is reasonable to consider the existence
of some degree of dependence between these observations (intra-subject dependence) and,
consequently, it is necessary to use more sophisticated methodologies to ensure more reliable
results.

A special case of studies with repeated measures are the so-called longitudinal
studies (called cohort or panel studies in health sciences), whose inherent characteristic is to
consider the collection of the sample obtained at successive times ordered according to some
dimension, be it time, speed, dosage, height, among others (see (SINGER; ANDRADE, 2000)
for more examples), in which the measurement is made considering the same physical quantity.

There are, therefore, other cases that involve repeated measures, but which are not
considered longitudinal, that is, they involve another approach. For example, we have time series
(BOX et al., 1976; HAMILTON, 1994; GRANGER; ENGLE, 1987), survival analysis (COX,
1972; KLEINBAUM; KLEIN, 2012; KALBFLEISCH; PRENTICE, 2002) and multivariate
analysis (MARDIA et al., 1979; ANDERSON, 2003; TABACHNICK; FIDELL, 2013), which

consider, respectively, the monitoring of a single variable at many moments (historical series); the
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monitoring, over time, until the outcome of the observed subject (lifetime); and the observation
of a vector of measurements of the same subject, whose values can represent different physical
quantities.

In the Figure 1, we graphically present the difference, based on simulated examples,
between a study with time series data (on the left) and a study with longitudinal data (on the
right). For the first, we considered the quantity of rice sold between the years 2000 and 2015, and
for the second, we considered a study on the exposure index of a chemical product at different

stages of a process.
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Figure 1 — Comparison between a study with time series data (left) and a study with longitudinal

data (right).

Note that while time series evaluates single observations in each time period, longi-
tudinal studies observe several subjects in each time period. Another important detail is that time
series are usually evaluated over a long period of time, while longitudinal studies are generally
shorter. In the next section, we highlight the importance of observing different subjects over

time.

1.1.2 The application and importance of longitudinal data

The application of longitudinal studies is frequently used in several scientific fields,
like psychology, economics, health and education, for example (see more about these applica-
tion in (SINGER; ANDRADE, 2000; HEDEKER; GIBBONS, 2006; NEWSOM et al., 2013;
FITZMAURICE et al., 2011)) and, not unlike other statistical methodologies, has advantages
and disadvantages regarding its use. Monitoring sample subjects during the study, for example,

may not be a simple task, as in some cases it generates high costs for the research.
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However, according to (VENEZUELA, 2008), this approach requires fewer sample
subjects than completely randomized designs; it provides more appropriate conditions for the
study of covariates that may influence the response variable; in addition to assessing the behavior
of the response over time and allowing the study of changes in the behavior of the average
response of the sample subject in the different treatments (incorporating information on intra-
individual variation in the analysis).

The difference, therefore, in longitudinal data analysis is to consider the dependence
that exists within these individual response profiles of the observed subjects. Failure to consider
this inherent characteristic can lead us to mistaken conclusions/interpretations of the results
obtained. As an illustration, we simulated a hypothetical example, similar to that known in the
literature as the Sales paradox (DEMIDENKO, 2013), in which we are interested in investigating
whether the discount of a specific product (here we consider 5 product categories, totaling 10

products) affects its quantity sold. Note in Figure 2 the values collected.

70
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Figure 2 — Comparison between a cross-sectional approach study with the fitted regression line
(left) and a longitudinal study approach with the identification of repeated observations
per subject (right).

The graph on the left shows the plot of all observations collected considering that
they come from the same reference population. If we were to fit a regression model in this
case, we could conclude that product sales fall as their discount increases. However, if we
consider the existence of dependence between observations, that is, considering that the products
belong to different categories, as shown by the different colors in the graph on the right, the
interpretation is completely different, that is, the greater the discount offered, the more the
product sells, evidencing, in this case, a paradox and hence the importance of interpreting this

data as longitudinal data.
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1.2 Formulation of the thesis problem

As we initially presented, a longitudinal study involves evaluating sample subjects
observed over time (unlike traditional studies called cross-sectional studies, which evaluate the
sample subject at a single point in time). For this reason, longitudinal studies are more complex,
because, in addition to needing to define a structure to model the mean, we also need to define
a structure to model the dispersion matrix, which carries the correlation information of the
components of the measurements collected within the same subject, which are not independent,
as in classical models.

Thus, choosing a good approach to model the dispersion matrix will positively
influence the inference about the mean and the covariance structure itself. It is worth noting that
longitudinal models generalize to the case with dependence, but can be used when we do not
have independence between observations.

It is precisely about "defining a good modeling approach for the scatter matrix" that
the approach to this problem becomes challenging, as this matrix has peculiarities that make
estimation processes difficult, such as high dimensionality (we will have many parameters to be
estimated; if we do not impose any structure on the matrix, we will have more parameters to
estimate than observations collected) and its inherent property: it is a positive definite matrix.

Over time, the literature has proposed several approaches that consider all these
peculiarities, but in this thesis, we will focus on those works that proposed the use of joint
modeling between mean and covariance to overcome these estimation obstacles. This type of
joint modeling approach was initially presented by (POURAHMADI, 1999a), who advocated a
data-driven method based on a modified Cholesky decomposition (MCD) of the within-subject
marginal scatter matrix. The decomposition leads to a reparameterization where the inputs can
be interpreted in terms of innovation variances and autoregressive coefficients.

Next, (CHEN; DUNSON, 2003a) present another Cholesky-type decomposition
(called Alternative Cholesky decomposition, ACD), which can be understood as modeling
certain innovation variances and moving average parameters. More recently, (ZHANG et al.,
2015) considered a regression approach based on the standard Cholesky decomposition of the
correlation matrix and the hyperspherical parameterization (HPC) of its Cholesky factor, whose
parameters are directly interpretable with respect to variance and correlation.

All these approaches to estimate the scatter matrix were developed in the context

of regression for specific distributions. First, (POURAHMADI, 1999a) assumed the normal
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assumption for the errors. Even though this assumption is commonly used in linear regression
models, the model obtained is sensitive to outliers. To overcome this limitation, (LIN; WANG,
2009) and (GUNEY et al., 2022) proposed, respectively, to use the Student-t and Laplace
distributions, further encompassing the modeling options available in the literature.

However, even though these distributions have heavier tails compared to the normal
distribution, these models suffer from having a fixed parametric form that can be very restrictive
in practice. It is, therefore, from this limitation that we will develop this thesis. The idea is to
introduce a more general and robust model by considering that the errors belong to the family of
mixture of scale normal distributions (SMN) that encompasses many distributions, such as the

normal, Student-t and Laplace.

1.3 Contributions of the thesis

As previously mentioned, the aim of this thesis is to present a more comprehensive
and robust model, assuming that the errors follow a family of scale mixture of normal distributions
(SMN), which includes several distributions, such as the normal, Student-t and Laplace. To
better illustrate our contributions, we will highlight each of them below:

* By considering that the errors follow a scale mixture of normal distribution scale with
unknown but deterministic mixing parameters, we introduce a new robust joint modeling
framework for modeling longitudinal data;

* Based on the MCD (modified Cholesky decomposition) and ACD (alternative Cholesky
decomposition), we obtain the maximum likelihood estimators and provide an iterative
algorithm to estimate their parameters;

* We provide an analytical expression for the mean squared error predictor in the context of
future forecasting;

* We present experiments on simulated and real data to illustrate the robustness of the
proposed approach by comparing different probability distributions and scatter matrix
structures..

Below, we present an illustration for a better understanding of all the topics we
used to present this new proposal, going through the different distributions of the SMN family
(normal, Student-t, Laplace and others), the different joint models already proposed (normal Joint
Modeling Model, called as NJMM; Student-t Joint Modeling Model, called as TIMM, Laplace
Joint Modeling Model, called as LIMM; and others), the different Cholesky decompositions
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(MCD and ACD) and the joint robust estimation approach of the mean and the scatter matrix:

Joint modeling
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o [ JMM » Alternative Cholesky
« Ete. decompaosition (ACD)
AN AN vy
'd . 'd . N\
Scale mixture of Robust estimators of
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* Normal PhD thesis main * Fixed point estimators
* Student-t contribution:
* laplace
- Etc. Robust estimators
N / for SMNJMM N 4
models based on
the MCD and ACD

decompositions

Figure 3 — Main contributions of the thesis.

It is important to highlight that, within this context, certain studies deserve special
attention: linear mixed models based on scale mixtures of asymmetric normal distributions
have been widely explored in recent literature to address longitudinal data and robust modeling.
(FERREIRA et al., 2022a) investigate linear mixed models based on scale mixtures of asymmetric
normals, allowing for greater flexibility in capturing variability structures in the data. (ZELLER
et al., 2023) propose a robust mixture regression model grounded in these distributions, aiming
to improve estimation in the presence of outliers.

(SCHUMACHER et al., 2021) extend this approach by considering serial dependence
within subjects, enabling more accurate modeling of the correlation structure in longitudinal data.
(NUMMI et al., 2025) explore enhanced methods for estimating mixture components in longitu-
dinal data, emphasizing improvements in statistical inference. Furthermore, (SCHUMACHER et
al., 2023) develop approximate inference procedures for nonlinear mixed-effects models using
scale mixtures of asymmetric normal distributions, expanding the applicability of these models.

In the next section, we present details of what will be presented in each chapter of

this thesis aiming at a complete explanation of the proposed model.
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1.4 Organization of the Thesis

In Chapter 2, we present the classical approaches considered for modeling longitudi-
nal data and the structure that will serve as a basis for the development of the study of this thesis.
We will also present the structures of the two Cholesky decompositions considered for the scatter
matrix and conclude by presenting the family of elliptical distributions.

Next, in Chapter 3, we present the proposed bases for the development of our
proposal, that is, the models that use the Cholesky decomposition from the normal, Student-t and
Laplace distributions. After this introduction, we present the main content of this thesis, which
is the development of the joint modeling approach using the family of scale mixture of normal
distributions, including the estimation method, estimation algorithm and forward prediction. We
conclude Chapter 3 with a discussion of the different models.

In Chapters 4 and 5, we present the model performance results based on simulated
(synthetic) and real data, respectively, for the models using the normal, Student-t and Laplace
distributions and for the proposed model considering the modified and alternative Cholesky
decompositions. The results are presented in terms of the standard errors of the estimates and
the BIC values adapted to the problem. Forward prediction estimates are also evaluated. All
conclusions about the work performed and future works are presented in Chapter 6.

The thsis most results was divided into two separate manuscripts (one published
and one under review), which we call "A general robust approach for joint modeling of the
family of scale mixture of normal distribution", where we develop the joint modeling approach
considering the MCD decomposition; and "Joint modeling approach with Alternative Cholesky
Decomposition using the family of scale mixture of normal distribution" where we develop the
joint modeling approach considering the ACD decomposition, as described below:

e Ribeiro, V. S. O., Bombrun, L., Nobre, J. S., Cavalcante, C. C., & Berthoumieu, Y. (2024).
A general robust approach for joint modeling of the family of scale mixture of normal
distribution. Signal Processing, 220, 109426.

e Ribeiro, V. S. O., Bombrun, L., Nobre, J. S., Cavalcante, C. C., & Berthoumieu, Y. (2025).
Joint modeling approach with Alternative Cholesky Decomposition using the family of

scale mixture of normal distribution. Under review.
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2 STATE OF ART

In this chapter, we introduce, in Section 2.1 the existing classical approaches for
longitudinal modeling data, in Section 2.2 we present the one we used to develop the proposed
model. Also in this chapter, in Section 2.3 we present the two Cholesky decompositions
considered for the scatter matrix and in Section 2.4 we conclude by presenting the family of

elliptical distributions.

2.1 Classical approaches to Longitudinal Data

Additional work on the methodology of studies involving longitudinal data refers to
the way in which the data dependence structure will be modeled. In some cases, we can reduce a
multivariate study to a univariate study, without needing to use sophisticated techniques for the
analysis. The use of the paired t-test or ANOVA (parametric or non-parametric), for example,
may be sufficient. The first approach can be used when only two observations are made under
the same subject and, therefore, a test comparing means will be efficient for the situation. In
the case of ANOVA (which can be used when we have more than two observations from the
same subject), however, it will be necessary to use summary measures, such as the area under
the curve and outcome analysis. Details on this can be found in (SINGER; ANDRADE, 2000),
for example.

Despite being widely applied in various situations, analyses using techniques such
as those listed above can be limited in some cases (as the presence of dependence between
observations). Based on this, many authors have proposed, over time, alternative approaches
to longitudinal study approaches. Much of the initial research was aimed at cases in which the
errors of the model follows a normal distribution. Among these, we can mention the analysis
of variance with repeated measures (NETER et al., 1996), univariate/multivariate analysis of
profiles and the analysis of growth curves (SINGER; ANDRADE, 2000).

Another important approach for the analysis of longitudinal data is based on Gener-
alized Estimating Equations (GEE), introduced by (LIANG; ZEGER, 1986) as an extension of
generalized linear models to account for within-subject correlation. Unlike linear mixed mod-
els, which explicitly model the random effects structure, GEE provides a population-averaged
approach by estimating parameters using quasi-likelihood methods. This framework has been

widely extended to accommodate different correlation structures and link functions (DIGGLE
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et al., 2002; FITZMAURICE et al., 2011). Recent advancements have extended the General-
ized Estimating Equations (GEE) framework to better handle bounded continuous responses.
(VENEZUELA et al., 2007) proposed a GEE approach based on the Beta distribution, providing
a flexible alternative for modeling proportions in longitudinal data. More recently, (RIBEIRO et
al., 2021) introduced a Beta-Rectangular GEE model, further expanding the applicability of this
methodology by accommodating responses with a wider range of distributional shapes.

Longitudinal data analysis has been extended beyond the classical assumption of
normality, leading to the development of several flexible modeling approaches. General marginal
models have been proposed to accommodate non-normal responses, including elliptical models
(FANG et al., 1990), asymmetric models (FERREIRA er al., 2022b), and elliptical-asymmetric
models (MATOS et al., 2019). Multivariate models (MARDIA et al., 2000) have also been
explored to jointly model multiple correlated responses over time. Mixed-effects models (FITZ-
MAURICE et al., 2011) remain widely used due to their ability to incorporate subject-specific
variability, while Generalized Estimating Equations (GEE) (LIANG; ZEGER, 1986) provide
a robust alternative for marginal inference. Furthermore, Generalized Additive Models for
Location, Scale, and Shape (GAMLSS) (RIGBY; STASINOPOULOS, 2005) has emerged as
a powerful framework for modeling complex longitudinal data, allowing flexibility in distribu-
tional assumptions and incorporating covariance effects in multiple parameters of the response
distribution.

The approaches mentioned above offer different ways of dealing with non-normality
and other complex features of longitudinal data. However, depending on the structure of the data
and the objectives of the analysis, some of these methodologies may present specific limitations.
Given this, in the next section, we explore a particular alternative that best fits the context of our

study.

2.2 Joint modeling approach of Longitudinal Data

Suppose that repeated measurements of a continuous random variable are observed
over time in each of the m subjects under study. Let y; = (yi1,Yi2, -, y,-ni)T be the result vector of
the ith subject (experimental subject), where n; is the number of results per subjecti, i =1,2,...,m,
which are allowed unevenly spaced.

One of the most common ways of modeling the mean of y; is the linear regression
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model given by
Yi= Hi+r 2.1

where p; = (l;1, "'7ll'Lin[)T = X;3, with X; = (x;1, ...,x,-nl.)T being the n; X (p + 1) matrix of

explanatory variables, i.e.

I xi1 xi2 -+ Xx1p
I x1 x2 - X
p
Xi - 5
1 xnil xn,-2 e xnip

I n; is the number of observations,

where x;; represents the value of variable j at observation i
and p is the number of variables, which is known and assumed to be of full row rank, 8 =
(Bo, -, Bp)T being the vector of regression coefficients and r; = (r1,...,7in,) | = y; — p; is the
error vector, which can assume different decompositions, among the most common is to consider
that r; ~ 47(0,3;).

In addition to mean modeling, the focus of regression models for longitudinal data
is also on modeling the scatter matrix, given that we have repeated measures for different
individuals and modeling this structure must be considered. However, as we have already
mentioned previously, this matrix has peculiarities that make estimation processes difficult, such
as high dimensionality, positive definition and, if we do not consider any restrictions, we will
have more parameters to estimate than collected observations.

Based on these limitations, the joint modeling methodology considers using Cholesky

decomposition as a methodology for this context, as we will see in the following section.

2.3 Cholesky decomposition
2.3.1 MCD approach

In the context of joint mean-covariance modeling, the idea proposed by Pourahmadi
in (POURAHMADI, 1999b) and (POURAHMADI, 2000) to ensure that the properties (high

dimensionality and positive definite) is to rewrite the scatter matrix using the Modified Cholesky

1 in this notation, the index i refers both to the i-th subject, since it is an element of the matrix X;, and to the i-th

repeated measurement over time
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Decomposition (MCD) approach, where such matrix is reparametrized as follows
L;ZL' =D, (2.2)

where L; = /] are lower triangular matrices with 1’s as diagonal entries and (j,k)th entry being

—@ji, called autoregressive parameters, for k € {1,..., j — 1}, as denoted below

1 0 0 - 0
— 1 0 e 0

Li=| —¢s51 —¢o 1 - 0], (2.3)

L _(Pn,-l _(Pl’liz _¢ni3 e 1

and D; = diag{Glz, ey G,%i , where GJ2 are called scale innovation variances, as denoted below
o 0 - 0
0 o7 - 0

D; = _ _ . , 2.4)

whose interpretations include: (i.) the below-diagonal entries of L; are the negatives of the

autoregressive parameters, namely — @, in

j-1
ij =XB+ Y 0 i — i), (2.5)
k=1

and (ii.) the diagonal entries of D; are the scale innovation variances crj2 = var(y;; — ¥ij). Itis

worth noting that we can also rewrite the inverse of the scatter matrix as X' = L,/ D; 'L;.
Following (POURAHMADI, 1999b) and (POURAHMADI, 2000), we are able to

model the scatter matrix from a joint regression model for variances and correlations considering

Oj = z;('y and In 0'jZ = WJT)\, (2.6)

where v = (71,...,%) " and A = (A4,...,A4,) " are d and g-dimensional vectors of parameters, Z
and w; are d and g-dimensional covariate vectors.

The parameters « and A are assumed to be common for all 3;’s exhibiting the same
covariance structure. The covariates z j; and w; may contain the baseline covariates, the time

and the associated interactions. These covariates are presented as time polynomials for the
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autoregressive components and time powers for innovation variances, respectively, as proposed

in (YE; PAN, 2006), i.e.

.
Zjk = [1 (tx—tij) (ta—1ij)* - (ta—ti;)* ! (2.7)
and

1 T

where #;; (or ;) is the measure of time referring to the subject i in the repetition j (or repetition

k), forie {1,--- m}, je{l,---,n;},and k€ {1,---, j—1}.
2.3.2 ACD approach

Another structure also used in this context is the so-called ACD decomposition
(Alternative Cholesky Decomposition), proposed by Chen et al. (CHEN; DUNSON, 2003b),
it is presented as modeling innovation variances and moving average parameters. With this

decomposition, the scatter matrix is rewritten as
T
¥, =D;L,L; D;, 2.9

where L;, in this case, is given by

1 0 0 -0
¢ 1 0 -0

Li=| ¢y ¢ 1 - 0] (2.10)

L ¢ni1 ¢n,~2 ¢n,~3 e ]

i are the moving average parameters such that:

j—1
(yij — Mik)/0i = €&+ Y, Pjxsijy @2.11)
k=1
and D; = diag{clz, e G,%i} is a diagonal matrix containing the scale innovation variances GJZ =
var(y;; — ¥ij). Following (POURAHMADI, 1999b) and (POURAHMADI, 2000), it is possible

to describe the modeling structure of the scatter matrix assuming these two linear models

d=23y and Inc;=wjA, (2.12)



27

where v = (71,...,%) " and A= (41,...,A44) . z;; and w; are known as the d and ¢ dimensional
covariate vectors. Note that vectors v and A are assumed to be the same for all subjects i.
The covariates z j; and w; are presented as time polynomials and powers of time for

innovation variances, respectively, as proposed in (YE; PAN, 2000), i.e,

.
Zjk = [1 (ta—tij) (ta—1i7)> - (tw—1;)*" (2.13)
and

7
wi= [ Uyl (2.14)

where t;; (respectively #;;) represents the time measurement for subject i at repetition j (respec-
tively repetition k), withi € {1,--- ,m}, j€ {1,--- ,n;},and k€ {1,---,j—1}.

Based on these decompositions to model the structure of the scatter matrix, some
authors have proposed several multivariate zero-mean models for the errors, considering the
normal, Student-t and Laplace models. But before presenting these models in detail, let us return
to the definition of the family of elliptical distributions that encompasses exactly the distributions
of the proposed models, that is, the normal, Student-t and Laplace distributions. We will also
recall the expressions of the maximum likelihood estimators when no restrictions are made on

the shape of the scatter matrix.

2.4 Elliptical Symmetric Distributions

The family of elliptical distributions is a class of multivariate probability distributions
that generalize other distributions (MUIRHEAD, 1982). They are so named because of the
shape of their probability density distributions, which are elliptical in multidimensional space,
that is, they have the shape of an ellipse around the median (JOHNSON et al., 1994; KOTZ;
NADARAJAH, 2000; JOHNSON et al., 2005).

Elliptical distributions provide a flexible model for multivariate data and have ap-
plications in several areas, such as finance, statistics and engineering (FERNANDEZ; STEEL,
1996). The main characteristic of this family is that it encompasses both heavy-tailed distributions
and more regular distributions, such as the normal distribution. Some works already use this

distribution in the longitudinal context, such as (SAVALLI et al., 2006; OSORIO et al., 2007).
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We say that an observed vector y = (y1,...,y,) " with vector gt = (p1,..., ) " and
scatter matrix X follows the elliptical symmetric distribution, if its density is of the form:
1 Ts-1

10 =gt {v-m = - m) 2.15)
being y,pu € R"; /1 [0,00) — [0,00) is such that [5°u"/>~'h(u)du < o> known as density-
generating function. In general, this density shows that elliptical distributions are defined by the
function 4, which is symmetric around 0, and by the scatter matrix m that controls the dispersion
of the data. The notation for this case is given by y ~ EL, (i, X, h).

In particular, for expression (2.15), where = 0 and ¥ = I,,, being I,, the identity
matrix of order n, we have the called spherical distribution (PAULA et al., 2009). Below we
highlight some more interesting properties about this family of distributions:

e Symmetry: The distribution is symmetric about its center L.

* Invariance property under linear transformations: If X follows an elliptical distribution,
then for any matrix A and vector b, the random variable Y = AX 4 b also follows an
elliptical distribution.

* Heavy tails: Some elliptical distributions (such as Student-t) have heavier tails than the
normal, which allows them to model data with more frequently observed extreme values
(there are distributions with lighter tails too, such as the power exponential distribution).

