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Abstract. A new computational system was developed to be used in pavement analysis and research. 
The system is based on the Finite Element Method and is implemented using Object-Oriented Pro-
gramming (OOP) techniques to make it easily extendable. It contains both 2D (axisymmetric, plane 
strain and plane stress) and 3D models and works with different element shapes (triangular, quadrila-
teral, bricks, etc.) and different interpolation orders (linear and quadratic). It provides an efficient 
and accurate modeling of diverse mechanical loading, including time-dependent loads. Finally, the 
system provides a variety of numerical algorithms to nonlinear and time-dependent analysis, as well 
as a set of constitutive models used in the modeling of flexible pavements. In the paper, the class hie-
rarchy of the system is presented and its main features are thoroughly discussed. 
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1 INTRODUCTION 
The calculation of displacements, stresses and strains caused by vehicle loads in pavements 

is not a simple task even when considering all layers formed by linear elastic materials. In re-
ality, surface and granular layers present a complex constitutive behavior, with nonlinear and 
time-dependent effects. Such effects should be considered in mechanistic pavement design 
methodologies which make use of the pavement structural response into specific distress 
models [1]. Today, there is a trend in the pavement academic community to substitute pave-
ment analysis based on the Multilayer Elastic Theory by analysis based on the Finite Element 
Method – FEM [2]. 

There are several different finite element programs for pavement analysis [2,3]. Most of 
these programs consider only axisymmetric models and the three-dimensional stress state due 
to vehicle loads is computed using superposition, which is not correct for nonlinear materials. 
Moreover, the existing pavement-specific programs were developed for design purposes and 
do not allow the modeling of damage evolution (e.g., crack propagation in bituminous mix-
tures), which is an important topic in the pavement research community. 

In this paper, a new computational system developed to be used in both pavement design 
and research is presented. The system is based on the FEM and is implemented using Object-
Oriented Programming (OOP) techniques to make it easily extendable. It contains both 2D 
(axisymmetric, plane-strain and plane stress) and 3D analysis models and works with different 
element shapes (triangular, quadrilateral, bricks, etc.) and interpolation orders (linear and qu-
adratic). It also provides an efficient and accurate modeling of different loading types, includ-
ing time varying loads. Finally, the system provides different numerical algorithms to 
nonlinear and time-dependent analysis, as well as a set of constitutive models. In this work, 
the class hierarchy of the system is presented and its main features are thoroughly discussed. 

2 EXISTING SYSTEMS 
Early computational programs for the analysis of flexible pavements were based on Bur-

mister's layered elastic theory [4]. The ELSYM5 program [5] is an axisymmetric response 
model based on multilayered, linear elastic analysis. The layers are assumed homogenous and 
extended infinitely in the horizontal direction and into the subgrade in the vertical direction. 
Loading is conventional and can be defined in terms of one, two or more circular loaded areas 
of uniform, vertical contact stress.  

KENLAYER [1] is a three-dimensional analysis program of pavement structures which is 
based on elastic multilayered system under a circular load. Multiple loads can be defined and 
nonlinear and viscoelastic behavior is approximated using an iterative process. Nonlinear be-
havior is restricted to the unbound layers while viscoelasticity in the bound layers is characte-
rized by the creep compliance curve.  

A third program, EVERSTRESS [6], was developed by the Washington State Department 
of Transportation (USA) and is used for multilayered elastic analysis. This axisymmetric li-
near program is capable to determine stresses, strains and deflections in a half-space layer 
elastic system under circular surface loads. 

In all these computational programs, each pavement layer is considered homogeneous pre-
senting a linear elastic isotropic behavior; and the load is considered circular and uniform 
(axisymmetric). When pavement materials are subjected to stress, they do not exhibit only 
elastic deformations, but also plastic and viscoelastic ones. All these deformations are non-
linear functions of the stress state which vary throughout the layer thickness and in the hori-
zontal direction. The actual vehicle loading, is neither circular nor uniformly distributed. 
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Some computational programs based on the FEM tried to overcome these difficulties. 
ILLIPAVE [7] is the oldest program of finite elements still in use for pavement analysis. The 
pavement system is treated as an axisymmetric solid. The program incorporates the resilient 
module that is stress-dependent, and failure criteria for granular materials and for fine-grained 
soils. The principal stresses in the sub-base and in the subgrade layers are updated iteratively. 
Mohr-Coulomb theory is used as a criterion to assure that the principal stresses do not exceed 
the strength of the materials. 