There are several distributions that belong to the family of elliptical distributions,
each with specific characteristics that make them suitable for different contexts and types of data.

Below we highlight some examples of these distributions, which illustrate the flexibility and

applicability of this family.
2.4.1 Normal distribution

If we consider that in expression (2.15), the function A(-) is given by h(u) =
1 n
(—) exp(—u/2), then we will have as a particular case the normal distribution, that is, its

V21
log-likelihood is of the form:

Ly—w)= - ),

h(y) = ~2 log(27) 5 log(|)) ~ 5

2
where the Maximum Likelihood estimators of the mean and the scatter matrix, for a sample

y = (Y1,...,¥Ym), are given by the follow expressions

1y R N
fp=—Yy and X==Y (yi—-p)(yi—a)'.
mi3 miz
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2.4.2 Student-t distribution

If we consider that in expression (2.15), the function A(-) is given by h(u) =
r(*3") (i z>—<v+">/2
L (%) v/ 22 v
bution, that is, its log-likelihood is of the form:

, then we will have as a particular case the Student-t distri-

V+n v 1 (v+n) u
—logl [ X1 r(—)——l npls)) — (1 —>,
h(y) = log ( 5 ) ogl'( 5 ) — 5 log (va"[X]) 5 log (1+7

where I'(+) é a chamada funcdo Gamma ((ABRAMOWITZ; STEGUN, 1964; ARTIN, 2015)), v

is the degree of freedom and the Maximum Likelihood estimators of the mean and the scatter

matrix, for a sample y = (yy,...,¥m), can be obtained by iterative algorithms, considering that
L XL Wiy & I . .
p===" g S= Y wiyi- )i )T

i=1 Wi miz

where w; = (v+n)/(v+4;), with &; = (y; — ) " S(y; — ).

To obtain the estimates, the iteratively reweighted algorithm which can be identified
as an EM algorithm (Expectation—-Maximization algorithm) can be used, considering that the
score function to v is given by

Uy = %l—f‘i <‘I’<v—;n> —‘P(%) —%—log(v+ui)+10g(v)+%>,

where W(+) is the digamma function (ABRAMOWITZ; STEGUN, 1964; TRICOMI, 1951)).
2.4.3 SMN distributions

We say that an n-dimensional random variable y belongs to a family of scale mixture
of normal, presented by (ANDREWS; MALLOWS, 1974), with mean vector p and scatter

matrix X, if its stochastic representation can be given by
y=n+1', (2.16)

where 7 and z are independent, and z ~ .4'(0,X) and T € R™ is a scalar random variable. An
important property of this structure is that the random variable y given 7 has a normal distribution,

where the mean vector and scatter matrix are given, respectively, by

E(y|t) = VTE(z) + 1 = (2.17)

and

Var(y|7) = E[(y — p)(y — p) '|7] = VIE(2zz" )T = 1%, (2.18)
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and consequently we can write its conditional distribution function as follows

1 (y—p) = y—p)
<2nryv%znvzeXp{" 2t }‘

y|T~ A (p,TE) = (2.19)

Hence, each component of y is correlated with the other components from the
variance dependence generated by 7. We can obtain the probability density function of the

random variable y by integrating the joint distribution of y and 7 over 7, i.e.

ﬂﬁ=4?@@ﬂwm. (2.20)

Depending on the choice of the distribution of the parameter 7, we may have different
structure for the multivariate vectory, i.e.:
* if 7 follows an Inverse Gamma distribution with shape parameter a and scale parameter b,
denoted as T ~ IG(a,b), whose probability density function is given by
f(tia,b) = %’c“leb/ T (2.21)
where 7 € (0,00) and I'(-) is the complete Gamma function, then y follows a multivariate
Student-t distribution (ROSCA et al., 2006), as shown in section 2.4.2;
* if 7 follows a Gamma distribution with shape parameter a and scale parameter b, denoted
T ~ G(a,b), whose probability density function is given by
f(tia,b) = L ot (2.22)

b (a)
where T € (0,0), then y follows a K-distribution, a family of three parameters that arise

from the composition of two Gamma distributions. In addition, if 7 follows a Gamma
distribution with shape parameter a = n+ 1/2 and scale parameter b = 1/8, then y follows

a Laplace distribution.
As mentioned before, by choosing a specific structure for the 7 parameter, in the
SMN family of distributions, a closed-form expression for y can be obtained by solving (2.20)
such as the Student-t and Laplace distributions. Here, we will consider only the absolutely

continuous cases, since depending on the choice of 7, we can also obtain discrete distributions.

2.4.4 SMN distribution to robust estimators

The main disadvantage of the previously mentioned approaches is that a well-defined
parametric form is imposed for the structure of T and, consequently, for the variable y, which can
be easily violated in practice. To overcome this problem, (PASCAL et al., 2006), (CHITOUR;
PASCAL, 2008) and (FORMONT et al., 2010) propose to relax this restriction by not imposing
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any explicit structure for the probability density function of 7. Furthermore, they consider that
the value of 7 varies with each subject, so that for a set of m individuals, we have the parameters
11, T2, ..., T,y tO be estimated, that are deterministic but unknown, and the ML estimator for this

parameters are given by

p=_ : (2.23)
i=1 [(YI_ﬂ)Tgil(YI_ll)]l/z
o o (yi—)yi—a)T
£=2 Z e (2.24)
= (yi—p) (yi—p)
.1 T R
% = ;(yi—u)TE Yyi—p). (2.25)

An important aspect about the scatter matrix X is its identification problem. We can

rewrite the stochastic representation presented in (2.16), given by y = p + 71/2g, considering

y = p+(at)'/2 - or simply y = p + (k)

¢~ A (0,%), with £, = % /a.

1/2¢, where k = at is a positive scalar parameter and

This means that vectors (i, 7,X) and (4, at,X/a) identify the same SMN model. In
this way, we need to impose a restriction to identify

nx
> @, (2.26)

where ¢tr(3) is the trace of the scatter matrix, i.e., the sum of the main diagonal of this matrix. In

this case, we impose the restriction that tr(¥) = n.

2.5 Joint Modeling Models

Within the longitudinal data approach, we have seen that the scatter matrix plays a
very important role in the modeling process, since the subjects are not independent, it is likely
that a good modeling approach for this matrix will lead to an improvement in the statistical
inference of the covariance structure (and the mean of interest).

However, modeling the covariance structure is challenging because the estimated co-
variance matrices must generally be positive definite and there are many parameters in covariance
matrices. To overcome these two obstacles, (POURAHMADI, 1999b) advocated a data-driven
joint mean-covariance modeling method based on a modified Cholesky decomposition (MCD)
of the within-subject marginal scatter matrix, and developed what the literature calls the NJMM.
This decomposition leads to a reparameterization where the inputs can be interpreted in terms of

innovation variances and autoregressive coefficients.
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Taking into account that the normality assumption is easily violated in the presence
of outliers, (LIN; WANG, 2009) proposed the TIMM model, which takes into account modeling
using the multivariate Student-t distribution considering the MCD decomposition. More recently,
(MAADOOLIAT et al., 2013) proposed modeling using the ACD decomposition. A compu-
tationally efficient Fisher scoring algorithm was developed to perform maximum likelihood
estimation and a technique for predicting future responses was investigated.

Aiming at greater robustness, (GUNEY et al., 2022) proposed a model using the
Laplace distribution, which is a heavy-tailed multivariate distribution with the same number of
parameters as the multivariate normal distribution. To simplify the estimation procedure, the
authors proposed a modified Cholesky decomposition to factorize the dependence structure in
terms of scale innovation and unrestricted autoregressive parameters.

It is worth noting that the assumption of normality in mixed-effects models has been
widely debated in the statistical literature, particularly in the presence of outliers or heavy-tailed
data. An alternative that has gained attention is the use of the multivariate t-distribution, which
provides greater robustness to deviations from normality while maintaining a flexible correlation
structure (LANGE et al., 1989; PINHEIRO et al., 2001). The adoption of this distribution in
linear mixed-effects models has been explored in several contexts, including robust estimation
procedures and alternative formulations to deal with complex data structures.

(PINHEIRO et al., 2001) proposed an efficient algorithm to estimate parameters in
linear mixed-effects models under the multivariate t-distribution. His work focuses on robust
estimation techniques that leverage the heavier tails of the t-distribution to mitigate the influence
of extreme observations. Unlike other approaches that directly modify the covariance structure
or apply data transformations, their method retains the fundamental mixed-effects structure while
improving the robustness of inference.

In addition to the contribution of Pinheiro et al., several other studies have extended
the use of the multivariate t-distribution to different statistical models. For example, (LANGE
et al., 1989) developed robust statistical procedures using the t-distribution, highlighting its
advantages over normal models in the presence of non-normal errors. (MORRIS; LOCK, 2006)
applied the t-distribution to hierarchical models, demonstrating its effectiveness in modeling
clustered data with heavy-tailed residuals. Furthermore, recent developments in Bayesian
statistics have also incorporated multivariate t-models to improve posterior inference in mixed-

effects models (GELMAN et al., 2013).
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These advances highlight the growing recognition of the multivariate t-distribution as
a powerful alternative to normality assumptions, particularly in robust statistical modeling. Given
its ability to effectively handle outliers and model heavy-tailed data, it serves as an essential tool

in applied longitudinal and hierarchical modeling frameworks.
2.5.1 NJMM model

The proposal by (POURAHMADI, 1999a) was the one that initiated the modeling
of longitudinal data considering the data-driven joint mean-covariance modeling method based
on a Cholesky decomposition, specifically the Modified Cholesky decomposition (MCD). The
decomposition leads to a reparameterization where the inputs can be interpreted in terms of
innovation variances and autoregressive coefficients.

This proposal therefore considers the joint modeling of a general linear model
with errors following a multivariate normal distribution, i.e., assuming that € ~ A4 (u, X)),
where 2;1 = LiTDi’IL,-. Considering this structure, the author presented the estimation of the
parameters i and the parameters of the scattering matrix from the maximum likelihood method,

whose score functions are given by

m
Us = Y X3 '(y,—XiB), 2.27)
T
U, = ZZ,. D, ' (r;—Zy), (2.28)
1 m n; 1 m n; 2
Uy, = ——ZZW]—G— ZZG (rij — Fij)"wj, (2.29)
i=1j= 1 1j=
where £; = Zi;% rikz;('y, with the n; X d matrix Z;, given by
T
Zi=| ai1) - alim) | (2.30)

with z(i, j) = Zi;i rikZjk, considering that £; = Z;7y.

Next, (LIN; WANG, 2009) proposes a doubly robust procedure to model the correla-
tion matrix of a longitudinal data set. By using the ACD framework instead of the MCD, the
authors claim that the model is robust with respect to model misspecification for the innovation
variances in the matrix D and is also robust with respect to the presence of outliers. The Fisher
scoring algorithm is presented to compute the maximum likelihood estimator of the parameters

of interest.
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2.5.2 TJMM model

NJMM models have advantages because they assume errors with a normal distri-
bution, including convenience of statistical interpretation and computational ease in parameter
estimation. However, this assumption of normality for the error terms can be questionable in
many practical situations when there are outliers or the underlying data exhibit fat tails.

Several authors in the literature have used a heavy-tailed distribution, such as the
multivariate t-distribution, instead of the normal distribution for robust estimation of general
linear models (but robustness depends on fixing the degrees of freedom, since only in this
case the influence function is limited; when v is estimated, the influence may become limited,
compromising the resistance to outliers (HUBER; RONCHETTI, 2009; LANGE et al., 1989).).
(LIN; WANG, 2009), for example, considers the joint modeling of mean and covariance in
the general linear model with errors following a multivariate Student-t distribution. The score

functions for estimating the parameters of this structure are presented below.

m

Us = Y X/ (v - XiB), (2.31)
i=1

U, = Y aZ/D;'(ri—Zr), (2.32)

1 m i m m _ .
U = —3) WJ'*EZ(O‘Z‘ZO} 2(rij—rij)2Wj>7 (2.33)
i=1j=1 i=1 j

oo < Eo(") ()
+

1
A; o;
— 1 14+ — log —A;, 2.34
0g< v) +log— (2.34)
+n; _ N
where o; = TAI', A,’ = (yi —X,')TE l(yl- —Xl'), Dl' = {612,...,(7,%1}, n= ;-n:ln,' and rij =
i

Zi;i i jkri are the m; ¥ (d+ 1) matrix of covariates and the m; x 1 vector of squared fitted errors

respectively, and 1,, is the n; x 1 vector of 1’s.
2.5.3 LJMM model

Similar to the Student-t distribution, the multivariate Laplace distribution is an
alternative heavy-tailed distribution to the multivariate normal distribution. However, the Laplace
distribution has an advantage over the multivariate Student-t distribution regarding the number of

parameters to be estimated. As a heavy-tailed distribution, the multivariate Laplace distribution
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has the same number of parameters as the multivariate normal distribution. This feature provides
great convenience to the Laplace distribution in computational aspects.

On the other hand, since the multivariate Laplace distribution is heavy-tailed unlike
the multivariate normal distribution, it will provide robust estimators that are less sensitive to
outliers and heavy-tailed features of datasets. In this context, (GUNEY et al., 2022), considers
the joint modeling of mean and covariance in the general linear model with errors following
a multivariate Laplace distribution, i.e., considering that € ~ L(,33). The score functions for

estimating the parameters of this structure are presented below.

& —1)2 _
Up = Y8 "X/ (- XiB), (2.35)
i=1
L 1/2, Tl
=
AL lm_l/zm L, -
U)\ = _EE.Z]WJ—}_ZEAZ. ZIGj (rij—rij) W, (237)
i=1j= i= j=

_ A i—1
where A = (yi—Xi)TZ l(yi—X,‘), D; = {612,...,6,%1}, n= ;-n:]ni and Tij :Zizl q),-jkr,-k are
the m; x (d + 1) matrix of covariates and the m; x 1 vector of squared fitted errors respectivaly,

and 1,, is the n; x 1 vector of 1’s.

2.6 Conclusion

In this chapter, we present the context and motivation for using longitudinal data,
showing the differences between the approaches to this type of study. Next, we present the
methodology that will be used to model the mean and the scatter matrix for the proposed
model, focusing on the use of two main decompositions for the scatter matrix (MCD and ACD).
Finally, we present the family of distributions that will be considered for the assumption of the
model’s errors. In the following chapter, we will present the two proposed model structures for
longitudinal data with the assumption that the errors follow a SMN distribution.

It is important to mention that although in this context, the scatter matrix X is unique
for all individuals, in our approach, it will be unique for each individual. This becomes, therefore,
a reason why a restriction must be imposed on the shape of the scatter matrix. Otherwise, we
will not be able to estimate the parameters. More details about the estimation process and the

structure of the scatter matrix will be presented during the next chapters.
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3 JOINT MODELING MODELS USING THE SCALE MIXTURE OF NORMAL
FAMILY

In this chapter, we will present the the main content of this thesis, which is the devel-
opment of the joint modeling approach using the family of scale mixture of normal distributions,
including the estimation method, estimation algorithm and forward prediction. We end this

chapter with a discussion of the different models.

3.1 Ouwur proposal

In summary, what differentiates all these works is the assumption that is made
about the distribution of errors r; =y; — p; (where p; = X;3, in the context of regression
models). Thus, if we consider that r; ~ .47 (0,m;), we have the NJMM model, as presented in
(POURAHMADI, 1999b). If we consider that r; ~ Student-t(0,m;,v), where v are the degrees of
freedom, we have the TIMM model, as presented in (LIN; WANG, 2009). And if we consider
that r; ~ Laplace(0,m;), we have structures the LIMM model, as presented in (GUNEY et al.,
2022).

Considering that all these structures belong to the SMN family of distributions, the
objective of this thesis is to generalize these works that consider the normal, Student-t and
Laplace distributions for the errors assuming that r; ~ SMN(0,m;, 7;). For this purpose, we will
assume that the parameters 7; are deterministic but unknown. By not imposing any explicit
structure on their probability density function , the proposed regression model will be robust,
since it has the ability to represent a wide range of distributions belonging to the SMN family,
including normal, Student-t and Laplace structures as special cases.

However, note that the SMN model presented in equations (2.23) to (2.25) without
any restrictions on the scatter matrix (except the trace) cannot be directly employed for the
regression of longitudinal data. With this model, the number of parameters to be estimated is
much larger than the total number of observations. The distribution parameters for this regression
model cannot be estimated. A restriction on the scatter matrix needs to be imposed on the shape

of the scatter matrix.
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3.2 Modified Cholesky Decomposition

In the following section, we present the proposed model, linking the SMN distribution
to the regression model for longitudinal data, considering the reparameterization for the scatter
matrix using the MCD decomposition. The main contributions of this section are detailed below.

* Parameter estimates obtained from the Maximum Likelihood method, considering the
SMN distribution with robust estimators for the errors and the MCD structure for the
scatter matrix

 Section originated from paper: Ribeiro, V. S. O., Bombrun, L., Nobre, J. S., Cavalcante,
C. C., & Berthoumieu, Y. (2024). A general robust approach for joint modeling of the

family of scale mixture of normal distribution. Signal Processing, 220, 109426
3.2.1 Statistical model

Considering the stochastic representation defined in (2.16) and assuming that r;|7; ~
A (0,7,%;), then the log-likelihood function for a sample of m individuals y; = (yi1, ..., yin;) ' »
fori=1,2,..,m,with@ = (u',7",%)" is given by

1(0) = ——log (2m) ; E; logri—ii_zilog|25|
22— — i) 27y — i) (3.1)
Assuming a regression structure with repeated measures, consider y; = (yji, ..., yini)T

the result vector of i-th sample subject, where n; is the number of results of the subject i, i =
1,2,...,m. Here, we allow dependence (correlation) within the subject, but impose independence
between subjects. Note that we defined @ = (', 7", ), but since the scatter matrix depends
on the parameters A and ¥ we can also define 6 = (,BT, AT, )\T)T throughout the writing of

this text.
3.2.2 Maximum likelihood estimation

In this section, we will present the maximum likelihood estimates (MLE) of the
parameter vector @ = (3,7 ",4",AT) T of the proposed model, assuming that we have inde-
pendent observations of m subjects y1,y2,...,¥m, considering the log-likelihood function given

in (3.1) and a two-step estimation process, given that we assume that 32; is known to obtain the
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expressions of the other estimates (all details about how the expressions in this section were
obtained can be seen in the Appendix).
Taking the first derivative of (3.1), the maximum likelihood estimating equations for

the parameter vector @ = (3", 77,~",AT)T of the proposed structure are given by

_ A Ts—1 .
U, = _2_’Q+2_‘L'i2(Yi_Xlﬁ) P (vi —XiB), (3.2)
| T 1
UB = Z?X, DI (y; — Xi03), (3.3)
~o
lm 1 T 1
U, = Z;Zi D (ri—Zyy), (3.4)
i—1 i
1m 1 1

U, = EZZwﬁ Z Zo (rij — #ij) W), (3.5)

where t; = Zi;} rikz;{y, with the n; X d matrix Z;, given by

Zi=|a(i1) - alim) }T, (3.6)

with z(i, j) = Z,i;i rikZjk, considering that #; = Z;~.
Equating the scoring functions Uz, Ug and U to zero and rearranging them, we can

write the following update equations

(h+1) v~ XB") TP (y,—Xi8%)

" _ i (3.7)
n;

_ -1

A m -1 mn -1

B+ A(lh) X?zl@ X; ) A(lh) X,-TE,@ Yi] (3.8)
Li=1 T, =17
_ -1

40— Y A(lh) Zgh)Tﬁgh)_lZEh)] [Z A(lh) Zgh)TlA),(h)_lrl(h)] : (3.9)
| i=1 Ti i=1 i

where superscript (%) is the notation to indicate the parameter estimation in step h of the iterative
estimation process.

The score function of the parameter A depends on the parameter of interest. Thus,
we use the Newton-Raphson method as an iterative estimation method, whose expression for the

case of the A parameter is given by

n n —1
A1) — {0 4 (H%{) U(l’ﬂ’ (3.10)
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(h)

where U%h) is ad x 1 vector given the expression presented in (3.5) and Hy ; is a d X d matrix
given by

92 L& 1
=1 "

To summarize, the steps to estimate the parameters of the proposed SMNJMM model

with deterministic but unknown 7; are presented in Algorithm 1.

Algorithm 1: Algorithm for the maximum likelihood estimate of the proposed SMN-
JMM model
[1] Given a starting value () = (80 71~ X")T "which can be obtained by

fitting the NJMM model, use the models given in (2.12) to form Zl(h), f‘l(h), Ll(h), Dl(h),

and =",
Update T,(h“) using (3.7);
Update BU+1) using (3.8);

(

(

~—

Update 4 1) using (3.9);

Update A1) using (3.10);

Update the following matrices: ZEhH), using (3.6), LEhH) using (2.10), DE}H—I),
using (2.4), and ESH]), using (2.9);

(h+1)
normalization of the scatter matrix, considering Eghﬂ) ( E ))'

Repeat steps 2 to 7 until convergence.

It is important to emphasize that the estimation process of T can be naturally in-
terpreted in terms of the Mahalanobis distance, as it accounts for the scaled variability and
correlation structure of the residuals. Specifically, the update formula for 4 involves a weight-

(n)

ing mechanism that inversely depends on ;"’, effectively adjusting the contribution of each
observation based on its deviation from the model expectations. Since T governs the dispersion
structure, its estimation indirectly measures how far an observation deviates in a multivariate
sense, analogous to the Mahalanobis distance (MAHALANOBIS, 1936; HAMPEL et al., 2011).

This interpretation highlights the role of 7 in controlling the influence of each
observation, reinforcing its connection with robust statistical techniques that aim to downweight
extreme deviations while preserving efficiency in parameter estimation (i.e. observations for
which y; is far from X;3 will have a higher value for the estimate of 7; and a lower weight for
the estimates of 3, v and ).

And about the iterative update process for estimating 3, we can interpreted as a

reweighted Generalized Least Squares (GLS) estimator, where the weights are adjusted at each
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iteration based on the current estimates. This iterative reweighting mechanism naturally aligns
with the concept of robustness in statistical estimation, as it reduces the influence of observations
that deviate significantly from the assumed model structure. In particular, when heavy-tailed
distributions or adaptive weighting schemes are used, the estimation process becomes more
resistant to outliers and model misspecifications, mitigating their impact on parameter estimation
(HUBER; RONCHETTI, 2009; HAMPEL et al., 2011). This property is crucial in practical
applications where deviations from normality are expected, ensuring that the estimator remains
stable even in the presence of extreme values.

The SMN model presented in equations (2.23) and (2.24) without any constraint on
the scatter matrix (except the trace) and the proposed SMNJMM model share many similarities.
Actually, the only difference relies on the structure of the scatter matrix. For this application of
regression with longitudinal data, we need to impose this structure. As these models are quite
closed each other, we retrieve some similarities during the estimation process. For example:

* Equation (2.23) for the SMN model is retrieve as step 3 in Algorithm 1 (equation (3.8),
estimation of the regression coefficients to obtain the mean vector).

* Equation (2.24) for the SMN model (estimation of ¥) is replaced by steps 4 and 5 in
Algorithm 1 (equations (3.9) and (3.10) to estimate v and A).

* Equation (2.25) for the SMN model (estimation of 7;) is retrieved by step 2 in Algorithm 1
(equation (3.7)). Note that it is exactly the same equation with the quadratic term on the
numerator.

* For identification reason, as explained in the paragraph before, the scatter matrix should
be normalized. In the proposed SMNJMM model, we have also considered that its trace is

equal to n (see step 7 in Algorithm 1).

3.2.3 Forward prediction

* Development of a technique capable of predicting future values of the i-th subject, which
is one of the m individuals under study, assuming that the values already observed and the
new predictions follow the multivariate distribution under consideration.

In this section, we present a technique to predict the future values of the individual i
(yi), which is one of the m individuals under consideration, for the proposed model (SMNJMM),
by following the same approach as the one developed for the TIMM (LIN; WANG, 2009) and

LIMM (GUNEY et al., 2022) models, i.e. formulate an estimation structure capable of predicting
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future values of the i-th subject, which is one of the m individuals under study, assuming that
the values already observed and the new predictions follow the multivariate distribution under
consideration.

For this, consider that §; denotes a future vector, (g x 1), of measurements for
the individual y;, X; denotes a matrix, (g x (p + 1)), of prediction for the corresponding §;
with E(§;) = X,ﬁ, and Z and w; denote the vectors of the covariates associated with §;, of
dimension d x 1 and g x 1, being In6? = W/ X and ¢, = i;{'y, for j€{n;+1,...,n;,+ g} and
ke {l,...,j— 1}, respectively.

Furthermore, we assume that the joint distribution of y; and §; given 7; follows a

(n; + g)-variate normal distribution, i.e.

Y g~ Ao (XEB, T, (3.12)
i
where X = (X, X7, ©:1 = LD Ly, D = diag(dlz,...,c,fiJrg) and L} = [Ij;] are
subjectary lower triangular matrices, (n; + g) x (n; +g), with 1’s as diagonal entries and ( j,k)-th
entry being —¢ .
Partitioning X} according to the size of y; = (y,',§,') ", which is a vector that joins

current observations and future observations, we have

by >
o 1 212 7 (3.13)
o1 X

where X; is the upper left (n; X n;) submatrix of X} and ¥, = Esz (here we suppress the
subscript i of the partitioned matrices for notational convenience).
Considering the characteristics of the marginal and conditional distributions (CAM-

BANIS er al., 1981; GOMEZ et al., 2003), we have that if YilTi ~ A, (i, ), then

Yilyi, Ti ~ N (21, Ti%22.1) (3.14)

where H2.1 = E(Sf,-|y,~, T,') and 222.1 = 222 — 2122;11212, and the Mean Squared Error (MSE)
error predictor of ¥;, which is the conditional expectation of §; given y; and 7;, as shown by

(GUNEY et al., 2022), is given by

Vi=p1 =XiB+ 202 (vi — XiB), (3.15)

and the MSE scatter matrix for the predictor (3.15) is determined by

A A

E[(y:i —§:)(§i —3) %] = E(cov(§ily:)|w) = 53201 (3.16)
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This result is well known in the literature: the best predictor in the sense of minimiz-
ing the Mean Squared Error (MSE) is given by the conditional expectation. In the case of mixed
linear models, this conditional expectation coincides with the Best Linear Unbiased Predictor
(BLUP), a concept originally developed by (HENDERSON, 1975). This result is directly related
to the Gauss-Markov Theorem, which guarantees that the Generalized Least Squares (GLS)
estimator is the best unbiased linear estimator under the usual assumptions (AITKEN, 1936).

Furthermore, the BLUP has an interpretation within the Bayesian approach, being
equivalent to a Bayes linear estimator when we assume random effects with normal prior distri-
butions and a hierarchical model (GOLDSTEIN, 1995; ROBINSON, 1991). This equivalence
between frequentist and Bayesian methods reinforces the importance of BLUP and its wide appli-
cability in statistical modeling, especially in areas such as quantitative genetics and hierarchical
inference.

In the next section, we will follow the same sequence of explanation, but considering

the Alternative Cholesky Decomposition framework for the modeling process.

3.3 Alternative Cholesky Decomposition

In the following section, we present the proposed model, linking the SMN distribution
to the regression model for longitudinal data, considering the reparameterization for the scatter
matrix using the ACD decomposition. The main contributions of this section are detailed below.

» Parameter estimates obtained from the Maximum Likelihood method, considering the
SMN distribution with robust estimators for the errors and the ACD structure for the
scatter matrix

 Section originated from paper: Ribeiro, V. S. O., Bombrun, L., Nobre, J. S., Cavalcante,
C. C., & Berthoumieu, Y. (2025). Joint modeling approach with Alternative Cholesky

Decomposition using the family of scale mixture of normal distribution.
3.3.1 Statistical model

Assuming that €;|1; ~ .47(0,7;3;) and the stochastic representation defined in (2.16),

)T, for

we obtain the log-likelihood function for a sample of m individuals y; = (yit, ..., Yin,
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i=1,2,...,m,with @ = (u,7,X) given by

1 " m
() = —5In 27:2 Zn,ln’c, Zln|2,~|
i=1 ':]
L T 1 |
= 2o wi) X (yi— i) (3.17)

27T;

1

~

1

3.3.2 Maximum likelihood estimation

In this section, we introduce an iterative algorithm to estimate by maximum like-
lihood the parameter vector @ = (u,7,X) of the proposed joint model. For that, the score
functions are first derived and then the Fisher scoring algorithm is introduced as detailed in the
next two subsections.

By taking the first derivative of (3.17), the score functions for each parameter are

given by
C Tt

Us = XX 27 (yi—m) (3.18)
i=1"
Ay _ 9L,

Uy, = Z;(tr (DLy) ™" (yi = pi) (vi — i) T (DiLe)~ "L )>
=1 " r

(3.19)

i 1 _ _,9D;

U, = Your( (o mom = 1) 0 ) (3:20)
=~ T oA

U, = 2y by )T (3.21)

K AT A L '

i o : : dD

where o is the derivative of matrix L; with respect to r*' element of vector ~ and —— A L is the
r

derivative of matrix D; with respect to s* element of vector A. Equalling the score function

(3.18) to zero, we obtain the maximum likelihood estimator (MLE) of the regression coefficients

as:

B= i%X,-TZA?,-‘IXi _ f‘,f X/ Sy (3.22)
i=1 i—1

where 7; is the MLE of 7;, i.e the result when equating the equation (3.21) to zero

2= ()'i_ﬂi)Tﬁi_]Q’i_ﬂi), (3.23)

n;
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and f)i is the MLE of ¥;, whose components will be estimated from the Fisher information

matrix, given by

1 (Lol o
L,y ;; < 5 a% L, ) (3.24)
B, = Lo (L L 5= 5 0 g5 A (3:25)
L, = Iy, = ; %tr (D 3L L/ gll) 1) : (3.26)

From the closed expressions of B and ;, we were able to obtain the MLE in a simple
way for these two parameters as given in (3.18) and (3.23). Unfortunately, to estimate ~ and
A, there is no close form expression. We recommend using the Fisher scoring algorithm, as

described by (FISHER, 1925), by applying:

~1
A = 4 <Iﬁ(h)> Ui (3.27)

woNT R R T
where At = (ﬁ/(h),)\(h)> = (?l(h), ey Ac(lh),ﬂtl(h), e, éh)) are the estimates at step 4 and

Usm Lymsm Lamsm
Ugn = 7 and L= (77" AT (3.28)
Usm | NGRSO\
In addition, the score vectors are respectively defined as:
T T
U,Q/(h) = UA(h) goon ,UA(h) and Uj\(h) = Ui(h) gese ,UA (h) ; (329)
N Ya 1 q
and the elements of the Fisher Information matrix are given by:
Lo - Lo,
200 40 10010
Looqm = : SRR ; (3.30)
| IR0 L (n
o T
IA h)4 (h IA h)3 (h
o o Tgoag
Loy sm = : : : (3.31)
L5 o Lnsm
d "1 d ™ i
L )5 L )5 (n
AR A3
Limsm = : : . (3.32)
| (AT L s
(P10 A3
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Algorithm 2: Algorithm for the maximum likelihood estimate of the proposed SMN-
JMM model
[1] Given a starting value 8 = (80 71 ~() X\")T "which can be obtained by
fitting the NJMM model, to form Lih), Dl(h), and El(h);
Update ;"1 using (3.23)
Update 81 using (3.22)
Update 41 and A("*1) using Fisher Scoring, presented in (3.27)

Update f)fhﬂ) using (2.9)

(h+1)
lgh+1));

(h+1) niE

i tr(%

normalization of the scatter matrix, considering 3

Repeat steps 2 to 6 until convergence.

The steps for estimating the parameters of the proposed model with deterministic
but unknown 7; are summarized in Algorithm 2.

As expected and as observed in Algorithm 2, the proposed SMNJMM model behaves
as the NJMM when 7; are the same for each subject i. In that case, the stochastic represen-
tation given in (2.16) vanishes to the one for a normally distributed random variable, and
equations (3.22) and (3.27) reduces to the one obtained for the NJMM model (CHEN; DUNSON,
2003b). In addition, an interesting property of the proposed SMNJMM model is that it is robust
to outliers. Indeed, if the observation y; for ith subject has a large deviance from the estimated
mean fi;, 7; will be large as shown in (3.23). And since 7; is on the denominator of each score
functions, this ith subject will have a lower weight in the estimation of the regression coefficients.

The SMNJMM model proposed in this paper shares the same advantages as the one
introduced by Ribeiro et al. in (RIBEIRO et al., 2024) and presented in the section 3.2. The
only difference relies on the definition of the structure of the scatter matrix. Here, the ACD
decomposition is employed while the MCD decomposed was used in (RIBEIRO et al., 2024).
To better understand the added-value of each of these models, Section 5 will present a detail
comparison between both on real dataset. Before showing these results, the next subsection gives

some elements about forward prediction with the proposed SNMJMM model.

3.3.3 Forward prediction

By following the same methodology as done by Ribeiro et al. in (RIBEIRO et al.,
2024) for the SMNJMM model with the MCD decomposition, we introduce a technique for
predicting the new g observations of subject i with the proposed model but now using the ACD

decomposition for the scatter matrix.
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We denote §; the future vector of measurements of the individual i, which has
dimension (g x 1). X; is the g x (p+ 1) design matrix for the prediction part. With these
notations, we have E(§;/X;) = X;3. In addition, Z ik and w; are the covariates vectors of
dimension d x 1 and g x 1, where lndi2 = WiTA and ¢ = i;('y, for je{n;+1,...,n;+ g} and
ke {l,...,j— 1}, respectively. For the prediction, we assume that the joint distribution of y; and

yi given T; follows a multivariate normal distribution. It yields:

yi * *

| T~ Ao (X B, 1), (3.33)
i

where X; = (X, X)) ", 27 =D; 'Ly~ 'Ly 'D; !, Df = diag(o7,...,07%, ) and L = [I ;1]

is an (n; +g) x (n; + g) lower triangular matrix as defined in (2.10). The scatter matrix 3} can

be decomposed as:

Sl B (3.34)
o1 X

where 31 is the upper left (n; x n;) submatrix of 3} corresponding to the scatter matrix of the
n; observed data. 3y, is the g X g scatter matrix for the future observations, and 3y = EITQ.
Note that to simplify notations, the subscript i on partitioned matrices is removed but all these
matrix depend on subject i.

By using properties of marginal and conditional distributions shown in (CAMBANIS
et al., 1981; GOMEZ et al., 2003) for elliptical distributions which extends scale mixture of

normal distributions, we know that if y;|7; ~ A7, (pi, 7:X;), then
§ilyi, T ~ A (121, T202.1) (3.35)
where po.1 = E(¥i|yi, 7)) and Xpp.; = Xpp — 21221_11212. With (3.35), it yields that the Mean

Squared Error (MSE) predictor of §; is given by (GUNEY et al., 2022)

Vi =21 = XiB+ 202 yi — XiB3), (3.36)

and the MSE scatter matrix for the predictor (3.36) is determined by

A A

E[(¥: — 1) (¥i — §:) ' 1] = E(cov(§ily:)|n) = 5521 (3.37)
Note that these expressions are the same as the one obtained in (RIBEIRO et al.,
2024) for the SMNJMM model with the MCD decomposition. The only difference relies on the

way the scatter matrix X7 is parameterized. For the MCD decomposition, X7 is decomposed

using (2.2), while here for the proposed ACD decomposition, (2.9) is used.
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3.4 Discussion about the models

In both models (MCD and ACD frameworks), we consider the approach that the
parameters given by 7; (which are the mixture parameters of the model) are deterministic but
unknown, and we do not assume any specific distribution for them. Both models therefore have
the ability to represent any other model issued from the family of scale mixtures of normal
distributions.

This framework can be considered as a robust extension of the state-of-the-art models
based on the normal, Student-t and Laplace distributions, as we have discussed throughout the
text. Furthermore, for a practical application, the interest is that it is no longer necessary
to perform the goodness-of-fit to validate the proposed model, since our SMNJMM model
generalizes a wide range of distributions.

In addition, we consider the approach of joint estimation of the intra-subject marginal
scatter matrix, with the aim of overcoming common problems in these processes, such as the
positive definiteness of the scatter matrix and the number of parameters to be estimated.

Evaluating the structure of the covariance matrices, we have that the decompositions
were considered, since both present a closer relationship, given that they are constructed in a
similar way through the standardization of the Cholesky factor and the resulting unrestricted
parameters have a good statistical interpretation in terms of innovation variance, autoregressive
parameters and moving average, respectively.

However, due to the decomposition, the resulting correlation function of MCD
depends on both the innovation variance and the autoregressive parameters, indicating that MCD
is not robust against misspecification of the innovation variance when correlation is the main
interest. We also need to note that MCD is more computationally efficient between the two

approaches due to the fact that its Fisher information matrix is block diagonal.

3.5 Conclusion

In this chapter, we present the maximum likelihood estimates, the estimation algo-
rithms, and the methods for predicting new observations for the two proposed models, using
the MCD and ACD decompositions. In addition, we introduce the NJMM, TIMM, and LIMM
models, previously presented in the literature, which served as motivation and basis for this work.

Finally, we discuss the comparisons between considering an SMN model with an MCD-type
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matrix and an ACD-type matrix. In the next chapters, we will evaluate the behavior of these

models in simulated and real data.
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4 SYNTHETIC DATA ANALYSIS

In this chapter, we present the model performance results based on simulated (syn-
thetic), for the models using the normal, Student-t and Laplace distributions and for the proposed
model, considering the modified and alternative Cholesky decompositions. The results are
presented in terms of the standard errors of the estimates and the BIC values adapted for the

problem. Forward prediction estimates are also evaluated.

4.1 Estimation performance

* Experiments on synthetic data confirmed the robustness property of the proposed SMN-
JMM model compared to the NJMM, TIMM, and LIMM models with both the MCD and
ACD structure.

* Hypothesis tests performed to evaluate the results of the different models validated that
there is a significant difference between the models that use the Student-t and Laplace

distributions compared to the proposed model, validating the efficiency of our model.
4.1.1 Description

Considering the Modified Cholesky Decomposition structure we compared the per-
formance of the maximum likelihood estimates of the proposed model with that of recent models.
For this, we generate m = 100 balanced random samples (with n; = 12 observations for each in-
dividual) from the normal, Student-t (with 4 degrees of freedom) and Laplace distributions, with
B =1[5,27,0.16]", y = [1.12,—0.58,0.09, —0.0043] T and A = [-0.4,—1.37,0.18,—0.007] T,
thatis, d =4, g =4, p = 1, considering the design matrix X; for the mean, the covariates z j;

and w; for autoregressive parameters and chosen scale innovation variances as follows

T T
Xi=[1 k| m=|1 G-k (-0 (-0 @1
and
wi=[1j 727 (42)

where k = [0,1,2.5,3.5,4.5,6,7,8,10,11.5,13,14] ", following the same simulation structure
presented in (LIN; WANG, 2009) and (GUNEY et al., 2022). It is important to say that, as
described in the literature for the TIMM and LIMM models, we have that z(i, 1) = 0, so that the
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first line of Z; is zero. To compute the standard error, the simulations were run with a total of
500 replications.

To evaluate the models, we consider three scenarios: data generated from the normal,
from the Student-t and from the Laplace distributions. The results are presented in Tables 1-3
(the best result is highlighted in blue and the second best result is highlighted in red), with the
mean values of estimates and standard errors (SE) of each model parameter, where SE = ¢/ T,

with o the standard deviation of the estimated parameter and » the number of replications.
Results for the MCD approach

The first evaluation scenario aims at illustrating that the proposed model is suitable
for any distribution chosen for the parameter 7 of the SMN model. In this context, we consider
that 7 has the following distributions: inverse gamma, beta and inverse beta. For this, 100
samples were generated for each scenario, considering that the structure that generate the mixing
parameter T have the same mean.

To compare these models, we consider the use of the BIC metric (Bayesian Informa-
tion Criterion), proposed by (SCHWARZ, 1978), which is given by

2

R k
BIC = — e + — In(m), (4.3)
m m

where 4, is the maximized log-likelihood with respect to the chosen model. For the proposed
SMNIMM, the number of parameters k is equal to p+d + g+ m+ 1 since B € RPT!, y € R?,
A € R and T € R™. For the NJMM and LJMM models, k = p+d + g+ 1, since we do not
have 7;, and for the TIMM model, k = p+d + g+ 2 since the degree of freedom v must be

additionally estimated.



51

-12.5

BIC
-13.5 -13.0
|
BIC
-14.0
|

-145
|

-14.0
|

-15.0
|

Shape parameter Shape parameter

—— SMNJMM

-13.5
|

-14.0
|

BIC

-14.5
|

-15.0
|

10 20 30 40 50

Shape parameter

Figure 4 — BIC metric value for each model obtained from the shape parameter. First: inverse
gamma distribution, second: beta distribution, third: inverse beta distribution.

The BIC metric is a tradeoff between fit performance and model complexity. It is
based on the likelihood function, being related to the Akaike Information Criterion (AIC) and is
used as a criterion for selecting models from a finite set of other models. The rule for using this
measure is to choose models with a lower BIC (the values being positive or negative).

Figure 4 shows the evolution of the BIC criterion for the three scenario presented
before when 7 follows an inverse gamma, a beta and an inverse beta distribution.

As observed, the proposed SMNJMM model has generally the lowest BIC value
for each of these scenario indicating its great potential. More precisely, for the first scenario
when 7 follows an inverse gamma distribution, the errors follow the Student-t distributions and
unsurprisingly the best performance are obtained for the TJMM model displayed in red in the top
left plot of Figure 4 especially when the shape parameter (degree of freedom) has a low value.
Note also that in this context, the performances of the proposed SMNJMM in black are very
closed to the one obtained with TIMM. For the second and third scenario of Figure 4, T follows
respectively a beta and an inverse beta distribution.

In this case, the errors follow much more complex distributions involving the Whit-
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taker functions as presented in (BOMBRUN et al., 2011). For these scenario, the NJMM, TIMM
and LJMM models do not work well for low shape parameters. However, as expected since
we have designed it for its robust behavior, the proposed SMNJMM model exhibits the best
performances. It performs well whatever the considered distribution for 7. Note also that for
a large shape parameter, all these models converge towards the normal distribution and in this
case, the best performance is naturally obtained with the NJMM model.

According to Table 1, where data are generated from the normal distribution, the
model that best fits the data is the NJMM model, followed by the proposed SMNJMM model.
We also observed that the standard errors of the estimators are similar between the models, with
emphasis on the values of the parameters A;, whose smallest standard error was observed in the
estimates for the SMNJMM model.

To assess if there is a difference between the results obtained for each model, the
pairwise Wilcoxon rank-sum test is employed (MANN; WHITNEY, 1947). We obtained a
p-value greater than 5% for comparing BIC values between NJMM and SMNJMM, that is, there
is no significant difference between the theoretical model and the proposed one. Furthermore,
a p-value of less than 5% is obtained when comparing BIC values between SMNJMM versus
TIMM, and SMNJMM versus LIMM models. That is, there is a significant difference between
the models that use the Student-t and Laplace distributions, respectively, and the proposed one.
These comparisons help us to validate the efficiency and robustness of the proposed model in
relation to other models, when the data is generated from the normal distribution structure.

Table 1 — Parameter estimations and Standard Errors (SE) for NJMM, TIMM, LIMM and
SMNIJMM of the data generated data from normal Distribution - Scenario 1.

NJMM (POURAHMADI, 1999b; POURAHMADI, 2000) | TIMM (LIN; WANG, 2009) | LIMM (GUNEY et al., 2022) | SMNJMM (proposed)
Parameter | True value - - - -

Estimate SE Estimate SE Estimate SE Estimate SE
B 527 5.2791 0.0469 5.2742 0.0459 5.2779 0.0465 5.2813 0.0452
B 0.16 0.1893 0.0124 0.1998 0.0128 0.1907 0.0129 0.1905 0.0121
" 1.12 1.1183 0.0581 1.1173 0.0578 1.1183 0.0638 1.1216 0.0605
b23 -0.58 -0.5691 0.0487 -0.5674 0.0481 -0.5688 0.0534 -0.5715 0.0489
% 0.09 0.0934 0.0196 0.0931 0.0187 0.0932 0.0205 0.0931 0.0192
Y -0.0043 -0.0046 0.0138 -0.0042 0.0133 -0.0046 0.0138 -0.0046 0.0139
M -0.4 -0.3883 0.2449 -0.3973 0.2414 -2.2568 0.2369 -0.4107 0.2432
A -1.37 -1.3771 0.1593 -1.3735 0.1569 -1.3562 0.1529 -1.3584 0.1627
3 0.18 0.1861 0.0364 0.1859 0.0364 0.1828 0.0351 0.1822 0.037
n -0.007 -0.0033 0.0124 -0.0032 0.0124 -0.0033 0.0119 -0.0029 0.0121

BIC -13.49 -12.67 -11.97 -13.01

When data are generated from the Student-t distribution, the model that best fits the
data is the TIMM model, followed by the proposed SMNJMM, as shown in the results presented
in Table 2. As in the models with data from the normal distribution, in the case of the Student-t

distribution, we also observed that the standard errors of the estimators are similar between the
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models, with emphasis on the values of the parameters A, A5, A3 and A4.

Again, using the pairwise Wilcoxon rank-sum test for comparison, we obtained a
p-value greater than 5% for comparing BIC values between TIMM and SMNJMM, that is, there
is no significant difference between the theoretical model and the proposed one. Furthermore, a
p-value of less than 5% is obtained for comparing BIC values between the SMNJMM versus
NJMM, and SMNJMM versus LIMM models, that is, there is a significant difference between
the models that use the normal and Laplace distributions, respectively, and the proposed one.
These comparisons help us to validate the efficiency and robustness of the proposed model in
relation to other models, when the data is generated from the Student-t distribution structure.