MICHPAVE [8] is very similar to ILLIPAVE. It uses the same methods to model granular 
materials and soils as well as the Mohr-Coulomb failure criteria. This program uses a flexible 
boundary at a limited depth of the subgrade instead of a rigid boundary at a large depth. It is 
applied to linear and non-linear finite element analysis of flexible pavements. It assumes axi-
symmetric loading conditions and computes an equivalent resilient modulus for each pave-
ment layer. 

FEPAVE [9,10] is a program developed in the University of California, Berkeley (1968), 
and modified over the years at Federal University of Rio de Janeiro (UFRJ), which has been 
very used in Brazil for pavement analysis . It is a bi-dimensional finite element program (axi-
symmetric model), and allows linear elastic and nonlinear materials behavior. In linear analy-
sis, the wheel load is considered uniformly distributed in a circular area on surface while the 
load is divided in four equal increments in nonlinear analysis. Gravitational loads may or may 
not be enclosed in the analysis. 

All these programs are two-dimensional finite element models and require relatively little 
computational effort and simple pre- and post-processing. They can overcome some short-
comings of layered elastic analysis, but they are still not adequate to capture detailed re-
sponse. For example, in an axisymmetric analysis the wheel load is approximated as circular 
load, while the actual tire-pavement contact area is essentially rectangular [1]. Moreover, the 
3D stress state is computed using superposition of the axisymmetric response of each individ-
ual wheel load, which is not correct for nonlinear materials. 

In order to overcome these limitations of layered elastic analysis and two-dimensional fi-
nite element models, three-dimensional finite element models are increasingly been used to 
model the response of flexible pavements. While 3D modeling can generate more realistic 
results than 2D modeling, it generally requires more intensive pre-processing procedures. Fur-
thermore, there is a tremendous increase in the computational effort necessary due to the in-
crease in the number of elements.  

3 PROPOSED SYSTEM 

The characteristics of pavement-specific programs currently available were discussed in 
the previous section. Clearly, there are severe limitations using these programs for research 
purposes. An alternative is the use of commercial finite element systems, such as ABAQUS, 
which is popular in the pavement community [2]. These general purpose codes typically have 
large libraries of elements and constitutive models. Moreover, they allow the user to imple-
ment their own constitutive models, which is paramount for research applications. 

A major limitation of using commercial packages is that there is no access to the source 
code, which is fundamental in implementing innovative models and algorithms. Moreover, 
there is not the possibility of tailoring the code for a specific application leading to simple and 
efficient software. Finally, the high license costs are a problem for researchers in developing 
countries. 

Therefore, the Computer Modeling group of the Pavement Mechanics Laboratory 
(LMP/UFC) decided to design and implement a new finite element system to be used in both 
pavement design and research. This system conceptual design is largely based on the open 
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source FEMOOP system, described in [12] and the references therein, whose development 
team included the first two authors of the present paper. However, important modifications 
and updates have been introduced during the development of this new system, as it will be 
discussed in the next sections. 

The basic requirement for the new system is the capacity to handle 2D and 3D finite ele-
ment problems with complex nonlinear and time-dependent material behavior. The system is 
being developed in C++ language using OOP [12,13,14,15]. The major advantage of adopting 
this approach is that the program expansion is simpler and more natural, as new implementa-
tions have a minimum impact in the existing code. The OOP is particularly useful in the de-
velopment of large and complex programs, as finite element systems that usually handle 
different element types, constitutive models and analysis algorithms [16, 11].  

3.1 OOP Concepts  
To effectively design a software system, it is necessary to have a good understanding of the 

problem to be solved. This is even more important when the OOP approach is adopted. It 
should be noted that the development process of object-oriented design is very different from 
the traditional top-down or structured design techniques traditionally used for finite element 
programming. In the OOP approach there is more emphasis on the actual entities that the 
software intends to emulate which requires a high level of abstraction. Initially it is necessary 
to identify the important entities of the problem (e.g. nodes and elements) and the relation-
ships between these entities. Based on this identification, a software structure and class hie-
rarchy can be designed and implemented. 