Table 2 — Parameter estimations and Standard Errors (SE) for NJMM, TIMM, LJIMM and
SMNIJMM of the data generated data from Student-t Distribution - Scenario 2.

NJMM (POURAHMADI, 1999b; POURAHMADI, 2000) | TIMM (LIN; WANG, 2009) | LIMM (GUNEY et al., 2022) | SMNJMM (proposed)
Parameter | True value - - - -

Estimate SE Estimate SE Estimate SE Estimate SE
B 527 5.2798 0.0454 5.2796 0.0443 5.2809 0.0395 5.2781 0.0453
B 0.16 0.1895 0.0118 0.1904 0.0126 0.1891 0.0119 0.1907 0.0129
" 1.12 1.1095 0.0913 1.1135 0.1017 1.1158 0.0668 1.1145 0.1027
r -0.58 -0.5601 0.0729 -0.5652 0.0837 -0.5657 0.0554 -0.5665 0.0842
% 0.09 0.0914 0.0245 0.0928 0.0261 0.0923 0.0206 0.0934 0.0275
Y -0.0043 0.0049 0.0139 0.0041 0.0134 0.0043 0.0132 0.0046 0.0141
M -0.4 -0.4302 0.4378 -0.4141 0.4755 -2.4824 0.3031 -0.4764 0.4367
A -1.37 -1.3745 0.2629 -1.3792 0.2742 -1.3616 0.1808 -1.3437 0.2814
A3 0.18 0.1861 0.0545 0.1861 0.0566 0.1828 0.0398 0.1812 0.0574
n -0.007 -0.0033 0.0134 -0.0031 0.0135 -0.0031 0.0124 -0.0029 0.0135

BIC -11.05 -14.51 -12.36 -13.97

When the data are generated from the Laplace distribution, the model that best fits
the data is the LIMM model, followed by the proposed SMNJMM model, according to the results
presented in Table 3. For the last comparison using the pairwise Wilcoxon rank-sum test, we
obtained a p-value greater than 5% for comparing BIC values between LJMM and SMNJMM,
that is, there is no significant difference between the theoretical model and the proposed one.
Furthermore, a p-value of less than 5% is obtained for comparing BIC values between the
SMNJMM versus NJMM, and SMNJMM versus TIMM models, that is, there is a significant
difference between the models that use the normal and Student-t distributions, respectively,
and the proposed one. These comparisons help us to validate the efficiency and robustness of
the proposed model in relation to other models, when the data is generated from the Laplace
distribution structure.

Thus, as expected, the proposed SMNJMM model performs well whatever the
distribution used for data generation, as long as this generating distribution belongs to the SMN

family, which allows it to be used for a wide range of cases, making the model robust.
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Table 3 — Parameter estimations and Standard Errors (SE) for NJMM, TIMM, LIMM and
SMNJMM of the data generated data from Laplace Distribution - Scenario 3.

NJMM (POURAHMADI, 1999b; POURAHMADI, 2000) | TIMM (LIN; WANG, 2009) | LIMM (GUNEY et al., 2022) | SMNJMM (proposed)
Parameter | True value - - : -

Estimate SE Estimate SE Estimate SE Estimate SE
Bi 5.27 5.2829 0.1046 5.2771 0.1039 5.2851 0.1021 5.2778 0.0463
B> 0.16 0.1891 0.0175 0.1903 0.0169 0.1906 0.0179 0.1911 0.0121
"N 1.12 1.1178 0.0616 1.1161 0.0601 1.1192 0.0597 1.1175 0.0611
73 -0.58 -0.5690 0.0525 -0.5661 0.0512 -0.5671 0.0492 -0.5669 0.0509
% 0.09 0.0935 0.0209 0.0935 0.0192 0.0931 0.0199 0.0934 0.0191
Ya -0.0043 0.0041 0.0141 0.0045 0.0135 0.0051 0.0132 0.0045 0.0133
M -0.4 1.4061 0.2508 1.4275 0.2253 -0.4135 0.2457 -0.3905 0.2391
A -1.37 -1.3539 0.1601 -1.3683 0.1475 -1.3594 0.1591 -1.3771 0.1603
A3 0.18 0.1831 0.0355 0.1858 0.0341 0.1838 0.0365 0.1861 0.0374
n -0.007 -0.0031 0.0125 -0.0032 0.0125 -0.0031 0.0125 -0.0032 0.0126

BIC -12.32 -12.27 -14.87 -13.23

4.1.2 Results for the ACD approach

Moving from the Modified Cholesky Decomposition structure to the Alternative
Cholesky Decomposition structure, we conducted a similar experiment to compare the models,
with the exception of the inclusion of the LIMM model (not yet presented in the literature),
then we considered two scenarios: in scenario 1, a synthetic dataset is generated by using the
normal distribution, while in scenario 2 the Student-t distribution with 4 degrees of freedom is
employed. For both scenarios, m = 100 balanced random samples (with n; = 12 observations for
each sample subject) are generated.

Tables 4 and 5 present the estimation performance results in terms of mean estimates
and standard errors (SE) computed on the r replications. To ease the understanding, the best and
second best results are respectively displayed in blue and red. Table 4 shows the results when
data are generated from a normal distribution while Table 5 shows the results for a Student-t
generation model.

As expected and as observed in Table 4 for the first scenario, when data are generated
from a normal distribution, the best performance is obtained with the NJMM model. The
proposed SMNJMM is the second best fit. To identify whether there is a significant difference
between these models in term of BIC values, the paired Wilcoxon hypothesis test is used. At the
5% significance level, no significant difference between the “theoretical" NJMM model and the
proposed SMNJMM model are observed indicating that these two models perform similarly in
the normal case. In addition, when compared with the TIMM model, a significant difference is
obtained indicating that the TIMM is a worst fit compared to the NJMM and SMNJMM model
for this first scenario.

Following the same approach, but now generating synthetic data from the Student-t

distribution, Table 5 shows that the model presenting the best results is the TIMM, followed by
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Table 4 — Estimation performance for the NJMM, TIMM and SMNJMM models - Scenario 1:
data generated from the normal distribution.
NJMM (CHEN; DUNSON, 2003b) TIMM (MAADOOLIAT et al., 2013) SMNJMM

Parameter True value

Estimate SE Estimate SE Estimate SE

Bi 5,27 5,2703 0,0394 5,2652 0,0489 5,2689 0,039
B 0,16 0,1605 0,0038 0,1607 0,0047 0,1606  0,0038
" 1,12 1,1157 0,0489 1,114 0,0514 1,1152  0,0547
) -0,58 -0,5761 0,0385 -0,5749 0,0426 -0,5758 00,0427
) 0,09 0,0899 0,0084 0,0898 0,0091 0,0899  0,0092
Ya -0,0043 -0,0036 0,0012 -0,0036 0,0021 -0,0036  0,0012
M -0,4 -0,3921 0,2362 -0,4014 0,2383 -2,2606 00,2287
A -1,37 -1,3807 0,1509 -1,3773 0,1525 -1,3598 00,1446
A3 0,18 0,1828 0,027 0,1827 0,0297 0,1797 0,0261
A4 -0,007 -0,0066 0,0018 -0,0066 0,0021 -0,0065 0,0018
BIC -15,51 -11,94 -14,35

the proposed SMNJMM model. The pairwise Wilcoxon test shows no difference between the
“theoretical" TIMM model and the proposed SMNJMM model, while significant difference are
observed when compared with the NJMM model.

Table 5 — Estimation performance for the NJMM, TIMM and SMNJMM models - Scenario 2:

data generated from the Student-t Distribution.
NJMM (CHEN; DUNSON, 2003b) TJIMM (MAADOOLIAT et al., 2013) SMNJMM (proposed)

Parameter True value

Estimate SE Estimate SE Estimate SE
Bi 5,27 5,2702 0,0393 5,2651 0,0388 5,2688 0,0389
B 0,16 0,1603 0,0036 0,1605 0,0035 0,1604 0,0036
n 1,12 1,1154 0,0486 1,1137 0,0481 1,1149 0,0544
) -0,58 -0,5762 0,0384 -0,575 0,0375 -0,5759 0,0426
) 0,09 0,0897 0,0082 0,0896 0,0079 0,0897 0,009
Ya -0,0043 -0,0039 0,0009 -0,0039 0,0008 -0,0039 0,0009
M -0,4 -0,3922 0,2361 -0,4015 0,2342 -2,2607 0,2286
A -1,37 -1,3809 0,1507 -1,3775 0,1483 -1,36 0,1444
A3 0,18 0,1825 0,0267 0,1824 0,0264 0,1794 0,0258
A4 -0,007 -0,0076 0,0008 -0,0076 0,0008 -0,0075 0,0008
BIC -11,13 -12,85 -12,18

These two experiments on synthetic data clearly illustrate the robust behaviour of the
proposed SMNJMM model with ACD structure. By do not imposing a fixed parametric form,
the proposed model is able to fit the data as long as the hypothesis of belonging to SMN family
of distribution is valid. In practice, this hypothesis is not so restrictive since the SMN family of
distributions includes a very broad kind of distributions. Note also that the proposed SMNJMM
is quite efficient since it performs as well as the theoretical model (NJMM in scenario 1 and

TIMM in scenario 2).

4.2 Forward prediction

* The proposed model (SMNJMM with MCD structure) presents, in general, better more

recent prediction results (up to step g =4).
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* The other proposed model (SMNJMM with ACD structure) presents, in general, better

more recent prediction results (up to step g = 3).
4.2.1 Description

First, considering the Modified Cholesky Decomposition, we performed one more
simulation study to evaluate the prediction performance of NJMM, TIMM, LIMM and SMN-
JMM models. To measure predictive accuracies, we report the empirical mean square forward

prediction error (MSFE), defined as
1 n a ~\N ][ /2 ~
MSFE = m—g Z(Yi —¥) (Vi—¥), (44)

where m is the number of individuals, g is the number of steps forward for prediction, ¥; is the
predicted estimated vector of the response variables and y; is the observed vector of the response
variable.

The technique we used to obtain ¥; and assess the relative predictive performance of
different models considers the pseudo-cross-validation approach, which combines the holdout
cross-validation ((STONE, 1974)) and a predictive sample reuse ((GEISSER, 1975)), as follows:
for each individual i, for i = 1,...,m, we do (i) holdout the last g measurements on the i th
participant; (ii) compute ML estimates using the remaining data as the sample; (iii) prediction of
the g true measurements y; = (Vi n—g+1, ...,y,-’ni)T, denoted by y; = (ﬁi,n,-—gﬂ , ...,f/,-?ni)T, is made
by using (3.36).

To evaluate the predictive power of each model, we generated m = 100 balanced
random samples observed at n; = 12 different times (the number of observations is the same for
each individual) from the normal, Student-t (with 4 degrees of freedom) and Laplace distributions,
and we estimated the parameters considering the previously mentioned pseudo-cross-validation
approach. To compare the state of the art models with the proposed SMNJMM, we used the
Relative Improvement Percentage (RIP) as classically employed in the literature (LIN; WANG,
2009; GUNEY er al., 2022). It is defined as:

MSFE —MSFE
RIP — model SMNJMM x 100%,
MSFEmodel

where MSFE,, ;4.1 can be the MSFE of NJMM, TIMM, or LIMM. A positive value for this

coefficient indicates that the SMNJMM model has better future forecasting performance, while a
negative value indicates that there has been no relative improvement. The obtained results are

shown in Table 6.
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Results for the MCD approach

Table 6 — MSFE and RIP (%) values for NJMM, TIMM, LIMM and SMNJMM models of g
step-ahead forecasts (MCD structure).

g step-ahead forecasts

g=1 g=2 g=3 g=4 g=5 g=6
MSFE 0,0510 0,0731 0,1034 0,1137 0,1309 0,1740
RIP (%) 0,1961 0,1368 0,0967 0,0000 -1,7571 -2,2989
TIMM MSFE 0,0516 0,0734 0,1075 0,1139 0,1339 0,1792
normal RIP (%) 1,3566 0,5450 3,9070 0,1756 0,5228 0,6696
LIMM MSFE 0,0512 0,0736 0,1063 0,1145 0,1333 0,1830
RIP (%) 0,5859 0,8152 2,8222 0,6987 0,0750 2,7322
SMNJMM MSFE 0,0509 0,0730 0,1033 0,1137 0,1332 0,1780
MSFE 0,0480 0,0567 0,0953 0,0954 0,1670 0,1895
RIP (%) 2,0833 11,0582 0,4197 0,3145 0,1198 1,1609
TIMM MSFE 0,0472 0,0549 0,0951 0,0953 0,1664 0,1865
Student-t RIP (%) 0,4237 -2,1858 10,2103 0,2099 -0,2404 -0,4290
LIMM MSFE 0,0481 0,0580 0,1004 0,0963 0,1675 0,1875
RIP (%) 2,28069 3,2759 5,4781 1,2461 04179 0,1067
SMNJMM MSFE 0,0470 0,0561 0,0949 0,0951 0,1668 0,1873
MSFE 0,0481 0,1104 0,1379 0,1444 0,1635 0,1898
RIP (%) 0,4158 9,1486 2,7556 11,3850 0,6116 5,0053
TIMM MSFE 0,0480 0,1171 0,1379 0,1444 0,1639 0,1819
Laplace RIP (%) 0,2083 14,3467 2,7556 11,3850 0,8542 0,8796
LIMM MSFE 0,0477 0,1083 0,1345 0,1431 0,1615 0,1791
RIP (%) -0,4193 17,3869 0,2974 10,4892 -0,6192 -0,6700
SMNJMM MSFE 0,0479 0,1003 0,1341 0,1424 0,1625 0,1803

Generating data from Model Metric

NJMM

NIMM

NIMM

We can observe that the MSFE metric increases as the number of steps for the
prediction increases. This behavior is common for all steps presented, that is, when g = 1 (when
we remove the last observation of each individual and use the prediction to estimate this value),
when g = 2 (when we remove the last two observations of each individual and use prediction to
estimate these values), and so on.

The proposed model (SMNJMM) generally presents better prediction results up to
the step g = 4 for the three presented scenarios. After this prediction step (g =5 and g = 6), the
best model for prediction is the one generated with the same structure. Table 6 highlights these

results.

4.2.2 Results for the ACD approach

Moving from the Modified Cholesky Decomposition structure to the Alternative
Cholesky Decomposition structure, we conducted a similar experiment to compare the models.

To compare the prediction performance of the models, we consider m = 100 balanced random
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samples observed at n; = 12 different times (we consider that the number of observations for
each individual is the same), for the normal and Student-t distributions (with 4 distributions
of degrees of freedom), and we estimated the parameters of the respective models through the

pseudo-cross-validation mentioned above. The results are shown in Table 7.

Table 7 — MSFE and RIP (%) values for NJMM, TIMM, LIMM and SMNJMM models of g
step-ahead forecasts (ACD structure).

g step-ahead forecasts

g=1 g=2 g=3 g=4 g=5 g=6
NIMM MSFE 0,0823 0,1042 0,1343 0,1442 0,1620 0,2049
RIP (%) 02162 0,1478 0,1185 0,0000 -2,3146 -3,4123
Scenario 1: normal TIMM MSFE 0,0830 0,1048 0,1389 0,1455 0,1655 0,2108
RIP (%) 1,4981 0,5287 3,8291 10,1831 0,6210 0,6565

SMNJMM (proposed) MSFE 0,0814 0,1036 0,1338 0,1443 0,1637 0,2086

NIMM MSFE 0,0796 0,0887 0,1269 0,1278 0,1988 0,2213

RIP (%) 2,0112 11,7654 10,2322 0,6765 0,1234 11,1392

Scenario 2: Student-t TIMM MSFE 0,0789 0,0867 0,1268 0,1270 0,1971 0,2175
RIP (%) 0,4543 0,3336 0,2654 -0,2737 -0,2876 -0,4312

SMNJMM (proposed) MSFE 0,0775 0,0866 0,1255 0,1275 0,1974 0,2178

Generating data from Model Metric

Unsurprisingly, as displayed in Table 7, the MSFE score increases with the number
of steps g in the prediction. This behavior is expected since the model is less and less confident
to predict long term observations. Table 7 also shows that the model proposed SMNJMM model
exhibits better prediction performance up to the third step, that is, up to g = 3 for the two
scenarios. The results after this prediction step (g = 4,5, 6) are better for the theoretical models
(NJMM for scenario 1 and TIMM for scenario 2).

In the next section, we will evaluate the proposed model on a real dataset and
compare its performance with other models with similar structure (NJMM and TIMM). In

addition, we perform a comparison between MCD and ACD decompositions.
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S REAL DATA ANALYSIS

In this chapter, we present the model performance results based on real data, for
the models using the normal, Student-t and Laplace distributions and for the proposed model,
considering the modified and alternative Cholesky decompositions. The results are presented
in terms of the standard errors of the estimates and the BIC values adapted for the problem.
Forward prediction estimates are also evaluated.

* For both MCD and ACD decompositions, the proposed SMNJMM model provides a lower
BIC value than the other NJMM and TIMM models.

* For the same model (NJMM, TIMM or SMNJMM), ACD decomposition always leads to
better performance than MCD.

* SMNJMM model is less influenced by outliers.

5.1 About the dataset

Now that the proposed SMNJMM model has been successfully validated on synthetic
data, some experiments on real data are carried out in this section. For that, a standard dataset
is used. It consists of dental growth from the pituitary gland up to the left pterygomaxillary
distance (mm) measured repeatedly at the ages of 8, 10, 12 and 14 years, with 11 women and 16
men, presented in (POTTHOFF; ROY, 1964), as shown in the Figure 5. Data can be downloaded
from the nlme (PINHEIRO et al., 2007) package in R (R Core Team, 2020).

5.2 Estimation performance

The objective of the first experiment is to confirm the potential of the proposed
SMNJMM model compared to the NJMM and TIMM in terms of fitting accuracy. In addition, a
comparison between the MCD and ACD decomposition structures is done.

The regression model is defined as:
Wij = Bo+ Soli(F) + (B1 + 814i(F) )1, (5.1)

with i € {1,...,m =27} (27 subjects, 11 women and 16 men) and j € {1,...,n; = 4} (4 times
steps at 8, 10, 12 and 14 years). L;; is the average orthodontic distance for the i-th subject at age
tj. Bo and B; are the intercept and slope for men, respectively. &y and J; are the difference in

intercept and slope between women and men, respectively. I;(F) is the indicator variable for
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Distance from pituitary to pterygomaxillary fissure (mm)
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Figure 5 — Distance between the pituitary gland and the pterygomaxillary fissure of 27 children
(16 males and 11 females) aged 8 to 14 years, measured every two years.

women. In the following, the Poly(1,1) model is considered (i.e. d = g = 1 for the covariate
vectors).

The maximum likelihood estimates corresponding to the six compared models
(NJMM, TIMM and SMNJMM for both MCD and ACD decompositions) are presented in
Table 5.2. As observed, both for the MCD and ACD decompositions, the proposed SMNJMM
model provides a lower BIC value than the other NJMM and TIMM counterparts. This highlights
the effectiveness of the proposed SMNJMM model for this practical application. In addition, for
a same model (NJMM, TIMM or SMNJMM), the ACD decomposition always leads to better
performance than the MCD one. These results clearly illustrate the interest of jointly using the

SMNJMM model with the ACD decomposition.
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MCD decomposition ACD decomposition

Parameter NIMM (POURAHMADI, 1999a) TIMM (LIN; WANG, 2009) SMNJMM (proposed) (RIBEIRO et al., 2024)  NIMM (CHEN; DUNSON, 2003b) TIMM (MAADOOLIAT et al., 2013)  SMNIMM (proposed) (RIBEIRO et al., 2024)
Bi 209738 15.2569 21,5423 18,4050 12,7204 18.8457
B 16117 0,7955 14254 13313 05151 09674
8 0,6947 09785 23120 -1.3303 03429 1.8540
& 20,6572 03127 05214 -0.93f76 0.5931 0,0634
7 08498 09894 10685 02142 03538 04329
P 02537 03781 40,3781 -0.5341 06585 -0,6585
M 1.9268 15298 19951 12912 0,8942 1.3595
A -0.2846 03714 03124 -0.5650 -0.6518 -0,5928
BIC 9,59 12,52 8,52 8.44 12,04 8,03

5.3 Robustness performance

A second experiment is performed on this dataset to evaluate the robustness behavior
of the proposed SMNJMM model. The same evaluation protocol is employed as the one presented
in (LIN; WANG, 2009) and (GUNEY et al., 2022). First a contamination denoted by & is added

for a single observation as:
yij(§) =vij+¢. (5.2)

Then the NJMM (in green), TIMM (in red), LIMM (in blue) and and SMNJMM (in black)
models are estimated and their performance are evaluated in term of BIC values. Here, only the
ACD decomposition for the scatter matrix is considered. Figure 6 draws the evolution of the BIC
criterion as a function of the disturbance intensity (&) for two subjects: a woman in Figure 6(a)

and a man in Figure 6(b).
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From Figure 6, we observe that for both subjects, the BIC values obtained with
the proposed SMNJMM model are always smaller than the BIC values for the NJMM and
TIMMM models. These results confirm that the SMNJMM model is less influenced by outliers
as explained in Section 2. This robustness property of the proposed SMNJMM model allows
it to satisfactorily accommodate extreme observations and makes it a relevant model to use in

practice.

5.4 Conclusion

In this chapter, we present the performance results for the proposed models, consid-
ering both synthetic and real data. The experiments on synthetic data confirmed the robustness
property of the proposed SMNJMM model compared to the NJMM, TIMM, and LIMM models
with the MCD and ACD structures.

We used hypothesis testing to evaluate the results of the different models and vali-
dated that there is a significant difference between the models using the Student-t and Laplace
distributions compared to the proposed model, validating the efficiency of our model.

We also observed that the proposed SMNJMM model provides a lower BIC value
than the other NJMM and TIMM models. Furthermore, for the same model (NJMM, TIMM, or
SMNJIMM), the ACD decomposition always leads to better performance than MCD. We were
also able to validate that the SMNJMM model is less influenced by outliers.

In the next chapter, we will discuss a summary of what was presented throughout

this thesis, as well as present possible development topics for future work on the subject.
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6 CONCLUSION AND FUTURE WORKS
6.1 Conclusion

The study of longitudinal data is of interest in several areas, including biomedical
and agronomic applications. And like any other statistical methodology, it has advantages and
disadvantages regarding its use. Monitoring sample subjects during the study, for example, may
not be a simple task, due to the complexity of data collection and management. However, this
approach provides more suitable conditions for the study of covariates that can influence the
response variable; in addition to evaluating the behavior of the response over time and allowing
the study of changes in the behavior of the mean response of the sample subject in the different
treatments (incorporating information on intra-individual variation in the analysis).

Therefore, failing to consider the inherent characteristic of dependence of longitudi-
nal data can lead us to erroneous conclusions/interpretations of the results obtained. The use of
the paired t-test or ANOVA (parametric or non-parametric), for example, was widely used as
simple alternatives for modeling this type of data. However, more robust proposals for including
correlation in the modeling structure have been proposed over time. Much of the initial research
focused on cases in which the model errors follow a normal distribution. Among them, we can
mention the analysis of variance with repeated measures, univariate/multivariate profile analysis,
growth curve analysis and models with random effects.

The proposals mentioned above, although still widely used, may not be suitable for
certain problems, such as non-normality, for example, an intrinsic fact in a large part of the
data set. Based on this central motivation of the limitation of the normality assumption and the
computational advances inherent in the 1980s and 1990s, other approaches (more robust and
more generalist) have been developed in the literature over time.

One of these approaches was considered in this thesis and is based on jointly model-
ing the mean and scale covariance, and our contribution is focused on developing this approach
considering an SMN error framework. This approach generalizes recent models based on the
normal, Student-t and Laplace distributions, using the distribution-free (unknown but deter-
ministic) mixing parameter 7, i.e., the goal is to generalize particular cases, assuming that
r; ~ SMN(0,m;, 7;). To achieve this, we assume that the parameters 7; are deterministic but un-
known. By not imposing any explicit structure on its probability density function, the proposed

regression model will be robust, since it has the ability to represent a wide range of distributions
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belonging to the SMN family, including normal, Student-t and Laplace structures as special
cases.

The idea was based on working with the assumption made about the distribution of
errors r; =y; — i (where p; = X;/3, in the context of regression models). Thus, if we consider
that r; ~ .4 (0,m;), we have the NJMM model, as presented in (POURAHMADI, 1999b). If we
consider that r; ~ Student-t(0,m;,v), where v are the degrees of freedom, we have the TIMM
model, as presented in (LIN; WANG, 2009). And if we consider that r; ~ Laplace(0,m;), we
have the structures of the LJMM model, as presented in (GUNEY et al., 2022).

From this structure, we derive the MCD (Modified Cholesky Decomposition) and
ACD (Alternative Cholesky Decomposition) decompositions, derive maximum likelihood esti-
mators, and provide an algorithm for estimating the model parameters. We present estimators for
future prediction, providing an explicit expression of the mean squared error predictor. Based
on simulated and real data, we present extensive experiments to illustrate the robustness of the
proposed model.

From the results obtained, we observed that the SMNJMM model with MCD struc-
ture presents a lower BIC value than the other models, that is, the results of the data analysis
support the effectiveness of the proposed model. To evaluate the prediction of new observations
for orthodontic growth data, we saw that, from the values presented, the SMNJMM model
provides the lowest MSFE values. Compared to the modified Cholesky decomposition (MCD),
the ACD structure proved to be more appropriate in some situations, validating the interest of

applying the proposed model. !

6.2 Future works

Here, we present some directions that we consider as possible areas of future research
for the commsubjecty and that we intend to explore. Below, we have compiled these suggestions
and included others that may also be of interest. The main points are presented below:

* Potential applications: The models proposed in this thesis are very generic and can
be used for many applications. Here, we show their interest in synthetic data and in
a real dataset commonly used in the scientific commsubjecty. But, several other appli-
cation perspectives can be considered in different domains: clinical and health studies

(monitoring the progression of diseases, effects of treatments or changes in health param-

' The R codes will be available upon request to the authors.
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eters over time), as discussed in (SCHAFER; KANG, 2008) and (PFOHL; YAMADA,
2016); psychopedagogical studies (monitoring the cognitive development of children or
the impact of educational interventions over time), as discussed in (GORE; GIL, 2015)
and (HUSSAIN; GOH, 2017); economic studies (studying the effects of public policies,
investments, or macroeconomic changes over time), as discussed in (PISCHKE, 2005)
and (CAMERON; TRIVEDI, 2009); sociological studies (tracking changes in attitude or
behavior over time, such as in social interventions or public policy changes), as discussed
in (BREEN; JONSSON, 2020) and (MANSKI; PEPPER, 2021); among others.

Sparse regression models: In the context of developing new methodologies, it is possible
to evaluate the use of the modified Cholesky decomposition (MCD) and the Alternative
Cholesky Decomposition in the context of sparse regression models. These models use
regularization techniques to select a subset of relevant predictor variables, forcing most of
the coefficients to become zero, which results in simpler and more interpretable models.
(ZHOU et al., 2021) and (XU et al., 2015) developed the approach following these models,
but under the assumption of a Gaussian distribution and without considering any Cholesky
decomposition for the scattering matrix X, for example.

Other distributions: Regarding the possibility of considering other distributions that do
not belong to the scale mixture family of normal distributions, we suggest applying it to
distributions that generalize the normal distribution, such as the multivariate generalized
Gaussian distribution (MGGD, also known as the exponential power distribution) and/or
the Kotz type distribution. The MGGD generalizes the normal distribution by including
one more parameter (a power parameter), while the Kotz type extends the MGGD by
considering one more parameter. (PLUNGPONGPUN; NAIK, 2008), for example, uses
the Kotz distribution for an ANOVA and this methodology can possibly be applied to a
JMM model.

Other decompositions: In addition to considering the use of other distributions, it is also
worth considering the use of other Cholesky decompositions. In this work, we consider
the MCD and the ACD, but structures such as the parameterization of the Hyperspherical
Cholesky Factor (HPC), for example, can be considered. This decomposition shows that
the dependencies and correlations between observations of the same individual over time
can be better modeled through hyperspherical coordinates, which offer a way to capture

nonlinear, nonstationary correlations with complex variance-covariance structures. (PAN;
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PAN, 2017) presents this structure for the context of normality, but the idea can be extended
to other distributions of the SMN family.

Machine learning based methods versus statistical models: In the context of Machine
Leaning, there are some models (such as decision trees, random forests or deep neural
networks) that were specifically designed to process longitudinal data. In (SIMCHONI;
ROSSET, 2023) and (SIMCHONI; ROSSET, 2021) some approaches of neural network
structures were presented that aim to imitate the most well-known structure for longitudinal
data: mixed linear models. It is possible that this proposal can be adapted when other
hypotheses are made about the errors (Student, Laplace, SMN, for example) and also for

different specific structures for the scatter matrix (MCD and ACD).



68

A PAPER 1: A GENERAL ROBUST APPROACH FOR JOINT MODELING ON THE
FAMILY OF SCALE MIXTURE OF NORMAL DISTRIBUTION

Published paper:
Ribeiro, V. S. O., Bombrun, L., Nobre, J. S., Cavalcante, C. C., &

Berthoumieu, Y. (2024).
A general robust approach for joint modeling of the family of scale

mixture of normal distribution.

Signal Processing, 220, 109426.




A general robust approach for joint modeling of the
family of scale mixture of Normal distribution

Vinicius Silva Osterne Ribeiro?, Lionel Bombrun®*, Juvéncio Santos
Nobre?, Charles Casimiro Cavalcante?®, Yannick Berthoumieu®

2 Department of Teleinformatics Engineering, Federal University of Ceara, Campus do
Pici, Block 725, Fortaleza, 60455-970, Ceard, Brazil
bUniv. Bordeauz, CNRS, Bordeauxz INP, IMS, UMR 5218, Talence, F-33400, France
¢Bordeaux Sciences Agro, Gradignan, F-33175, France
?Department of Statistics and Applied Mathematics, Federal University of
Ceara, Campus do Pici, Block 910, Fortaleza, 60455-970, Ceard, Brazil

Abstract

In this paper, we present the class of linear models with errors belonging to
the family of scale mixture of normal distributions, considering the reparam-
eterization of the scatter matrix based on the Modified Cholesky Decomposi-
tion approach and that the mixing parameters of the model are deterministic
but unknown and vary from each observation. Scoring functions and Hessian
matrices are derived for the parameters of interest and an iterative process
is proposed for parameter estimation. Some aspects of predicting new ob-
servations and robustness of maximum likelihood estimates are discussed, as
well as the performance of different models with different structures for one
of the parameters of the family of distributions used. The methodology is
applied in an extensive comparative approach with synthetic and real data.
Performance results and prediction of new observations show that the pro-
posed model performs better compared to recent models based on Normal,
Student-t and Laplace distributions.

Keywords: Longitudinal Data, Scale Mixture of Normal distribution,
Modified Cholesky Decomposition

PACS: 0000, 1111

2000 MSC: 0000, 1111

Preprint submitted to Signal Processing April 15, 2024



1. Introduction

An important category of repeated measures consideration is longitudi-
nal studies (also known as cohort or panel studies), whose characteristic is
to consider the collection of the samples obtained in successive moments
ordered under some dimension (e.g. time, velocity, height), in which the
measurement is done considering the same physical quantity (e.g. seconds,
miles per hour, meters). The reason of the analysis of this type of data is to
consider the existing dependence in the individual observations of responses
of the observed units. Examples of this type of study are presented in [1],
[2], [3] and [4] in different contexts, including econometrics, biomedical or
agricultural applications.

In recent years, an approach that has gained relevance for analyzing longi-
tudinal data is joint mean-covariance models (or multivariate heteroscedastic
regression model), initially proposed in [5] and discussed in more details in [6],
under the assumption of error normality, called the NJMM (Normal Joint
Modeling Model). The NJMM considers that the mean vector is parame-
terized as a linear model and the covariance matrix is formed to represent
the heteroscedastic and autoregressive structure of measurements within the
same subject. This representation of the covariance matrix is constructed
from the Modified Cholesky Decomposition (MCD) [7], which is ideal when
high-dimensional (HD) and positive definition (PD) constraints are obsta-
cles in modeling covariance and correlation matrices. Other decompositions
of the covariance matrix were also developed [8], such as the Alternative
Cholesky Decomposition (ACD) [9], and the Hyperspheric Parameterization
of the Cholesky Factor (HPC) [10].

Considering that in many cases the normality assumption for the er-
rors can be easily violated, some generalizations of the NJMM model were
proposed in the literature by considering the Student-t distribution for the
residuals, yielding to the TJMM structure (Student-t Joint Modeling Model).
This idea was followed in [11] and [12] where the MCD and HPC decompo-
sitions are respectively used for the covariance matrix. This modification in
the model is useful when residuals have heavier tails than the normal dis-
tribution. However, although the inclusion of one more degree of freedom
makes the model more flexible, the estimation process becomes a little more
complex. An alternative to the TJMM was recently developed in [13], which
considered the joint modeling of the mean and covariance of the multivariate
Laplace distribution, which is called LJMM (Laplace Joint Modeling Model),



an alternative structure of heavy tail to the multivariate normal distribution.
Furthermore, the model is simpler than the TJMM, as the number of param-
eters to be estimated is the same as in the NJMM model.

Even if these models have successfully been used in the literature, they
have one major drawback. They all assume a fixed parametric form for the
distribution of the residuals which may be problematic especially in presence
of outliers. To overcome this limitation, this paper introduces a novel joint
modeling model adapted to a wider class of distributions. Considering that
the normal, Student-t and Laplace distributions are particular cases of the
class called Scale Mixtures of Normal (SMN), presented by [14], in this paper
we propose the joint modeling of the mean and covariance for analysis of data
with repetitions using this class, whose model we will call SMNJMM (Scale
Mixtures of Normal Joint Modeling Model), in which the NJMM, TJMM
and LJMM models will be particular cases.

Based on this context, the main contributions of this work can be sum-
marized as follows:

e By considering that residuals follow a scale mixture of normal distribu-
tion with unknown but deterministic mixing parameters, we introduce
a novel robust joint modeling model for the modeling of longitudinal
data;

e Based on the MCD decomposition, we derive the maximum likelihood
estimators and provide an iterative algorithm to estimate its parame-
ters;

e In the context of forward prediction, we give an explicit expression of
the mean square error predictor;

e Based on simulated and real data, we introduce extensive experiments
to illustrate the robustness of the proposed approach for the modeling
of longitudinal data.

The paper is organized as follows. Details on the structure of the distri-
bution, approach for joint modeling of mean and covariance, and motivation
for developing this paper are presented in Section 2. In Section 3, we present
the proposed model, including the structure, parameter estimation and al-
gorithm for this process, and estimation/prediction for new observations of
the response variable. In Section 4, simulation studies and application to a



real dataset are presented to evaluate the sensitivity and robustness of the
proposed model. Finally, the Section 5 is dedicated to conclusions and final
considerations about the paper.

2. State of the art

In this section, we will present the structure of the distribution that will
be considered for the modeling of the residuals of the regression model for
longitudinal data, as well as the approach of reparameterization of the scatter
matrix for the joint modeling of the mean and covariance.

The first subsection gives a brief recall of the SMN model with a specific
focus on the case of deterministic but unknown mixing parameters 7;. Then,
subsection 2.2 introduces the main notations for the joint modeling of longi-
tudinal data based on the MCD decomposition. And finally subsection 2.3
gives the main ingredients of our proposal which consists in modeling the
residuals of the joint model with an SMN distribution with deterministic but
unknown mixing parameters 7;.

2.1. SMN distribution and its extension

We say that an n-dimensional random variable y follows a Scale Mixture
of Normal distribution [14] with mean vector p and scatter matrix X, if its
stochastic representation can be given by

y = u+ 7%z, (1)

where 7 and z are independent, and z ~ N(0,X) and 7 € R* is a scalar
random variable. An important property of this structure is that the random
variable y given 7 has a normal distribution, where the mean vector and
covariance matrix are given, respectively, by

E(ylr) = VTE(z) + 1= u (2)
and
Var(y|r) = E[(y — w)(y — )" |7] = V7E(z2" )7 = 7%, (3)
and consequently we can write its conditional distribution function as follows
1 (y —m)'2  (y — )
~ = —— — . 4
S~ N 72) = e | = ()
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Hence, each component of y is correlated with the other components
from the variance dependence generated by 7. We can obtain the probability
density function of the random variable y by integrating the joint distribution
of y and 7 over 7, i.e.

1) = / " Fyln) fr)dr. (5)

Depending on the choice of the distribution of the parameter 7, we may
have different structure for the multivariate vector y, i.e.:

e if 7 follows an Inverse Gamma distribution with shape parameter a and
scale parameter b, denoted as 7 ~ IG(a,b), whose probability density
function is given by

T—a—le—b/ﬂ' (6)

f(r;a,0) = ') ,

where 7 € (0,00) and I'(+) is the complete Gamma function, then y
follows a multivariate Student-t distribution [15];

e if 7 follows a Gamma distribution with shape parameter a and scale
parameter b, denoted 7 ~ G(a,b), whose probability density function
is given by

1

f(r;a,b) = T () T leT/b, (7)

where 7 € (0, 00), then y follows a K-distribution, a family of three pa-
rameters that arise from the composition of two Gamma distributions.
In addition, if 7 follows a Gamma distribution with shape parameter
a = n+ 1/2 and scale parameter b = 1/8, then y follows a Laplace
distribution.

As mentioned before, by choosing a specific structure for the 7 parameter,
in the SMN family of distributions, a closed-form expression for y can be
obtained by solving (5) such as the Student-t and Laplace distributions.

The main disadvantage of the previously mentioned approaches is that
a well-defined parametric form is imposed for the structure of 7 and, con-
sequently, for the variable y, which can be easily violated in practice. To
overcome this problem, [16], [17] and [18] propose to relax this restriction

5



by not imposing any explicit structure for the probability density function of
7. Furthermore, they consider that the value of 7 varies with each sampling
unit, so that for a set of m individuals, we have the parameters 7, 7o, ..., T,
to be estimated, that are deterministic but unknown, and the ML estimator
for this parameters are given by

m Yi
Zi:l (yi—) T2 (yi—)]'/?

(8)

ﬂ = m 1
Zi:l (yi—i) T2 (yi—)]'/2

$ n (Yi - /l)A(yi - ﬂ)T (9)
m (yi— )" yi — i)
fim (= ) S i - ) (10)

An important aspect about the scatter matrix X is its identification prob-
lem. We can rewrite the stochastic representation presented in (1), given by
y = pu+71/%z, considering y = pu+(ar)'/? —f or simply y = p+(k)%c, where
Kk = at is a positive scalar parameter and ¢ ~ N(0, X.), with X, = X /a. This
means that vectors (u, 7,%) and (p, at,¥/a) identify the same SMN model.
In this way, we need to impose a restriction to identify the parameters and

this restriction will be made in the scatter matrix, as follows

n3
Y=—= 11
tr(X)’ (11)
where tr(X) is the trace of the scatter matrix, i.e., the sum of the main diag-
onal of this matrix. In this case, we impose the restriction that tr(X) = n.

In the following section, we will present the structure to be considered
when modeling regression models for longitudinal data and understand how
this distribution will be involved in the process.

2.2. Joint modeling of longitudinal data

Suppose that repeated measurements of a continuous random variable
are observed over time in each of the m subjects under study. Let y; =
(Yi1, Yias > Yin;) | be the result vector of the ith subject (experimental unit),
where n; is the number of results per subject i, ¢ = 1,2,...,m, which are
allowed unevenly spaced.

One of the most common ways of modeling the mean of y; is the linear
regression model given by

Yi = Wi + Iy, (12)
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where p; = (pi1, ...,uini)T = X;3, with X; = (X;1,...,Xin,) | being the n; x
(p+ 1) matrix of explanatory variables, which is known and assumed to be of
full row rank, 8 = (8o, ..., ,) " being the vector of regression coefficients and
ri = (rig, ey rini)T = y; — ji; is the residual vector, which can assume different
structures, among the most common is to consider that r; ~ N(0,3;).

In addition to mean modeling, the focus of regression models for lon-
gitudinal data is also on modeling the scatter matrix, given that we have
repeated measures for different individuals and modeling this structure must
be considered. However, this matrix has peculiarities that make estimation
processes difficult, such as high dimensionality (we will have many param-
eters to be estimated if we do not impose any structure to the matrix),
positive definition (property that these matrices must obey), and, if we do
not consider any restrictions, we will have more parameters to estimate than
collected observations.

In the context of joint mean-covariance modeling, the idea proposed by
Pourhamadi in [5] and [6] to ensure these two properties is to rewrite the
scatter matrix using the Modified Cholesky Decomposition (MCD) approach,
where such matrix is reparametrized as follows

LXL =D, (13)

where L; = [l;;] are lower triangular matrices with 1’s as diagonal entries and
(4, k)th entry being —¢;, called autoregressive parameters, for k € {1, ..., j—
1}, as denoted below

1 0 0 - 0
— b 1 0 e 0

L= | — %1 —03 L 0, (14)

__¢ni1 _¢ni2 _¢ni3 1

and D; = diag{c?, ..., 072“}, where 02 are called scale innovation variances, as

J
denoted below

a% 0 0
0 o2 - 0

D, = ) , (15)
0 0 o?



whose interpretations include: (i.) the below-diagonal entries of L; are the
negatives of the autoregressive parameters, namely —¢;i, in

j—1
Yij = X0+ Z Dk (Yir — Hik), (16)
k=1

and (ii.) the diagonal entries of D; are the scale innovation variances ajz =

var(y;; — Uij). It is worth noting that we can also rewrite the inverse of the
scatter matrix as ;' = L/ D; 'L;.

Following [5] and [6], we are able to model the scatter matrix from a joint
regression model for variances and correlations considering

bjr = z%'y and  Ino} = ij)\, (17)

where v = (71, ...,74) " and A = (A1,...,\,)" are d and ¢-dimensional vectors
of parameters, z;, and w; are d and g-dimensional covariate vectors.

The parameters v and \ are assumed to be common for all 3J;’s exhibiting
the same covariance structure. The covariates z;;, and w; may contain the
baseline covariates, the time and the associated interactions. These covariates
are presented as time polynomials for the autoregressive components and
time powers for innovation variances, respectively, as proposed in [19], i.e.

T

zjn = [ 1 (tw—ty) (tiw—ty)® - (ti—ti)" " ] (18)

and
wi o= [y gy it (19)

where ¢;; (or t;;) is the measure of time referring to the sampling unit 7 in
the repetition j (or repetition k), for ¢« € {1,--- ,m}, j € {1,--- ,n;}, and
ke{l,---,7—1}

From the presentation of this modeling structure for the average and the
reparametrization for estimation of the scatter matrix, we will present the
motivation for the development of this paper in the next section.

2.3. Our proposal

As mentioned in the introduction, in the literature there are several
approaches for joint modeling of mean and covariance using the Modified



Cholesky Decomposition. What differentiates these approaches is the as-
sumption on the distribution of the residuals r; = y; — p; (where p; = X;/3,
in the context of regression models). We mentioned that if we consider that
r; ~ N(0,%;), we have the Normal Joint Modeling Model structured, as
presented in [5], if we consider that r; ~ Student-t(0, 3;, v), where v are the
degrees of freedom, we have the Student-t Joint Modeling Model as presented
in [11], and if we consider that r; ~ Laplace(0, 3;), we have the Laplace Joint
Modeling Model structure as presented in [13]. Considering that all these
structures belong to the family of SMN distributions, the purpose of this
paper is to generalize these works that considers the Normal, Student-t and
Laplace distributions for the residuals by assuming that r; ~ SMN(0, ¥;, ;).
For that, we will assume that parameters 7; are deterministic, but unknown.
By not imposing any explicit structure for their probability density function,
the proposed regression model will be robust since it has the ability to rep-
resent a wide kind of distributions belonging to the SMN family including
the Normal, Student-t and Laplace structures as special cases. However, note
that the SMN model presented in equations (8) to (10) without any constraint
on the scatter matrix (except the trace) cannot be directly employed for the
regression of longitudinal data. With such model, the number of parameters
to estimate is much more larger than the total number of observations. The
distribution parameters for this regression model cannot be estimated. A
constraint on the scatter matrix need to be imposed on the shape of scatter
matrix and in this paper, the MCD decomposition is considered.

In the following section, we present the proposed model, linking the SMN
distribution to the regression model for longitudinal data, considering the
reparameterization for the scatter matrix using the MCD decomposition.

3. SMN Joint Modeling Model

3.1. Structure

Considering the stochastic representation defined in (1) and assuming
that r;|7; ~ N(0,7;3;), then the log-likelihood function for a sample of m
individuals y; = (Yi1, .-, Yin,) ', for i = 1,2, ...,m, with 0 = (u, 7, %) is given



1 “ 1 <& 1
l(e) = —§ln(27r)an—iznzlnﬂ—ﬁg;ln\ﬁl]

BRI C— ). 20
;1 it — 14) (y; — 1) (20)

Assuming a regression structure with repeated measures, consider y; =
(Yi1, -+, Yin;) T the result vector of i-th sample unit, where n; is the number
of results of the subject i, i = 1,2, ...,m. Here, we allow dependence (corre-
lation) within the subject, but impose independence between subjects.