The consumer-supplier (or master-slave) paradigm in programming may help understand-
ing the concepts of OOP [12]. The programming activity may be divided in two major roles: a 
consumer and a supplier. In the present context, a global FEM algorithm may be seen as play-
ing the consumer’s role. For example, the assemblage of the global stiffness matrix requests 
(as a consumer) the services of specific routines that compute individual finite element stiff-
ness matrices. The routines that compute these matrices are the suppliers to the global algo-
rithm. There are several suppliers, one for each type of finite element [11]. 

One of the main concepts in OOP, called Encapsulation, means that a consumer sees only 
the services that are available from a supplier, which in this context is called an object. There-
fore, the consumer does not need to know how those services are implemented. As a conse-
quence, only the supplier needs to have visibility into its data and to its specific procedures. In 
a sense, OOP creates a fence protecting the supplier’s data, encapsulating it. The access to 
specific object’s procedures is performed in a generic and abstract fashion. These generic pro-
cedures are called methods. The methods represent the behavior of an object and constitute its 
external interface.  

In a simplified view, a Class is a set of methods and templates of data, each class should 
represent the behavior of one entity of the application. An Object is an instance of a class. Us-
ing the OOP approach, the consumer deals only with global algorithms and abstract data 
types, calling methods (generic procedures) that manipulate objects. A supplier deals with the 
procedures that implement the methods of a class and its objects. Each object contains a set of 
state attributes stored in its data. 

Another important concept in OOP is Inheritance. This concept is not available in conven-
tional structured programming. Inheritance refers to new classes that inherit methods and data 
templates. Inheritance is a natural consequence of Encapsulation because the supplier may do 
any sort of data and procedure manipulation inside its class, as long as it performs a consistent 
and desired task for the consumer. Typically, Inheritance should be used to model an “is a” 
relationship between the entities (e.g., the viscoelastic model is a constitutive model). 
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In OOP, a class may be derived from another class, which is called a base class or super-
class. In such derivation, only the specific procedures and data that differentiate the derived 
class from the base class need to be implemented. The derived class (or subclass) uses the im-
plementation of procedures and data that are common to the base class. This is also important 
for an incremental programming. Common tested procedures do not need to be copied to the 
derived class, and modifications in the procedures will automatically affect both classes. 
Therefore, Inheritance maximizes code reusability.  

In the finite element context, it can be easily recognized whether the method to add the 
element stiffness matrix to the global stiffness is the same for all element types. Therefore, it 
can be implemented once in the base class and inherited by all subclasses. On the other hand 
the algorithm to compute the element stiffness matrix depends on the element formulation and 
should be implemented by each element subclass. 

Another important concept in OOP, called Polymorphism, is a consequence of Inheritance. 
Due to Polymorphism the consumer may handle objects of different derived classes in the 
same manner. Thus, the objects of different derived classes are also treated as objects of the 
base class. Once again, the assembly of the global stiffness matrix is a good example of the 
importance of Polymorphism. Typically, the method to compute this matrix will loop through 
the elements, asking each one to compute its matrix adding it to the global one. Therefore, the 
different elements are handled in the same way. 

3.2 Class Organization  
Before presenting the class organization of the program, it is important to note that the 

computations carried out in a nonlinear finite element analysis occur at three distinct levels: 
the global level, the element level, and the integration point level. The global (or structure) 
level corresponds to the algorithms used to analyze the problem (e.g., linear static, linear dy-
namic, nonlinear path-following and nonlinear dynamic). These algorithms are implemented 
in terms of global vectors and matrices, and do not depend on the types of elements and mate-
rials used in the analysis. 

The main task performed at the element level is the computation of element vectors and 
matrices (e.g., internal force vector, stiffness matrix and mass matrix) required to assembly 
the global vectors and matrices, which are used by the analysis algorithms. The computation 
of these vectors and matrices is completely independent of the algorithm used to (globally) 
analyze the model. 

The communication between the global and the element level occurs in the two direc-
tions. The upward direction corresponds to the computation of the global vectors and matrices 
summing up the element contributions, and the downward direction corresponds to the extrac-
tion of the element displacements from the global displacement vector. These communication 
tasks are carried out by using nodal degrees of freedom and element connectivity. 

Finally, the computation of stress vector and tangent constitutive matrices is carried out at 
the integration point level. These quantities are used in the computation of the element vectors 
and matrices, but they do not depend on the element formulation, provided the basic input da-
ta for stress computation is the strain vector. 

The overall class organization of the system is depicted in Figure 1, where all shown rela-
tionships are of type “has a”. The main classes of the program are Control, Node, Element, 
Shape, Analysis Model, Material, Integration Point, Constitutive Model, and Load. These 
classes will be detailed discussed in the following section. 

 
 

Control

Element Material Node Load

Shape Analysis Model IntPoint Shape IntPointAnalysis ModelConstitutive Model

Control

ElementElement MaterialMaterial NodeNode LoadLoad

ShapeShape Analysis ModelAnalysis Model IntPointIntPoint ShapeShape IntPointIntPointAnalysis ModelAnalysis ModelConstitutive ModelConstitutive Model
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Figure 1: Class organization. 

3.3 Control Class  
The Control class, whose hierarchy is depicted in Figure 2, represents the global level dis-

cussed in the previous section. It provides a common interface for the global algorithms used 
to analyze a problem. Currently, it is composed of four subclasses: LinearStatic, Equili-
briumPath, QuasiStatic and LinearNewmark. The former is responsible for the standard (one 
step) linear static analysis, while the second one is related to the incremental-iterative algo-
rithms used to trace the static equilibrium paths of structures with nonlinear behavior. These 
algorithms include the well-known Load Control Method, Displacement Control Methods [17] 
and the Arc-Length Method [18, 19]. 

 

 
 
 
 
 
 

Figure 2: The Control class. 

The other classes deal with time dependent analyses and generated a sequence o equili-
brium states based on prescribed time intervals. The LinearNewmark subclass implements the 
classical Newmark’s direct integration algorithm [20, 21] to carry out structural dynamic ana-
lyses. On the other hand, the QuasiStatic subclass implements the linear analysis considering 
time dependent forces and displacements, but neglecting the inertia forces. Typically, it is 
used in the analysis of asphalt pavements and bituminous which presents a linear viscoelastic 
behavior, but it not restricted to this case. 

3.4 Node Class  
The Node class basically stores the nodal data read from the input file (coordinates, support 

conditions, etc.), as well as some variables computed during the program execution, as the 
nodal degree of freedom (d.o.f.) and the current displacements. It also provides a number of 
methods to query and to update the stored data. As previously discussed, these data are used 
in the communications between the global and element levels. 

3.5 Element related classes  
Element is an abstract base class that defines the generic behavior of a finite element. The 

main tasks performed by an object of the Element class are the indication of the number and 
direction of the active nodal d.o.f., the computation of the element vectors (e.g., internal 
force) and matrices (e.g., stiffness matrix), and the computation of the element responses 
(e.g., strains and stresses). 

Control

Linear Static Equilibrium Path QuasiStatic Linear Newmark

Load Control Displ. Control Arc-Length

ControlControl

Linear StaticLinear Static Equilibrium PathEquilibrium Path QuasiStaticQuasiStatic Linear NewmarkLinear Newmark

Load ControlLoad Control Displ. ControlDispl. Control Arc-LengthArc-Length
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One important characteristic of the proposed system is the capability to handle multi-
dimensional finite element models in a generic way. In order to better understand the adopted 
approach, it is interesting to consider the computation of the stiffness matrix (K) of a linear 
continuum element: 

 ( ) i

n

i
i

T Wcdc ∑∫
=Ω

=Ω=
1

JCBBJCBBK T  (1) 

where B is the strain-displacement matrix, C is the constitutive (stress-strain) matrix, |J| is the 
determinant of the Jacobian matrix, c is a coefficient related to the differential volume of the 
element (e.g., equal to the element thickness for plane stress problems and 1.0 for 3D solid 
problems), n is the number of integration points, and W is the weight of the integration point. 

It is important to note that the form of this equation does not dependent on the element di-
mension (1D, 2D, or 3D), shape (triangular, quadrilateral, hexahedral, etc), or interpolation 
order. Moreover, it is also independent of the particular differential equation and the related 
variational statement governing the element behavior. 

In order to implement distinct finite elements in a generic way, each object of the Element 
class has references to objects of three important classes: Shape, Analysis Model, and Integra-
tion Point. Each of these classes is responsible for handling one of the features previously dis-
cussed and is next presented in detail. 