3.2. Parameter estimation

In this section, we will present the maximum likelihood estimates (MLE)
of the parameter vector § = (83,7,7,\)" of the proposed model, assum-
ing that we have independent observations of m subjects yi,y2, ...,y from
model (12), considering the log-likelihood function given in (20) and a two-
step estimation process, given that we assume that 3; is known to obtain
the expressions of the other estimates.

3.8. Score functions

Taking the first derivative of (20), the maximum likelihood estimating
equations for the parameter vector § = (3, 7,7, \)T of the proposed structure
are given by

; 1
U, = —"—+—( ~X,8) S (y, — Xif), (21)
27'1' 2
m 1 -
U; = Z;X:Eil(yi—X,ﬂ), (22)
i=1 '*
"1
U, = Z;ZZDi‘l(ri—Zw), (23)
i=1 't
1 m ng 1 m 1 ng B A
Un = =50 0 Wity =D ol =)W, (24)
i=1 j=1 i=1 " j=1

where 1; = Zi;ll mkijk% with the n; x d matrix Z;, given by
Zi=z(i,1) - z(i,n,) ]T,
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with z(i, j) = Zi:l ikZjk, considering that r; = Z;7 (see appendix Appendix
A for more details).

3.4. Estimation algorithm

Equating the scoring functions U,, Ug and U, to zero and rearranging
them, we can write the following update equations

A B -1 .
A (h+1) (y; — Xzﬂ(h))TEz(' : (y; — Xz‘ﬁ(h))
n;

- -1

. 1 -1 1 -1
(h+1) _ Tx(h) A Ts(h) )

I6] = E ) X, %; XZ] [E O X, % yZ] (26)

Li=1 Ti i=1 Tq

- -1

LI NN S T T a1

A (ht+1) (h) (W)™ G (h) (h) ()™ (h)
v = E‘—1 =) Z;” D;" Z, ] [5‘_1 () Z;" D" 1 ] , (27)

where superscript (h) is the notation to indicate the parameter estimation in
step h of the iterative estimation process.

The score function of the parameter A depends on the parameter of in-
terest. Thus, we use the Newton-Raphson method as an iterative estimation
method, whose expression for the case of the \ parameter is given by

~ ~ -1
A — A0 4 (E(Y) ol (28)

where U(h) is a d x 1 vector given the expression presented in (A.10) and
HE\/\) is a d x d matrix given by

0
H)\)\: Wl = ——Z <ZO’ TU ’]”” Wj T) . (29)

To summarize, the steps to estimate the parameters of the proposed SMN-
JMM model with deterministic but unknown 7; are presented in Algorithm 1.

We can observe by means of these update equations, that observations
that are outliers (i.e. observations for which y; is far from X;3) will have
a higher value for the estimate of 7; and a lower weight for the estimates
of B, v and A, as these estimators are divided by 7;, making the approach
robust. It is also important to note that if 7; is constant, then the equations
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Algorithm 1 Algorithm for the maximum likelihood estimate of the pro-
posed SMNJMM model

1: Given a starting value 8 = (8" (") A" AT which can be ob-
tained by fitting the NJMM model, use the models given in (17) to form
z" ™ L™ D™ and =
Update 7" using (25);
Update S using (26);
Update 4"+ using (27);
Update A"+ using (28):;
Update the following matrices: Z§h+1), using (25), f*ghﬂ), using (A.3),
LY using (14), D™ using (15), and """ using (13):
) s

i tr(El(-h_H)) ’

7: Normalization of the scatter matrix, considering

8: Repeat steps 2 to 7 until convergence.

reduce for the case of the model with normal structure (NJMM), following the
representation presented in (1), i.e. the structure reduces to the stochastic
representation of a Gaussian distribution.

The SMN model presented in equations (8) to (10) without any constraint
on the scatter matrix (except the trace) and the proposed SMNJMM model
share many similarities. Actually, the only difference relies on the structure
of the scatter matrix. For this application of regression with longitudinal
data, we need to impose this structure. As these models are quite closed
each other, we retrieve some similarities during the estimation process. For
example:

e Equation (8) for the SMN model is retrieve as step 3 in Algorithm 1
(equation (26), estimation of the regression coefficients to obtain the
mean vector).

e Equation (9) for the SMN model (estimation of ¥) is replaced by steps
4 and 5 in Algorithm 1 (equations (27) and (28) to estimate v and \).

e Equation (10) for the SMN model (estimation of 7;) is retrieved by
step 2 in Algorithm 1 (equation (25)). Note that it is exactly the same
equation with the quadratic term on the numerator.

e For identification reason, as explained in the paragraph before (11),
the scatter matrix should be normalized. In the proposed SMNJMM

12



model, we have also considered that its trace is equal to n (see step 7
in Algorithm 1).

3.5. Forward prediction

In this section, we present a technique to predict the future values of
the individual 7 (y;), which is one of the m individuals under consideration,
for the proposed model (SMNJMM), by following the same approach as the
one developed for the TJMM [11] and LIMM [13] models, i.e. formulate an
estimation structure capable of predicting future values of the i-th sampling
unit, which is one of the m individuals under study, assuming that the values
already observed and the new predictions follow the multivariate distribution
under consideration.

For this, consider that y; denotes a future vector, (g x 1), of measurements
for the individual y;, X; denotes a matrix, (g x (p + 1)), of prediction for
the corresponding y; with E(y;) = X;3, and zj, and w; denote the vectors
of the covariates associated with y;, of dimension d x 1 and ¢ x 1, being
Ino? = w/ A and ¢j; = ika% forje{n;+1,..,n;+¢g}and k € {1,...,7—1},
respectively.

Furthermore, we assume that the joint distribution of y; and y; given 7;
follows a (n; + g)-variate normal distribution, i.e.

T A X8, (30

where X7 = (X, X])T, 7' = Ly7'D;'Lf, D; = diag(0?, ...,02 ,,) and
L} = [l;;] are unitary lower triangular matrices, (n; + g) X (n; + g), with 1’s
as diagonal entries and (j, k)-th entry being —¢y.

Partitioning 3* according to the size of y; = (y;, ¥, )", which is a vector

that joins current observations and future observations, we have

Y T
= , 31
i {221 222} (31)

where 3, is the upper left (n; x n;) submatrix of Xf and 3o, = X/, (here
we suppress the subscript ¢ of the partitioned matrices for notational conve-
nience).

Considering the characteristics of the marginal and conditional distribu-
tions [20, 21], we have that if y;|7; ~ N, (pi, 7:3;), then

S’i|yi7 T ™~ /\/;; (,Uz.l, 7'12221) ) (32)
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where M2.1 = E(S’z|yza7—z) and 222.1 = 222 — 21221711212, and the Mean
Squared Error (MSE) error predictor of y;, which is the conditional expec-
tation of y; given y; and 7;, as shown by [13], is given by

~

Yi = fa1 = Xzﬂ + 22121_11(}% - Xi0), (33)

and the MSE covariance matrix for the predictor (33) is determined by

~

El(y: — ) (¥i — ¥i) "7 = E(cov(3:ly:)|mi) = 1 %021 (34)

4. Experiments

In order to validate the proposed model, in this section we will present
the main results of some applications on synthetic (estimation and prediction
performance) and real data.

4.1. Synthetic data

4.1.1. ML estimation performance for mixing parameter

The first evaluation scenario consists of illustrating that the proposed
model is suitable for any distribution chosen for the parameter 7 of the
SMN model (see (1)). In this context, we consider that 7 has the following
distributions: inverse gamma, beta and inverse beta. For this, 100 samples
were generated for each scenario, considering that the structure that generate
the mixing parameter 7 have the same mean.

To compare these models, we consider the use of the BIC metric (Bayesian
Information Criterion), proposed by [22], which is given by

2. k

BIC = ——| 1

m
where imax is the maximized log-likelihood with respect to the chosen model.
For the proposed SMNJMM, the number of parameters k is equal to p+d +
g+ m+1since B € RPTL v € R X\ € R? and 7 € R™. For the NJMM and
LJMM models, k = p+d+ g+ 1, since we do not have 7;, and for the TJMM
model, k = p+ d + q + 2 since the degree of freedom v must be additionally
estimated.

The BIC metric is a tradeoff between fit performance and model com-
plexity. It is based on the likelihood function, being related to the Akaike
Information Criterion (AIC), proposed by [23], and is used as a criterion for
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Figure 1: BIC metric value for each model obtained from the shape parameter.
Top left: inverse gamma distribution, top right: beta distribution, bottom: inverse
beta distribution.

selecting models from a finite set of other models. The rule for using this
measure is to choose models with a lower BIC (the values being positive or
negative).

Figure 1 shows the evolution of the BIC criterion for the three scenario
presented before when 7 follows an inverse gamma, a beta and an inverse
beta distribution.

As observed, the proposed SMNJMM model has generally the lowest
BIC value for each of these scenario indicating its great potential. More pre-
cisely, for the first scenario when 7 follows an inverse gamma distribution,
the residuals follow the Student-t distributions and unsurprisingly the best
performance are obtained for the TJMM model displayed in red in the top
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left plot of Figure 1 especially when the shape parameter (degree of freedom)
has a low value. Note also that in this context, the performances of the pro-
posed SMNJMM in black are very closed to the one obtained with TJMM.
For the second and third scenario displayed in the top right and bottom plots
of Figure 1, 7 follows respectively a beta and an inverse beta distribution.
In this case, the residuals follow much more complex distributions involv-
ing the Whittaker functions as presented in [24]. For these scenario, the
NJMM, TIJMM and LJMM models do not work well for low shape parame-
ters. However, as expected since we have designed it for its robust behavior,
the proposed SMNJMM model exhibits the best performances. It performs
well whatever the considered distribution for 7. Note also that for a large
shape parameter, all these models converge towards the Normal distribution
and in this case, the best performance are naturally obtained with the NJMM
model.

4.1.2. ML estimation performance result

The objective of this subsection is to compare the performance of the
maximum likelihood estimates of the proposed model with that of recent
models. For this, we generate m = 100 balanced random samples (with
n; = 12 observations for each individual) from the Normal, Student-t (with
4 degrees of freedom) and Laplace distributions, with 8 = [5,27,0.16]T,
v = [1.12,-0.58,0.09, —0.0043] " and A = [-0.4,—1.37,0.18, —0.007] ", that
is, d =4, g = 4, p = 1, considering the design matrix X; for the mean,
the covariates z;, and w; for autoregressive parameters and chosen scale
innovation variances as follows

T

X;=[1 k], zp=[1 G-k (G-K> (G—kK*] (36)

and
wi=[13 7 ], (37)

where k = [0,1,2.5,3.5,4.5,6,7,8,10,11.5,13,14] T, following the same sim-
ulation structure presented in [11] and [13]. It is important to say that, as
described in the literature for the TJMM and LJMM models, we have that
z(1,1) = 0, so that the first line of Z; is zero. To compute the standard error,
the simulations were run with a total of 500 replications.

To evaluate the models, we consider three scenarios: data generated from
the Normal, from the Student-t and from the Laplace distributions. The
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results are presented in Tables 1-3 (the best result is highlighted in blue and
the second best result is highlighted in red), with the mean values of estimates
and standard errors (SE) of each model parameter, where SE = o/+/r, with
o the standard deviation of the estimated parameter and r the number of
replications.

According to Table 1, where data are generated from the Normal distri-
bution, the model that best fits the data is the NJMM model, followed by
the proposed SMNJMM model. We also observed that the standard errors
of the estimators are similar between the models, with emphasis on the val-
ues of the parameters A, whose smallest standard error was observed in the
estimates for the SMNJMM model.

To assess if there is a difference between the results obtained for each
model, the pairwise Wilcoxon rank-sum test is employed [25]. We obtained
a p-value greater than 5% for comparing BIC values between NJMM and
SMNJMM, that is, there is no significant difference between the theoretical
model and the proposed one. Furthermore, a p-value of less than 5% is ob-
tained when comparing BIC values between SMNJMM versus TJMM, and
SMNJMM versus LJMM models. That is, there is a significant difference
between the models that use the Student-t and Laplace distributions, re-
spectively, and the proposed one. These comparisons help us to validate the
efficiency and robustness of the proposed model in relation to other models,
when the data is generated from the Normal distribution structure.

Table 1: Parameter estimations and Standard Errors (SE) for NJMM, TJMM,
LIJIMM and SMNJMM of the data generated data from Normal Distribution -
Scenario 1.

Parameter | True value NJMM |5, 6] TIMM [11] LJMM [13] SMNJMM (proposed)
Estimate SE Estimate SE Estimate SE Estimate SE
o1 5.27 5.2791 0.0469 5.2742 0.0459 5.2779 0.0465 5.2813 0.0452
By 0.16 0.1893 0.0124 0.1998 0.0128 0.1907 0.0129 0.1905 0.0121
T 1.12 1.1183 0.0581 1.1173 0.0578 1.1183 0.0638 1.1216 0.0605
V2 -0.58 -0.5691  0.0487 | -0.5674 0.0481 | -0.5688 0.0534 | -0.5715 0.0489
Y3 0.09 0.0934  0.0196 | 0.0931  0.0187 | 0.0932  0.0205 | 0.0931 0.0192
Yy -0.0043 -0.0046  0.0138 | -0.0042 0.0133 | -0.0046 0.0138 | -0.0046 0.0139
A1 -0.4 -0.3883  0.2449 | -0.3973  0.2414 | -2.2568  0.2369 | -0.4107 0.2432
Ao -1.37 -1.3771  0.1593 | -1.3735  0.1569 | -1.3562  0.1529 | -1.3584 0.1627
A3 0.18 0.1861  0.0364 | 0.1859  0.0364 | 0.1828  0.0351 | 0.1822 0.037
A -0.007 -0.0033  0.0124 | -0.0032 0.0124 | -0.0033 0.0119 | -0.0029 0.0121
BIC -13.49 -12.67 -11.97 -13.01

When data are generated from the Student-t distribution, the model that
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best fits the data is the TJMM model, followed by the proposed SMNJMM,
as shown in the results presented in Table 2. As in the models with data
from the normal distribution, in the case of the Student-t distribution, we
also observed that the standard errors of the estimators are similar between
the models, with emphasis on the values of the parameters Ay, Ay, A3 and 4.

Again, using the pairwise Wilcoxon rank-sum test for comparison, we ob-
tained a p-value greater than 5% for comparing BIC values between TJMM
and SMNJMM, that is, there is no significant difference between the theo-
retical model and the proposed one. Furthermore, a p-value of less than 5%
is obtained for comparing BIC values between the SMNJMM versus NJMM,
and SMNJMM versus LIMM models, that is, there is a significant difference
between the models that use the Normal and Laplace distributions, respec-
tively, and the proposed one. These comparisons help us to validate the
efficiency and robustness of the proposed model in relation to other models,
when the data is generated from the Student-t distribution structure.

Table 2: Parameter estimations and Standard Errors (SE) for NJMM, TJMM,
LIJMM and SMNJMM of the data generated data from Student-t Distribution -
Scenario 2.

Parameter | True value NJMM |5, 6] TIMM [11] LIJMM [13] SMNJMM (proposed)
Estimate SE Estimate SE Estimate SE Estimate SE
o1 5.27 5.2798 0.0454 5.2796 0.0443 5.2809 0.0395 5.2781 0.0453
By 0.16 0.1895 0.0118 0.1904 0.0126 0.1891 0.0119 0.1907 0.0129
T 1.12 1.1095 0.0913 1.1135 0.1017 1.1158 0.0668 1.1145 0.1027
Yo -0.58 -0.5601  0.0729 | -0.5652 0.0837 | -0.5657 0.0554 | -0.5665 0.0842
Y3 0.09 0.0914  0.0245 | 0.0928  0.0261 | 0.0923  0.0206 | 0.0934 0.0275
Y4 -0.0043 0.0049  0.0139 | 0.0041  0.0134 | 0.0043  0.0132 | 0.0046 0.0141
M -04 -0.4302  0.4378 | -0.4141 0.4755 | -2.4824 0.3031 | -0.4764 0.4367
Ao -1.37 -1.3745  0.2629 | -1.3792 0.2742 | -1.3616  0.1808 | -1.3437 0.2814
A3 0.18 0.1861  0.0545 | 0.1861  0.0566 | 0.1828  0.0398 | 0.1812 0.0574
A -0.007 -0.0033  0.0134 | -0.0031 0.0135 | -0.0031 0.0124 | -0.0029 0.0135
BIC -11.05 -14.51 -12.36 -13.97

When the data are generated from the Laplace distribution, the model
that best fits the data is the LJMM model, followed by the proposed SM-
NJMM model, according to the results presented in Table 3. For the last
comparison using the pairwise Wilcoxon rank-sum test, we obtained a p-
value greater than 5% for comparing BIC values between LIMM and SMN-
JMM, that is, there is no significant difference between the theoretical model
and the proposed one. Furthermore, a p-value of less than 5% is obtained for
comparing BIC values between the SMNJMM versus NJMM, and SMNJMM
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versus TJMM models, that is, there is a significant difference between the
models that use the Normal and Student-t distributions, respectively, and
the proposed one. These comparisons help us to validate the efficiency and
robustness of the proposed model in relation to other models, when the data
is generated from the Laplace distribution structure.

Table 3: Parameter estimations and Standard Errors (SE) for NJMM, TJMM,
LJMM and SMNJMM of the data generated data from Laplace Distribution -
Scenario 3.

Parameter | True value | NIMM [5, TIMM [11] LIMM [13] | SMNJMM (proposed)
Estimate SE Estimate SE Estimate SE Estimate SE
B 5.27 5.2829  0.1046 | 5.2771  0.1039 | 5.2851  0.1021 | 5.2778 0.0463
Bo 0.16 0.1891  0.0175 | 0.1903  0.0169 | 0.1906  0.0179 | 0.1911 0.0121
T 1.12 1.1178 0.0616 1.1161 0.0601 1.1192 0.0597 1.1175 0.0611
Yo -0.58 -0.5690  0.0525 | -0.5661 0.0512 | -0.5671  0.0492 | -0.5669 0.0509
3 0.09 0.0935  0.0209 | 0.0935 0.0192 | 0.0931  0.0199 | 0.0934 0.0191
Y4 -0.0043 0.0041  0.0141 | 0.0045 0.0135 | 0.0051 0.0132 | 0.0045 0.0133
A -0.4 1.4061  0.2508 | 1.4275  0.2253 | -0.4135 0.2457 | -0.3905 0.2391
Ao -1.37 -1.3539  0.1601 | -1.3683 0.1475 | -1.3594  0.1591 | -1.3771 0.1603
A3 0.18 0.1831  0.0355 | 0.1858  0.0341 | 0.1838  0.0365 | 0.1861 0.0374
A -0.007 -0.0031  0.0125 | -0.0032 0.0125 | -0.0031 0.0125 | -0.0032 0.0126
BIC -12.32 -12.27 -14.87 -13.23

Thus, as expected, the proposed SMNJMM model performs well whatever
the distribution used for data generation, as long as this generating distribu-
tion belongs to the SMN family, which allows it to be used for a wide range
of cases, making the model robust.

4.1.83. Prediction performance

We performed one more simulation study to evaluate the prediction per-
formance of NJMM, TJMM, LIMM and SMNJMM models. To measure
predictive accuracies, we report the empirical mean square forward predic-
tion error (MSFE), defined as

1 & -
MSFE = m_g Z<Yz - Yi)T(Yz‘ - i) (38)
i=1

where m is the number of individuals, ¢ is the number of steps forward for
prediction, y; is the predicted estimated vector of the response variables and
y; is the observed vector of the response variable.
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The technique we used to obtain y; and assess the relative predictive per-
formance of different models considers the pseudo-cross-validation approach,
which combines the holdout cross-validation [26] and a predictive sample
reuse [27], as follows: for each individual 4, for i = 1, ...,m, we do (i) holdout
the last ¢ measurements on the i th participant; (ii) compute ML estimates
using the remaining data as the sample; (iii) prediction of the g true mea-
surements y; = (Yin,—g+1, - Yin;) , denoted by y; = (yji,m,gﬂ, ...,ﬁi,m)T, is
made by using (33).

To evaluate the predictive power of each model, we generated m = 100
balanced random samples observed at n; = 12 different times (the number
of observations is the same for each individual) from the Normal, Student-
t (with 4 degrees of freedom) and Laplace distributions, and we estimated
the parameters considering the previously mentioned pseudo-cross-validation
approach. To compare the state of the art models with the proposed SM-
NJMM, we used the Relative Improvement Percentage (RIP) as classically
employed in the literature [11, 13]. It is defined as:

MSFE, oqe0 — MSFEsyn v
RIP = 100
MSFEmodel ’ %’

where MSFE,,,qq can be the MSFE of NJMM, TJMM, or LJIMM. The
obtained results are shown in Table 4.
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Table 4: MSFE and RIP (%)* values for NJMM, TJMM, LIMM and SMNJMM
models of g step-ahead forecasts.

g step-ahead forecasts
g=1 g=2 g=3 g=4 g=5 g=6
MSFE 0,0510 0,0731 0,1034 0,1137 0,1309 0,1740
RIP (%) 0,1961 0,1368 0,0967 0,0000 -1,7571 -2,2989
TIMM MSFE 0,0516 0,0734 0,1075 0,1139 0,1339 0,1792
Normal ’ RIP (%) 1,3566 0,5450 3,9070 0,1756 0,5228  0,6696
LIMM MSFE 0,0512 0,0736 0,1063 0,1145 0,1333 0,1830
’ RIP (%) 0,5859 08152 2,8222 0,6987 0,0750 2,7322
SMNJMM MSFE 0,0509 0,0730 0,1033 0,1137 0,1332 0,1780
MSFE 0,0480 0,0567 0,0953 0,0954 0,1670 0,1895
RIP (%) 2,0833 1,0582 0,4197 0,3145 0,1198 1,1609
TIMM MSFE 0,0472 0,0549 0,0951 0,0953 0,1664 0,1865
Student-t RIP (%) 0,4237 -2,1858 0,2103 0,2099 -0,2404 -0,4290
LIMM MSFE 0,0481 0,0580 0,1004 0,0963 0,1675 0,1875
RIP (%) 2,2869 32759 54781 11,2461 0,4179  0,1067
SMNJMM MSFE 0,0470 0,0561 0,0949 0,0951 0,1668 0,1873
NIMM MSFE 0,0481 0,1104 0,1379 0,1444 0,1635 0,1898
RIP (%) 0,4158 9,1486 2,7556 1,3850 0,6116  5,0053
TIMM MSFE 0,0480 0,1171 0,1379 0,1444 0,1639 0,1819
Laplace RIP (%) 0,2083 14,3467 2,7556 1,3850 0,8542  0,8796
Ly MSFE 00477 10,1083 0,1345 0,1431 0,1615 0,1791
RIP (%) -0,4193 7,3869 0,2974 0,4892 -0,6192 -0,6700
SMNJMM MSFE 0,0479 0,1003 0,1341 0,1424 0,1625 0,1803

Generating data from Model Metric

NJMM

NJMM

We can observe that the MSFE metric increases as the number of steps
for the prediction increases. This behavior is common for all steps presented,
that is, when g = 1 (when we remove the last observation of each individual
and use the prediction to estimate this value), when g = 2 (when we remove
the last two observations of each individual and use prediction to estimate
these values), and so on.