The Shape class holds the geometric and field interpolation aspects of the element (dimen-
sion, topology, number of nodes, nodal connectivity, and interpolation order). It is an abstract 
base class that defines the generic behavior of the different derived classes implemented in the 
program, which includes a number of 1D, 2D, and 3D parametric shapes with different inter-
polation orders. The Shape class and its subclasses provide methods to query the number of 
nodes and the element connectivity, to compute the shape functions and their derivatives with 
respect to parametric coordinates, and to evaluate the Jacobian matrix and the shape functions 
derivatives with respect to Cartesian coordinates.  

On the other hand, Analysis Model class handles the aspects related to the differential eq-
uation that governs the problem to be solved. It is an abstract base class that defines the gener-
ic behavior of the different models implemented in the program, as the truss, frame, plane 
stress, plane strain, axisymmetric solid, and 3D solid models. Analysis Model subclasses pro-
vide methods to query the number and nature of the active nodal d.o.f., as well as the number 
and nature of the stresses/strains involved. They also provide methods to compute the c coef-
ficient, to assemble the C and B matrices (and other matrices necessary to deal with geometri-
cally nonlinear problems), and to compute the stress invariants and principal stresses. 

Finally, Integration Point is an abstract base class that holds the parametric coordinates 
and the corresponding weight used for the numerical integration. There are several Integration 
Point subclasses dealing with different element topologies, as triangles, quadrilaterals, and 
bricks. 

Obviously, some simple finite elements, as truss and frames, have closed-form expressions 
for the stiffness matrix and internal force vector and do not need to have an associated Analy-
sis Model and a set of Integration Point objects. Therefore, only the Parametric element sub-
class has references to these two classes. 

3.6 Material and Constitutive Model classes 

One of the most important aspects of a pavement analysis program is its ability to model 
the complex behavior presented by the materials used in pavement engineering. As an exam-
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ple, consider the computation of the internal force vector (g), required for a nonlinear analy-
sis: 

 ( ) i

n

i
i

TT Wcdc ∑∫
=Ω

=Ω=
1

JσBJσBg  (2) 

where the stress vector (σ) is computed from the current strain vector (ε). According to ex-
pression (2), the stress vector needs to be computed at each integration point. 

In order to model the material behavior in an efficient way, the system uses two classes: 
Material and Constitutive Model. Material is an abstract base class that provides a generic 
interface to handle the data of different materials available in the program, which currently 
includes the linear elastic, the linear viscoelastic, and the resilient material for the unbound 
pavement layers [2]. The basic objective of the Material subclasses is to store the material 
properties read from an input file and to provide methods to query these properties. Therefore, 
in an analysis of a pavement section only a few different objects of the Material class are 
created. 

On the other hand, Constitutive Model is an abstract base class that provides a common in-
terface to the different constitutive relations implemented in the program. The main tasks of 
the Constitutive Model subclasses are the computation of the current stress vector (σ) for a 
given strain vector (ε) and the evaluation of the tangent constitutive matrix (C), to be used in 
equation (1), from the current stress/strain state. These methods are very different and can be 
quite complex, as discussed ahead, but have the same public interface that use the current (to-
tal) strain vector as input to both stress and tangent computation methods. 

It should be noted that there are some models (e.g., viscoelastic and elastoplastic models) 
in which the stresses depend not only on the current stress state, but also on the loading histo-
ry. Since each integration point has a different stress history, the system automatically creates 
one Constitutive Model object for each integration point of the finite element mesh. Obvious-
ly, the type of each Constitutive Model to be created depends on the material associated in the 
element. Due to the dependence of the stress history, some Constitutive Model subclasses 
store a set of internal variables (e.g. previous strains) and provide a method to update these 
variables after the convergence of the global analysis algorithm. 

The Constitutive Model has access to the Material data and Analysis Model methods 
through the associated element. Therefore, the duplication of material data is avoided, limiting 
the amount of computer memory required by the system. 

Some constitutive relations will be discussed here to show how they are implemented in 
the system. For the standard linear elastic model, the current stresses can be simply computed 
from the given total strains by using: 

 εCσσ += 0  (3) 

where σ0 represents the initial (geostatic stresses). The linear elastic model does not depend 
on the load history, thus the C matrix is constant during the analysis and no internal variables 
need to be stored. Obviously, the form of C matrix depends on the problem type, described by 
the associated Analysis Model class, and of the material properties (e.g. E and v) obtained 
from the associated Material class. 

The linear elastic model is extensively used in pavement analysis, mainly due to its sim-
plicity. However, it cannot adequately model the behavior of unbound pavement layers com-
posed by soils and other granular materials [1, 2]. As a matter of fact, the stress-strain 
response of a granular soil sample under repeated loading initially presents plastic deforma-
tions. It is observed that the amount of plastic flow decreases with cycling until the response 
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is essentially elastic. If the load level is increased above the shakedown level then additional 
plastic flow occurs, but for lower loads the shaken-down sample exhibits elastic response 
[22]. This behavior led the hypothesis that the granular materials composing the unbound 
pavement layers shake down to a resilient (nonlinear elastic) response under repeated loads. 

Due to its simplicity, capacity to fit the response data from cyclic triaxial tests and success 
in predicting the behavior observed in the field, constitutive equations based on stress depen-
dent “resilient modulus” (Mr) are widely used in the pavement community to model the sub-
layers [2]. The resilient modulus is generally defined as the ratio of the deviatoric stresses (σ1 
- σ2) to the axial strain (ε1) in the shakedown regime of a triaxial test. Several expressions 
have been proposed to represent the stress dependence of the resilient modulus, as an exam-
ple, the popular K-θ model assumes that 

 2
1

k
r kM θ=  (4) 

where k1 and k2 are parameters obtained fitting the results of cyclic triaxial tests and               
θ = σx + σy + σz is the first stress invariant. The 2002 Design Guide [2] recommends the ex-
pression  
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where pa is the atmospheric pressure (normalizing factor), τoct is the octahedral shear stress 
and k1, k2 and k3 are parameters obtained fitting results of cyclic triaxial tests. 

The constitutive models based on the resilient modulus assume a nonlinear elastic relation-
ship in the form of Equation (3) with the stress-dependent Mr replacing the conventional 
Young’s modulus (E) and considering a constant Poisson’s ratio (v). Since Mr depends on the 
final stress state, these models effectively employ a secant C matrix. The stress computation 
can be easily implemented using this approach, but the same is not true for the computation of 
the tangent constitutive matrix (Ct) which replaces (C) in the computation of the tangent stiff-
ness matrix according to Equation (1).  

The tangent stiffness matrix is required by the conventional implicit nonlinear algorithms 
based on Newton-Raphson iterations, as the methods discussed in Section 3.3, which are the 
most adequate to carry-out nonlinear static analyses. A fully consistent computation of the 
tangent constitutive matrix can be obtained, but it results in a non-symmetric matrix which is 
not efficient both in terms of memory and computer time. Therefore, the approximate ap-
proach suggested in [2] was adopted here.  

The implementation of the TRBSoil subclass is rather simple, since it fits perfectly in the 
general framework of the Constitutive Model class. Some internal variables (e.g., the previous 
stresses) are required in the implementation of this class to allow the computation of the resi-
lient modulus, according to Equation (5), at each nonlinear iteration. 

Viscoelastic materials present time- and rate-dependent behavior. Thus, their responses do 
not depend only on the applied load (or displacement) in a specific instant, but of the whole 
load (or displacement) history (Christensen, 1982). The stress-strain relationship of a viscoe-
lastic material can be given under the form of convolution integrals, which for a uniaxial 
stress state is written as: 

 ∫ ∂
∂

−=
t

dtE
0

)( τ
τ
ετσ  (6) 
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where E is the relaxation modulus, t is the current time and τ is a time-like parameter starting 
from the beginning of the loading. The mathematical formulations commonly used in the re-
presentation of the viscoelastic behavior of solids are the Prony series 

 ∑
=

−
∞ +=

p

i

t
i

ieEEE
1

/ ρ  (7) 

where E∞, Ei, and ρi are coefficient of the Prony series and is the p is the number of terms. In 
order to practically compute the convolution integrals a numerical integration scheme should 
be used [23, 24], in which the stress are only computed at prescribed time intervals: 

 
σσσ Δ+=

Δ+=

+

+

nn

nn ttt

1

1  (8) 

where the subscripts indicates the associated steps, (Δt) is the time step and (Δσ) is the stress 
increment. Using Equations (6) and (7) and assuming a constant strain rate (ε& ) in each time 
interval [23], the stress increment can be written as: 

 σεσ ˆΔ+Δ=Δ E  (9) 