The proposed model (SMNJMM) generally presents better prediction re-
sults up to the step g = 4 for the three presented scenarios. After this
prediction step (¢ = 5 and g = 6), the best model for prediction is the one
generated with the same structure. Table 4 highlights these results.

In the next section, we will evaluate the proposed model on a real dataset
and compare its performance with other models with similar structure (NJMM,
TJMM and LIMM).

4.2. Real data
4.2.1. Dataset description

To illustrate the application of the model on real data, we will consider
the same dataset used in [11], for the TJMM model, and in [13], for the
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LJMM model. It is worth noting that these data were originally analyzed in
[28].

The dataset is open source, available in the package nlme [29] in the
R software [30] and shows tooth growth from pituitary to pterygomaxillary
cleft distances (mm) measured repeatedly at ages 8, 10, 12 and 14 years of
11 females and 16 males.

4.2.2. Fitting SMNJMM model

Our objective is to compare the performance of the NJMM, TJMM and
LJMM models, with the proposed SMNJMM model for this dataset, consid-
ering the average response for a linear growth function that can be described
with the Poly(1,1) model. The dependency structure is as follows

pij = Bo + 6o li(F) + (81 + 61 Li(F))ty, (39)

with ¢ € {1,...,m = 27} and j € {1,...,n; = 4}, where p;; is the average
orthodontic distance for the i-th subject at age t;; By and ; the intercept
and slope for boys, respectively; dy and §; the difference in intercept and
slope between girls and boys, respectively; I;(F') the indicator variable for
the girl.

Corresponding ML estimates in Normal, Student-t, Laplace and SMN
configurations can be found in Table 5. We observed that the SMNJMM
model provides a lower BIC value than the other models, that is, the results
of the data analysis support the effectiveness of the proposed model.

Table 5: Parameter estimations of Poly(1,1) model for NJMM, TJMM, LIMM
and SMNJMM of the orthodontic growth data.

Parameter | NJMM  TJMM  LJMM  SMNJMM
Bo 20,9738 15,2569 15,5107 21,5423
B 16117 0,7955 0,7782 1,254
8 10,6947 09785  1,0752  2,3120
51 20,6572 -0,3127 -0,3161  0,5214
- 0,8498  0,9894 09710  1,0685
Y -0,2537 -0,3781 -0,3512  -0,3781
M 1,9268 1,5298 -0,5125 19951
Ao 10,2846 -0,3714 -0,3325  -0,3124
BIC 95935 12,5241 11,8510 85211

In order to evaluate the prediction results obtained from the four models
under study (NJMM, TJMM, LIMM and SMNJMM) for orthodontic growth
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data, we present Table 6 which shows the prediction, using the MSFE metric,
forg =1, g = 2 and g = 3, that is, removing the last, the last two and the last
three observations of each individual. From the presented values, we can say
that the SMNJMM model provides lower MSFE values for the orthodontic
growth dataset.

These favorable results for the proposed SMNJMM model show that we
do not need to impose any fixed shape on the residue distribution, as is done
in the attributes for the NJMM, TJMM and LJMM models. This allows the
SMNJMM model to be more flexible and therefore achieve better estimation
and prediction performances, as illustrated in this real dataset.

Table 6: MSFE values for NJMM, TJMM, LJIMM and SMNJMM models to
compare the predictive accuracies of g step-ahead forecasts.

g step-ahead forecasts

Model o=1 g=2 g=3
NJMM [5, 6] 2,3136  4,4404 84312
TIJMM [11] 2,3135 4.4121 8,4333
LIMM [13] 2,3108 4,4357 82111

SMNJMM (proposed) 2,3104 4,4064 8,2089

4.2.8. Diagnostic analysis

To evaluate the robustness of the estimates of the proposed SMNJMM
model compared to NJMM, TJMM and LJMM models, we adopt the ex-
periments introduced in [11] and [13]. It consists in a two step procedure
detailed as below:

(i.) Add contaminated values, denoted by &, to a single observation,
doing y;;(£) = vij + &
(ii.) Reestimate the models and collect the corresponding BIC values.

These two steps are applied to three different observations: the last obser-
vations of the first female, the last observation of the last male and a random
observation for the different values of £ between -20 and 20 by the increment
of 2 mm. Figure 2 shows the BIC versus perturbation values (&) for the
NJMM, TJMM, LIMM and SMNJMM models for the three aforementioned
cases: a woman, a man and a random subject.

We can notice that the BIC values of the NJMM, TJMMM and LIMMM
models are always greater than the BIC values of the SMNJMM model.
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This difference tends to increase steadily with the increase in the perturba-
tion value for each of these observations, mainly for the TJMM and LJMM
models. For the SMNJMM model, perturbation values ranging from -20 to
20 have little effect on the BIC value of each fitted model, indicating that
our model is the most robust one.

These results show the robustness of the model, which, in addition to not
needing to impose any fixed shape on the distribution of residuals, is also
capable of satisfactorily accommodating extreme observations.
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Figure 2: BIC versus perturbations. Top left: female observation, top right:
male observation, bottom: a random observation.

4.3. Advantages and disadvantages of the proposed model

By considering that the mixing parameters 7; are deterministic but un-
known parameters, we do not assume any specific distribution. Our model
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has hence the ability to represent any model issued from the family of scale
mixture of Normal distributions. The proposed SMNJMM model can hence
be viewed as a robust extension of the state-of-the-art models based on the
Normal, Student-t and Laplace distributions. In addition, from a practical
application, the interest is that it is no more necessary to perform goodness of
fit to validate the fitting quality of the proposed model since our SMNJMM
model generalizes a wide kind of distributions. Furthermore, we consider the
joint estimation approach of the within-subject marginal covariance matrix,
with the aim of overcoming common problems in these processes, such as
the positive definition of the scatter matrix and number of parameters to be
estimated.

The limitation of our proposal is considering that one of the matrices
that form the MCD decomposition is formed by generalized autoregressive
parameters (GARPs), that is, an autoregressive structure is assumed for the
measurements of each sampling unit. A proposal that considers a moving
average structure or a decomposition in the correlation matrix [31, 10] are
alternatives already developed for Gaussian models and that can be consid-
ered for the approach with the SMN distribution.

5. Conclusion

We present a robust approach to the analysis of longitudinal data with
the mean and the scale covariance modeled jointly in a framework of SMN er-
rors. This approach generalizes recent models that are based on the Normal,
Student-t and Laplace distributions, by using the distribution-free 7 mixing
parameter (unknown, but deterministic).

From the MCD decomposition, we derive maximum likelihood estimators
and provide an algorithm to estimate model parameters. We present esti-
mators for forward prediction, providing an explicit expression of the root
mean square error predictor. Based on simulated and real data, we introduce
extensive experiments to illustrate the robustness of the proposed model®.

From the results obtained, we observed that the SMNJMM model pro-
vides a lower BIC value than the other models, that is, the results of the
data analysis support the effectiveness of the proposed model. To evaluate
the prediction of new observations for orthodontic growth data, we saw that,

IR codes for using the proposed model can be obtained from the authors upon request.
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from the values presented, the SMNJMM model provides the lowest MSFE
values.

Future works will include the development of diagnostic techniques for
this type of scatter matrix reparameterization, such as global and local in-
fluence analysis and disturbance in the scatter matrix, are tools that can
be developed in future works for the diagnostic evaluation of the proposed
model.
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Appendix A. Estimates of each parameter

MLE of T and 3
Taking the derivative of the SMN likelhood function with respect to the

parameters 7; and 3, we have that the respective score functions are given
by

- _ 4 (v. - X" (v. - X.

U, = 2Ti+2Tf(yZ X,;8) =y, — Xif), (A1)
e lgres

U; = ; Tixi »(y, — Xif). (A.2)

MLE of v

For the estimation of the parameters v and A, we need to consider some
changes in the structure of the log-likelihood function, in order to expose the
presence of the parameters of interest in the estimation, as we will present
below.

First, we consider that the residuals of the ¢-th individual are obtained
from the difference r; = y; — p;, where pu; = X; 5. Thus, the estimate for this
parameter can be obtained from

j—1
r; = Z TiijTk% (A.3)
k=1

where t; is the predictor of 7;; based on its predecessors 7; j_1, ..., 751, i.e., the
AR model for the actual measurements on subject i, as presented in (16).
Also, using the fact that 3. L— L/D; 1, and L;r; = (r; — 1;), as presented
in [5], we have that the log-likelihood function (20) can be rewritten (without
the constant term) as follows

10) o ——anlnTz——ZlnlE\ Z{l r] (L, D7 'L)r }
1 & 1
= —§;nilnTi—§;ln|Ei|

_ % iml{l'(ri — ) D (r; — r)} : (A.4)

Ti
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Making some changes to the expression (A.4) in order to include the
parameter v, we consider the matrix Z;, of dimension n; x d, given by

Zi=[2(,1) - z(in) ], (A.5)

with z(i,7) = Zi;ll TikZ;,- Furthermore, we can consider that 1; = Z;y, such
that the function (A.4) can be rewritten as follows

1(0) ——anlnﬂ - —Zln]E |
- ;z{ —zMD;l(ri—zm}. (A6)

With the expression presented in (A.6), we will be able to estimate the
vector of parameters v. Taking the derivative of this log-likelihood function
with respect to parameter v, we have

ZTD — 7). (A.7)

\1|,_.

MLE of \

Now, we need to rewrite the expression (A.4) in order to estimate the vec-
tor of parameters A\. We consider the submodel given by In 0]2 = W;r/\ and the
fact that (I‘Z—f'z)TDl_la'z—f'z) can be rewritten as Z;l;l {(’rij — TA’ij)O'j_z(Tij — T‘A”)}
Thus, we can rewrite the log-likelihood function as follows

1(0) ——anlnTz——ZZWT)\ (A.8)

S T CEUERIENS A9)

With the expression presented in (A.9), we will be able to estimate the
vector of parameters A. Taking the derivative of this log-likelihood function
with respect to parameter \, we have

- _%Zzwﬂ'—'—%Z%ZU{z(ﬁj—fij)QWj. (A.10)
=1 j=1 i=1 " j=1
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Abstract

In Statistics, the analysis of longitudinal data is essential across various do-
mains, including biomedical and agricultural research. Joint mean-covariance
models have been widely used to capture within-subject dependence, often
by parametrizing the scatter matrix via the Modified Cholesky Decomposi-
tion (MCD). However, the MCD has known drawbacks, such as sensitivity
to the ordering of variables and challenges in parameter interpretation. As
an alternative, the Alternative Cholesky Decomposition (ACD) offers im-
proved numerical stability and interpretability, yet has been underexplored
in robust modeling contexts. Traditional approaches also frequently assume
normally distributed residuals, which may not hold in practice. While exten-
sions based on the Student-t and Laplace distributions address heavier tails,
they still rely on fixed parametric forms. To overcome both structural and
distributional limitations, this paper proposes a novel joint regression model
that combines the flexibility of ACD with the robustness of scale mixture of
normal (SMN) distributions. We obtain maximum likelihood estimators and
compare our model against classical and Student-t-based alternatives. Simu-
lation studies show superior performance in estimation and prediction under
outlier contamination. Real data applications further highlight the model’s
robustness and practical utility.

Keywords: Repeated measures, Scale Mixture of Normal distribution,
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1. Introduction

Studies with repeated measures (or longitudinal data) consist of observing
the same subjects at successive time points, and are widely used in econo-
metrics, biomedicine, agriculture, and other scientific fields [1, 2, 3, 4, 5]. Un-
like cross-sectional studies, repeated measures require accounting for within-
subject dependence, as multiple observations are obtained for each individual.

To properly account for this dependence, joint mean-covariance models
have been developed, extending classical linear regression by modeling both
the mean vector and the covariance (or scatter) matrix of the residuals. One
of the most commonly used approaches for parameterizing the covariance
structure is the Modified Cholesky Decomposition (MCD), as introduced
in [6]. While MCD enables a convenient regression-based parametrization of
the covariance matrix, it suffers from critical drawbacks: it is highly sensitive
to the ordering of the variables, and the regression coefficients it produces
lack direct interpretation in terms of correlation or dependence strength.
These limitations have been discussed in detail in |7, 8|, where the ordering-
dependence is shown to affect both estimation accuracy and interpretability,
especially in high-dimensional or unbalanced designs.

To address these issues, Chen et al. introduced in |7] the Alternative
Cholesky Decomposition (ACD), which reparametrizes the covariance struc-
ture in a way that is order-invariant and allows for a clearer interpretation
of dependence patterns. ACD has been shown to produce more stable pa-
rameter estimates and enables modeling strategies that better reflect the un-
derlying correlation structure, particularly in the presence of irregular time
grids or missing data [9]. These structural advantages have motivated its use
in several modern applications, yet robust joint models using ACD remain
scarce in the literature.

Regarding robustness, several works have relaxed the Gaussian assump-
tion by adopting alternative error distributions. For instance, the Student-t
and Laplace-based joint models [10, 11| were proposed to improve robust-
ness, but they still rely on fixed parametric forms, which may be too rigid in
practice. A more flexible and general approach was introduced by Ribeiro et



al. [12], who modeled the residuals using the Scale Mixture of Normal (SMN)
family, thus encompassing a broader class of distributions. However, their
model was built entirely upon the MCD, inheriting its structural limitations.
To overcome both distributional and structural constraints, this paper
proposes a new robust joint model that combines the flexibility of the SMN
distribution with the structural advantages of the ACD decomposition. By
integrating these two components, the proposed model provides a more in-
terpretable, robust, and flexible framework for modeling longitudinal data.

e We obtain the maximum likelihood estimation framework and propose
an iterative algorithm to estimate the parameters of the joint model
using the ACD structure and residuals from the SMN family;

e We provide analytical expressions for the mean squared prediction error
in the context of forecasting future responses;

e We perform simulation studies and real-data applications to illustrate
the robustness and flexibility of the proposed approach, especially in
comparison with existing models based on MCD and fixed-distribution
assumptions.

The paper is organized as follows. Details about the structure of the
regression model and different correlation structures are introduced in Section
2 and the presentation of our proposal is presented in Section 3. In Section 4,
we present the structure, estimation and prediction method of the proposed
model. In Sections 5 and 6, simulation and application studies to a set of real
data are presented to evaluate the sensitivity and robustness of the proposed
model. In Section 7, we present some final considerations and future work
on the topic.

2. Joint modeling of repeated measures

Let’s consider a sample of m subjects. In the context of repeated mea-
surements, a continuous random variable y is observed over time for each
subject. Denote by y; = (Y1, ¥i2, -, Yin,) | the response profile of the ith
subject (i = 1,2,...,m), where n; is the number of observations for subject
1, which may be irregularly spaced.

To model the mean of y;, we adopt the standard linear structure widely
used in the literature:

Yi = M; + €, (1)



where pu;, = X;8, with X; = (X1, ..., Xin,) | being the n; x (p + 1) design
matrix for the 7th subject, containing the values of the explanatory variables
at each time point. 3 = (8o, ..., 3,)" is the vector of regression coefficients,
and €; is the residual vector.

While the classical assumption is that € ~ N,(0,%;), in longitudinal
modeling, the structure of the scatter matrix 3; plays a crucial role in ac-
counting for within-subject dependence. To make inference feasible and the
model identifiable, a parametrization of X; is required.

Historically, the Modified Cholesky Decomposition (MCD), introduced by
Pourahmadi [6, 13|, has been the most widely used strategy. This approach
reparametrizes the scatter matrix as:

L%L =D, (2)

where L; is a unit lower triangular matrix with autoregressive parameters
—¢ji, in the subdiagonal elements, and D; = diag(o7,...,0, ) contains the
innovation variances. However, the MCD suffers from well-documented limi-
tations: it is highly sensitive to the ordering of variables, and the parameters
lack direct interpretability in terms of marginal correlations [7, 8]. These
drawbacks may lead to unstable estimates, particularly in irregular or unbal-
anced designs, which are common in longitudinal settings.

To address these issues, Chen et al. [7] introduced the Alternative Cholesky
Decomposition (ACD), which reverses the reparametrization strategy by mod-

eling the covariance matrix directly as:

¥, = D,L,L/ D, (3)
where -
1 0 0 --- 0
P 1 0 0

)

L, = %1 ¢?2 1 (4)

L ¢ni1 ¢ni2 ¢ni3 T 1
In this decomposition, the ¢;;, parameters are interpreted as moving av-
erage coefficients, and the residuals can be expressed as:

7j—1
(i — i) /oi = €+ Y _ bineij, (5)

k=1



with D; = diag(o?,...,07 ) representing the innovation variances. Unlike

MCD, the ACD provides an order-invariant parametrization and yields pa-

rameters that are more directly interpretable and numerically stable [9].
Following [6], both MCD and ACD decompositions allow for structured

modeling of the scatter matrix through:
ik = Zka’Ya In 032- = W]-TA, (6)

where v and A are global parameter vectors shared across subjects, and zj,
w, are covariate vectors, often specified as time-based polynomial expansions
[14]:

T
zjp = (1, (ti — tij), (b — )%, oo, (b — tij)” 1, (7)
T

These flexible parameterizations allow for time-varying and subject-specific
variance-correlation patterns. However, despite the growing recognition of
the theoretical and computational advantages of ACD, most robust joint
models in the literature are still formulated using the MCD structure. In
this work, we adopt the ACD as the foundation for our modeling approach,
enabling us to incorporate scale mixture of normal (SMN) residuals within a
robust and interpretable joint modeling framework.

3. SMN distribution and proposed method

When considering that €; ~ N(0,X;), Pourahmadi introduces in [6] the
NJMM model, which uses the normal distribution for the residual term and
the MCD decomposition for the scatter matrix. Whereas this assumption for
error terms may be questionable in situations where there are outliers or the
underlying data exhibit thick tails, Lin et al. [10] and Guney et al. [11] present
the TJMM and LJMM models, respectively, for modeling longitudinal data
with Student-t and Laplace distribution for residuals. More recently, Ribeiro
et al. [12] have proposed to consider models from the wider family of SMN
distribution. This family of distributions admits the following stochastic
representation:

y=p-+ Tl/QZa (9)

where p is the mean vector. 7 is a positive scalar random variable and z
is a zero-mean normal random vector, i.e. z ~ N(0,X). In addition, T

5



and z are independent. By considering various distributions for the random
variable 7, different distributions are obtained for y such as the normal,
Student-t and Laplace distributions. In [12], inspired by results on robust
estimation theory [15], Ribeiro et al. have proposed to consider, for the MCD
decomposition, that 7 are unknown but deterministic parameters. By do not
imposing any fixed parametric form for 7, this robust model adapts to the
observations and generalizes the state of the art NJMM [6], LJMM [11] and
TJMM [10] models.

In the context of ACD decomposition, recent works also consider modeling
from the normal distribution, as presented in [16] and from the Student-t
distribution, as presented in [17]. Therefore, following the extension used
by [12], our proposal in this paper is to consider that the residuals belong to
the SMN class of distributions, but now considering the ACD decomposition,
instead of the MCD.

4. ACD decompositon and joint model for scale mixtures of normal

4.1. Statistical model

In this paper, we follow a similar approach as the one developed in [18, 19].
We consider that 7; are unknown but deterministic parameters. Assuming
that €;|m; ~ N(0,7;X;), the likelihood function to maximize with respect to
p', 7,3, for a sample of m individuals y; = (yi1, ..., Yin,) |, fori = 1,2,....,m
with @ = (u",7,%)7 is given by:

m

1 Yy, — z‘TEi_l Yi — Ky
Py yml0) = [ —— im‘leXp(—< £ s = )

g
2

Z1 (2m) 2 T 27;

(10)

It yields that the corresponding log-likelihood function can be expressed by:

1(0) = —%ln(Qﬂ)ini — %inz Int;, — %iln |3
: i=1 i=1
- >

i=1

| -

— 1) B (Y - ) (11)

DN

Tz



4.2. Maximum likelihood estimation

In this section, we introduce an iterative algorithm to estimate by maxi-
mum likelihood the parameter vector 8 = (", 7, %) " of the proposed joint
model. For that, the score functions are first derived and then the Fisher
scoring algorithm is introduced as detailed in the next two subsections.

4.2.1. Score functions and Fisher information matrix
By taking the first derivative of (11), the score functions for each param-
eter are given by (see Appendix A for more details)

m 1 -
Up = D X3 (yi— ) (12)
i=1 "
1 -1 T 1y —19L;
U, = ) — o { (DaLa) ™ (yi = o) (yi — )" (DiLi) ™ L o 13)
i=1 ' "
. 1 _ _,0D;
U = o (S m- w12y
i=1 Ti s
N, 1
U, = ——+-—yi—w) Z'r 15
3 27_Z + 27_i2 (y l’l’l) 1 r Y ( )
where 3 ' is the derivative of matrix L; with respect to 7%t element of vec-
Yr
tor v and ——' is the derivative of matrix D; with respect to s* element of

O

vector A. Equalling the score function (12) to zero, we obtain the maximum
likelihood estimator (MLE) of the regression coefficients as:

i=1 "

where 7; is the MLE of 7;, i.e the result when equating the equation (15) to
Zero

-1

A "1 A —1
B= [Z ;iji Xi : (16)
i=1 '

Ty Ny
721‘ — (yl lj'z) 1 (Y’L p’z>, (17)
n;




and 3; is the MLE of 3;, whose components will be estimated from the
Fisher information matrix, given by

1 0L, OL;
| z::; ( 5 a%L L ) (18)
m 1 . 0D, 0D; 0D,
Lo = S Lo (L2 D= o L
Ar s Z T ( i a)\ 8)\3 4 a)\T 8)\3) ( 9)
™o oL; _ +0D;
I’Yr)\s — I)\s’Yr = Z ;tr (D a L;r a)\ 1) . (20)
i=1 "

4.2.2. Estimation algorithm

From the closed expressions of B and 7;, we were able to obtain the
MLE in a simple way for these two parameters as given in (12) and (17).
Unfortunately, to estimate v and A, there is no close form expression. We
hence suggest to use the Fisher scoring algorithm by using:

-1
ﬁ(h+1) _ ,f](h) + <I (h) ) U,ﬁ(h)) (21)

SN T R o T
where ﬁ(h) = (ﬁ/(h), )\( )> = (%h), .. ,&C(lh), )\gh), el )\gh)> are the esti-
mates at step h and

U, Lmsm  Logyem
Uﬁ(h) = (U7(h)) and Iﬁ(h) = I’Y v I»y(hb‘ . (22)
A ‘Ay(h)}\(h) NI

In addition, the score vectors are respectively defined as:

T T
U;Y(h) = (U;yih), e ,U,Ayéh)) and Uj\(h) = (U:\ﬁh), e ,U;\((Zh)) s (23)



and the elements of the Fisher Information matrix are given by:

[ I%h’%m o I%h)ﬁh) ]
| NONOES : : ; (24)
L I'A}/C(lh)ﬁéh) A Iﬁ/;h);ﬂ;h) ]
i I’A)’Yl)}\(lh) Tt I;y%h);\((]h) ]
IA;(fz)j\(h) = : : ; (25)
L Iﬁéh)j\gh) cc I’:/l(ih) 5\((Ih) ]
Ij\gh)j\gh) ce I}\Sh)}\gh)
Lwgm = : : - (26)
Ij\gh)j\gh) te I;\((Ih)j\((lh)

The steps for estimating the parameters of the proposed model with de-

terministic but unknown 7; are summarized in Algorithm 1.