The first term of the r.h.s. represents the stress increment due to the strain increment (Δε) be-
tween tn and tn+1, with the “tangent” Young’s modulus ( E ) given by 
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On the other hand, the term ( σ̂Δ ) represents the stress increment due to the time elapsed 
since the beginning of the loading process until the current time. This term can be computed 
from 

 n
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where the parameters n
iS  can be computed by the recursive expression 
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In spite of the mathematical complexity of viscoelastic model, its implementation in the pro-
gram was not difficult. As a matter of fact, for isotropic materials, the computation of the 
stiffness matrix is rather simple, with the parameter E  replacing the conventional Young’s 
modulus in Equation (1). The parameters of the Prony series are stored by the MatViscoelastic 
material class, while the stress and constitutive tangent matrix computation performed by the 
ModViscoelastic class. The latter, also provides a method to update its internal variables (e.g., 

n
iS  and 1−nε& ) at the end of each analysis step. 

3.7 Load Class  

The Load class was created to allow the generic consideration of natural boundary condi-
tions and body forces. It is an abstract class that provides a common interface for the different 
loading conditions considered in the program. Moreover, this base class also implements the 
computation of consistent nodal load vectors, and the application of the computed loads in the 
appropriate degrees of freedom. Equation (13) illustrates the contribution of an element to a 



A. S. Holanda, E. Parente Jr, T. D. P. Araújo, L. T. B. Melo, F. Evangelista Jr., and J. B. Soares 
 

 11

consistent nodal load vector (f). The contribution of a distributed load (q) applied at a specific 
region (w) of a continuum element can be computed from: 

 ( ) i

n

i
i

T

w

T Wcdwc ∑∫
=

==
1

JqNJqNf  (13) 

where N represents the matrix of the interpolation functions in the loaded region that can be 
the element volume for body forces, as well as an element face or edge for other distributed 
loads. 

As equation (1), the form of this equation is independent of the element dimension, shape, 
interpolation order, and differential equation of the particular problem. Thus, to perform this 
type of generic computation, each Load object has references to one Shape object, to one 
Analysis Model object, and to a list of Integration Point objects. The Shape object in this 
computation is responsible for the computation of shape functions and of |J|, the Analysis 
Model object performs the assemblage of the N matrix and the computation of the c coeffi-
cient, while the Integration Point objects are used for the numerical integration of the equiva-
lent nodal loads.  

An important feature is that the appropriate Shape object is automatically created by the 
program based on the Load type (e.g., line load, surface load, and volume load) and on the 
Shape of the parent Element. Finally, it should be noted that the computation of the q vector is 
performed by a method defined by each Load subclass, and that these classes can also rede-
fine the computation of the load vector in order to allow the use of lumped loads or closed-
form expressions. 

In order to include time varying loads, each distributed and nodal load has an associated 
time function. Therefore, in the actual implementation the distributed q used in Equation (13) 
is computed from 

 )(thqq =  (14) 

where q represents the spatial variation of the distributed load within the element, t is the 
time, and h(t) is the associated time function. Therefore, the Time Function class was created 
in order to handle the different function types (constant, piecewise linear, harmonic, etc.) in 
the same generic form. Each Time Function subclass has methods to read its own data and to 
compute its value at a given time value. 

4 NUMERICAL EXAMPLES 

4.1 Flexible Pavement Structure  

This example deals with a typical pavement structure consisting of 100 mm of asphalt con-
crete (E = 3500 MPa e ν = 0.35) over 200 mm of crushed stone base (E = 350 MPa e ν = 0.30) 
over a soft subgrade (E = 100 MPa e ν = 0.40). A single wheel load was modeled as a uni-
form pressure of 550 kPa over a circular area of 150 mm radius [2]. 
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Figure 3: Flexible pavement and its finite element mesh. 
 

It is well-known that the subgrade is infinitely deep. In a finite element approach, this can 
be simulated using infinite elements [21]. However, as this implementation is not finished yet, 
the subgrade was modeled using conventional finite elements based on the recommendation 
that the horizontal lower boundary of the finite element mesh be located no closer than 18 tire 
radii for a homogeneous elastic system and no closer than 50 tire radii for a layered system 
[2]. It is also recommended that the vertical side boundary of the finite element mesh be lo-
cated at least 12 tire radii from the center of the tire  

All analyses were performed under linearly elastic axisymmetric conditions using quadrat-
ic elements Q8, as shown in Figure 1. Vertical and horizontal stresses were computed in dif-
ferent depths of the pavement structure and the results were compared with the ones obtained 
using Everstress and MICHPAVE systems, mentioned previously. Table 1 presents the results 
of vertical stresses (kPa) and it can be observed that they are very similar to the ones obtained 
using Everstress e MICHPAVE. It also should be noted that this agreement is even better with 
Everstress system. Probably, this difference is caused by the limitation of MICHPAVE sys-
tem related to the mesh refinement. Moreover, MICHPAVE only uses quadrilateral linear 
elements. The vertical stresses distribution obtained by the proposed system is depicted in 
Figure 4. 
 