Algorithm 1 Algorithm for the maximum likelihood estimate of the pro-
posed SMNJMM model

1:

Given a starting value 8% = (ﬁ(h),'r(h),'y(h)7 )\(h))T, which can be ob-
tained by fitting the NJMM model, to form Lgh), Dgh), and Egh);
Update 7;"*V using (17)

A(h+1)
Update 8 using (16)

< (h
Update 4"V and )\( H) using Fisher Scoring, presented in (21)

Update ZAJEhH) using (3)

(h+1)
. . . . . h+1 12
Normalization of the scatter matrix, considering nr - =
i tr(x{" )

Repeat steps 2 to 6 until convergence.

As expected and as observed in Algorithm 1, the proposed SMNJMM

model behaves as the NJMM when 7; are the same for each subject 7. In
that case, the stochastic representation given in (9) vanishes to the one for a
normally distributed random variable, and equations (16) and (21) reduces to
the one obtained for the NJMM model [16]. In addition, an interesting prop-
erty of the proposed SMNJMM model is that it is robust to outliers. Indeed,
let’s consider that the %' observation y; is an outlier. It will have a large de-
viance from p; according to the Mahalanobis distance (y;,—p;) "3~ (v, — ;).

9



Hence, the estimated 7; for this observation will be large according to (17).
And since 7; is on the denominator of (16), this outlier will have a lower
weight during the estimation of 3. Now that we have shown that an outlier
has a lower influence for the estimation of B, the same argument holds for
the estimation of the scatter matrix 3; since 7; is on the denominator of the
two score functions used to estimate v, and As in (13) and (14) and hence to
estimate X; using (3).

The SMNJMM model proposed in this paper shares the same advantages
as the one introduced by Ribeiro et al. in [12]. The only difference relies on
the definition of the structure of the scatter matrix. Here, the ACD decom-
position is employed while the MCD decomposed was used in [12]|. To better
understand the added-value of the proposed model, Section 6 will present a
detail comparison between both on real dataset. Before showing these re-
sults, the next subsection gives some elements about forward prediction with
the proposed SNMJMM model.

4.3. Prediction values

By following the same methodology as done by Ribeiro et al. in [12] for
the SMNJMM model with the MCD decomposition, we introduce a technique
for predicting the new g observations of subject ¢ with the proposed model
but now using the ACD decomposition for the scatter matrix.

We denote y; the future vector of measurements of the individual ¢, which
has dimension (g x 1). X; is the g x (p+ 1) design matrix for the prediction
part. With these notations, we have E(S’2|Xz) = X;3. In addition, Zj, and
w; are the covariates vectors of dimension d x 1 and ¢ x 1, where Ino? = w, A
and ¢j = ika'y, forje{n;+1,...,n;+¢g} and k € {1,...,5 — 1}, respectively.
For the prediction, we assume that the joint distribution of y; and y; given
7; follows a multivariate normal distribution. It yields:

7

{ gz } |Ti ~ ni+g(Xz<BvTi2:)’ (27)

where X7 = (X, X)7, 27! = D; 'Ly 'Ly 'D; !, D} = diag(o3,...,02 )
and L} = [lj;] is an (n; + ¢g) x (n; + ¢) lower triangular matrix as defined

in (4). The scatter matrix 3} can be decomposed as:

* 211 2]12
5 — , 2%
i [221 222} (28)
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where X¥1; is the upper left (n; x n;) submatrix of ¥} corresponding to the
scatter matrix of the n; observed data. 345 is the g X g scatter matrix for
the future observations, and 39, = EITQ. Note that to simplify notations, the
subscript ¢ on partitioned matrices is removed but all these matrix depend
on subject i.

By using properties of marginal and conditional distributions shown in |20,
21] for elliptical distributions which extends scale mixture of normal distri-
butions, we know that if y;|7; ~ N, (;, 7:X;), then

i

S’i|Yi7 Ti ~ Ng (#2.1, 7'12221) ) (29)

where Mo = E(f’z|y“ Ti) and 222.1 = 222 - 2122;11212. With (29), it y1€ldS
that the Mean Squared Error (MSE) predictor of y; is given by [11]

§’i = Moq = Xzﬁ + E2121_11(3’1‘ - XiB), (30)

and the MSE scatter matrix for the predictor (30) is determined by

~

E[(y: — 3:)(F: — ¥:) " 17 = E(cov(§ily:)|7:) = 78221 (31)

Note that these expressions are the same as the one obtained in [12] for
the SMNJMM model with the MCD decomposition. The only difference
relies on the way the scatter matrix X is parameterized. For the MCD
decomposition, ¥ is decomposed using (2), while for the proposed ACD
decomposition, (3) is used.

5. Simulation studies

In this section, we present the estimation and prediction performance for
synthetic data with the aim of evaluating and validating the proposed model.
The presentation of these results aims at complementing the extensive study
presented by Ribeiro et al. [12], which uses the same model, but considers
the MCD structure for the scatter matrix.

5.1. ML estimation performance result

The first experiment aims at evaluating the efficiency of the proposed SM-
NJMM model compared to the state of the art NJMM [16] and TJMM [17]
models. For that, two scenarios are considered. In scenario 1, a synthetic
dataset is generated by using the normal distribution, while in scenario

11



2 the Student-t distribution with 4 degrees of freedom is employed. For
both scenarios, m = 100 balanced random samples (with n; = 12 obser-
vations for each sample unit) are generated. The following true parame-
ters are considered. The regression coefficients are 3 = [5,27,0.16]", and
the weights of covariates vectors are v = [1.12,—0.58,0.09, —0.0043]" and
A =[-0.4,-1.37,0.18, —0.007]". Hence d =4, ¢ = 4 and p = 1. In addition,
the design matrix X; for modeling the mean, and the covariates vectors z;
and w; for modeling the moving average parameters and innovation variances
are respectively given by:

Xi=[1 k], zp=[1 G-k G-k G-k*] (32
and
wi=[1 4 % ], (33)

where k = [0,1,2.5,3.5,4.5,6,7,8,10,11.5,13,14] .

To quantify the modeling performance of the proposed SMNJMM model
compared to NJMM and TJMM models, the BIC criterion is used as proposed
by [22]. This model comparison metric evaluates both tuning performance
and model complexity. Its expression is given by

2 - k
BIC = — 210, + — In(m), 34
= fas + - In(m) (34)

where Zmax is the obtained maximum log-likelihood value for the considered
model and £ is the number of estimated parameters. For example, for the
proposed SMNJMM model, kK =p+d+ g+ m+ 1 since § has (p+1) x 1
dimension, v has d x 1 dimension, A has ¢ x 1 dimension and 7 has m x 1 di-
mension. A lower BIC value corresponds to a better model. To calculate the
standard error of the estimates, a total of r = 500 replications is considered.

Tables 1 and 2 present the estimation performance results in terms of
mean estimates and standard errors (SE) computed on the r replications.
To ease the understanding, the best and second best results are respectively
displayed in blue and red. Table 1 shows the results when data are generated
from a normal distribution while Table 2 shows the results for a Student-t
generation model.

As expected and as observed in Table 1 for the first scenario, when data
are generated from a normal distribution, the best performance is obtained

12



with the NJMM model. The proposed SMNJMM is the second best fit.
To identify whether there is a significant difference between these models in
term of BIC values, the paired Wilcoxon hypothesis test is used. At the 5%
significance level, no significant difference between the “theoretical" NJMM
model and the proposed SMNJMM model are observed indicating that these
two models perform similarly in the normal case. In addition, when compared
with the TJMM model, a significant difference is obtained indicating that the
TJMM is a worst fit compared to the NJMM and SMNJMM model for this
first scenario.

Table 1: Estimation performance for the NJMM, TJMM and SMNJMM models
- Scenario 1: data generated from the normal distribution.

NJMM [16] TJMM [17] SMNJMM

Parameter  True value Estimate SE Estimate SE Estimate SE

B 5,27 52703 0,0304 52652 0,0489 52689 0,039
By 0,16 0,1605 0,0038 0,1607 0,0047 0,606  0,0038
- 1,12 11157 0,0489 1,114  0,0514  1,1152  0,0547
Y 0,58 20,5761  0,0385 -0,5749 0,0426 -0,5758  0,0427
V3 0,09 0,0809 0,0084 0,0898  0,0091 0,099  0,0092
Y4 -0,0043  -0,0036 0,0012 -0,0036 0,0021 -0,0036  0,0012
A 0,4 20,3921 0,2362 -0,4014 02383 -2,2606 0,2287
Ao 1,37 -1,3807 0,509 -1,3773 0,1525 -1,3598  0,1446
A3 0,18 0,1828 0,027  0,1827 0,0297 0,1797  0,0261
A 0,007 -0,0066 0,0018 -0,0066 0,0021 -0,0065 0,0018
BIC 15,51 11,04 14,35

Following the same approach, but now generating synthetic data from the
Student-t distribution, Table 2 shows that the model presenting the best re-
sults is the TJMM, followed by the proposed SMNJMM model. The pairwise
Wilcoxon test shows no difference between the “theoretical" TJMM model
and the proposed SMNJMM model, while significant difference are observed
when compared with the NJMM model.
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Table 2: Estimation performance for the NJMM, TJMM and SMNJMM models
- Scenario 2: data generated from the Student-t Distribution.

Parameter True value — NIMM_ [16]  TIMM _[17] SMNJMM (proposed)

Estimate SE Estimate SE Estimate SE
51 5,27 5,2702  0,0393  5,2651  0,0388  5,2688 0,0389
B 0,16 0,1603  0,0036  0,1605 0,0035  0,1604 0,0036
M 1,12 1,1154  0,0486  1,1137  0,0481  1,1149 0,0544
Y2 -0,58 -0,5762  0,0384  -0,575  0,0375 -0,5759 0,0426
3 0,09 0,0897  0,0082 00,0896  0,0079  0,0897 0,009
Yy -0,0043 -0,0039  0,0009 -0,0039 0,0008 -0,0039 0,0009
A -0,4 -0,3922  0,2361 -0,4015 0,2342 -2,2607 0,2286
A2 -1,37 -1,3809  0,1507 -1,3775 0,1483 -1,36 0,1444
A3 0,18 0,1825 0,0267 0,1824 0,0264 0,1794 0,0258
A4 -0,007 -0,0076  0,0008 -0,0076  0,0008 -0,0075 0,0008
BIC -11,13 -12,85 -12,18

These two experiments on synthetic data clearly illustrate the robust
behaviour of the proposed SMNJMM model with ACD structure. By do
not imposing a fixed parametric form, the proposed model is able to fit the
data as long as the hypothesis of belonging to SMN family of distribution is
valid. In practice, this hypothesis is not so restrictive since the SMN family
of distributions includes a very broad kind of distributions. Note also that
the proposed SMNJMM is quite efficient since it performs as well as the
theoretical model (NJMM in scenario 1 and TJMM in scenario 2).

5.2. Evaluation of prediction values

In order to measure the predictive accuracy of the models, we carried
out another simulation study using synthetic data to compare the forward
prediction performance of the NJMM, TJMM and SMNJMM models. A
quantitative evalutation is performed in term of mean square forward pre-
diction error (MSFE), defined as

m

MSFE = — (3 — %) (5 - 9.). (35)

=1

m is the total number of subjects. g is the number of forward steps. y; and

§fi are respectively the true and predicted vector of the response variable.
For this comparison, we considered what the literature calls pseudo-cross-

validation, which is an approach of cross-validation 23] and predictive use of
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sample [24]. This approach is based on holding out the last g measured in the
i-th subject, obtaining maximum likelihood estimates using the remaining
sampling units as a sample and predicting the true g measurements y; =
(Yims—go1s s Yim;) |, denoted by y; = <§i7ni_g+1, s gjiyni)T, is done using (30).

To be able to compare the prediction performance of the models, we
consider m = 100 balanced random samples observed at n; = 12 different
times (we consider that the number of observations for each individual is
the same), for the normal and Student-t distributions (with 4 distributions
of degrees of freedom), and we estimated the parameters of the respective
models through the pseudo-cross-validation mentioned above. The results
are shown in Table 3.

Table 3: MSFE values for NJMM, TJMM and SMNJMM models of g step-ahead
forecasts.

g step-ahead forecasts

Generating data from Model s 1 2-2 5-3 g4 5-5 £-6
NJMM [16] 0,0823 0,1042 0,1343 0,1442 0,1620 0,2049

Scenario 1: Normal TIMM [17] 0,0830 0,1048 10,1389 0,1455 0,1655 0,2108
SMNJMM (proposed) 0,0814 0,1036 0,1338 0,1443 0,1637 0,2086

NJMM [16] 0,0796 0,0887 0,1269 0,1278 0,1988 0,2213

Scenario 2: Student-t TIJMM [17] 0,0789 0,0867 0,1268 0,1270 0,1971 0,2175

SMNJMM (proposed) 0,0775 0,0866 0,1255 0,1275 0,1974 0,2178

Unsurprisingly, as displayed in Table 3, the MSFE score increases with
the number of steps ¢ in the prediction. This behavior is expected since the
model is less and less confident to predict long term observations. Table 3
also shows that the proposed SMNJMM model exhibits better prediction
performance up to the third step, that is, up to g = 3 for the two scenarios.
The results after this prediction step (g = 4,5, 6) are better for the theoretical
models (NJMM for scenario 1 and TJMM for scenario 2).

5.8. Robustness to data generated from models outside the SMN family

To assess the robustness of the proposed SMNJMM model to data gen-
erated from distributions outside the SMN family, we consider a scenario in
which data are drawn from the Multivariate Generalized Gaussian Distribu-
tion (MGGD) [25], an extension of the multivariate normal that introduces
a shape parameter b > 0. When b = 1, the MGGD reduces to the nor-
mal distribution; values of b < 1 produce heavy-tailed distributions, while
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b > 1 lead to lighter tails. This experiment enables us to evaluate the perfor-
mance of the NJMM, TJMM, and SMNJMM models under varying degrees
of deviation from normality.
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Ty} '
@ /

’
o | !
™ -
’
Q I
o 8§ -
/
L7
8 i ;7
\/

2

N o \_//'J
o | A
=

T T T T T T

0 1 2 3 4 5

Figure 1: Evolution of the BIC criterion as a function of the MGGD shape
parameter b for the NJMM, TJMM and SMNJMM models.

Figure 1 shows the evolution of the BIC criterion for the NJMM (in
green), TJMM (in red), and SMNJMM (in black) models as a function of
the shape parameter b of the MGGD. For this experiment, all other parame-
ters: regression coefficients [, covariate vectors v and A, etc. are the same as
those used in Section 5.1. As illustrated in Figure 1, when b = 1, the MGGD
corresponds to the normal distribution, and in this case, the NJMM model
performs best (i.e., yields the lowest BIC). The SMNJMM model, however,
demonstrates greater robustness across the entire range of b, with notably
superior performance in scenarios involving lighter tails (b > 1). This high-
lights its flexibility in handling various forms of non-normality, even when
the data are generated from models outside the SMN family of distributions.
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6. Real data analysis

Now that the proposed SMNJMM model has been successfully validated
on synthetic data, some experiments on real data are carried out in this sec-
tion. For that, a standard dataset is used. It consists of dental growth from
the pituitary gland up to the left pterygomaxillary distance (mm) measured
repeatedly at the ages of 8, 10, 12 and 14 years, with 11 women and 16 men,
presented in [26]. Data can be downloaded from the nlme [27] package in
R [28].

The objective of the first experiment is to confirm the potential of the
proposed SMNJMM model compared to the NJMM and TJMM in terms
of fitting accuracy. In addition, a comparison between the MCD and ACD
decomposition structures is done. The regression model is defined as:

pij = Bo + o Li(F) + (81 + 61 Li(F))t;, (36)

with ¢ € {1,...,m = 27} (27 subjects, 11 women and 16 men) and j €
{1,...,n; = 4} (4 times steps at 8, 10, 12 and 14 years). p;; is the average
orthodontic distance for the i-th subject at age t;. 5y and 3, are the intercept
and slope for men, respectively. dy and d; are the difference in intercept and
slope between women and men, respectively. [;(F') is the indicator variable
for women. In the following, the Poly(1,1) model is considered (i.e. d = ¢ =1
for the covariate vectors).

The maximum likelihood estimates corresponding to the six compared
models (NJMM, TJMM and SMNJMM for both MCD and ACD decom-
positions) are presented in Table 4. As observed, both for the MCD and
ACD decompositions, the proposed SMNJMM model provides a lower BIC
value than the other NJMM and TJMM counterparts. This highlights the
effectiveness of the proposed SMNJMM model for this practical application.
In addition, for a same model (NJMM, TJMM or SMNJMM), the ACD de-
composition always leads to better performance than the MCD one. These
results clearly illustrate the interest of jointly using the SMNJMM model
with the ACD decomposition.

A second experiment is performed on this dataset to evaluate the ro-
bustness behavior of the proposed SMNJMM model. The same evaluation
protocol is employed as the one presented in [10] and [11]. First a contami-
nation denoted by ( is added for a single observation as:

Yii (C) = yij + €. (37)
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Table 4: Maximum likelihood estimates for the Poly(1,1) structure model applied
to orthodontic growth data.

Parameter MCD decomposition ACD decomposition
NJMM [29] TJMM [10] SMNJMM [12] NJMM [16] TIJMM [17] SMNJMM (proposed)

B 20,9738 15,2569 21,5423 18,4050 12,7204 18,8457
Ba 1,6117 0,7955 1,4254 1,3313 0,5151 0,9674
01 -0,6947 0,9785 2,3120 -1,3303 0,3429 1,8540
P -0,6572 -0,3127 0,5214 -0,93f76 -0,5931 0,0634
T 0,8498 0,9894 1,0685 0,2142 0,3538 0,4329
Y2 -0,2537 -0,3781 -0,3781 -0,5341 -0,6585 -0,6585
A 1,9268 1,5298 1,9951 1,2912 0,8942 1,3595
Ao -0,2846 -0,3714 -0,3124 -0,5650 -0,6518 -0,5928
BIC 9,59 12,52 8,52 8,44 12,04 8,03

Then the NJMM (in green), TJIMM (in red) and SMNJMM (in black) mod-
els are estimated and their performance are evaluated in term of BIC values.
Here, only the ACD decomposition for the scatter matrix is considered. Fig-
ure 2 draws the evolution of the BIC criterion as a function of the disturbance
intensity (¢) for two subjects: a woman on the left and a man on the right.

20
|
20
|

NIMM NIMM
- TIMM - - TIMM
— SMNJMM — SMNJMM

BIC
10
|

Figure 2: Evolution of the BIC metric as a function of perturbation ( for the
NJMM, TJMM and the proposed SMNJMM models (left: woman, right: man).

From Figure 2, we observe that for both subjects, the BIC values ob-
tained with the proposed SMNJMM model are always smaller than the BIC
values for the NJMM and TJMMM models. These results confirm that the
SMNJMM model is less influenced by outliers as explained in Section 4.2.2.
This robustness property of the proposed SMNJMM model allows it to sat-
isfactorily accommodate extreme observations and makes it a relevant model
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to use in practice.

7. Conclusions and future works

In this paper, we proposed a novel joint modeling approach, called SMN-
JMM, which assumes that residuals follow a scale mixture of normal (SMN)
distribution and that the scatter matrix is decomposed using the Alterna-
tive Cholesky Decomposition (ACD). The SMNJMM framework allows the
mixing parameters 7; to be treated as deterministic but unknown, without
imposing a fixed parametric distribution. This generalization enables the
model to encompass a wide family of distributions—including the normal and
Student-t as special cases—making it a robust extension of existing models
such as NJMM and TJMM.

To perform inference, we derived a maximum likelihood estimation pro-
cedure based on the Fisher scoring algorithm. Simulation studies and appli-
cations to real data demonstrated the advantages of the SMNJMM model
in terms of goodness of fit, forecasting accuracy, and robustness to outliers.
In particular, we highlighted the benefits of using the ACD over the com-
monly adopted Modified Cholesky Decomposition (MCD): ACD provides
order-invariant parametrization, improved numerical stability, and more in-
terpretable parameter structures—especially relevant in irregular longitudi-
nal designs. These results reinforce the practical value of adopting the ACD
in robust modeling frameworks!.

While both MCD and ACD offer parsimonious and unconstrained param-
eterizations for the scatter matrix, as discussed by [30], neither directly aligns
the innovation variances with the marginal variances of repeated measures.
This opens opportunities to explore alternative parametrizations, such as the
Hyperspherical Cholesky Factor Parameterization [31|, which may offer dif-
ferent interpretability or estimation advantages. Future work could therefore
include extending the SMNJMM framework to incorporate such decomposi-
tions, exploring regularization techniques for high-dimensional data, or devel-
oping Bayesian implementations to incorporate prior knowledge and enhance
interpretability. Additionally, diagnostic tools tailored for linear mixed mod-
els, as developed by [32], could be adapted and extended to this modeling
framework, offering valuable insights into model fit and the identification of
influential observations.

'R codes will be made available upon request from the authors.
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Appendix

If Gi‘Ti ~

1(6)

A. Score functions and Fisher information matrix for
the SMINJMM model with ACD decomposition

N(0,7;%;), then the log-likelihood function given by:
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where |3;| = D?.

To derive the Fisher information matrix in relation to v and A\, we use the
proposition presented in [33] and reused in [17], which states that let 1 be
a generic parameterization of 3 or X' for the Student-t distribution with
the scatter matrix 3, the contribution of a single observation to the Fisher
information block for the scale parameter is given by:

L;(1) = tr (2—12%2—12%) —tr (D713,) tr (2—12%) . (A2)

As the multivariate Student-t distribution can be reduced to a normal
distribution when the degrees of freedom tend to infinity, we will use the
same expressions to obtain the one for our case of interest. Then, following
this proposition, we obtain the element of the Fisher information matrix in
relation to the rth and sth components of vectors v and/or A, as shown below

m

1. [oL;0L)
%vs Z; <8%8_’)/5Li Li )7 (A‘S)

m

1 oD; 0D, oD, OD;
I = —tr [ L,L D2 A4
A ;Ti“< Con T o T o, axs)’ (A4)

m

1 OL; _ 9D,
L, = Z;tr( 0 i 3, 5 1>. (A.5)

i=1
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