Depth(mm)  new system Everstress MICHPAVE  
0.00 -555,34 -550.00  -550.00 
99.99 -244,31 -247.96  -277,29 
100.01 -248,10 -247.93  -277,29 
299.99 -63,35 -63.58  -61,57 
300.01 -61,41 -63.58 -61,57 

 

Table 1: Comparison of vertical stresses (kPa). 
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STRESS_YY (e+2)

Elem_Nodal_Results

-6.606

-5.849

-5.092

-4.335

-3.578

-2.821

-2.063

-1.306

-0.549

+0.208

+0.965

 
 

Figure 4: Vertical stresses along the flexible pavement. 
 
Table 2 presents the results for horizontal stresses computed by the new system, Everstress 

and MICHPAVE. Once again, the results computed by the proposed system are in better 
agreement to the ones obtained by Everstress system. 
 

Depth(mm)  new system Everstress MICHPAVE  
0.00 -1602,33 -1610,19 -1464,37 
99.99 1012,81 1008,14 948,81 
100.01 0,703 -0.22  -7,03 
299.99 100,28 100.66  65,01 
300.01 0,112 0.25 -0,138 

 

Table 2: Comparison of horizontal stresses (kPa). 

4.2 Viscoelastic cylinder  

In this example, the object-oriented finite element code applied to viscoelastic materials is 
validated analyzing a thick-walled viscoelastic cylinder. The cylinder is encased in a shell of 
infinite stiffness and subjected to internal pressure p. The geometry and loading represent a 
solid propellant rocket motor [23, 25]. The thick-walled cylinder has an internal (a) and ex-
ternal (b) radius of 2m and 3m, respectively. The geometry, mesh and boundary conditions of 
the axisymmetric model are illustrated in Figure 5. The following equation gives the applied 
load similar to a creep test: 

 )(0 tHpp =  (15) 

where p is the applied pressure, p0 is a initial pressure of 1kPa and H(t) is the unit step func-
tion. An axisymmetric analysis is performed with the isotropic linear viscoelastic properties 
presented in Table 3. This set of properties describes a hypothetical material system, which is 
designed for this validation. 
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i  Ei (kPa) ρ
∞  0.1× 103  -  
1  0.4× 103  1.0×103 

 

Table 3: Viscoelastic material properties for the thick-walled cylinder. 

 
Zocher [23] employed the elastic solution along with the viscoelastic correspondence prin-
ciple obtaining the following analytical solution: 
 

 )(
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where r is the radius and ur  is the radial displacement. 
 

                     
Figure 5: Geometric model, mesh and boundary conditions of the thick-walled cylinder. 

The previous analytical solution is compared with the numerical results from FE numerical 
analyses using quadratic elements (Q8). Two different values for the time increment are 
adopted in order to check the convergence solution. Figure 6 illustrates the displacement in 
function of time at a point located in a radius of 2.22m. It can be observed that the finite ele-
ment predictions for the viscoelastic cylinder are in good agreement with their corresponding 
analytic solutions for both time steps. 
 

b 

a

p 
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Figure 6: Comparison between numerical and analytical solutions for the thick-walled cylinder (r = 2.22 m). 

5 CONCLUDING REMARKS 

 
A new computational system to be used in both pavement design and research was pre-

sented. The system is based on the Finite Element Method and is implemented using Object-
Oriented Programming techniques to make it easily extendable. The overall program organi-
zation and its main classes were discussed in detail. Emphasis was placed in the design and 
implementation of the Control and Constitutive Model class that are fundamental to the non-
linear and time-dependent capabilities required to accurately simulating the behavior of flexi-
ble pavements. The easy implementation of the nonlinear resilient and viscoelastic 
constitutive models demonstrated the robustness of the proposed class design. It should be 
noted that the development of the presented computer system is an ongoing effort. Nonethe-
less, the software is functional and it will serve as a platform for future implementations. 
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